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Abstract
In this paper, we study the nonlocal dispersal logistic equation

wy=Jsu—u—+ru—[b(x)qgt) +8luP inQ x (0, c0),
u(x,t) =0 inRN \ Q x (0, 00),
ulx,t)=ulx,t+7T) in x [0, 00),

here @ c RY is a bounded domain, J is a nonnegative dispersal kernel, p > 1, X is a fixed
parameter and § > 0. The coefficients b, ¢ are nonnegative and continuous functions, and
q is periodic in . We are concerned with the asymptotic profiles of positive solutions as
8 — 0. We obtain that the temporal degeneracy of g does not make a change of profiles, but
the spatial degeneracy of b makes a large change. We find that the sharp profiles are different
from the classical reaction—diffusion equations. The investigation in this paper shows that
the periodic profile has two different blow-up speeds and the sharp profile is time periodic
in domain without spatial degeneracy.
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1 Introduction and main results

Let J : RN — R be a nonnegative continuous function and 2 C R" be a bounded domain.
We consider the periodic nonlocal dispersal equation
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u;=J%u—u+ru—alx,Hul inQ x (0, 4+00),
u(x,1)=0 in RV \ Q) x (0, +00), (1.1)
u(x,0) = us(x) inQ,

where p > 1 and X is a real parameter, the coefficient a is nonnegative, T -periodic in ¢ and
Dute,t) = T xutet) ~ e = [ 0=ty dy = utr.)
RN

represents a nonlocal dispersal operator. It is known that the dispersal operator D and varia-
tions of it have been used to model different dispersal phenomena from applications as well
as pure mathematics, see [1,2,4,10,29]. The nonlocal dispersal equation (1.1) arises typically
in population dynamics [11,17,18]. Let u(y, t) be the density of population at location y at
time ¢, and J(x — y) be the probability distribution of the population jumping from y to x,
then fRN J(x — y)u(y, t)dy denotes the rate at which individuals are arriving to location x
from all other places and —u(x, 1) = — IRN J(y — x)u(x, t)dy is the rate at which they are
leaving location x to all other places. Thus Du(x, t) is the dispersal of population and (1.1)
describes the change of population density u(x, t) with initial value u; (x) and periodic logis-
tic type growth rate. In (1.1), the dispersal takes place in RY, but we impose that u vanishes
outside €2, which is called homogeneous nonlocal Dirichlet boundary condition [17]. The
operator D is a nonlocal operator since the dispersal of u at location x and time ¢ does not
only depend on u, but on all the values of u in a fixed spatial neighborhood of x through the
term J x u. There is quite an extensive literature for the study of nonlocal problems recently,
among others, the papers [5,6,14,23,24,26-28].

Since the coefficient a(x, t) may have temporal or spatial degeneracies, the degenerate
periodic logistic nonlinearity plays a great role on the dynamical behavior of (1.1), see [27].
In fact, the study of diffusion problems with refuge goes back to the classical works of Fraile
etal. [12]. There is quite an extensive literature on the study of degenerate diffusion problems,
for example, the papers [8,12-15,20-22,25] and the references therein. In this paper, we shall
investigate the influence of degenerate heterogeneous environment on the nonlocal dispersal
system (1.1). To this end, we take a(x, ) = b(x)q(t), where g is T-periodic in ¢ and consider
the nonlocal dispersal equation

u,=J%u—u+ru—bx)g@®ul inQ x (0, 00),
u(x, 1) =0 inRY \ Q x (0, 00), (1.2)
u(x,t) =u(x,t +17) inQ x [0, 00).

Throughout this paper, we make the following assumptions on J(x), b(x) and ¢ (¢).

(H1) JeC (]RN ) is nonnegative, symmetric with unit integral and J(0) > O.
(H2) b € C(R) and g € C[0, 0o) satisfies ¢(t) = g(t + T) in [0, co) for some T > 0.

Our interest here is that the nonlinearity has degeneracies. That is, b(x) or g (¢) vanishes
in a proper subset. We shall distinguish the following two different cases.

(A1) b(x) > 0 forall x € Qand q(t;) > O for some ¢, € [0, T].
(A2) g(t) > Oforallt € [0, T] and b(x) = 0 on ¢, while

b(x) > Oforallx € 2\ Qo,

here Q20 C 2 is a proper subdomain with positive measure.
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The first case is that only the temporal degeneracy exists. We may assume that there exist
to, t1 € [0, T]suchthatg(t) = Ofort € [tg, t;]and b(x) > Oforx € Q. Then the assumption
(A1) holds and the positive solution of the periodic problem (1.2) is well studied, see [23,27].
Let A p(€2) be the unique principle eigenvalue of nonlocal equation

Jxp—¢=—rp inQ,
d(x)=0 inRV \ Q,

we know that (1.2) admits a unique positive solution if and only if A > Ap(€2). If b(x) has
a spatial degeneracy, the results are different. If (A2) holds, it follows from [27] that (1.2)
admits a unique positive solution if and only if Ap(2) < A < Ap(R20).

It is well known from [8,27] that the dynamical behavior of nonlocal equation (1.2) is
different from the classical reaction—diffusion equation

Uy = Au+ Au — b(x)g()u? inQ x (0, 00),
ulx,t)=0 ond2 x (0, 00),
ulx,t) =ulx,t+17T) in 2 x [0, 00),

here we assume further that €2 is smooth. In order to find the sharp influence of complex
environment on the nonlocal dispersal system, we consider the asymptotic profiles of positive
periodic solutions. More precisely, we study the perturbed nonlocal dispersal equation

uy=J%u—u+ru—[b(x)g@)+8u? inQ x (0, 00),
u(x,1)=0 inRN \ € x (0, 00), (1.3)
u(x,t) =ux,t+7) inQ x [0, c0),

where § > 0 is a small parameter. In this case, we know that the degeneracy disappears and
(1.3) admits a unique positive solution

us € ([0, T1; C(Q))

for A > Ap(R2), see [23,27]. We want to obtain the sharp behavior of positive solutions when
degeneracy appears. So we first establish the asymptotic profiles of positive solutions.

Theorem 1.1 Assume that (A1) holds. Let us(x, t) be the unique positive solution of (1.3)
for A > Ap(Q) and 6 > 0. Then we have

Blir(r)l us(x,t) = u(x, t) uniformly in Q x [0, T1,
-0+
where u(x, t) is the unique positive solution of (1.2).

Theorem 1.2 Assume that (A2) holds. Let us(x,t) be the unique positive solution of (1.3)
for A > Ap(R) and § > 0. Then the following hold.

(i) If A p(R2) < A < Ap(Q), then

lim us(x, ) = u(x, t) uniformly in 2 x [0, T,
§—0+

where u(x, t) is the unique positive solution of (1.2).
(ii) If » > A p(Q), then

lim us(x, 1) = oo uniformly in Q x [0, T]. (1.4)
§—0+
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Remark 1.3 If b(x) > O forx € Q and q(t) > Ofort € [0, T], we know that the assumption
(A1) still holds. In this case, there is no temporal degeneracy, the conclusion of Theorem 1.1
is also true. We show that only the temporal degeneracy of ¢(¢) does not make a change of
the profiles. But if the spatial degeneracy appears, the profiles make a large change. In case of
spatial degeneracy, the profiles are also different to the classical reaction—diffusion equation.
Let Az (2) be the principal eigenvalue of

Au=—Aiu InQ,
u=20 ond£2.
Then we know from [7,9,16,20] that the classical reaction—diffusion equation

ur = Au+ Au — [b(x)q(t) + 8Ju? in2 x (0, 00),
u=20 ond2 x (0, 00), (1.5)
ulx,t)=ulx,t+7T) in 2 x (0, 00)

admits a unique positive periodic solution u § (x, t) for A > A (2) and the asymptotic profiles
of ug (x, t) with respect to § are well established. If (A1) holds and & > Ay (€2), then

Slirg ug(x, t) = uL(x, t) uniformly in Q% [0,T],

—0+

where u” (x, 1) is the unique positive solution of (1.5) for § = 0. Meanwhile, if (A2) holds,
then we have

lim ug‘(x, 1) =ub(x,1) uniformly in Q x [0, T']
§—0+

for any A € (Ar(S2), Ar(S0)) and
Blir(r)l ug(x, t) = oouniformly in Qo x [0, T]
—0+
for any A > A7(€20). In the later case, we know that ug (x, ) is still bounded as § — 0+ in
any compact subset of Q \ Qg x [0, T]. However, fr_om (1.4) we obtain that the profiles of
nonlocal dispersal equation (1.3) are unbounded in 2 x [0, T'] as § — 04. Thus we know
from Theorems 1.1-1.2 that only the temporal degeneracy dose not change the profiles of

positive solutions both for nonlocal and classical reaction—diffusion problems. However, the
spatial degeneracy makes different changes.

To reveal the complex influence of spatial degeneracy environment on the nonlocal dis-

persal system (1.3), we investigate the sharp spatial pattern of positive periodic solutions.

Theorem 1.4 Assume that (A2) holds. Let us(x, t) be the unique positive solution of (1.3)
1
for A > Ap(2) and 8§ > 0. Set vs(x,t) = §P~Tus(x, t), we have the following results.

() Ifrp(Q) <A < Ap(R), then
Slir(r]l vs(x, 1) = Ouniformly in 2 x [0, T].
-0+

(i) If 2 > Ap(R), then

611%1 vs(x, 1) = 0(x) uniformly in Qo x [0, T, (1.6)
-0+
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and

5111(1)1 vs(x, 1) = Ouniformly in any compact subset of @\ Qo x [0, T1,  (1.7)
—0+
where 6 € C () satisfies 0(x) > 0 in Qo and
/ J(x — y)8(y)dy — 0(x) = —A0(x) + 07 (x) in Q. (1.8)
Qo

Let us note that (1.8) exists a unique positive solution for any A > Xp(£20) [14]. Since
6(x) > 0in o, the sharp pattern of ugs(x, t) in Qo x [0, T]is given by (1.6). Due to the
effect of nonlocal effect, we know from (1.7) that the pattern is different in Q \ Qo x [0, T1.
We obtain the sharp profiles of us(x, ¢) in Q \ Qo x [0, T] as follows.

Theorem 1.5 Assume that (A2) holds. Let us(x, t) be the unique positive solution of (1.3)
1
for A > Xp() and § > 0. Set ws(x,t) = §7P-Dus(x,t), we have

81ir(r)1+ ws(x, 1) = oo uniformly in Qo x [0, T1,

and

81ir(1)1+ ws(x, 1) = n(x, t) uniformly in any compact subset of 2 \ Qo x [0, T1,
—>

where

(1.9)

J(x— )0y 7
nGe8) = Jay J(x = »0(»)dy ’
b(x)q(1)

and 6(x) > 0 in Qq is given by (1.8).

Remark 1.6 In the above theorems, we obtain the sharp profiles of positive solutions to
the nonlocal dispersal equation (1.3). If (A2) holds, we establish that the sharp profiles in
degeneracy domain are different from the domain without degeneracy. In fact, we prove that
both the nonlocal effect and the degeneracy of b(x) make the positive periodic solutions
of (1.3) blow up, but have different blow-up speeds. Furthermore, we know from (1.9) that
the sharp pattern of nonlocal dispersal equation (1.3) is time periodic in domain without
degeneracy.

Comparing with the classical reaction—diffusion equation, the sharp pattern for nonlocal
dispersal equation is quite different. Our main results reveal the following phenomena for
nonlocal dispersal equation (1.3).

(i) The asymptotic profiles are unbounded in the whole domain €2.

(ii) The asymptotic profiles have different blow-up speeds, depending on domain 2.

(iii) The sharp profiles are time independent in degeneracy domain €29, but time periodic in
non-degeneracy domain.

The rest of this paper is organized as follows. In Sect. 2, we investigate the asymptotic
profiles. The behavior of principal eigenfunction with respect to parameter is also obtained.
Section 3 is devoted to the proofs of sharp profiles.
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2 Asymptotic profiles and eigenvalue problems

In this section, we investigate the asymptotic profiles for positive solutions of (1.3). To begin
with, we consider the case (A1).

Lemma 2.1 Assume that (A1) holds. Let us(x, t) be the unique positive solution of (1.3) for
A > Ap(R2) and § > 0. Then we have

us, (x,1) < ug, (x,1) < ux,1)inQ x [0, T] 2.1)

for 8, = 81 > 0, here u(x, t) is the unique positive solution of (1.2). Moreover, we have
BE)I(I)l+ us(x, 1) = u(x, t) uniformly in Q x [0, T). 2.2)
Proof Since §; > §; > 0, we can see that ugs, (x, ¢) is a lower-solution of (1.3) for § = §;.

Note that us, (x, t) is the unique solution of (1.3) for § = §;, then by upper-lower solutions
argument (see [2,27]), we get

us, (x, 1) < us, (x,1)inQ x [0, T].
Similarly, we have
us(x,t) <u(x,)in x [0, T]

for § > 0 and (2.1) holds.
Now by (2.1), we can find a bounded function ug(x, #) such that

lim wus(x,t) = uo(x,t)
§—0+

for (x, 1) € Q x [0, T]. Thus we know from (1.3) that ug(x, 0) = ug(x, T) in § and
ug(x,t) —ug(x, 0)

t
= fo /Q [J(x = uo(y,s) —uo(x,s) + rug(x, s) — b(x)g()uf (x,s)]dyds  (2.3)

for (x,1) € Q x [0, T1. Let ¢ be a small parameter, we have

up(x,t+ &) —uo(x, )
t+e
= / /Q [V = »uo(y, s) — uo(x, s) + Aug(x, s) — b(x)q(s)uf (x, s)] dyds
t

for (x, 1) € Qo x [0, T]. Since ug(x, t) is uniformly bounded in Q x [0, T], we get
ug € C([0, T']; L=(R)).
On the other hand, we have

. uo(x,t+¢&) —upx, 1)
lim
e—0 £

t+e
= lim l/ |:/ J(x — y)uo(y, s)dy + (A — Dup(x, s) — b(x)q(s)ug(x, s)] ds
t Q

= /Q [JGc = uo(y, ) — uo(x, 1) + Ao (x, 1) — b(¥)g(s)ul (x, 0] dy,
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and so
uy € C([0, TT; L®(Q)).

Then by (2.3) we know that uo(x, 1) is a positive solution of (1.2) and the uniqueness shows
that ug(x, t) = u(x,t) in Q x [0, T]. Thus we obtain (2.2) by Dini’s theorem. ]

If the spatial degeneracy appears, the case is quite different. To do this, we need to study
the periodic nonlocal eigenvalue equation

—pr+ T % — ¢ — ub(x)q(t)p = —Adin Q x (0, 00),
¢ (x, 1) =0in RN \ Q) x (0, c0), (2.4)
d(x, 1) =¢(x,t+T)inQ x [0, 00),

here ;© > 0. By the pioneering work of J. Lopez-Gémez [19], we have the following lemma,
one can see [27] for a similar proof.

Lemma 2.2 Assume that (A2) holds. If © > 0, then (2.4) admits a unique principal eigenvalue
Ap(u, Q). Moreover, Ap(u, ) is strictly increasing with respect to i, Ap(0, Q) = Ap(2)
and

lim Ap(u, ) = Ap(S20).
JL—> 00

Now we give the asymptotic behavior of positive eigenfunctions associated with A p (i, €2),
which is a nonlocal version of the classical problem [3].

Theorem 2.3 Assume that (A2) holds. Let ¢, (x, t) and v (x) be the positive eigenfunctions
associated with L.p(u, Q) for w > 0 and A p (o) such that

1 T
—/ / Ou(x,s)dxds = land/ Y(x)dx =1, 2.5)
T Jo Ja Q
respectively. Then we have
lim ¢, (x,t) = ¥ (x) uniformly in Qo x [0, T1,
JL—> 00
and

lim ¢, (x,t) = Ouniformly in any compact subset of 2\ Qo x [0, T].
JL—> 00

Proof We will prove the main results by the following four steps.
Step 1. We show that ¢, (x, t) is uniformly bounded in © x [0, T'].
It follows from (2.4) that

(%)r(x,t)S/Qf(x—y)d)u(y,f)dy—%(x,l)—Mb(X)q*%(x,t)JrAP(M,Q)%(x,t),

where g, = minyg, 77 ¢(t). Denote

‘]* = max ‘](x - y)v
QxQ
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since Ap(u, 2) < Ap(0) < 1, a direct comparison argument gives

¢M(x’ 1) < e[)»P(H,Q)*l*Mh(x)q*]tqsu(x’ 0)

t
+/ e[AP(/A,Q)—l—ub(X)q*](t—s)/ J(x = V), (v, )dyds
0 “ (2.6)

< eD»P(QO)—l]I(ﬁM(X, 0) + /Ot /;2 J(x =)o (y, s)dyds
< e[)»P(Qo)—l]t(pM(x’o) 4+ J*T
for (x,1t) € Q x [0, T1. This yields
J*T
Gu(x,0) =¢u(x,T) < 1 Jir@o—1IT

for x € Q. Set
J*T

M = T —r@o—r

+ J*T,
again by (2.6) we get

0<¢u(x,t) <Ppux,0)+J*T <M 2.7
for (x, 1) € @ x [0, T].

Step 2. The eigenfunction ¢, (x, 1) in Qo x [0, T].
Let x1, xp € @, we denote

v(r) = ¢[L(-x17 t) — ¢[l.(-x27 t)in[0, T].

Without loss of generality, we assume that v(7') > 0. By (2.4) we obtain that
v (1) Z/Q[J(m = y) = J(x2 = WPu(y, Hdy + [Ap (i, ) — 1Jv(?)
ng [J(x1 —y) = J(x2 = Wgu(y, )dy + [Ap (i, 2) — 1Jv()

<G(x1,x2) /Q Ou(y, t)dy +[Ap(u, 2) — 1v(),

where t € [0, T'] and

G(x1,x2) =max|J(x; —y) — J(x2 — y)|.
yeQ

Since Ap(2) < Ap(u, 2) < Ap(2) < 1 for u > 0, we get

t
o() <D=y (0) + Gxy, x2) / elhr (@) / $u(y. $)dyds
0 ¢ (2.8)

t
<P R0 0) 4 Gxy, 1) / / by (v, )dyds
0 Q

fort € [0, T']. But v(0) = v(T), we have

G(x1,x2)T
(DI = T w7
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Meanwhile, we know from (2.8) that

()| =l¢u(x1,1) — ¢plx2, 1)
< ()| + G(x1, x2)T
G(x1,x2)T

ST @1 + G(x1,x)T

for x1,xp € S_Z(). .
On the other hand, for x € Qpand 0 <t <, < T, it follows from

Gu(x, 1) = D =llg, (x, 0)

t
+/ e[)\p(u,Q)*l](l*‘Y)/ J(x — Y)pu(y, s)dyds
0 Q

that there exist ¢}, 3 € (1, t2) such that

¢,U«(xv [2) - ¢M(x! [l)

— [e[?»P(M,Q)—IJtz _ e””(“ﬂ)‘”“]%(x, 0)

1
+/ [e[xpw,sz)—l](n—s)_e[xpw,sz)—l](zz—x)]/ T = V) (y, $)dyds
0 Q

[5)
_/ e[xp(u,sz)—u(zz—s)/ J G = )by (v, 5)dyds
n Q
< [hp(p, Q) — 1ePrBD=D1 g (x 0)(1, — 1)

t
F p (e, Q) — 1t — 1) f 1 [ethr o= | / J(x = V)u(y, $)dyds
0 Q

_ /ttz e[xpm,sz)—u(zz—s)/gj(x — )y (y, s)dyds
1
< Mlrp(p, Q) = Ut — 1) + T*MTap(u, Q) = 12 — t1) + J*M(t2 — 11).
Thus we have
g (x, 12) — G, 1) < [M|Ap (i, Q) — 1|+ J*MT|Ap (1, Q) — 1| + J*M]|t2 — 1]

forx € Qpand #;, 1 € [0, T).

Accordingly, subject to a subsequence, we know that there exists b € C(Q x [0, T])

such that

lim ¢, (x,1) = ¢A>(x, t) uniformly in Qo x [0, T]. 2.9)
H—> 00

Step 3. The eigenfunction ¢, (x, t) in Q \ Qo x [0, T
From (2.6)—(2.7), we know that

dulx, 1) < e[)»P(Qo)*lfuh(x)q*]lqbﬂ(x, 0)
t
+/ e[kp(ﬂo)—l—ub(x)q*](t—s')/ I = V), (y. s)dyds
0 Q

M — Melr(Q0)—1-ub(x)g.li
1 — Ap(R0) + b (x)qx

< M PP (Q0)=1=pb(x)qxlt
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Thus we know that
lim ¢, (x,1) =0 (2.10)
=00

for (x,1) € @\ Qo x [0, T] and

lim ¢, (x, t) = Ouniformly in any compact subset of Q@ \ Q¢ x [0, T].
H—> 00

Step 4. We show ¢(x, 1) = ¥ (x) in Qg x [0, T].
In view of (2.9) and (2.10), we get

t
¢(x,1) = $(x,0) +/0 [/Q J(x =)y, s)dy — ¢ + }»P(Qo)d)] ds
0

by the dominated convergence theorem. Then we have
~ ~ ,+8 ~ ~ ~
¢x,t+e) —@x, 1) = / [/Q J(x = )P(y, )dy — ¢ + XP(Qo)qﬁ] ds
t 0

for (x, 1) € Qo x [0, T], here ¢ is a small parameter. Thus we know from (2.7) that
(x. 1+ &) — px. )] < [2+ Ap(Q0)IMe.

This gives that ¢A>(x, ) € C[0, T]. Furthermore, we have

Iy 4 t+e . . .
lim $& I FO & D 1/ U T — )d(y. s)dy —  + Ap(szow] ds
t Qo

e—0 & e—0 &

_ /Q T = G )y — 4+ 1p ()
0

and <13(x, ) e Ccl([0, T)) for x € Q. Hence,

—¢+J xp— ¢ =—1p(Q)inp x (0, c0),
H(x, 1) = 0in (RN \ €0) x (0, 00),
d(x, 1) = d(x, 1+ T)inQp x [0, 0).

In view of (2.5), we know that

1 (T r .
—/ ¢(x, s)dxds =1 (2.11)
T Jo Ja,
and the maximum principle shows that
d(x,1) > 0in g x (0, 00).

At last, as ¥ (x) is a positive eigenfunction associated with A p (€2p), by the uniqueness of
principal eigenfunction we obtain

(/3(x, $) = ey (x) in Qg x (0, 00)

for some constant ¢ > 0. It follows from (2.5) and (2.11) that ¢ = 1, this also shows that
(2.9) holds for the entire sequences. ]

By a similar argument as in the proof of Theorem 2.3, we have the following lemma.
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Lemma 2.4 Assume that (A2) holds. Let ¢, (x,t) and ¥ (x) be the positive eigenfunctions
associated with Lp(u, Q) for w > 0 and ,p(20) such that

T
l/ /qbu(x,s)dxds:/ Y(x)dx =1/M,
T Jo Je Q

respectively, here

J*T

M= 1 _ elhp(Q0)— 1T

+ max J(x — y)T.
QxQ

Then we have ¢, (x,t) < 1in Q x[0,T],

lim ¢, (x, 1) = ¥ (x) uniformly inQq x [0, T1,
H—>00

and

lim ¢, (x, t) = Ouniformly in any compact subset of 2\ S x [0, T1.
JL—> 00

For the time independent nonlocal eigenvalue equation

{J %¢— ¢ — ub(x)p = —rpinQ, (2.12)

¢(x) =0inRV \ Q,

we know form [27] that (2.12) admits a unique principal eigenvalue op (i, 2) for u > 0 if
b(x) exists spatial degeneracy. Then we have the following result.

Corollary 2.5 Assume that b € C(Q) is nontrivial, nonnegative and Q2 = {x € Q : b(x) =
0} has a positive measure. Let ¢, (x) and v (x) be the positive eigenfunctions associated with
op(u, Q) for w > 0 and Ap(2) such that

/ ¢ (x)dx = land / Y(x)dx =1,
Q Q
respectively. Then we have
lim ¢, (x) = ¥ (x) uniformly in Qo,
JL—> 00
and
lim ¢, (x) = Ouniformly in any compact subset of 2\ Q.
H—>00
Theorem 1.1 is followed by Lemma 2.1. At the end of this section, we prove Theorem 1.2.

Proof of Theorem 1.2 The conclusion (i) can be proved by the same way as in Lemma 2.1.
We only show that claim (ii) is true.
Since Ap(u, 2) < Ap () for u > 0 and A > A p(£2p), we can take § small such that
< A—ap(u, Q)'
I

8

Let ¢, (x, t) be a positive eigenfunction associated with A p (i, 2) and

T
i/ /¢M(x,s)dxds =1/M,
T Jo Ja
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where M is given in Lemma 2.4. Then we know that 0 < ¢, (x,) < 11in Q x [0, T] and

we can check that u7=T¢,, (x, t) is a lower-solution to (1.3). Since us(x, t) is monotone with
respect to §, by the uniqueness of positive solutions, we get

1
W, (x,t) < lim us(x,)in 2 x [0, T'].
§—0
Letting 4 — o0, again by Lemma 2.4, we have
lim us(x,t) = oouniformly in Qo x [0, T.
5—0+
Now let ii5(x) be the unique positive solution of

Jsu—u=—hu+[b(x)g*+8ul in€,
u(x) =0 inRV\ Q,

for & > Ap(Q0), here ¢* = maxp, 7] ¢(¢). Similarly to the above argument, we know that

lim fis5(x) = oo uniformly in .
§—0+

Since
/Q J(x —yis(y)dy = (1 — xp(Q0) + [b(x)g™ + S]ftf_l)ﬁa(X)
and
/ J(x = Vis(dy > / J(x = Vis()dy,
Q Q0
we get

lim #is(x) = oo uniformly in .
§—0+

Then by the comparison principle we have

lim ug(x,?) > lim d5(x)in Q2 x [0, T]
§—0+ §—0+

and

lim vs(x) = oo uniformly inQ x [0, T].
§—0+

3 Sharp profiles

In this section, we establish the sharp profiles for positive solutions of (1.3). We first give
some preliminaries and then prove the main theorems.
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3.1 Preliminaries

To begin with, we give some estimates on the profiles of positive solutions to (1.3). Let
us € CH([0, T1; C(Q)) be the positive solution of (1.3) for A > Ap(2) and § > 0. Denote

1
vs(x, 1) =87 Tug(x, t), then we have
(vg),:J*vg—vs—i-kvlg—[%—f—l]vg in Q2 x (0, 00),
vs(x,1) =0 inRN \ € x (0, c0), (3.1
vs(x, 1) = vs(x,t 4+ T) inQ x [0, 00).

In order to obtain lower and upper bounds for vs(x, t), we consider the nonlocal dispersal
equations

Jsxu—u=—iu+uP ms—z;v ) (3.2)
u(x) =0 inRY \ @,

and
J%u—u=—Au—+ub mQ[oV i 3.3)
u(x) =0 inR™ \ Qo.

It follows from [14,26] that (3.2) exists a unique pgsitive solution i € C(Q) for & > Ap(Q)
and (3.3) exists a unique positive solution u € C(2) for A > Ap ().

Lemma 3.1 Assume that (A2) holds and § > 0. Let ti(x) be the positive solution of (3.2)
and u(x) be the positive solution of (3.3), respectively. Then we have

0 <wvs(x,t) <i(x)inQ x [0, T] (3.4
for & > Ap(RQ) and
vs(x, 1) > ii(x)in Qo x [0, T (3.5)

for x > Ap ().

Proof Since b(x) and ¢ () are nonnegative, we can see that iZ(x) is an upper-solution of (3.1).
The uniqueness gives that (3.4) holds.
On the other hand, we know that vs(x, t) satisfies the nonlocal dispersal equation

w,=J%u—u+ru—ul+ fs(x,1) inQo x (0, 00),
u(x, 1) =0 inRN \ Qo x (0, c0), (3.6)
u(x,t) =u(x,t+17) in Qo x [0, 00),

where
folx, 1) = / J(x = y)vs(y, n)dy.
Q\Q
By a simple argument (see the proof of Theorem 5.4 in [27]), we know that vs(x, t) is the

only continuous positive solution of (3.6). But i (x) is a lower-solution to (3.6), we get (3.5).
O
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Lemma 3.2 Assume that (A2) holds and A > Ap(2). Then there exists | > 0 which is
independent of § such that

1= a4 v, 1) = 1inQo x [0, T (3.7)
foré > 0.

Proof Since Ap(S20) € [0, 1) and vs(x, t) is nonnegative, we can see that (3.7) holds for
A= Ap(0).
If A > Ap(2), let it(x) be the unique solution of (3.3), we know from (3.5) that

Jay (= W)ia(y)dy

L—r+v '@ =1—a+a" () = _
u(x)

Since @i (x) > 0in g, we complete the proof. ]

3.2 Proof of Theorems 1.4-1.5
In this subsection, we will prove the main theorems.

Proof of Theorems 1.4-1.5 The long discuss is divided into the following steps.
Step 1. The asymptotic profile for Ap(2) < A < Ap(S2p).
In this case, we know from Theorem 1.2 that

lim vs(x,t) = lim ws(x,t) = 0uniformly inQ x [0, T1.
§—0+ §—0+

Step 2. The profile vs(x, 1) in Qo x [0, T] for & > Ap ().
By (3.4) we can find C > 0 which is independent to § such that

“max vs(x,t) <C.
Qx[0,T]

For any given x1, x; € Qo, we denote
(1) = vs(x1, 1) — vs(x2, 1) in [0, T'].

Without loss of generality, we assume that w(0) = w(T) > 0. Since w(¢) is continuous in
[0, T'], we first show that w (T") satisfies

C
(T = [vs(x1, T) = s (x2, T = /;2 I (x1 —y) = J(x2 = y)ldy, (3.8)

where [ > 0 is given by (3.7).
If w(¢) is not sign-changing in [0, T'], we assume that w(¢) > 0 for ¢ € [0, T']. Then we
know from (3.1) and (3.7) that

wz(t)=/Q[J(x1 — ) = J(x2 — Wvs(y, )dy + L — 1 — p#”~ (D)o (1)
<D= 10" (e Dl () +C/Q (1 — y) — T2 — )Idy

= —lw(t)—i—C/QIJ(xl —y) —J(x2 = y)ldy,
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where 0(¢) is between vs(x3, t) and vs(x1, t). Thus we get
el
[
fort € [0, T]. But w(0) = w(T), we know (3.8) holds.
If w () is sign-changing in [0, T']. In this case, (3.8) still true for w(7T) = 0. If (T') > 0,

since w € C([0, T]) is sign-changing in [0, T'], we can see that there exists 7, € (0, T') such
that w(T) > w(ty) and

—lt 1
o) <ew()+

C/QU(M —y) = J(x2—y)ldy (3.9)

w(t) > 0in[t,, T].
It follows from (3.1) that

wi (1) < —lw@) + C [ |J(x1 —y) — J(x2 — y)|dyin (1, T],
o(ty) = o(ty),

and so
| — e—l—to)
l

_ ==ty
—I(1—ty) l—e
<e *w(T)-l-il C || [T —y)—J(x2—y)ldy.
Q

w(t) < e o (t,) + C f |J(x1 — y) — J (x2 — y)ldy
Q

We get w(T) satisfies (3.8). For o (T) < 0, a similar argument from —w (T") gives that w(T')
satisfies (3.8). .
Now for any x1, x € Q0, without loss of generality, we assume that

w(t) = vs(xy1,1) —vs(x2,t) > 0in [0, T].

Then by (3.8) and (3.9), we have

2C
()] < T/QU(xl ) = TG —y)ldy (3.10)
fort € [0, T.

Note that vg(x, 1) satisfies

t
vs(x,t) = / |:/ J(x —y)vs(y, s)dy — vs + Avs — v§7i| dsin Qg x (0, 00),
o LJa

we have
lus (x, 1) — vs(x, )| < 2+ A+ CP)Clty — 12 (3.11)

fort;, 1 € [0, T].
By a compactness argument from (3.10) and (3.11), subject to a subsequence, we know
that there exists v € C(2¢ x [0, T']) such that

lim wvs(x, 1) = v(x, t) uniformly in Qo x [0, T]. (3.12)
§—0+

Step 3. The profiles vs(x, t) in Q \ Qo x [0, T]for A > Ap(S).
We consider the nonlocal dispersal equation

J*ug—ug:—)»u(;—i—[b(xsi—{—l]ug ingQ,

_ (3.13)
us(x) =0 in]RN\Q,
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where g = minjg 7] ¢(t). Let us(x) be the unique solution of (3.13) for A > Ap(£2), then
the upper-lower solutions argument gives that

0 <wvs(x,t) <us(x) <i(x)

for any (x,?) € Q x [0, T, here fi(x) is given by (3.4). Since

1/p
J *us —us + Aus L= =
us(x) = | ———— in 2\ Qp,
|: b(xs)q* +1 :|
we get
lim vs(x, t) = Olocally uniformly in Q \ Qo x [0, T] (3.14)
§—>0+
and
lim vs(x,t) =0 (3.15)
§—0+

for any (x,1) € Q\ Qo x [0, T]. .
Step 4. We show that v(x, 1) = 6(x) in Q¢ x [0, T].
In view of (3.12) and (3.15), by dominated convergence theorem, we know that

t
v(x,t) = / [/ J(x —y)v(y,s)dy — v+ Av — v”i| dsin Qg x (0, 00),
0 Qo
and v(x, 0) = v(x_ , T) in Q. Meanwhile, we know from Lemma 3.1 that v(x, ) is positive
and boundned in g x [0, T']. Then a simple argument gives that
v e ([0, T1; C(Q)).
So we get

v =J%v—v+Aiv—v” inQg x (0, 00),
v(x, 1) =0 in (RN \ Q) x (0, +00), (3.16)
v(x, 1) =v(x,t +T) in Qg x [0, 00).

Let 8 (x) be the unique continuous positive solution of (1.8) for A > X p(£2), we can see that
0 (x) satisfies (3.16). Since the positive solution is unique, we necessarily have

v(x, 1) =0(x)in Qo x [0, T1.

This also implies that (3.12) holds for the entire original sequences.
Step 5. The profiles w; (x 1) in € x [0, T]for & > Ap(S2).

Since ws(x,t) =6 l’<l’ Dug(x), we can see that vg(x, 1) = 3”&)5 (x,t) and so

lim ws(x,t) = oo uniformly in Qo x [0, T].
§—0+

Take f to be a smooth T-periodic function such that f(0) = f(7) = 0. Multiplying (3.1)
by f and integrating in [0, T'], we obtain

T T
/ vs(x, 1) f()dt = / [J % vs — vs 4+ Avs — (b(x)g (1) /8 + D) ] f()dt.
0 0
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Letting § — 0+, we know from (3.12) and (3.14) that

T T
lim /0 [M+l} vg’f(t)dt=f0 /Q J(x — )OO f(t)dydt,
0

§—0+ 1)

which is uniform in any compact subset of €2\ €. Due to the arbitrariness of f, we necessary
have

" [b(x)q(t)
1im _—

Py s T 1] vy (x,1) = /QO J(x = »)0(y)dy (3.17)

for almost everywhere ¢ € [0, T'] and the convergence is uniform in any compact subset of
Q\ Qp. Let 2, be a compact subset of 2 \ ¢ and denote

b(x)q (1)
)

H(x) = [ + 1] vf (x, 1)

for any given ¢t € [0, T']. Then we know from (3.17) that H (x) is equicontinuous in 2.
Now we know from (3.15) and (3.17) that there exists 69 > 0 and such that

lvs(x, ] < 1in Qe x [0, T,

‘[M + 1} W, | <C = max/ J(x —y)0(y)dy +1inQ, x [0, T,
) Qe Qo
and
b(x)] , _ C .
||:5i| vy (x,0)| < Cr = 7min[o,r] 70 inQ. x [0, T]

for § < §p. Since
t
vy 1) = / [ / J(x—y)va(y,s)dy—va+Ava—(b(x)q(f)/5+1)v§} ds
0 Q

for (x, 1) € Q. x [0, T], we get
lvs(x, 11) —vs(x, )| = 2+ 21+ C)lty — 1o
for any x € Q. and 11, 15 € [0, T]. Then by (3.1) we obtain that
[(s)e(x, 1) — (vs)e (x, 22)]
/Q J(x = Plvs(y, 1) —vs(y, 2)1dy + [A + 1[vs(x, 1) — vs(x, 12)]

N [b(X)Q(tl)

=

3 +1] Pef_l(x,t)lva()c,ll)—va(X,t2)|

b
+ [%} ol (. Dlg(n) — g(1)]

SCHA+CHE+ A+ pChI — 2] + Colg (1) — q(2)]
< Q@+ a4+ pC)PIn — ]+ Calg(t) — q(12)]
for any x € Q. and 11, 1, € [0, T], here 05(x, t) is between vé’(x, t1) and v(gp(x, 1).
Let us denote

b(x)q (1) 1

V() = |: 5

]vg’(x,r)
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for any given x € Q.. Then by (3.1) we know that
V() — V()] = 2+ MlvsCx, 1) — vs(x, )] + [(vs) (x, 11) — (vs) (x, 22|
< @+4+pCDPIn — 0] + Calg(n) — ¢ (1)

fort;, 1 € [0, T].
Now it follows from (3.17) that

lim [M + 1] vl (x, 1) =/ J(x — )0()dy. (3.18)

§—0+ Q0

which is uniform in any compact subset of 2 \ €0 x [0, T'].
1
At last, since vs(x, 1) = §7 ws(x, t), (3.18) yields that
lim [b(x)q (1) + 8lwf (x, 1) :/ J(x = y)B(y)dy
§—>0+4 Qo

and so

Jo I = 00y "”
(g (1)

k]

Iim ws(x,t) =
§—>0+

which is uniform in any compact subset of 2 \ €0 x [0, T'].
Step 6. The profiles vs(x, 1) in € x [0, T] for A = A p(Q).

In this case, we know that the only nonnegative solution of (3.16) is u(x,t) = 0 in
Qo x [0, T]. A similar arguments as in the previous steps, we know that

lim vs(x,t) = Ouniformly in Qo x [0, T]
5—0+

and

li =
53& vs(x,1) =0

for any (x, 1) € Q \ Qo x [0, T]. Note that vs(x, ) is monotone with respect to §, we end
our proof by Dini’s theorem. O
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