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Abstract
We study the Sobolev critical Schrodinger equation with combined power nonlinearities

2N
—Au =+ [ul V220 + plul? %, x e RY

/ |u|2dx =a°.
RN

For a L?-critical or L2-supercritical perturbation g |u|9~2u, we prove existence of normal-
ized ground states, by introducing the Sobolev subcritical approximation method to mass
constrained problem. Our result settles a question raised by N. Soave [22]. Meanwhile, the
Sobolev subcritical problem is treated again by using the Pohozaev constraint, Schwartz
symmetrization rearrangements and various scaling transformations.

having prescribed mass

Mathematics Subject Classification 35J20 - 35Q55

1 Introduction and main results

In this paper, we study the existence of ground state standing waves with prescribed mass
for the nonlinear Schrodinger equation with combined power nonlinearities

P00+ AV 4+ WP 2 4+ uly)? 2y =0, (1,x) e Rx RV, (1.1)

< 2% := 00, N=1,2,
<2*:=2N/(N —2), N > 3.

fundamental contribution by T. Tao, M. Visan and X. Zhang [23], the NLS equation with
combined nonlinearities attracted much attention, see for example [1,6,7,11,12,15,18,19,26].

where N> 1,u>0and2 <g < p { Starting from the
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Standing waves to (1.1) are solutions of the form ¥ (¢, x) = ey (x), where A € R and

u : RN — C. Then u satisfies the equation
— Au =+ [ulP2u+ pu?%u, x e RV, (1.2)

A possible choice is to fix A € R and to search for solutions to (1.2) as critical points of the
action functional

1 A 1
Tp.q (1) :=/ <7|Vu|2—f|u|2—f|u|"—5|u|q) dx,
RV \2 2 P q

see for example [2,17] and the references therein.
Alternatively, one can search for solutions to (1.2) having prescribed mass

/ lul?dx = a”. (1.3)
RN

In this direction, define on H := H'! (]RN , C) the energy functional

1 I
Epq(u) = 7/ \Vu|dx — f/ |u|de—ﬁ/ |u|9dx.
' 2 Jry p JrN q JrN

It is standard to check that £, ;, € C !"and a critical point of E p,q constrained to
Sa={ueH'®R",C): / u* = a®)
RN

gives rise to a solution to (1.2), satisfying (1.3). Such solution is usually called a normalized
solution of (1.2). In this method, the parameter A € R arises as a Lagrange multiplier, which
depends on the solution and is not a priori given. In this paper, we will focus on the existence
of normalized ground state of (1.2), defined as follows:

Definition 1.1 We say that u is a normalized ground state to (1.2) on S, if
Epqu) =zpq :=Inf{E, () :v € Sy, (Epgls,) (v) =0}
The set of the normalized ground states will be denoted by Z, ,.

In the study of (1.2-1.3) an important role is played by the so-called L2-critical exponent

NP
P=2+

A very complete analysis of the various cases that may happen for (1.2-1.3), depending on
the values of (p, ¢), has been provided recently in [4,9,10,21,22]. See [21] for the cases
N > 1and p < 2%, [9,10,22] for the cases N > 3 and p = 2*, and [4] for the cases N = 1,
p = 400 and g < 6. See [20] for the Schrodinger equation with combined nonlinearities
on metric graphs. For a L2-critical or L2-supercritical perturbation ¢ > p and the Sobolev
subcritical case p < 2%, [21] obtained the following results to (1.2):

Theorem 1.2 Let N > 1,a >0, u > 0and p < q < p < 2% Ifqg = p, we further assume
that ;w% < (&N)%, where ay is defined in (2.1). Then E, 4|s, has a critical point u at
positive level E, 4 (u) > 0, with the following properties: u is a real-valued positive function
in RV, is radially symmetric, is radially non-increasing, solves (1.2) for some A < 0, and is
a normalized ground state of (1.2) on S,.
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Remark 1.3 In fact, [21] did not consider the case ¢ > p of Theorem 1.2, while it also holds
by repeating the proof for the case ¢ = p. In this paper, we will give Theorem 1.2 another
proof, which is useful to the proof of Theorem 1.4, so we write it here in a unified form.

However, for the L?-supercritical and Sobolev critical case p < ¢ < p = 2*, a condition
uaVta=Na/2 < o(N, g) is added to get similar results as to Theorem 1.2, where a(N, q)
is finite for N > 5, see [22] for more details. Inspired by the results of the unconstrained
problem considered in [14] and [17], we guess that the condition maybe can be removed
when ¢ is close to 2*. Fortunately, we succeed to do it in the full interval p < ¢ < 2* and
obtain similar results as Theorem 1.2 for the Sobolev critical problem. Our result settles an
open question raised by N. Soave [22].

Theorem 1.4 Let N >3,a >0, u > 0and p < q < p =2* If g = p, we further assume
4 4
that wa™ < (ay)N. Then Ep 4|s, has a critical point u at positive level 0 < E, 4(u) <

%S%, with the following properties: u is a real-valued positive function in RN is radially
symmetric, is radially non-increasing, solves (1.2) for some ). < 0, and is a normalized
ground state of (1.2) on S,. Here S is defined in (3.2).

Remark 1.5 In Theorem 1.4, we only improve the result of [22] for the case ¢ > p, while it
is the same as that of [22] in the case ¢ = p. Since the proof will be done in a uniform way,
we write it here.

Remark 1.6 When ¢ > p, similarly to [22], to prove Theorem 1.4, a key step is to show

that ¢« 4, < %S % which will be obtained by choosing appropriate functions. To do this,

in Lemma 6.4 of [22], they first constructed u. and v = a "f;(ﬁ; , and then estimated the

maximum of Wy, (7) := Ep« 4((ve)). In view of the expression of W,,_ (1) and the estimates
of u., the lower bound of the maximum point 7,, of W,_(7) was needed and thus a condition
;LaN”’Nq/z < (N, g) was added for N > 5. To remove this condition, in this paper,

we will use a different transformation to define ve = (¢! ||ue ||2)¥u6 (@ Yuellax) and
subsequently obtain a different expression of W, () (see (3.3)). In this case, by using the
estimates of u. and the fact that ¢+, > 0, we can easily show that 7,, € [79, 71] with
79, 71 > 0 and then obtain the upper bound of ¢;+ , without adding additional conditions,
see Lemma 3.3.

Remark 1.7 Following the proof of Theorem 1.7 in [21] word by word, we can show that
under the assumptions of Theorems 1.2 or 1.4,

Z,.4 = (€' |u] for some 6 € R and |u| > 0 in RV}
—iAt

and for any u € Z, ,, the standing wave e™'*'u(x) is strongly unstable.

Remark 1.8 By Lemma 2.6, any normalized ground state u of (1.2) satisfies equation (1.2)
with some A = A(u) < 0. For such fixed A, it is natural to consider the ground state of (1.2),
which is a solution w € H!'(RY, C)\{0} of (1.2) satisfying

Jp.qw) =inf{J, ) : v e H' RN, ON0}, /) (v) =0},

It is an open question whether a normalized ground state of (1.2) is a ground state of (1.2)
with fixed A < 0.

In the proofs of Theorems 1.2 and 1.4, the Pohozaev set

Ppg ={uecSy: Ppyu)=0}
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plays an important role, where
Py (u) = / |Vul?dx — y,,/ lu|Pdx — py, / lu|?dx
RN RN RN

_N(p-2) N N
g 2p 2 p

It is well known that any critical point of E), 4|5, belongs to P, ,, as a consequence of the
PohoZaev identity (we refer for instance to Lemma 2.7 in [8]). Moreover, P), , is a natural

constraint, see Lemma 2.6. So it is natural to consider the minimizing problem

and

cpg = inf E, ,(u)
p-a uePpq b4

and define

Cpg={uePyy:Epqg)=cpgqy}l

For the Sobolev subcritical problem, we can show that ¢, 4 is attained by using Schwartz
symmetrization rearrangements. For the Sobolev critical problem, we can show that ¢, 4 is
attained, by introducing the Sobolev subcritical approximation method, which has already
been used to deal with problems without mass constraint (see [13,14,17]). To our knowledge,
it is the first time this method is used to discuss mass constrained problems. During the
proofs, the following various expressions of £, ,(u) constrained on P, ,

o 1
Epg)=(z—— / \VulPdx + (L~ = M/ lul9dx
! 2 pyp RN pyp q RN
o 1
_ (7 _ 7)/ Vuldx + (ﬁ - —)f ulPdx
2 qyq/) Jry qvq p/) Jry
1 1
= (ﬁ—f)/ Iulpdx—i-(yfq—*)ltf |u|?dx
2 p) JrN 2 q RN

play an important role.

This paper is organized as follows. In Sect. 2, we cite some preliminaries and give the
proof of Theorem 1.2. Section 3 is devoted to the proof of Theorem 1.4.

Notation: For r > 1, the L'-norm of u € L'(RY, C) (or of L'(RY,R)) is denoted by
llu]l;. We simply write H for H (RN, C), and H' for the subspace of real valued functions
H'(RY,R).

2 Preliminaries and proof of Theorem 1.2

The following Gagliardo-Nirenberg inequality can be found in [24].
Lemma2.1 Let N > 1l and 2 < p < 2% then the following sharp Gagliardo-Nirenberg
inequality
1—
lully < Cnpllully” " 1 Va3’

holds for any u € H, where the sharp constant Cy p is

N(p-2)
cl - 2p <2N+(2—N)p> 1
NeTONT2-Np\ Np-2) 10,115
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and Q, is the unique positive radial solution of equation
—AQ+ 0 =101"70.

g 1 > OF equivalently,
I Qﬁ ”2

In the special case p = p, Cf, 5=

N/4

1052 = =:ay. .1

p
N.p
The following lemma is useful in concerning the uniform bound of radial non-increasing

functions, see [3] for its proof.

Lemma2.2 Let N >3and1 <t < +o0. Ifu € L'(RN) is a radial non-increasing function
(i.e. 0 < u(x) <u(y) if |x| > |yl), then one has

lu(x)| < x| =N/ (

1/t
|SN_1|> ||M||[, -x?éO’

where |SN 71| is the area of the unit sphere in RN .
For any u € S, and T > 0, we define
N2y (rx). 2.2)

ut(x)=r1

Then u® € S, and for any 7 > 0,

! 1
Epq®) = *TQ/ |Vu|*dx — —I%P—N/
2" Jen P

u|Pdx — ﬁr%q—’v/ lul%dx (2.3)
RN q RN

and
Py ") = 1:2/ |Vul?dx — ypr%—N/ lu|dx — uyqr%q—N/ lu|?dx.
R¥ R RW
The following lemma is about the properties of £, ,(u") and P, ,(u").

Lemma23 Let N >1,a >0, u > 0and

_ <oo, N=1,2,
P=4=<P) <o N>3.

If g = p, we further assume that Ma% < (t_lN)%. Then for any u € S, there exists a unique
79 € (0, 00) such that P, ,(u™) = 0. Moreover, 1 is the unique critical point of E, ,(u*)
and Ep 4(u™) = maxce(0,00) Ep,q ). In particular, if P, 4(u) <0, then 19 € (0, 1].

Proof Set P, ,(u") = 12g(7), where
g(n) = / |Vu|2dx — ypr%P_N_Q/ lu|Pdx — uyqt%q_N_Z/ lu|?dx.
RN RN RN

Whenﬁ<q<p,wehave%p—N—2>%q—N—2>O.When13:q<pand

/La% < (EzN)% , we have %p —N-2> %q — N —2 = 0 and by the Gagliardo-Nirenberg
inequality,

1Yy / | luldx < uyy €y (a® Va3 < [ Vul3.
R
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Hence, in both cases, g(r) > 0 for 7 > 0 small enough, g(tr) < 0 for t large enough, and
g'(r) < 0fort € (0, 00). So g(r) has a unique zero 1o as well as Pp 4 (u®).

By direct calculations, we have E;yq wH)=t"" Py qW®), Epgu®) > 0forz > 0small
enough and lim;_, o E, 4 (") = —00. Thus, 19 is the unique critical point of £, ,(u*) and
Ep,q(um) = MaXzeg(0,00) Ep,q(ur)~ O

The following lemmas are about the properties of ¢, ; and C, 4.
Lemma24 Let N >1,a >0, u > 0 and
_ <oo, N=1,2,
P=4<P) <o N>3.
If g = p, we further assume that ,ua% < (&N)%. Then cp 4 > 0.

Proof By Lemma 2.3, P, , # .
Case 1 (p # 2*). Forany u € P, 4, by the Gagliardo-Nirenberg inequality (Lemma 2.1),
we have

/ |Vu|2dx:yp/ |u|”dx+uyq/ lu|9dx
RN RN RN

pl=yp) rY q(1=vq) qY.
< VpCﬁ,,pllullz PIVully™ +W4C7V,qllullz “NVull,™

— qY. — pPY
=y, Chy @ 0NVul3 4y, CR a? T [Vl

2.4)

If p < g < p, then py, > qy, > 2. (2.4) implies that there exists a constant C > 0 such
that ||Vu||% > C. Consequently,

J/p/ Iulpdx—i-uyq/ lu|?dx > C.
RN RN

If p=¢g < pand ua% < (&N)%, then py, > qy, = 2, ;Lquf\, qa‘f(l_)"l) < 1.(24)
implies that there exists a constant C > 0 such that ||[Vu |I§ > C. Thus, it follows from (2.4)
that

Vp /RN lulPdx > (1 —_ M)/qc;iquaq(l—%;)) ||Vu||% > C (1 _ Mchlqquaq(l—yq» )

Any way, there always exists Cy > 0 such that for any u € P, 4,

1 1
Epgu) = (22—~ f ulPdx + (% - = u/ uffdx = C1. (2.5
’ 2 p/) JrN 2 q RN

which implies ¢, ; > 0.
Case 2 (p = 2*). Similarly to Case 1, just in (2.4), we estimate the term fRN |u|2*dx by

using
N_
/ l® dx < (fRN 'V”'Qd"> o
RN - S

see (3.2). O

Lemma25 Let N > 1,a >0, u>0and p <q < p < 2* Ifq = p, we further assume

4 - 4 . . ... . .
that pa™ < (ay)N. Then cp 4 is attained by a real-valued positive, radially symmetric and
radially non-increasing function.
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Proof Let {u,};°, C P, , be a minimizing sequence of ¢, , and |u,|* be the Schwartz
symmetrization rearrangement of |u,|. From Chapter 3 in [16], we have

/ IV () Pdlx 5/ |V|un||2dxsf Vi [Pdx
RN RN RN

and

/ ||un|*|’dx=f lunl'd, 1 € 1, 00).
RN RN

Hence P, 4 (Juy|*) < 0.
Let (Ju,|*)* (x) be defined as (2.2). By Lemma 2.3, there exists a unique t, € (0, 1] such

that P, 4 ((lu,*)™) = 0. Hence {(|u,|*)™};° | C Pp.4. By direct calculations, we have

Ep,q((|un|*)TH)

vp 1 v 1
—(Z=2) [ 1wy rax (2= =) [ i as
2 p) JrN 2 q RN
N 1 Ng— 1
=5t 7 (ﬁ - 7)/ lunl*1Pdx + 7,2 (ﬁ B 7) “f llun|*|dx
2  p)Jry 2 q RN

<E,q (un).

(2.6)

That is, {(|u,|*)™}°2, is a minimizing sequence of c,, . Reversing the proof of Lemma 2.4,
we can show that {(Ju,[*)™}72 | is bounded in HY(RYM). Hence, there exists ug € H!(RY)
such that (Ju,|*)™ —ug weakly in H'(RY), (lu,|*)™ — ug strongly in L'(RV) with ¢ €
(2,2*) and (Ju,|*)™ — ug a.e. in RY. Consequently,

/N luo|?dx < hnrgiogf/N |(Jun )™ |2dx = a?,
R R

/ |Vu0|2dx§liminf/ IV (|lun )™ |?dx,
RN n—0o0 RN

Yp 1 / Yq 1 /
E ymy s (Y22 Pax + (Y4 - 2 Yix = cp g,
p,q((|“n| )™) < ) P) . [uo|Pdx + < ) q 1 " luo|?dx Cp.q

which imply that ug # 0 and P 4 (ug) < 0.
2 2
Set fyw luol?dx := ¢ < a? and define ii(x) = (coa~") 72 ug((coa™") ¥ x). Then

/ li|?dx = a2, / |it|Pdx =f luolPdx,
RN RN RN
- _1, Ha=p)
lit|7dx = (coa™") »~2 lugl?dx > lugl?dx,
RN RN RN

-2 1 2[2N+p(2—N)] 2 2
|Viu|“dx = (copa™ ") Ne-D [Vugl“dx < [Vug|dx.
RN RN RN
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Hence P, ,(it) < 0. So there exists 79 € (0, 1] such that z™ € P, , and

1 1 1
Epq(i™) = (5 - —)/ V@) Pdx + (ﬁ - —)/ @) |Pdx
qYq RN qYq p RN

o N\ N,
<7 - —) 102/ \ViilPdx + (ﬁ - —) " N/ |i|Pdx
2 qy RN qvq P RN

1 1 ) 22N pC-N) )
= — — | t5(coa™") Nr-2 / [Vug|=dx
2 qYq RN

1 N
+ (Lp - 7) L N/ lup|Pdx
qu P RN (27)

1 1 1
(o) [ s (222 [ e

2 qyq) JrN q9Yq P/ JRN

1 1

< liminf{(f - —)/ IV (Jun*)™ Pdx

n—00 2 qVq RN

1
(2= ) [ 1wy ra
qVq P/ JRN

By the definition of ¢, 4, we obtain that E, ;,(u™) = cp 4, 10 = 1 and ¢9 = a. Hence,
ug € Ppg4 is a real-valued nonnegative, radially symmetric and radially non-increasing
minimizer of ¢, 4. By the strong maximum principle, ug > 0 in RV, O

=Cpyq-

Lemma26 Let N >1,a >0, u > 0and

_ <oo, N=1,2,
p=q<p <2 N >3.

If Cp 4 is not empty, then for any u € Cp 4, there exists . < 0 such that u satisfies equation
(1.2). Moreover, Cp g = Zp 4 and |u| € Cp 4.

Proof For any u € C, 4, there exist A and 7 such that

— Au— ulP U — plulu = du+ n[—=2A8u — pyplul?2u — pqyylul?ul,
(2.8)

or equivalently,
—(1 =2 Au = du + (1 = npyp)lul?2u + u(l — ngyy)|ul’>u.

Next we show = 0. Similarly to the definition of P, ,(u), we obtain

(1- 2n>/ VulPdx — (1 — npypm/ ulPdx — (1 - nqu)wq/ ulfdx =0,
RN RN RN

which combined with P, ,(u) = 0 gives that

n (2/ |Vu|>dx —pyﬁ/ |u|pdx—uqy¢]2/ |u|qu> =0.
RN RN RN

If n # 0, then
2 2 p 2 9y —
2 [ 1vupar—py? [ wirdx - g} [ wivdx <o,
RN RN RN
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which combined with P, ,(u) = 0 gives that

2_
/ uPdx = ———9% [ yu2ax <o.
RN Vp(pyp _‘]Vq) RN

That is a contradiction. So n = 0.
From (2.8), P, 4(u) =0,0 <y, <y, < 1and u > 0, we obtain

Aazz/ |Vu|2dx—/ |u|pdx—M/ lu|9dx
RN RN RN
:(y,,—l)/ Iulpdx—l—u(yq—l)/ lu|9dx < 0.
RN RN

Hence A < 0.

Any normalized solution v of (1.2) satisfies P, ,(v) = 0. Hence E, ,(v) > ¢ 4 and then
Cpg = Zp.gs Cp.qg = Zp.q. Since [pn |VIu|?dx < [pn |Vul>dx, we have Py, 4(Ju]) < 0. So
there exists 7o € (0, 1] such that [u|™ € P, ,. Similarly to the proof of (2.6), we can show
that 7o = L and |u| € Cp 4. ]

Proof of Theorem 1.2: It follows from Lemmas 2.4-2.6.

3 Proof of Theorem 1.4

In this section, we first study the properties of ¢, , and then give the proof of Theorem 1.4.

Lemma3.1 Let N >3,a >0, u>0and p <q < p < 2* Ifq = p, we further assume
4
that pa™ < (&N)%. Then limsup,_, o« Cp,q < C2% 4.

Proof By the definition of ¢+ 4, for any fixed € € (0, 1), there exists u € P2« 4 such that
Eo« 4(u) < cor 4 +€. By (2.3), there exists 7p > 0 large enough such that Ep« ,(u™) < —2.
By the Young inequality

*

2—p
lul? < T _qlul"+ 3.1

pP—q *
el
—q

and the Lebesgue dominated convergence theorem, we know

1
—t%P*N/ |u|Pdx
P RN

is continuous on p € [p, 2*] uniformly with t € [0, 7o]. Hence, there exists § > 0 such
that |E, ,(u®) — Exx 4 (u®)| < e for2* —§ < p <2*and 0 < v < 719, which implies that
E,q ™) < —1forall 2* —§ < p < 2% In view of E, ,(u*) > 0 for T small enough
for every p € [q, 2*], it follows from Lemma 2.3 that the unique critical (maximum) point
Tpq of E, 4 (") belongs to (0, 1) and P, ,(u*77) = 0. Since u € Py 4, we deduce that
Eox 4 (u) = max;~q Exx 4 (u®). Consequently,

Cpg < Epqu™9) < Ey ™) 4+ € < Epx g(u) + € < cpr g + 2€
forany 2* —§ < p < 2%. Thus, limsup,,_,5« ¢p 4 < €2+ 4. O

Lemma3.2 Let N >3,a >0, u>0and p <q < p <?2* Ifq = p, we further assume
4 4
that paV < (ay)V. Then liminf, .o+ cp 4 > 0.
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Proof By Lemma 2.5, there exists a sequence {up 4}, C Pp 4 suchthat E, ;(up ) = cpq4-

By the Young inequality (3.1), we have

/ |Vup,q|2dx:yp/ |up,q|pdx+uyq/ up,ql?dx
RN RN RN

2*—p pP—q :
= <)/pm+,u)/q> /]RN Iup,q|qu+yp2* e AN |Mp,q|2 dx.

Letting p — 2%, similarly to the proof of Lemma 2.4, we can show that there exists C > 0

independent of p such that |Vu,, 4 ||% > C, subsequently, liminf , .5+ c, 4 > 0.

m}

Lemma3.3 Let N >3,a >0, u > 0and p < q < 2% If q = p, we further assume that

Ma% < (&N)%. Then cp+ 4 < %S%, where S is defined by

] Jgw 1Vuldx
S = inf T

ueD12(RN)\{0} (f]RN |u|2*dx) N
Proof For any € > 0, we define

e (x) = (x)Uc (x),

where
N-2

(N(N —2)€?) *
A

Ue(x) =

(62 + |x|2) 2
is the ground state of equation
—Au = Iulz*_zu, x e RV,

and ¢(x) € C° (RM) is a cut off function satisfying:

(@) 0 < @) <l1foranyux € RN
(b) ¢(x) =1in By, wh;cre B, denotes the ball in RV of center at origin and radius s;
(¢) (x) =0inRN \ B,.

By [5] (see also [25]), we have the following estimates.

/ |Vue?dx = ST + 0V2), N > 3,
RN

/ ue|¥ dx = ST + 0(eV), N >3,
RN

and

Ky + 0(eV7%), N =5,
/ lue*dx = { K2e2|Ine| + O(€?), N = 4,
IRN

Kae 4+ 0(€?), N =3,
where K> > 0. By direct calculations, for ¢ € (2, 2%), there exists K > 0 such that
= = 1
f luel'dx = (N(N —2)) "7 1N =57 / —————dx
R BLO (1+[xP)7T!

KV (N -2t > N,
> 1 KV e, (N —2)t = N,
Kie T, (N —2)t < N.

@ Springer
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Define ve (x) = (¢~ fluell2) “T" e (@~ ue|l2x). Then

/N lve [2dx = a2, /N Ve |2dx = /N |Vue|2dx, /N lve|¥ dx = fN lue|? dx
R R R R R

and for g € [p, 2%),
/ lvel?dx = (@ fue ) T2 N/ el dx
RN RN

> oV TN KN
U Y N =5,
> laNfT_qulqu77 X |lne|¥‘1’% N =4,
2 6%_%72‘1 N = 3

Next we use ve to estimate c+,. By Lemma 2.3, there exists a unique 7. such

that Py y(v)™) = 0 and Ez((v)™) = supragEneg((0)7). Thus, crey <
sup; g E2+ 4 ((ve)7). By direct calculations, one has
Ep 4((ve)")
1 1 * *
= fr2/ |Vve |2 dx — 152 _N/ lve|> dx — ﬁr%q_N/ |ve|?dx
2 RN 2* RN q RN
| Q.
< -2 (S% + O(eN_z)) - 5= (Sg + O(eN)) (33)
1 2, 1, N > 5,
—ﬁr%qufaNf T qK]K R X |lne|¥q’%, N =4,
q 2 N_N-2
€271 4, N = 3.

We claim that there exist tp, 71 > 0 independent of € such that 7. € [7tp, 71] for e > 0
small. Suppose by contradiction that . — 0 or t, — o0 as € — 0. (3.3) implies that
sup,>q E2x 4 ((ve)") < 0 as € — 0 and then ¢z« 4 < 0, which contradicts ¢z« 4 > 0. Thus,
the claim holds.

In (3.3), O(eV¥~2) can be controlled by the last term for € > 0 small enough. Hence,

E+ ((v0)") Loash o LosY) < Lt

Su; * v, < su - —T7 — .

oop Frnattvel ) =310 2 2" =N

The proof is complete. o

Lemma34 Let N > 3,a > 0, u > 0and p < g < 2% If ¢ = p, we further assume

4 - 4 ., . R . .
that pa~ < (an)N. Then cy+ 4 is attained by a real-valued positive, radially symmetric and
radially non-increasing function.

Proof Let p, — 2*~ asn — oo, by Lemmas 2.5 and 3.1, there exists a sequence of positive
and radially non-increasing functions {u, := u, 4} C Pp, 4 suchthat £, ,(u,) =cp, 4 <
cox g+ 1.If g > p, we have

1 1 1
g+ 12 Ep, q(un) = (* - 7) f |V, [2dx + (yp” — —) / lup|Prdx.
2 ar ave  pa) Jry
So {uy,} is bounded in H'(RV). If ¢ = p, we have

VPn 1 n
g+ 1= Ep qun) = <7 - E) /RN [y |Prdx,
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which implies that { [pv |u,|""dx} is bounded. By the Young inequality

Pn

n

q

n

lun|? <

—q -2
— lunl + —— ™,

we know that { fRN |u,|9dx} is bounded. So it follows from the expression

1 1 Y. 1
Ep,.qun) = <§ - ) / |Vun|*dx + (7q - *) M/ |un|?dx
PnYpy RN PnYpy q RN

that {1, } is bounded in H! (RY). Thus, there exists a nonnegative and radially non-increasing
function u € H'(RN) such that up to a subsequence, u,—u weakly in H LR, u, —> u
strongly in L'(RM) fort € (2,2*) and u, — u a.e.in RV,

By Lemma 2.6, there exists 4, < O such that u,, satisfies

— Aty = hptty + g [P 21y + g |7 2uy, x € RV, (3.4)

It follows from the expression

AnGQ — (Vpn -1 /RN lun|Prdx + M(Vq -1 /]RN lun|?dx

that {A,,} is bounded. So there exists A < 0 such that up to a subsequence, lim, o A, = A.

It follows from N > 3 that y—2>— and w—- € (1, 00). Since p, — 2* and
“7-@2-D o@D

Y e L"(RN) for r € (1, 00), by the Young inequality, the Holder inequality and Lemma 2.2
with + = 2%, there exists a constant C > 0 independent of n such that

[P0 = € (Jan P~ 1L+ 01

B N (3.5)
= ¢ (IOl + Ty ) e L' ®Y).

Passing to the limit in (3.4) and by using the Lebesgue dominated convergence theorem, we
have for any ¥ € C°(RV),

0= [ Ty = handx = [ udx < [t s
RN RN RN
_>/ (VuVyr — hu)dx —/ lul® 2uyrdx —u/ lu|?2updx
RV RV RN
as n — oo. That is, u is a solution of
—Au =+ ul® "u+ plul?%u, x e RV,
Thus P+ 4(u) = 0.
We claim that u # 0. Suppose by contradiction that u = 0. By using P, 4(u,) = 0,

f]RN |uy|? = 0, (1) and the Young inequality

2% — pn Pn—q, oo
Pn P q = 2
lun " < ¥ _q lunl? + 2*_q|”n|

)
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we get that

/ |Vu,|2dx = y,,”/ lun|Prdx + 0,(1)
RN RN

Pn—4q *
= Ypn 2:_9 /]RN |un|2 dx + 0,(1)

N
Dn |V, |*dx
< Vi3 (IR” o).

S
Since lim inf,,_, o fRN |Vu, |2 > 0 (see the proof of Lemma 3.2), we obtain

. N
lim sup IIVu,,II% >857.
n—o0

Consequently,

c2x g > limsupcy, 4
n—oo

1 1 1
:1imsup{<f— >/ IVu,,Izdx—l—( Yo _ 7>u/‘ Iunl"dx}
n—00 2 Pn¥p, RN Pn¥p, q RN
. 1 1 2
=limsup;y | = — |Vu,|“dx
n—00 2 Pn¥Vp, RN

1

N
Ziszv

which contradicts Lemma 3.3. Thus u # 0.
Set fRN lu|?dx = c? < a?. Similarly to the proof of (2.7), we define ii € S,. Then there
exists 79 € (0, 1] such that P« , (™) = 0 and by Fatou’s lemma,

C2* g < E2*,q (ETO)

1 1 iy 1 .
= (7 - —)/ IV(@™)Pdx + (— - —)/ |@™)[* dx
2 qVq qYq 2% RN
1 1 1 *
(i () o
2 qYq qYq 2% RN
imi ! ! 2 Ypo 1
<liminf{( - - — |Vun| dx + - |un|Prdx
n=oe I\20 gy qvq  pn/ Jrw

= liminf ¢ < limsupc < Cpx
n—00 p q ,A)OOp p q 2

Hence, Ep« 4 (ii™) = cp+ 4. That is ™ is a real-valued nonnegative, radially symmetric and
radially non-increasing minimizer of ¢+ 4. By the strong maximum principle, ™ > 0 in
RV, O
Proof of Theorem 1.4: It follows from Lemmas 2.4, 2.6, 3.3 and 3.4.
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