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Abstract

We consider a Lazer-Mckenna-type problem involving the fractional Laplacian and singular
nonlinearity. We investigate existence, regularity and uniqueness of solutions in light of the
interplay between the nonlinearities and the summability of the datum.
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1 Introduction

In this paper, we are interested in the existence, regularity and uniqueness of solutions for
the following nonlocal problem

(—A)u =19 inQ,

u?

u>0 in €2, (1.1)
u=0 on RN\,

where € is a bounded domain in RY, N > 2s, of class C!'1, s € (0, 1), y >0, f e L"™(Q),
m > 1, is a non-negative function and (—A)* is the fractional Laplacian operator defined by

u(x) —u(y)dy

—Au=a(N,s)P.V. | ————="dy,
(=A)Y'u=a(N,s) /RN|x—y|N+2S

Communicated by Michael Struwe.

B Ahmed Youssfi
ahmed.youssfi@gmail.com ; ahmed.youssfi @usmba.ac.ma

Ghoulam Ould Mohamed Mahmoud
ghoulam.ouldmohamedmahmoud @usmba.ac.ma

National School of Applied Sciences, Laboratory of Mathematical Analysis and Applications-FSDM,
Sidi Mohamed Ben Abdellah University, My Abdellah Avenue, Road Imouzer, P.O. Box 72,
Fes-Principale 30 000 Fez, Morocco

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-021-02034-1&domain=pdf
http://orcid.org/0000-0002-4463-0472

153 Page2of34 A.Youssfi, G. 0. M. Mahmoud

where "P.V." stands for the principal value and a (X, s) is a positive renormalizing constant,
depending only on N and s, given by
ST +5) s

Ty r'—s)

a(N,s) =

to ensure that
(—AYu=F"g>Fu), £€eRY, se(0,1)andu € SRY),

where Fu stands for the Fourier transform of u belonging to the Schwartz class S(RY). More
details on the operator (—A)* and the asymptotic behaviour of a(N, s) can be found in [26].

In the case of semilinear local problem corresponding to s = 1, the study of singular
elliptic equations was initiated in the pioneering work [22] which constitutes the starting
point of a wide literature about singular semilinear elliptic equations. Let us start recalling
the important result of Lazer-McKenna [36]. Under regularity assumptions on 2 and if
0 < f € C*(Q), the authors obtained an optimal power related to the existence of finite
energy solutions. In fact, a solution lying in HO1 (2) should exists if and only if y < 3
while it is not in C'(2) if ¥ > 1. The threshold 3 is analysed in [51] when the datum f
is a positive L' function defined on €2. In that paper [51], the authors provide an extension
of the classical Lazer-McKenna obstruction. Existence and uniqueness results for (1.1) are
obtained in [19] while in [16,24] the authors showed that (1.1) has a solution u for every
f in L(§2) and for every ¥ > 0 and how the regularity of this solution « depends on the
summability of f and on y. In the case where the function f belongs to L™ (2) withm > 1,
Boccardo and Orsina [15] proved the existence and regularity of a distributional solution

l.q Nm(y+1) . m Y
ueWw, (Q)whereq=m1f0<y<landf€L (Q),1§m<(l_y),

* !
while u € HI(Q) if f € L™ () with m = (f_—y) . In the case where f € L1(Q),ify = 1

1
then u € HJ(RQ), while if y > 1 then u € H, () and u'r e Hj (). In connection

with the problem studied in [15], uniqueness of finite energy solutions was established in
[14] where the main ingredient is the extension of the set of admissible test functions. We
will use the same idea in this case of fractional Laplacian. In [9] the authors proved that if
the non-negative function f € L™ (2), m > 1, is strictly far away from zero on 2 (that is
there exists a positive constant fj such that f > fy > 0 a.e. x € Q) then u® € Hé (2)

:| ifl<y< % Some related existence and regularity

results for local problems with singular nonlinearity involving reaction or absorption terms
are proved in [21,40,41]. Let us also mention the contributions in [2,17,32,35,42,43,50]
where related problems involving singular nonlinearities are considered. It is worth recalling
here that singular local semilinear elliptic problems such as (1.1) arise in various contexts of
chemical heterogeneous catalysts [10], non-Newtonian fluids [28] as well as heat conduction
in electrically conducting materials (the term u” describes the resistivity of the material), see
for instance [30,39].

Let us now discuss the nonlocal problem (1.1). Recall first that a rich amount of research
work has been done on nonlocal problems of either elliptic or parabolic types, we refer for
instance to [3-5,7,37,52]. Starting with the case y = 0, the problem (1.1) with L' data
was studied in [1,18,38] where a general fractional Laplacian operator including (—A)* is
involved, while for bounded Radon measure data it was investigated in [33,44]. In the case
where y > 0, existence and regularity results of solutions to (1.1) were established in [7]
when the datum f is a Holder continuous function and behaviours basically as for

(m+Dy+1) y+l1
for every o € (T’ =

1
distP(x,09Q)
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some B such that 0 < B < 2s. Existence and uniqueness results for positive solutions of the
problem (1.1) have been also obtained in [11,18]. It his been shown in [18] that (1.1) has a
weak solutionu € X5(2) when0 < y < land f € L™(Q) within := while

s (@) withu'T € X3(%). In
the same spirit, the existence of positive solutions have been also established in [11] according
to the range of ¥ > 0 and to the summability of f. Precisely, in that paper [11] it has been
proven that if y < 1and f € L®)'(Q), 2¢ 1= 2% and (25) := 2%, then (1.1) has a
solution u € X§(2) N LY *+V% (Q), whileif y > 1and f € L'(S) then (1.1) has a solution

u such that u'T € X§().

It is worth pointing out that the interest brought to the fractional Laplacian operator is due
to the wide range of its applications, for instance in thin obstacle problems [23], in crystal
dislocation [27] and in phase transition [49].

In the present paper, our aim is to lead investigations about the existence and regularity
of positive solutions to (1.1) establishing some missing results in [11,18]. The case where
y = 1 is treated in [11,18]. We study the case where 0 < y < 1 and f € L™(2) with
1 < m < m which provides infinite energy solutions (see Theorem 3.1 bellow) and we prove
the existence of finite energy solutions to problem (1.1) in the case y > 1 under some suitable
assumptions on the datum f. Further, to show the accuracy of our results we highlight the
relationship with the Lazer-Mckenna condition. We also provide some regularity results for
solutions as well as the uniqueness of finite energy solutions.

The plan of the paper is organized as follows : in Sect. 2 we give some basic notations and
tools that we will need in this paper, as well as the meaning of solution for the problem (1.1)
and some useful algebraic inequalities. In Sect. 3 we present the main results of the paper i.e.
Theorems 3.1, 3.2, 3.3 and 3.4. Comments and comparisons with previous results known in
the topic are also provided. In Sect. 4 we prove some a priori estimates for the approximate
solutions which we use to prove the main results. In Sect. 5 we prove some regularity results.
At the end, we give an appendix.

2N
N+2s5+y(N—2s)°
ify > 1and f € L'(Q) then (1.1) has a weak solution u € H;

2 Basic notations and useful tools

In this section we give some basic facts about fractional Sobolev spaces. For a detailed
expository, we refer to [13,25,26]. Let 2 be an open subset in R . Forany 0 < s < 1 and for
any 1 < g < +o0, the fractional Sobolev space W*-(2) is defined as the set of all functions
(equivalence classes) u in L9 (£2) such that

_ q
/ l(x) — u(y)l dydx < oo,
alo |x—yN+tas

W4 (82), also known as Aronszajn, Gagliardo or Slobodeckij spaces, is a Banach space when
equipped with the natural norm

1
lu(x) —u(y)|4 0
llwllws.a@) = llullLa) + (/Q T T dydx | . 2.1

It can be regarded as an intermediate space between L4 (£2) and w4 (). Recall that the
space W*%4(Q) is reflexive for all ¢ > 1 (see [34, Theorem 6.8.4]). We point out that if
0 < s <s' < 1then W*4(Q) is continuously embedded in W*-(Q2) (see [26, Proposition
2.1]).
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Throughout the paper, we will make use of the notations supp( f) to designate the support
of the function f and w CC 2 that means w is a compact subset of .

Let us define Wg’q (R2) as the closure of the set C§°(2) in W*¢ (RN) with respect to the
norm || - |lyys.qgny defined in (2.1) where

Cr(Q) = {f ‘RN — R/f € CXRY), supp(f) CC Q}
W(‘;’q (£2) is a Banach space under the norm || - || ws.a (). Let us recall the following Fractional
Poincaré-type inequality.

Lemma 2.1 ([6]) Let Q be a bounded open subset of RN of class C%', ¢ > 1 and let
0 < s < 1. Then there exists a constant C(N, s, 2) such that for any f € Wg’q (2) one has

[f(x)— fle
1£1 70 < CN,s, Q)/ / : |N+yqs dydx.

lx—y

Under the same assumptions of Lemma 2.1, the Banach space W 17 (£2) can be also endowed

with the norm
1
[u(x) —u(y)|9 4
||M||W6w(9) = </ / |x _y|N+qS d dx

which is equivalent to [|u|| ws.q (). In the case where g = 2, we note W52(Q) = H¥(2) and
W(‘; ’Z(Q) = H;($2). Endowed with the inner product

(, 0) s ey = // (u(x) —u(y)(vx) — U(y))dydx

lx — y|N+25

(Hy (), 1l - ||H8'(Q)) is a Hilbert space. Now, we define the following spaces
. _ 2
H} (Q) = {u Q> R:ue LK), Jx Jx %dydx < 00,
for every K CC Q}

and
X5(Q) = {f e H*RY)/f =0ae.in CQ},

where from now on CS2 := R" \ Q stands for the complementary of € in RY. Observe that
if  has a continuous boundary, by [29, Theorem 6] (see also [31, Theorem 1.4.2.2]) we can
infer that X3(Q2) C Hj(2). Indeed, if f € X{(£2) then, by [29, Theorem 6] there exists a
sequence {0, }, that belongs to C3°(£2) satisfying

lon — fllgs@yy — Oasn — +oo
and in particular we obtain
lon — fllas(@) = 0asn — 400,

which yields f € H{j(£2). Under the same assumptions of Lemma 2.1, the following quantity

1

Ju(x) — u(y)|? 2

s = R d d 9
lleell xs ) ( 0 [ — oV ydx
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where Q = RZN\(CQ x CR), is a norm on X} (2). It is well known that the pair (X{(), || -
I XB(Q)) is a Hilbert space (see [47, Lemma 7]) It is worth recalling that for any u and ¢

belonging to H*(RY), we have the following duality product
a(N,s) (ux) —u() (@) — ()
dydx

2 R2N |x — y|N+2s

/ (=N updx =

RN

Thus, it can be seen that
(=AY HSRY) - H=S(RY)

is a continuous and symmetric operator defined on H*(R"). In the particular case, if u and
¢ belong to X3(£2), we have

/ (=AY ugdx = a(N,s) / (u(x) —u()(p(x) — ()
RN

v — N2

dydx.

For N > 2s we define the fractional Sobolev critical exponent 2} = % The following
resultis a fractional version of the Sobolev inequality which provides a continuous embedding
of Hj (L) in the critical Lebesgue space L% (Q). The proof can be found, for example, in
[26,45].

Theorem 2.1 (Fractional Sobolev embedding) Let 0 < s < 1 be such that N > 2s. Then,
there exists a constant S(N, s) depending only on N and s, such that for all f € C3° (RN

Lf(x) = f( )|2
1122 g, < SV, s )f/w sl y|£+y25 dx. 2.2)

We now define the meaning we will give to the solution of the problem(1.1).

Definition 2.1 Let f € L'(2) be a non-negative function. By a weak solution of the problem
(1.1), we mean a measurable function u satisfying

Vo CC R, ¢, >0 : ulx)>c, >0, nw 2.3)
and
a(N, s) /' (u(x) —u(y))(px) — w(y))dyd &dx 2.4)
lx — y[NH Q

for any ¢ € C3°(S).

Definition 2.2 We say that u € X{(2) is a finite energy solution of (1.1) if it is a weak
solution u of problem (1.1) which further satisfies (2.4) for every ¢ € X{(£2).

Remark 2.1 By Lemma 5.4, ifu € X(S)(Q) is a weak solution of problem (1.1) (in the sense
Definition 2.1), then u is a finite energy solution. In other words if u € X{(2) the two
definitions 2.1 and 2.2 are equivalent.

We will also need the following technical algebraic inequalities (See [5, Lemma 2.22]).

Lemma2.2 i)- Leta > 0. For every x, y > 0 one has

4o a+l1 a+l 2

(x =¥ =y = m(xT -y 7).
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ii)- Let0 < o < 1. Forevery x, y > O with x # y one has
X—=y 1 l—a l—a
- < 4 :
i 7 y)
iii)- Let0 < o < 1, then for every x, y > 0 one has
X =y < |x — I,

iv)- Let a > 1, then for every x, y > 0 one has

=y < a4y T hlx -yl
v)- Let o > 1, then for every x, y > 0 one has
e+ 147 = y] < Calx® =y,

where Cy is a constant depending only on «.

3 Main results
3.1 The case 0 < ¥ < 1:Infinite energy solutions

We consider the problem (1.1) under the assumption 0 < y < 1. We recall that in this case
it is proved in [18] that (1.1) has energy solutions when f € L™ (2), where m stands for

* * /
the Holder conjugate exponent of i—‘y that is m = <%) = m It is in our
purpose here to investigate the remaining range of summability of source terms corresponding
to the data f € L™ (2) with 1 < m < m. We show that the problem (1.1) has solutions lying

in a fractional Sobolev space larger than Hj(£2).

Theorem3.1 Let0 <y < landlet f € L™(2), with 1 < m < m. Then the problem (1.1)
admits a weak solution u € ng’q (RQ) for all s1 < s withq = % Furthermore,
u € L°(Q) where o = %

Remark 3.1 Note thatg < 2 since m < m. Moreover, the exponent o is well defined. Indeed,
since N > 2s we have

dms < m(N + 25) < m(N—l—Zs + y(N — 2s)>.

Asm <m := m we get 4ms < 2N.

Remark 3.2 Observe that the inclusion Wy () C W;>?(£2) holds for any 5o < s1 (see
[26]). So we infer that it is sufficient to choose s very close to s that is 2—1( <s1 <s
which implies that the results in Theorem 3.1 covers that obtained in [15, Theorem 5.6] when

s — 1.

Remark 3.3 Notice that if y = 0 the problem (1.1) reduces to

{(—A)Su =f inQ,

u=>0 onRN\Q, G.D

In [38] the authors proved the existence of a unique weak solution u of the problem (3.1)
such that
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1. If f € L'(Q) thenu € L9(Q) for every ¢ < 7.
2.1 f € L™(Q), with 1 < m < 2L then u € L¥ 3 ().

We point out that when 1 < m < m we have a kind of ’continuity’ of the summability of
the solution with respect to y. If we let y — 0, the value of 0 = W tends to NN ;"sm
which is exactly the summability of solutions obtamed in [38]. However, this ’continuity’

fails to hold when m = 1 since o = N,\(,lgy) tends to 3= 2S but the solutions obtained in [38]

belong to L9 (L) for every g < N— In fact, the case where y = 0 can not be considered,
this is mainly due to the inequality (4.13) where we divide by y.

3.2 The case y > 1:finite energy solutions

Let us recall that Lazer and McKenna [36] proved that the problem

{—Au:fu(ff) in Q,

3.2
u=>0 on 092, (3.2)

where the datum f is regular enough (say Holder continuous) and bounded away from zero
on €2, admits a unique solution u € HO1 (€2) if and only if y < 3. In the case where f is a
non-negative function such that f € L™ (2) with m > 1 and strictly far away from zero on

2, the authors [9] proved thatif 1 < y < 3’::‘;11 thenu € HOl (£2). As regards the case where

the datum f € L'(), the problem 3.2 has only a local solution u € Hllo - (§2) which does not
belong to HO1 (2) (see [15, Theorem 4.2]). In the case of the fractional Laplacian operator,
J.Giacomoni et al.[7] studied the following problem

(—Ayu =12 ingq,
u>0 inQ, (3.3)
u=0 inRV\Q,

where f is a Holder continuous function such that f =~ with 0 < 8 < 2s. They

- dlstﬁ(x Q)
proved that if g + y > 1 then the problem (3.3) admits a unique solution u € X{(€2) if and
only if 28 + y(2s — 1) < 2s + 1. This last inequality implies y(2s — 1) < 2s + 1. So that
letting s tends to 1~ one can find y < 3 which is exactly the Lazer-Mckenna condition.

In this section, we investigate the existence of finite energy solutions for (1.1) when
y > land f € L"(Q), with m > 1. We impose some assumptions on the datum f and y
that provide solutions for (1.1) in X{(£2). The first result deals with data f strictly far away
from zero.

Theorem3.2 Let y > 1 and s € (0,1). Assume that f € L™(Q), m > 1, is such
that there exists a positive constant fy satisfying f(x) > fo > 0 ae x € Q. Then
the problem (1.1) admits a weak solution u € ZOC(Q) such that u* e X(2) for every

o€ <max (%, w), V+1] In particular if y satisfies

4sm
mQ2s — 1)+ 1)y <m@s+1)—1, (3.4)
then u € X3(2).

Remark 3.4 Observe that from (3.4) we get max (% W) <1< VT’H, so that

a = 1 can be chosen to obtain u € X{(€2). Furthermore, notice that for every m > 1 (3.4)
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reads as

)/(25—1)—!—Z <2s+1—l,

m m

which implies y (2s — 1) < 2s + 1 and this is exactly the necessary and sufficient condition
for the existence of the unique solution in X{(£2) obtained in [7, Theorem 1.2 ii)] when
B = 0. We also observe that when s tends to 17, the condition (3.4) yields 1 < y < 3mm—+_11
and therefore Theorem 3.2 reduces to the same result stated in [9, Theorem 3]. Furthermore,
letting m tends to 400 in the last inequality we get 1 < y < 3, which can be seen as an
extension of the Lazer-Mckenna condition [36] for obtaining finite energy solutions to strictly

positive L*>°-data.

Remark 3.5 In the local case corresponding to s = 1, it is known that the threshold Z” |

obtained in [9, Theorem 3] is not the optimal one. Using [51, Theorem 1], Oliva and Petitta
[42] proved that the optimal threshold is 3 — % For the nonlocal problem (1.1), the situation
is somehow different. Notice that for m > 1 if ”5—,—”1 < s < 1 then (3.4) reads as

m2s+1)—1

m2s—1)+1°

The optimality is lost since s is varying, however we can obtain more information. Observe
that the function / decreases from infinity to 3 e 11 as ”éml < s < 1. Setting s :=1 — ﬁ,
one has %=1 <§ < land h(5) = 3 — 2. Thus, for s < § we have h(5) =3 — 2 < h(s).
On the other hand, if 0 <5 < 5= then (3 4) is satisfied for every y > 1. We conclude that
the range of y is wide than the one of the local case.

y < h(s) :=

We point out that we can avoid the hypothesis that the source term f is far from zero and we
continue to obtain energy solutions. This is stated in the following theorem.

Theorem3.3 Let y > 1 and s € (0,1). Suppose that f € L™(Q2) with m > 1. Then
the problem (1.1) admits a weak solution u € HZSOC(Q) such that u® e X}(2) for every

a € <max (%, W) y+]:| In particular, if 1 <y <14 "L thenu € X3(Q).
Here again, letting s tends to 1~ and m tends to +00 we obtain 1 < y < 2 which is a
restriction of the Lazer-Mckenna condition to positive L™-data, m > 1. Notice that the case
where m = 1 can not be considered in the two last theorems, since the range of « will be
empty. However, if we consider data f € L'(2) with compact support in © we can also
obtain an energy solution. This is stated in the following theorem.

Theorem3.4 Let y > 1 and s € (0, 1). Suppose that f € L' (Q) with compact support in
Q. Then the problem (1.1) admits a weak solution u € H;} () such that u® € X{() for

every o € (2, y—“] In particular, u € X3(<2).

We point out that the Lazer-Mckenna condition vanishes when we deal with positive L' -data
having compact support.

3.3 Uniqueness of finite energy solutions

As mentioned in the introduction, the existence of weak solutions for the problem (1.1) lying
X (€2) has been proved in [18, Theorem 3.2] when 0 < y < 1 and f € L™(S2). In the case
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where y > 1, the existence of a weak solution u € X{(£2) to the problem (1.1) is obtained
in the previous theorems 3.2, 3.3 and 3.4. In the followmg theorem we prove the uniqueness
of finite energy solutions to the problem (1.1).

Theorem 3.5 Lety > O0ands € (0,1). Let0 < f € LY(Q) be such that the problem (1.1)
admits a finite energy solution u € X{(S2) (in the sense of Definition 2.2). Then u is unique.

4 Proof of main results
4.1 Approximated problems

Consider the sequence of approximate problems

s _ Jn :

(=A)u, = ot Ty in 2,
up >0 inQ, 4.1
u, =0 on RM\Q,

where f, = min(f, n). The following results are proved in [11].

Lemma4.1 ([11, Lemma 3.1]) For each integer n € N, the problem (4.1) admits a non-
negative solution u, € Xg(2) N L™ () in the sense

a(N,S)/' (un (x) — un () (p(x) — sD(y))dydx =/ Jno
Q

e — y|N (un + )7

’

for every ¢ € X{(S).

Lemma4.2 ([11, Lemma 3.2]) The sequence {u,},cN is an increasing and for every subset
® CC 2, there exists a positive constant c,, not depending on n, such that

uy(x) >cy >0, foreveryx € wand foreveryn € N.

Lemmad.3 Lety > 1, f € LY (Q) and let u, € X5() N LOO(Q) be a solution of the
problem (4.1). Then the sequence {u,} is uniformly bounded in H;, (S2).

Proof Taking ul atest function in (4.1), we obtain

/ (un () = 1 () (1t (x) — uZ(y))dydx _ 2l

42
[x — y|N+2s ~ a(N,s) (52

An application of the item i) in Lemma 2.2 yields

W )~ () 12
’dydx < LS o

0 |x _y|N+2s

Then by the Sobolev inequality (2.2) we get

2 v+ D> \v5, v
/Q fan (1 E = (S0, 9)5 7 ) A Gy

As wZT > 2, the sequence {u, }, is uniformly bounded in L2(2). On the other hand, let
w be a compact subset of Q2. Applying the item v) in Lemma 2.2 (recall that y > 1) and
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Lemma 4.2 in the left-hand side of the inequality (4.2), we obtain

/ it (x) = 1t (V) |ty (x) — uryl(y)ldydx

|x — y[NHs
Iun(X)—un(y)lzlun(X)+un(y)|”’ld d

- CV |x _ y|N+23 yax
|un(x)_un(y)|2|”n(x)+un(Y)|y_]d d

“c =y ¥ e

_ 2
- L(Z%)y_l // lun(x) — un(y)| dydx.
CJ/ wlo |Xx— y|N+23
This shows that {u, }, is uniformly bounded in HISU - (€2). ]

Now, let ¢ € X(S](Q) N L°°(£2) be the solution (see [38]) of the following problem

¢ =0 onRM\Q. 4.3)

{ (=AY¥¢ =1 in Q,
In order to prove Theorem 3.2, we shall prove the following comparison result for the approx-
imate solutions u,. In the proof of this comparison result, we use Lemma 2.7 and Lemma
2.9 of [46], which require that Q2 is a bounded domain which satisfies the condition of the
ball. Such a condition is equivalent (see [8, Lemma 2.2]) to say that €2 is a bounded domain
of class C1'1.

Lemma 4.4 (Comparisonresult) Lety > 1,0 € (1, 2) and let u, be a solution of the problem
(4.1). Then there exists a positive constant T not depending on n such that

2

1 | 1
Up > U, = Td) + l+y - 4.4)
2

Proof We shall prove that there exists a sub-solution u,, of the approximate problem (4.1),
that is

(A, = oAy in,
u, >0 in Q, (4.5)
u, =0 on RM\Q,

such that u, > u,.

2
Letu, := 1//,}” (x)— %, where we have set ¥, = T¢? + and T > 0 is a constant not

1+y

depending on n and that will be chosen later. We will show that u,, satisfies (4.5). Applying
2

the inequality (5.1) with F(¢) = ¢t ™ yields

2

(=AY u,(x) = (=A)° (w - —%)(x)=(—A)S<Fown>(x)

. 2 6 _ 40 2
< /(W () (= A) Y (x) = CEDGEV FY (g, (0)) fyp 000 dy

7}/ o _ 40 2
= ZL4 ™ (=AY (@ () + — TGN 5) [ &= O dy.
<y+1>wn‘” @)
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Sinced > 1, the function g(r) = 7, ¢ > 0, is convex so that one has the identity g(r)—g(t) <
g/ (t)(t — t") which holds true for every ¢/, t. Using the fact that ¢ solves (4.3), we get

(—A) (¢ (x)) < 06771 (X)(—=A) (@ (x)) = 09" (x), forevery x € Q.
Then, for every x € Q2 we get

(=A)u, (x)

o 2
< (1+y%(x)¢>9 ) EENT (. ) i =700 dy>. (4.6)
7 (@)

On the other hand, let Bg be an open ball with radius R > 0 such that Q C Bg and set
dy :=dist(02, 9Bg) > 0. For every x € 2, we can write

19?0 —¢? W% 5. _ 197 () —¢? (») 2 19 () —¢? ()2
S [x—y[VF2s dy = [ [i—y|VF2s dy + Jgn\ g, ooy v 4y

0 ()0 ()12
+fQ |¢" (x)—¢” (V)| dy

|X_y|N+2s
=L(x)+ hL(x)+ (x).

We start by estimating the first integral I;. Since 2 is a bounded domain of class C!!, by
[46, Lemma 2.7] there exists a positive constant C, depending only on €2 and s, such that
[¢p(x)| < C18°(x) for all x € 2, where §(x) := dist(x, Q). Whence, we get

0 ()2 56 ()12
L :f [¢” ()] dy < C]ze/ 18°7 (x| dy.
B B

A2 lx — y|N+2s AQ lx — y|N+25

Note that for (x, y) € 2 x Br\£2, we have §(x) < |x — y|. Thus, we can write passing to
the polar coordinates

dy
MMSCW/ s ——dy
! Br\Q X — )’|st(971)
Z

{o<lzj<2ry 12V 72D

2R
— C129|SN_1|/. r2s(9—])—1dr —
0

< CZG

) , (ZR)Z\'(F)—I)CIZ6|SN—]| N1
with C| = —%e-n > where from now on |§ | stands for the Lebesgue measure

of the unit sphere in R". For the second integral /> (x), noticing that
Ix — y| > dy :=dist(dQ, dBg) > 0 for every (x, y) € Q x (RV\Bg),
we can estimate I as follows

lp? (o)

I (x) :/ ————5-dy
RN\ By X — y|NF2S
dz

20
= ||¢||Loo Q dy
(€2) - |Z|N+23

N1, [T dr ,
= I0N@IS" ' | e =
1
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where C}, = ”¢”L°°(Q) o dzf We now turn to estimate /3(x). Combining iii) et iv) of

Lemma 2.2, we obtain

167 (x) — 7 (MI* < 26219 (x) — p(M* + 802>~V (W) o (x) — o ()% (4.7)

By [46, Lemma 2.9] the function ¢ is CP(Q) for all B € (0,2s). In particular and in what
follows we make the choice 8 € (s, min(1, s0)). Furthermore, there exists a constant C3 > 0,
depending on €2, s and B, such that for every x € Q2

8 s=h
|¢(x>—¢(y)|sc3|x—y|ﬁ<%) , 4.8)

8(x)

for every y € Bam (x), where Bam (x) stands for the open ball of radius centered at x

with §(x) := dzst(x 0€2). Now, usmg (4.7) we can write for every x, y € Q

l¢? (x) — ¢ () ¢ (x) —¢(y)|2"d

L(x) = dy < 20°

|x_y|N+2s Q |x_y|N+2s
2(0—-1) 2
+802/ ¢ ()@ (x) —P(y)l dy.
Q |x — y|N+2s

Splitting the second integral on the right-hand side, we obtain

_ 20
hwy < 02 [ BOZ9O
Q

|x _y|N+25

+892/ ¢2(0—1)(X)|¢(x) ¢(y)|2 iy
{(yeQix—y|= 2y |x — y|N+2s
2(60—1) . 2
1862 / #OWIew s,
{yeQ:|x— y|<‘s(")} |x_y| +2s

= J1(x) + L(x) + ().

We shall estimate J;(x), J2(x) and J3(x). For Jj(x), we note that by [46, Proposition 1.1]
we have ¢ € C*(RV). In addition, there exists a positive constant c¢3 such that for every x,
y € RN, ¢ (x) — ¢(y)| < c3]x — y[*. Thus,

dy
2 .20
N1x) =207 /QW"Y

We calculate the integral using the change of variable z = x — y. We have

dy
Q lx — y[N=2s6-D

B dy +/ dy
Qnlx—y|>1 1x — y|¥V=20-D Qnix—yl<1 [x — yN=26=D 4.9)
dz SN
<|Q — Q[ —.
=lelt flz\sl |z|N=2s6=D 21+ 250 — 1)
Thus, we obtain

ISV
Jl(x)§292c§9(|sz|+2 = ))
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For J» we use the fact that ¢ € C*(RV) and |¢(x)| < C158°(x) forall x € Q. By (4.9) we get

s 2(0-1) d
Jz(x) f 802C§(2YC]) fQ M*)‘Nﬁ

= 892‘/’%(236‘1)2(971)0@ + 2‘5(1; 11|)>
While for J3(x) we use (4.8) and |¢ (x)| < C16°(x) for all x € Q. We arrive at
{yeQix—yl<22) |x — ¥l (B=9)
The fact that 8 € (s, min(1, s6)) and that Q2 is bounded, enables us to get
J3(x) <

2 (s =1 N2 ( 2s6—p) &y
862 (285~ C3)" (diam()) f}EQ oyl <250} 7‘x_yl,vi2(ﬁ,x)

25(6—1) |sN-1)
B—s >

where diam (£2) stands for the diameter of €2. Finally, there exists a constant Cg > (0 depend-
ingon 2, R, N, s, 0 and S, such that

L(x) < C.

< 462(26=5CY71 C3) (diam ()

Let Tp = min(1, fp) and let us choose T small enough such that

0< T[ 2 (TN i) + D) 1]y + 2L3pTa(N, s) max(C], C, cg>]
< Tp.

Going back to (4.6), we deduce that for every x € Q

Ty
(—A)'u, () < —>—,
Y ()
which yields
Ay u, ) =
(u, + )7
Thus, u,, is a sub-solution of (4.1). Now, we prove that u,(x) > u, (x) for every x € Q.
Assume by contradiction that there exists £ € €2 such that
un(§) < u,(&). (4.10)

Then we have
(=AY (un —u,)(E) = (=AY’ up(§) — (=A)°u, (&)

l 1
== f"(g)[mn(s)ﬁ)y B (ﬂn(EH%W] -0

It follows from the weak maximum principle [48] that (1, — u,)(§) > 0, which contradicts
(4.10). Therefore, we have

n 2

2
1 e 1
Un(X) & — = Y (X) = [Tqb )+ ] :

[m}
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4.2 The case 0 < y < 1:Proof of Theorem 3.1

In order to prove the existence of solutions for the problem (1.1), we first need to prove some
a priori estimates on u,,.

4.2.1 A priori estimates

Lemma4.5 Let f = 0, f € L™(Q), with | < m < M = gy and un be a

solution of the problem (4.1). If 0 < y < 1, then {u,} is uniformly bounded in WO1 q(Q)for

all s < s, where g = % Moreover, {u,} is uniformly bounded in L° (2), where
_ Nm(+y)
0= "N—2sm *

Proof Letn € N,n > 1,and let y < 6 < 1 to be chosen later. Let 0 < ¢ < % By [38,
Proposition 3.], the function (u, + e)f? — &’
S0, it yields

is an admissible test function in (4.1). Taking it

/ / @t (x) = un (D) (W (x) + 8)° = wa(y) + S)G)dydx

|x _ y|N+25

O—y
< s)/ Fulin () + )/ dx.

Passing to the limit as ¢ tends to 0, we obtain

(Un (%) — 1ty (y)) (0 (x) — u9(y)) 2 0
// [x — y|N+2s dydx < m/ﬂfnun(ﬂ dx. (4.11)

By the item i) of Lemma 2.2, we can minimize the term in the left-hand side of (4.11) as
follows

"
2 2
(y)‘ 6 +1)?
0—y
dyd d
k—y |N+2v Y= SN, s)Q/f" tn 4%

Applying the fractional Sobolev inequality, we obtain

27 i e
/ i ()| 5 dx < [M]N ’ [/ fnu?fydx}N " (4.12)
Q Q

2a(N, s)0

e If m = 1, then the choice § = y gives

27 N
Sax < SOV @13

2a(N, s)y LY’

e Whileif | <m <mandy < 6 < 1, an application of Holder’s inequality in the right-hand
side term of (4.12) with the exponents m and m’ :=

N@+1)
un (x)| N2 dx <
Q

_N_ (4.14)
S(N.5)(0 + 1?7 ol -y’ EE
W ”f”Lm(Q) |un|
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N(9+1) = (0

We now choose 6 to be such that — y)m’, that is

N@m — 1) +ym(N — 2s)
N —2sm '

0=

Observe that the assumption m < m implies & < 1 and since y > 0 we have y < 0. This
choice of 6 yields

N(9+1)_Nm(1+y)_
N—-2s  N-2sm

Noticing that < 1 and using (4.14) we deduce the following inequality

N
m'(N—=2s)

Nm
Non(i+y) S(N, $)(0 + 1)2 | ¥-2m o
/Q|un(x)| N-Zsm dx < [W Il ey - 4.15)

Thus, from (4.13) and (4.15) we conclude that the sequence {u,}, is uniformly bounded in
L7 (Q) foro = % and 1 <m < m.
Now, going back to the inequality (4.11) and following exactly the same lines as above,

thatisifm = 1 we choose @ = y whileif | < m < i we choose @ = Mn=D+HymN=2s) _ 1

N—2;
In both cases, applying the Holder inequality we obtain "
(1 () — un (7))t (x) — 4 (¥))
/ / =y “n dydx < C, (4.16)

where C is a positive constant not depending on n. Let 51 € (0, s) be fixed and let g =
%.Weset@ = erl <m < m (wenote that = y if m = 1).
We note that g > m(1 + y) > 1 and the assumption m < m implies g < 2. Thus, observe

that N + gs; can be splitted as follows

_ q _ 2-q _
N +gs1 :5N+qs+TN—q(s—s1).

Hence, setting  := {y € Q: u,(y) # u,(x)} we can write

/ lun(x) — un()’)ﬁd dx = / lun(x) — un()’)|q (”g(x) - ”,91()’))
Bl B) = 2V avdy =
alo |x—yNtas QJa |x_y|2N+qs (un(x)—un(y))
(un(x) - un(y)) dydx
(ue(x)_ue(y)) |x—y| IN-G(s—s1)

Observe that the quantity in the middle of the product inside the integral can be written as
follows

(whn) — ) _ ((uﬁ(x) : uﬁ(y)))‘é } ((u 1) u"(y)))z"
(un(x) = un(y)) (un (x) = un(y)) (un(x) = un(y)) ’
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we obtain
Juan (x) — uy (V)7
/ o |x—yNtan dydx _
/ / [wn(x) —un T ((uzm —u?,(y)))z]
yeQua MA@ L |x — y) IN+gs (n(x) — up(y))
[<<u 0(x) — uf (y)))f’ (1 () = 1n (1)) ! }
x| ———=—= X — 5 X > dydx.
(tn () = (7)) W) —uf () |y _ N g
Now using Holder’s inequality with the exponents = and q we obtain
|un (x) — un(y)lq
Jo LS aves f
U 0 () = un P |u§<x>—u2<y>|dydx]4
“Llala  lx—yNEE [t (x) — un(y)|
2_ 2—q
[/ W (x) — uf(y) ((un(X) —un(y)))H dydx ] 2
% X X 4.17)
QJa (un(x) —un(y)) f(x) —uf(y) |x — y[N=F

S|

_ 2 Oy _ 0
_ [/ ) [tn (x) — up (y)] o« |1, (x) u”(y)ldydx}
QJ&

|x — y|N+2s lutn (X) — un ()|

[N}

[ [ (Wm My))) P Wi —ul(y) | dydx ]
X X i
uf (x) — ul (y)) (p(x) —up ()~ |x —y|N-F

where we have set 8 = %fqﬁ) Then,

[t (x) — up (y) |E
Jo et <

(up(x) — Mn(y))(ua(X) —uf ()
</ / yIN +2s dydx)
2-q

/ / Up (x) — up(y) % dydx S
MQ(X)—MQ(y) x—yN=E )
Using the item i) of Lemma 2.2 and the inequality (4.16), we obtain

/ litn (x) — un (V)7
Q

|x _ y|N+qsl

R

dydx <

_ 2-7

q(l ) q(1-6) dvdx 5
C — nzf” _ ayax ,
(L ™ )« 205)

where C| is a positive constant not depending on n. By x /y symmetry, there exists a constant
C», not depending on n, such that

lup(x) — up ()’)ﬁ q(zl qg)
/QQ—|x_y|N+ES1 dydx < C; /un (x) /| _leﬁ dx
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t q(l 0) — 0= Nm(1+y)

~—a; and having in mind (4.9) we get

Observing thai

_ q
/ [t () — un ()] dydx < Cs.
alo |x—yNtas

where C3 is a positive constant not depending on n. Thus, {u,} is uniformly bounded in
W9 () for every s; < s. u]

Remark 4.1 Note that we can repeat the same lines as in the proof of Lemma 4.5 above with
the exponent g instead of g in (4.17), with 1 < g < g. We obtain that {u,} is uniformly
bounded in Wg"q(Q) forall1 < g <gandforeverys; <sand1 <m < m.

4.2.2 Passage to the limit

Now, under the assumptions of Theorem 3.1, we are going to prove the existence of solution
uto (1.1).

Proof of of Theorem 3.1 From Lemma 4.5 and by the compact embedding of WO1 “9(Q) into
LY() (see [26, Corollary 7.2] or [25, Theorem 4.54]), there exist a subsequence of {u,},,

still indexed by n, and a measurable function u € Wé : ’g(Q) such that

up—u weakly in Wy (),

u, — u innorm in L1(Q),
u, - uae.in RV,

Then

Uy (x) — uy(y) N u(x) —u(y)
|x _ y|N+2s |x _ y|N+2x

a.e.in Q.

Let p > 0 be a small enough real number that we will choose later. For any ¢ € C§°(R2) we
have

[/[I(un(x)—un(y))(w(X) w(y))l]“’p
dydx

lx — y|N+2s
_ litn () = un WPVl ooy [x — y)!' 7 dydx
- |x — leTL(l‘f’/))Sl |x — y|pN+(l+ﬂ)(25*-"l)

_ 40|y — y|(1+p)(1+s1=25)—pN
Upn (X u X
g, [ [ O dvds.

=< ||V§0||L90(Q) Ix — y|N+(1+p)s1

We now choose p to be such that (1 + p)(1 + 51 — 2s) — pN > 0. To do so, we consider s;
to be very close of s. Precisely, we impose on s the condition

max(0,1 —3s) <s—s1 <1—s5.
We point out that with this range of values of 51 and with the assumption N > 2s, we obtain

1451 —2s>0and N —1—s51 +25 > 0.
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Thus, the fact that (1 + p)(1 + 51 — 25) — pN > 0 is equivalentto 0 < p < Nljy_‘iffli‘h

Therefore, we have

//|:|(”n(x)_”n(Y))(¢(x) sD(y))I}Hp
— dydx

|N+Zs

(4.18)

_ I4+p
(1+p) (1451 —25)—pN [t (x) — un(y)|
< 1Yol g diam(@) [ [ v

Now we have to make a choice of p to prove that the right-hand integral in (4.18) is

uniformly bounded. By Remark 4.1 we have the uniform boundedness of {u,}, in Wg Q)

Nm(1+y)

N—sm(=p)* So it is sufficient to choose p such that 1 + p < g =

forevery 1 < g <gq =

%. Thus, the choice we need for p is the following
. (Nm—1)+my(N —s)+sm 1451 —2s
0<p§m1n( , )
N —sm(l —y) N—1—s1+2s

Therefore, there is a constant C > 0, not depending on n, such that

_ _ I4+p
sup/' / [(un(x) un (y))(p(x) <p(y))] dydx < C.
n JoJa

v — N2

Finally, by De La Vallée Poussin and Dunford-Pettis theorems the sequence

{ (un (x) —un () (@(x) — @(y) }

v — N2

is equi-integrable in LY x ©). Now, inserting ¢ € C§°(£2) as a test function in (4.1) yields

a(N,s) / (un(x) —un () (p(x) — (ﬂ(y))d _/ Jno
ydx =
Q

e — y|N+2s (un + )7

dx. (4.19)

We split the integral in the left-hand side of (4.19) into three integrals as follows

/(un(x)—un(y))(fp(X) <p(y))dydx

x — y[NH2

/ / (un (x) —un(y))(w(X) (p(y))dydx

|N+2s
(n(x) = uy ()@ (x) — @()) (4.20)
+/ /csz |x — y|N+2s dydx
(un(x) — upy () (@p(x) — @(y))
* /csz / x =y dydx
=L+ DL+

By Vitali’s lemma we have

nll>n(;10 f (n(x) — l;niyi)lfvwg) —w(y))dydx
(w(x) —u(y)(p) — w(y))d d
x _ y|N+2s yax
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For the second integral 7, in (4.20), we start noticing that since u, (y) = ¢(y) = 0 for every
y € C2 we can write

(un(x) —upn (YN (@(X) =) | _ lun(x)p()]

|x_y|N+25 - |x_y|N+25

for every (x,y) € Q x CQ.
As a consequence of the convergence in norm of the sequence {u,} in L' () there exist a
subsequence of {u,} still indexed by n and a positive function g in L' (2) such that
lu,(x)| < g(x) a.e.in 2,
which enables us to get

|(n () = un (@) — YD _ 18()e()]

|x_y|N+25 - |x_y|N+2s

a.e.in (x,y) € Q2 x CQ

and so we can write

X X X X
// lg( )¢15+)2|sd dx / / lg( )¢15+)2|sd dx
oJea lx —yl supp() Jeq 1X — ¥l

dy
< gl / |g<x>|[/ 7]dx
@ supp(@) cq lx — y|N+2

Since supp(¢) is a compact subset in 2, we have
|[x —y| > d> :=dist(supp(p), 02) > 0 for every (x,y) € supp(p) x CS2.

Hence passing to the polar coordinates, an easy computation leads to

/ dy _/ dz _/m/ dvdr  |SN7!|
cQ |x _ y|N+25 (2R z|>dy)} |Z|N+25 & vl r2s+l 2Sd225 .

This shows that the function (x, y) — % belongs to LY(Q x C). Therefore, by the
Lebesgue dominated convergence theorem we obtain

. (tn(x) — uy () (p(x) — @(y))
s /Q /csz e — y|VF dydx
:/ / (u(x) —u(y))(p(x) —w(y))dydx

cQ |x — y|N+2s

By x/y symmetry, the third integral /3 in (4.20) can be treated in the similar way. Finally,
we conclude that

. (un(x) = un () (p(x) — <P(y))
nggo |x _ |N+2s

[ ux) —u(n)(px) —e(y)

-, e

forall ¢ € C§°(£2). Now, for what concerns the right-hand side of (4.19), by virtue of Lemma
4.2, for any ¢ € C3°(R2) with supp(¢) = w, there exists a constant ¢,, > 0 not depending
on n such that

o

_ |flgl
(un + )7

c

0< e L'(Q).
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So that by the Lebesgue dominated convergence theorem we get

. e Sfo
Jm | A= e
Q (un +3) Qu

Finally, passing to the limit in (4.19) as n — 400 we obtain

a(N,s) [ ) —u(y)(plx) — <P(y))d dx — fo
N1 ydx = —ydx,
2 0 lx — yl Qu
forall ¢ € C3°(£2). That is u is a weak solution of (1.1). Furthermore, from (4.13) and (4.15)
we conclude by Fatou’s lemma that u € L (Q2) witho = % and 1 <m < m. O

4.3 The casey > 1:Proof of Theorem 3.2
4.3.1 A priori estimates

Lemma4.6 Let 0 < fo < f € L™(RQ), m > 1, where fy is a positive constant. Let y > 1,
s € (0, 1) and let u, be a solution of the problem (4.1). Then the sequence {u) }, is uniformly

bounded in X{(2) for every a € (max (%, W), VT'H] Furthermore, if y

4sm
satisfies
(m(zs—1)+1)y <m@s+1)—1, 421)

then {up}y is uniformly bounded in X{(S2).

Proof We shall prove a priori estimates on uj in X{3(2) for every o« such that

1 (y+DH@sm—m+1)
9

max(2 — <a§VT+1.Letnzlandlet0<8<%.Forn>0,tak-

ing (u, 4+ )" — & as a test function in (4.1), we obtain

a(N,s) f (n(x) =, (Y)) (U (x) + )" — (un(y) + 8)")d d
2 Jo yax

|x — y| N2

Q (up(x) + Y1

The passage to the limit in ¢ yields

(1 (X) — 1 () (14 (X) — 14 (y)) 2 Jn
dyd d
/Q |x — y|N+2s yax = a(N,s) Jo (u,(x) + %)V*ﬂ *

An application of the item i) in Lemma 2.2 and the Holder inequality lead to

ntl ntl 5
|Mn2 (x) _’/tn2 (Y)|

N3 dydx

0 |X — y| +2s

dx m
< C(n, N,S)Ilflle(Q)(/ - m/) .
Q (un(x)—i- %)(y )
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Let n be such that 0 < n < y. We can use (4.4) to get

nt

n+l L
|t 2 (x) —u,> WP
/ x — le“s e
1
dx m’
< C(n,N,S)Ilfllem)(/ 22—’ >
Q o
<T¢0(X) + I+V
nz

From [12, Lemma 4.2] we know that there exists a positive constant C > 0, depending only
on 2 and s, such that for every x € Q, ¢(x) > C8*(x), where 8(x) := dist(x, d2). Using
this, the above inequality reads as

n+l l7+1 1
lun® (X) —un” (NI dx w
/ N+2 dydx < C| fllLm (@) R w— .
| X — | S Q s(y r{)m 0
§ 7 ()
Choosing @ = % > %, we must seek for the range of « that ensures the convergence of
the integral in the right-hand side in the above inequality. If @ = V+1 the integral obviously

2s(y+1—2a)m’
y+1

.Inorderthatf € (1, 2) exists, it suffices tohave 1 < M”iﬂ This yields,

+1-2a)m’*
(y+1D)Q2sm—m+1)
4sm

converges. If o < VTH it is sufficient to have
y+1
2s(y+1—2a)m’

%(y + 1) < «. Finally, if max (%,
{u }n is uniformly bounded in X{(£2).
Furthermore, if the condition (4.21) holds then < 1 and so we can chose

o = 1 obtaining the uniform boundedness of the sequencé {un}n inu € X3(R2). O

0 < 1.If1tlsso,weget0 <

) <a < VTH then the sequence

(y+1)@2sm—m+1)

4.3.2 Passage to the limit

Proof of Theorem 3.2 By Lemma 4.6 the sequence {uj,}, is uniformly bounded in X{(£2)
and by the compact embedding in [26, Corollary 7.2] (see also [25, Theorem 4.54.]), there
exists a subsequence of {ug},, still indexed by n, and a function v, € X{(£2) such that
U — vy in L (Q) and u) — va ae. in RV, In particular, the sequence {u,} is uniformly

bounded in L" e (Q) and as “5— > 1 it is also uniformly bounded in L'(€2). Thanks to
Lemma 4.2, the sequence {u,,},, is increasing so that by Beppo-Levi’s theorem the function
u(x) :=lim,_, o 1, (x), for a.e. x € 2, belongs to LY(€). Since u,, = 0 on RN \ © we can
extend u outside of by setting u = 0 on RY \ © and then we obtain u,, — u a.e. in RV,
By the uniqueness of the limit we get v, = u® a.e. in RV, Therefore, u® € X{(2) for every

max (é W) <a < VT'H If the condition (4.21) holds, we can take « = 1

obtaining u € X{(€2).
Now, inserting ¢ € C(°(£2) as a test function in (4.1) we have

a(N,s) / (un (%) — un () (@(x) — w(y))dydx =/ fn9
Q

e — N+ (tn + )"

dx. 4.22)

The fact that u, — u a.e. in RY implies

Un (¥) —un (@) — @) wlx) —u()(ex) — ()

_ N+2s _ N+2s
lx =yl lx — ¥l

ae. in RN x RV,
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By Lemma 4.3, the sequence {u,}, is uniformly bounded in H (2) and so we have

loc

up(x) —un(y)  u(x) —u(y)
N+2s

S weakly in L*(K x K) (4.23)
x =yl 2 lx—yl 2

for every K CC . Now we choose the compact K to be such that supp(¢) C K and
set d3 := dist(supp(¢), 9K)) > 0. Using the fact that u,(x) = u,(y) = 0 for every
(x,y) € CQ2 x CQ and ¢p(x) = ¢(y) = 0 for every (x,y) € CK x CK, we can split the
integral in the left-hand side of (4.22) as follows

/ (tn(x) — uny (y))(@(x) — fp(y))dydx

|x _ y|N+23
(un (x) — un(y))(w(x) ()
/RN A{N |N+2g dydx

. / (uy(x) — un(y))(w(x) - <p(y))d dx
~JiJk =y g

(n (x) — up, () (@(x) — @(y))
+/ /CK |x — y|N+2s dydx

(U (x) — 1y () (@(x) — @(¥))
+/CK/ |x — y|N+2s dydx

=L+ 12+ 13.

In order to pass to the limit as n — 400 in I,}, observe that for all ¢ € C{°(2) C H*(Q),
we have

(x) — o(y)
N+2t

lx — yl

e L*(Q x Q).

Then, by (4.23) we get
fim 1! — / / () — U@ =GN,

|x _y|N+25

n—00

For the integrals 12 and I}, we follow some ideas as in the the proof of Theorem 3.1 claiming

that
lim 12 = f / () — U@ =0
CcK

n—00 |x _y|N+23

and

lim 13 = / /(u(X)—u(y))(w(X)—w(y))dydx
CK

n—o0 |x_y|N+25

Indeed, let us start with the second integral I,%. For every (x,y) € K x CK, using the fact
that ¢(y) = O for every y € CK, we have

[wn ) =un YN (@) =D~ [un()e()] + lun (M)
[x—y|NV+2s = la—yVEE T x2S (4.24)
= |Gp(x, y)| + [Hp(x, y)I.
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We shall prove that the sequence {H, (x, y)} is uniformly bounded in L'(K x CK). Since
¢(x) =0on K\supp(¢) and u,(y) = 0 on C2, we obtain

lun ()@ (x)]
|Hy(x, y)|dydx _f / —————dydx.
/ / supp(p) J Q\K |x _y|N+2s

Since for every (x, y) € supp(p) x CK, |x — y| > d3 := dist(supp(¢),dK) > 0, we
obtain the following estimation

lell oo lsupp (@)
|H, (x, y)|dydx < lunllpi(q)-
Jo f v i

As the sequence {u,} is increasing, then so is { H, (x, y)} and by Beppo-Levi’s theorem and
the fact that u,, — u a.e. in RY, we obtain

u(y)p(x)

| — y[NHs

Hy(x,y) — in L'(K x CK).

We deduce that there exist a subsequence of {u,}, still indexed by 7, and a positive function
h € L'(K x CK) such that

|Hy(x,y)| < h(x,y)ae. in K x CK. (4.25)

As regards the sequence {G,(x, y)}, we write

[ [ Guwivar= [ gl [ s
supp(p) yl

|SN 1|||<P||L°<>(Q)||Mn||L1(Q)
dZSZS

As above, the sequence {G, (x, y)} is increasing and by Beppo-Levi’s theorem and the fact
that u, — u a.e. in RV, we obtain

u(x)p(x)

1
mmL (K x CK).

Gu(x,y) —

Again we deduce that there exist a subsequence of {u,}, still indexed by n, and a positive
function g € L' (K x CK) such that

|Gn(x,y)| < g(x,y)ae. in K x CK. (4.26)
Combining (4.24), (4.25) and (4.26), we obtain
[ (x) — un (Y)(@(x) — ()|

|x _y|N+25

<g(x,y)+h(x,y) e LY(K x CK),

for every (x, y) € K x CK. So that by Lebesgue’s dominated convergence theorem, we get

lim 12 = / / ) = uO @) =)
CK

n— 00 |x_y|N+2s

By x/y symmetry, one has

lim 13
n—o0

/ / (M(X)—u(y))(<ﬂ(X)—<ﬂ(y))dydx
CK

x — y[NH
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Then, we conclude that

f (un (%) — un(y)(@(x) — (p(y))dydx

|x _y|N+2s

:/ (u(X)—u(y))(<p(x)—<p(y))d d

|x _y|N+25 ’

for all ¢ € C5°(2). As regards the right-hand side of (4.22), we follow the same arguments
as in Theorem 3.1 to obtain

lim fn</) ————dx = f—wdx
n—>oo Jo (un + )y Q uv

Finally, the passage to the limit in (4.22), as n — 400, shows that u is a weak solution of
1.1). O

4.4 The casey > 1:Proof of Theorem 3.3
4.4.1 A priori estimates

Lemma4.7 Assumey > 1. Lets € (0, 1) and f € L"(Q2) withm > 1. Let u,, be a solution
of the problem (4.1). Then the sequence {uy,}, is uniformly bounded in X(Q2) for every

o€ <max (%, w), VT'H] Furthermore, if y satisfies

2sm

m—1
l<y<l4+——oy 4.27)
sm

then {uy}y is uniformly bounded in X{(S2).
Proof Before estimating the sequence {1}, in X{(£2), we need to prove that
un(x) > Cp8*(x), ae.in Q, (4.28)

where Cyp > 0 is a constant not depending on n and §(x) := dist(x, 9€2). Observe that

0< (uli‘])y € L*°(L2). Thus, applying [12, Lemma 4.2] we get

1) gs )
5 = C g air® Mdy = C [ T 7070 Ny

. CSOK,0Q)
2 Co = Tl 07 Jx 1)y

where K is an arbitrary compact in 2. By Lemma 4.2, the sequence {u,}, is increasing and
therefore the inequality (4.28) is satisfied.
Now, we shall prove a priori estimates on u{, in X (2) for every « such that

(l sm(y—l—l)—m+1)<a<y+l
2’ 2sm -2

Letn > 1landlet0 < ¢ < % For n > 0, taking (u, + €)"7 — €' as a test function in (4.1),
we obtain

a(N,s) / (1 (%) — un () ((Un (x) + )" — (un(y) + 8)'7)

|x _ y|N+25
< / #dx
Q (un(x) +)r="

max
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By Fatou’s lemma we can pass to the limit in & obtaining

/' (un (x) = un () (1t (x) — MZ(y))dydx .2 Jn

=< dx
lx — y|N+2 a(N,s) Jo (u,(x) + Lyr—n

Then, an application of the item i) in Lemma 2.2 and the Holder inequality respectively yield

L Eal
2 (x) —u,’ (y)‘ dx
Ix — y|N+2 dydx < C(n, NJ)Hf”LM(Q)(/Q M)

Let us choose 0 < n < y. The inequality (4.28) implies

5

Q

Wy
@ - 0|
v — N2

dydx <

© 1

(n=y)s dx "
a1, N, 9)C} ||f||L'"(Q)< /Q 5<y—n>sm'(x)> .

Now, choosing o = 'H'l one has 1 7 <a= V'ZH and then

o _ 2
/IM(X) u(y)|ddx§

|x _y|N+Zs
€1

dx m’
C(, N, S)C('7 }/)s”f”L”’(Q)(/Qﬁ) .

sy 20+1)sm ()C)

Observe that the integral in the right-hand side of the above inequality converges if and only
if (y —2a+1)sm’ < 1, thatis smyAD=mtl o Therefore, the sequence {u}, } is uniformly

2sm
bounded in X{(£2), for every « € (max (%, W) , YTH)
In particular, if (4.27) holds then % < 1 and so {u,} is uniformly bounded in
X5() m]
0(9).

4.4.2 Passage to the limit

Proof of Theorem 3.3 We use similar arguments as in the proof of Theorem 3.2 obtain-

ing that u := lim,_ o u, is a weak solution to (1.1) and u® € Xs(Q) for every
max (%, W) <a < VTH Furthermore, if (4.27) holds then W <1
and so u € X{(2). O

4.5 The case ¥ > 1:Proof of Theorem 3.4

Proof of Theorem 3.4 Let y > 1 and let u,, be a solution of (4.1). Let 0 < ¢ < % n > 1. For
n > 0, taking (u, + &)" — & as a test function in (4.1), we follow the same lines in the proof
of Lemma (4.7). We obtain

'H—l n+l1 2

| ' 0w’ ;e
, ydx <C(n, N,s) X.
0 lx — y|N+2s supp(f) Uy,
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Now, let us choose 0 < n < y and set o = "—;1, we get
2
/ ug () — ug (v)| e = ;o
——dydx <C(n, N, s ———dx.
0 |x _ y|N+25 supp(f) u;: Qa—1)

Applying Lemma 4.2, we obtain

2
u () = g )| ConN.5)
/ —dey xEm”f”L'(Q)-
o b=l supp(f)
It follows that {u{} is uniformly bounded in X{(£2) for every o € %, VTH

Arguing as above, it’s easy to see that u := lim,_,« u, is a weak solution of (1.1) and

u® € X§(Q) forevery « € (%, VT'H] ]

4.6 Uniqueness : Proof of Theorem 3.5

Proof In order to prove the uniqueness of finite energy solutions, we assume that there exist
two weak solutions 1 and up € X(2) to (1.1). By Lemma 5.4 the weak solutions u; and
uy both satisfy (5.3). By [38, Proposition 3] we have (u; —u2)™ € X{(2), hence (u; —uz)™
is an admissible test function in (5.3). Taking it so in the difference of formulations (5.3)
solved by u; and u, we arrive at

(1) = u200) = (01 0) = w26 (@1 = w2)*(6) = iy = w2)* ()

0 |x_y|N+25 dydx
: /f()(l 1)( ()
= )N ——— | —u x)dx.
a(N,s) Jo u’l/ u; ! :
Observe that for any function g : RN — R the following inequality
(g(x) — gt (x) —g" () = (g7 (x) —g*(»)?
holds true for every x, y € RN It follows that
I = u2)" 35 ) = 0.

which gives u» > u;. By the u1/u; symmetry we obtain u| = u». O
5 Some regularity results
We point out that if £ € L™ () with m > 7 = ({2)' = gy52 5 then following

the same lines as in the proof of [11, Lemma 3.4] we can prove that the sequence {u,}, of
non-negative solutions of the problem (4.1) is uniformly bounded in Xé(Q). Furthermore,
testing by a C° (€2)-function in (4.1) one can pass to the limit and obtain that u := lim,, . u,
is a weak solution for the problem (1.1) in the sense of Definition 2.1. In this section we give
some further summability results of this weak solution u.
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Lemma 5.1 Suppose that 0 < y < 1. Let u be the weak solution of (1. ]) corresponding to

25V 2* ’
_ Nm(y+1)
where o = N—2sm "

Proof Let u, € X3(2) N L*°(2) be a solution of the problem (4.1). Inserting u" 0 >1,as
a test function in (4.1) we get

‘/‘(un(x)—-un(y»(uz(x)—-uZ(y))d e <
x — y|Ns Y ﬂN)

/ fnun y(x)dx

Applying the item i) in Lemma 2.2 in the right-hand side and Holder’s inequality in the left
hand-side, we get

0 (0T =y (1) P2 1,
— G
R wwsawmm(é<ymmm>.

@+1)?
= 20a(N,s)*

/ Iun(X)I
Q
N(O+1) /

with C>» = (S(N, s)Cl)ﬁ. Now we choose ¢ > 1 in order to get = = (0 — y)m’,
that is

Q

where C; = Applying fractional Sobolev’s inequality, we obtain

N
< 0—ym m (N=2s)
P ax < C2||f||£’m(2m</ uG-rim (x)dx) ,
Q

_ Nm—1)+ym(N —2s)
h N —2sm ’

Observe that & > 1 and

NO+1)  Nm@y+1)
N—2s  N-—2sm

In addition the assumption m < % implies < 1. Then it follows

__N
m'(N—=2s)

m(N—=2s) Nm
N-2 N—2s
/ [t ()] T dx =G NS gy -

Nm(y+1)

N—-2sm * o

By Fatou’s Lemma, we obtain u € L (Q2) witho =

Remark 5.1 In the particular case where m = (2;‘)/, we obtain u € LUV (€2) which is

exactly the result stated in [11, Proposition 3.8]. While if s = 1 the exponent of summability
_ Nm(y+1)

N—2sm_ coincides with the one given [15, Lemma 5.5] in the local case.

Lemma 5.2 (Limit case : Exponential summability) Assume that y > 0. Let f € L%(Q)
and let u be the weak solution of the problem (1.1) given by Theorem 3.3 ify > 1 or given

N+
by [18, Theorem 3.2.] if 0 < y < 1. Then there exists . > 0 such that e e e LYQ).

Proof Let us start with the case y > 1.For A > 0, we consider the locally Lipschitz function
t— () = (M — 1) 5 . Let u, € X{(S2) N L°°(£2) be a non-negative solution of the
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problem (4.1). Since ¥ (0) = 0 and we can take ¥’ (u,)¥ (u,,) as a test function in (4.1). As
y > 1, the function v is convex so that according with [38, Proposition 4.] we arrive at

a(N,s) [ 1Y) x) = ¥ @)W

2 0 |x_y|N+2s

A U U)W () (— D)y (x)dx

dydx

. In
/Q ml/f (un) ¥ (up)dx.

Using the Sobolev inequality, we obtain

2S(N,s) f

”w(un)an*(Q) W y Iﬁ (un) ¥ (up)dx.

1__
£ - 1 < e“ for every a > 0, we get

V)Y _y+ 1

u% -

AL D < C (A g2 (uy) + C, p),

where we have set C(y) = 27 VTH andC(A, y) = s C(y). Then, using Holder’s inequal-
ity we obtain

_ 2SN, 5)C(y)ar+!
(9) a(N,s)

28(N, s)C(y)ar+!
= a(N,s) ”f”Lz © HW(M”)”LZ*(Q)

FCR. . DAy

IIW(un)IILz* / [ w) +COLy, DI x

L% @

(@)

SINHCONfIl w7 H
L2s

Choosing A > 0 to be such that T < 1, we deduce that

N(+y)
/gAN —2s u"d_x<c
Q

where C is a constant not depending on n. Applying Fatou’s lemma, we conclude the result.
We turn now to the case y < 1. We consider the convex and locally Lipschitz function
1
t— Y(t) = ¢ 7 _ 1 and we insert ¥/ (un) ¥ (uy,) as a test function in (4.1). Again by [38,
Proposition 4.] and the Sobolev inequality we obtain

25(N. 5) f

”w(”n)”Lz*(Q) a(N.s) y Iﬁ (U)W (uy)dx.

Since 0 < VTH < 1, we can apply the inequality in the item iii) in Lemma 2.2 obtaining
vl
gT)””"( Aty 1) :
V)Y v+ _

ul -2 uy
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vl
Noticing that u,, > < ul on the subset {u, < 1} := {x € Q: u,(x) < 1}, we can write

v+l

e feVT-H)“”" (ekun _ I)T
fyw ¥ (un)dx < L2 f dx
Qu 2 {un<1} T
n
1 1 v+l
+%x/{ 1}fe%’\“"(e)‘“” —1)7 dx.
Uy >

Using the elementary 1nequahty €=l < ¢4 which holds for every a > 0, in the first integral
in the right-hand side of the prev1ous 1nequa11ty, we obtain

1 3
/ ywun)w(un)dw—y; VT / felr i
{un<1}

y+1

+—Af feV DM gy
2 S

)/ + 1)\* (V—H)?»/ fdx
2
+7x/ F@W(un) + 1)*dx.
Using the fact that ( (u,) + 1) < 2(¢ (u,)* + 1), we get

IAVT“e(VH)A/ Fdx
Q

/ ylﬂ ()Y (up)dx <

iy + / FOP ) + Ddx

= (- ; L3 o 1 1 f fdx
0+ 0 [ 9P,
An application of Holder’s inequality with the exponents % and % gives
1@l g, = 5830 + DT et 4 2x)|sz|f 17,2 o)
BTN, 5 W P g
Therefore, choosing A > 0 such that 1 < 5 SV (;ﬂ’)s”) T Ve obtain

L2 (Q)
N(4y)
/ AN g <C,
Q
where C is a constant not depending on 7, and by Fatou’s lemma we conclude the result. O

Remark 5.2 Recall that the inequality e* > ’,‘(—I: holds for every x > 0 and k € N. Thus, we
conclude that u € L"(2) for every r < oco.
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Appendix

We start by proving the following lemma which we have used in the proof of Lemma 4.4.

Lemma5.3 Let F(x) =x", 0 < r < 1, for every x > 0. Then for every function v : RN —

10, 4+-o0[ that satisfies
_ 2
/ / [v(x) —v(y)] W@ ZvOIIE e« oo
=N JrN |x_ |N+2s

we have
(=AY (Fov)(x) <
p _ 2 (5.1
F'(v(x)(—A) v(x) — MCl(N’ s) M
r Ry |x — y[NF2S
Proof Following [20, Lemma 2.3.], we can use Taylor’s formula obtaining for every (x, y) €
RN x RN
F(y)) — F(v(x)) = F'(v(x))(v(y) — v(x)) + R(F), (5.2)
where

v(y)
R(F) = /( : () = F"(tdt

1
= ((y) - v(x))2/0 (1 =) F"(w(x) +s0(y) — v(x)ds.

On other hand, since the function F” is increasing we have
1 =s)vx) <vx)+s(@) —vx))
= F'((1 = )vx)) < F'(wx) +s@(y) — v@x))).

Hence, it follows

—R(F) < —(w(y) — v(0))? f3 (1 = $)F"((1 = $)v(x))ds

= —(0() — V@) F @) fy (1 —s)~"ds.
Then, from (5.2) we obtain

/ F"(v(x)) 2
Fo@) = Fuy)) = Fo@)@E) —vl) - ———00) —vEx)"

Dividing both sides of this inequality by |x — y|¥*2 and then integrating with respect to the
variable y we arrive at

a(N,$)P.V. [ FELEO) gy < F'(v(x))a(N, s)P.V. [ 0D gy

‘X_y|N+23 lx— }|N+25
_F,/(:(x))a(N,S)P.V.fR - v(x)) d

|x— y|N+2x

which proves (5.1). O
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In the following result we extend the space of admissible test functions in (2.4).

Lemma5.4 Letu € X{(2) be a solution of the problem (1.1) taken in the sense of Definition
2.1 with f € LY(Q). Then for every ¢ € X5(R2) we get - M e LY(Q) and
a(N,s) / (u(x) —u(y) (¢ x) —¢>(y))d fo
ydx

=T e (53)

Proof Take an arbitrary ¢ € X(2). By [29, Theorem 6] there exists a sequence {@,}, C
C§°(2) such that ¢, — ¢ in norm in H* (RN). Writing (2.4) with ¢, € C5°(€2) we obtain

a(N,S)/ ((x) — u(y))(@n(x) _(p"(y))dydx :/ f(p"dx
Q u

|x _ y|N+2s

5.4

in which we shall pass to the limit as n tends to +oo. Starting with the left-hand side of (5.4),
we consider the following two functions

Fatr) = LG ana i,y = PR
Ix—yl 2 x—yl =z

Notice that the convergence ¢, — ¢ in norm in H*(R"Y) implies that the sequence
{F,(x, y)}, converges to F(x,y) in L%(R?N) and, up to a subsequence if necessary, we
can assume that { F;, (x, ¥)}, converges almost everywhere in RZV,

Asu € X} () we have W) ¢ 12(R2N) implying

[x=y|" 2
(u(x) — u(y))(tpn(x) ©n(y))
n%oo/ y|N+2Y dydx
_ / (u(X) — u(y))(¢()€) — ¢(y))d dx
- 0 lx — y|N+2s y

For the term in the right-hand side of (5.4), we first note that thanks to [38, Proposition 3.]
the two functions (¢, — ¢x)™ and (¢, — @)~ are both admissible test functions in (2.4).
Taking them so we obtain

/Q uiy(gon — o)t (x)dx
__a(N,s) / (w(x) — u(y)((@n — )T (x) = (@0 — ‘Pk)+()’))

- |x _y|N+2s

dydx

and

/Q uiy(wn — @) (x)dx
_ a(N,s) / wx) = u(yN((@n — @)~ () = (@0 — @)~ ()

|x — y|NFs

dydx.
Then, summing up both the two equalities we have

f

uv

a(N 9 / @@ = u) (Ien() = 0] = len () = @11 )

|x_y|N+2s dydx

(/’k’dx

a(N 5 / ) = w1 () = (@) = (@n () —w(y))\dydx

|x _y|N+25
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and then the Holder inequality implies
/ ’fwn fwk‘dxfa(N,s)
Q 2

" " lleellxg ) llon — @rllxg (-

Thus, we deduce that { Lon } is a Cauchy sequence in LY(Q). Since ¢, converges to ¢ a.e.
n

u’
Sfon
u?

in 2, the sequence [ converges to % € L'(Q) innorm in L' (). So that the passage
n

to the limit as n tends to infinity in (5.4) yields
a(N,s) [ (u(x) —u(y)(¢x) _d’(y))dydx _ fi)dx’

2 0 lx — y|N+2s QU

for every ¢ € X3(R). O
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