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Abstract
The existence and nonexistence of the minimizer of the L2-constraint minimization problem
e(a) :=inf{E)|u € HY(RM), ||u||2 = «} are studied. Here,

L2(RN)
1
Eu) ::f/ |Vu|2+V(x)|u|2dx—/ F(lu))dx,
2 JrN RN

V(x) e CRY), 0 V() <0, V(x) = 0(x] > 0o)and F(s) = fos f(t)dt is a rather
general nonlinearity. We show that there exists cg > O such that e(e) is attained for o > oy
and e(«) is not attained for 0 < @ < ag. We study differences between the cases V (x) # 0
and V(x) = 0, and obtain sufficient conditions for «p = 0. In particular, if N = 1, 2, then
oo = 0, and hence e(w) is attained for all @ > 0.

Mathematics Subject Classification 35Q55 - 35J20 - 35B35

1 Introduction and main theorems

In this paper we are interested in the attainability of the L2-constraint minimization problem

e(a) ;= inf E(u),
ueM(a)
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where o > 0 is a constant,
1 s
E(u) = 7/ |Vu|2—|—V(x)|u|2dx—/ F(lu))dx, F(s) :=/ f@)dt fors >0,
2 RN RN 0
M (@) = {u e H'®RY) | luljagn, = a], H'®RY) = H'R", ©),

and f(s) and V (x) satisfy certain assumptions. This problem plays a role when we study the
orbital stability of the standing wave of the nonlinear Schrodinger equation

iU = =AU+ V(x)U — f(U) for (t,x) e R x RV, (1.1)

The standing wave is a solution of (1.1) of the special form U (¢, x) = ¢!*'u(x) and the orbital
stability is defined in Theorem A. We impose the following assumptions (F1)—(F4) on f(s):

(F1) f € C(C,C), f(0)=0.

(F2) f(s) e Rfors e R, f(e!2) = ! f(z) ford e Rand z € C.
(F3) limg—o f(s)/s = 0.

(F4) limg_, o0 f(s)/|s|Pc =0, where p. :=1+4/N.

We impose the following assumption (V1) on V (x):
(V1) V(x) e CRM),0# V(x) <0and limy|—» 0o V(x) = 0.

The assumptions (F1)—(F4) and (V1) are assumed throughout the present paper. In addition
to (F1)—-(F4) and (V1), we introduce the following conditions:

(F5) f(s) is locally Holder continuous with exponent v € (0, 1) in R, f(s) > Ofors > 0
and there exists §; > 0 such that f(s)/s is nondecreasing in (0, §1).

(F6) If N > 5, then liminfy .o f(s)/|s|”¢ > 0, where psg :== N/(N — 2).

(V2) If N > 5, then

N —2)?
VeWh*®Y) and VV(x)-x < W —27
2|x|?

In order to obtain the orbital stability we further need the following:

(F7) There exist K > 0and 1 < p < 2* — 1 such that | f(z1) — f(z2)] < K(1 + |z1| +
lz2)?~V|z1 — z2| for z1, zo € C. Here, 2* = 2N/(N —2) if N > 3, and 2* = oo if
N=1,2.

(F8) Thereexist L > Oand 1 < p < p. such that F(|s|) < L(|s|? + |s|PT!) for s € R.

It is known that the global well-posedness of (1.1) in H'(RY) holds if (F1), (F2), (F7) and
(F8) hold and V (x) € L>®(RY). See [10, Corollary 6.1.2] for details.

To state our main theorems we recall related results. Lions [20] showed that every mini-
mizing sequence for e(«) has a convergent subsequence in H'(RV) if and only if the strict
subadditivity condition holds, i.e.,

forae. x e RV \ {0}.

- 0,0) ifVx)=0, 12
e(@) < e(B) +ecc(a — p) forall B € [0,0) if V(x) #0. -

Here, e (@) is the problem at infinity, i.e.,

exc(a) == inf Ex(u),
ueM(a)

where

1
Eoo() := 5/]RN [Vul*dx — /RN F(lu))dx.
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The characterization (1.2) holds for rather wide class of functionals E (1). However, it is not
easy to check (1.2) for given f and V.

First, we consider the homogeneous case V (x) = 0. Then, E(u) = Ex(u) and e(x) =
exo(a). In the model case f(u) = |u|”‘1u (1 < p < p¢), Cazenave-Lions [11] showed that
(1.2) holds for all « > 0 and that e (o) < O for all « > 0. In the case of a general nonlinear
term f, the attainability for e (o) was mentioned in [11, Remark II.3]. However, in [11] the
following condition was assumed:

there exists uo € L*(R") such that [[uo|l 2@y < & and Eoo(ug) < 0. (1.3)

The same attainability problem for e (o) was recently studied by [5,13,22]. In particular,
Shibata [22] showed that there exists «p, oo € [0, 00) uniquely determined by f and N such
that

=0 iIfo<a < ,
eoo(ot){ HUS@® =000 (1.4)

<0 ifa>apco-

Moreover, he showed that e («) is not attained for 0 < o < o o and e (@) is attained
for @ > ap,~. See Proposition 2.1 of the present paper for details. It was shown in [22,
Lemma 2.3] that e (cv) is nonincreasing. Hence the assumption (1.3) leads to ex () < 0
for each o > |luoll L2gwy-

Our result is about the attainability of the inhomogeneous problem e(«).

Theorem A Suppose (F1)—(F5) and (V1), and suppose (F6) or (V2). Let ag o be given in
(1.4). Then there exists ag € [0, ap,o0] such that the following hold:

(1) If o > ap, then e(a) < 0 and every minimizing sequence for e(a) has a strong conver-
gent subsequence in H'(RN). Therefore, e(x) is attained, the set of all the minimizers,
which is denoted by Sy, is precompact and (1.2) holds. Moreover, if (F7) and (F8) hold,
then Sy is orbitally stable, i.e., for any ¢ > 0, there exists § > 0 such that for any
solution U of (1.1) with dist 1 (U (0, -), Sy) < 8 satisfies

disty1 (U(t, -), Sq) < e forallt € R.
(1) If0 < a < ap, then e(a) = 0 and e(a) is not attained.

Remark 1.1 (i) Notice that (F6) and (V2) are necessary only for N > 5. Therefore, when
1 < N < 4, Theorem A holds under (F1)—(F5) and (V1) (for the orbital stability, we
also need (F7) and (F8)).

(i) If ap,00 = 0, then &g = 0 and Theorem A (i) always occurs. Remark that if N > 5, then
Psg < pc- Hence, when N > 5 and (F6) hold, we have ap,co = 0 = o by [22, Theorem
1.3] (see also Proposition 2.2 below).

(iii) Compared to the conditions (F1)—(F4), the conditions (F5) and (F6) seem technical. The
condition (F5) is used in interaction estimates in Lemmas 2.4 and 3.3 and (F6) is used
to prove the nonexistence of the minimizer in Lemma 3.1.

(iv) If we assume 0 # V(x) > 0 and lim|y|— o V(x) = 0 instead of (V1), then e(x) is not
attained for all @« > 0, and e() = e (@) for @ > 0. See Theorem A.1 in Appendix A.

As mentioned above, in [22, Theorem 1.3], Shibata observed whether ¢p o > 0 or
0,00 = 0. We also consider the same question: whether op > 0 or o9 = 0 under the
presence of the potential term V (x).

Theorem B Suppose (F1)—(F4) and (V1). Then the following (i) and (ii) hold:
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(i) In addition, assume that there exists an so > 0 such that f(s) > 0 in [0, so] and the
following (V3) holds:

(V3)  inf / (IVel* + V(x)p*) dx < 0.
el 2 gyy=1 JRN
Then ag = 0. Moreover, when N = 1,2, (V1) implies (V3) and oy = 0.
(i1) Suppose N > 3 and the following condition (F9) in addition to (F1)-(F4) and (V1):

(F9) lim Sups 0 F(s)/s”C+1 < o0.

Then there exists 1 = a1 (N, f) > 0 satisfying the following property: for each a €
(0, a1) wemayfindacy > OsuchthatV(x) > —ca|x|_2f0r |x| > Oimpliesag > o > 0.

Remark 1.2 Notice that Theorem B (i) may be used to see a difference between the cases
V(x) =0and V(x) s 0. Indeed, since (F6) plays a role only for N > 5, when N = 1, 2, if
(V1), (F1)—(F5) and (F9) hold, then we obtain 0 = «p < ap,o due to Theorems A, B (i) and
[22, Theorem 1.3].

Let us mention other related results. For the homogeneous problem e, (o), Bellazzini et
al. [5] showed that there exists @ > 0 such that e, («) is attained for « > « if (F5’) given in
Proposition 2.1, (F8) and the following assumption are satisfied:

there exist C1, C» >0, 1 < g < p < 2" — 1 such that | f(s)| < Cy|s|? + Ca|s|”.
(1.5)

Moreover, they proved that @ = 0 if
there exists 1 < p < p. such that F(s) > sP* for small s > 0. (1.6)

Note that (F10) in Proposition 2.2 is a generalization of (1.6). In [22] the threshold a0
was found and Proposition 2.1 was obtained. In particular, the nonexistence part (Proposi-
tion 2.1 (ii)) was proved. In Garrisi-Georgiev [13] the one-dimensional case was studied and
the orbital stability of the minimizers was obtained if (1.5), (F5) and the following hold:

there exist 1 < p < 5(= p¢) and so > O such that F(s) < C|s|erl for s > sg.

See [12] for a quasilinear homogeneous problem and [7] for a Schrodinger-Poisson problem
with pure power nonlinearity. For the inhomogeneous problem e(«), in [6,8,18] the attain-
ability was studied. In [6,8], they deal with the rather special type of nonlinearity, that is,
f@) = |ulP " uin [6] and f(u) = O(x)|u|”"'u in [8]. In Jeanjean—Squassina [18, 2.4 A
Stuart’s type problem] the nonlinear term is F (x, u). They showed that e() is attained if F
satisfies

lim F(x,s) = 0uniformly ins € R. (1.7)

[x]—o00

Here, (1.7) leads to the weak lower semicontinuity of E(x) which our problem does not
satisfy.

Let us explain technical details for the proof of Theorem A. To prove Theorem A, we
try to establish (1.2) in a scheme similar to [22], and a difficulty is to exclude dichotomy
since we treat V € L®(RM) and E(u) is not weak lower semicontinuous. Furthermore,
since our nonlinearity is general and there is a term V (x), a scaling argument in [10] or the
scaled function u#(Ax) in the homogeneous case may not be useful. Therefore, we need to
bring another idea to overcome this difficulty. In this paper, we perform a careful interaction
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estimate to exclude dichotomy in Lemma 3.3 where (F5) is used. This usage of the interaction
estimate is inspired by Hirata [15] where the unconstrained problem is studied and we try
to apply this estimate in the L2-constraint setting. To do so, we modify any minimizing
sequence to be an approximated positive solution of the Euler-Lagrange equation and prove
the precompactness of the modified minimizing sequence. This reduction is done in Lemmas
2.6 and 2.8, and is also used in [16] for the homogeneous case. In addition to the reduction, to
follow the scheme in [22], we also need the nonexistence result of the minimizer for which the
condition 1 < N < 4, (F6) or (V2) is used. See Lemma 3.1. Here we also have a difference
between the cases V(x) = 0 and V (x) # 0 because the scaled function u(Ax) may not be
useful.

Finally we make a comment on the usage of the interaction estimate. Our argument is also
applied to a minimizing problems with two constraint conditions and potentials. This will be
discussed in [17].

This paper consists of five sections. In Sect. 2 we recall fundamental properties of the
problems e(«) and eqo (). In Sect. 3 we study the existence and nonexistence of the mini-
mizers of e(«) and prove Theorem A. In Sect. 4 we prove Theorem B. In “Appendix A” we
show that e(«) is not attained if 0 # V (x) > 0 and lim|y| o0 V(x) = 0.

Notations

e For p > 1, L?(R2) denotes the space of complex-valued measurable functions # on Q2 C
RV satisfying [, |u|’dx < oo whose norm is defined by ||ull» o) == (/q |u|pdx)l/p.
When Q = R, write el := Null ooy

e L°°(R2) denotes the space of complex-valued essentially bounded measurable functions
uon Q2 C RN whose norm is defined by lull Lo () := esssup,cqlu(x)|. When 2 = RN,
write |[ull oo := esssup, cpn [u(x)].

e We regard L?>(RV) as a Hilbert space over R by the inner product (u,v);> :=
Re [pv f(x)g(x)dx.

e The set H stands for the space of complex-valued measurable functions u of the Sobolev
space of order 1 whose norm is defined by |lully = (fgv lu2dx + I |Vu|2dx)1/2,
ie., H := HY(RY). We denote its inner product by (u, v)y = (Vu, Vv)2 + (u, v) 2
and the dual space of H by H*.

2 Preliminaries

We first recall known facts about the homogeneous problem e ().

Proposition 2.1 ([22, Theorems 1.1 and 1.5]) Suppose (F1)—(F4) and the following (F5'):
(F5’) There exists sy > 0 such that F (sg) > 0.

Then there exists a unique o, € [0, 00) such that (1.4) and the following (i) and (ii) hold:

(1) If o > ap, 00, then every minimizing sequence for e («) has a convergent subsequence
in H up to translations. Therefore, ex (o) is attained, the set of all minimizers is pre-
compact in H up to translations and (1.2) holds. Moreover, in addition, if (F7) and (F8)
hold, then the set of all minimizers is orbitally stable.

(i) If0 < o < €p,00, then exo (@) is not attained.

Note that (F5) implies (F5"). The next proposition concerns when ag oo = 0 or ¢ 00 > 0
holds.
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Proposition 2.2 ([22, Theorems 1.3]) Suppose (F1)~(F4) and (F5'). Then the following (i)
and (ii) hold:

(i) If the following (F10) holds:
(F10) liminfy o F(S)/sp°+1 = 00,

then o oo = 0.
@i1) If (F9) holds, then ap. o > 0.

Next, we collect some properties about F(s). We begin with a variant of [22,
Lemma 2.2 (i)].

Lemma 2.3 Suppose (F1)~(F4), ug € H and that (u,) is bounded in H. If ||u, — ugll, — 0
for some p € [2, 00], then lim,, o0 [pn F(Jun|)dx = [pn F(luol)dx.

Proof We remark that we may assume u, > 0 without loss of generality since |||u,| —
luolllp < llup — uollp and [|Viu|ll2 < [[Vullz (see [19, Theorem 6.17]). By Sobolev’s

inequality and Holder’s inequality, [lu, — ugll;, — O for any ¢ € (2,2*). We also set
My := sup,> unllz < oo.
Next, by (F3) and (F4), for each ¢ > 0, one may find a C; > 0 such that

[ f(s)] < els| + Cels|Pe forall s € R.

From
g
|Fun) — Fuo)| = ‘f F G+ (1 O)uo) 0
0
1
s/ £ Bun + (1 — B)ug)| dBlutn — uo]
0

1
< / {& (un +uo) + Ce (un + u0)?} dOuy — uo
0
= {5 (un +uo) + Ce (un + MO)pC} lun — uol

and Holder’s inequality, we have

V {F(un) — F(ug)}dx
RN

=< /N {5 (up + uo) + Ce (un + MO)pC} lun — uoldx
R

< & ([lunll2 + lluoll2) lun — uoll2

+ Ce lluy + ’/‘0”§:+1 lluen — M0||Pc+1~

Noting 2 < p. + 1 < 2%, we obtain

lim sup
n—o0

/ {F(un) — F(uo)}dx| < 4MZe.
]RN

Since ¢ > 0 is arbitrary, fRN F(uy)dx — /RN F(ug)dx asn — oo. O

Next, we borrow one lemma from [15], which is used for the interaction estimate in the
proof of Lemma 3.3. For a proof, see [15].

Lemma 2.4 ([15, Lemma 4.4]) Assume (F1) and (F5). Let 81 > 0 be as in (F5). Then the
following (1) and (ii) hold:
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(i) There exists 8 € (0, 81] such that

1
F(uy) + F(uz) — F(uy +uz) + E(f(”l)MZ + fu2)uy) <0 for uy,uz € [0, 8]

(ii) For each compact set K C (0, 00), there exist Cx > 0 and §x > 0 such that

1
F(up) + F(up) — F(uy +u2) + E(f(m)uz + fu2)uy)
< —Cxkuj for uy € K andup € [0, 5g].
In the next lemma we state fundamental properties of e(«) and e (o).

Lemma 2.5 Assume (F1)—-(F4) and (V1). Then the following hold:

(i) e(a) > —oo fora > 0.

(i) For o > 0, every minimizing sequence for e(«) is bounded in H.
>iii) e(a) < exo(a) < 0fora > 0.
@iv) e(a) <e(B) + ecol@ — B) for0 < B < a.

(v) e(a) is nonincreasing in o > Q.

Proof (i) The proof is almost the same as [22, Lemma 2.2 (ii)]. By the assumptions (F1)-
(F4), for & > 0, there exists a positive constant C; > 0 such that

F(lul) < Celul + efulPH. 2.1)
By the Gagliardo—Nirenberg inequality we have
c+1 4/N

el 4} < C llaly™ 1923 2.2)

Thus, (2.1) and (2.2) give

U F(Jul)dx
RN

We choose ¢ > 0 such that eCa?/N = 1/4. Then for u € M(),

< C ull3 +eCa®N || Vul3.

1
f F(uDdx < Coat + ~ [ Vul3,
R¥ 4
which implies
1
E@) > IVul3 — Cear. (2.3)

Hence, (i) holds.

(i1) Since u € M («), the conclusion immediately follows from (2.3).

(iii) Because E(u) < Eo(u) foreachu € H dueto (V1), we easily see that e(a) < eqo ().
For the inequality e (o) < 0, see [22, Lemma 2.3 (i)].

(iv) For e > 0, we can find ¢,, ¥, € Cgo (RN) such that

e € M(B), Yo € M(a — B), E(¢s) =e(B) +¢, Exc(Ve) < ecx — B) + .

Let ug ,(x) := @e(x) + ¥ (x — ney). Since ¢, and ¥ have compact support, we see
that u, , € M(«) for large n and that e(«) < E(ue,) = E(¢e) + E(Y:(- — neyp)).
From E(Y¢(- — ney)) — Eso(¥.) as n — oo thanks to (V1), it follows that

e(@) = lim (E(e) + E(e(- —ne1))) = E(ge) + Eco(Ve) < e(B) + eoo(e — f) + 2.

Since ¢ > 0 is arbitrary, (iv) holds.
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(v) By (iii) and (iv), we have
e(a) <e(f) +ecle—p) <e(f)for0 < <a.

Thus, e(«) is nonincreasing in .
m}

In the next two lemmas we collect some properties of a minimizing sequence for e().

Lemma 2.6 Assume (F1)-(F4) and (V1). The following hold:

(1) Let (u,) C M(w) be a minimizing sequence for e(), and let \u,|(x) := |u,(x)|. Then
(|lun|) is also a minimizing sequence.

(i) If up € H and (up) is a minimizing sequence for e(a) with ||u, — uglla — 0, then
lup —ugllg — 0. Furthermore, if ug € H and (u,) is a minimizing sequence of for e(«)
and |||u,| — |uolll2 — O, then ||uy — uglly — O.

Proof (i) By [|V|u,|ll3 < [|Vu|2 ([19, Theorem 6.17]) and |u,| € M (), we see that

E(luy|) < E(uy,) and (Ju,|) is also a minimizing sequence.
(i1) From ||u, — ugl|l> — 0, it follows that
up € M(e) and lim / V(x)uidx = / V (x)ujdx. (2.4)
n—00 JpN RN

Moreover, by Lemma 2.5 (ii), (#,) is bounded in H. Thanks to ||u, — ugll2 — 0, we
obtain u,—ug weakly in H. Thus, Lemma 2.3 and the weak lower semicontinuity of
IV - 2 yield

e() < E(ug) < liminf E(u,) = lim E(u,) = e(a),
n—00 n—00

which implies ||Vu,,||% — ||Vuo||%. Combining this fact with Vu,—Vuy weakly in
L*(RY), we observe that ||Vu, — Vuglls — 0 and ||u, — uollg — O.
Assume that (u,) is a minimizing sequence for e(«) with |||u,| — |uolll2 — 0. By
Lemma 2.5 (ii), (u,) is bounded in H, hence, choosing a subsequence if necessary, we
may assume u,, — ug in LIZOC(RN) without loss of generality. Since |||, | — |ug|ll2 — O
and u,, — ug in L%OC(RN), we may find a wo € L%(RN) and a subsequence (uy,)
such that |u,, (x)| < wo(x) and u,, (x) — up(x) a.e. RY. The dominated convergence
theorem gives |lu,, — ugll2 — 0 and the former assertion gives ||u,, — uollyz — 0 due
to the fact that (u,, ) is a minimizing sequence for e(«). Since the limit is independent
of subsequences, we have ||u, — uo||g — 0 and the proof is completed.

m}

Remark 2.7 A similar argument to the proof of Lemma 2.6 shows that if ug € M(x) is a
minimizer, then sois |ug(x)|. Hence, when e(«) is attained, we may always find a nonnegative
minimizer.

Lemma 2.8 Let (u,) C M(«) be a minimizing sequence for e(a). Then there exist (v,) C
M (a) and (A,) C R such that (A,) is bounded and

Ny —vallg — 0, E'(vp) + 2 Q' (v,) — O strongly in H*, (2.5)
where Q(u) = ||u||%. Furthermore, if (u,) is real-valued, then we may choose v, as real-

valued function.
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Remark 2.9 We notice that if (v,) in Lemma 2.8 has a strongly convergent subsequence in
H, then so is (uy).

Proof of Lemma 2.8 We first remark that Q is smooth and Q' (u)u = 2Q(u). By M(x) =
0~ (a), we notice that M («) is closed and a Hilbert manifold with codimension 1. Moreover,
the tangent space of M («) at u and the tangent derivative D7, y(o) E of E at u are given by

TuM(a) ={ve H|(VQu), vy =0},
E'(u)VQ(u)
VO3
where VQ(u) € H is the unique element satisfying (VQ(u), v)y = Q'(u)v for every
veH.

We now apply Ekeland’s variational principle for E («) and (u,,) on M () to getv,, € M ()
satisfying

(2.6)

Dr,m@EW) = E'(u) — Q' (u),

lun — vl < €, E,) < E(w) + Je,llv, —wllg foreachw € M(x), (2.7)

where ¢, := E(u,) — e() > 0. Putting w = u,, in (2.7) and the fact v,, € M («) assert that
(vp) is also a minimizing sequence. In addition, (2.6) and (2.7) imply that

| D1, @ E@) | 7, sapy = 9P { D1, @y EQu | gl = 1, ¢ € Ty, M(@)} — 0.
(2.8)

Since (vy,) is bounded in H, E’ maps bounded sets into bounded sets and |V Q(v,) ||y >
2a/||lvyllg for any n > 1 due to Q'(vy)v, = 20(v,) = 2a, setting A, :=
—E'(v,)V Q(v,,)/||VQ(vn)||%,, from (2.6) and (2.8), we see that (2.5) holds.

If (u;) is real-valued, then we restrict ourselves into Hr := {u € H | u is real-valued}
and Mg () := M(a) N Hg. Since e(a) = inf,cpy ) E(u) holds, we may use the above
argument on Mp (o) to obtain real-valued functions (v, ) satisfying (2.5). Thus we complete
the proof. O

3 Proof of Theorem A

We first observe the case when e(«) is not attained.

Lemma 3.1 Assume (F1)—(F5) and (V1) and assume (F6) or (V2). If there are « > 0 and
B > 0 such that e(a) = e(B) and o > B, then e(p) is not attained.

Proof We first prove the following:
If e(-) is constant in [8, B + €) for small ¢ > 0, then e(f) is not attained. 3.

Remark that (3.1) implies our conclusion. Indeed, we see by Lemma 2.5 (v) that e(-) is
nonincreasing. Since e(«) = e(f), we observe that e(-) is constant in the interval [S, «].
Then by (3.1), e(B) is not attained.

Now we prove (3.1) by contradiction and let ug € M (8) be a minimizer for e(8). Thanks
to Remark 2.7, we may assume ug > 0. Notice that u is a (classical) solution of

— Aug + V(X)ug — fug) = —2iug in RY (3.2)
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for some A € R. Next, we show by contradiction that A < 0. If & > 0, then

d E(tugp)
—_ u
dt 0

Hence, for sufficiently small > 0, the monotonicity of e(«) yields
e +e) < e((1+m)?B) < E(1+nuo) < E(uo) = e(p),

which is a contradiction. Thus, A < 0.
We prove (3.1). Since V(x) < 0 < up(x) and A < 0, by (3.2) and f(s) > 0 (s > 0) due
to (F5), we have

= / |Vuol* + V(x)ud — f(uo)uodx = —uf luo|>dx = —2A8 < 0.
=1 RN RN

— Aug > fup) =0 in RY and up >0 in RV, 3.3)

Hence, the strong maximum principle and ug € M (B) give ug > 0 in RV,

If N = 1,2, then —Aug > 0in RY. Since ug is a positive super-harmonic function in R
or R2, we see that ug is constant (see [21, Chapter 2, Theorem 29] for N = 2). However, this
contradicts ug € L2(]RN ) and e(p) is not attained.

If N = 3,4, then we show that (3.2) has no solution in H. This claim is proved in [16,
Lemma A.2], however, we give another simple proof which is similar to [4, Lemma 3.12].
Let ¢; > 0 and w(x) := ug(x) — ¢1]x|>~V. Here ¢; > 0 can be chosen so that w(x) > 0
for all |x| = 1 due to ug > 0 in RN. From —Aw = —Aug > 0 for |x| > 1 and w(x) — 0
as |x| — oo, the weak maximum principle asserts that w > 0 in |x| > 1, which implies
up(x) > ¢1|x|*=N for |x| > 1. However, this contradicts ug € LZ(RY) when N = 3, 4.
Hence, e(f) is not attained.

We consider the case N > 5. In this case we assume (F6) or (V2). If (F6) holds, then it
follows from the result of [1] that (3.3) has no solution. Hence, ¢() is not attained.

On the other hand, when (V2) holds, we first observe from (3.2) that uq satisfies the
Pohozaev identity:

\%

N -2 1
0= — ||Vu()||% — N/ F(ug) — )\u(z) — (x) u(z)dx + = / (x - VV(x))u%dx.
2 RN 2 RN

2

Then we have

0>e(B)
= E(uo)

1 ), 1 2
= 3 Vuolls + 3 AN V(x)updx — /RN F(ug)dx

inwonz—xuuonz—i x - VV(x)uldx
N 2 2 2N JrN 0

L (1vuol3 1/ YV (rudd
— uoll5 — = X - X)uidx |,
N 02 2 RN 0

where we used 1 < 0. Since VV(x) € L®®RN), the strict inequality in (V2) holds on
A C R, where the Lebesgue measure of A is strictly positive. Since ug > 0in RY, we get

1 N —2)? z
f/ X - VV(x)u%dx < (7)/ &dx.
2 RN 4 RN |x|2

%

From Hardy’s inequality, it follows that

1 (N —2)? ul
0> Ne(B) = |[Vuoll5 — 3 /RNx SVV(x)uddx > | Vuoll3 — — /RN ﬁdx > 0.
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This is a contradiction and () is not attained. Thus (3.1) holds. O
Next we observe a behavior of minimizing sequence when the compactness does not hold.

Lemma 3.2 Assume (F1)—(F5) and (V1) and assume (F6) or (V2). Let (u,) C M(x) be a
minimizing sequence for e(a) such that u,—uo weakly in H and let B = ||u()||%. If either
0 < B <aorboth B =0ande(w) <0, then there exist (y,) C RN and wy € H\{0} such
that

[Yul = 00, un (- + yu)—wo weakly in H, (3.4)
Jm luy —uo —wo(- —yw)lly =0andoa=p +y, (3.5)

where y = IIwOII%. Moreover; the following hold:
E(uo) = e(B), Eco(wp) = exc(y) and e(a) = e(B) + e (). (3.6)

Proof We divide the proof into three steps.

Step 1: We find (y,) € RN and wog € H\{0} such that (3.4) holds.
First, we show by contradiction that

o 3 N._ N
hnrglcgf ZSEL;II)V [E77% M0||L2(QN+Z) >0 where Q" :=[0,1]". 3.7

Suppose on the contrary that sup, .z~ |lu, — M0||L2(QN+Z) — 0. Then, u, — ug strongly in
L7(RV) for 2 < g < 2* (See [23]). By Lemmas 2.3 and 2.5, we have

e(@) = e(p) = E(uo) = lim E(up) = e(a). (3.8)

When 8 = 0 and e() < 0, we get a contradiction. Hence (3.7) holds provided 8 = 0 and
e(ax) <O.

Next, let us consider the case 0 < < «. In this case, (3.8) asserts e(a) = E(ugp) = e(B)
and uq is a minimizer due to |jug ||% = B. However, this contradicts Lemma 3.1. Therefore,
(3.7) holds.

From (3.7) and u,, — ugin LIZOC(RN), we can find (y,) C RY such that ||u,, 2200V 4y, =
co > 0and |y,| — oo. Let

Uy (- + yn)—wp weekly in H.

Note that wg # 0 because ¢y > 0. Therefore, (y,) and wq satisfy (3.4). The proof of Step 1
is complete.
Since |y,| — 0o (n — 00), we have

iy — uo — wo- — ya)lI3 = lunl3 + luoll3 + llwol3
—2(up, uo) g2 — 2 (up (- + yn), wo) 2 +o(1)
= llunll3 — luoll3 — llwoll3 + o(1). (3.9)

In particular,
y = lwoll3 < liminf([lu, |5 — lluoll3) = & — B.
n—0o0
Note that y > 0 because wg # 0.
Step 2: We show that (y,) and wq satisfy (3.5).
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Let§ :=limy, oo ||ty — ug — wo(- — yn)II%. Then, we see by (3.9) that§ = o — 8 — y.
Our aim is to show that § = 0. Suppose on the contrary that

5> 0. (3.10)

By direct calculation we have

L IVl = 1¥u013 = Va0 = 31 = IVt — 0 — wo (- — ) I3
5 (V13 = IVuol13 = Vo (- = y) I3 = IV (un — o = wo(- = y)3)

= — |Vuoll3 + (Vun, Vuo) 2 — [[Vwo(- — yu)II3
— (Vug, Vwo(- — yu)) 2 + (Vu, (- + yu), Vwo) 12
=o0(1). (3.11)

Similarly,

1
3 |, Y (1 = b0l = ot = 3 = by = o = wo - = 3)P) dx = o(0).
(3.12)

By the Brezis-Lieb lemma [9, Theorem 2], we have
f F(luydx = / F(luo)dx +/ F(lup —uol)dx + o(1),
RN RN RN
/ F(lun (- + yn) — uo(- + yp)dx = / F(lwol)dx
RN RN

+ /RN Fllin(+ ya) — tto(- + y) — wol)dx + o(1).

Thus,

/ F(lunl)dx —/ F(luohdx
RN RN

—/RN F(lwo(- — yn)Ddx — A@N F(lup —uo — wo(- — yn)Ddx = o(1). (3.13)
Combining (3.11)—(3.13), we have

E(up) — E(uo) — E(wo(- — yn)) = E(un —uo —wo(- —yp)) =o(l).  (3.14)

Since V(x) — 0 as |x| — oo, u,—~up weakly in H and |y,| — oo, we have

/N V(x)|u,(x) —ug(x) — wolx — y,,)lzdx — 0. (3.15)
R
Noting
E(uy —uo — wo(- — yn)) = Eco(un — o — wo(- — yn))
1
+§f V(0| (x) — wo(x) — wo(x — yy)|2dx,
RN

we have

liminf E(up, —uo — wo(- — yn)) = €c0(8) and liminf E(wo(- — yp)) = eco(y).
n—oo n—oo

(3.16)
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Hence, by (3.14)—(3.16) we have
e(a) = e(B) + eco(y) + € (8). (3.17)
By (3.17) and Lemma 2.5 (iv), we have

e(@) = e(B) + exo(¥) +€cc(d) Ze(B+y) +ex(d) =e(B+y +6) =e().
(3.18)

Hence, e(a) = e(B) + eco(¥) + €xo(8). Since § > 0, by Proposition 2.1 (i), we see that if
Y+ 8 > 0,00, then exo (¥) + €50 (8) > exc(y + §). This gives a contradiction because
e(a) = e(B) + exx(y) + exc(8) > e(B) + eoc(y +68) = e(B+ ¥ +8) = e(a).

Thus, ¥ + 6 < ap,00 and €0 () = €x0(8) = 0 thanks to Proposition 2.1. By (3.18) we have
e(a) = e(B). Thus, when B = 0 and e(x) < 0, we obtain a contradiction and (3.10) does
not hold, which gives § = 0.

Inthe case 0 < B < &, by (3.16), exc(8) = 0 = exo(y) and (3.14), we have

e(B) < E(uo) + E(wo(- — yu)) + E(up — up — wo(: — yn)) +o(1)
= E(uy) +o(1) > e(). (3.19)

Since IIuOII% = B, by (3.19), we see that e(f) is attained by ug as well as e(8) = e(x).
However, by Lemma 3.1, e(8) is not attained and we obtain a contradiction. Hence, § = 0
and Step 2 is proved.

Step 3: We show that (y,) and wy satisfy (3.6).

In Step 2 we saw that (3.14)—(3.16) hold when § > 0 is assumed. However, (3.14)—
(3.16) hold even in the case § = 0, since (3.10) is not used in deriving (3.14)—(3.16). By
(3.14)—(3.16) we have

e() = lirgi;l)f E(uy,)
= liminf (E(uo) + E(wo(- — yu)) + E(un — uo — wo(- — yn)))
n—>00 (3.20)
> E(ug) + Eco(wo) + linrgioréf E (un —uo —wo(: — yn))
> e(B) + e (¥) + exo(d),

where § = lim,,_ o ||t — ug — wo(- — y,,)ll%. In Step 2 we have shown that § = 0, and
hence « = B + y. Since ¥ > 0 and e, (§) = 0, by Lemma 2.5 (iv), we have

e(B) +exo(y) + ecxc(8) = e(B) + eco(¥) = e(a). (32D

By (3.21) and (3.20) we see that e() = e(B) + exo(y). Hence, by (3.20), E (uo) = e(B) and
Eo(wo) = eso(y). Thus, Step 3 is proved, and the proof of Lemma 3.2 is completed. ]

Now we prove the precompactness of minimizing sequence.

Lemma 3.3 Assume (F1)—(F5) and (V1) and assume (F6) or (V2). Let « > 0. If e(x) < O,
then every minimizing sequence for e(«) has a strong convergent subsequence in H.

Proof Let (u,) C M(x) be a minimizing sequence for e(«). By Lemma 2.6, it suffices to
show that (|u,|) has a strongly convergent subsequence in L2(RYN). Moreover, from Lemma
2.8 and Remark 2.9, we may assume that (u,) satisfies
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E'(up) + 1n Q' (un) — 0 strongly in H* and (u,)— := max{—u,(x), 0} — O strongly in LQ(RN)
(3.22)

for some bounded sequence (A,) C R. We may also suppose
up—ug weakly in H and A, - AinR.

Let B := |lug|l3. Then, B < a.

If B = «, then u,, — ug strongly in L?>(RY) and Lemma 2.6 asserts that (u,) has a
strongly convergent subsequence in H. Hence, the conclusion holds.

When 0 < 8 < «, by Lemma 3.2, there exist (y,) C R and wg € H\{O} such that
(3.4)—(3.6) hold. From (3.22) and the definition of wy in Step 1 of Lemma 3.2, it follows that

— Awp 4+ 2Awo = f(wo) inRY, wo>0 inRV. (3.23)

Since f(s) > 0 fors > 0 by (F5) and —Awg + 2A);wo > —Awg + 22wy = f(wp) >0
in R, the strong maximum principle and || w0||% =a— B > 0give

wo >0 inRY. (3.24)

Now we may exclude the case 8 = 0. In this case, we have e(¢) = exo (@) = Exo(wp)
and wy is a minimizer for e (o). However, (V1) and (3.24) give a contradiction:

e(a) < E(wo) < Eoc(wo) = ecxo(@) = e(a).
Hence, the case 8 = 0 does not occur.
Hereafter we prove that the case

0<B<ua (3.25)

does not occur. Suppose on the contrary that (3.25) holds.
We divide the proof into two steps.

Step 1 We show that A > 0.
By (3.23), we observe that wy satisfies the Pohozaev identity

N -2
0= "= Vugl3 - N/ Fwo) — auldx.
2 RN
Therefore, we obtain
N _1 2 2
0> ex(@—p) = Ex(wo) = N Vwollz — Allwoll3-

Now we infer from (3.24) that A > anm@ > 0.

Step 2 Conclusion.
In this step, we borrow the idea from [15]. Set
Jao

w,,(x) = U)()(X — ne]), Th = m and Ky 1= (M(), wn)Lz .
n

Remark that 7, (ug + w,) € M(x), k, — 0 asn — oo and
5 o 2Ky,

T = :1—7
" a4+ 2k, o

+0W) and t=1— "+ 0@3).
o
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Since it follows from (3.22), |jug ||§ = B > 0 and a similar argument to wq that
— Aug+ V(X)uo + 2hug = f(ug) inRY, wug>0 inRY, (3.26)
combining this fact with (3.23) and (3.26), we have

2
T
—"/ IV (o + wn) >+ V(x) (o + wy)>dx
2 RN

1 2K,
= - (1 -y O(K,%))/ |Vuol? + V (x)u}
2 o RN

+ [Vwa|? + V(x)w? +2Vug - Vw, + 2V (x)ugw,dx

1 2K
= — (1 - )/ |Vuol* + V(x)ud + [Vwo|* + V(x)w2dx
2 o RN

2Ky, 1
+{1- —(Vug - Vw, + V(x)uowy)
o RN 2
1
+ E(Vuo -Vw, + V(X)uow,)dx + O(K,%)

1 2K
= — (1 - —") /N [Vuol* + V(x)ud + [Vwo|* + V(x)widx
R

2 o
2Ky, 1
+11- = (=22uowy + f(uo)wy)
o RN 2
1 1
+ 5 (=2hugwy + f (o) + 5V (Duowndx + 0 (k)
1 2kn 2 2 2 2
=—(1—— [Vuo|” + V(x)uy + [Vwol” + V(x)w,dx
2 o RN

2Ky, 1
+ (1 - ) {_2)\’% + 7/ fwo)w, + f(wn)Mde}
o 2 RN

1 2k, 5
+—-|1-— V(x)uowpdx + O (k).
2 o RN

From ug, wy € L (R) with ug, wo > 0, (F3) and (F5), it follows that

0= f S wo)wy, + f(wy)uodx < / Co (uowy, + wypuo) dx =2Coky.  (3.27)
RN RN

Since V(x) < 0 and we may assume 1 — 2«, /o > 0, we have

E (7 (uo + wy))
1

2
<= <1 - ﬁ) / IVuol? + V(x)u2 + [V 2 + V() wldx — 2k,
2 o RN
1
4 [ 30w, + s = [ F o+ wdx+0Gd)
RN 2 RN
< Euo) + Eaoln) = [ 1900 + Vo + 1V Plx - 20
R
1
+/ ~(f (wo)wn + f(wp)uo)dx
RN 2

+ /N F(ug) + F(wp) — F(ty(uo + wp))dx + O(K,%). (3.28)
R
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Noting f € C?. (R) due to (F5), we have

loc

/ F(tn (g + wp))dx = / F ((1 _f 0(K,3)> (o + w,,)) dx
RN RN o

=/ Flug + wn) + (o + wn) (—"—”) (o + wn)dx + Ok T).
]RN o
(3.29)

By (3.28), (3.29) and & = [uol|3 + |lwo|3, we have

E (1 (up + wn))

K A
< E(uo) + Esolwg) — - /RN Vol + V Geyug + [V Pdx =25 (Jluol3 + lwol3) kn

+ [, 5o + famuonx

+ /]RN F(ug) + F(wy) — F(up + wp) + %f(uo + wp) (ug + wp)dx + Ok T)
— E(uo) + Eoo(wp) — / oo + £ (wn)wndx

a Jrv
1
4 /R | Fo)+ Fun) — Fug + wn) + 3 (F@oyun + f(opug)dx
+ ”—/ o + wn) (uo + wp)dx + Ok I )
a JrN
1

= EGu0) + Eoo(w0) + [ FGu0) + Flum) = Fluo + )+ 5 (o + f (o)

+= /R (F g+ wa) = FoDug + (f (g +wn) = f (wa))wadx + 0y ™). (3.30)

From (3.23), (3.26), V(x) — 0 as |x|] = oo and A > 0 due to Step 1, it follows that ug
and wo decay exponentially as [x| — oo. In fact, we may prove that if 0 < 1 < 2A < n,
then there exist C;; > 0 and C;,, > 0 such that

Cpoe V1 <y (x) < Cpe VTR and  Cpe VR < wy(x) < €y e VT (3.31)
Noting | f(uo + wy) — f(up)| < Cw,,, we see that

/ | f (o + wn) — f@o)lluogldx < C f wyuodx = C / (wnuo)"uy " dx
RN RN RN

v 1—v
<C (/ wnuodx> (/ uodx> = 0(,).
RN RN

By a similar argument, we have

/ |f (o + wn) — f(wp)||lwaldx < C/ (uow,)"w, " dx
RV RN

v 1—v
<C (/ uowndx) <f w,,dx) = O0(k,).
RN RN
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Using two inequalities, by (3.30) we have

E (7 (o + wy))

< E(ug) + Eoc(wp) +/ F(uo)
]RN

+ F(wp) — F(uo + wn) + %(f(“O)wn + fwuo)dx + 0@k, ™). (3.32)

Let 52 > 0 be given in Lemma 2.4 (i). We can choose an Ry > 0 such that if n > 2Ry,
then

max up(x) <8 and max wy(x) < 8.
X€RN\(Bry (0)UBg, (ne1)) x€RN\(BR, (0)UBR, (ne1))

By Lemma 2.4 (i) we see that if n > 2R, then

1
/ Fuo) + Fwa) — Fluo + wn) + = (f wown + f(wa)uio)dx < 0.
RN\ (Bg, (0)UBR, (ne)) 2

(3.33)
Next, set
K = {uo(x)| xe BRO(O)} U {wn(x)l xe BRO(nel)}.

Then K C (0,00) and K is compact. Let §x be given in Lemma 2.4. We can choose
ng, = 2Rg such thatif n > ng, then

max  ug(x) <d8g and max w,(x) < k.
xeBRO(nel) xeBRO(O)

By Lemma 2.4 (ii) we see that if n > ng, then

1
Fuo) + F(wy) — F(uo + wy) + E(f(uo)wn + f(wp)ug)dx

/BRO (O)UBR (ney)

< —Cg f wn(x)dx—i—/ ug(x)dx | . (3.34)
Br, (0) Bg, (ner)

Thus, from (3.32)—(3.34), we see that if n > npg, then

E (T (uo + wy)) < E(uo) + Eco(wo)

—Cgk / wy, (x)dx —I—/ ug(x)dx | + O(K,:”). (3.35)
Bry (0) BR, (ne1)

Now recalling (3.31), we obtain

f wy, (x)dx +/ uo(x)dx > ane**/”iz” for g > 2.
Bry (0)

Br, (ney)
Remark also that for each 1 € (0, 21), it is possible to prove
kn < Cp, e~ Vmn,

For instance, see [2, Proposition 1.2], [3, Lemma I1.2] and [17].
Put 7y := (v/21 — €)% and 2 := (V2 + ¢)%. If & > 0 is sufficiently small, then

m—(1+v)m=—v\/ﬁ+(2+v)g<0.
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Thus,
K1V evmn < C%j’”e(v”z_“*”)v”‘)” — 0asn — oo.

Therefore, 0(/{,{*”) = o(e~VMn), By (3.35) we see that if n is large, then

e(@) < E(ty(uo + wn)) < E(uo) + Eoo(wo) — cype V™" 4 0(e V™M)
< E(up) + Eco(wo) = e(a),

which is a contradiction. Hence, (3.25) does not occur and the proof is completed. O

Proof of Theorem A Let op := inf{a > 0] e() < 0}. It is clear that oy < @, c0. Since p o
exists and g0 < oo thanks to Proposition 2.1, we see that g exists and og < 00. By
Lemma 2.5 (v), e(a) is nonincreasing. Since ¢(0) = 0, we easily see that e(w) = 0 for
0 < a < ag and that e(a) < O for a > «g. It follows from Lemma 3.3 that if @ > «, then
every minimizing sequence has a strong convergent subsequence in H. It is well known that
the orbital stability of S, follows from the precompactness of every minimizing sequence
for e(«). Moreover, Lemma 3.1 and the definition of «y imply Theorem A (ii). Therefore,
Theorem A holds. O

4 Proof of Theorem B

Proof of TheoremB (i) We first prove oy = 0 when (V3) holds. By (V3), there is a ¢ €
CS°(RM) such that [|¢]l, = 1 and

1 2 2
— Vol + V(x)p~dx < 0.
2 JrN

Replacing |¢| if necessary, we may suppose ¢ > 0. Let « € (0, s§/||<p||§o). Since
Jap € M(a) and F(Jagp) > 0, we get

e(@) < E(vag) < %f Vol + V(x)pdx < 0.
RN

By the monotonicity of e(«) in Lemma 2.5, we see that &g = 0 holds.
Next, we show that N = 1,2 and (V1) imply (V3). Let V (x) satisfy

(V1) and ¢ € C(C)’O(RN). Put ¢ (x) := tN/2<p(tx) for t > 0. Choose also an Ry > 0 so that
flx\sRo V (x)dx < 0. Then we have

/ Vo ? + V()lg: 2dx = 12| Vell3 + 1V / V(x)lg(tx)*dx

RN RN

“4.1)

< (nwn% +N 2 / V<x>|<p<zx)|2dx> :
[x|<Ro

Remark that
lim V() |etx)Pdx = |¢(0)]? V(x)dx.

120 Jix|<Ro lx|<Ro
Hence, when N = 1, by selecting ¢ € Ci°(R) so that ¢(0) # 0, if r > 0 is sufficiently
small, then (4.1) and the choice of Ry imply fR |V<p,|2 + V(x)|<p,|2dx < 0.
When N = 2, from (—log|x)% € H'(R?) for 0 < o < 1/2, we may find a ¥ €
CgO(R2) so that || Vg |l2 = 1, ¥ > 0 and ¢ (0) — oo as k — oo. Setting ¢ = 1y and
selecting a sufficiently large ko, we obtain
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IV Yk 113 + [y (O V(x)dx <0.
[xI<Ro
Thus, if t > 0 is sufficiently small, then (4.1) gives f]RZ IV (Yo 12+ V()| (Yo ) |2dx <
0. Therefore, when N = 2, (V3) holds.

(ii) We show that there exists V (x) such that oy > 0. Let b := sup,_,, F(s)/sPetl, By
(F4) and (F9) we see that b < oo. Let Cq denote the best constant of the inequality
Nl 25 < Co lully™ 11Vull} and define @ = a1 (N, f) > 0by a1 = (2bCo)~N/2.
For « € (0, «r1), we also set ¢y := (N — 2)2(1 — 2bCoar*’N) /4 > 0 and suppose that
V(x) > —cq|x|~2 for |x| > 0. Then by Hardy’s inequality and the definition of b, Cy
and c,, we obtain

2 2

This inequality indicates that e(e) = 0 and o9 > o > O follows from from the mono-
tonicity of e(a).

Ew) > 1/ VulPdx - i“/ = bl
— 2 Jry 2 Jry |x|? potl
1 1
> <* — =+ bCoa?/N — bCoaz/N>f |Vul*dx = 0.
RN
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Appendix A: Nonexistence of minimizer

We consider the following case:
(V4) 0# V(x) = 0and lim|y| 00 V(x) = 0.
Theorem A.1 Suppose (V4) and the following (F11):

(F11) f(s) = fdsD fors € R f(s) = 0 fors = 0, [f(s)] = C(s| + Is|™),
lim—, o0 f(s)/sPc = 0.

Then e(a) = exo () for a > 0 and e(w) is not attained for o« > 0.
The assumption (F11) is weaker than (F1)—(F5).

Proof First, we show that e(a) = e (). Since V(x) > 0, we see that e(a) > exo(r). On
the other hand, for any u € M («) and n € N, we obtain

e(@) < E(u(- —ney)) = Eoo(u) + %/ V(x +nep)|ul’dx.
RN

Letting n — o0, we obtain e(o) < Eo(u). Since u is arbitrary, we see that e(a) < exo ().
Thus, e(a) = exo(@).

Second, we show by contradiction that e(c) is not attained. Suppose on the contrary
that e(«) is attained by ug € H N M(«). By Remark 2.7, we may assume ug > 0. Since
E € C'(Hgr,R) due to (F11), there exists a A € R such that —Aug + (V (x) + 24)yug >
—Aug + (V(x) + 20)ug = f(ug) > 0 in RY. Thus, the weak Harnack inequality [14,
Theorem 8.18] yields u#p > 0 in RN Using this fact and 0 # V (x) > 0, we obtain

e(a) = E(ug) = Eoo(uo) + l/ V(x)ugdx > Eoo(itg) = eoo().
2 RN

This is a contradiction, because e(«) = e (o). Therefore, () has no minimizer. ]
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