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Abstract

We establish a partial C!** regularity result for minimizers of the optimal p-compliance
problem with length penalization in any spatial dimension N > 2, extending some of the
results obtained in Chambolle et al. (STAM J Math Anal 49(2):1166-1224,2017) and Bulanyi
and Lemenant (ESAIM Control Optim Calc Var 27:35, 2021). The key feature is that the
C1¢ regularity of minimizers for some free boundary type problem is investigated with a
free boundary set of codimension N — 1. We prove that every optimal set cannot contain
closed loops, cannot contain quadruple points, and it is C® regular at H!-a.e. point for every
pe(N—1,400).

Mathematics Subject Classification 49Q20 - 35J92

1 Introduction
1.1 General overview

A spatial dimension N > 2 and an exponent p € (1, 4+00) are given. Let 2 be an open
bounded set in RV and let f belong to L10(2) with

qo=@pYifl<p<N, q>1ifp=N, q=1if p>N, (1.1)

where p* = Np/(N — p) and (1/p*) + (1/(p*)) = 1. We define the energy functional
Ey.q over Wol’p(Q) as follows

1
Ef,Q(u):—/ IVulpdx—/ fudx.
pPJa Q
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Thanks to the Sobolev embeddings (see [21, Theorem 7.10D), Ef.q is finite on Wg’p(Q).
It is well known that for any closed proper subset X of €2 the functional Ey ¢ admits a

unique minimizer u f g x Over WO1 P (2\X). Alsou r o ¥ is aunique solution to the Dirichlet
problem

—Apu=fin Q\Z 12
u=0on TUIQ, '
which means thatu s o 5 € Wol’p(Q\E) and
/ (IVitg 5PVt y 5. Vo) dx = / fodx (1.3)
Q Q

for all ¢ € W(}’p (2\X), where (-, -) denotes the Euclidean inner product. However, if a
closed set ¥ C €2 has zero p-capacity (for the definition of capacity, see Sect. 2), then
urqyx = usqy (see Remark 2.15). The dependence of u f o, x on p is neglected in this
paper and in the sequel, when it is appropriate, in order to lighten the notation, we shall
simply write uy instead of u s o 5. For each closed proper subset X of Q we define the
p-compliance functional at ¥ by

1 1
CraX)=—-Efqus) = T/ |Vus|? dx = 7// fux dx.
P Jo P JQ

In two dimensions, following [15], we can interpret €2 as a membrane which is attached along
> UJQ to some fixed base and subjected to a given force f. Then uy, is the displacement of the
membrane. The rigidity of the membrane is measured through the p-compliance functional
which is equal to the product of the coefficient % and the work f o fuyx dx performed by the
force f.

We study the following shape optimization problem.

Problem 1.1 Let p € (N —1, 4+00). Given A > 0, find a set & C Q minimizing the functional
Fa, f.@ defined by

Fir.aE) =Cra(@)+rH\(D)
among all sets %' in the class K(2) of all closed connected proper subsets of Q.

In Proposition 2.24 it will be proved that there is a solution to Problem 1.1. Also, according
to [8], the connectedness of admissible sets in the statement of Problem 1.1 is necessary for
the existence of a solution to this problem.

It is worth noting that any closed set &' C € with H!(Z’) < +o0 is removable for the
Sobolev space Wol’p(Q) if p € (1, N — 1] (see Theorem 2.6 and Remark 2.15), namely,
Wy P(2\3) = W, 7 () and this implies that C s o(X') = C.q(#). Thus, defining Prob-
lem 1.1 for some exponent p € (1, N —1], we would get only trivial solutions to this problem:
every point xg in Q and the empty set. On the other hand, if £’ C Q is a closed set such that
¥’ N Q is of Hausdorff dimension one and with finite H!-measure, then ¥’ is not removable
for W(} "P(Q)ifandonlyif p € (N —1, +00) (see Corollary 2.8 and Remark 2.15). Therefore,
Problem 1.1 is interesting only in the case when p € (N — 1, +00).

We assume that f # 0in L9°(£2), because otherwise the p-compliance functional C s o(-)
would be reduced to zero, and then each solution to Problem 1.1 would be either a point xg € Q
or the empty set.
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One of the main questions about minimizers of Problem 1.1 is the question of whether a
minimizer containing at least two points is a finite union of C! curves. In dimension 2 and
for p = 2 in [15], the authors established that locally inside €2 a minimizer of Problem 1.1
containing at least two points is a finite union of C1¢ curves that can only meet at their
ends, by sets of three and with 120° angles. Again, in dimension 2, this result was partially
generalized in [9] for all exponents p € (1, +00), namely, it was proved that if 2 is a solution
to Problem 1.1, then it cannot contain closed loops (i.e., homeomorphic images of the circle
S, is Ahlfors regular if it contains at least two points (up to the boundary for a Lipschitz
domain 2), ¥ N © cannot contain quadruple points (i.e., there is no point x € ¥ N Q such
that for some fairly small radius » > 0 the set £ N B, (x) is a union of four distinct C I arcs,
each of which meets at point x exactly one of the other three at an angle of 180 degrees, and
each of the other two at an angle of 90 degrees), and £ N2 is C1¢ regular at H'-a.e. point for
every p € (1, +00). The main tool that was used in [15] to establish the e-regularity theorem
(if 2 minimizer ¥ of Problem 1.1 is sufficiently close, in a ball B, (xo) such that B, (xo) C £
and in the Hausdorff distance, to a diameter of B, (xp), then there exists a constant a € (0, 1)
such that © N By, (xg) is a C1¥ arc) is a so-called monotonicity formula that was inspired by
Bonnet on the Mumford-Shah functional (see [5]). This monotonicity formula was also a key
tool in the classification of blow-up limits in [15] (in the case when N = p = 2), because it
implies that for any point xo € X there exists the limit

1
lim f/ [Vus|?dx = e(xg) € [0, +00).
r=>0+ 1 JB,(x0)

According to [15], all blow-up limits at any xo € X N<2 are of the same type: either e(xp) > 0
and all blow-up limits at xo must be a half-line, or e(xg) = 0. In the latter case, either there
is a blow-up at xo which is a line, and then all other blow-ups at xo must also be a line, or
there is no line, and then all blow-ups at x( are propellers (i.e., a union of three half-lines
emanating from xo and making 120° angles). More precisely, given any point xo € £ N Q
we only have one of the following three possibilities:

(i) xo belongs to the interior of a single smooth arc; in this case x is called a regular (or
flat) point.

(i) xo is a common endpoint of three distinct arcs which form at x( three equal angles of
120°; in this case x is called a triple point.

(iii) xo is the endpoint of one and only one arc; in this case xg is called a crack-tip.
However, the approach in [15] does not work for the cases when p 7 2. The main obstruction
to a full generalization of the result established in [15] is the lack of a good monotonicity
formula, when the Dirichlet energy is not quadratic (p # 2).

Notice that in two dimensions and for p # 2 some monotonicity formula can still be
established for the p-energy. Indeed, assume for simplicity that f € L*°(Q), N =2, p €
(1, +00), X is aclosed proper subset of 2, xg € 2,0 < ry < r| < 1,(ZUIQ)NIB, (xg) # ¥
forall r € (rg, r1) and y € [yx (x0, ro, r1), 27 ]\{0}, where

vs (X0, ro, 1)

H'(S
= sup{ ) 1r € (rg,r1), S isaconnected component of 9B (xp)\(X U BQ)}.
r

Assume also that 2 > A, /y, where A, denotes the L” version of the Poincaré-Wirtinger
constant and is defined by

/
Ay = min{m g e WP, 1)\{0}}.
ligllzeo,1)
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The value of A, was computed explicitly, for example, in [16, Corollary 2.7] and [39, Inequal-
ity (7a)], where the following equality was established

NP (INT (1) (1
)\, P = 2 */ - F */ F -,
4 4 p p
in which I is the usual Gamma function. Then we can prove that the function

1
r e (ro,r1) = 7/ [Vus|? dx + Cr*>=#
r By (x0)

is nondecreasing with 8 = 1,/y and C = C(p,Ap, || flloo, [2], ) > 0. However, if
By (x0) C Qand X ﬂﬁrl (xp) is a diameter ofE,1 (x0), then y5(x0,0,71) =m and A, /y is
strictly less than one for all y € [yx(xo, 0, r1), 2] if p € (1,2) U (2, 400). So the resulting
power of r in this monotonicity formula is not large enough and this formula cannot be used
to prove C1-¢ estimates as in the case N = p = 2. On the other hand, we do not know if
there is a similar monotonicity formula for the p-energy in dimension N > 3, but we guess
that there is no. Thus, we do not have a tool that would allow us to establish a classification
of blow-up limits in the case when p # 2. For this reason, as in [9], we prove a partial C1¢
regularity result for the solutions to Problem 1.1. Although we guess that any minimizer of
Problem 1.1 with at least two points is a finite union of C-% curves.

Suppose that ¥ is a solution to Problem 1.1. As will be explained a little later, in order to
establish the desired partial regularity result for ¥ (Theorem 1.3) and to prove that ¥ cannot
contain closed loops (Theorem 1.4), we first prove the following: under some conditions
(depending on N and p, where p > N — 1) on the integrability of the source f, there exist
constants b € (0, 1) and C > 0 such that if = N B, (xp) remains fairly flat for all € [rg, r1],
By (x0) C R, ry is sufficiently small, 7o > 0 is small enough with respect to 71, then

r

1+b
/ [Vus|Pdx < C <L> / [Vus|? dx + Cr'*? forall r € [ro, 1] (£)
By (x0) By, (x0)

(see Lemma 3.6). Notice that one of the key differences between the approaches used in
[15] and in [9] is the method of proving (£). In [15], the idea was to use the aforementioned
monotonicity formula, butin [9], in view of the lack of a good monotonicity formula when the
Dirichlet energy is not quadratic, another method was used to prove (£), which in many places
is similar to the one we use in the present paper. However, in the proof of (£) in [9], the crucial
factor was that in dimension 2 an affine line (1-dimensional plane) is a set of codimension
1. More precisely, in [9] a reflection method was used to estimate a weak solution to the
p-Laplace equation in B1(0)\ ({0} x (—1, 1)), which vanishes p-q.e. on {0} x (—1, 1) (see
[9, Lemma 4.4]). This method is no more valid for a weak solution to the p-Laplace equation
in B](O)\({O}N’l x (—1, 1)), which vanishes p-q.e. on {O}N’1 x (—=1,1),if N > 3. In the
present paper, in any spatial dimension N > 2, we first use a certain barrier function, that we
constructed in Lemma 1, but which is in some sense weaker and slightly simpler than those
that were constructed in [27,28], in order to estimate a nonnegative p-harmonic function
in Bl\({O}N*l x (—1, 1)), continuous in B and vanishing on {OV=1 x (=1, 1). Then we
deduce the same kind of estimate for merely a weak solution to the p-Laplace equation in
Bi\({0}V=1 x (=1, 1)) vanishing p-q.e. on {0}V =1 x (=1, 1).

It is worth noting that our proofs of the partial regularity and the absence of quadruple
points differ from those used in [9]. Many proofs in [9] are based on the fact that (only) in
dimension 2 the “free boundary” X is of codimension 1, thus many standard arguments and
competitors are available. Let us emphasize the most important places where the proofs used
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in [9] do not extend in a trivial manner to higher dimensions. Firstly, in the proof of the Ahlfors
regularity in the “internal case” in [9] (see [9, Theorem 3.3]), the set (X\ B (x))Ud B, (x) was
used as a competitor for a minimizer ¥ of Problem 1.1, which contains at least two points.
But in dimension N > 3 we cannot effectively use such a competitor, because d B, (x) has
infinite H!-measure. Secondly, as mentioned earlier, in [9], a reflection method was used to
estimate a p-harmonic function in (B1\[a1, a2]) C R? that vanishes on [a, a2] N B;, where
[ai, a»] is a diameter of B, which is no more available if N > 3 for a p-harmonic function
in (B1\[a1, a2]) € RY which vanishes on [a1, az] N By, where [a1, a>] is a diameter of Bj.
Thirdly, in the density estimate in [9], when the minimizer X is er-close, in a ball B,(x)andin
the Hausdorff distance, to a diameter [a, b] of B, (x), the set ¥’ = (Z\B,(x)) U [a, b]U W
was used as a competitor for X, where W = 9B,(x) N {y : dist(y, [a, b]) < er} (see
[9, Proposition 6.8]). However, in dimension N > 3 we cannot effectively use the above
competitor ¥, because it has infinite 7' -measure. Fourthly, in dimension N > 3 we cannot
effectively use the same type of competitors as in the proof of [9, Proposition 7.3] (where
the fact that the minimizer is a set of codimension 1 was used to construct such competitors)
in order to establish the absence of quadruple points in €2 for solutions to Problem 1.1.

The optimal p-compliance problem can also be formulated under length constraints.
Namely, consider the following problem.

Problem 1.2 Let p € (N — 1, 4+00). Given L > 0, find a set ¥ C Q minimizing the p-
compliance functional Cy o among all sets Y/ in the class Ap () of all closed connected
subsets of Q satisfying the constraint 0 < H'(¥') < L.

This problem was studied in [12,30,31], and in [12] it was proved that it admits a solution.
However, the question of whether every its solution is a finite union of C! curves is still
open even in dimension 2 and for the linear case p = 2. Taking into account the peculiarity
of Problem 1.2, it seems that the main difficulty in solving this question consists in the
fact that for Problem 1.2 we have no some kind of “the local minimization” of the one-
dimensional Hausdorff measure, in contrast to Problem 1.1. Nevertheless, by establishing
the regularity result for the solutions to Problem 1.1, we automatically establish the same
result for some solutions to Problem 1.2. Indeed, if ¥ C  is a solution to Problem 1.1
such that diam(X) > 0, then  solves Problem 1.2 provided that L = H'(X). It is worth
mentioning that, according to the I'-convergence result established in [12], in some sense the
limit of Problem 1.1 as p — +o0 corresponds to the minimization of the functional

K@) > — / dist(x, T U3Q) f(x)dx + A H (D),
Q

which, as well as in its constrained form, was widely studied in the literature (the reader may
consult [10,11,13,25,32,35-37,40]). It is known that minimizers of this functional may not
be C! regular (see [36]).

1.2 Main results

In this paper, we establish a partial regularity result and some topological properties for
minimizers of Problem 1.1 in any spatial dimension N > 2 and for every p € (N — 1, +00),
thus generalizing some of the results obtained in [9,15]. Several of our results will hold under
some integrability condition on the source f. We define

N 2
=7pif2§p<+oo, q1 = P
Np—N+1 3p—3

q1 if 1<p<?2. (1.4)
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It is worth noting that ¢; > ¢o. The condition f € L9'(Q2) for p € [2, 400) is natural,
since ¢ in this case seems to be the right exponent which implies an estimate of the type
f B, (x0) |Vul|P dx < Cr for the solution u to the Dirichlet problem

—APU = f in B;(xp), v € W()l’p(Br(x()))v

the kind of estimate we are looking for to establish regularity properties on a minimizer X
of Problem 1.1. The main regularity result established in this paper is the following.

Theorem 1.3 Let @ C RY be open and bounded, p € (N — 1, 4+00), f € LI(RQ) with
q > q1, where q is defined in (1.4). Then there exists a constant o € (0, 1) such that the
following holds. Let ¥ be a solution to Problem 1.1. Then for H'-a.e. point x € £ N Q one
can find a radius ro > 0 depending on x such that ¥ N Ero (x) is a CY® regular curve.

It is one of the first times that the regularity of minimizers for some free boundary type
problem is investigated with a free boundary set of codimension N — 1. Notice that in
Theorem 1.3, when we say that a solution ¥ to Problem 1.1 is C1¢ regular at H!-a.e. point
x € ¥ N, we mean that the set of points ¥ N around which X is not a C'¢ regular curve
has zero H!-measure. Thus, Theorem 1.3 is interesting only in the case when diam(X) > 0,
which happens to be true at least for all sufficiently small values of A (see Proposition 2.25).

We have also proved that if X is a solution to Problem 1.1, then ¥ cannot contain closed
loops (i.e., homeomorphic images of the circle S1).

Theorem 1.4 Let Q@ C RN be open and bounded, p € (N — 1, +00) and f € L1() with
q > q1, where q is defined in (1.4). Let ¥ be a solution to Problem 1.1. Then ¥ cannot
contain closed loops (i.e., homeomorphic images of the circle S*).

Furthermore, we have proved that if X is a solution to Problem 1.1, then ¥ N € cannot
contain quadruple points, namely, there is no point x € ¥ N €2 such that for some fairly small
radius r > 0 the set © N B, (x) is a union of four distinct C! arcs, each of which meets at
point x exactly one of the other three at an angle of 180 degrees, and each of the other two
at an angle of 90 degrees.

Proposition 1.5 Let @ C RY be open and bounded, p € (N — 1, +00) and f € L4(Q)
with q > q1 defined in (1.4). If  is a solution to Problem 1.1, then ¥ N Q cannot contain
quadruple points.

After all, when we are talking about one dimensional sets, it is not so obvious how horrible
they can be. Incidentally, in codimension 2 it seems like a good idea to understand whether
the minimizer contains knots, since our story of loops suggests the question.

1.3 Discussion of the proofs

Let us now outline the proofs of our main results.

1.3.1 Decay of the p-energy under flatness control

To prove the partial C¢ regularity result and the absence of closed loops, we first establish
a decay behavior of the p-energy r — || B, (x0) |Vux|? dx under flatness control on ¥ at

X0 € €2, namely, we prove (£) (see Lemma 3.6). For this we use the following strategy
consisting of four steps.
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Step 1. We prove that there exist «, 8 € (0, 1) and C > 0, depending only on N and p,
such that for any weak solution u to the p-Laplace equation in B ON{OV ! x (=1, 1))
vanishing p-q.e. on {0}¥~! x (=1, 1), the estimate

/ [Vul? dx < Cr”“/ [Vul|? dx
B (0) By (0)

holds for all » € (0, §] (see Lemma 3.1).

Step 2. Arguing by contradiction and compactness, we establish a similar estimate as in Step 1
for a weak solution to the p-Laplace equation in B, (xp)\ X that vanishes on ¥ N B, (xgp) in
the case when X N B, (xo) is fairly close in the Hausdorff distance to a diameter of B, (xp).
Recall that the Hausdorff distance for any two nonempty sets A, B C R¥ is defined by

dy(A, B) = max{sup dist(x, B), sup dist(y, A)}.
XeA yeB

For each nonempty set A C RN, we immediately agree to define dg (), A) = du (A, V) =
400 and dy (¥, #) = 0. Let «, 8, C be as in Step 1. We prove that for each ¢ € (0, §] there
exists g9 € (0, o) such that if u is a weak solution to the p-Laplace equation in B, (xp)\ X
vanishing p-q.e. on ¥ N B, (xp), where X is a closed set such that (X N B, (xp)) U 9 B, (xp)
is connected and

1 _ _
;dH(E N B, (x0), L N B, (x0)) < €0

for some affine line L € R passing through x, then the following estimate holds

/ |VulP dx < (C,Q)H'“/ |Vul|? dx
BQr(xO) By (x0)

(see Lemma 3.2).

Step 3. Recall that we want to establish a decay estimate for the solution uyx, to the Dirich-
let problem —A,u = f in Q\X, u € Wol’p(Q\E) in a ball B,(xg) C Q2 whenever X
is sufficiently close, in B, (xo) and in the Hausdorff distance, to a diameter of B, (xo).
For that purpose, we first control the difference between uy and its p-Dirichlet replace-
ment in B, (xp)\ X, where by the p-Dirichlet replacement of uy in B,(xp)\X we mean
the solution w € W!P(B.(xp)) to the Dirichlet problem —A,u = 0 in By(xp)\Z,
U —uy € W(}‘ (Br(x0)\X). Then, for some sufficiently small a = a(N, p) € (0, 1),
using the estimate for the local energy f By (x0) |Vw|? dx coming from Step 2 and also the
estimate for the difference between ux, and w in B, (x0)\ X, we arrive at the following decay
estimate for uy:

1 1/1
— IVuzl”dxsf<f/ |Vuz|pdx>+CrV(N”’*‘I),
ar J B, (xo) 2\r JB,(x)

where y (N, p, q) € (0, 1) provided that ¢ > ¢ and ¢; is defined in (1.4) (see Lemma 3.3
and Lemma 3.5).

Step 4. Finally, by iterating the result of Step 3 in a sequence of balls { B, (x0)};, we obtain
the desired decay behavior of the p-energy r f B, (x0) |Vuyx|? dx under flatness control on
¥ at xp € Q. Namely, there exist b € (0, 1) and C > 0 such that if ¥ N B, (x() remains fairly
flat for all r in [rg, r1], By, (x0) C 2 and ry is sufficiently small, 7y > 0 is small enough with
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respect to ry, then the following estimate holds

r 1+b

f |Vus|? dx < c( ) / \Vusg|? dx + Cr'*? forall r € [ro, 1]
B, (x0) 1 By (x0)

(see Lemma 3.6). Thus, if xo € £ N and ¥ N B, (xq) remains fairly flat for all sufficiently
small r > 0, then the energy r % fB, o) Vs |P dx converges to zero no slower than Cr?
for some b € (0, 1) and C > 0. This will be used to prove the desired C* result, and the
same kind of estimate will also be used to prove the absence of closed loops.

1.3.2 Partial regularity

We shall now try to explain how we use the decay of the p-energy under flatness control to
prove the partial C¢ regularity of the minimizers inside . The first step in the proof is
to show that every minimizer X of Problem 1.1 with diam(X) > 0 is an almost minimizer
for the length at any point in ¥ N Q around which X is flat enough and remains fairly flat
on a large scale. More precisely, we need to prove that there exists € (0, 1) such that for
any competitor ¥’ being tr-close, in a ball B, (xo) C € and in the Hausdorff distance, to a
diameter of B, (xo) for some small T € (0, 1) and satisfying ¥'A% C B, (xo), it holds

HY(Z N B, (x0)) < HY(Z' NB,(xp)) + Cr' TP

whenever xop € £ N, T is flat enough in B, (xo) and remains fairly flat on a large scale. In
our framework, the term Cr!'*# may only come from the p-compliance part of the functional
Fi, f.@- Thus, we need to prove that

Cra(E)—Cra(®) <Cr'ith

whenever xo € £ N Q, ¥ is flat enough in B, (xo) and remains fairly flat on a large scale,
>’ e K(Q) is tr-close, in B,(xg) C € and in the Hausdorff distance, to a diameter of
B, (xo) for some small T € (0,1) and 'AY C B,(xg). Hereinafter in this section, C
denotes a positive constant that can only depend on N, p, qo, ¢, || fll4, 1€2| (g0 is defined
in (1.1), ¢ > qo, f € L9(2)) and can be different from line to line. Notice that one of
the difficulties in obtaining the above estimate is a nonlocal behavior of the p-compliance
functional. Namely, changing ¥ locally in €2, we change uyx in the whole 2. This can be
overcome, using a cut-off argument. Actually, we have shown that if X’ is a competitor for
T and ©'AX C B, (xo), then

;N
Cra(X) - Cra(®) < C/ |Vus | dx + CrV*? T
Bar (x0)

(see Corollary 2.21). However, the right-hand side in the above estimate depends on the
competitor X', which pushes us to introduce the quantity

T 1 p
wy (X0, 7) = sup - |Vus/|Pdx,
Y ek(Q), B ASCB, (xg), | YBr(xo)
HUZ)<100H (), By (x0.r)<T

where By (xo, r) is the flatness defined by

1 — _
Bs'(x0,r) = inf —dp (X' N B, (x0), L N B, (x0)),
Laxo r
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where the infimum is taken over the set of all affine lines (1-dimensional planes) L in RY
passing through xo. The quantity ws. (xo, r) is a variant of the one introduced in [15] and
already used in [9]. Also notice that the assumption HY(Z') < 100H () in the definition of
wg (x0, ) is rather optional, however, it guarantees that if X’ is a maximizer in this definition,
then it is arcwise connected. Thus, if ' € K(2), &'AT C B, (xo), H(T') < 100K ()
and By (xg, 2r) < T, we arrive at the estimate

i Np'
Cra(2) = Cra(D) < Crwg(x, 2r) + CrV =0

Next, applying the decay estimate established in Step 4 above to the function us;, where s
is a maximizer in the definition of w§; (xo, 2r), we obtain the following control

b
wi, (x0,2r) < C(:—l) w3 (x0, 1) + crb,

provided that By (xo, ) remains fairly small for all o € [2r, r1], r1 > 0 is small enough,
By (x0) C Qandr > 0 is sufficiently small with respect to 1 (see Proposition 5.6). Using
alsothatb < N — 1 + p’ — Np'/q, altogether we get

1 = lis/ AR N\ 1+b
H' (= N B, (x0) < H' (X' N B, (x0)) + Cr(;) w (x0, 1) + Cr
whenever ¥ is a minimizer of Problem 1.1, Bx (xo, 0) remains fairly small for all ¢ € [r, 1],
ri > 0 is small enough, B, (xo) C 2, r > 0 is sufficiently small with respect to rq,
¥’ € K(RQ) is tr-close, in B, (xg) and in the Hausdorff distance, to a diameter of B, (xo),
Y'AT C B,(xo) and H!(Z') < 100H! ().

The next step is to find a nice competitor X’ for a minimizer X. More precisely, assume
that xo € ¥, B,(x0) C K, r is sufficiently small, Bx (xo, r) is small enough and remains
fairly small on a large scale. The task is to find a competitor &/ such that ©'AX C B, (xg),
>’ is tr-close, in B, (xg) and in the Hausdorff distance, to a diameter of B, (xp) for some
small T € (0, 1) and, in addition, the length (i.e., H _measure) of =’ N B, (xg) is fairly close
to the length of a diameter of B, (x(). Recall that in two dimensions we can take

2 = (E\B,(x0)) U (3B, (x0) N {x : dist(x, L) < s (xo, r)r}) U (L N By (x0))

provided By (xo,7) = dy (X N B,(x), L N B,(x0))/r. But in dimension N > 3 such a
competitor is not effective, since it has Hausdorff dimension N — 1 > 2. Notice that the
main difficulty arising in the construction of a nice competitor in dimension N > 3 is that
we do not know whether the quantity HO(= N 0B,(x0)) is uniformly bounded from above
for xop € ¥ and ¢ > 0. However, according to the coarea inequality (see, for instance, [33,
Theorem 2.1]), we know that for all o > 0,

e
H'(Z N By(xo)) > / HO(Z N 3B (x0)) dt.
0
If, moreover, o < diam(X)/2, then ¥ N 3B;(xg) # ¥ for all t € (0, ¢], since xg € X

and X is arcwise connected (see Remark 2.17). Thus, assuming that o < diam(X)/2 and
k € (0, 1/4], for any s € [ko, 2k 0] we deduce the following

o (1+x)s
H' (N B,(x0)) > / HO(Z N 3B, (x0)) dt > / H (S N 3B (xp)) dt.
0 K
The latter inequality implies that there exists ¢ € [s, (1 4 «)s] for which

1 1
H(Z N 3B (x0)) < 202(x0. 0), where 05 (x0, 0) = EHI(E N By(x0))-
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11 Page 10 of 57 B. Bulanyi

Soif k € (0,1/4], xo € X, r > 0 is sufficiently small and B,(xg) C €2, then for all
s € [kr, 2kr] we can construct the following competitor

HO(2N3 B (x0))

' = (Z\B;(x0)) U < U [zi, zﬁ]) U (L N B (x0)),

i=1

where ¢ € [s, (1 + k)s] is such that HO(Z N 8B, (x0)) < Ox(x0,7)/k>, L is an affine line
realizing the infimum in the definition of By (xo,t), z; € £ N dB;(xp) and z; denotes the
projection of z; to L N B, (xo). The flatness B (xo, ¢) is less than or equal to Bx (xo, t) by
construction. Assuming in addition that 8x (xo, r) is fairly small and 6y (x¢, r) is also small
enough, for the competitor X" constructed above it holds: Bs(xo, t) is sufficiently small,
since By (xg,t) < Bx(xo,t) and Bx (xg, ) remains small for all ¢ in (0, r) which are not
too far from r (see (5.1)); the length of X’ N B, (xo) is fairly close to the length of a diameter
of B,(xp); the following estimate holds

t\b
(0 By (o)) = HU(E 0 B (o)) = H (S 0 By o)) + Cr (=) whxo, 1) + €,

r
This allows us to prove the following fact: there exist €, k € (0, 1/100) such that if ¥ is a
minimizer of Problem 1.1, xg € ¥, r > 0is sufficiently small, B, (xo) C €2 and the following
condition holds

Bs (xo, 1) + ws (xo,r) <&, Ox(xo,r) < 10@ ©

with & being a unique positive solution to the equation u© = 5 + ul_% (we shall explain
a bit later why we take this particular bound), then there exists s € [«r, 2«xr] for which
HO(Z N 3B (x0)) = 2 (see Proposition 5.8 (7)), the two points {&1, &} of ¥ N 9B (x0)
belong to two different connected components of

0B (xo) N {x : dist(x, L) < Bx(x0, 5)s},

(see Proposition 5.8 (ii-1)), where L is an affine line realizing the infimum in the defini-
tion of B (xo, 5), = N By (xg) is arcwise connected (see Proposition 5.8 (ii-2)). Moreover,
(Z\Bs(x0))U[&1, & ] is anice competitor for X (see Proposition 5.8 (ii-3)). Using this result
together with the decay behavior of the local energy w3,, we prove that there exists a constant
a € (0, 1/100) such that if xg € ¥, r > 0 is small enough, B,(x¢) C 2 and the condition
(C) holds with some sufficiently small ¢ > 0, then

D 1
B (xo,ar) < C(w’z(xo,r))% +Cr? and wy, (xp, ar) < Ewrz(xo,r) + Car)’

(see Proposition 5.12 (i), (ii)). Next, we need to control the density fx, from above on a
smaller scale by its value on a larger scale. Notice that in this paper we do not prove the
Ahlfors regularity for a minimizer of Problem 1.1 in the spatial dimension N > 3 (for a
proof in dimension 2, see [9, Theorem 3.3]), namely, that there exist constants 0 < ¢1 < ¢;
and a radius ro > O such that if ¥ is a minimizer of Problem 1.1 with at least two points,
then for all x € ¥ and r € (0, rp), it holds

c; <0s(x,r) <ca.

In dimension N > 3 this problem seems very difficult and interesting. However, adapting
some of the approaches of Paolini and Stepanov in [32], we prove the following fact: for
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each a € (0, 1/20] there exists ¢ € (0, 1/100) such that if xo € X, By(x0) C 2,7 > 01is
sufficiently small and By (xo, r) + w’z (x9,r) < &, then

05 (x0, ar) < 5+ 05 (xo, )" F

(see Proposition 5.11). Notice that if 65 (xo, r) < 10u, then, using the above estimate, we
get

b5 (x0, ar) < 5+ (10@)!~% < 105+ 7'~%) = 107
The factor 10 in the estimate 05, (xg, r) < 10y is rather important, it appears in the proof
of Corollary 5.14.
Altogether we prove that there exist constants a, ¢ € (0, 1/100), b € (0, 1) such that if
xo € X, r > 0is sufficiently small, B, (x¢) C €2 and the condition (C) holds with ¢, then for
alln e N,

Bz (x0.a" 1) < C(wh(xo,a"r)? + C(a"r)?

1
and w§; (xo, a"*'r) < Ewg(xo,a"r) + C@@" )b

(see Proposition 5.12). This, in particular, implies that the estimate By (xg, 0) < EQ‘)‘ holds
for some a € (0,1), C = C(N, p, 40,4, | fll4, 12, 7) > 0 and for all sufficiently small
o > 0 with respect to r (see Proposition 5.13).

Finally, we arrive to the so-called “e-regularity” theorem, which says the following: there
exist constants t, a, &, a, o € (0, 1) such that whenever x € X,0 < r < rg, B, (x) C L,

Bz (x,r)+wx(x,r) <e and Os(x,r) <,

then for some C = G(N, P.490, 4, 1 fllg, 1R, 7) > 0, B=(y,0) =< EQ"‘ for any point
y € £ N By (x) and any radius o € (0, ar) (see Corollary 5.14). In particular, there exists
t € (0,1) such that ¥ N B; (x)isa C Lo regular curve. On the other hand, notice that,
since closed connected sets with finite 7 !-measure are H!-rectifiable (see, for instance, [18,
Proposition 30.1]), Bs(x,r) — 0 asr — 0+ at H'-ae. x € ¥ and hence at H!-ae.
x e XN, w% (x,r) = O0asr — 0+. Moreover, in view of Besicovitch-Marstrand-Mattila
Theorem (see [2, Theorem 2.63]),

Ox(x,r) —>2asr — 0+ at H'ae xeX.

At the end, observing that for each N > 2, the unique positive solution z& to the equation

nw=5+ Ml’% is strictly greater than 5, we bootstrap all the estimates and prove that every
minimizer ¥ of Problem 1.1 is C1% regular at H!-a.e. point x € £ N Q.

1.3.3 Absence of loops

If a minimizer ¥ of Problem 1.1 contained a homeomorphic image I" of the circle S', then
there would exist a point xo € I' N 2 such that there would be a sequence of relatively open
sets D, C X satisfying: xo € D, for all sufficiently large n; X\ D, are connected for all n;
diam(D;) N\ 0 as n — +o00; D, are connected for all n; there exists the affine line 7, such
that xo € Ty, and

1 — _
—dy (X N By (x0), Ty N Br(x0)) — 0 as r — 0+
r
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(see Lemma4.1). So we could “cut out” D,,, for which #!(D,;) > diam(D,,), and estimate the
resulting variation of the p-compliance in terms of (diam(D,))'*? for all sufficiently large
n, where b € (0, 1) is some fixed constant. Namely, we would obtain that for all sufficiently
large n,

Cr.a(2\D,) — Cr o(X) < C(diam(D,)' ™ and diam(D,) < H'(2) — H'(Z\Dy),

where C is a positive constant independent of n, which would lead to a contradiction with
the optimality of X.

1.3.4 Absence of quadruple points

The idea behind the proofis as follows. Assuming that a minimizer ¥ of Problem 1.1 contains
a quadruple point xg € X N €2, one can change X in all sufficiently small neighborhoods of
Xo in order to obtain sequences (7),eN, (Xn)nen such that: r, > 0,r, — 0asn — 4o00;
3, are competitors for X;

Cr.a(Sy) — Cra(®) < Cri*? and Cr, < H'(D) — H' (T Q)

for all sufficiently large n, where C ,C > 0and b € (0, 1) are constants independent of 7.
More precisely, if a minimizer £ of Problem 1.1 contained a quadruple point xo € ¥ N €2,
then there would be a radius o € (0, diam(X)/2) such that ¥ N EQ (xp) would consist of
exactly four distinct C! arcs, each of which would meet at point xo exactly one of the other
three at an angle of 180 degrees, and each of the other two at an angle of 90 degrees. So there
would be a cross K passing through xp (K consists of two mutually perpendicular affine
lines passing through x¢) such that

1 — _
—dy (XN B,(x9), KN By(x9)) > 0 as r — 0+
r

(itis worth noting that the estimate (3.28) still holds if the affine line in Lemma 3.6 is replaced
by a suitable cross, see Lemma 6.2). Furthermore, ¥ N B, (xo) would be Ahlfors regular,
which would imply that for some positive constant Cp > 0, without loss of generality,

H'(Z N B, (xg)) < Cor forall r € (0, o].

On the other hand, using the coarea inequality (see [33, Theorem 2.1]), for each r € (0, 0/2]
we would obtain that

2r 2r
HY(Z N By (x0)) > HO(Z N 3B, (x0)) dt > HO(Z N 3B, (xp)) dt.
0

r

Then there would exist ¢ € [r, 2r] such that
1
HO(Z N 3B (xp)) < ;H%E N By (x0)) < 2Cy.

So we could construct a nice competitor ¥, for X. Namely, let D; = K N dB;(xo) and let
S4(D;) C By (xp) be a closed set of minimum H!'-measure in the ball B, (x¢) which connects
the all four points of D, (asin [11], we shall call it a Steiner connection of the points of D;; for
more details on Steiner connections, see, for instance [20,22,34]). Without loss of generality,
we could also assume that ¥ is fairly close, in EQ (xp) and in the Hausdorff distance to K.
For each point z; € ¥ N dB;(xp), let y; denote the geodesic in d B, (xg) connecting z; with
the point of D; closest to z;. Let G denote the union of all arcs y;, and let ¥; be defined by

X = (E\Bi(x0)) U G U S4(Dy).
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Then we would obtain that there exists a positive constant C>0 independent of 7 such that
H'(2) - H' (2 = Ci,

where the facts that H!(Z N B, (xg)) > 4t, H!(G) < 8¢ for some fairly small § € (0, 1) and
that H! (S4(D;)) = v2(v/3+ 1)t ~ 3.86r were used. Altogether we would obtain that there
exist sequences (r,),eN and (X, )nen satisfying (Q). Next, letting n tend to 400, we would
obtain a contradiction with the optimality of X.

1.4 Structure of the paper

In Sect. 2, we recall the basic definitions and notions used in the paper and prove some
preparatory results that will be used in Sects. 3—6. In Sect. 3, we establish the decay behavior
of the p-energy under flatness control (we prove (£)), which will be used in Sect. 4 to prove
Theorem 1.4 and in Sect. 5 to prove Theorem 1.3. In Sect. 6, we prove Proposition 1.5.
Finally, in “Appendix A”, we prove several auxiliary results for the reader’s convenience.

2 Preliminaries
2.1 Conventions and Notation

Conventions: in this paper, we say that a value is positive if it is strictly greater than zero,
and a value is nonnegative if it is greater than or equal to zero. Euclidean spaces are endowed
with the Euclidean inner product (-, -) and the induced norm | - |. By N we denote an integer
greater than or equal to 2. Throughout this paper, £ will denote an open bounded set in RV .
Notation: we denote by B, (x), B,(x), and 3B, (x), respectively, the open ball, the closed
ball, and the N-sphere with center x and radius r. If the center is at the origin, we write B,
B, and 3B, the corresponding balls and the N-sphere. For each set A C R¥, the set A€
will denote its complement in R, that is, A = RV\ A. We denote by dist(x, A), diam(A),
AAB, and |A|, respectively, the Euclidean distance from x € RY to A ¢ R", the diameter
of A, the symmetric difference of A and B C R, and the N-dimensional Lebesgue measure
of A. We shall sometimes write points of RV as x = (x’, xy) with x’ € RV ! and xy € R.
IfU c RV is Lebesgue measurable, then for p € [1, +00) U {400}, L?(U) will denote the
space consisting of all real measurable functions on U that are p™-power integrable on U if
p € [1, +00) and are essentially bounded if p = +o00; L”(U; R) is the respective space
of functions with values in RY. By L}OC(U ) we denote the space of functions u such that
u e LY (V) forall V. cc U. The norm on LP(U) (L?(U; RY)) is denoted by || - llrw)
(I lep:rNy) OF || - I, when it is appropriate. We use the standard notation for Sobolev

spaces. For an open set U C R, denote by W(}’p(U) the closure of C;°(U) in the Sobolev
space WLP(U), where CSO(U ) is the space of functions in C°°(U) with compact support in

U. Recall that Wll’p(U) is the space of functions u such that u € whr(v)yforall V cc U.

oc

We shall denote by H4(A) the d-dimensional Hausdorff measure of A.

2.2 Definitions and some preparatory results

We begin by defining weak solutions to the p-Poisson equation,

—Apu = —div(|Vu|’7>Vu) = f.

@ Springer



11 Page 14 of 57 B. Bulanyi

Definition 2.1 Let U C RY be open and bounded, p € (1, +0c) and f € L}UC(U). We say

that u is a weak solution to the p-Poisson equation —A ,v = f in U provided u € WIIO’CI7 )
and

/(|Vu|P_2Vu,V<p)dx=/ fodx, 2.1)
U U

whenever ¢ € C°(U). If u is a weak solution to the p-Poisson equation —A v = f in U
and f = 0, then we say that u is a weak solution to the p-Laplace equation in U.

Definition 2.2 Let U C R be open and bounded, p € (1, +00). We say that u is a weak
subsolution (supersolution) to the p-Laplace equation in U provided u € Wllo’cp (U) and

f (IVulP2Vu, Vo) dx < (=)0, (2.2)
U

whenever ¢ € C;°(U) is nonnegative. If u is an upper (lower) semicontinuous weak subso-
lution (supersolution) to the p-Laplace equation in U, then we say that u is p-subharmonic
(p-superharmonic) in U. If u is a continuous weak solution to the p-Laplace equation in U,
then we say that u is p-harmonic in U.

Remark 2.3 We read |[0/P~20 as 0 also when 1 < p < 2. Ifu € WP (U) is a weak solution
to the p-Poisson equation —A,v = f in U, where f € L%(U) with go defined in (1.1),
then (2.1) holds for all g € Wy'¥ (U).

The following basic result for weak solutions holds (see [26, Theorem 2.7]).

Theorem 2.4 Let U be a bounded open set in RN and let u € WP (U). The following two
assertions are equivalent.

(i) u is minimizing:
/ [VulP dx < / |Vv|P dx, when v —u € Wé’p(U).
U U
(ii) the first variation vanishes:

/ (IVulP~2Vu, V) dx =0, when ¢ € WP (U).
U

Now we introduce the notion of the Bessel capacity (see e.g. [1,42]).
Definition 2.5 For p € (1, 400), the Bessel (1, p)-capacity of a set E C RY is defined as
Cap, (E) = inf{[| fII}, v, : % f =1 on E. feL’®"Y), f=0},
where the Bessel kernel g is defined as that function whose Fourier transform is
~ _N 2.1
@) =C2m) 2+ 1§72

We say that a property holds p-quasi everywhere (abbreviated as p-q.e.) if it holds except
on aset A where Cap,,(A) = 0. It is worth mentioning that by [1, Corollary 2.6.8], for every
p € (1, +00), the notion of the Bessel capacity Cap, is equivalent to the following

Cap,(E) = inf {/ |Vu|”dx+/ lulP dx :u>1 on someneighborhoodofE}
ueWl-P(RN) | JRN RN
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in the sense that there exists C = C(N, p) > 0 such that for any set E C RN,
1 —~— —
£Cap,(E) < Cap, (E) < CCap, (E).

The notion of capacity is crucial in the investigation of the pointwise behavior of Sobolev
functions.

For convenience, we recall the next theorems and propositions.
Theorem 2.6 Let E C RY and p € (1, N). Then Cap,(E) = 0 if HY P (E) < +oo.
Conversely, if Cap,(E) =0, then HN—P+e(E) = 0 for every ¢ > 0.

Proof For a proof of the fact that Capp(E) = 0if HN-P(E) < +o0, we refer to [1,
Theorem 5.1.9]. The fact that if Cap,(E) = 0, then HN-PFe(E) = 0 for every ¢ > 0
follows from [1, Theorem 5.1.13]. ]

Remark 2.7 Let p € (N, +00). Then there exists C = C(N, p) > 0 such that for any
nonempty set E C RV, Cap,(E) = C. We can take C = Cap,,({0}), which is positive by
[1, Proposition 2.6.1 (a)], and use the fact that the Bessel (1, p)-capacity is invariant under
translations and is nondecreasing with respect to set inclusion.

Recall that for all E C RV the number
dimy (E) = sup{s € [0, +-00) : H*(E) = 400} = inf{t € [0, +00) : H'(E) = 0}
is called the Hausdorff dimension of E.

Corollary2.8 Let p € (1,+00), E C RN, dimg(E) = 1 and H'(E) < +oo. Then
Cap,(E) > Oifand only if p € (N — 1, +00).

Proof of Corollary 2.8 1f p > N, thenby Remark 2.7, Cap ,(E) > 0. Assume by contradiction
thatCapp(E) = Oforsome p € (N—1, N].Takinge = (p—N+1)/2sothat0 < N—p+e <
1, by Theorem 2.6 we get, HN=P+e(E) = 0, but this leads to a contradiction with the fact

that dimg(E) = 1. On the other hand, if p € (I, N — 1], then HN=P(E) < 400 and by
Theorem 2.6, Cap ,(E) = 0. This completes the proof of Corollary 2.8. O

Proposition 2.9 Ler ¥ C RN xo e RN, 0 <ry <r and p € (1, N]. Assume that
Y NAB,(xg) 0 forall r € (ro, r1).
Then there exists a constant C > 0, possibly depending only on N and p, such that
Cap, ({0}~ x [0, r1 — ro]) < CCap,, (X N By, (x0)).
Proof The proofis straightforwardif p € (1, N—1], since in this case Capp({O}N’l x[0, ri—
ro]) = 0 according to Corollary 2.8. Assume that p € (N — 1, N]. Let A(xg, r9) = Ero (x0)
if ro > 0 and A(xo, r9) = {xo} if ro = 0. For each x € ¥ N (B, (x0)\A(x0, r0)), we define

d(x) = ({O}N_l, [x — x0]). Since & is 1-Lipschitz, by [1, Theorem 5.2.1], there exists
C = C(N, p) > 0 such that

Cap, ({0}~ x (ro, 1)) = Cap ,(®(Z N (B, (x0)\A(x0, 70))))
< CCap,,( N (By, (x0)\A(x0, r0))).

Notice that Capp({O}N’l x[rg, r1]) < Capp({O}N’l x(rg, r1)), since Cap,, () is asubadditive
set function (see, for instance, [1, Proposition 2.3.6]) and Capp({O}N_1 x {r;}) = 0 for
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i =0, 1 by Theorem 2.6. So Cap,({0}"~! x [rg, r1]) < CCap (£ N (B, (x0)\A(x0, 70)))
for some C = C(N, p) > 0. Then, using the fact that the Bessel capacity is nondecreasing
with respect to set inclusion and, if necessary, the fact that it is invariant under translations,
we recover the desired estimate. This completes the proof of Proposition 2.9. O

Sorollary2.10 Let ¥ C RN xg e RN, 0 < ry < r1 and p € (1, N]. Assume that ¥ N
By (x0) # D ifro > 0and xo € X if ro = 0. Assume also that (¥ N By, (x0)) U d B, (xo) is
connected. Then there exists a constant C > 0, possibly depending only on N and p, such
that

Cap, ({0Y" " x [0, 11 — ro]) < CCap,, (X N By, (x0)).

Proof of Corollary 2.10 Tt follows from the conditions of Corollary 2.10 that X Nd B, (xo) # @
for all » € (rg, r1). Then it only remains to use Proposition 2.9. This completes the proof of
Corollary 2.10. O

Proposition 2.11 Letr € (0, 1] and A, = {O}N_1 x [0, r]. The following assertions hold.

(i) If p € (N — 1, N), then there exists a constant C = C(N, p) > 0 such that
rNTP < CCap ,(A)).

(ii) If p = N, then there exists a constant C = C(N) > 0 such that

I-p
(log(%)) < CCapp(A,).

Proof Since diam(A;) < 1, (i) and (ii) follows from [1, Corollary 5.1.14]. O

Corollary2.12 Let p € (N — I, N]and ¥ = ({0}V=1 x (=1, 1)) U 3By. Then there exist
ro, Co > 0 such that

Cap,, (X N B, (x0))
C 2.3
Cap, (B, (x0)  — " &3

whenever 0 < r < rgand xy € X.

Proof of Corollary 2.12 Since X is arcwise connected and diam(X) = 2, setting rop = 1, we
observe that ¥ N d B, (xg) # ¥ whenever 0 < r < rg and xg € X. Then Proposition 2.9 says
that for some C = C(N, p) > 0,

Cap,({0}"~! x [0, r]) < CCap (= N B, (xo))

whenever 0 < r < rg and xo € X. However, this, together with Proposition 2.11, [1,
Proposition 5.1.2], [1, Proposition 5.1.3] and [1, Proposition 5.1.4], proves that there exists
a constant Cy > 0 such that the desired estimate (2.3) holds for Cy whenever 0 < r < rg
and xo € X. This completes the proof of Corollary 2.12. O

Definition 2.13 Let the function u be defined p-q.e. on R™ or on some open subset. Then u
is said to be p-quasi continuous if for every & > 0O there is an open set A with Cap,(4) < ¢
such that the restriction of u to the complement of A is continuous in the induced topology.

Theorem 2.14 Let Y C RY be an open set and p € (1, +00). Then for each u € W-P(Y)
there exists a p-quasi continuous function i € WP (Y), which is uniquely defined up to a
set of Cap ,-capacity zero and u = Hae inY.
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Proof We refer the reader, for instance, to the proof of [9, Theorem 2.8], which actually
applies for the general spatial dimension N > 2. O

Remark 2.15 A Sobolev function u € WLP(RY) belongs to Wé’p(Y) if and only if its
p-quasi continuous representative # vanishes p-q.e. on Y (see [3, Theorem 4] and [23,
Lemma 4]). Thus, if Y’ is an open subset of ¥ and u € Wol’p(Y) such that # = 0 p-q.e.
on Y\Y’, then the restriction of u to Y’ belongs to WO1 "P(Y') and conversely, if we extend a
function u € Wg’p(Y/) by zero in Y\Y’, then u € Wol’p(Y). It is worth mentioning that if
£ C Y and Cap, (%) = 0, then Wy (¥) = Wy’ (Y\ D). Indeed, u € W,'"(Y) if and only
ifu e Wh?(RY) and ¥ = 0 p-q.e. on Y° that is equivalent to say u € WP(RN) and# = 0
p-q.e. on Y¢ U X (since Capp(E) = 0 and Capp (-) is a subadditive set function, see [1,

Proposition 2.3.6]) or u € Wol’p(Y\E). In the sequel we shall always identify u € whr(y)
with its p-quasi continuous representative .

Proposition 2.16 Let D C RY be a bounded extension domain (see [42, Remark 2.5.2]) and

letu € WP(D). Consider E = D N {x : u(x) = 0}. IfCapp(E) > 0, then there exists a
constant C = C(N, p, D) > 0 such that

/ |u|? dx 5C(Capp(E))*1/ |Vul? dx.
D D

Proof For a proof, see, for instance, [42, Corollary 4.5.3, p. 195]. O
It is also worth recalling the following fact, which will be used several times in this paper.

Remark 2.17 Every closed and connected set ¥ C RV satisfying H!(X) < 400 is arcwise
connected (see, for instance, [18, Corollary 30.2, p. 186]).

2.3 Poincaré inequality

Proposition 2.18 Let = c RN, & € RN and r > 0 be such that ¥ N 3By (£) # @ for every
s € [r,2r]. Let p € (N — 1,+00) and u € WP (B, (£)) satisfying u = 0 p-q.e. on
¥ N By, (§). Then there exists a constant C = C(N, p) > 0 such that

/ lu|? dx < Crp/ |Vul? dx.
BZr(g) BZr(E)

Proof We refer the reader to the proof of [9, Corollary 2.12], which also applies for the
present geometric assumptions. O

2.4 Estimate for E¢ g (u3) — Ef o (uy)

We begin by proving the following “localization lemma”.

Lemma2.19 Let p € (1, 4+00) and [ € L99(2) with qo defined in (1.1). Let ¥ and X’ be
closed proper subsets of Q and xq € RN, Assume that 0 < ro < rj and 'AY C E,O (x0).
Then there exists C = C(p) > 0 such that for any ¢ € Lip(RY) satisfying ¢ = 1 over
Bfl (x0), @ =0 over B, (xo) and ||¢|loc <1 o0n RY, one has
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Efaus) — Efalus) < c/ Vus|? dax
By, ()

+C/ |u);/|~”|V<p|pdx+/ fus/ (1 —¢@)dx.
By, (x0) By, (x0)

Proof We refer the reader to the proof of [9, Lemma 4.1], that actually applies for the general
spatial dimension N > 2. O

Lemma2.20 Let p € (N — 1,400) and f € L1(2) with q > qo, where qq is defined in
(1.1). Assume that X is a closed arcwise connected proper subset of 2 such that for some
x0 € RY and 0 < 2rg < r; < 1t holds

N Br()(x[)) # , 2\Brl (XO) # @. (24)

Then for any r € [ro,r1/2), for any ¢ € Lip(RY) such that |¢lleo < 1, ¢ = 1 over

BS, (x0), ¢ = 0over B,(xo) and ||V¢|oo < 1/r, the following assertion;hold.

(i) There exists C = C(N, p) > 0 such that

/ lus|?|Vel? dx < C/ |Vus|? dx. 2.5)
Bay (x0) Bor (x0)
(ii) There exists C = C(N, p, qo, q, |l fllg) > O such that
, Np'
/ fuz(l—q))dx§C/ |Vuz|pdx+CrN+p_7]. (2.6)
By (xp) Bor (x0)

Proof Thanks to (2.4), ¥ N dBs(xg) # @ for all s € [r, 2r]. Then, since ux = 0 p-q.e.
on T and uy, € WhP(By,(x0)), we can use Proposition 2.18, which says that there exists
C = C(N, p) > 0 such that

f lus|? dx < Crp/ |Vus|? dx. Q2.7
Boy (x0) Bo (x0)
Therefore,
1
/ lus|?|Vo|P dx < — lug|? dx < C/ [Vus|? dx.
By (x0) 7 J By, (x0) By (x0)
This proves (2.5).

Let us now prove (2.6). First, notice that thanks to (2.7) and the fact that 2r < 1, there
exists Co = Co(N, p) > 0 such that
||142||W1»p(32,(x0)) < CollVus|iLr(By (x0))- (2.8)

Next, using the Sobolev embeddings (see [21, Theorem 7;26]) Atpgether with (2.8) and the
fact that uy, = 0 p-q.e. on X, we deduce that there exists C = C(N, p, qo) > 0 such that

1=l a3, oy = CrP1IVus | Le By, (xo))- (2.9

where

!

N N
B=0iftN—1<p<N, B=—if p=N, f=1——if N <p < +o0.
90 P

Thus, using the fact that | fux (1 — ¢)| < | fuyx|, Holder’s inequality, the estimate (2.9) and
Young’s inequality, we get
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Sus(I —@)dx < || fllLoo B, opllusll o
/;'hr(xo) (Far o) L7 (Bar (x0))

11
< [Bar(xo)|9 7| fllLece) ||MEHL‘76(32 (x0))

N(E-Ly4
<crNad ﬂHVMZHLP(Bz,(xo))

M-
=Crv» | Vus |l Lr (B, (x0))

N4p/ =N
<Cr P +C||Vu2”12p(32r(x()))a

where C = C(N, p, qo,q, || fllg) > 0. This concludes the proof of Lemma 2.20. ]

The following corollary follows directly from Lemmas 2.19 and 2.20, thus, we omit the
proof.

Corollary 2.21 Let p € (N — 1, +00) and f € L1(Q2) with q > qo, where qq is defined
in(1.1). Let ¥ and %' be closed arcwise connected proper subsets of Q2 and let xo € RN,
Suppose that 0 < 2rg <r; <1, AT C By, (xo) and

N Br()(x()) # @, Z/\Brl (x0) # @.

Then for every r € [ro, r1/2],

,_Np'
Erqus) — Efqous) < C/ [Vus/|? dx + CrN+p _TP, (2.10)
Bay (x0)

where C = C(N, p,qo,q, | fllg) > 0.

2.5 Uniform boundedness of u¢ o 5 with respectto X

In this subsection, we prove a uniform bound, with respect to X, for the unique solutionu r o 5
to the Dirichlet problem (1.2). It is worth mentioning that the estimate (2.13) will never be
used in the sequel, however, we find it interesting enough to keep it in the present paper. Also
notice that we can extend u r o 5 by zero outside 2\ X to an element of whr(RN), we shall
use the same notation for this extension as for u 7 o 5.

Proposition 2.22 Let X be a closed proper subset of Q, p € (1, +00) and f € L9(Q) with
qo defined in (1.1). Then there exists a constant C > 0, possibly depending only on N, p
and qo, such that

/Q|V”f,9,2|pdx < CIQI“IIfIIﬁ%(Q), 2.11)

where
’

N
(@,)=0,p) if 1 <p <N, (Ol,ﬂ)=<*/,N/> if p=N,
o (2.12)
(« ﬁ)=(u p’) if p>N
' N(p-1) .

Moreover, if f € L1 withq > Y if p e (1, Nland g = 1 if p > N, then there exists a
constant C = C(N, p,q, || fllg, |2]) > O such that

luf.zlpemyy = C. (2.13)
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Proof To establish the estimate (2.13), we use [9, Lemma A.2] with U = Q\X, which
provides a constant C = C(N, p,q, || fllg, |U]) > 0 such that [uys ¢ sl ~@y) < C, but
observing that C is increasing with respect to |U|, we recover (2.13). Now let f € L9°(2).
Using u s o v as a test function in (1.3), we get

/ [Vuyrqs|fdx 2/ furasdx < ||f||L40(Q)|IMf,Q,EIIng)(Q), (2.14)
Q Q

where the above estimate comes by using Holder’s inequality. Next, recalling that by the
Sobolev inequalities (see [21, Theorem 7.10]) there is C = C(N, p) > 0 such that
||uf,sz,2||ng,(Q) < CIQ" | Vur o slLr), where
. 1 1.
y=0if 1<p<N, y=——— if p>N,
N p

and using (2.14), we recover (2.11) in the case when p # N.If p = Nand 1 < g9 < N,
then for ¢ € (0, N — 1] such that ql—, = we get
0

N—¢ N°

< Cl|Vuy.qzllpyv-eq) (by the Sobolev inequality)

||uf~,sz,z||Lq6(Q) <

1
< C|§2|"6 Vurazllpyg (byHolder’s inequality).
The latter estimate together with (2.14) yields (2.11) inthe casewhen p = Nand 1 < ¢go < N.

Assume now that p = N and gqo > N. Then g, < N’ < N. Using Holder’s inequality and
the fact that

1
luresllvg = CIQIVIVura sy

which was proved above, we obtain that
e 1

1
TN T
luyoxl = 1R T lugezllpyg < CIQIO[IVur o sy -

L9 (Q)

This, together with (2.14), yields (2.11) in the case when p = N and g9 > N, and completes
the proof of Proposition 2.22. O

2.6 Existence

Theorem 2.23 Let p € (N — 1,400), f € L9(Q2) with qo defined in (1.1). Let (X,), C
K(2) be a sequence converging to % € K(S2) in the Hausdorff distance. Then us, —

n——+00

us strongly in WHP(Q).
Proof For a proof, see [38] for the case N = p = 2 and [7] for the general case. m]
Proposition 2.24 Problem 1.1 admits a minimizer.

Proof Let (X,), C K(£2) be a minimizing sequence for Problem 1.1. We can assume that
Y, #¥and Cr q(X,) + AHYZ,) < Cr o(9) at least for a subsequence still denoted by
n, because otherwise the empty set would be a minimizer. Then, by Blaschke’s theorem (see
[2, Theorem 6.1]), there exists ¥ € K(€2) such that, up to a subsequence still denoted by
the same index, X, converges to ¥ in the Hausdorff distance as n — +o00. Furthermore, by
Theorem 2.23, us, converges to uy strongly in Wé’p(Q) and hence Cr o(%,) — Cr (%)
asn — +o00. Then, using Gotab’s theorem (see, for instance, [33, Theorem 3.3]), we deduce
that X is a minimizer of Problem 1.1. ]
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The next proposition says that, at least for some range of values of A > 0, solutions to
Problem 1.1 are nontrivial.

Proposition 2.25 Let p € (N — 1,400), f € L1(Q), f # 0and qo is defined in (1.1).
Then there exists a number Ao = Ao(N, p, f, Q) > 0 such that if Problem 1.1 is defined
for & € (0, xol, then every solution to this problem has positive HY-measure. Moreover, if
p > N and Problem 1.1 is defined for an arbitrary . > 0, then the empty set will not be a
solution to this problem.

Proof For a proof in the case when N = 2, we refer the reader to [9, Proposition 2.17], the
proof for the general case is similar. O

3 Decay of the p-energy under flatness control

In this section, we prove that if p € (N — 1, +00) and f € L9(2) with ¢ > g1, where ¢ is
defined in (1.4), then there exist g9, b,7 € (0,1) and C = C(N, p, qo.q, |l fll4, 12]) > 0,
where gq is defined in (1.1), such that the following holds. Assume that ¥ C Q is a closed
arcwise connected set, 0 < 2ry < r; <7, B, (xo) C £ and that for each r € [rg, r1] there
exists an affine line L = L(r) passing through x¢ such that dg ( N B, (xq), L N B, (xp)) <
gor. Assume also that X \ By, (xo) # 9. Then for all r € [ro, r1],

7\ 1+b
/ [Vus|? dx < C(—) / |Vus|? dx + Cr't?.
B, (x0) r By, (x0)

We begin by establishing a control for the functional r +— f B, |Vul?P dx, where u is a weak
solution to the p-Laplace equation in B1\({0}Y~! x (—1, 1)) vanishing p-q.e. on {0}V ! x
(=1, 1). In [28] it was shown that if u is a positive p-harmonic function in By\({0O}N~! x
(—1, 1)), continuous in B; with u = 0 on {0}¥~1 x (—1, 1), then there exists § = §(N, p) €
(0, 1) such that u € C%#(Bs), where B = (p — N + 1)/(p — 1) and C*#(U) denotes
the space of Holder continuous functions in the open set U. Furthermore, § is the optimal
Holder exponent for u. In fact, comparing the function u with the p-superharmonic and p-
subharmonic functions constructed in [28, Lemma 3.4], [27, Lemma 3.7], it was shown that
there exists C = C(N, p) > 0and § = §(N, p) € (0, 1) such that

()

Cdist(x, {0}V x (=1, 1)f < 4

: N-1., (_ B
M(Al/2)§Cdlst(x,{0} x (-1, 1% @3.1)

whenever x € Bs, where Aj; is a point in {Ix'| =1/2}n 0B1,2. The upper bound in (3.1)
implies that u € C 0.8(Bs) (see [28, Corollary 3.7]), and the lower bound proves that g is
optimal.

However, for the purposes of this paper, the optimal regularity for a p-harmonic function
vanishing on a 1-dimensional plane is not necessary. It so happened that for every p €
(N — 1, +00) we also constructed a nice barrier function in order to estimate a nonnegative
p-subharmonic function vanishing on a 1-dimensional plane. More precisely, for any fixed
y € (0, B) and some § = §(N, p,y) € (0, 1), we constructed a p-superharmonic function
in Lemma 1, such that comparing this function with a nonnegative p-subharmonic function
u in BI\({0}¥~! x (=1, 1)), continuous in By and with u = 0 on {0}¥~! x (-1, 1), we
obtain the following control

u(x) < Cu(Aj ) dist(x, {0}V x (—1, 1)),
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where x € Bs and C = C(N, p, y) > 0. If y is close enough to §, using the above control,
we deduce the estimate (3.2) which is sufficient to obtain the desired decay behavior of the p-
energy under flatness control. Finally, since our barrier function is slightly simpler than those
in [28, Lemma 3.4], [27, Lemma 3.7] and in order to make the presentation self-contained,
we shall use it in the proof of Lemma 3.1.

Lemma3.1 Let p € (N — 1, 400). There exist «, 5 € (0, 1) and C > 0, depending only
on N and p, such that if u € WYP(By) is a weak solution to the p-Laplace equation in
BI\{O}YV =1 x (=1, 1)) satisfying u = 0 p-g.e. on {0}¥~! x (=1, 1), then

/ |Vul? dx < Cr”"‘f [Vul|? dx forall r € (0, 8]. (3.2)
r B

Proof To lighten the notation, we denote OWV-1 x (=1,1) by S.
Step 1. We prove the estimate (3.2) in the case when u is continuous and nonnegative in By with

u=0onS.Lety = %(p_li}\j“—i-p%]jl“).ByLemma 1, there exists 8o = 8o(N, p) € (0, 1)

such that ii(x) = |x'|V + xlzv is p-superharmonic in {0 < |x'| < 8o} N {Jxn| < 1}. On the
other hand, according to Lemma 3, there exists ¢ = ¢(N, p) € (0, 1) and C = C(N, p) > 0
such that u < Cu(A;) in B, where A, denotes a point with dist(Ag, {0}V x R) = ¢ and
A; € dB.. Without loss of generality, we can assume that 5o < e. Hereinafter in this proof,
C denotes a positive constant that can only depend on N, p and can be different from line
to line. Using Harnack’s inequality (see, for instance, [24, Theorem 6.2]), we deduce that
u(Ag) < Cu(Ay2) andhenceu < Cu(Ay)2) inE(;O forapoint Ay, € {|x'| = 1/2}N0By .
Next, since

R S0 \” S0\ . B . 82 82 B
”‘x):<70§> “’zvz<70§> 1) = S and i) = 17+ = P i eyl = 2

the estimate u < Cu(A1,2)i holds on a({Ix’| < 80/\/5} N{lxn| < 80/«@}); see Figure 1.

{03V-1 % (=1,1)

{I2) < &} {lonl < %}

Fig.1 Inthe proof of Lemma 3.1 we estimate on 9 ({ x| < % } n { lxnl < % }) anonnegative p-harmonic

function « in B]\({O}N_1 X (=1, 1)), continuous in By with u = 0 on {O}N_1 x (—1,1)
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Notice also that u(x) < Cu(Ayp)i(x) if x € S. Thus, using the comparison principle
(see e.g. [24, Theorem 7.6]), we obtain

u < Cu(Aipi in {Ix'] < 8o/v/2} N {lxw| < 80/v/2}. (3.3)

Now we set § := §p/10. According to Lemma 4, u is a p-subharmonic function in Bj. Then,
using Caccioppoli’s inequality (see e.g. [26, Lemma 2.9] or [24, Lemma 3.27]), which is
applicable to nonnegative p-subharmonic functions, and also using (3.3), for all r € (0, §],

we deduce that
/ |[Vu|? dx < ppr_p/ uP dx
By By

< CMP(A1/2)V7P/‘ u? dx
By,

< Cup(Al/z)r_p/ r” +r?)Pdx
By

< CuP(Ayp)r? PP

= Cup(Al/z)rl-Hx, (3-4)

where« = yp — p+ N — 1 is positive, since y > (p — N + 1)/p. On the other hand, by
Harnack’s inequality, #(A1,2) < Cu(x) for all x € By/4(A1,2) and then

uf (A1) = u?(A1y2) dx

|Bl/4| Bia(A1)2)

< C[ u? dx
Bi/a(A1)2)

SC/ u? dx
By

<C [Vul|? dx, 3.5
By
where we have used Proposition 2.18. Gathering together (3.4) and (3.5), we deduce (3.2).
Step 2. We prove (3.2) in the case when u € W'7(B;) and u = 0 p-q.e. on S. Let us fix
a sequence (¢, )peny C C ®(B)) such that for each n € N, ¢, = 0 on § and, furthermore,
@n — uin WHP(By). Let us briefly explain why such a sequence exists. For an arbitrary
open set U with B CC U, according to [21, Theorem 7.25], there exists i € Wol’p(U) such
that @ = u a.e. in By. By [1, Theorem 6.1.4], # = u p-q.e. in B} and hence # = 0 p-q.e. on
S.Thenu € Wol’p(U\S) (see Remark 2.15). So there exists a sequence (¢,), C C3°(U\S)
such that ¢, — @ in WhP(U). It remains to note that ¢, — u in WP (By). Next, for
each n € N, let u, be the unique solution to the p-Laplace equation in B1\S such that
Up — @y € W(}’p(Bl\S). Notice that, by [26, Theorem 2.19], u,, is continuous in B1\S. On
the other hand, since ¢, is continuous in B, according to [24, Theorem 6.27], we can show
that u,, is continuous in B if we can prove that there exist constants Co > 0 and ro > 0 such
that
Cap,((SUIBN N B,(x) _ 56

Cap,, (B, (x)) =
whenever 0 < r < rg and x € S U dB;. However, the estimate (3.6) in the case when p €

(N — 1, N] follows from Corollary 2.12; in the case when p > N, using Remark 2.7 and the
fact that the Bessel capacity is invariant under translations and is nondecreasing with respect
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to set inclusion, it is easy to see that the estimate (3.6) holds for Cop = Cap, ({O})/Capp (By1)
whenever x € SU3B; and 0 < r < 1. Thus, for each n € N, u,, is continuous in B;. Then,
by Lemma 4, u;:' = max{u,, 0} and u,, = —min{u,, 0} are nonnegative p-subharmonic
functions in By such that u;” = u;, = 0on S.

Now let v, be the unique solution to the p-Laplace equation in B;\S such that v, —u} €
W(;’p (B1\S). As before, by [26, Theorem 2.19] and [24, Theorem 6.27], v, is continuous
in By and also v, = u;” on S U dBy. Then, by the comparison principle, u,” < v, in Bj.
Let § = 86(N, p), @ = a(N, p) € (0,1) be the constants from Step 1. Next, applying
Caccioppoli’s inequality to u;}, using the fact that u;} < v, in B and applying the result of
Step 1 to vy, for all r € (0, §] we deduce that

Vi |Pdx < ppr_pf ui? dx
Boy

< ppr’p/ vl dx
BZr

B,

< Cr1+°‘/ [V, |? dx
B

< CrH'“/ |Vul|P dx, (3.7)
By

where the last estimate comes from the fact that v, minimizes the functional v +—>
[5, 1Vv|? dx among all v € WP (By) such that v — u;} € Wol’p(Bl\S) (see Theorem 2.4)
and ;" is a competitor. Arguing by the same way as for u;", we deduce that for all » € (0, §],

|Vu, |P dx < Cr”“/ |Vu, |P dx. (3.8)

B, B

Next, since ¢, — u in WL-P(By) and u solves the Dirichlet problem —A,v =0 in Bj\S
with its own trace on SUJ By, by [7, Theorem 3.5], u,, — u in Wl’p(Bl) and hence u,‘f —u',
u, — u_in WLP(B)). This, together with (3.7) and (3.8), implies that for all € (0, §],

|Vu|pdx:/ [Vut — Vu~|P dx 521’—1/ |Vu+|pdx+2p_1/ |Vu~|P dx
Br

B, B, By
< Cr1+“/ \Vut|Pdx + Cr'te [ |Vu|P dx
B B
< Cr1+°‘/ |Vul? dx.
By
This completes the proof of Lemma 3.1. O

Now we establish an estimate for a weak solution to the p-Laplace equation in By (xp)\ X
that vanishes on X N B,(xg) in the > case when X is close enough, in B, (xp) and in the
Hausdorff distance, to a diameter of B, (xq).

Lemma3.2 Let p € (N — 1,4+00) and let a, 8 € (0,1), C > 1 be as in Lemma 3.1. Then
for each g € (0, 8] there exists gy € (0, @) such that the following holds. Let ¥ C R be a
closed set such that (X N B-(xp)) U 3B, (xo) is connected and assume that for some affine
line L passing through xo, dg (X N B (x0), L N B, (x0)) < gor. Then for any weak solution
u € WhP (B, (x0)) to the p-Laplace equation in B, (x9)\ X vanishing p-q.e. on ¥ N B, (xp),
the following estimate holds

/ |Vul? dx < (Cg)‘+"/ [Vul? dx.
Bgr (x0) By (x0)
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Fig.2 The geometry in Lemma 3.2

Proof Since the p-Laplacian is invariant under scalings, rotations and translations, we can
assume that B, (xo) = By and L N B, (x9) = {0}¥~! x [—1, 1]. To simplify the notation,
we denote {0}¥~! x [—1, 1] by S. By contradiction, suppose that for some o € (0, §] there
exist sequences (¢,)n, (X,)n and (u,), such that for eachn € N: ¢, € (0,0), &, | 0 as
n — 400; ¥, is closed, (X, N B;) Ud By is connected, dy (X, N By, S) < &, implying that

dy(Z,NB1,S) = 0 as n — +o0; (3.9
u, is a weak solution to the p-Laplace equation in Bj\%,, u, =0 p-q.e.on X, N Bj and
/ [Viup|P dx > (Co)'* | |Vu,|P dx. (3.10)

By, By

Next, for each n € N, we define v,, € Wl’p(Bl) as
(-

v, (1) = T (3.11)
(f, 1Vunl? dx)?
Notice that v, =0 p-q.e.on X, N By and
[V, |P dx = 1. (3.12)

By

On the other hand, for each n € N, ¥, N By # ¢. This, together with the fact that (X, N
B1) U 9By is connected, according to Corollary 2.10 and Proposition 2.11 in the case when
p € (N — 1, NJ, and according to Remark 2.7 in the case when p € (N, +00), implies that
there exists a constant C > 0 (independent of n) such that for eachn € N,

Cap,(Z, N By) > C.

Using the above estimate together with Proposition 2.16 and with (3.12), we conclude that
the sequence (v,,), is bounded in WP (B)). Hence, up to a subsequence still denoted by the
same index, we have

vp—v weakly in W7 (B)) (3.13)
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v, — v strongly in L?(By), (3.14)

for some v € WLP(By). Let us now show that v = 0 p-q.e.on SN By.Foreacht € (0, 1),
we fix a function ¥ € Cé (By) suchthaty = 1on B;and0 < ¢ < 1. Since (X, NB;)UJB;
is connected for each n € N and dy(Z, N B1,S) — 0 asn — oo, it follows (see
Section 6 in [7]) that the sequence of Sobolev spaces Wol’p (B1\Z,) converges in the sense

of Mosco to Wy'” (B1\S). Notice that for each n € N, v,v € W,'”(B;\Z,) and by (3.13),
v,y —vy weakly in wlr (RN ). Then, using the definition of limit in the sense of Mosco,
we deduce that vy € Wol’p(Bl\S). This implies that v = 0 p-g.e. on {0V =1 x [—¢, 1] (see
Remark 2.15). As t € (0, 1) was arbitrarily chosen, v =0 p-q.e.on SN Bj.

We claim that v is a weak solution to the p-Laplace equation in By\ S, that is,

/ (|Vv|p_2VU, Vo)dx =0 forall ¢ € Cgo(Bl\S). (3.15)
By

In order to get the equality above, it suffices to show that | Vv, |P~2Vv,—|Vv|?~2Vv weakly
in L? (By; RV). In fact, if ¢ € C3°(B1\S), then {¢ # 0} CC B1\S and thanks to (3.9), for
all n large enough, {¢ # 0} CC B\ X,, so we can write the following

/ (IVUa |72V vy, Vo) dx = 0.
By

Next, letting 7 tend to +oc in the above equality and using that | Vv, |?~2Vv,—|Vv|P~2Vv
weakly in LY (By; RY), we would obtain (3.15). We first prove that, atleast for a subsequence,
Vv, — Vv ae. in Bj. For each integer m > 10, we define 2, := {x € By : dist(x, S) >
1/m}. Notice that v,—v weakly in whr(,,) and for all n large enough (with respect to m),
v, is a weak solution to the p-Laplace equation in €2,,. Then, according to [4, Theorem 2.1],
there exists a subsequence (v, (n.k))keN such that Vv, ry — Vv a.e. in ,,. For each m
as above, let (Vy(m+1,k))ken be a subsequence of (v k))ken satisfying Vv, oui1.6) — Vv
a.e. in ,,41. Thus, for the diagonal subsequence (Vu(m,m))meN, VUnm,my — Vv a.e. in
Bj. So, at least for a subsequence, Vv, — Vv a.e. in By. On the other hand, since (v,),
is bounded in W17 (B), there exists w € L”’(B1 : RY) such that, up to a subsequence still
denoted by the same index, |Vv, P2V, —w weakly in LP/(Bl; RM). Then, using the fact
that, up to a subsequence, |Vv,|?~2Vuv, — |Vv|?~2Vv ae. in B; (we read |0]?~20 as 0
also when 1 < p < 2) and using Mazur’s lemma (see [41, Theorem 2, p.120]), we deduce
that w = |Vv|?~2Vv. We can now conclude that |Vv,|?~2Vv,—|Vv|?~2Vv weakly in
LP/(Bl; RM). This proves the claim.

We now want to prove the strong convergence of Vv, to Vv in L?(Bs; RY). Since
Vv,—Vuv weakly in L?(Bs; RY), we only need to prove that ||V, e (By:mN) tends to
IVVllLp(ps.mNy- By the weak convergence, we already have that

|Vv|? dx < liminf Vv, |P dx.
Bs n——+00 Bs

Thus, it remains to prove the reverse inequality with a limsup. For this, for an arbitrary
e e (8,1), wefix xo € Cg°(By) suchthat 0 < x. < I, xo = 1 on Bs, x. = 0 on Bf and
IVxelloo < 2/(¢ — 8). Notice that v, x. € Wol’p(Bl\E,,). Then, since v, € WP (B)) is a

weak solution to the p-Laplace equation in B\ X, and x, = 0 on B,

/ xs|an|"dx=—/ 0n([V0n P2V 00, V) dx.

e
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On the other hand, from the fact that [|[Vx:|lco < 2/(¢ — §), (3.12), (3.14) and since
[V, |P~2Vu, weakly converges to |Vv|P~ 2Vyin LV (Bg; RN), it follows that

lim —/ vn(|an|P_2an,VXg)dx=—/ v(le|p_2Vv,VX8)dx=/ xe| VP dx,

n—+400 B, B B

where to get the latter equality we have used that v € W!7(B) is a weak solution to the
p-Laplace equation in B1\S, vy, € Wol’p(Bl\S) and x; = 0 on B{. So we obtain that

lim sup Vv, | dx < lim sup/ Xxe|Vop|P dx = / Xe|VU|P dx.
n—+00 J B n—-+oo e B;
Next, letting ¢ tend to 5+ and using Lebesgue’s dominated convergence theorem, we get
lim sup Vv, |P dx < [Vu|P dx.
n—>-+o0 J By Bs

Thus, we have proved the strong convergence of Vv, to Vv in L?(Bs; RY). Using (3.10),
(3.11) and passing to the limit, we therefore arrive at

/ |Vul? dx > (Co)' ™. (3.16)
BQ
However, Lemma 3.1, together with (3.12) and (3.13), says the following
/ [Vu|P dx < CQ1+"‘,
BQ

which leads to a contradiction with (3.16), since &, 0 > 0 and C > 1. This completes the
proof of Lemma 3.2. O

Now we want to establish an estimate for a weak solution to the p-Poisson equation in
B, (x0)\ X that vanishes on ¥ N B, (xo) in the case when X is sufficiently close, in B, (xq)
and in the Hausdorff distance, to a diameter of B, (xo). For that purpose, in the following
lemma we control the difference between a weak solution to the p-Poisson equation and its
p-Dirichlet replacement in a ball with a crack.

Lemma3.3 Let p € (N —1,400) and f € L1(B, (xp)) with g > qo, where qq is defined
in(1.1). Let T be a closed arcwise connected set in RN and 0 < 2ry <r; <1 satisfy

X N By (x0) # B, T\By, (x0) # 0 and By, (x0)\Z # 0. (3.17)

Let u € Wl’”(B,I (x0)) satisfying u = 0 p-q.e.on ¥ N By (xo) be a weak solution to
the p-Poisson equation —Apv = f in By (xo)\X. Let w € Wl’f”(B,1 (x0)) be the unique
solution to the p-Laplace equation in By, (xo)\X such that w — u € Wol’p(B,] (xo\X). If
2 < p < 400, then

r_Np'

N+
/ \Vu—Vw|Pdx <Cr, | 1, (3.18)
By, (x0)

where C = C(N, p, qo, 4, I fllg) > 0.
If1 < p <2, then

, 2p
/ |Vu — Vwl|? dx < C(I(u))P(r{’*l)“P -7, (3.19)
Bll(xO)
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2—-p

2
where C = C(p.qo. 4. 1 flly) > 0 and I(u) =27 (fB o IVl dx) P
1

Remark 3.4 Observe that for any N > 2 and any p € (N — 1,+00), N+ p' — Np'/q is
positive if ¢ > go, where qq is defined in (1.1).

Proof We provide a proof of the estimate (3.18), for a proof of the estimate (3.19) see [9,
Lemma 4.9]. For convenience, we define z = u — w. Thanks to (3.17) and the fact that z = 0
p-q.e.on X N B, (xp), by Proposition 2.18, there exists Co = Co(N, p) > 0 such that

IzllLr B, o = CortVallLr(s,, (o) -

Since r1 < 1, the above estimate leads to the following
Izllwr.r (s, on = CIVZlLr (B, (o) (3.20)

where C = C(N, p) > 0. Then, using the Sobolev embeddings (see [21, Theorem 7.26])

together with (3.20) and in the case when N < p < 400 using also that z(§) = 0 for some
_N

£ € TN By (x0), yielding that [2(0)] = |z(x) = 2®) < C'@r)' 7 lzllyr (g, (xp) for

some C' = C'(N, p) > 0, we deduce the following

< CriIVallLr (s, (o) (3.21)

1l 45, Gy <

where C = 5(1\', P, qo) > 0and

N
a=0if2<N—-1<p<N, a=

N
— ifp=N, a=1—-—if N <p < +o0.
90 p

Next, according to [17, Lemma 2.2], there exists co = co(p) > 0 such that,

/ [Vz|P dx < CO/ (IVu|P~2Vu — |[Vw|P~2Vw, Vz) dx,
Brl (x0) Brl (x0)

and, since z € WO]’p(Br1 (x0)\X), we get
/ |Vz|P dx < 60[ (IVu|P~2Vu — |Vw|P~?Vw, Vz) dx = CO/ fzdx.
By, (x0) By, (x0) By, (x0)

Applying Holder’s inequality to the right-hand side of the above formula and using (3.21),
we obtain

Vz|Pdx <c¢ ,
/ g O 000l

11
< colBr (x0) [0 “ || fllLa(B,, (xo)) IIZIIng)(B o)
T

1

N(L_1 7
<crp @ ‘f”“(/ |Vz|de>”
Brl(-xo)

for some C = C(N, p, qo, g, |l fllg) > 0. Therefore,

; Np'

el 1 / _
’ Np(qo q)+pa rrNer 7

/ [Vz|Pdx < CPr, =C?’
By (x0)

This completes the proof of Lemma 3.3. O
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Using together Lemma 3.2 and Lemma 3.3, we obtain the following estimate for the
solution ux to the Dirichlet problem —A ,u = f in Q\X, u € Wé’p(Q\E). Notice that in
the following statement the definition of y (p, ¢) also depends on N, but we decided not to
mention it explicitly to simplify the notation.

Lemma3.5 Let p € (N —1,4o00)and f € L1(Q) withq > qo, where qq is defined in (1.1).
Then there exista € (0,1/2), &9 € (0,a) and C = C(N, p, q0,q, |l fllg4, |2]) > O such that
the following holds. Assume that ¥ C Qisaclosed arcwise connected set, 0 < 2ry < r; < 1,
Brl (x0) C %,

X N Byy(x0) # 9@ and X\ B, (xo) # 0.

In addition, suppose that there exists an affine line L C R passing through xq such that

du(Z N By, (x0), L N By, (x0)) < &ori. (3.22)
Then
1 (1 v(p.q)
— [Vus|Pdx < = | — [Vus|Pdx |+ Cr{""%, (3.23)
ary Bar] (x0) 2 r Brl (x0)
where

/

N 2
y(p.q)=N—1+p — 7” if 2<p <00, y(p.q)=3p—3— ;” if 1<p<2.
(3.24)

Proof Letw € WP (B, (x0)) be the unique solution to the p-Laplace equationin B, (xo)\ 2

suchthatw—uy € Wol’p (B, (x0)\X).Let /(-) beasin Lemma 3.3. Using (2.11) and Holder’s
inequality, it is easy to see that

I(ug) < C (3.25)

forsome Cy = C{(N, p, qo0. 4, || fllg, [2]) > 0. Then, applying Lemma 3.3 and using (3.25),
we get

f |Vug — Vw|? dx < Cr| VP9, (3.26)
Brl (x0)

where C = C(N, p,qo,q., || fllg, 12]) > 0 and y (p, q) is defined in (3.24). Now let t, § €
(0,1) and C > 1, depending only on N and p, be as in Lemma 3.1, where C is such that
the estimate (3.2) holds with C replaced by C.Define a = min{(S, (s 5‘1_"‘)al } For each
N >2and p € (N — 1, +00), the constant a is fixed. Applying Lemma 3.2 with » = r| and
o0 = a, we obtain some gy € (0, a) such that under the condition (3.22),

1 ~
f/ IVw|P dx < CH“ao‘/ IVw|P dx < 271’/ IVw|Pdx. (3.27)
a JB,, (o) By, (x0) By, (x0)

Hereinafter in this proof, C denotes a positive constant that can only depend on N, p, qo, ¢,
I fllg, 1€2] and can be different from line to line. Since for any nonnegative numbers ¢ and
d, (c +d)P < 2P~ (cP +dP), we have

1 2r=1 2r=1
f/ |Vus|P dx < —— IVw|? dx + —— |Vuy — Vw|? dx
a Barl (x0) a Barl (x0) a Barl (x0)
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1 2r-1
< f/ IVw|? dx + —— |Vus — Vw|? dx

2 JB,, xo) @ JB (x0)
1

7/‘ |Vw|pdx+Cr11+y(p’q)
2 By, (xo)

IA

IA

1
f/ |Vu2|pdx+Cr11+y(p’q),
2 JB,, x0)

where we have used (3.27), (3.26), and to obtain the last estimate, Theorem 2.4. The proof
of Lemma 3.5 follows by dividing the resulting inequality by 7. O

Finally, by iterating Lemma 3.5 in a sequence of balls {B,,, (x0)};, we obtain the desired
decay behavior of the p-energy r — || B, (x0) |Vusx|? dx under flatness control on X at xg € 2.

Lemma3.6 Let p € (N — 1,400) and f € L1(Q2) with q > q1, where q; is defined in
(1.4). Then there exist o, b,7 € (0, 1) and C = C(N, p,qo,q, | flg,12]) > O, where qo
is defined in (1.1), such that the following holds. Assume that ¥ C Q is a closed arcwise
connected set, 0 < 2rg < ri <7, By (x0) C 2 and that for each r € [ry, r1] there exists
an affine line L = L(r) passing through xo such that dg (X N B, (x0), L N B, (x0)) < eor.
Assume also that ¥ \ By, (xo) # 9. Then for all r € [ro, r1],

7\ 1+b

+ 1+b
|Vus |P dx < c( ) |Vus |P dx + Cri+?. (3.28)
B, (x0) ri By, (x0)

Proof Leta € (0,1/2),e9 € (0,a)and C = C(N, p, qo, 9, I fllg, 1€2]) > Obe the constants
given by Lemma 3.5. The definition of ¢; and the assumption ¢ > g; have been made in
order to guarantee that y (p, g) > 0, where y (p, ¢) is defined in (3.24). Let us now define

b— mi {y(p,q) 1n(3/4)} __(1>L
= min , o r=1-=-) .
2 In(a) 4

Notice that for all ¢ € (0, 7],
1
5t” + 17D < (ar)b. (3.29)

Indeed, since 0 < 2b < y(p,q), b < In(3/4)/In(a) and a, 7 € (0, 1), 1Y PP < (20 < 7bsb
and 3/4 < a®, so

1, 1 3
—t tV(PJ]) < *tb Fblb < *tb < (at b.
3 + =5 + =3 < (at)

It is worth noting that ¥ N B, (xp) # ¥, which comes from the assumption
dp (N Byy(x0), L(ro) N By, (x0)) < oro-

Under the assumptions of Lemma 3.6, we can apply Lemma 3.5 in all the balls B, (xo),
[ € {0, ..., k}, where k € N is such that a**!r; < ro < a¥r|. Next, we define W (r) =
% fBr(xo) [Vux|? dx, r € (0, r1] and prove by induction that for each / € {0, ..., k},

W(alr) < %\y(n) +Cd'r)’. (3.30)
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It is clear that (3.30) holds for [ = 0. Assume that (3.30) holds for some [ € {0, ..., k — 1}.
Then, applying Lemma 3.5 and using the induction hypothesis, we get

1 1/1
W@t = S + )’ < (ﬁ(m + C(c/n)”) +Cdr)yr .
Thanks to (3.29), we finally conclude that

1
\Il(al'Hrl) < F\D(Fl) + C(al'Hrl)b.

Thus (3.30) is proved. Now let r € [ro, ri]and! € {0, ..., k} be such that a't'r < r < alry.
Then

1 11 C 2
W(r) < —W(dr) < —Wr) + — (@)’ < Z@™w ) + '@ )b
a a2l a a
b
=’ <i> W)+,
r

where C” = C"(a, N, p,q0,4, 1 fllg,122]) > 0. Since a is fixed for each N > 2 and
p € (N — 1, +00), we can assume that C”” depends only on N, p, qo, ¢, || f |l and |€2|. This
completes the proof of Lemma 3.6. O

4 Absence of loops

In this section, we prove Theorem 1.4. The next lemma will be used in the proof of Theo-
rem 1.4.

Lemma4.1 Let T be a closed connected set in RN with H' () < +o0. Then the following
assertions hold.

e If ¥ contains a simple closed curve T', then H'-a.e. point x € T is a “noncut” point,
namely, there exists a sequence of relatively open sets D, C X satisfying

(i) x € D, for all sufficiently large n;
(ii) ¥\D, are connected for all n;
(iii) diam D,, \( O as n — +0o0;
(iv) D, are connected for all n.

o “flatness” : for H'-a.e. point x € X there exists the “tangent” line Ty to ¥ at x in the
sense that x € T, and

1 — —
—dyg(ZN By(x), Ty N By(x)) — 0.
r r—0+

Proof By [33, Lemma 5.6], H'-a.e. point x € I is a noncut point for X (i.e., a point such that
2\ {x}is connected). Then, by [32, Lemma 5.3], it follows that for each noncut point there are
connected neighborhoods D,, that can be cut leaving the set connected and diam(D,,) \ 0,
so (i)-(iv) are satisfied for a suitable sequence D,,. Let us now prove the second assertion of
Lemma 4.1. First, notice that, there is a Lipschitz surjective mapping g : [0, L] — X, where
L = H!'(Z) (see, for instance, [18, Proposition 30.1]). Furthermore, in [29, Proposition 3.4],
it was proved that H!(Z\ Zg) = 0, where

So={xeX:te(0 L), g exists, |g'(r)] = 1 whenever g(t) =x, g '(x) is finite
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and if g(t) = g(s) = x, then g'(t) = £g'(s)},

and that for all x € X,

1 _
— max dist(y, Ty N B,(x)) — 0, 4.1
I yeSNB,(x) r—0+

where Ty = x + Span(g’(t)), x = g(t). In order to prove that

1 _
— max dist(y, XN B,(x)) — 0, 4.2)
T yeT,NB,(x) r—0+

we shall follow the same approach as in [6, Proposition 2.2]. Observe that for each x € X
there exists a mapping h +— &(h) such that £&(h) — O when h — 0 and g(t + h) =
g() + hg'(t) + h&(h) when || > 0 is small enough, where g(z) = x. Next, let § €
(0, 1) be given. We can choose a sufficiently small r9 > O such that |£(h)| < &/2 for all
h € (—rg, r0)\{0}. Then for each r € (0, r9p) and each z € T\ N E(l_g/z)r (x), there exists
A €[(8/2 = Dr,(1 —§8/2)r] such that z = g(t) + Ag'(¢). So, defining y = g(t + ) and
observing that g(f + 1) = g(t) + Ag'(t) + A&(A), we deduce that y € ¥ N B, (x) and
|z — y| < 8r/2. This implies that max, .z 3, (x) dist(z, £ N B,(x)) < 8r for all r € (0, rg)
and, therefore, proves (4.2). Observing that (4.1) and (4.2) together prove the second assertion
of Lemma 4.1, we complete the proof. O

Proof of Theorem 1.4 For the sake of contradiction, assume that for some A > 0 a minimizer
X of F, r,q over K(£2) contains a simple closed curve I' C X. Notice that there is no a
relatively open subset in X contained in both I" and 9€2, because otherwise, according to
Lemma 4.1, there would be a relatively open subset D C X such that D C 92 and ¥\ D
would remain connected, but, observing that in this case ux\p = uyx and H! (D) > 0, we
would obtain a contradiction with the optimality of X. Thus, by Lemma 4.1, there is a point
xo € I' N Q2 which is a noncut point for ¥ and such that ¥ is flat at xq. Therefore for xg there
exist the sets D, C X and the tangent line Ty, to X at xo as in Lemma 4.1. Let &9, b, 7, C
be the constants of Lemma 3.6 and let By, (xo) C 2 with #p < 7. We define r,, := diam D,
sothat D, C ¥ N E,n (x0). The flatness of X at x( implies that for any given ¢ > 0 there is
8 € (0, 9] such that

du(Z N B, (x0), Ty, N Br(x0)) < er forall r € (0, 3].

For each n € N, we define ¥, := X\D,, which, by Lemma 4.1, remains closed and
connected. We fix ¢ = g9/2 and r € (0, §]. Next, we want to apply Lemma 3.6 to X,,, but we
have to control the Hausdorff distance between X, N B, (xg) and a diameter of B, (xq). We
already know that X is er-close, in B, (xo) and in the Hausdorff distance, to Ty N B, (x0)
for all r € (0, 8]. Furthermore, if r, < gor /2, then
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dy (2, mEr(XO)v T, mEF(XO)) <dp(Z, N Er(XO)a by mEr(xO))

+dp (X mEr()CO)v Ty, ﬁEr(x()))
gor  eor  &or
Sty =ty T
Thus, if 2r, /g0 < 8/2, we can apply Lemma 3.6 to %, for the interval [2r, /&g, §], which
says that

1+b 2
f \Vus, |P dx < C(f) / \Vus, |P dx + Cr'* forall r [ﬂ 5],
B, (x0) 3 Bs (x0) €0

where C = C(N, p, qo, g, | fllg. 1€2]) > 0 (qo is defined in (1.1)). Hereinafter in this proof,
C denotes a positive constant that does not depend on r, and can be different from line to
line. Next, using the above estimate for r = 2r, /¢ and using also (2.11), we get

f |Vus, |7 dx < Crltt
By, (x0)
0

for each n € N such that 2r,, /g9 < §/2. Recall that the exponent b given by Lemma 3.6 is
positive provided ¢ > g1, which is one of our assumptions. Now, since ¥ is a minimizer of
Problem 1.1 and X, is a competitor for X, we get the following

0<FiraZ)—FiraX <Efqus)— Efqus,) —Ar,

N
N+p'==]

< Cf |[Vus, |P dx + Cry — Ary (by Corollary 2.21)
Bay, (x0)

/
N+p' =22
< C/ |[Vus, |P dx + Cry T —Ary,
By, (x0)
€0
/_Np'
+p 4

Notice that N + p’ — Np’/q > 1ifand onlyif g > Np/(Np — N + 1), which is always true
under the assumption g > ¢q;. Therefore, letting n tend to +o00, we arrive to a contradiction.
This completes the proof of Theorem 1.4. O

5 Proof of partial regularity

In this section, we prove that every solution = to Problem 1.1 is locally C™* regular at
H'-a.e. pointx € £ N Q.

We recall that () is the class of all closed connected proper subsets of Q. The factor A
in the statement of Problem 1.1 affects the shape of an optimal set minimizing the functional
Fi, £, over K(2), and, according to Proposition 2.25, we know that there exists a number
Ao = Xo(N, p, f, ) > 0 such that if A € (0, Ao], then each minimizer ¥ of the functional
Fi, f.@ over K(£2) has positive H!-measure. Throughout this section, we assume that A =
Ao = 1 for simplicity. This is not restrictive regarding to the regularity theory.

As mentioned in Section 1.1, our approach differs from the one used in [9] to prove the
partial regularity result in dimension 2. Since we deal with general dimensions, in Proposi-
tions 5.8, 5.12, 5.13 we assume, in addition, that the quantity 0y (see Definition 5.3) at the
corresponding scale is bounded from above by 10z, where w1 is a unique positive solution
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to the equation u© = 5 + ul_ﬁ, compared to Propositions 6.8, 6.11, 6.12 in [9]. This con-
dition allows us to construct a nice competitor for the minimizer ¥ and derive the estimate
(5.23), which we use to prove the assertion (i) of Proposition 5.8. All in all, we prove the
estimate (5.16), which is crucial in the proof of Proposition 5.12. To prove the assertion (iii)
of Proposition 5.12, we need to control the density 5 on a smaller scale by its value on a
larger scale. Adapting some of the approaches of Paolini and Stepanov in [32], we prove that
for each a € (0, 1/20] there exists € € (0, 1/100) such thatif xo € X, B, (xg) C Q2,7 > 0is
sufficiently small and Bx (xo, r) + w$ (xo, ) < &, then the estimate (5.31) holds. Altogether
we prove Corollary 5.14 and, finally, we prove Theorem 1.3.

5.1 Control on defect of minimality

We begin with the definition of the flatness.

Definition 5.1 For eich closed set ¥ c RV, each point x € R and radius r > 0, we define
the flatness of X in B, (x) as follows

Pz (x.r) = inf %dH(Z N B,(x), L N B, (x)),

where the infimum is taken over the set of all affine lines (1-dimensional planes) L passing
through x.

Notice that if By (x, r) < 400, then it is easy to prove that the infimum above is actually the
minimum, and in this case By (x, r) € [0, V2] and Bx(x,r) = /2 if and only if ¥ N B, (x)
is a point in d B, (x). Furthermore, it is worth noting thatif « € (0, 1) and Bx (x, kr) < 400,
then the following inequality holds

2
Bs(x,kr) < ;ﬂ):(x, r) (G.D

(for a proof of the inequality (5.1), we refer the reader to the proof of [9, Proposition 6.1],
which actually applies for the general spatial dimension N > 2).

Now we introduce the following notions of the local energy and the density, which will
play a crucial role in the proof of partial regularity.

Definition 5.2 Let ¥ € () and t € [0, +/2]. For each xo € €2 and r > 0, we define

1
wi, (x0, 1) = sup 7/ |Vus/|? dx. (5.2)
YeK(Q), S'AXCB (xo) | ¢ Br(x0)
HYE)<100H (D), Bss (x0,r)<T

The condition H!' (2') < 100H!(Z), together with the facts that H!(X) < 400, &’ € K(R)
in the definition of w, above, guarantees that ¥ is arcwise connected (see Remark 2.17).

Definition 5.3 Let ¥ C RY be H!-measurable. For each xo € £ and r > 0, we define
1
O (xo, 1) = —H' (X N By (x0)).

Remark 5.4 Assume that ¥ € K(2), t € [0, V2], xp € Q and Bx (x0,r) < t. Then there
exists a solution to problem (5.2). Indeed, X is a competitor in the definition of w§; (xo, ).
Thus, according to Proposition 2.22, w (xp, r) € [0, +00). We can then conclude using
the direct method in the Calculus of Variations, standard compactness results and Gotab’s
theorem (see, for instance, [33, Theorem 3.3]).
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We shall use the following proposition in order to establish a decay behavior for w3, (xo, )
whenever X is flat enough in all balls B, (xo) with r € [rg, r1].

Proposition 5.5 Let = C Q be closed and arcwise connected, x € Q, t € [0, 1/10] and let
Bx (x,r1) < ¢ for some ¢ € [0, t]. In addition, assume that 0 < ro < ry, Bs(x,r) < T for
allr € [ro, r1] and Z\Erl (x) # @. If r € [ro, r1], then for any closed arcwise connected set
> C Q such that ©'AY C B, (x) and By (x,r) < 1 we have that

(i)
Str
By (x,r1) < . +e, (5.3)
(ii)
By (x,s) <61 forall s € [r,r]. 5.4)

Proof Every ball in this proof is centered at x. Let L, L and L' realize the infimum, respec-
tively, in the definitions of Bx (x, r1), Bx(x, r) and By (x, r). Notice that

dy(ZNB,,LNB,) < tr. (5.5)
On the other hand,
dH(E/DErlaLI ﬁErl) = dH(E/OErlv by ﬁEr;)""dH(E mErlsLl mErl)
<duy(2'NB,, N B,) +er, (5.6)
where the latter inequality comes because ©'AY C B, and Bx (x, r1) < e. In addition,
dg(2'NB,,2NB,) <dy(X'NB,,L'NB,)+dy(LNB,,L'NB;)+dy (SN By, LN B,)
<2tr+dyg(LNB,,L'NB,), (5.7)

where we have used (5.5) and the assumption By (x, r) < 7. Notice that, since ¥ N B, # 0,
EJ\E,1 # ( and X is arcwise connected, there is a sequence (x,), C X\B, converging to
some point y € dB,. We conclude that y € £’ N ¥ N 3B, because ¥'AX C B, and X',
Y are closed. If y € LN L', then L = L’. Assume that y ¢ L. Let IT be the 2-dimensional
plane passing through L and y, and let € € L N 3B, be such that |y — &| = dist(y, L N3 B,).
Denote by y the geodesic in the circle IT N d B, connecting y with &. Then

3
Hl(y) < arcsin(fx (x, r))r < arcsin(t)r < 5”’

where we have used the assumption Bx(x,r) < t and the fact that arcsin(¢z) < 3¢/2 for
all t € [0, 1/10]. Notice that if y € L', then dyy (L N B,, L' N B,) < H!(y), otherwise let
& € L' N 3B, be such that |y — &’| = dist(y, L’ N dB,) and let ' be the geodesic in the
circle IT" N 3 B, connecting y and &', where I’ is the 2-dimensional plane passing through
L’ and y. Then, using the assumption By (x, r) < T and proceeding as before, we get

1/, 3
H () = 5tr.
2
Finally, we can conclude that

dy(LNB,,L'NB,) < H'(y) + H'(y) < 3tr.
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This, together with (5.7), gives the following
du(X£'NB,, XN B,) <5tr. (5.8)
Using (5.6) and (5.8), we get
dy(2'NB,,,LiNB,) <5tr +er.

Thus, we have proved (i). Now let s € [r,r] and let Ls be an affine line realizing the
infimum in the definition of By (x, s). As in the proof of (i), we get

du(X' N By, Ly N By) <dy (X' N By, N By) +du(E N By, Ly N By)
<duy(£'NB,,£NB,)+dy(T N By, Ly N By).
This, together with (5.8) and the fact that 85 (x, s) < 7, implies
dg (X' N By, Ly N By) < 5tr + 15 < 67,

concluding the proof of Proposition 5.5. O

Hereinafter in this section, 7 is a fixed constant such that T € (0, g9/6], where gy is the
constant of Lemma 3.6. Notice that &g is fairly small.
Now we establish a decay behavior for w§ (x, -), provided that Bx (x, -) is small enough.

Proposition 5.6 Letr p € (N — 1, +00) and f € L1(2) with q > qi, where q is defined in
(1.4). Let e9, b, 7 € (0, 1), C > 0 be the constants of Lemma 3.6. Assume that ¥ € K(2),
HU(Z) < 400, 0 < 19 < r1/10 and B (xo) C Q with ri € (0, min{7, diam(X)/2}).
Assume also that

Bz (xo, 1) < 7/2

forallr € [ro, r1]. Then, forall r € [rg, r1/10],
b
T L T b
wy (x0,7) < C (r ) wy, (xp, 71) + Cr°. 5.9)
1

Proof Accordilqg to Remark 2.17, X is arcwise connected. From Remark 5.4 it follows that
thereis ¥, C Qrealizing the supremum in the definition of w3, (xo, ) which, by Remark 2.17,
is arcwise connected. Furthermore, Proposition 5.5 says that

Bs, (xo.71) <t and By, (xg,s) <61 < g forall s € [r,r].

Thus, we can apply Lemma 3.6 to u s, , which yields

1

w§ (xo,r) = 7/ |Vus, |P dx < c(
7 JB,(xo)

r

b1
) —/ \Vus, P dx + Cr®
B

ry r 1 (x0)

IA

r\b T b
C(Z) wy (x0,71) + Cr”.

Notice that to obtain the last estimate we have used the definition of w§, (xo, r1) and the fact
that By, (xo,71) < 7. m}

Now we are in position to control a defect of minimality via wy,.
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Proposition 5.7 Let p € (N — 1, +00) and f € L1(Q) with q > q1, where q is defined
in (1.4), and let €y, b,7 € (0, 1) be the constants of Lemma 3.6. Assume that ¥ € K(2),
Hl(E) < 400, 0 < r9 <r1/10, By (x9) C 2 withr; € (0, min{r, diam(X)/2}). Assume
also that

Bs(xo,r) <1/2

for all v € [ro,r1]. Then there exists a constant C = C(N, p,qo,q, || fllg,[22]) > 0,
where q iideﬁned in (1.1), such that if r € [rg, r1/10], then for any ¥’ € K(Q) satisfying
S'AY C B, (x), H'(Z) < 100K (2) and By (x0, 1) < T,

"\ o 1+b
Efaus) — Efaus) < Cr(r—) w (xo, 1) + Crl*e. (5.10)
1
Proof According to Remark 2.17, ¥ and ¥’ are arcwise connected and by Corollary 2.21,
N4p/ =N
Efous)— Efqus) <C |Vus/|P dx + Cr T, (5.11)
By (x0)
where C = C(N, p,qo, 4, || fll;) > 0. On the other hand, by Proposition 5.5,
Bx/(x0,r1) <t and By (xg,s) < gp forall s € [r, r].

Thus, applying Lemma 3.6 to u#y/, we obtain that

2\ 14b
/ \Vis|? dx < c(l) / \Vis|? dx + C2r) P, (5.12)
By (x0) By (x0)

8|
where C = C(N, p,qo.q, | fllg, 12]) > 0. Hereinafter in this proof, C denotes a positive

constant that can only depend on N, p, qo, g, || fll4, |$2| and can be different from line

; _Np'
to line. Using (5.11), (5.12) and the fact that PP - < r'*? (because r € (0, 1) and
0<b<N-—1+p' — Np'/q), we deduce the following chain of estimates

7\ 1+b 14b
Erq(us) — Efq(us) < C( ) |Vusy|? dx + Cr
B,

r r1(x0)

b1
< Cr(i) —/ [Vus:|? dx + Cr'tt
r Brl (x0)

b
< Cr(i) wy, (x0, 1) + crith,
r

where the last estimate is obtained using the definition of w§ (xo, 1) and the fact that
Byx' (x0, r1) < t. This completes the proof of Proposition 5.7. ]

5.2 Density control

The following proposition says that there exists a constant k € (0, 1/100) such that if X is
a solution to Problem 1.1, Bx (xo, r), w3, (xo, r) are fairly small provided that B, (xo) C
with xo € X, and if 65 (xo, ) is also small enough, then there exists ¢t € [kr, 2kr] such
that H(Z N 8B, (xp)) = 2. This allows to construct a nice competitor for ¥ and derive the
estimate (5.16) leading to the regularity.

Proposition5.8 Let p € (N —1, +00), f € L1(Q2) withq > q1, where q1 is defined in (1.4).
Then there exist §, e,k € (0,1/100) and C = C(N, p,qo,q, | fllg. 1R2]) > 0, where qq is
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defined in (1.1), such that the following holds. Assume that ¥ is a solution to Problem 1.1,
x0 € X, 0 < r < min{é§, diam(X)/2}, B,(xo) C Q and

Bz (x0, 1) + ws (x0, 1) < &. (5.13)
Assume also that
Ox (xo,r) < 101, (5.14)

1
where [L is a unique positive solution to the equation u = 5 + W' Then the following
assertions hold.

(i) There existst € [kr,2kr] such that
HO(Z N 3B, (x0)) = 2. (5.15)
(ii) Lett € [kr,2kr] be such that H°(Z N 8 B, (xo)) = 2. Then
(ii-1) the two points of ¥ N 3 B;(xo) belong to two different connected components of
9B (xo) N{y : dist(y, L) < Bs(xo, 1)1},

where L is an dffine line realizing the infimum in the definition of B (xo, 1).
(ii-2) X N By(xo) is arcwise connected.
(ii-3) If{z1, z2} = £ N 3dB;(xp), then

t\b
HYE N Bi(x0) < 22 — 21| + Ct(—) w (xo, r) + Ct' P, (5.16)
r
where b € (0, 1) is the constant given by Lemma 3.6.

Remark 5.9 1If the situation of item (ii-1) occurs, we say that the two points lie “on different
sides”.

Proof Leteg, b,7 € (0, 1) be the constants of Lemma 3.6 and let C = C(N, p, qo, 4, || fllg,
[€2]) > O be the constant of Proposition 5.7. We define

1 T\10 T
=— (). k=%, 5.17
¢ ﬁC(lO) 200 .17

Fix 8 € (0, 7) such that 8/ < ¢ and hence
wk (xo, ) + 8% < 2e. (5.18)
Step 1. Let us first prove (i). Thanks to (5.1) and (5.13), for all s € [«r, r], it holds

2 2¢e
Bz (xo,s) < ;ﬂz(xo, r) < = (5.19)
On the other hand, for all s € [«r, ],
r r 10
0% (xg,5) < =0x(x0,r) < —0Os(x0, 1) < —, (5.20)
s Kr K

where the last estimate is due to (5.14). Fix an arbitrary s € [«r, 2kr]. By the coarea inequality
(see, for instance, [33, Theorem 2.1]),

(I+k)s (14k)s
HYE N B 145 (0) = f HO(S N 3By (x0)) do > / HO(S NaBy(xg)) do,  (5.21)
0

s
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where the latter estimate comes from the fact that H2(Z N 0B,(xp)) > 1forall o € (0,r],
since xg € X, X isarcwise connected and r < diam(X)/2. Then there exists ¢ € [s, (14«)s]
such that

1
E”l (2 N B(144)s(x0)) = H'(E N 3B, (x0)).

This, together with (5.20) and the fact that s € [«r, 2kr], implies that

+ K 10(1 + k)i
5 (v, (1 +1)5) = O
K K
Let L realize the infimum in the definition of 85 (xo, 0) and let {&1, &2} = 9B, (xo) N L. For

each z; € X N 3By (xp), let zg denote the projection of z; to [£], & ]. Define W and X’ by

HO(Z N 9B, (x0)) < ! (5.22)

HO(ZN3 B, (x0))

we= |J [zl T i=WULEL &]U(S\By(x).
i=1

Then ¥/ € K(Q), £'AT C B,(xo) and from (5.19) it follows that By (xo, 0) < 2e/«.
Furthermore, using (5.20) and the facts that ¥ is arcwise connected and r < diam(X)/2, it
is easy to see that H!(Z') < 100H! (). Since =’ is a competitor,

HYU(Z) < HNZ) + Efqlus) — Efous),

and then, using Proposition 5.7, we get

b
H' (20 By(x0)) = H' (20 Bo(xo) = 20+ M (W) + Co(2) w (xo. )+ Co'

10(1 + ©)2;

1
<214 K)s + 3 fr(x0.0)s + C(1 +,<)s<( s

)b
wk (x0, )
+ C((1+10)9)'HP, (5.23)

where we have used that H! (W) < (H°(Z N 0B, (x0)))Bx (x0, 0)0, (5.22) and the fact that
0 < (1 4 k)s. Now we define the next three sets

E|:={r € (0,2r]: ’)-(0(2 NaB:(xp)) = 1}, Ey .= {r € (0,2r]: HO(E N dB;(xg)) = 2},
E3:={t € (0,2kr] : HO(Z N8B, (x)) = 3}.

We claim that either E1 = @ or E1 C (0, kr/200). Assume by contradiction that there exists
some ¢ € [kr /200, 2k r] such that HO(Z N8B, (xp)) = 1. Then the set

2" = Z\Bi(x0)
would be arcwise connected, &”AY C B;(xg), H (Z”) < H'(T) and
Bsr(xg,r) <2k +¢e <. (5.24)

Since £ is a competitor, H' () < H!(Z") + Ef o(us)— Ef o(usr). On the other hand,
we observe that t < H!(Z N B;(xg)), because 1 < diam(X)/2, xo € X and X is arcwise
connected. Thus

t <H'(Z N Bi(x0)) < Efous) — Efousn). (5.25)
Notice that, by assumption, the estimate (5.10) holds with C, but looking at the proof of
Proposition 5.7, we observe that (2.10) in Corollary 2.21 also holds with C. Then, using
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;_ Np'
(5.25), Corollary 2.21, the fact that (NP -0 < 110 (because t € (0, 1) and 0 < b <
N — 1+ p' — Np'/q) and (5.24) together with the definition of w3, (x0, r), we obtain the
following chain of estimates

1 ) ) P N+17’7pr,
t <H (2N Bi(x0) < Efqlus) — Efqous) <C [Vusr | dx + Ct a

Ba (x0)

< C/ [Vusr|? dx + Cr'*?
By (x0)
< Crwg (xo,r) + crith,

leading to a contradiction with the fact that xr/200 < t, since Crwg; (xo, ) + critt <
2Cre < kr /200 by (5.18) and (5.17). Thus, either E; = @ or

Ey C (0, kr/200). (5.26)

Next, by the coarea inequality,

2kr
H' (S N Boer (x0)) > HO (= N8B, (x0)) dr. (5.27)
0
Also, applying (5.23) with s = 2«r and using (5.17), (5.18) and the fact that 8y (xg, 0) <
2¢/k, we get the following estimate

Kr
HU(Z N Baer (x0)) < dcr + 300" (5.28)
Then, (5.26), (5.27) and (5.28) together imply
dir + % S (B + 2H (Ey) + 3H\ (Es)
> HYED) 4+ 2Qkr — HY(E)) — H'(E3)) + 3H (E3)
=dir — HY(E)) + HY(E3)
> dier — L H(E3)
200 3
and hence
1 Kr
HY(E3) < — (5.29)

100°
Notice that (5.26) and (5.29) yield the following estimate

1 Kr
H (Ey N [kr,2kr]) > ER

This completes the proof of (7).

Step 2. We prove (ii). Lett € E; N [kr, 2xr]. Assume that (ii-1) does not hold for ¢. Let L
be an affine line realizing the infimum in the definition of By (xo, t), { P1, P2} = L N9 B;(x0)
and {z1, 22} = X N 3B, (xp). Assume that dist(z;, { P1, P»}) = dist(z;, P»), i = 1, 2. Then
we can take as a competitor the set

" = (Z\B; (x0)) U vz, P, UV, Py

where y;; p, is the geodesic in d B; (xp) connecting z; and P> fori =1, 2. So

HYU(Z N B (x0)) < H'(y2y.p) + H (Ve p) + Efous) — Ef ausm).
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Arguing as in the proof of the fact that £y C (0, kr/200) in Step 1, we obtain the estimate
Kr

Efqolus) —Efqolusr) < 200°

In addition, thanks to (5.19) and to the fact that arcsin(s) < 2s for all s € [0, 1/10],

. 8et
H vz, ) + H (y2y.p,) < 2t arcsin(Bs (xo, 1)) < —

But then
HU(E N Bi(x0)) < ——
100
and this leads to a contradiction because H' (X N B;(xg)) > ¢ > «r. Therefore (ii-1) holds.
Next, assume that ¥ N B; (xg) is not arcwise connected. Then, from Lemma 5.10, it follows
that X\ B;(xp) is arcwise connected. Thus, taking the set ¥\ B;(xg) as a competitor, by
analogy with Step 1, we get

HU(E 0 By (x0)) <

200
which, as before, leads to a contradiction. Thus (ii-2) holds. Since ¥ N 3 B;(xg) = {z1, 22},
where 71, z> lie “on different sides”, the set (X\B;(xg)) U [z1, z2] is a competitor for X,
moreover, it fulfills the conditions of Proposition 5.7 and hence (5.16) holds. This proves (ii)
and completes the proof of Proposition 5.8. O

Lemrﬂa 5.0 Let xo € RY, r > 0 and £ C RY be an arcwise connected set such that
¥ N B, (xo) is not arcwise connected and H°(E N3 B, (xp)) = 2. Then T\ B, (xo) is arcwise
connected.

Proof Let {z1,z2} = X N 3B, (xp). It suffices to prove that for every point x € X\ B, (xp)
there exist two arcs y1, y» C 2\ By (xp) such that y; connects x with z; fori € {1, 2}. Since
3 is arcwise connected and ¥ N 9 B, (xg) = {z1, z2}, for every x € X\ B, (xo) there exists an
arc y C X\ B, (xo) connecting x with z; or with z>. Assume by contradiction that for some
x € X\B,(xp) there is no arc y C X\B,(xo) connecting x with z;, where i € {1, 2}. Let
Zi =z2ifi = landZ; = z; if i = 2. Since T is arcwise connected, there is an arc y C &
connecting x with z;. We can conclude that y = y,y; U ¥ins, Where v,y C 2\ B, (xp) is an
arc connecting x withZ; and y;,; C TN B, (xp) is an arc connecting Z; with z;. On the other
hand, if y € £ N B,(xp), then there exists an arc in X N B, (x0) connecting y with Z; or
with z;. Therefore, ¥ N B, (xp) is arcwise connected, which leads to a contradiction. This
completes our proof of Lemma 5.10. O

Now our purpose is to control the density Oy, from above on a smaller scale by its value on
a larger scale, provided that on a larger scale By and wg, are small enough. Adapting some
of the approaches of Paolini and Stepanov in [32], we prove the following proposition.

Proposition 5.11 Let p € (N — 1,+00), f € L1() with q > q1, where q is defined
in (1.4). Then there exists 6 € (0, 1) and for each a € (0, 1/20] there exists ¢ € (0, 1)
such that the following holds. Assume that X is a solution to Problem 1.1, xg € X, r €
(0, min{§, diam(X)/2}), B,(xo) C 2 and

Bz (x0, ) + wg (xo, 1) < &. (5.30)

Then the following estimate holds

05 (x0, ar) < 5+ 05 (x0, )"V | (5.31)
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Proof Let g9, b, 7 € (0, 1) be the constants of Lemma 3.6 and let C > 0 be the constant of
Proposition 5.7. Recall that 7 € (0, £9/6]. We define §, ¢ € (0, 1) as follows

5 - 1 5 a’eot (5.32)

=ming7r, [ — , &= — .
4C 107

where ¢y > 0 is a constant that will be fixed later for the proof to work. It is worth noting

that, according to (5.1) and (5.30), for all s € [ar, r], it holds

2 2¢
Bz (x0, ) < ;ﬂz(xo, r) < - (5.33)

Applying the coarea inequality (see, for instance, [33, Theorem 2.1]), we get

r 2ar
H' (2 N B (x)) = / H (£ N B, (x0)) do > HO(Z N 3B, (x0)) do,
0

ar

where the latter inequality comes from the fact that for all o € (0, ], HO(=nN 0B,(x0)) > 1,
since ¥ is arcwise connected (see Remark 2.17), xo € ¥ and r < diam(X)/2. Then there
exists o € [ar, 2ar] such that

H'(Z N 0B, (x0)) < 26’2 (x0,7). (5.34)

Next, we construct the competitor X’ for £ such that 'AX C B, (x0), H! (£) < 100H' (%)
and By (x9,0) < Bx(xp,0). Let L C RY be an affine line realizing the infimum in the
definition of Bx(xo, 0). We denote by A and A the two points in d B, (xp) N L and denote
by G, the set of all points (x’, xy) in [—1, 11V such that nx; € Zforalli =1, ..., N except
for at most one (i.e., G, is a uniform 1-dimensional grid of step 1/n in [—1, 11V). Notice
that G, is arcwise connected and

N
HYG,) <2VNn+ DV dist(y, G,) < g (5.35)

forall y € [—1,1]. Let & : RY — RN be the rotation around the origin such that
h(Rey) = L — xq, where {ej, ..., ex} is the canonical basis for RY . Next, we define Q) =
A; + Bx (x0, 0)oh(G,), i = 1,2. In addition, we observe that

¥ N B, (x0) C dB,y(xo) N {x € RY 1 dist(x, L) < Bx(x0, 0)0}
2
c J(Ai + Bs(x0. 0)on (11, 11V)).
i=1

For each point z; € X N 3B, (xp), we denote by z’} an arbitrary projection of z; to olu Qﬁ
and by [z;, z;f] the segment connecting these two points. Then the set

HO(ZNB, (x0))

Sp=0,U0U ( U [z_/,z;f]>

j=1
contains all the points of X N d B, (xp), S, U (L N B, (xp)) is arcwise connected, and, using
(5.35), we have that

N
HY(S) <2V TN+ DV Bs (x0, 0)0 + gﬂo(z N 3B, (x0))Bx (x0, 0)o-

@ Springer



Partial regularity for the optimal p-compliance problem... Page430of57 11

Let §n be the projection of S, to {x € RY : dist(x, L) < Bx(x0,0)0} N Eg(xo). Since
the projection onto a nonempty closed convex set is a 1-Lipschitz mapping, it follows that
Hl(Sn) =< Hl(S,,). Moreover, notice that S, U (L N By(xg)) is arcwise connected. Thus,
defining

% = (2\By(x0)) U S, U (L N By(x0))

and choosing n = L(HO(E NaB, (xo)))%J, where | -] denotes the integer part, we observe
that

H' (5 < Mo(HO(E N 3B, (x0))' ¥ B (x0. 0o, (5.36)
where My = My(N) > 0. Now we can set
co = (MoC)~ . (5.37)
Thanks to (5.34) and (5.36), we obtain

~ 1 -5
H'(Sy) < Mo<;9>: (X0, r)) Bx (x0, 0)o.

This, together with (5.33), (5.32), (5.37) and the fact that 2p < 4ar < diam(X) < HY(D),
implies the following

H(Z) < 100H! (D).
Also notice that ¥’ C Q is closed, arcwise connected, 2’AY C EQ (x0),
2¢e
By (x0,0) < Bx(x0,0) < — <7

(see (5.33), (5.32)). So we can apply Proposition 5.7 to ¥ and ¥’. Thus, by the optimality of
% and Proposition 5.7,

b
() = Epaluz) - Eras) +H'(2) = Co(2) wi (. + Co' ™ + 1! ().
Altogether we have

b
HU(E 0 Bar () = H(E N Bo(wo)) = Co(2) wh(ro. )

1
1 oW
+Co't +ZQ+MO<;92(x0,r)> Bz (x0, 0)o.

Next, recalling that ¢ € [ar, 2ar], r < 6, (2a)b < 1 and (5.33), we obtain

€1
N

. b 4eMp (1 =
05 (x0. ar) < 2C(w§(xo,r) +68°) + 4+ — (0=
However, this, together with (5.30), (5.32) and (5.37), yields the estimate

05 (x0, ar) <5+ 05 (xo. )" F

and completes the proof of Proposition 5.11. O
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5.3 Control of the flatness

The next proposition asserts that if Sy (x, ) and wg (x,r) are pretty small and 6x (x, r)
is controlled from above by 10, where 7t is a unique positive solution to the equation

| . _
nw=5+ le’W, then Bs, wy, stay small and 65 remains controlled from above by 107z on
smaller scales, and, in addition, in some sense ws, controls the square of Bx.

Proposition 5.12 Let p € (N — 1,400), f € L1(Q2) with q > q1, where q is defined in
(1.4). Then there exist constants a,ro € (0,1/100), b € (0,1), 0 < & < & < 1/100
and C = C(N, p,qo.q, |l flig, 12]) > 0 with qo defined in (1.1) such that the following
holds. Assume that ¥ is a solution to Problem 1.1, x € £, 0 < r < min{rg, diam(XZ)/2},
B.(x) C @,

wy(x,r) <81, Bx(x,r) <8 and Ox(x,r) < 101, (5.38)
where i > 0 is a unique positive solution to the equation (L =5 + /L]_# Then
(i)
Br(x,ar) < Cwh(x, n)? + Cri; (5.39)
(ii)
T 1 T b.
wy (x,ar) < sz(x, r)+ C(ar)’; (5.40)
(iii)
wy(x,a"r) <81, Bx(x,a"r) <8, Ox(x,a"r) < 10i forall n e N. (5.41)

Proof Let Cy be the constant such that the estimate (3.28) holds with Cg, and let C; be the
constant such that the estimate (5.16) holds with C;. Without loss of generality, we can assume
that Co < C1. Let b € (0, 1) be the constant of Lemma 3.6, and let a, §, ¢, k € (0, 1/100)
be such that §, €, k are the constants of Proposition 5.8 and, at the same time, a, §, ¢ are the
constants of Proposition 5.11 with

Now we can set

ae ady \? 24C,
8= —, 8§ := , C:= (5.42)
2 50C a
and fix ry € (0, &) such that
LA
Cry <7 (5:43)

Step 1. Let us first prove (i). By Proposition 5.8, there exists ¢t € [«r,2«r] such that
Y NaB:;(x) = {z1, 22}, z1 and z7 lie “on different sides” (see Remark 5.9). According
to Proposition 5.8 (ii-3), we get

t\b
HYZ N B(x)) < |21 — 22l 4+ Cit( =) whx,r) 4+ Ce'FP = |z — 22| + M.
r
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Recall that, by Proposition 5.8 (ii-2), ¥ N B, (x) is arcwise connected. Let ' € X N B, (x)
be an arc connecting z; with z2. Then, using Lemma 5, we obtain

max dist(y, [z1. 221) < 2r(H'(I) = |21 - 27 < (4krM)z
"

Since ¥ N B, (x) is arcwise connected, £ N dB;(x) = {z1, 22} and HL(T) > |z1 — z2],

sup dist(y, I') < H'(Z N B,(0)\I) < KN (Z N By (x) — |21 — 22| < M.
YE(ENB; ()\('NB; (x))

Thus

max  dist(y, [z1, 22]) < (dicrM)? + M
yEXNB;(x)

but this yields the following estimate
dp (2 N By(x), [21. 22]) < (derM)? + M, (5.44)

because ¥ N B, (x) is arcwise connected and T escapes d B (x) either through z; or through
z7. Without loss of generality, assume that [z, z2] is not a diameter of B, (x), otherwise
we can pass directly to the estimate (5.47). So let L be the line passing through x and
collinear to [z, z2]. Now observe that if IT is the 2-dimensional plane passing through L
and [z1, z2], then the intersection of IT with 0 B;(x) is the circle S on IT with center x and
radius 7. Then, denoting by &; and & the two points in LN 0B;(x) in such a way that
dist(&;, {z1, z2}) = dist(&;, z;) fori = 1, 2, we get

du(z1, 221, LOB(x) < H' (v 6) = H (Vn.0) (5.45)

where y;; ¢ is the geodesic in S connecting z; with &;. Since dist(x, [z1, z2]) < (4KrM)% +M
(see (5.44)),

H' (1., ) < arcsin t < 2((4irM)? + M), (5.46)

@rrM) + M
t
where the latter estimate holds because ((4xr M )% + M)/t < 1/10 and arcsin(s) < 2s for
all s € [0, 1/10]. Using (5.44) together with (5.45) and (5.46), we obtain that
di (2 N Bi(x), LN Bi(x)) < 3((4ierM)? + M)

and hence By (x,t) < 3((4/<rM)% + M)/t. Next, since t € [«r,2«r] and a € (0, k], if
ar = At for some A € (0, 1], then 2/A < 4« /a and, thanks to (5.1),

Bz (x,ar) = Bs(x, At) < %K,Bz(x, = g((4er)% + M). (5.47)

On the other hand, since «, w%(x, r),r € (0,1/100) and b € (0, 1), we can conclude the
following

1
(4KI”M)% < (Clrzwg(x,r) + C1r2+b)7 < Cir(wg(x, r))% + Cer'% (5.48)

and, moreover,

I\b
M= Cie(2) wher) + Cie™ < Crrh )t + Gt (5.49)
r
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By (5.47)-(5.49),

Br(x.ar) < Cwh(x, n)? + Cri,
with C = 24C/ /a. Using (5.38), the above estimate, (5.42) and (5.43), we get

b
Br(x.ar) < CG)? +Crg <.

Next, observe thata < 1/100 and By (x, s) is fairly small for all s € [ar, r], so we can apply
Proposition 5.6 with ro = ar and r; = r to get the following

1 8 8
w (x,ar) < Coa"w (v, r) + Colar)” < Zwi(xor) + Clan) = 5 + 5 =41,
b
where we have used that a < (1/2Co)%, Colar)? < C(ar)? < Cro2 , (5.38) and (5.43). We
have proved the assertions (i), (ii) and that w, (x, ar) < 81, Bx(x, ar) < 8.
Step 2. We prove (iii). Recall that a, §, ¢ € (0, 1/100) are the constants of Proposition 5.11
and, by definition, §; < §» = ae/2. Then, according to (5.38),

Bz (x,r) +wy(x,r) <e.

Thus, applying Proposition 5.11 and using again (5.38), we get
O (x,ar) <5+ 05(x, 1) "% <5+ (107 <10(5+ 7" V) = 107

At this point, we have shown that (5.38) holds with r replaced by ar. So, repeating the
arguments above, we observe that (5.38) holds with r replaced by a?r. Therefore, iterating,
we deduce (ii7). This completes the proof of Proposition 5.12. O

Now we prove that there exist a critical threshold o € (0,1/100) and an exponent
a € (0, 1) such that if Bx (x,r) + w (x, r) falls below &g and if f5 (x, r) is small enough
for x € ¥ N and fairly small » > 0, then Bx (x, 0) < C* for all sufficiently small o > 0,
where C > 0 is a constant independent of x but depending on r. This leads to the C-*
regularity.

Proposition 5.13 Let p € (N — 1,400), f € L1(2) with q > q1, where q is defined in
(1.4). Let a € (0, 1/100) be the constant of Proposition 5.12. Then there exist constants
80,70 € (0,1/100) and € (0, 1) such that the following holds. Assume that ¥ is a solution
to Problem 1.1. If x € ¥ and 0 < r < min{rg, diam(X)/2} satisfy B,(x) C €,

Bs(x,r) + wi(x,r) <8 and Ox(x,r) < 10 (5.50)
with [t being a unique positive solution to the equation u = 5 + ,ul_%, then
Bx(x,0) < Co“ forall o € (0,ar) (5.51)
and for some constant C = C(N, p, qo, q, || fll¢, 121, ) > 0, where qq is defined in (1.1).
Proof Leta, 81,19 € (0,1/100), b € (0, 1) and C > 0 be as in Proposition 5.12. We define

58 o minl? MG 1\ 7
0 ‘= 01, )’~—mln{5, (@) }, 7o ._mln{ro, (Z) ]

It is easy to check that for all € (0, 7],

1
Ety + 1P < (ar). (5.52)
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Indeed, since 0 < 2y < b, y < In(3/4)/In(a) and a,7y € (0, 1), t* < ? < F§t” and
3/4 <a’,so

1 y 1., . 3
51” +17 < Eﬂ’ +7ot" < Zﬂ’ < (at)’.
We prove by induction that for all n € N,
1
wi(x,a"r) < ﬁwg(x, r) 4+ C@" . (5.53)

Clearly, (5.53) holds for n = 0. Suppose (5.53) holds for some n € N. Then, applying (5.40)
with r replaced by a"r and using the induction hypothesis, we get

1
wy, (x, a"lry < Ewg(x, a'ry 4+ C@"t'ry?

C
w(x,r)+ — ( Y 4 @ te?

2n+1

52H4ngr>+cw“4>,

where the last estimate comes by using (5.52). This proves (5.53). Now let ¢ € (0, ar) and
let/ > 1 be the integer such that atr < o < a'r. Then, using if necessary (5.1), we see
that By (x, 0) < 2B85x(x, alr)/a. Furthermore, Proposition 5.12 (i) says that

1 T I—1 \\ 4 I-1,.%
Be(x,a'r) < Clwg(x,a ' r)2 +Ca r)2.
On the other hand, using (5.53) and the fact that w3, (x, r) < 1, we get

1 3\1+1
wi (x, a='r) < 3T Twg (x, 1) + C'ry <c’ ( ) +C'(@try < C'a?D 4 'Y
(9 1o
r
for some C" = C'(N, p, q0. 4. |l fllq, 12]) > 0. So we can control Bx (x, @) as follows

2 1y 2 2C e b 2C s
ﬂz(x,Q)saﬁz(x,a r) < P (wg(x,a " 'r)z + P (@ 'r)2

b
2

o\% y
< C”(*) C// 5 C//
< p +C'0?2+C'p
<Co™ (y <b/2),

where C = C(N, p, g0, ¢ | fll¢» 1], ) > 0. Setting & = y/2 and C := C, we complete
the proof of Proposition 5.13. o

Corollary 5.14 Let X be a solution to Problem 1.1 and a, o, 8o, 7o, it be the constants as
in the statement of Proposition 5.13. Assume that x € ¥, 0 < r < min{rg, diam(X)/2},
B, (x) C €,

Bz (x,r) +ws(x,r) < e and Oz (x,r) <

with & := 80/200. Then for any point y € X N By 10(x) and radius ¢ € (0, ar/10) the
following estimate holds

Bx(y,0) < Co%,

where C = C(N, p, qo0.q, | fllg, 1R, ) > 0. In particular; there exists to € (0, 1) such that
¥ N By (x) is a C1¥ regular curve.
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Proof of Corollary 5.14 Recall that a € (0,1/100). Let y € X N Bgyr/10(x) and Ly realize
the infimum in the definition of By (x, r). Notice that dg (X N B, /10(y), Lx N B;/10(y)) <
Ser. Let L be the affine line passing through y and collinear to L. It is easy to see that
du(Ly N B,/10(y), L N Byj10(y)) < Ser and hence

duy(ZN B (y), LN Bﬁ(y)) <du(T NBr(y).LyN B%(y))
+dg (Ly N Br(y),LN B{,O(y)) < 10¢r.

Thus Bz (y, r/10) < 8p/2. Next, let X’ realize the supremum in the definition of w (y, r/10).
Such X’ exists due to the condition Bx (v, r/10) < §9/2 < T (see Remark 5.4). Then we
have that

10 10 8
w (y, i) = —/ VugPdz < — | |Vug|Pdz < 100§ (x,r) < 5,
10/ r s, r I 2
0
where we have used the facts that B,/10(y) C B(i4a)r/10(x), Bs(y,r/10) and Bx(x,r)
are pretty small, namely, proceeding as in the proof of Proposition 5.5, we can show that

By (x,r) < t.Thus
B L + wl L <
=Y 10 =\ 10 0-

On the other hand, 6y (y, r/10) < 100x (x, r) < 10z. Then, according to Proposition 5.13,
B (y,0) < Cp“ for all o € (0, ar/10). Since the point y was arbitrarily chosen in X N
Byr/10(x), there exists #g € (0, ar /10) such that ¥ N E,O (x)isaCl® regular curve (see, for
instance, [19, Proposition 9.1]). O

Proof of Theorem 1.3 Let g9, b, ¥ € (0,1), C > 0 be the constants of Lemma 3.6.
Since closed connected sets with finite 7!-measure are H!-rectifiable (see [18, Proposi-
tion 30.1, p. 186]), then (see Lemma 4.1) for H'-ae. point x in X there exists the affine line
T passing through x such that

1 _ _
—-dg(ZNB,(x), Ty "B, (x)) — O. (5.54)
r r—0+
On the other hand,
Os(x,r) — 2 (5.55)
r—0+

for H'-a.e. x € X, in view of Besicovitch-Marstrand-Mattila Theorem (see [2, Theo-
rem 2.63]). Let x € ¥ N 2 be such a point that (5.54) and (5.55) hold with x. According to
(5.54),

Bs(x,r) :Og . (5.56)

We claim that wg (x,r) — 0 as r — 0+. Indeed, by (5.56), for any ¢ € (0, 9) there is
te € (0,7) such that

Bx(x,r) <e forall r € (0, 1]. (5.57)

We assume that By, (x) C €, 7 < diam(X)/2 and ¢ < t/2. Recall that T € (0, &0/6]. Then,
by Proposition 5.6, for all » € (0, #:/10],

T r\b T b
wy(x,r) <C - wy (x, 1) +Cr”. (5.58)
&
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On the other hand, by Remark 5.4 and Proposition 2.22, wg. (x, t;) < +o0o. Thus, letting r
tend to 0+ in (5.58), we get

3 0. 55
wEG) 20 .59

By (5.56) and (5.59),
Bs(x,r) + wi(x,r) — 0.
r—0+

This, together with (5.55), Corollary 5.14 and the fact that for each integer N > 2, the unique

.. - . N T
positive solution 7z to the equation 1 = 5 4+ !~V is strictly greater than 5, completes the
proof of Theorem 1.3. O

6 Remark about singular points

In this section, we prove that if X is a solution to Problem 1.1, then ¥ N €2 cannot contain
quadruple points, namely, there is no point x € X N €2 such that for some fairly small radius
r > 0 the set £ N B,(x) is a union of four distinct C! arcs, each of which meets at point
x exactly one of the other three at an angle of 180 degrees, and each of the other two at an
angle of 90 degrees.

We shall say that a set K C R" is a cross passing through a point x € RV if K consists
of two mutually perpendicular affine lines passing through x. For convenience, let us denote
the cross (R x {0}V U ({0}1¥~! x R) passing through the origin by Kj.

Lemma 6.1 Let p € (N — 1, +00). There exist o, 6 € (0, 1) and C > 0, depending only on
N and p, such that ifu € WP (By) is a weak solution to the p-Laplace equation in B{\E,
where

E=(-1L1Dx {0 Hu|oV " x (-1,1),

satisfying u = 0 p-q.e. on E, then

f |VulP dx < Cr'*® | |Vu|P dx forall r € (0, 8]. 6.1)
B, By

Proof First, adapting the proof of Lemma 3, one observes that there exist ¢ = ¢(N, p) €
(0,1) and C = C(N, p) > 0 such that for any nonnegative p-harmonic function v in Bj\ E,
continuous in B and satisfying v = 0 on E, the following estimate holds

max v(x) < Cv(Ag), (6.2)

XEB,
where A, is a point in d B, such that dist(A,, E) = ¢. Next, assuming, as in Step [ in the
proof of Lemma 3.1 that u is continuous and nonnegative in By, by virtue of (6.2) and the fact
that we add the additional boundary condition (i.e., # = O on (—1, 1) x {0}V-1y compared
with the situation in Lemma 3.1, we observe that all the estimates established in the proof of
Lemma 3.1 in Step I for a nonnegative p-harmonic function in BI\{0}¥ 1 x (—1, 1)), that
is continuous in B and vanishes on {0}" —1 % (=1, 1) are also valid for u. In the case when
we only know that the weak solution u € W17 (B)) vanishes p-q.e. on E, we can proceed
in the same way as in Step 2 in the proof of Lemma 3.1 changing {0}¥~! x (=1,1) by E.
These observations complete our proof of Lemma 6.1. O
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The following lemma says that the estimate (3.28) still holds if the affine line in Lemma 3.6
is replaced by a suitable cross.

Lemma6.2 Letp € (N—1,+00), f € L1(Q) withq > qi, where q is defined in (1.4). Then
there exist ey, 7, b € (0,1), C = C(N, p,qo.4q, |l fllg,182]) > 0 such that the following
holds. Let & C Q be a closed arcwise connected set. Assume that 0 < 2rg < r| < 7,
B, (x0) C R and that for all v € [ro, r1] there is a cross K = K (r), passing through xo,
such that dg (X 0 B, (x0), K N B, (xq)) < egr. Assume also that T \ By, (x0) # 9. Then for
everyr € [ro, 1],

1+b
.
/ [Vus|? dx < c<—> / |Vus|? dx + Cr't?.
B, (x0) r By, (x0)

Proof The proof follows by reproducing the proofs of Lemmas 3.2, 3.5 and 3.6 with a minor
modification, namely, replacing the affine line by a suitable cross in the proofs of these
lemmas, such a reproduction is possible thanks to Lemma 6.1. O

We are now ready to prove Proposition 1.5.

Proof of Proposition 1.5 Assume by contradiction that for some A > 0 a minimizer ¥ of
Problem 1.1 contains a quadruple point xo € X N Q. Let g9, b, 7, C be the constants of
Lemma 6.2. Without loss of generality, we can assume that 0 < #y < min{7, diam(X)/2},
By, (x0) C R, the set £ N E,O (x0) consists of exactly four distinct C I arcs, each of which
meets at point xo exactly one of the other three at an angle of 180 degrees, and each of the
other two at an angle of 90 degrees. Then there exists a cross K passing through xp such that
for each ¢ > 0 there exists § = §(¢) € (0, #p] such that for all » € (0, 4],

dy(Z N B, (x0), K N B, (xq)) < er. (6.3)

It is also worth noting that each C'! arc is Ahlfors regular of dimension 1 (see [18, Defini-
tion 18.9, p.108]), which can be easily seen using its local parameterization. This implies
that X N E,O (x0) is Ahlfors regular of dimension 1. Therefore, without loss of generality, we
can also assume that there exists a positive constant C such that

HY(Z N B, (xp)) < Cor forall r € (0, 10]. 6.4)

Let us now fix r € (0, #p/2]. By the coarea inequality (see [33, Theorem 2.1]),

2r 2r
H'(Z N By (x0)) > i HO(ENdBy(x0))do > |  HZ NdB,(x0))do,

I

where the latter estimate comes from the fact that H°(Z N 0B, (xp)) = 1forall g € (0, 2r],
since xo € X, X is arcwise connected and 2r < diam(X)/2. Then there exists o € [r, 2r]
such that

1
~H (2 N By (x0)) = H(E N 3B,y (x0)).
p
This, together with (6.4), implies that
HO(E N8B, (x0)) < 2Co. (6.5)

Let (r,)nen be a sequence of radii such that: 2r,11 < r, foreachn € N; r, — 0 as
n — +o00; 2rg < § = §(¢), where ¢ € (0, 1) to be determined. By virtue of (6.5), there
exists g, € [ry, 2r,] such that HO(E N 3By, (x0)) < 2Co. Following [11], for each n € N,
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we define the set D, = K N 9By, (xg) which consists of exactly four points. Denote by
S4(D,) C Egn (x0) a closed set of minimum ! -measure in the ball Egn (x¢) which connects
the all four points of D), (as in [11], we call it a Steiner connection of these points; for more
details on Steiner connections, see, for instance [20,22,34]). For each pointz; € XN9 B, (x0),
denote by y; , the geodesic in 0 B, (xo) connecting z; with the point of the set D,, closest to
zi. For each n € N, let G, denote the union of all arcs y; ,, and let us define the competitor
X, by

X = (E\By, (x0)) UG U S4(Dp).

Due to the condition (6.3), each arc y; , has H!-measure less than or equal to arcsin (¢) o,.
On the other hand,

H'(Z N By, (x0)) = 40, and H'(S4(Dy)) = v2(v/3 + Doy,

where we have used that H! (S4(D,,)) = H'(S4(KoN3B1))on = v2(v/3+ 1)0,. Thanks to
(6.5) and the fact that 7! (¥i,n) < arcsin(e)oy, HYG,) < 2C arcsin(e) ;. Next, choosing
& € (0, g0/2) small enough and observing that ﬁ(ﬂ + 1) ~ 3.86, we can conclude that
there is a constant C > 0 independent of n such that for each n € N,

H' (2 N By, (x0)) — H' (Z4 N By, (x0)) = Con. (6.6)
Now we want to apply Lemma 6.2 to X,,. If 9, < gor/2 and r € (0, 5], then

dg (3, N Er(XO)s KN Er (x0))

= dH(Zn n Er (x0), 2N Er (x0)) + dH(E N Er (x0), KN Er (x0))
eor eor eor
Sty =gy Ty T
where we have used (6.3) and the fact that ¢ € (0, g9/2). So we can apply Lemma 6.2 to %,,,
for the interval [20, /€0, 8], provided that 29, /eg < §/2, and we obtain that

1+b 2
/ Vus,|Pdx < C (5) / |Vus,|Pdx + Cr'*? forall r e [ Q”,a] :
By (x0) 8 Bs (x0) €0

Hereinafter in this proof, C denotes a positive constant independent of n, which can be
different from line to line. Applying the above estimate for r = 29, /&¢ and using (2.11), we
have

/ |Vus, |’ dx < Colt? (6.7)
B g, (x0)

€0

for all n € N such that 20,,/ep < §/2. Recall that the exponent b given by Lemma 6.2 is
positive provided g > ¢g1. Now, using the fact that ¥ is a minimizer and X, is a competitor
for X, the estimate (6.6), Corollary 2.21 and the estimate (6.7), we deduce the following

0<FraE)—Fral 2 Efous) — Efalus,) — rCon
r_Np'

N+p ~
§C/ |[Vus, |P dx + Cop " —ACop
B2y, (x0)

N4p/ =N
§C/ |Vus, |P dx + Cop 1
B gy (x0)

€0

- )‘GQn
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/

N ~
<Coy*" + Con —1Con

for all n € N such that 290, /g9 < §/2. Notice that N + p’ — Np’/q > 1 if and only if
g > Np/(Np — N + 1), which is fulfilled under the assumption ¢ > g;. Finally, letting n
tend to +o00, we arrive to a contradiction. This completes our proof of Proposition 1.5. 0O

Acknowledgements 1 thank Antoine Lemenant for his valuable comments and suggestions which helped
me to improve the paper. I wish to thank Guy David for several useful comments and suggestions on the
regularity theory. I am grateful to Guy Bouchitté and Antonin Chambolle for useful discussions on the optimal
p-compliance problem. I am also grateful to the anonymous referees for a careful reading of the paper and for
comments which helped me to improve the paper. This work was partially supported by the project ANR-18-
CE40-0013 SHAPO financed by the French Agence Nationale de la Recherche (ANR).

Appendix A. Auxiliary results

Recall that we write points of RY as x = (x/, xy) with x’ € R¥ "l and xy € R.

Lemmal Let N > 2, pe (N—1,400), B =(p—N+1)/(p—1) and y € (0, B).
There exists § € (0, 1), depending only on N, p and y, such that u(x) = |x'|V + xlz\, is a
supersolution to the p-Laplace equation in {0 < |x'| < 8} N {|xn| < 1}.

Proof To simplify the notation, we denote {0 < |x'| < §} N {|xy| < 1} by C3 1. We need to
prove that there exists § = §(N, p, y) € (0, 1) such that

Apit = AQIVAP + (p = )| ValP Aol <0 in CF ), (A.D)

where Al = Ayl := ZlNzl Uy, x; and Agoll = Zf\_/j:] Uy Uiy iy x ;- Since |Vii| # 0 in
Cg” 1» (A.1) is equivalent to the following

Apii := A Vil* + (p — 2)Aseit <0 in C§ ;.

Calculating the partial derivatives of & in ngl, we have: iy, = yx; |x/|7’_2,i e{l,..,N—1};
ly = 2xN3 fg 0 = v (y — Dxixj x|V ™4 + 85y X772, where i, j € {1, ..., N — 1} and
8;,j is the Kronecker delta; il , = 2. Next, we deduce that

Ai=y(y+N=3)x1""2+2, |Vi|? = y?|x'|? 72 + 4x% and
Asoli = y3(y — DI ™4 4 8x2

in Cf ;. This yields the following
Api =y (yp—p—y+N =D +dy(y + N =31 + 2y2|x’|2V(;j ”
+(p— D8} '

inCé”].SinceO <y <Byyp—p—y+N—-1) <0and3y —4 <y —2 < 0. Thus,
analyzing (A.2), we deduce that there exists § = §(N, p, y) € (0, 1) such that Apﬁ <0in
Cy . This completes the proof. O

The following lemma will be used to prove Lemma 3.

Lemma?2 Let p € (N — 1, +00). Then there exists a positive integer ¢ = q(N, p) such that
the following holds. Let xo € RN, r > 0 and L C RY be an affine line passing through xo.
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Then for any nonnegative p-harmonic function u in B.(xg)\L, continuous in B, (xo) and
satisfying u = 0 on L N B-(xp), the following estimate holds

1
max u(x) < - max u(x).
x€B,—q,(x0) x€B,(x0)

Proof Since the p-Laplacian is invariant under scalings, rotations and translations, we can
assume that B, (xg) = Bj and L N B, (xp) = {0}V ! x (—=1,1). To lighten the notation, we
denote {0}¥~! x (=1,1) by S. Lety = (p — N + 1)/(2p — 2). Then, by Lemma 1, there
exists § = §(N, p) € (0, 1/2) such that ii(x) = |x|V + lxn|? is a weak supersolution to the
p-Laplace equation in {0 < |x’| < 28)N{|xy| < 1}, and is continuous in R™ . Hereinafter in
this proof, C denotes a positive constant that can only depend on N, p and can be different
from line to line. Since

a(x) =8 + x5 =8 if x| =8 and a(x) = |x'|V + 8% > 87 if |xy| =4,

u<C|maxu|u
B

holds on a ({|x’| <8N {lxn| < 8}). Furthermore,

the estimate

B

u(x) <C (maxu) u(x) if x € S.
Then the comparison principle (see [24, Theorem 7.6]) says that

u<cC (maxu) i in {|x'] <8} N {lxy| < 8).
B

This implies that u(x) < C (maxg1 u) |x|? for all x € Bj, since |x'|Y + |xy|? < 2|x|¥ for

all x € Bs. Next, choosing ¢ = ¢(N, p) € Nsuch that 279 € (0, §) and C279Y < 1/2, we
obtain the following

1
max u < — maxu,
By g 2 B
which concludes the proof of Lemma 2. O

We prove the following Carleson estimate.

Lemma3 Letp € (N—1, +00). Thenthere existe = ¢(N, p) € (0, 1)andC = C(N, p) >
0 such that the following holds. Let xo € RN, r > 0 and L C RN be an affine line passing
through xo. Then for any nonnegative p-harmonic function u in B.(xo)\L, continuous in
B, (x0) and satisfying u = 0 on L N B, (xg), the following estimate holds

max  u(x) < Cu(Agr(x0)),
XEBgr(x0)

where Agr(x0) denotes a point such that dist(Ag(x9), L) = er and Agr(x0) € 0Bgr(x0).
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Proof We follow the same strategy as in the proof of [ 14, Theorem 1.1]. Since the p-Laplacian
is invariant under scalings, rotations and translations, without loss of generality, we can
assume that B,(xo) = Bi, L N B,(xg) = {O}N_1 x (—1,1). To simplify the notation,
we denote the set {0}~ x (—1,1) by S. Let ¢ = ¢(N, p) be the positive integer of
Lemma 2. Define ¢ = 27972" with m € N to be determined (¢ is small enough). Fix an
arbitrary A, such that dist(Ag, S) = ¢ and A, € 9 B,. Notice that if u(A;) = 0, then by the
Harnack inequality (see [24, Theorem 6.2]), u(x) = O for all x € B; and the proof follows.
Without loss of generality, we assume that u(A;) = 1. By Lemma 2, for each xo € S and
r € (0, dist(xg, 0By)),

max u. (A.3)

On the other hand, by the Harnack inequality, there exists M = M (N, p) > 1 such that

MuQ2x',xy) for x € §1/4\S

ux', xy) < —
Mu(A,) =M for x € {|x| > &/2} N Bo.

Suppose that there exists yo € B, such that u(yp) > M "+2 with n € N to be determined.
Then

dist(yo, S) <27 "¢,

because otherwise u(yo) < M" ' u(A,) = M. Let 5 be the projection of yq to S. Then,
applying (A.3), we have

~ max u>2" max u> 2 pnt2
Brn+qm£(§o) Bzfne(y())

where we have also used the facts yo € By-n,(30), u(yo) = M"*2. We now choose and fix
m so that 2" > M?. Hence

u(y)) =_ max  u>M"H

By—ntgm . (50)
where y; € Ez—wqms(%). Therefore dist(yq, S) < 27"=2¢ and

_ max u>2" max u> Mo,
Bzfn72+qmg(yl) Bzfnf%(yl)

where ¥ is the projection of y; to S. Clearly, there exists yo € By-n—2tqm,(¥1) such that
u(yy) = M0, So dist(yz, §) < 27" *g and

~ max u>2" max u>M"S,
B2—n—4+qms(’i2) 32—11—48(3\;2)

where ¥, is the projection of y, to S. Once again there exists y3 € By—n—atqm,(¥2) satisfying
the following: u(y3) > M”38, dist(y3, §) < 27" %¢ and

max u>2" max u> M0,

Bz—zz—6+qme(y3) Ez—n—Gg(S’B)
We obtain by induction a sequence of points (yi) such that

dist(yg, S) < 2_"_2k£, Yk € Ez—n72(kfl)+qms(5;k—l)
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and
u(ye) = MY e >

We shall obtain a contradiction if we can make sure that each y; belongs to some closed ball
contained in By. Foreach k > 1,

vkl < vk = Yk—1] 4+ 191 = Ya—1| + [yk—1l

k k—1
< 2—n+qm822—2(l—]) +2—n822—21 + |y0|

=1 =0
o)

<@t 4oy a7 4
=0

By choosing n large depending on N and p, we can make |yx| < %8. This completes the
proof of Lemma 3. O

The next lemma is classical, however, we could not find a precise reference in the exact
following form, thus we provide a proof for the reader’s convenience.

Lemma4 Let N > 2, p € (1, +00), £ C RN be a closed set and u € WLr(B)) be a p-
harmonic function in B{\%, continuous in By withu = 0 on ¥ N By. Then u™ = max{u, 0}
and u~ = —min{u, 0} are p-subharmonic in By.

Proof Since u~ = (—u)* and (—u) is p-harmonic in B\X, it is enough to prove that the
function u™ is p-subharmonicin By . Let us fix an arbitrary nonnegative function ¢ € Cy°(By)
and for all &, € (0, 1) define ¢, = ((n + (u — &)T)e — nf)@. Since u € WIP(By) is
p-harmonic in B{\X and ¢, € W()l’p(B]\E),

/ (IVu|P2Vu, Vo, o) dx = 0.
B
This implies that

(4 (u— &) —n*)(|VuT|P2Vut, Vo) dx
By

+s/ IVut|P(p+ u—e)H) lpdx =0
B1N{u>¢}
and hence
(4 (u— &) =" )(|Vut[P2Vut, Vo) dx < 0. (A4
B

Letting n and then ¢ tend to 04 in (A.4), by Lebesgue’s dominated convergence theorem,
we get

[t rvat vgyax <o
By
which concludes the proof. O

The next lemma is a refined version of [15, Lemma 5.14].
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Lemma5 Let N > 2andlety : [0, 1] = RN be a curve such that T := y ([0, 1]) C B, (x).
Assume that &1 = y(0) € 9B (xo) and & = y (1) € 0B (x¢). Then

%gmmoiafﬂ)samﬂ%m—wa—smﬁ.

Proof Let z € argmax - dist(y, [§1, &21). Assume that & := dist(z, [§1, §&2]) > 0 and [§] —

£| > 0, otherwise the proof follows. Let z’ € RY be a point making (£1, z/, &) an isosceles
triangle such that dist(z’, [&1, §&2]) = h. Notice that h < 2r, |§] — &|/2 < r and hence

7 — &l <h+ 151 — &l ;Szl <3r.

On the other hand, H! (I') > 2|z’ — &|. Then, using the Pythagorean theorem, we get
& — &) &1 — & &1 — &
W=7 -&-=———=(l -&l- ==l -&al+ ——

4 2 2
1 r _
- (Hz( ) & 2$2|>(3r+r)
=2r(H'(I) ~ |61 — &2
This completes the proof of Lemma 5. O
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