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Abstract
Nonexistence of nontrivial nonnegative classical solutions is obtained for the problems:

A%y = uP in RN\E,
{u:Au:O on 0B ©.D
with1 < p < %—in,and
{ A’u =u? inRV\B, 0.2)
8 .
U= ﬁ =0 ondB,

where 1 < p < %, B c RV (N = 5) is the unit ball, v is the unit outward normal

vector of d B relative to B. The interesting features in our proof are that neither asymptotic

behavior of u at infinity nor symmetric property of u are required. Moreover, when p = %—fi,

we can also obtain nonexistence of nontrivial nonnegative classical radial solutions of (0.2).

Nonexistence of nontrivial nonnegative classical solutions without symmetry property of

(0.2) with p = % is still open. It is well known that problems (0.1) and (0.2) admit a

unique positive radial solution u € C*(RV\B) for p > %—fi respectively.
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1 Introduction and main results

We consider nonexistence of solutions for the semilinear biharmonic problems:

A’y =uP  inRV\B,
u>0 in RN\ B, (P)
u=Au=0 onoB

and
A2u=uP in RN\E,
u>0 in RV\B, (Q)
U= g—‘; =0 onadB,

where B ¢ RV (N > 5)is the unit ball, i.e., B = {x € RN : |x| < 1}, v is the unit outward
normal vector of 9B relativeto Band 1 < p < %—fi. In the following, we use B, to denote
the ball of radius r centered at the origin.

The study of the equations in (P) and (Q) plays an important role in conformal geometry
[9,14,37] and other related fields [18,24]. The problems, similar to the Yamabe problem, are
concerned with the existence of conformal metrics with constant or prescribed Q-curvature.
For more results, we refer to [10,15,16,26,35,38,50] and the references therein.

The structure of positive solutions of the equation

A2u=u? mnRY (N>5),p>1 (1.1)

is considered by many authors recently, see [1,2,13,17,19,22,23,27,29,31,33,40,43,48]. The
classification of positive entire solutions of (1.1) via Morse index has also been obtained, see
[12,36,40,41,49].

Recently, existence and nonexistence of positive supersolutions of the equation

A%u=gu) inRM\B (1.2)

have been studied in [7]. More precisely, Pérez, Melidn and Quaas in [7] obtained that when
1 < N < 4,(1.2) does not admit any positive classical supersolution u verifying

—Au>0 inRV\B, (1.3)

provided g is continuous and nondecreasing in [0, co). When N > 5, such supersolutions

exist if and only if
8
/ 7g(s) ds < 00 (1.4

2(N-2)
s N—4

N
N—4>

positive classical solution u verifying (1.3). For p > %, Gazzola and Grunau [22] have
obtained that

foranyd > 0.If g(u) =uP and 1 < p < N > 5, we see that (1.2) does not admit any

4

u(x) = C(N, p)|x|” »T,

where
C(N, p) = ([)_Lm[(zv —2)(N —4)(p — 1)? +2(N* — 10N +20)(p — 1)?
“16(N —4)(p— 1) + 32]
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is a positive solution of (1.2) with g(#) = u”, which satisfies (1.3). It should be pointed out
that the nonexistence results in [7] rely on the crucial assumption (1.3) but do not rely on

any boundary condition. Under the boundary conditions in (P) and (Q), if p > %, it is

known from [28,34] that (P) and (Q) admit a unique positive radial solutionu € C 4RN \B)
verifying limy|— o0 SUP Ix|¥%u(x) < oo respectively. For 1 < p < %, if we can show
that any solution u of (P) satisfies the assumption (1.3), then Theorem 1 in [7] can be applied
to derive that such solutions cannot exist. However, by the maximum principle, we see that
the crucial assumption (1.3) cannot hold for solution u € C RN \ B) of the problem (Q).
Thus the arguments in [7] cannot be used to obtain the nonexistence result for the problem
().

In this paper, we first show thatif u € C4(RN\B) isasolution of (P) with1 < p < %,
then —Au > 0in RV \B. Then, by Theorem 1 in [7], we can directly obtain the nonexistence
results for (P) with 1 < p < le 7- We will do further to show that, for % <p< %,
problem (P) does not admit any classical solution either. This extends the nonexistence range
of p in [7]. Moreover, when 1 < p < %—fj, similar nonexistence results for problem (Q)
are also obtained, but the arguments in [7] cannot be applied.

The main results of this paper are the following Liouville type results.

Theorem 1.1 Assume N > 5and 1 < p < %—fi. Then problem (P) does not admit any
solution u € C*(RN\B).
N+4

Theorem 1.2 Assume N > 5 and 1 < p < §=;. Then problem (Q) does not admit any

solution u € C*(RN\B).

Remark 1.3 If u € C*(RN\B) is a nontrivial nonnegative solution to the problem
A2y = y? in RM\ B, ,
{u:Au:O ondB, ()

we find, by the maximum principle, that # > 0in RV \ B and u is a solution to (P). Theorem
1.1 implies that problem (P’) with 1 < p < %—fi does not admit any nontrivial nonnegative
solution.

If u € C*(RV\B) is a nontrivial nonnegative solution to the problem
Q)

_ou _
“—au—o on 0B,

{ A%y = y? in RN\ B,
we cannot directly conclude that # > 0 in RV \ B. However, we will see that the arguments
in the proof of Theorem 1.2 can also be used to obtain nonexistence of nontrivial nonnegative
solutions of (Q’) under the assumptions of Theorem 1.2. Therefore, the results of Theorem

1.2 still hold for problem (Q’). For p = % , we can also prove the nonexistence of nontrivial
nonnegative radial solutions of (Q’), hence the nonnegative classical radial solution of (Q)

withp:%—fiisuzo.

It seems interesting that neither asymptotic behavior of u at infinity nor symmetric property
of u is required in the proof of Theorems 1.1 and 1.2. On the other hand, we make the Kelvin

transformation for the solutions of (P) and (Q), that is,

_ X
v(y) = x|V tux), y= R
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We see from Lemma 3.1 in [33] that v € C*(B\{0}) satisfies the problems

A2y = |y|(N—4)P—(N+4)v1’ in B\{0},

v>0 in B\{0}, (1.5)
v =0, Av—4g—3=0 on 0B

and
A%y = [y|N=Ir=Whyrin B\(0),
v>0 in B\{0}, (1.6)
v = g—"j =0 on dB

respectively, where v is the unit outward normal vector of d B relative to B. Simple calcula-
tions imply that —A,u > 0 in R¥\B is not equivalent to —Ayv > 01in B\{0}. However,
for (1.5), we can still show that —Ayv > 0in B\{0}. This fact does not hold for (1.6) by
the maximum principle. The results of Theorems 1.1 and 1.2 can also be used to obtain
nonexistence results for problems (1.5) and (1.6).

Remark 1.4 (1) The nonexistence result in Theorem 1.2 for p = N+d s still open. When

N—4
l<p< %—ﬁ, ifu € C*(RN\B)isasolution of (Q), we can use blow-up arguments to obtain
the decay rate of u at infinity. Combining with the Pohozaev identity in the “Appendix”, such
decay rate can be used to obtain the nonexistence results in Theorem 1.2. If u € C*(RN\B)

is a solution of (Q) with p = %, then v € C* (B\{0}) satisfies the problem

) Ned o
A“v = vN-4 in B\{0},

v>0 in B\{0}, (1.7)
v = % =0 on 0B,

where v is the unit outward normal vector of d B relative to B. We can see that 0 is a non-
removable singularity point of v. Otherwise, there is R >> 1 such that u(x) < C lx|*=V for
x € RV\Bg, which implies, by the Pohozaev identity, that x = 0 in RN\ B. On the other
hand, it follows from the maximum principle that we cannot have —Ayv > 0 in B\{0}. If
we put an extra assumption on v:

(A) There is 0 < R < 1 such that

— Ayv >0 in Bg\{0}, (1.8)

(we think that this assumption holds for v, but we cannot provide a proof here), we can obtain
the asymptotic behavior of v at 0 by using Theorem 1.1 in [39]. From this we can obtain the
decay rate of u at infinity. Unfortunately, this decay rate of u is not good enough to derive
the nonexistence of u by using the Pohozaev identity. For the Navier boundary condition,
we can use the moving-plane argument to show that v is radially symmetric and then derive
the nonexistence of v by studying the detailed properties of v. However, since 0 is a non-
removable singularity point of v for (1.7), the method of moving plane developed in [5] does
not work. So we do not know how to use the moving-plane argument for the solution v of
(1.7).

(2) We will see from Remark 3.3 below that the assumption (A) holds for radial solutions of
problem (1.7). Therefore, we can obtain the nonexistence of radial solutions of problem (1.7)
and hence the problem (Q) with p = %—fi does not admit any radial solution u € C*(RN\B).

This paper is organized as follows. In Sect. 2, we give some preliminaries needed in
Sect. 3. The main results will be obtained in Sect. 3. In “Appendix A”, we present the
Pohozaev identities corresponding to problems (P) and (Q). In “Appendix B”, we estimate
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the upper bound of singular solutions needed in Sect. 2. Throughout this paper, we denote v
the unit outward normal vector of d B relative to B.

2 Some preliminaries

In this section, we first use the blow-up argument to get the decay estimate of u, and then
obtain Au < 0in RM\B if u € C4(]RN\B) is a solution of (P). Moreover, we can also
obtain the negativity of Av in B\{0}, where v(y) = |x|V "*u(x), y = ﬁ and v is a solution
of (1.5).

Lemma 2.1 Let u be a nonnegative solution of A*u = u? in RN\ B. Assume that 1 < p <

N+4
N7 then

4

u(x) < Clx| r71 for |x|> 2, 2.1)

where C is a positive constant depending only on N and p.

Proof Argue by contradiction that there is a sequence of nonnegative solutions {u } of A%u =
u? in RM\ B and a sequence of points {x;} C RV\Bs, such that

My (xp)d(xg) > 2k for k=1,2,...,

where M (x) := (uk(x))%, d(x) := dist(x, dB). By the doubling lemma in [44], there
exists another sequence {y;} C RN\ B, such that

Mi)d(yr) > 2k, Mi(yr) = Mi(xk)
and
M (2) < 2Mi(yr) for |z — yk| < khg,

where A, 1= Mk_l(yk).
Define
4
w(x) = A" ug (e + Aex), x € By

Thus wy is anonnegative solution of Ay = w,f in By. Note that w (0) = 1 and maxp, wy <

4 . .
27-T Dby elliptic estimates, we may assume, up to a subsequence, that {wy} converges to w
in Cl40 L,(]RN ), where w is a nonnegative solution of A>w = w?” in RV Using Theorem 1.4
in [43], we see that w = 0, which is a contradiction with w(0) = 1. O

Proposition2.2 Let1 < p < %—fi. Assume that u € C*(RN\B) is a solution of (P). Then

Au(x) <0 Vx e RM\B. (2.2)
Moreover,
d (A
w0 o, HAOW o vy e g, 2.3)
av av
where v is the unit outward normal vector of d B relative to B.
Proof We first show that for 1 < p < %—fi,
|Au(x)] = 0 as |x| — oo. 2.4)
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We consider two cases here: (i) 1 < p < %fi, (i) p = N+4.

For the case (i), by Lemma 2.1, we see that there are C := C(N, p) > 0and R > 2 such
that o
u(x) < Clx|~¥@=D vx e R¥\Bg. (2.5)

For the case (ii), we cannot use the blow-up argument. We need to use some new arguments
to get similar estimates as in the case (i), i.e., there are C := C(N) > 0 and R > 1 such that

_N—4 N\
u(x) < Clx|”" 2 Vx € R"\Bg. (2.6)

To this end, making the Kelvin transformation:
, X
v = "),y =

it follows from Lemma 3.1 of [33] that v € C4(§\{0}) satisfies the problem

N+4

A%y = V3 in B\{0},
v>0 in B\{0}, (2.7)
v=20, Av—4g—z=0 on 0B,

where v is the unit outward normal vector of d B relative to B. Problem (2.7) is the critical
Steklov biharmonic problem with critical value 4 in the coefficient of the normal derivatives.
The corresponding variational problems have been studied in [3,4,6].

Note that u = 0, Au = 0 on 9B and g—ﬁ < 0 on 0B, we see that

v=0, Av <0 ondB. (2.8)

Taking p = N+4 in (2.23) below, we find that vN+i € L'(B). As in the proof of (2.24) in
Proposition 2 3 we deduce that —Av is a superharmonic function in B in the distributional
sense. Note that —Av > 0 on 0 B, we infer that

— Av >0 in B\{0}. 2.9)

Then,v € C 4(B\{O}) is a solution to the equation in (2.7) satisfying (2.9). Using Proposition
5.2, we obtain

v(y) < Clyl~" T Vy € B\{0}. (2.10)

By the Kelvin transformation, we find that (2.6) holds.
We next show that (2.4) holds. For 1 < p < N +4 and any A > 1, define

_4_
—T

ulx) =rrTu(ix).

Then % is a solution of (P) in R¥\B| . By (2.5) and (2.6), we see

i(x) <C for x € RV\Bg, (2.11)

where C and R are the same constants as in (2.5) and (2.6). For any xo € RN \Bior, taking
A= |x0\ and & = A~ 'xg, we see that |&9| = 5R. By (2.11) and standard elliptic estimates,
we have

> VM)l < .

k=<3
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Rescaling back we obtain that for x € RM\Bior,

4
> T vRu )| < c. 2.12)
k<3
Thus, (2.4) holds.

It follows from (2.4) that for any € > 0, we can find R, > 1 such that Au < € on
RN\ Bg, . Using the subharmonicity of Au and Au = 0 on 3 B, we deduce

Au(x) <e, V1< |x| < Re. (2.13)

Sending € to 0, we find -
Au(x) <0, Vx e RV\B. (2.14)

By the strong maximum principle, we see that (2.2) holds. Then (2.3) follows from (2.2) and
Hopf’s boundary lemma. This completes the proof of this proposition. O

Let u be a solution of the problem

A’y =u? in RV\B,
u>0 in RV\B, (2.15)
u=Au=0 on 0B.

Using the Kelvin transformation:

_ X
v(y) = x|V ux), y= e

we find, by Lemma 3.1 in [33], that v(y) satisfies the problem

A%y = |y|(VEOP=WEDP i B\{0),
v>0 in B\{0}, (2.16)
v=0, Av—42=0 on B,

where v is the unit outward normal vector of d B relative to B. Problem (2.16) is closely
related to the study of isolated singularities of polyharmonic equations, see [8,11] for more
details.

Letu(x) = u(r,0) withr = |x| and v(y) = v(p, ) with p = |y|. Itis easy to check that

Au =pN(Ayu—4%p—2(N—4)%), 2.17)

where v, = g—;. From (2.17), we see that Acu < 0in RV \ B does not directly imply Ayv < 0
in B\{0}.

To obtain Ayv < 0 in B\{0}, we have to present a new proof independently, which is
interesting itself.

Proposition2.3 Ler1 < p < x—ﬁ and v € C*(B\{0}) be a solution to (2.16). Then
Ayv <0 in B\{0}. (2.18)

Moreover,
0 d(A
—U<O, Ayv <0, (Av)
ov

where v is the unit outward normal vector of d B relative to B.

>0 onodB, (2.19)
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Proof Since g—ﬁ = _gTU; on d B, it follows from (2.3) that

3
Y 20 ondB. (2.20)
Jv

Since v(1,0) = 0 for6 € S¥~1, we easily see that (Agv)(1,6) = 0 for6 € SV~ Thus,
Ayu = 0 is equivalent to Ayv — 43—3 = 0 on 9B, which implies that v,, + (N — 5)v, =0
on d B. By (2.20), we obtain

d
Ay = 43—” <0 ondB. 2.21)
v
It is easy to check that

(Axu), = —pN TN A — 6(N —2)p" v, + p(Ayv), — 4v,p — 2(N — 2)(N — 4)p2v].
Due to (2.3) and Ayv = 4% on d B, we can deduce

P(Ay0), >4, +6(N —2)p v, — NAy 4+ 2(N —2)(N —4)p~2v
=4v,, + 6(N — 2),o_lvp — NAyv
=4(5 — N)v, +6(N —2)v, —4Nv,
=—2(N —-4)v, >0 ondB,
which implies
(Ayv)
av
We next prove (2.18). We first claim that

3
>~ (N — 4)ai’ ~0 ondB. (2.22)
V

[y|N=DP=N+4yp [ 1(B). (2.23)

To do so, we take the cut-off function n € C*°(R) with values in [0,1] satisfying
0, fort <1,
1) =
n() [1, fort > 2.
Letg = % and define @ (y) = n(e~!|y|)?, where 0 < € < 1. Multiplying the equation
in (2.16) {;y @¢(x) and integrating by parts, we have

J(Av
/ |y|N=Op= N+ yp g, = / VA . + / L.
B B B

ov

Since
|A%pe] < Ce 0P yie<iyi<2e)-

By Holder inequality, we have

/ vA%p.
B

1

< Ce_4/ vl
€<|y|=<2e

_N_ I/p
=< ceV v 4(/ Up‘pe)
e<|y|<2e

N _4_(N_ N+4 1/p
< CN- ==+ (/ |y|(N—4>p—(N+4>vp(p€)
B

1/p
- C(/ |y|<N—4)p—<N+4)vp¢E) .
B
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Thus

1/p a(Av
/ |y | (V== N+ p g, < C(/ |y|(N—4)p—(N+4)vp(pe) +/ ( )dal,
B B o OV

which implies
/ |y (N=Hr=(V+ 0, <
B
Letting € to 0, we obtain

/ |y [V =0p=(N+4),p < .
B

We now show that Av is a subharmonic function in B in the distributional sense. Let
Y € C2°(B) be a nonnegative function. We only need to prove that

/ AvAyYy > 0. (2.24)
B

Multiplying (2.16) by ¢y and integrating by parts, we obtain
0< / |y NP N e yrvP
B
= / Alpey) Av
B

= / AU(AWPe + sz ' V@e + WA%)
B

Denote ¢ =2V - Ve + ¥ Ape. Then ¢ (y) = 0 for |y| < € and for |y| > 2¢, and
|Ac(] = Ce ™.

Thus, we have

]fBAvc] s/va;l

< C6_4(/ vp)l/peN(l_l/p)
€<|y|<2e

1/p
< / |y|(N—4)p—(N+4)vp)
B

N_ 4 (nN_ N+4
Y4 (N4

§C6N_
<Ce*P 50 ase — 0.

Hence, we infer

/Avm/f - lim/ AV(AY e + 2V - Vo + ¥ Ag)
B B

e—>0
= lim/ |y|N=HP=N+8) o, P > .
e—~0Jp

Therefore, Av is a subharmonic function in B in the distributional sense. On the other hand,
from (2.21), we see that Av < 0 on d B. By the maximum principle, we conclude that (2.18)
holds and the proof of this proposition is completed. O
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3 Proof of the main results

In this section, we present the proof of Theorems 1.1 and 1.2. For the subcritical cases, we
use the Pohozaev identities and decay estimates to prove Theorems 1.1 and 1.2. The proof
of the critical case of Theorem 1.1 needs some new arguments, since the Pohozaev identity
cannot be used to deal with this case.

Proof of the subcritical case of Theorem 1.1 As in the proof of Proposition 2.2, we find that,
forl < p < %—fi, there are C := C(N, p) > 0 and R, > 2 such that (see (2.12)) for
[x] > Ry,

4
3 xR i) < c. G.1)
k<3

Thus, forany R > R, and k =0, 1, 2, 3,

X _ 4tk(p=1)
Viu)| < Clx| =T, Vi|x[=R. (3.2)

By Corollary 4.2, we have

N N-—4 du d(A
(7— 7)/ uPt! =/ G(u,Au)(x)dUR—i-/ ), 33
p+l1 2 Bx\B 9B ap OV v

where

G, w)(x) = R 3(x - Vu)(x - Vw)
’ p+1 R

+RVuVw —

R ,
u(x-Vw) + Ew
N (w(x - Vu) —u(x - Vw))
7R w(x - Vu u(x - Vw)).
Using (3.2), by direct calculations, we deduce

4(p+1)

‘/ G(u. Au)(x)dop| < CRN"7T VR > R,. (3.4)
IBR

where C > 0 is independent of R. Since N — < 0, we see from (3.4) that

4(p+1)
p—1
/ G(u, Au)(x)dog — 0 as R — oo. 3.5
3B
Thanks to (3.3) and (3.5), we see

N N-—4 Ju A(A
(— - 7>/ uP! :/ uoaw , (3.6)
p-l—l 2 RN\B 9B av v

By Proposition 2.2, we find

ou (A
/ o ( u)d01<0.
ad

p oV dv
Since % - NT"‘ > 0and u > 01in RN \ B, this contradicts (3.6). This completes the proof
of Theorem 1.1 for the subcritical case. O
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Proof of Theorem 1.2 As in the proof of Theorem 1.1, we have that, for 1 < p < %—fi, there

are C := C(N, p) > 0 and R, > 2 such that (see (2.12)) for |x| > R,
4
> T vRum) < c. 3.7)
k<3
Thus, forany R > R, andk =0, 1, 2, 3,

‘ _ 44k(p—1)
ulx)| <Clx p= x| > R. .
[Viu(x)| < Clx| T Vx| =R (3.3)

Due to Corollary 4.3, we have

N N-—4 1
[— . 7]f uP+! =f G(u. Au)(x)dog — f/ (Awdsy,  (3.9)
p+1 2 Br\B 3Bg 2 Jyn

where G (u, Au) is given in (3.3). Meanwhile, (3.4) and (3.5) hold for faBR G(u, Au)(x)dog.
Then, letting R — oo in (3.9), we find

N N -4 1
[7 — 7]/ uP+l = _7/ (Au)*do. (3.10)
p+ 1 2 RN\B 2 9B
Since % - NT_“ > 0and u > 0in RV \ B, this contradicts (3.10). This completes the
proof of Theorem 1.2. O
Proof of the critical case of Theorem 1.1 Let u be a solution to (P) for p = %3 Set v(y) =
x|V ~4u(x), y= ﬁ, then v(y) satisfies the problem
N4
A%y = N4 in B\{0},
v>0 in B\{0}, (3.11)

v=20, Av—4g—"j=0 on 0B.

By Proposition 2.3, we have

Av <0 in B\{0}. (3.12)
Moreover,
dv d(Av)
— <0, Av<0, —— >0 onoB. (3.13)
av av

In the following, instead of showing the nonexistence of u, we show the nonexistence of v.
We first claim that O is a non-removable singularity point of v. Suppose that 0 is a removable
singularity point of v, then v € C*(B). We can also establish the corresponding Pohozaev
identity for (3.11) in B, but we cannot use it directly to derive a contradiction because of the
inhomogeneous boundary conditions. On the other hand, since 0 is a removable singularity
point of v, we see that lim | oo |x|Y*u(x) = v(0) > 0. Thus there is R* > 1 such that

u(x) < 1000) x|~V Vx| > R*, (3.14)
which implies
Z x|V =K VR (x)| < € Vx| = 20R*. (3.15)
k<3

Using (3.15) and Corollary 4.2, we have

N N —4 / du d(Au)
_— ubtl = / G(u, Au)(x)dogr +/ — do;  (3.16)
<P +1 2 ) Bp\B 3B op dv Qv
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and

‘/ Gu. Au)(x)daR’ <CR*N 50 asR — oo.
.

Recall that p = N—H and let R — o0 in (3.16), we find
ou (A
/ v 4o 0.
g ov  0dv
This contradicts (2.3). ]

Lemma3.1 Let N > Sand v € C4(E\{O}) be a solution to (3.11) satisfying (3.12) and
(3.13). Then v is radially symmetric about 0.

Proof The moving-plane method as in [47] is used to prove this lemma. We rewrite the
equation of v into a system of equations:
—Av =7z in B\{0},
N+4
—Az =vN-4 in B\{0}, (3.17)
v=0, z=-42 ondB.
Due to (3.12) and (3.13), we see that (v, z) is a positive solution to (3.17). Moreover, the
system (3.17) is cooperative. Note that v = 0, z = —Av > 0 and ¢ 3“ <0, 3—2 < OondB.
However, since (3.17) is an inhomogeneous boundary condition for z the arguments in [47]
cannot be directly used here. We need to overcome some extra difficulties in the proof.
LetTp :={x e RV : x; =1}, Z(A) :={x € B:0 < A < x1 < 1} and ’()) denote
the reflection of X (1) with respect to the plane 7). Let x = (x1,x2,...,xn) e ¥ (A) and
= (xf, X2, ..., xy) be the reflection of x with respect to the plane 7. Then xl 21 —Xx].
Define V;(x) = v(x*) — v(x) and Z(x) := 2(x*) — 2(x) for x € S(1). Then (V. Zy)
satisfies the system:
!—AV:Z in Z(A),
(3.18)

_AZ = (N+4)§N WV inSO),

where £ is between v(x) and v(x%).

First we claim that there exist #p > 0 and « > 0 depending only on B, such that v(x — tn)
and z(x —tn) are increasing for t € [0, fy], where n € R¥ satisfies [n| = 1 and (n, v(x)) > «
and x € dB. Indeed, for any xo € 9B, define

O, —Bﬂ{xeRN [x — x0| < €}
and

Se=3dBN{x eRY : |x — x| <€)

Bv(XO) 32(X0)

Since < 0 and < 0, we see that there exist g > 0 and 1 > oo > 0 such that

for0 < € feo,ao gcx < landx € Se with (vy, vy) > a,

v (x) <0 and az(x)

Vxo Vxo

< 0. (3.19)

Otherwise, there are sequences {(¢;, «;)} with ¢, — 0, ; — 1 asi — oo, and {x;} with
X; € S¢; and (vy,;, V) > o such that
ov(x; 0z(x;
vi) 0 or 2(i) 0
vy, vy,

(3.20)
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Since x; — xo and vy, — vy, asi — oo, it follows from (3.20) that

dv(xp) ~0 or 9z(x0) -0

3.21
AV A @21
This is a contradiction with the fact
0 0
%0 and £ <0 ondB. (3.22)
ov av

We next show that there exist 7o > 0 and ap > O such that for any x € S, with
(Vxg» Vx) = o, v(x — tvy,) and z(x — tvy,) are increasing for ¢ € [0, #p]. Suppose that 7y
does not exist, then there is a sequence {x/} € O, with x/ — x¢ as j — oo such that
Jv(x

J J ; . . . . ... L
T) > 0or % > 0. Let a’ be the intersection point on S, in the positive v,, direction
0 0

; j j . : .
from x/, then % < 0 and % < 0. Since a’ — xp as j — oo, we find
XO XO

dv(xp) _0 or 0z(x0) _0
vy vy,

’

which contradicts (3.22). Therefore, there exists 0 < € < €g such that forany A € (1 —¢€, 1)

ov 0z
— <0, — <0 forx e X()
0x] 0x]
and
v(x) < v(x"), z(x) < z(x*) forx € ().
Let

Ao =inf{A >0: v(x) < v(x"), z(x) < z(x") forx € X(r) witht > A}.
We will show that 1y = 0. On the contrary, we assume that 0 < 19 < 1. Then, we have
v(x) < v(x*), z(x) < z(x*) forx € T(i). (3.23)

We first show
v(x) < v(x"), z(x) < z(x*) forx € T(Ag). (3.24)

Suppose that (3.24) does not hold, then there is xg € X (o) such that
(@) v(xo) = v(xs®). or (b) z(x0) = z(xs"). (3.25)

We need to consider two cases here: (i) 0 ¢ '(A), (i) 0 € X' (Xg).

For the case (i), we first show that (a) of (3.25) cannot hold. On the contrary, since Vy, > 0
and Z;, > 0in X(X¢), by the maximum principle, we obtain that Vj, = 0 in X (Ao). This
contradicts the fact that v = 0 on 9B and v > 0 in B. Therefore, V;, > 0in X (o), which
implies that (b) of (3.25) holds. Using the maximum principle again, we see that Z;, = 0 in
3 (X9). Since V;, > 0 in X (X¢), this contradicts the second equation of (3.18). Therefore,
(3.24) holds.

For the case (ii), if (3.25) holds, we see that xé‘o # 0 (note that 0 is a non-removable
singularity point of v). Let x; € X (1) and xi‘“ = 0. Suppose that (a) of (3.25) holds, by the
maximum principle, we find that Vj, = 0in X (Ao)\{x1}. This contradicts the fact thatv = 0
on dB and v > 0 in B. Therefore, V3, > 0in X(X¢)\{x1}. Suppose that (b) of (3.25) holds,
from the maximum principle, we derive that Z;, = 01in X (1o)\{x1}. This also contradicts the
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second equation of (3.18). Therefore, (3.24) holds. Since V;, =0 and Z;;, = 0 on BN T},
by (3.24) and the maximum principle, we find

Wio _ o 2

, 0 on BN Ty,. 3.26
dx1 0x] - ho ( )
Since 83‘310 = —2%’1, 332;10 = —25’—;1 on BN T;,, we have

ov 0z

— <0, — <0 onBNT,,. (3.27)

0x] dx1

We now show that there is a sufficiently small € > 0 such that for A € (Lg — €, Xg),

v(x) < v(x)‘), z7(x) < z(xk) forx € X(A) (3.28)
and
v 0z
— <0, — <0 onBNT,. (3.29)
0x] 0x1

Otherwise, there is an increasing sequence {A;} with Ay 7 Ag as k — o0, such that for each
k there is a point x; € X () satisfying

v = V() or z(w) = z(xph). (3.30)

Up to a subsequence, we may assume that {x;} converges to a point x, € X(Xp) as k — oo.
Hence,
(@) v(x) = v(x}°) or (b) 2(xs) = 2(x[0). (3.31)

By (3.24), we see that x, € X (Ag). We claim that x, € B N T},- Suppose that this claim
is not true, then x, € 9B\Ty, and x° € B, hence 0 = v(x,) < v(x.?). Thus (a) of (3.31)
cannot occur. Suppose that (b) of (3.31) holds, we find that z(x,) = z(xio). Thus, by (3.24)
and the strong maximum principle, we find

075 (x:)
—_— <

0. 3.32
ox; (3.32)

Hence there are €y, § > 0 such that Z, (x — ty) > Z;,(x) forx € Sjo, t € (0,6), where

y =(1,0,...,0), Sjo =dJdBN{x e RN . |x — x4«| < €p}. Then we have
2((x — 1y)*0) > z(x —ty) forx € Sf .1 €(0,9).

This contradicts (3.30). Therefore, our claim is true.
For k large, however, the line segment joining x to x,?k is contained in B. Thus, by (3.30)
and the mean value theorem, we obtain that there is a point y, on this line segment such that

av(yk) ~0 or 9z(yk) -0

3.33
ox; 0x1 ( )
Since y; — x4 as k — 0o, we have
0 9z
V) g o EX (3.34)
dxq dx1

By (3.27), we obtain that x, € B N Ty, cannot occur.
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We next show that (3.34) does not hold for x, € dB N T;,,. Since v = 0 on 3B, we see
that Vv = g—l'jv on dB. Note that v, -y > 0, we find

v (xy) _ v (xy)

ax; Oy

(Vx,, ) <O0.
Thus the first case of (3.34) is impossible. To deal with the second case in (3.34), we now

claim
02 (x:)

0x]
Otherwise, by Z;, |Tx0 = 0, we see that VZ;(x4) = (0,0, ...,0). On the other hand, by

the Hopf “corner” lemma (see Lemma 1 of [45] and Lemma S of [25]), we infer that for any
direction s at x,. which enters X, non-tangentially,

£0. (3.35)

0Z(x4) =0 or 3% Z3o (xx) -0
s 9s2

92 Z3y ()
2

(3.36)

It follows from simple calculations that . = 0, then only (3.36); holds. Therefore,
VZ;,(xs) #(0,0,...,0) and our claim (3.35) holds. From (3.26), (3.35) and the continuity

3Z;,
of dax

10 , we obtain

32X (3.37)
dx1

which implies % < 0. This is a contradiction with the second case of (3.34).

Thus, (3.28) and (3.29) hold. But this contradicts the definition of A¢. Hence, Ao = 0 and
V(=X1, X2, .oy XN) = V(X1 X2, .oy XN),  2(=X1, X2, .0, XN) = 2(X1, X2, .00y XN)

forx = (x1,x2,...,xn) € B with x; > 0. By reversing the direction of x;-axis, we can
also obtain

v(=x1,x2,...,xN) S v(xy,x2, ..., xy), z2(=x1,x2,...,xN) < z(x1, X2, ..., XN)

forx = (x1,x2,...,xn) € B with x; > 0. Therefore, v and z are symmetric to the x;-axis.
Since x; can be an arbitrary direction and our equation is invariant under the rotations, we
eventually obtain that v and z are radially symmetric about 0. This completes the proof of
this lemma. O

Lemma3.2 Let N > 5. Then (3.11) does not admit a radially symmetric solution with a
non-removable singularity point 0.

Proof Suppose that (3.11) admits a radial solution v(y) := v(p), p = |y| and v(0) = oco.
Under the transformations:

N—4
w() = |yl" 2 vy, t=loglyl, (3.38)

w(t) satisfies the equation

w® (1) + Kow” (1) + Kow(t) = w(t) V1 in (=00, 0), (3.39)

where
N2 —4N +38 Ko NZ(N — 4)2

Ky=————,
2 0 16

> (3.40)
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N—4

By Lemma 2.1 in [30], we see that if lim;—. o w(t) = ¥, then # € {0, K, 8 1. In the
following, we show that both the cases cannot occur. If lim;_, _, w(t) = 0, it follows from

the proof of Lemma 2.5 in [30] that w(¢) = 0(eNTf4f ) for ¢ near —oo, which implies
v(p) = O(1) for p near 0.

This contradicts v(0) =
N—

We next show that lim;_, o w(t) = KT

cannot hold either. Suppose that it holds, by

Lemma 2.3 in [30], we find that lim;_, _, w(k) (t) =0forall k > 1. Let z(r) = r#u(r)
N—4

where T = logr, u(r) = p""*v(p), r = p~!, we see that lim; . 2(r) = K,* and

lim;_, 00 2®(r) = 0 for all k > 1. Moreover, by direct calculations, we find that for r
sufficiently large,

u(r) = (KON% +o0,()r ™, 341
W)= (- NT_“KO = +o, ()=, (3.42)
() = (WKO © o)t (3.43)
W) = ( - w K)F o, () E, (3.44)
Thus, for r sufficiently large, we have
Aur) = (- %4)1{0 " o, ()rE, (3.45)
(Aw) (r) = (WKON% Jro,(l))r‘NT+2 (3.46)

On the other hand, by Corollary 4.2, we get

0= k¥ [N2N4RMN ~1(R) — 2Ru'(R)(Au) (R) + Ru'(R)(Au) (R)

/ R 2 N / N /
— (N =2u(R)(Au) (R) + E(A") (R) — ?(Au)(R)u (R) + ?u(R)(Au) (R)]
+u'(H(Auw) (1).

Using (3.41)—(3.46) and sending R — o0 in the above identity, we have

2 N
—NKO“ +u'(1)(Au)' (1) = 0.

N—4
This is a contradiction with u’(1)(Au)’ (1) < 0. Therefore, lim,_, _ oo w(t) = KoT cannot
hold.

Thus, w’(r) = 0 admits infinitely many roots in (—oo, 0). Moreover, by (2.10), we see
that w(t) < C fort € (—o0, 0). As in the proof of (c) of Proposition 3 in [20], we deduce
that w is periodic, has a unique local maximum and minimum per period and is symmetric
with respect to its local extrema. On the other hand, since w(0) = 0 and w(#) is nonnegative
and periodic, we see that min;c(_o0,0) w(¢) = 0 and there is a sequence {p;} C (0, 1) such
that v(p;) = 0. But this is a contradiction with the fact Av < 0 in B\{0}, which implies that
w(t) cannot exist and thus v(p) cannot exist. This completes the proof of this lemma. ]
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Lemmas 3.1 and 3.2 imply that the solution u# of problem (P) with p = % does not
exist. This completes the proof of the critical case of Theorem 1.1 and hence the proof of
Theorem 1.1 is completed. O

Remark 3.3 The assumption (A) in Remark 1.4 holds for radial solutions v € C*(B\{0}) N
C3(B\{0}) of (1.7). Indeed, it follows from Remark 1.4 that 0 is a non-removable singularity
point of v. As in the proof of Proposition 2.3, we find that e € L'(B). Taking advantage
of the equation

OV (Av) (p)) = pV oV Vp e (0, 1),
we have

lim oV ~1(Av) (p) =0
p—0

and therefore,
(Av) (p) > 0 for p € (0, 1). (3.47)

We can conclude that (Av)(1) > 0. On the contrary, we assume that (Av)(1) < 0. By
(3.47), we see that (Av)(p) < O for p € (0, 1), which contradicts v'(1) = 0 by using the
Hopf’s boundary lemma. We now claim that there is R € (0, 1) such that (Av)(p) < 0 for
p € (0, R), (Av)(R) = 0 and (Av)(p) > O for p € (R, 1). Suppose that such R does not
exist, then, by (Av)(1) > 0, we obtain that (Av)(p) > 0 for p € (0, 1). It follows from
(3.47) that lim,_.0(Av)(p) = ¢ € [0, 00). This implies that 0 is a removable singularity
point of v, which is a contradiction. Therefore, our claim holds. Thus, the assumption (A)
in (1) of Remark 1.4 holds in Bg\{0}. Nonexistence of radial solutions v of (1.7) with a
non-removable singularity point 0 can be obtained by the similar arguments in the proof
Lemma 3.2. Therefore, problem (Q) with p = %—’j does not admit any radial solution.

Acknowledgements The authors would like to thank the referee for the careful reading and the valuable and
useful suggestions, which greatly improved the manuscript.

4. Appendix A: Pohozaev identity

In this section, we establish the Pohozaev identities corresponding to problems (P) and (Q).

Proposition 4.1 Assume that N > 5 and p > 1. Suppose that u € C*(RV\B) N C3(RN\B)
is a positive solution of the equation

A%u =u? inRM\B.

Then, for any R > 1, the following Pohozaev identity holds:

[L _ L—“]/ s
p+ 1 2 BR\E

R, 2
- [mu — @ V) V) + RVuVw
dBRr

\Y Ro2— N \Y Vw)) |d
u(x - w)—i—Ew —ﬁ(w(x- u) —u(x - w))] OR

1
+/ [Z(X SVu)(x - V) — ——uP — VuVw + (N = 2u(x - Vw)
9B p+1
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1 , N
—Ew +?(w(x'Vu)—u(x~Vw))]dal,
where w = Au.

Proof Note that

P+] N
(x - Vu)Aw = div(x A ) — Pt
p+1/ p+1

By simple calculation, we find

(x-Vu)Aw = div((x -Vu)Vw — xVu - Vw) + (N —2)VuVw + V(x - Vw)Vu.

Thus, we have
f div((x -Vu)Vw — xVu - Vw)
Br\B

1
= — (x-Vu)(x - Vw)dog — R/ VuVwdog
R JoByg 9Bg

— / (x - Vu)(x - Vw)doy —I—/ VuVwdoy,
9B 0B

1
/ VuVw = — u(x - Vw)dog —/ u(x - Vw)do —/ any
Br\B R Jyyg 9B BR\B
and

/ Vx-Vw)Vu
Br\B

1
= — (x - Vw)(x - Vu)dog — / (x-Vw)(x - Vu)do
R JyBpg B
R 2dog + ! / 2doy + N (x - Vu)d
- w dop + — wodoy + — w(x - Vu)dog
2 JaBg 2 Jon 2R JyBg

N N
- — w(x - Vu)do — — u(x -Vw)dog
2 JoB 2R JyBy

N
u(x - Vw)doy + — uPtl
3B Br\B

= l/ (x - Vw)(x - Vu)dog —/ (x - Vw)(x - Vu)doy
R Jobe 0B

R 5 1 5 N
- = wdog + — wodo] + — (w(x - Vu) —u(x - Vw))dopg
2 JaBg 2 JoB 2R JyBg

N N
——/ (w(x - Vu) —u(x - Vw))doy + — ubtl,
2 Jon Br\B
Hence, we get

/ (x-Vu)Aw
Br\B

2
= —/ (x -Vu)(x - Vw)dog — R/ VuVwdog
R Jypyg IBR
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N -2 R 2
+ — u(x - Vw)dogr — — wdog
R JoBy 2 Jag

N
+ — (w(x - Vu) —u(x - Vw))dog
2R JyBg

-2 (x - Vu)(x - Vw)do +/ VuVwdo
9B 3B

1
—(N - 2)/ u(x - Vw)doy + f/ wldog
9B 2 JaBg
N N-4 +1
_ (w(x - Vu) —u(x - Vw))do] — —— ur
2 Jas 2 BR\B

On the other hand, we have

R 1 N
/ x-Vu)Aw = —— uP ldog — 7/ uPtldoy — 7/ ubtl,
Br\B p+1 Jysg p+1Js p+1Jg\B

Hence, we can obtain

(L_N—4)/ Lt
p+1 2 BR\E

R 2
= — uPtdog — —/ (x - Vu)(x - Vw)dog
p+1 Japg R JaBg
N-2 R
+ R/ VuVwdog — 7/ u(x - Vw)dopg + —/ wszR
9B R JoBg 2 JoBg
- — (w(x - Vu) —u(x - Vw))dog
2R 9BR

1 p+l
B uP doy +2 (x - Vu)(x - Vw)doy
p+1Jp 9B

1
— / VuVwdo; + (N — 2)/ u(x - Vw)do| — 7/ wrdo
9B 9B 2 Jam
N
+ —f (w(x -Vu) —u(x - Vw))doy.
2 JaB

This completes the proof of this proposition.

m}

Corollary 4.2 Suppose that the assumptions of Proposition 4.1 hold and u = w = 0 on dB.

Then

(L _ L—“)/ s
p+ 1 2 Bp\B

R 2
=/ [7p+1u”+1 —E(x-Vu)()wVw)
dBg

R 5
ulx-Vw) + Ew

N
— Sl Vi) —ux Vw))]doR +/BB = don,

+ RVuVw —

where v is the unit outward normal vector of d B relative to B.
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Proof Since u = w = 0 on B, we see that Vu = g—ﬁv, Vw = %—fv on 0 B. Therefore,

ou 0
f VuVwdoy =/ —u—wdm.
9B 9B dv dv

This completes the proof. O

Corollary 4.3 Suppose that the assumptions of Proposition 4.1 hold and u = % =0on JdB.

Then
[AJYA,__QQ:;i]w/ s
P +1 2 Bg\B
R 2
=/ [7#“ — L Vi)(x - V)
aBp Lp +1 R
N -2 R ,
+ RVuVw — u(x-Vw)—l—Ew
R Vi)~ utx - VunJdog — 5 [ wla
Fg WO - Vi) —u(x - Vu OR 2an o1.
Proof Since % = 0 on 0B, we have
/ VuVwdo; = 0.
B
This completes the proof. O

5. Appendix B: the upper bound estimate of singular solutions

In this section, we estimate the upper bound of singular solutions, which we have used in
the proof of Proposition 2.2. The results in this section are essentially developed in [39].
For reader’s convenience, we only present the proof for the biharmonic equation. For more
related results, we refer the interested reader to [39].

First, we recall some known facts. Let G1(x, y) be the Green function of —A on B, i.e.,

2N)

where wy _1 is the measure of the unit sphere in RN N > 3. Then, foru € C%(B), we have

_ X
v —y N — | = — x|y

1
i = (N—zm( N

Mﬂ=iéGNLyX—AWWMy+ABH@JW@Mm,
where

9 1 — |x]?
H(x,y) = ——G1(x,y) =

—— x€B, c 0B.
avy wn_1x — y[V Y

Similarly, for u € C*(B), we have
Mm=i/GﬂLwA%@my+/ f(h@JﬂH%@GAM&Mwm
B oB JB

+f H(x. yyu(y)dor,
0B
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where
Ga(x,y) = / Gi(x,2)G1(z, y)dz = ywlx — y[*V + A(x, y),
B

2 N—-4
= M ,N > 5and A(x, y) is smooth in B x B. Here we have used the following
16(N—2)27 2
integral identity

/ 1 1 dy = J/(ot)y(ﬁ)l |a+ﬂ N
RN |x — y|N=o |y|N-F y(a+B)

20‘717 l"(%)

whereo > 0,8 >0, 0+ 8 < N, y(a) = (i,
=

Lemma 5.1 Assume that u € C4(§\{0}) N L% (B) is a positive solution of Ay = u%
in B\{0}. Then u has the following integral representation

u(x) = fBGz(x,y)u%(y)dy+/aBfBGl(x,y)H(y,z)(—A)u(z)dydol
+ f H(x, yyu(y)dor.
B
Proof Defining
v(x) = /BGz(x,y)u%(y)dwa/BB/BGl(x,y)H(y,z)(—A)u(z)dydal
+f H(x, y)u(y)doy,
B

andw = u—v, wesee that (—A)2w = 0in B\{0},w = Aw = 0Oon 8B.Sinceu% e L'(B)

and |x|*~V is weak type (1, 4) then ve L'B)NLY k(B) Moreover, for Ve > 0, there

Wea
exists ¢ € (0, ) such that fBzg uis dy < eand fBQ u¥3dx < €. Thus, for A large enough,
we find

{x € By : u(x)| > A/2} C {xeBQ:yN/

[x — y|4_Nu%dy > k/4}.
B,

Hence

|{x € By : [v(x)| > A/Z}| 5‘{)6 € B,: yN/ |x — y|4_Nu%dy > A/4}’

By,

__N N4 __N
<CiA N*‘*/ uN-4dy < Cer” V-4,
B

20

Duetou € L% (B), we have

2\ V-4 N _N
[{x € By :u(x) > 1/2}| < n / uN-4dy < Cer V-4,
BQ
Thus, w € L'(B) ﬂLweak(B) and
lx € By : lw(x)| > A}| < CA~ Ve, (5.1)
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By the generalized Bocher theorem for polyharmonic functions in [21], we have
wx) = Y A D(x[*Y) + g(x),
|a|<3

where A, are constants and g is a biharmonic function on B.
We claim that A, = O for || < 3, then w(x) is a classical biharmonic function on B,
that is,

w(x) = g(x) in B.

By contradiction, we may assume that Ay, 7% 0, where |ag| < 3. Thus, for large A, we
infer

x € By : [w(x)| > A} = CA~ 73

This is a contradiction with (5.1) provided that € is small enough. Hence, the claim follows.
Therefore, (—A)zw =0in B, w = Aw = 0 on d B, which implies that w = 0 in B and we
complete the proof of the Lemma. O

— 4 4
Proposition 5.2 Assume thatu € C4(B\{0})DL%(B) is a positive solution of A*u = uN
in B\{0} satisfying —Au > 0 in B\{0}. Then there is a positive constant C such that

_N-4
u(x) <Clx|” 2z for x € B.

Proof If u is aradial solution, the result has been obtained in Theorem 5 in [46]. For simplicity,
we may consider the equation in B, by replacing u (x) by (%) T (3). Argue by contradiction
that there is a sequence {x;} C B with x; — 0 such that
|xk|#u(xk) — 00, as k — oo.
Set
=

vk (x) = ('x—;'—lx—xko u(x) for |x —xx| < lx—k|

Choosing & € By, |/2(xx) such that

v (§) =  max  ve(x).

Let 27, = |X2—"| — |&x — x|, then

Xk Xk
O<21'k§% and %—|x—xk|zrk for |x — &l < w.

Thus
N— N4
(ZTk)T4u(Ek) = v (&) = v(x) =1, 7 u(x) for [x —&| <=,

which implies
27 () = ux) for |x — &l <o (5.2)

and

Q00T uE) = vl = veba) = (xkl/2) T ula) — oo as k — oo, (53)
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Define
1 y
wr(y) = u | & + — ]
u(&k) u(Ee) v
then we see
N—4 . 2
wr(0) =1 and wi(y) <272 in Bg,, where Ry = tpu(§) V2.
Netd
Since A2u)1< =w kN ~*in B Ry» by standard elliptic estimates, we infer, up to a subsequence,
4
that wy — w in Cj _(RY), where w is a nonnegative solution of A%w = wit in RV, By
Theorem 1.3 in [43], we have
N—4
x)=C A T eRY (5.4)
w(x) = D Y E— or some X, , .
M+ A2 —xo? 0

where Cy = [N(N —4)(N —2)(N + 2)]’¥, Ais zg)ositive constant satisfying w(0) = 1.
On the other hand, since —Au > 0 and # > 0 in B\{0}. By the maximum principle, we
4
find that ¢ := i%f U= iaanu > 0. Note that u € L% (B), then there exists § € (0, 1) such
that

N4 o
N [ TAG Y|u(y)|V=+dy < 5 X€ Bs. (5.5
Bs

By Lemma 5.1, we have

N4
u(y)N=2
u@) = yy | e dy + h(x),
Bs IX - yl

where

N4 Nt4
h(x) =yx / AGe ) lu )V dy + f G e, yyu ¥ (y)dy
Bs B\Bs

+/ /Gl(x,y)H(y,z)(—Au)(z)dydm+/ H(x, y)u(y)do
0B JB B

C
> _ —°+/ Hx, yyu(y)doy
2 9B

> D L infu=2, xeB
— —+infu=—, x ,
=T 27 2 s

here we have used the fact that —Au > 0 on 0B and faB H(x, y)doy = 1.
Define

1 y .
h —_— + - 5 SZ 5
€) u(&x) ! (gk u(gk)ri ) ek

where

Q1= :yERN:Ek-}-yZGBz}.
u(Ep) V-4
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By extending wy to be zero in RN\, then we can rewrite wy into the following integral
equation

M
wkNi4 )
wi(x) = / —————dy + hx(x), x € Q. (5.6)
RN Jx — y|N=4
Set
5\ N4 22
w,é(x) = (—) wk(x)‘), x* = —Z, A > 0.
|x] x|

Using the moving sphere argument for the integral equation in the proof of theorem 1.1 in
[42], we can deduce that for any A > 0, we have

wp(x) < wy(x) for |x| > A.
Let k — oo, we have
w)‘(x) < w(x) for |x| > A.

This is a contradiction with (5.4) and the proof of the proposition is completed. O
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