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Abstract

The present paper deals with a parametrized Kirchhoff type problem involving a critical
nonlinearity in high dimension. Existence, non existence and multiplicity of solutions are
obtained under the effect of a subcritical perturbation by combining variational properties
with a careful analysis of the fiber maps of the energy functional associated to the problem.
The particular case of a pure power perturbation is also addressed. Through the study of the
Nehari manifolds we extend the general case to a wider range of the parameters.
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1 Introduction and main results

Nonlocal boundary value problems of the type
— (a —i—b/ |Vu|2dx> Au = f(x,u), in 2
Q

u=0, on 992
are related to the stationary version of the equation

i (oo outs)

——la+b |Vul“dx | Au = f(t, x,u),

912 Q

proposed by Kirchhoff [11] as a generalization of the D’ Alembert’s wave equation to describe
the transversal oscillations of a stretched string. Here u denotes the displacement, f is the
external force, b is the initial tension and « is related to the intrinsic properties of the string.
The importance of these kind of problems and its mathematical developments were made
very clear after the recent short survey [17].

Recently, the existence and multiplicity of solutions of Kirchhoff problems under the effect
of a critical nonlinearity f have received considerable attention. Indeed, the challenging
feature of such problems is due to the presence of a nonlocal term together with the lack of
compactness of the Sobolev embedding HO1 () < L% (£2) which prevent the application of
standard variational methods.

The existence and multiplicity of solutions of Kirchhoff type equations with critical expo-
nents have been investigated by using different techniques as truncation and variational
methods, the Nehari manifold approach, the Ljusternik—Schnirelmann category theory, genus
theory (see for instance [3.,4,7] and the references therein).

In the recent works [1,6,8,9,12,13,20], an application of the Lions’ Concentration Com-
pactness principle allows to prove the Palais Smale condition of the energy functional, a key
property for the application of the well known Mountain Pass Theorem. Notice that according
to the space dimension N, the geometry of the energy functional changes and when N > 4
(coercive case) the property holds when a and b satisfy a suitable constraint (see [8,9,13,20]).

Indeed, when N > 4, in [5] it is shown that the interaction between the Kirchhoff operator
and the critical term leads to some useful variational properties of the energy functional such

as the weak lower semicontinuity and the Palais Smale property when aNT4b > C1(N) or

aNT%b > C,(N) respectively, for suitable constants C;(N) < C2(N).
In this paper we study the following critical Kirchhoff problem

— (a + bf |Vu|2dx) Au = u|* 2u+rf(x,u), inQ
(Pr) @

u=0, on 02

where @ € RY (N > 4) is a bounded domain, a, b are positive fixed numbers, 2* is the
Sobolev critical exponent, A is a positive parameter, f a subcritical Carathéodory function.
In the present paper, through a careful analysis of the fiber maps associated to the energy
functional, we will study the existence, non existence and the multiplicity of solutions of (7;,).
Indeed, by using the fibration method introduced in [16] and the notion of extremal values of
[10], we will describe the topological changes of the energy functional, when the parameters
a, b, A vary. As it will become clear throughout our study, from the very geometry of the
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fibers, we will be able to deduce a precise, and in some cases complete picture on existence,
non-existence and multiplicity results.

When the nonlinearity f isa pure powerterm, i.e. f (x, u) = [u|?~2uforsome p € (2,2%),
we will go further in our study and through a detailed analysis of the Nehari set associated
to problem (P;) (see [14,15]), we will show the existence of two critical hyperbolas on the
plane (a, b), that separates the plane into regions where the energy functional exhibits distinct
topological properties. Some of the ideas used here come from [18,19], where the subcritical
case was studied and a complete bifurcation diagram was provided. Our work contains new
results in the framework of Kirchhoff type equations with critical nonlinearity and extends
the results of [13] (for a detailed comparison see below).

To give a better description of our results, let us endow the Sobolev space H(} (€2) with the

1
classical norm ||u|| = (fQ |Vul|? dx) % and denote by ||u||, the Lebesgue norm in L4 (£2) for
1
1 < g <2%ie |lully = (fq|ul dx)7. Let Sy be the embedding constant of H{ () —
L7 (Q), e
flu)?

Sy = inf - (1)
ueHJ (\{0} [luell5s

Let us recall that

NN-2) 2

SN = f&)/\\/]
(where wy is the volume of the unit ball in RV ) is sharp, butis never achieved unless 2 = RN,
For N > 4 let us introduce the following constants which will have a crucial role in the

sequel:

N-4 N—4

4N —4) 7 2(N —4) 7
CI(N):W and CZ(N)ZW,
NT 82 (N—-2)7 Sy

and notice that C{(N) < C2(N).
On the nonlinearity f we will assume the following:

(F1) f: 92 xR — Ris a Carathéodory function satisfying f(x,0) = 0 for a.a. x € Q;

(F2) f(x,v) > Oforeveryv > Oand a.a. x € Q, f(x,v) < 0 for every v < 0 and a.a.
x € Q. Moreover there exists ;> 0 such that f(x,v) > u > 0 for a.a. x € Q and
every v € I, being I an open interval of (0, +00);

(F3) there exist ¢ > 0, p € (2,2%) such that | f(x, v)| < c(1 + [v|?~1) for every v € R
and a.a. x € Q;

(F4) f(x,v) =o(|v]) for v — 0 and uniformly in x € Q.

Denote by @, : HO1 (2) — R the energy functional associated to (Py),
=2 Pt — Lz I
D, () = < |lull” + —|lull lull3« —A | F(x,u)dx  forevery u € Hy(S2),
2 4 2% Q
where
v
F(x,v) = / f(x,tdr.
0
Note that from () and (F3), @;, is well defined and ®; € C! (HOI (R)).

Our first result establishes the existence of global minimizers when a¥b > C1(N).
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Theorem 1.1 Assume (F)—(F4). Ifagb > C1(N), then there exists Ay == Aj(a, b) > 0
such that:

(1) Foreach ) > )}, problem (Py) has a non-zero solution u,, which is a global minimizer
to @, with negative energy.
(ii) Problem (P;\g) has a non-zero solution u A5 which is a global minimizer to CD;% with
zero energy.
(iii) If0 < A < Ay, then ®@; (u) > Oforallu € HO1 (2)\{0} and 0 is a global minimizer of
D,.

Ifa%b = C1(N), then for each ) > 0, problem (P,) has a non-zero solution u;, which is
a global minimizer to ®; with negative energy. Furthermore, if (ay)k, (by)x are sequences
4

N-4
satisfying a, 2 by § C1(N), ax — a > 0and by — b > 0, then Ag(ag, br) — 0.

In the sequel, Ajj is as in Theorem 1.1. For A < A{ but close to Aj; we can still prove the
existence of a non trivial local minimizer as it is shown in the next result.

Theorem 1.2 Assume (F1)—(Fa). IfaNT74b > C1(N), then there exists ¢ > 0 such that for
each Aj — e < A < A{;, problem (Py) has a non-zero solution u;, which is a local minimizer
to ®, with positive energy. Moreover ®; (u) > 0 for all u € HO1 (2)\{0}.

A second solution of (P;) of mountain pass type is ensured by the next theorem provided
"7 b= CH(N).

—4

Theorem 1.3 Assume (Fi)—(Fa). IfaNTb > C»(N), then there exists ¢ > 0 such that for
each A > Aj — &, problem (Py) has a non-zero solution vy, which is of a mountain pass type

to ®,, with positive energy. Ifa#b = C2(N), then the same result holds for A sufficiently
large.

For the next result, we need the additional hypothesis:
(Fs) Foreachu e HO1 (£2)\{0}, the function (0, c0) > t > fQ f(x, tu(x))dx is cth,

Theorem 1.4 Assume (F1)—(Fs). IfaNT_4b > Co(N), then there exists \* := A*(a,b) €
(0, 1)), such that if & € (0, A*), then (Py) has no non-zero solution. Moreover, there exists
u e HO1 (2)\{0} such that <I>;L(u)u = 01if, and only if . > 1*.

Now we focus on the power case f(x,u) = lu|P~2u with p € (2,2%). In this case, some
conclusions of Theorems 1.1, 1.3 and 1.4 had already been established in [13]. Indeed,
a comparison between the constants oy (defined in [13]) and C2(N) shows (after some
obvious modifications with respect to a > 0) that oy = C(N). Therefore [13, Theorem
B.8] corresponds to our Theorem 1.1 with the following observations:

(1) In [13, Theorem B.8] the existence of a global minimum of the energy functional u)
is only proved for oy = C(N) < a7 b and sufficiently large in order to make the
infimum negative, while in our case, we find u; for all C1(N) < aNT4b (remember that
C1(N) < C2(N)) and there is a threshold A{; for the sign of the energy of ®;. Moreover,
we proved the existence of a local minimizer with positive energy in case @, () > 0 for
u # 0 and a¥b > C1(N) (see Theorem 1.2).

(2) The arguments used in [13, Theorem B.§], to prove a mountain pass geometry to &,
require A to be sufficiently large in order to make the infimum negative. We show that
this geometry is preserved even in the case where @, (1) > Oforallu € H& (2)\{0} (see
Theorems 1.2, 1.3).
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(3) Theorem 1.4 was proved in [13, Theorem B.8] for A sufficiently small. We also show
that there exists u € H!($2)\{0} such that @; (uw)u = 0 if, and only if A > A*. However,
when f(x, u) = |u|P~“u this result can be improved (see Theorem 4.3).

Concerning item (1), in fact, we have now a fairly complete result. Combining Theorem

1.1 with [13, Proposition 4.2] we conclude that the curve a#b = C1(N) is a threshold in
the following sense:

—4

Theorem 1.5 Suppose that f(x,u) = |u|?"2u. If 0 < aNTb < Ci(N), then ®, has a
N—4

global minimizer with negative energy forall . > 0.Ifa 2 b > C{(N), then ®, has a global

minimizer with negative energy if, and only if, . > Aj(a, b) > 0, it has two global minimizers

with zero energy for A = Aj(a,b), and has zero as unique minimizer if A < Aj(a, b).
N4

Moreover, if (ap)k, (b are sequences satisfying a, 2 by I Ci(N), ax — a > 0 and

by — b > 0, then k{)(ak, br) — 0. In all cases the global minimizer is a solution to problem

(P).

Theorem 1.5 settles down the existence of global minimizers with negative energy for all
ranges of aNT4b. It complements [13, Theorem 1.2 and Theorem B.8].

Concerning the second solution, we complement [13, Theorem 1.1] with the following
results.

Theorem 1.6 Suppose that f(x,u) = |u|P?~2u and 0 < a#b < Ca2(N). Then there exists
po(a, b) € (2,2%) such that if p € (po(a, b),2*), then for all » > 0, problem (P) has a
non-zero solution v, with positive energy.

Theorem 1.7 Suppose that f(x,u) = ~|u|p_2u. For each a,b > 0 there exists A =

X(a, b, p) > 0 such that for all » > A, problem (P,) has a non-zero solution v, with
positive energy.

We note here that in [13, Theorem 1.1], it was proved that for each fixed p, the conclusion
of Theorem 1.6 holds true for sufficiently small . We refer the reader to Theorem 4.4 and
Remark 4.1, in particular to item (ii), where we show that the technique used to prove [13,
Theorem 1.1] (which we also used) can not hold for all values of @, b, p. However, the above
theorem ensures that for each p problem (73 ) still has a second solution provided A is big
enough.

We conclude this work with an existence result a la Brezis Nirenberg [2] which is a
consequence of our study in the limit case (b |, 0).

Theorem 1.8 For each A > 0 and p € (2, 2*%), the problem

(0 | =0u =1l Pu AP 2u, in 2,
4 u=0, on 082.
has a nontrivial solution.
The last remark of this Section explains the reason why we focus on positive parameters A:

Remark 1.1 If 1 < 0, problem (P, ) might have only the zero solution. Indeed, assume that
2 is a star shaped domain and f(v) = |v|1’_2v with p € (2,2%). Then, if u is a solution of

1 *
(Py) then w = (a + bllul|?)” 2 u satisfies the equation —Aw = lw|* 2w + ulwl”_zw
for some p < 0. Applying the Pohozaev identity we deduce that w = 0.
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The work is organized as follows:

in Sect. 2 we collect some preliminaries results that will be used throughout the work;
in Sect. 3 we prove Theorems 1.1, 1.2, 1.3 and 1.4;

in Sect. 4 we prove Theorems 1.5, 1.6, 1.7 and 1.8,

in “Appendices A and B” we present some technical results concerning the Nehari set
associated to problem (P,) and (Pp) respectively.

2 Preliminaries results

In this Section we provide some auxiliary results which will be used throughout the work.
Here only hypotheses (F1)—(F4) are used. For each a, b > 0, define g, i : (0, c0) — R by

2 4252

a b2
H=—+-t"—8S7
g() 5T N T

=
h(t) = a+bt* — S\7 1* 2.
A simple calculation shows that

Lemma 2.1 There holds:

(1) g has a unique local minimizer at

1
2%h 2\ ¥4
I I . 2
o= (5255 @
Moreover, g(ty) > 0 if and only ifagb > C1(N), while ifa¥b = C1(N), then
g(t) = 0.
(1) & has a unique local minimizer at
1
2 2\ T3
o = <2* 251\% ) . 3)

Moreover, h(ty) > 0 if and only ifa¥b > C2(N), while ifa¥b = C,(N), then
h(tp) = 0.

Remark 2.1 Lemma 2.1 gives the same conclusion if instead of g, & we use 12 g(t) and 2h(1).
Indeed, note for example that t2g(t) = 0and (tzg(t))’ = 0if, and only if, g(¢) = ¢g’(z) = 0.

As a consequence of Lemma 2.1 and Remark 2.1 we have

Corollary 2.1 Suppose that a¥b < C2(N), then the function g(t) = 12 g(t) has only two
critical points, 0 < lip < ta p- Moreover 1, , zsalocalmaxlmum andt’ 2. 1S alocal minimum

withg"(t,,) <0 < 7”(t+b) Furthermore if a = C2(N) then the function g(t)t? is
increasing and has a unique critical point at 1, p, satisfying g"(t,.p) = 0 and
2* —2)%a?

2
$lablan = T oe@—2p

Proposition 2.1 Suppose that u € HJ (2)\{0}, then
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(1) forallt > 0 we have
b t2*—2
Sl el = 3 > gl )
(ii) forallt > 0 we have
allull® + bllul*e* — ul3ee* =2 > h()lullt)||u]|.

Proof (i) Indeed note that

252 2* 2%
a0 byoo a oo byl (o
— — * e t — t J— = [ —
[2llull +4||u|| — Jlul3- > } 2(Ilull ) +4(|Iu|| ) w2z
b Z (lulin® IIt)2
> *(Ilullt) + (II Iy — 5 t>0.
The conclusion follows from Lemma 2.1. The strict 1nequahty above is a consequence of the
non existence of minimizers for (1). The proof of (ii) is similar. m]

The next Lemma gives some important variational properties of the energy functional ;.

Lemma 2.2 The following holds true.

(1) Leta, b be positive numbers such thata T b > C1(N). Suppose that .y — X > 0and
ug—u. Then, @, (u) < liminfy ®;, (ur). Moreover, if a 24b > C1(N) and &) (u) =
limyg &y, (uk), then ux — u.

(2) Let a, b be positive numbers such that a 5 b > C>(N). Suppose that Ly — X > 0,
®;, (ur) — c € Rand dD’ (uk) — 0. Ifa b = C2(N) assume also that

2* = 2)%a?
4.2%(4 —2%)b"
Then, uy has a convergent subsequence

(3) Let a, b be positive numbers such that a A b > C2(N). Suppose that hy — X > 0and
k—u. Then, @ (u)(u) < liminfy dD/k(uk)(uk).

¢ #

Proof Item (1) can be found, after some mild modifications, in [5, Lemma 2.1]. In a similar
4
way (3) can be proved. Item (2) follows easily from [5, Lemma 2.2] when aNTb > C2(N)

(see also [13, Proposition B.1]). The case a A b = C2(N) can be deduced from [13, Propo-
sition B.4]. Note from Corollary 2.1 that

2* = 2)%a?

_ 2
daG—ap - Slaar

and one can immediately see, after introducing the parameter a, that g(ta,;,)tg b= g(rg),
where g(r}?) was defined in [13, Lemma B3]. O

For each A > 0 and u € HO1 (2)\{0}, define the fiber maps associated to ®;, ¥ , :
(0, +00) — R by

a b 1 * g%
mwo:®mm=7wWﬂ+ﬂwW“~4wmﬂ—A/Fmex
2 4 2% o
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Proposition 2.2 Suppose A > 0 and u € HOI(Q)\{O}, then

() there exists aneighborhood V of the origin such that ;_,(t) > Oforallt € VN (0, +00).
Moreover ), ,(t) — oo ast — oo and Yy, is bounded from below;

(i) there exists aneighborhood V of the origin such that w}( @) > Oforallt € VN (0, +00).
Moreover 1///’\# (t) > oo ast — oo and 1///’\’“ is boundedfrom below.

Proof (i) Note that

s fa » by 2 2% ¥ F(x,tu)
Yru(t) =1 <EIIMII + ZIIMII ! || ulloxt )»/Q de .
From (F4) we deduce the existence of V. On the other hand we have
_ b o F(x,tu)
Viu(t) = r“( all?e72 + = 5 a3 A/Q — x>.

Since 2 < p < 2* < 4, we conclude from (F3) that v, _, () — oo as t — oo. The last part
is obvious.
(ii) Note that

, 1
v (1) =1 (a||u||2+b||u||4z2 e~ A/ Mm).
Q

From (F4) again we deduce the existence of V. On the other hand we have
t
W0 =1 (auun2 2 bl — g~ / ydx) .
Q

Since 2 < p < 2* < 4, we conclude from (Fy) that 1///’\7,4(1) — 00 as t — oo. The last part
is obvious. O

The remaining part of this Section is devoted to define a suitable extremal parameter A§; which
will be crucial in our arguments. Consider the system

w)»,u(t) =0,
O @)
Yau(t) = infso0 Vo u(s).

Proposition 2.3 Assume that a¥b > C1(N) and take u € HOl (Q)\{O}. Then there exists a
unique positive ho(u) satisfying (4).

Proof Note that
V() — Yo () = (V' = 1) /Q F(x,tu)dx. 3)

Since F(x,v) > Oforall v € R (see (F3)), we conclude from (5) that ¥y, (t) — Yy, (#) = 0
forallt € Rand 0 < A < A’. Moreover, on compact sets of the form [c, d], with0 < ¢ < d,
we deduce that ¥, , — vy, uniformly as A — 2’. From Proposition 2.2, there exists
a neighborhood of the origin Vj such that ¥/ ,(t) > 0if t € Vi N (0, +00), therefore
Yo.u(t) > 0forall0 < A < A'. Once Y, is positive on (0, 0o) (see Proposition 2.1) and
tends to oo as t — oo we conclude that for A sufficiently small, the fiber map ¥, is positive
in (0, 00). On the other hand, fixed # > 0 one can easily see that ¥ ,(f) - —oo0 as A — oo.
Therefore, there exists a unique Ag(u) solving system (4).
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Now we claim that 1o(«#) > 0. Indeed, from Lemma 2.1 and Proposition 2.1 we have that
Yo.u(t) > g(lull)(lull)? >0, V> 0.

From (5) we conclude that Ag(u) > 0.
O

Remark 2.2 The proof of Proposition 2.3 also shows that if aN774b < C1(N), then there
exists u € Hy (22)\{0} such that Ao(u) < 0.

Proposition 2.4 For eachu € HOl (2)\{0} one has: ro(u) is the unique parameter A > 0 for
which the fiber map ), has a critical point with zero energy and satisfies inf;~o Y ,(t) =
inf~0 Yagw),u(t) = 0. Moreover, if . > Ao(u), then inf;~o Y ,(t) < 0 while if 0 < A <
ro(u), then inf;~0 ¥ 4, (1) = 0.

Proof Choose any ¢ > O that solves (4). If A > Ao(u), then ¥ ,(t) < Yryw),u(®) = 0
and the claim follows. If 1 < Ao(u), then ¥, (t) > Vo).« (t) > 0 forall + > 0 and the
conclusion follows at once.

O

We introduce the following extremal parameter (see [10])

A= inf  Ao(u).
ueHg ()\{0)

Proposition 2.5 The following holds true.

Q) Ifa"T b > C\(N), then A% > 0.
(ii) Ifa#b = C1(N), then 1\, = 0. Moreover if uy € Hé (2)\{0} satisfies Ao(uy) — Ay =

2
lluk ]l

0, then ur—0 and 5
k2.

Proof (i) Let us prove that A > 0. Notice first that the function u — Ao(u) is zero homoge-
neous. Indeed, if (¢, Ag(«)) solves system (4) and p > 0, then

{ w)n,,uu(t) = wl,u(ﬂt) = 0’
W0 = W (i) = 0,

by uniqueness, A(juu) = A(u). We argue by contradiction assuming that A§; = 0. Then, there
exists {uy} C HO1 (2)\{0} such that 1x := Xo(uz) — 0. By homogeneity we can assume that

llurll = 1. Then for each k, there exists #; > 0 such that ®;, (fxur) = ¥, 4, (%) = 0 or
equivalently
a b, 1 2* 2% F(x, trug)
5+ZI - 2?””/(”2*% — Ak Q [kz dx =0.
Thus, by Proposition 2.1, we obtain for each k € N
a b 2 1 2% 2%_9 F(x, tyuy)
g < 5 + Ztk - 27||Mk||2*fk < Ak o de. (6)

Notice that from (F3) and (F4), one has that for each ¢ > 0 there exists ¢ > 0 such that
|f(x,v)| < elv] +clv|P~! forall x € Q, v € R. Thus, |[F(x,v)| < 50> + lv]? for all
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x € , v € R. Hence, we deduce that {#;} is bounded in (0, +00) and converge to some
t > 0. Thus, from (6) and Lemma 2.1 we deduce that

F(x, tkuk)d

x=0
5 ,
I

0<g@) < lim kk/
k—o00 Q

which is a contradiction.

(ii) Without loss of generality we assume that 0 € Q. Fix ¢ € C§°(R2) such that ¢ > 0
and ¢(x) = 1 in the open ball centered at 0 of radius R for some R > 0. For each ¢ > 0,
define

@(x)
Ve(X) = ————— -
(e+ x> 7
Let u, = v /||ve|| and note that u, € HO1 (2) and (see [2])
» _ o F Zy ¢
lugll =1, lluglzs =Sy~ + 0 %), lvell = —5= +k(e), )
& 4

where ¢ > 0 does not depend on ¢, k(¢) > c¢; > 0 for small ¢ > 0, where c; is a constant.
Now given any A > 0 and fixed ¢ > 0, note that

_ a o b 4 1 2% ok
Va0 = 5004 31 = sl B = | PG

2 1 2*N %
=tg(t) — —0(E * )" —r | F(x,tuy)dx.
2% Q

Take t = ty where 1y is given by Lemma 2.1 and notice that, since a#b = C1(N), then
g(tp) = 0. We have that

1 PN o
Yau.(t0) = —--0( * )iy —r | F(x,toue)dx.
, ¥ o
Let us estimate fQ F(x, toug)dx from below. By assumption (F;), one has that f(x, v) >
wxr(v) (being x; the characteristic function of the interval /), so there exist o, 8 > 0 such

that F(x,v) > F(v) := " fov x1(t)dt > B for every v > «. Following Corollary 2.1 of [2]
and using the positivity and monotonicity of F,

1
f F(x, toug)dx > / F(x, toug)dx > f Flx, 70H dx
Q Ix|<R Ix|<R llvell(e + [x>) =

_1 -2
~ 1 Re 2 1 -1 )
Z/ F 70]\,4 dx:cls%/ F 0 < & 2) sN1gs
Ix|<R llvell (e + |x[2) "2 0 loell \ 1+

Notice that

N N
- 1 e 1 &
Fl-= — > Bif s is such that — 5 >a. ®
lloell \14s loell \1+s

The second inequality of (8) is equivalent to

" 2—-N
0€ 4
— >,

(c+ e T k@) +52) 7
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which is true if s < cze_% for some constant ¢, and small €. Therefore, by taking a smaller
R if necessary, we deduce from (8) that

Re 4
N

/ F(x, toug)dx > c3e2 / ﬂsN_lds =c3e%,

Q 0

for some positive constant ¢3. Thus,
2*N
N
Yiue (t0) < &% [—to - kq} <0,

for small ¢ and hence Ag(u;) < A. Once A was arbitrary we deduce that 1} = 0.
Now suppose that uy € H(} (2)\{0} satisfies Ay := ro(ux) — A(’; = 0. As in i) we may

assume that ||uy|| = 1 and ux—u. Moreover there exists #x > 0 such that
a b 1 F(x, tyu
-~ + ,,]3 — —||uk||§ir,f*‘2 — Ak/ #dx =0 foreachk € N.
2 4 2% Q 1

From (F3) and (F4) we conclude that ty — ¢ > 0 and ||uk||%: — s > 0 and hence

a b 1 *
—+ P - —s1¥ 2 =0.

2 4 2%

—2*

From the assumption on a and b we conclude that s = S, and hence uy is a minimizing
sequence to Sy. Moreover, if u 7# 0, then (the first inequality is a consequence of Lemma
2.1 and the fact that |ju|| < 1)

_o¥

a b S\’ 5 o a b 1 * o
0<% P2 2N w2 4 0 1 00
e G [ S Gt L
. a b, 1 2% 29 F(x, tiug)
< hkrgloréf (2 + i 2—*\|uk|\2*tk — Ak A de
=0,

and consequently u is a minimizer to Sy, which is an absurd, therefore u = 0.
O

Proposition 2.6 For each » < A and each u € HO1 (D\{0}, inf,~0 ¥ 4 (t) = O; for each
A > A{j there exists u € H(; (2)\{0} such that ®; (u) < 0.

Proof From Proposition2.4,if A < A§ < Ao(u),inf;~0 ;. 4 () = Oforeachu e HO1 (2)\{0};
while if A > A, there exists u € HOI(Q)\{O} such that inf, - ¥, ,,(f) < 0 which implies at
once the claim.

O

3 Existence and non-existence results: general case

In this Section we study the existence of global/local minimizers and mountain pass type
solutions to ®;. At the end of the Section we show a non-existence result for small A > 0.
We note here that in the first three subsections, only hypotheses (F1)—(F4) are needed, while
in the fourth subsection we need to add hypothesis (F5).
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3.1 Global minimizers for 1 > ,l;

For each A > 0 define
I, = inf{®; () : u € HL(Q)}.

Theorem 3.1 Suppose thata#b > C1(N) and ) > L. Then, there exists u;, € HO1 (2)\{0}
such that I, = &, (uy) < 0.

Proof In fact, one can easily see by using (F3), (F4) and the Sobolev embeddings that
®, is coercive. From Lemma 2.2 @, is also sequentially weakly lower semi-continuous and
therefore by direct minimization arguments, there exists u, € HO1 (2) suchthat I, = & (u;).
Moreover, from Proposition 2.6 there exists w € HOl (£2) such that ®; (w) < 0, hence I;,, < 0
and u; # 0. O

Theorem 3.2 Suppose that a ) > C1(N) and ) = A§. The following holds true.

) IfaTb > C1(N), there exists U € Ho (2)\{O} such that IA;; = <I>;\3 (u,\g). Moreover,
Ly = 0.

(i) Ifa#b = C1(N), u = 0 is the only minimizer for IK(’S‘

Proof (i) In fact, take a sequence A; | Af. From Theorem 3.1, for each k, we can find

up € HOI(Q)\{O} such that I;, = ®;, (ux) < 0. Since A | Aj it follows (as in the proof

of Theorem 3.1) that {u} is bounded and therefore we may assume that u;—u in H(; (2).
From Lemma 2.2 we obtain

@, (u) < liminf @y, (ur) < 0.
0 k—00

Proposition 2.6 ensures that dD,\; (w) > Oforeach w € H& (£2) and thus limy_, o0 ®;, (ur) =
d>)h(»§(u) = 0, or I)% = (I))LE;(”) =0.
To conclude the proof, we have to show that u # 0. In fact
_2*

a b N
2 4 2
*||14k|| + Z”Mk” —

2*
< Lugl? f||u = Ll <2 /F(x u)dx
> Ik k pe U™ =< A | F X, w)dx.

Thus,

2%

a b 5, Sy F(x,u)
g(||Mk||)=§+Z||Mk|| o N ) S)kagidx

lluk |12

If u = 0, from (F3) and (F4), the right hand side in the above inequality would tend to zero
against the fact that g(|jux||) > minjg 4oo[ & > 0 (see Lemma 2.1).
(ii) From Proposition 2.5 we know that A§; = 0 and hence

a b 1 *
@5 (0) = S llull® + el = el

The hypothesis a'Th=C 1(N) implies that u = 0 is the only minimizer for this functional.
Indeed, from Proposmon 2.1 and Lemma 2.1 we have that

@ (u) > g(lulDllull® = 0, Yu € Hy (2)\{0}.

@ Springer



On the Brezis—Nirenberg problem for a Kirchhoff type... Page 130f33 22

Proposition 3.1 Suppose that a'Th > Ci(N). Ifu € H(} (2)\{0} satisfies I)‘S = dD;\S (u),
then 1§ = ho(u).

Proof The equality Aj = Ao(u) is a consequence of the definition of A§. O

N4
Theorem3.3 Ifa,* by | C{(N), ax > a > 0 and by — b > 0, then Ay := A — 0.

2
Moreover, if uy € HO1 (D\{0} satisfies Ay = ro(uy), then up—0 and ””::le — Sn.
2*

Proof For each ¢ > 0, define u, as in the proof of Proposition 2.5. Given any A > 0 and
fixed ¢ > 0, note from (7) that
ar , bk

fz+—ﬁ—iuu%y—x F(x, tug)d
> n > Ug |5+ . X, tug)dx

w)»,ug (t)

2 1 2N o
t‘gr(t)y — =0 3 )t° — A | F(x,tug)dx,
2% Q

where g is the analogous of g with a; and by instead of a and b. By taking ¢ = fy x where
to, is given in (2) (with gy and by instead of a and b) we have that #p x — fo > 0 (¥ as in
(2)) and

2*N
. N KR F(x, toug)
11]1{'11 wx,ug(to,k) =¢&4 |:_2*Nt0 - )\./ Nadx:| 3
fo ) Q o

Since

N
Ey
s

/ F(x, toug)dx > ce
Q

for some positive constant ¢, we get that ¥, ,, (fo,x) < O for small ¢ and big k. Then
Ak < Ao(ug) < A.Once A was arbitrary we deduce that A = 0.
Now suppose that uy € H(% ()\{0} satisfies Ax := Ao(ux) — A5 = 0. We may assume

that ||uy || = 1 and ug—u. Moreover there exists #; > 0 such that
ax  bi 4 1 2% 29 / F(x, tyuy)
— 4 —tf = — w3ty = | —5—— =0.
) 4 k o || k||2* k k o fk2

From (F3) and (F4) we conclude that ty — ¢t > 0 and ||uk||%: — s > 0 and hence

a b 2 1 2%_9
—+ - —s1¥ 2 =0,
T

- =2
From the fact that a i b = C{(N) we infer that s = § N2 and hence (uy )y is a minimizing
sequence to Sy. Moreover, if u # 0, then (the first inequality is a consequence of Lemma
2.1 and the fact that |ju|| < 1)

0k

a b Sy? * ok a b 1 P
0<% 22 2N rr2 o8 Do D 0n 02
=5+5 > fluell =3 +4 T lluell3
L ap  br 4 1 2% 259 F(x, tyuy)
< llkliloréf (2 + Ztk - 2—*|Iuk\|2*tk — Ak A de
=0,
and consequently u is a minimizer to Sy, which is an absurd, therefore u = 0. O

@ Springer



22 Page 14 0f 33 F. Faraci, K. Silva

3.2 Mountain pass type solution for 1 > 1

Proposition 3.2 For each A > 0, there exists R;, > 0 such that
inf{®; (u) : |u|| = Ry} > 0.

Proof Indeed, given ¢ > 0, from (F3), (F4) and Sobolev embeddings, there exists a positive
constant ¢ such that

b *
@5 (u) > gnuu2 + 7 lull* — 2%nuu2 = xe(ellull® + [lull?)
a b 1 %
= (5 = hce) Iull® + Zlull* = el = hcllull”, Yu € H} ().
2 4 2%
By choosing ¢ > 0 conveniently the proof is complete. O

For each A > Afj define

I ={y € C([0, 1], Hy(Q)) : y(0) = 0, y(1) = s},
where u pes is as in Theorem 3.2. and

c; = inf max & ).
» = inf max Ay (@)

Theorem 3.4 There holds:

1) IfaNT74b > Co(N), then for each A > Aé, there exist w) € H(} (2\{0} such that
;. (wy) = ¢, and ) (w;) = 0.

@{i) Ifa s b = C2(N), then the above conclusion holds for A sufficiently large.

Proof The proof is standard and we write only the main steps. Note that ®; (0) = 0 and
CD)\(uks) < 0. In fact, from Theorem 3.2 we know that <I>;\3 (”k?i) = 0 and if A > A*, from
Proposition 2.4 and Proposition 3.1, we must conclude that ®; (u /\Z) < 0. These together
with Proposition 3.2 implies a mountain pass geometry to ;.

@G If a#b > C2(N), from Lemma 2.2, ®, satisfies the Palais-Smale condition at any
level and the proof is complete.

(i) Ifa it b = C»(N), it is enough to prove that (see Lemma 2.2)
2 (2* = 2)2a4?
c _
M4 x4 —29b

We will actually show that ¢; — 0 as A — oo. Indeed, given ¢ > 0, fix any A’ > 0. From
(F1) and (Fy), there exists § > 0 such that 0 < Vi, (1) < € for all ¢+ € (0, §]. Since the
0

function (A, 00) > A Va.u,« (8) is continuous, decreasing and tends to —oo as & — 00
0

(see the proof of Proposition 2.3), it follows that there exists a unique parameter ;& > A/
such that ¥, 4. (§) = 0. Now observe that on compact sets [#o, 1] C (0, 00), we can always
0

choose A so large that Vi (1) < Oforallt € [1y, t1]. By taking § even smaller if necessary,
0
we can suppose that

¢, < max ®,(tu;») = max 1) = max i 1) = Yuu, ,
rel0.1] ( )‘0) te[O,]qu’uké( ) 1€(0.9) l/f/L ”AS( ) wp_ qu(max)
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where tyqx € (0,6). Since Yy u,« (bmax) < Ul uyx (Imax) < €, it follows that ¢, — 0 as
0 0
A — oo. Choosing A sufficiently large there holds
(2* —2)%a?
< T A% A Aeng
4.2%(4 —2%)b
and Lemma 2.2 applies. O

C

3.3 Local minimizers and mountain pass type solutions for 1 < 15

From Proposition 2.6, I, = iang @ o, > 0for A < kg, and consequently u = O is a
global minimizer of ®,. It is the unique global minimizer if 1 < Ag, while when A = A§
(see Theorem 3.2) there exists a second global minimizer u;s 7# 0. We will prove that for
A < A§, close to A, ®;, has a local minimizer with positive energy.

First we prove a refined version of Proposition 3.2: fix Uy € H(} (2)\{0} such that
Ay = Ao (Mx(’;) (see Theorem 3.2 and Proposition 3.1). Denote R = ||uk(»§ II.

Proposition 3.3 Suppose that A < A}, then there exists 0 < r < R and M > 0 such that
inf{®, (u) :u € Hol (), lull=r}>M.

Proof Indeed, as in the proof of Proposition 3.2, given ¢ > 0, there exists a positive constant
¢, depending only on N and p, such that

a4 _ 2y by - S ) 1
@y (u) = 3 Aee ) lull” + 4IIMII > llell Aellull®, Yu € Hy (€2),
therefore
a * 2 é 4 € 0% * P 1
@, (u) = 5 ~Moce flell” + 4IIMII T lull™ — Agcllull”, Yu € Hy(€2).
If we choose & in such a way that 5 — Ajjce > O the proof is complete. O
Now consider the set
K = {u € Hy (\{0} : ®;(u) = 0}.

Note by Theorem 3.2 that K # (. In the next corollary we denote B(0,r) = {u € HO1 (Q) :
flull <r}.
Corollary 3.1 Suppose that a"Th > C1(N). There holds:

(1) There exists r > 0 such that K N B(0,r) = .
(2) K is compact.

Proof The proof of (1) follows from Proposition 3.3. For the proof of (2), take u, € K.
Since Phs is coercive, we can suppose that u, is bounded and, up to a subsequence, u, —u.
Note that 0 < (D)\S (1) < lim, CD,\S (uy) = 0 and thus, from Lemma 2.2, 1), we conclude that
u, — u and from (1) it follows that u # 0, which implies that K is compact and the proof
is complete. O

Given § > 0 define
K5 = {u € H}(Q) : dist(u, K) < 8}.

For the next result, r is given as in Corollary 3.1.
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Corollary 3.2 Suppose that a"Th > C1(N), then

(1) Ks is sequentially weakly closed.
(2) There exists § > 0 such that Ks N\ B0, r) = (.

Proof (1) It is enough to prove that the distance function HO1 () > u — dist(u, K) is
sequentially weakly lower semi-continuous. Suppose that u,—u in H(} (£2) and assume, on
the contrary, that there exists ¢ > 0 such that

lim inf dist(u,, K) < ¢ < dist(u, K). )
n—oQ
Since K is compact, for each n we can find v, € K such that dist(u,, K) = ||u, — v,|. Up
to a subsequence, we can suppose that v, — v € K. Also by (9), up to a subsequence, we

can assume that for large n there holds dist(u,, K) < c, therefore from (9) and for large n,
we conclude that

lun —vll < llup — vall + vy — vl
<c+lva — vl
< dist(u, K) + ||v, — v||
< llu —vll + vy — vl

< liminf |lux — vl + v, — v,
k—00

which implies a contradiction and thus the proof is complete.

(2) is a consequence of Corollary 3.1. O
For the next proposition we choose § as in Corollary 3.2.
Proposition 3.4 Suppose that a¥b > C1(N), then there exits € > 0 such that
inf{®;s(u) : u € 0Ks} > 2¢.

Proof On the contrary, we can find a sequence u,, € dK; such that ® P (uy) — 0asn — oo.

Since @, is coercive, we can assume that, up to a subsequence, u,—u in HOl (£2). Once
0< dD)LS (u) < lim, dD)\S (u,) = 0, it follows from Lemma 2.2, 1) that u,, — u and thus
<I>)L(>§ (u) = 0 with u € 0K;. Since u ¢ K, we have that u = 0, which contradicts item (2) of
Corollary 3.2. O

Proposition 3.5 Suppose thata#b > C1(N), then inf{®, (u) : u € HO1 RQ),ueckK}—>0
as h A

Proof In fact, let u € Hol (€2) be such that Aj = Ao(u) (see Theorem 3.2 and Proposition
3.1). Note that

0 < inf{d; u):u e H} (), ue K} < ;) — 0, asr 1 A

For each A < A§ and § > 0, define

L, = inf(®@;(u) : u € HI (), u € Ks).
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Theorem 3.5 Assume that a¥b > C1(N). There exists § > 0 and ¢ > 0 such that if
A E (kg —e, A(’;), then the infimum I, is achieved by some u) € Kg satisfying dist(u,, K) < 6.
Moreover u,_ is a local minimizer and a critical point to ©; and f,\ > 0.

Proof Indeed, choose § > 0 as in Proposition 3.4. By Proposition 3.5 we can find ¢ > 0
such that for all A € (A§ — &, A()) there holds inf{®; () : u € Hol(Q), u € K} <es,
where € is given by Proposition 3.4. Moreover, we can also assume by Proposition 3.4 that
inf{dDAg(u) tu € 9K} > eforalll € (Af — &, A().

Now let u,, be a minimizing sequence to IAA. Once P, is coercive, we can sup-
pose that u,—u in HOI(Q). By Corollary 3.2 we have that u € K;. Since @, (1) <
liminf,_ o ®;(u,) = f)\, it follows that ®; (1) = IA;\. By the previous paragraph we con-
clude that u; ¢ dK; and hence the proof is complete. O

Now we show the existence of a mountain pass type solution: let ¢ > 0 be given as in
Theorem 3.5 and for each A € (A§ — ¢, 1)), choose u; € HOl (2)\{0} such that I,, = ®; (u;).
Define

Iy ={y € C(I0, 11, H} () : y(0) = 0, y(1) = uy},
and
¢, = inf max &, (y(1)).

yel; tel0,1]

Theorem 3.6 Assume that aN774b > Ca2(N), then for each » € (Aj — &, Ay), there exists
w;, € HOl (2)\{0} such that &, (w,) = ¢, and ij\(w;L) =0.

Proof Note that min{®; (0), ®, (u,)} < M, where M is given by Proposition 3.2. Therefore
®; has a mountain pass geometry. From Lemma 2.2 we know that ®; satisfies the Palais-
Smale condition and thus the proof is complete. O

Now we are in position to prove Theorems 1.1, 1.2, 1.3:

Proof of Theorem 1.1 It follows from Theorems 3.1, 3.2, 3.3 and the definition of Aé. O
Proof of Theorem 1.2 Tt follows from Theorem 3.5. O
Proof of Theorem 1.3 1t follows from Theorems 3.4 and 3.6. ]

3.4 Non-existence result

Suppose (Fs). Therefore the following system is well defined:

v; () =0,
vy (1) =0, (10)
wi,u(t) = infs>0 %{u(s)

The next Proposition can be proved in the same way as Proposition 2.3
Proposition 3.6 Assume that u € H& (2)\{0}, then there exists a unique A(u) > 0 satisfying

(10).
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Proposition 3.7 For each u € H(} (2)\{0} one has: A(u) is the unique parameter . > 0
Sfor which the fiber map ), has a critical point with second derivative zero and satisfies
inf;~¢ 1/f)’hu(t) = 0. Moreover, if 0 < A < A(u), then V¥, has no critical points.

Proof 1f 0 < A < A(u), then ‘/’,{,u(s) > Iﬁ‘)i(u),u(s) > 0 foreacht > 0. O

Corollary 3.3 Foreachu € HO1 (2)\{0} one has that »(u) < Ao(u).

Proof Indeed, assume on the contrary that Ag(x#) < A(u), then from Proposition 3.7, the def-
inition of A (u) and Proposition 2.2, we deduce that ¥, (), is increasing, which contradicts
the definition of Ay (u), therefore, A(u) < Ag(u). m]

Define the extremal value (see [10])

A= inf  Au).
ueHy (\(0}

Proposition 3.8 There holds:

() Ifa"T b > Co(N), then 0 < A* < A,

(ii) Ifa#b = C2(N), tlzen A* = 0. Moreoverifuy € Hol ()\{0} satisfies A(ur) — A* =0,
lluxllz NS

then ur—0 and 2
lur 12

Proof We only prove that 1* < A (the rest of the proof is similar to the proof of Proposition
2.5). Indeed, from Theorem 3.2 and Proposition 3.1, there exists u € Hol (2)\{0} such that
Ay = ho(u), therefore from Corollary 3.3 we obtain A* < A(u) < Ao(u) = Aj.

]

Proposition 3.9 Foreach A < A*, the fiber map ;. ,, is increasing and has no critical points.

Proof This follows form the fact that A < A* < A(u) for every u € Hol (2)\{0} and Propo-
sition 3.7. O

Theorem 3.7 Ifa¥b > C(N) and X € (0, A™), then (P,)) has no non-zero solution.

Proof In fact, from Proposition 3.9 we have that W,{,u(f) > O forallt > 0Oand u €
H(} (£2)\{0}, therefore @, has no critical points other than u = 0. ]

The next result provides the existence of u € H(} (£2)\{0} such that @/ (u)u = 0.

Proposition 3.10 Suppose that a%b > Cy(N). Then, there exists u € HO1 (2D\{0} such
that A* = A(u).

Proof Let A be a sequence of positive numbers converging to A*. Thus, there exists uy €
H(} (2)\{0} with |lug || = 1 (by the homogeneity of the map u — A(u)) such that Ax = A(uy).
We deduce then, the existence of u € HO1 (£2) such that uy—u. We claim that u # 0. By the
definition of Ay, there exists #; = ¢ (uy) > 0 such that

Ve (0) = @ (tup) (ug) = 0
that is

5 % (x, feug)up
a+ bt} — llugl3etf 2 — )\k/ dex =0.
Q
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Thus, we obtain
-2 J
0<h(tk)5a+bt,§—sN2t,f—25Ak/de. (11
Q k

From the above inequality, (F3) and (F4) we deduce that {#;} is bounded in (0, 400) and it
admits a subsequence still denoted by {#;} converging to some 7 > 0. Also, from (11) and
Lemma 2.1 we deduce that u # 0. By Proposition 3.7, 1/@’\*’“ (t) > 0O for every t > 0. But
since tyur—tu, by 3) Lemma 2.2 it follows

wi*’u(t_) = @}, (fu)(fu) < limkinf <I>/Ak (truy) (teuy) = limkinf ‘//ik,uk (%) =0,
which leads to a contradiction. O

As a consequence we have:

Proof of Theorem 1.4 1t follows from Theorem 3.7, Proposition 3.7 and Proposition 3.10. O

4 A particular case: f(x, u) = |u|P~2u

In this Section we consider the particular case where f(x, u) = |u|? ~2y, that is

— <a +b/ |Vu|2dx> Au = u 2u+ ru|P2u, inQ
Q (12)

u=0, on IQ2

and p € (2,2%). We will compare the results obtained here with the literature. In fact we
will extend and complement some results of [13]. For some values of p in fact, we have a
fairly complete picture. One can easily see that f(x, u) = |u|P~2u satisfies all hypothesis
(F1)-(Fs) and therefore, with respect to problem (12) we have, as a consequence of Theorems
1.1, 1.2, 1.3 and 1.4, the following:

Theorem 4.1 There exists a function A : (0, 00)% — [0, 00) satisfying the following.

1) Ifa¥b > C1(N), then k(’g(a, b) > 0 and:

(1) For each ) > Aj(a, b), problem (12) admits a positive solution, which is a global
minimizer to ®; with negative energy.

Q) If» = A(’g(a, b), then problem (12) admits a positive solution, which is a global
minimizer to q’xg(u,b) with zero energy.

(3) For A € (0, Aj(a, b)), then only global minimizer to ®; is u = 0.

@1i) Ifa e b = C1(N), then7j(a, b) = 0and foreach } > 0, problem (12) admits a positive
solution, which is a global minimizer to ®, with negative energy.
(iii) Moreover

N—4

Aolag, by) = 0, ifax — a>0,by > b >0, a.* b | C1(N).
@iv) Ifa#b > C(N), then there exists ¢ := e(a, b) > 0 suchthat: foreach ) € (Aj(a, b)—

&, Aj(a, b)), problem (12) admits a positive solution, which is a local minimizer to ®;,
with positive energy.
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Recall that C{(N) < C(N).
Theorem 4.2 There exists a function .* : (0, 00)? — [0, 00) satisfying the following.

() Ifa"T b > Cy(N), then 0 < 3*(a, b) < A¥(a, b).
(i) Ifa"T b= Cy(N), then 0 = 3*(a, b) < Af(a, b).
(iii) IfaNT74b > C(N), then there exists ¢ := ¢e(a,b) > 0 such that for each A >
Ag(a, b) — &, problem (12) admits a positive mountain pass type solution with positive
energy.

@iv) IfaNT74b = C2(N), then there exists % > 0 such that for each ) > 2 problem (12)
admits a positive mountain pass type solution with positive energy.

W) Ifa — b > Cy(N)and ) € (0, A*(a, b)), then problem (12) has no non-zero solutions.

We note thatitems i) and ii) of Theorem 4.2 follow from Proposition 3.8. Combining Theorem

4.1 with [13, Proposition 4.2] we conclude that the curve a e b = C1(N) is a threshold in
the sense stated in Theorem 1.5:

Proof ofTheorem 1.5 By inspection, one can easily see that the constant «y defined in [13]
corresponds to our Co(N) with obvious modifications with respect to a > 0. Since C;(N) <

C>(N) and for each a, b satisfying 0 < a¥b < C1(N), there exists u € HO1 (2)\{0} such
that @, (1) < O for all A > O, it follows that [13, Proposition 4.2] can be applied and then
@, has a global minimizer with negative energy for all A > 0. The rest of the proof is a
consequence of Theorem 4.1. O

In order to get more results concerning our problem (7P, ), let us introduce and study the
Nehari sets associated to @, : for each a, b, A € R let

N = Napy = {u € Hy (\{0} : @ (wyu = 0} = {u € Hy(D\{0} : ¥ (1) = 0}.
We split the above set in three disjoint sets
N = N2, = (u € HE@\(0} = ), (1) =0,y (1) =0},
NT =Ny, = (u € HY@\0) : v, (1) = 0, ¥, (1) > 0},
N™ =N, = {u e Hy(@\{0} : v , (1) =0,y ,(1) <0}
By using the implicit function theorem and the Lagrange’s multiplier rule we have that:

Proposition 4.1 Suppose that a, b > 0 and ) > 0. Then, whenever N~ , N are not empty,
they are C' manifolds of co-dimension 1 in HOl (€2). Moreover, every critical point of ®;,
restricted to N~ U NV is a critical point to ®;. Moreover, if u € NV is a local minimizer
of qDAINw then it is a local minimizer of ®, over HO1 ().

To understand the Nehari sets we prove:

Proposition 4.2 Foreacha,b > 0and A > 0andu € HO1 (R2), only one of the next i) — iii)
occurs.

(1) The function ., is increasing and has no critical points.
(i1) The function V., has only one critical point in (0, +00) at the value t; (u). Moreover,
‘/f)/\/,u(t/\ (u)) = 0 and V. ,, is increasing.
(iii) The function V. , has only two critical points, 0 < t, (u) < t;r (u). Moreover, ti (u) is
a local maximum and t)f (u) is a local minimum with ;| (t;”(w)) < 0 < ¥ (1,7 (w)).
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Proof We have 1//;L’u(t) = 0 if and only if
2 4.2 >0t Ap o
allull™ = =bllullt” + llullzt + ;”M”pf .

Let (1) = —bllul/*t® + Ju| 3> 2 + %uunZﬂ’*z for each ¢ > 0. Then, it is easy to see that
there exists a unique maximum point ¢* of ¢ such that ¢(*) > 0. Thus, the following cases
oceur. If alul|* > @(t*), then, 1//)/\!’4(2‘) > 0 for every t > 0 and i) holds. Ifalu|? = o),
then, y; (1) > O for every t # t* and ¥ (t*) = allul* — *) — t*¢’(t*) = 0, so
that ii) is verified. Finally, if allull* < @(t*), then, there exist t; < t* < fp such that
alul* = o)) = @) and allul|®> > @@) fort < 11 and t > 1, al|ul® < @(t) for
] <t < 1 so that (iii) is satisfied with #,"(u) = #; and t;(u) = 1. O

4.1 A refined non-existence result

N—4
Recall from Theorem 3.7 thatifa 2 b > Co(N) and A € (0, A*), then (;) has no non-zero
solution. This is clear, since for that range of parameters, the Nehari set is empty. We show
how to improve the non-existence result. First we need some preliminaries results:

Corollary 4.1 Assume that a¥b > C2(N), then for each u € HO1 ()\{0} satisfying A* =
A(u) we have that

—Qa + 4b||ull) Au — 2 |u* "2u — A*plu|P~2u = 0.

Proof Define J;+ : HO1 () - Rby Jy=(w) = @j\*(w)w. From Lemma 2.2 item 3), Jy+
attains its infimum. Moreover, by the definition of 1*,

inf{Jys (w) : w € Hy ()} = Jpx(u).

(see also Proposition 3.1). We conclude that J, .. (1) = 0, which is the desired equation. O

Theorem 4.3 IfaNT74b > Co(N) and Q is star-shaped, then there exists ¢ > 0 such that
(Py) has no non-zero solution for each ) € (0, A* + ¢).

Proof The case A € (0, A*) is given by Theorem 3.7. Suppose on the contrary that (7)x)
has a non-zero solution u. From Proposition 3.7 and the definition of A*, we have that
u e NAO* = N+ (note from Proposition 3.10 that NAO* # @) and hence A* = A(u). From
Corollary 4.1 we deduce that

—(a +bllul®Au — |u* "2 — 2 |u|P"2u =0,

—Qa + 4b|lul|®) Au — 2%[u|* "2u — A plulP2u = 0,
which implies that

—[2 = p)a+ 4= p)bllul*1au = 2* — p)|ul* u,

which leads, from Pohozaev identity, to u = 0, a contradiction. Now suppose that there exists
a sequence A | A* and a corresponding sequence of non-zero solutions uy of (P, ). Then

2 * 2%_9 P )
a+blluel® = lvelz«llurll™ = = Acllvellpllux P~ = 0,
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where vy = ug/|lug||. Therefore (u )y is bounded and does not converge to 0. From Lemma
2.2 item 2), we conclude that uy — u € HO1 (2)\{0} and

—(a+blulHAu — [ul* "2u — 2 uP"2u =0,

that is u is a non zero solution of (P;+), a contradiction. O

4.2 Existence of the second solution when a# b < C(N)

For each a, b, A > 0, define (whenever A0, N~ are not empty)

®:=ca, b, 1) = inf{®; ) : u € N},
¢ i=c (a,b,A) =inf{®;(u) : u e N7}
and
o= inf{linrgioréf O, (uy) : ux € M},
where
M={uy e N: nlggo 1/f,;’k(1) = 0}.
With a simple modification of [13, Lemma 3.4] we can prove:
Lemma 4.1 There holds
(p=27% _

— <0 =<cC.
4p4 = pb

Now we prove a result which complements [13, Theorem 1.1].

Theorem 4.4 Assume aNTfAb < Cy(N). Then, there exists po(a,b) € (2,2*) such that if
p € (pola, b),2%), for all A > 0, there exists vy € N~ for which ¢~ (a, b, A) = @, (vy).

Proof From Proposition B.2 in the Appendix we know that

. (2" — 2%’
¢ (a,bh,0) < ————F——. (13)
4.2%(4 —2%)b
Note that the function [2, 2*) > p +— z(tf; azj;a)z is increasing and is zero for p = 2, therefore

from (13), there exists a unique pg := po(a, b) € (2,2*) such that

-2 2.2
(. b.0)= P =Da
4po(4 — po)b
Asa consequence
) 2.2
¢ (a.b,0) < LD
4p(4 — p)b

for all p € (po(a, b),2*). From Proposition A.1 and Corollary B.1 in the Appendix and
Lemma 4.1 we deduce that
- _ (p —2)%a?
c (a,b,A)<c (a,b,0) < —————— <o, VA >0
4p(4 —p)b

and from [13, Corollary 3.3 and Proposition 4.1], the proof is complete. O
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Remark 4.1 Note that:

(i) Our method to prove Theorem 4.4 also proves [13, Theorem 1.1]. Indeed, fix p € (2, 2%).
By one hand we know from Proposition A.1 in the Appendix that ¢~ (a, b, 0) is non-
decreasing in b. On the other hand

. (p—2)%a?
lim —— =
bl0 4p(4 — p)b

)

therefore by choosing b sufficiently small we conclude that
(p—2)%*
4p(4 — p)b’

which is [13, Corollary 3.3] and consequently implies [13, Theorem 1.1].
(i) Observe that the method employed in [13, Corollary 3.3], which was used to prove [13,

c (a,b,)) <c (a,b,0) < VA > 0.

Theorem 1.1], does not work for all values of p and a, b > 0 with aNT4b < Ca(N).
Indeed, fix a, b > 0 with a¥b < C2(N). Choose p € (2,2*) such that

(p —2)%a?
4p4 — p)b

Therefore from Proposition A.2 in Appendix we deduce that for small X,

<c¢ (a,b,0).

(p —2)%a*
4p(4 — p)b

which contradicts the inequality in [13, Proposition 3.1] that was used to prove [13,
Corollary 3.3].

<c (a,b, ),

Proof of Theorem 1.6 From Theorem 4.4, there exists v;, € N~ such that ®;(v;) =
¢~ (a, b, 1). From Proposition 4.1 the proof is complete. O

However, without any restriction on p or a, b, we can prove the following:

Theorem 4.5 For each a,b > 0 there exists » ‘= A(a, b, p) > 0 such that for all A > X,
there exists v), € N~ satisfying ¢~ (a, b, L) = ®; (v;).

Proof We claim that ¢~ (a, b, ) — 0 as A — oo. To prove it, fix u € HO1 (2)\{0}. Given
¢ > 0, fix any A" > 0. Then there exists § > 0 such that 0 < ¥,/ , () < e forall 7 € (0, 5].
Since the function (A’, 00) 3 A > ¥, ,(8) is continuous, decreasing and tends to —oo as
L — oo, it follows that there exists a unique parameter s > A’ such that ¥, ,(§) = 0.
Therefore 0 < 1, <8 and Yuu(ty) < Yo u,) < e By the arbitrariness of ¢, the claim is
proved.

Now choose A such that

(p—2)7a
4p — p)b’
then from Proposition A.1 in the Appendix we deduce that

(p—2)a
4p(4 — p)b’

c (a,b,)) <

¢ (a,b,\) < VA > A. (14)
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Now we divide the proof in two cases: if a < C2(N), then we can apply [13, Corollary

3.3 and Proposition 4.1] and the proof is complete. Now assume that a"Th > C2(N). Let
(ug)x € N~ be a minimizing sequence to ¢~ (a, b, 1). Since

allugl)® + bllugl* — lugl3: — Alugllh = 0, V&, (15)

we deduce that there exist positive constants dy, d> such that d; < ||uy| < d forall k € N.
Without loss of generality we can assume that uxz—u in HO1 () and |lug|| — t > 0. We
claim that u # 0. Indeed, from (15) and the Sobolev embedding we also have that

_z . 3
h(lul) = a + bllugll* — Sy 7 llugl* =2 < Callug )P 2,

where C is some positive constant. Then, if # = 0, we would reach the contradiction 0 <
h(t) < 0 (see Proposition 2.1 and Lemma 2.1). From Lemma 2.2 we have that

V(D) = allul® + bllul* = ul3e — Alull}
< liminf (allug ) + bllugl* — luxl3: — Aluellh) = 0,
k—o00
which implies that the fiber map ¥, , satisfies (ii) or (iii) of Proposition 4.2. We claim that it

satisfies (iii). Indeed, if it satisfies (ii), then u € N° and from Lemma 2.2 and (14) we obtain
that

(p—2)%a
4p(4— p)b’

which contradicts Lemma 4.1. Therefore ¥, , satisfies iii) and there exists #, (#) < 1 such
that 7, (u)u € N~. From Lemma 2.2

D, (u) < likm inf &, (ux) =c (a,b,r) <
— 00

D, (¢, (wu) < liminf @, (¢, (w)uy) < liminf &y (uyx) =c™ (a, b, 1),
k— 00 k—00
and the proof is complete. O

Remark 4.2 Note that

(1) Theorem 4.5 complements the results of [13], globally in a, b and locally in A.

(ii) Recall from Theorems 3.4 and 3.6 that ifaN774b > C2(N) and & > Aj — ¢, then ®; has
a mountain pass type solution. One may ask if the solutions found in Theorem 4.5 and
in those theorems are the same? Or at least, is it true that ¢~ (a, b, A) = ¢,.?

Proof of Theorem 1.7 From Theorem 4.5, there exists v; € AN~ such that ®;(v;) =
¢ (a, b, A). From Proposition 4.1 the proof is complete. O

4.3 Brezis-Nirenberg problem: the limit case b — 0

In this Section we show how to recover a well known result from Brezis and Nirenberg [2]
as a byproduct of our study. To emphasize the more important role of the parameter b, we
use the notation ¥p  u = ¥i u, 1, , (u) = 1, (u), Pp 5 = P, and so on.

Lemma4.2 Fixa > 0, then
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Proof Indeed, first observe that
1 _
o) = allull®, Yu € Ny,

which implies from the definition of Sy that

ﬂ
q)() O(M) > WSZ Yu € NO_,O'

Now suppose that (uy ), is a minimizing sequence to Sy satisfying ||u|[»+ = 1 forall k € N.
From Lemma A.1 and Remark A.1 in Appendix, for each k, there exists 7 := #p,0(ux) such

that rruy € N ,. From
2 2 ¢ 2*
ati lukll”™ — i llukllz= =0,
we have that
1
ty > (aSy)¥2, k — oo.

Therefore

Sootn) = il > Laasp sy = L sh
ui) = —aty|\u — —al(a - =—3y,

0,0(Txuk v il N N N NN

and the proof is complete.

Proposition 4.3 Fix a > 0, then for each A > O we have that

a% N
¢ (a,0,)) <c (a,0,0) = WSAZ,

Proof For each ¢ > 0, choose u, € HOl (€2) such that (see [2])

ZD*N(p*Z)

* =2* 2% &
/ |Vuel* =1, / lus|* = Sy’ + O(STN), / lugl? = ———5—
Q Q Q (c + 0T

)2

where ¢ is a positive constant independent on ¢. From Lemma A.l1 and Remark A.l in
Appendix, for each ¢ > 0, there exists t,; = t(; 5 (ug) such that ;. ju, € N~. Denote
Je(X) = Yo, (te us) = Po 5 (te,2ute). From Lemma A.2 (and its proof) we know that

p

’ t£,9 P
fe@) — fe(0) = fo(O)r = _7)‘4”1/58”17,

and hence
tr
feQ) = fe(0) — %kllusllﬁ, Ve,

where 6 := 0, € (0, 1). Now some calculations are in order: note from
2 2% P
ats,e = tE,@ ||ug||2* + At £,0 ||Mg||p, VS
that there exists a positive constant ¢; such that

tep = C1, Ve.

(16)

an
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Moreover, since
2 2% 2%
atg o — 5,0”“5”2* =0, Ve,
we conclude that
1 1
2% -2 2%-2

a a 2N
tS,O = ;2*—2*,\] = — + 0(84(2 —2))’ Ye
Sy, +0(@E) Sy
and hence
an tsz,*o 2%
fe(0) = Efg,o — 27”“8”2*
_2
2% -2
a 2N
2|\ = +0(e7077)
Syt
2*
¥ .
1 a 2F2FN —2* 2N
5 |l=] +oe) <5N2 + 0<sT)) ,
SN2
N
az N 2N
= WSAZ, + O #). (18)

We combine (16) and (18) to obtain that

a% N tp 821}—1\;(17—2J
> 2*N
fe) = 7516 +0(@E+) - LG)\—NM,
N P (c+0Me72)2
a% S% n 2p=N(p=2) O(SﬁTN) 159 1
= — € —_— — A | .
NN R p e 0" THE

Since

2*N 1w 2p—N(p—2)
2

=

N
we conclude from (17) that for sufficiently small &, we must have that f. (1) < 4§ 16 which

concludes the proof. o

&

Remark 4.3 Fixa > O0and A > 0:

(i) By using a continuity argument, one can easily see that the Nehari manifold A, , is not
empty for b on a neighborhood of 0.

(ii) However, it is possible to adapt the calculations made in Theorem 3.7, to prove the
existence of b* > 0 such that if b € [0, b*), then b @, while if b > b*, then
Np.o. = 0 (see “Appendix B”).

As a corollary of Theorem 4.5 we obtain the following result a la Brezis Nirenberg [2]:

Theorem 4.6 Leta = 1 and by | 0. Then, there exists a sequence (vi)i of solutions of (Py)
such that vy — v where v is a nontrivial solution of
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—Au=ulF2u+rulP2u, inQ

Q) [u:O, on 082.

Proof Fix A > 0. From Remark 4.3 we can assume that ¢~ (1, by, A) is well defined for all k.

N
Letalsoe > Osuchthatc™(1,0,1) +¢ < % SA2, (see Proposition 4.3). Thus, by Proposition
A.2 in Appendix, for k big enough, one has

1 N
c (b, ) < (1,0,0) +e < NSAZ,

We claim that (v ) is bounded in HO1 (2). Indeed, we know that

0= @), , )W) = lvel® + bellol* = llogll3e — Allvell} (19)
o

(1, by, ) = Pp il )—1” ||2+b—"|| ||4—i|| 13 = Sllwllh. (20)
C s Dk, = Ppp 2 (Vk —2 Uk 4 Uk b Uk || » Uk p-

Denote t; = t(; ; (k) and note from Lemma A.2 in the Appendix that 0 < # < 1 for all k.
This property combined with Proposition A.2 implies that
0 < lim ®g(fve) —c (1,0,4),
k— o0
< lim @y, ; (ieve) — (1,0, 2),
k—o00
< lim ®p 5 (vr) —c (1,0, 1),
k—o00

= lim (®p 5 () — ¢ (1, b, A) =0,
k—o00

and hence (#; vk )k is a minimizing sequence to ¢~ (1, 0, ). We claim that (), is bounded
away from 0. Suppose on the contrary that 7z — 0 as k — oo. Since f;v; € N, we know
that

2 2 2% 2
26 Ikl = 2% Nlokllze — parl okl < 0, V.

Thus
2 p
* _ v,
||Uk||2* _ 2422 < par? 2 |l kllzpw ’
vk 115+ vk 115+
and hence
l[vell?
7 = o(D). 2D
llvk 115+
From
lvell® + bellvell* = llvell3= = Allwells =0, V&,
and (21) we deduce that
brllvel* vl o
ol e ), e (22)
llvk |5+ llvkll5-
Since

~ * " * *
2 wll3 4 llwels 2% plluedlae

U lloel® Uhelloel® 1 A flullh
Dp . (vr) = vk llzs < 7, ,
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it follows from (22) that

|1 ol L fluell
Py (0p) = ok ll3- |: <1 +2 e - +o(D)

4 loelze ) 2% plluell3-
£ 2" —4 p—4\ . lullp
= . A D,
lvellz [ 74 ( 24 ) lvell3: o)
which is a contradiction since @y, ; (vk) = ¢ (1, b, &) > 0 for all k and therefore #; is

bounded away from 0. Once (#;vk)x is @ minimizing sequence to ¢~ (1, 0, &), it has to be
bounded, that is, there exists d > 0 such that

1,3/|ka|2 <d, Vk,

and as a consequence (vg)x is bounded in HO1 (R2).

Eventually passing to a subsequence, there exists v € H& (£2) such that vy—v weakly
in H(} (), vy — v strongly in L9(2) for g < 2%, [vg |2 2o —v|¥ 20 weakly in (LY.
Thus, since vy is a critical point of &y ,, for every ¢ € HOI (2),

(1+ bk||vk||2>f VoV — / vel* "2 veg — A/ lue|Purg = 0,
Q Q Q

passing to the limit as k — oo we deduce that

/Vqu)—/ |v|2*_2v<p—A/ [v|P2vp = 0,
Q Q Q

which implies that v is a solution of (Q;). Let us show that v # 0. Assume by contradiction
that v = 0. By (19), dividing by log |12 we get
2
— 5% *_ *_ -2 _
L bellvell = Sy 2 ol ™2 < U bgllue > — ogll3 72 = AMlvelly ™ < crrllogl)?™

and (|lvg|])r is bounded away from zero. Passing to a subsequence we can assume that
lvell = 1 > 0. From (19) and (20) (recall that 0 = v = limy v in L?), we obtain that

. *
12 = Tim || oe 3

and

lime™(1,b /\)—112 Ly I ||2"—112
1}{11c , by, =5 2*1]?1 vkz*—N.

N
Since [|vgl|> > Sy [lvk [13. we obtain that /2 > S7 which implies
.5
limce™(1,bg, M) > —S2,
ime™(1, b, ) = N

against the initial assumptions. Thus, v # 0. Let us prove now that vy — v in HO1 (£2) and
®p,5.(v) =™ (1,0, 1). Indeed, since vy € Nb_k , for all k, we have that

P+ S et = £
v 1 —
2+ 1k 4or kI 2*p

p
Dp, (k) = lvelly, Vk.
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Since v solves (Q;) we conclude from Remark A.1 in the Appendix that v € A/, and hence

_ =2 2 2% — )4 L. —
¢ (1,0,2) < P a(v) = o lvll* — 70 ol < hkrr_l)géf @p 0 (vk) = ¢ (1,0, ),
and therefore ||vg || — ||v|| as k — oo, which implies that vy — v in HO1 (2) and ®g , (v) =
c (1,0, 1). O
Proof of Theorem 1.8 See Theorem 4.6. O
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Appendix A: Some topological properties of the Nehari manifolds

We collect some topological properties concerning the Nehari manifold N/~ Since the depen-
dency on each parameter will be considered, we will write the full notation ®, 4.3, 1, ; (1),

N, ., and so on.
Similarly to Proposition 4.2 we can prove:

LemmaA.1 Foreacha > 0,b € R, A € Randu € H(} (2)\{0}, only one of the next i) —iv)
occurs.

(1) The function 4 p.y u is increasing and has no critical points.

(i1) The function Vg4 p ju has only one critical point in 10, +00[ at the value t, ) (1).
Moreover, ‘/’g,b,x,u(ta»b,)\(“)) = 0and Yq.p..u Is increasing.

(iii) The function Y4 p 5. has only two critical points, 0 < ta_,b,x(”) < t;:b,;\(“) Moreover,
aba (u) is a local maximum and t;,b,x(“) is a local minimum with w;/,b,k,u (t;b,x(“)) <

" +

0< wa,b,k,u(ta,b,k(u))'

(iv) The function Vg p 5.4 has only one critical point in 10, +o0o[ at the value t,, , (u).
Moreover; t,, , (u) is a local maximum and ‘/’;/,b,x,u(tz;b,x(“)) < 0.

Remark A.1 If b < Oand A > 0, then only item iv) of Lemma A.1 occurs. Moreover, if b > 0,
then only one of the items i) — iii) occurs.

LemmaA.2 Fixu € HO1 (2\{0} anda > 0. Let V C R? be an open set and assume that
t;b,x(”) is defined for all (b,)) € V. Then the function V. > (b, A) +—> t;b,x(”) is CL.
Moreover the following holds true.

(i) The functions t, , , (u) and Y p 5 u(t, , ; () are increasing with respect to b;
(i) The functions t, ;, , (u) and Wap5.u(t, ,, ; (1)) are decreasing with respect to A.

Proof Denotet, ; =t , , (u)andnote from the implicit function theorem that 1//; panba) =
Oand ), ; ,(t.1) < O implies that #;, ; is C! as a function of (b, u, 1) € V. Since

2 2 4 4 o 2% p P
aty, , Null” + bty s ull™ — 1, pllullze — Aty ullp =0,

@ Springer



22 Page30o0f33 F. Faraci, K. Silva

we conclude by differentiating both sides, with respect to b, that

Aty 1 o lu*
=T > U,
db Y a0

and hence 15, is increasing in b. Now let (D) = 4,5, u(, ;, ; (1)) and observe that

o M *
4

which implies that f is increasing and hence (i) is proved. The proof of (ii) is similar. O

oty .
') = Wip;,b,/\,u(lb,k) + > 0,

Remark A.2 Note that a similar result can also be proved with respect to the functions t;“ b @)
and 1r//a,b,)L,M (t:b,x (u)) .

Denote

u _
Mapy = {ru” ‘u € Na’b’)\} .

LemmaA.3 There holds:

(i) Ifby < by, then My, C Mp,.
(1) If A1 < Ag, then MM C M)Q.

Proof (i) Take u € M, p, 5. Once w;,bl’k(t) < 1//;71)2’}\([) for all # > 0, it follows that
Wl 1oy W) < /g by.1.(a b5, () = 0 and hence, from Lemma A.1 we conclude that

u e Ma,bh)\,'
(ii) Take u € Mypy,. Once \%,b,xz @ < w;’bm(t) for all t > 0, it follows that

1#; bia (A M (n)) < w; b (P a (1)) = 0 and hence, from Proposition A.1 we conclude
thatu € Mgy p s, O

Proposition A.1 Fix a > 0 and let I be an interval. Then, the following holds true.

(1) Fixb e R. If c™ (a, b, A) is defined for all A € I, then it is non-increasing as a function
of &

(i) Fix A € R. If ¢ (a, b, )) is defined for all b € 1, then it is non-decreasing as a function
of b.

Proof i) Indeed, fix A1 < A2 and u € M, ,. Since from Lemma A.3 we have that
u € Mgy p,s,, it follows from Lemma A.2 that

(@, b, 32) < Vabrn (1) 2, 0) < Vabi Uy, W) VU € Mapsy.  (23)

and hence ¢~ (a, b, Ap) < ¢ (a, b, A1). The proof of ii) is similar. ]

Proposition A.2 Fix a > 0 and let I be an interval. Then, the following holds true.

(1) Fix» e R. Ifc™(a, b, A) is defined for all b € I, then it is right continuous as a function
of b.

(i) Fixb € R. If ¢ (a, b, ) is defined for all . € I, then it is right continuous as a function
of L.
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Proof (i) Fix by € I. We claim that limy;, ¢ (a,b, 1) = ¢ (a, by, A). Indeed, once
I 5 b+ ¢ (a,b,)) is non-decreasing, we can assume that limy |, c™(a, b, 1) = ¢ >
¢ (a, bo, 1). Suppose on the contrary thatc > ¢ (a, bg, A). Givene > Ochooseu € M py 2
such that dDQVbOV;L(t;bO’}\(u)u) € [c™(a, by, L), c (a, by, \) +¢) and ¢ (a, bg, L) + & < c.
From Lemma A.2 we conclude that for small § > 0

¢ (a,bo+68.1) = Papgts.1(ly pyys, W) < c (a,bo,A) +& <c,

which is a contradiction and thus I 3 b — ¢~ (a, b, A) is right continuous. The proof of (ii)
is similar. O

Appendix B: Thecase1 =0

We collect some results concerning the fiber maps 1 when A = 0. The parameternowisb > 0,
while a > 0is fixed. For this reason, we write v, , and ®, instead of ¥ , and $( and so on.
As we already know, for each u € HOl (2)\{0} the fiber map v , has satisfies Proposition
4.2. One can see now that the systems v, (f) = 1/0’,,,4(1) = 0 and w}’w(t) = I/I}/;,u(l‘) =0
admits a unique solution, with respect to ¢, b, which are given respectively by (see [5] and

[18])
W)=( 2*a ||u||2>2*12’
4= 2% Jlul3:
bo(u) = a7 3 C1(N) (”ﬁ‘i’ﬁ )N,
and

1

w 2a full> \ 77
u) = * )
4—2% |lu|%

4y N llullos \ N
bu)=a 2 Sy C2(N) Tl

As a conclusion of this analysis and similar to Propositions 2.4 and 3.7 we have

Proposition B.1 There holds

(i) Foreach b > bo(u) and each u € HO1 (2)\{0}, inf;~0 ¥p,, (t) = O; for each b < by(u)
there exists u € HO1 (2)\{0} such that ®p(u) < 0.

(ii) For each b > b(u), the set Njy = @; for each b < b(u), the sets N7, Ny and/\/}? are
non empty.

Therefore:
Lemma B.1 The following holds true.

1) IfaNTfA‘b < C1(N), then there exists u € HO1 (2)\{0} such that p,(u) < 0.
(i) IfaNT_Z‘b > C1(N), then vy, 4 (t) > O forallu HOI(Q)\{O} andt > 0.
(iii) Ifa#b < C3(N), then N, N, N," are non-empty.
(V) Ifa’ T b > Co(N), then Nj, = %.
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Remark B.1 Comparing Lemmas B.1 and 2.2 we see that

(i) ®, is weak lower semi-continuous if, and only, ®,(u) > 0 for all u € HO1 (2).
(i) If <b;}(u)u > (O forallu € H({ (2)\{0}, then &, satisfies the Palais-Smale condition.
Equivalently N}, = .

—4

Corollary B.1 IfaNTb < C2(N), then for all . > 0 we have N~ # .

Proof Indeed, this is a consequence of Lemmas B.1 and A.3. We also refer the reader to [13,
Lemma 2.6]. ]

The next lemma is an application of Lemma A.2 and Remark A.2:

LemmaB.2 Fixu € HO1 (2\{0}. The following holds true.

(i) The function (0, b(u)) >+ t, (u) is continuous and increasing.
(ii) The function (0, b(u)) 3+ t;r (u) is continuous and decreasing.
(iii)
lim ¢ () =t(w) = lim " ().
bibay P () =1 bty )
The following proposition can be found in [18,19] (with some adaptations). We give an
outline of the proof (recall from Lemma B.1 that A, 19, N, are not empty for all a,b > 0

satisfying a'Th < C2(N)):

Proposition B.2 Suppose that a¥b < C2(N), then

(2* —2)2(12
) =—— ="  Vuel.
) = @y €N
Moreover,
B (2* —2)26l2 0
b,0) < ——— = ,b,0).
¢ @hO < gy = @hY

Proof The first part is trivial. Now suppose on the contrary that there exists u € A~ such
that

(2* —2)%a?
Op(u) > ——— .
4.2%(4 —2%)b
From Lemma B.2 we have that 1, (u) = 1 < 1, (u) < t;(u) < t;r(u) foreach 0 < b <
b’ < b(u) and hence
Dy (8, (u) > Dp(u)
> Op(u)
* _ 72,2
- 2* —2)°a ,
T 4.2%(4 —-2%)b
which implies that

(2* —2)%a? . _ (2% — 2)%a?
————— < lim Oy (t, (Wu) = Ppuy (W) = ————F———,
4.2%(4 =2%)b  b'1b) 4.2%(4 —2%)b(u)

a contradiction since b < b(u). O
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