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Abstract
We study the normalized solutions of the fractional nonlinear Schrodinger equations with
combined nonlinearities

(=AY u = u~+ plul?*u + julP>u inRY,

and we look for solutions which satisfy prescribed mass

/N lul* = a?,
R

where N > 2,5 € (0,1),p e Rand2 < ¢ < p < 2} = 2N /(N — 2s). Under different
assumptions on ¢ < p,a > 0 and n € R, we prove some existence and nonexistence
results about the normalized solutions. More specifically, in the purely L2-subcritical case,
we overcome the lack of compactness by virtue of the monotonicity of the least energy value
and obtain the existence of ground state solution for 1 > 0. While for the defocusing situation
n < 0, we prove the nonexistence result by constructing an auxiliary function. We emphasis
that the nonexistence result is new even for Laplacian operator. In the purely L2-supercritical
case, we introduce a fiber energy functional to obtain the boundedness of the Palais—Smale
sequence and get a mountain-pass type solution. In the combined-type cases, we construct
different linking structures to obtain the saddle type solutions. Finally, we remark that we
prove a uniqueness result for the homogeneous nonlinearity (1« = 0), which is based on the
Morse index of ground state solutions.
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1 Introduction

In this paper, we focus on the fractional Schrodinger equation

i = cary - by, (L.
where 0 < s < 1, i denotes the imaginary unit, ¥ = ¥ (x, t) : RN x (0, 4+00) - C,N > 2
and (1) =tP 2+ w9722 < p <q <25 :=2N/(N —2s),u € R.

The operator (—A)* can be seen as the infinitesimal generators of Lévy stable diffusion
processes, see [2] for example. This operator arises in several areas such as physics, biology,
chemistry and finance(see [2,3]). In recent years, the study of nonlinear equations involving
a fractional Laplacian has attracted much attention from many mathematicians, we refer the
reader to [14-21,36,41,44-46,49-52] and the references therein.

When we are looking for standing waves solutions of (1.1), that is solutions of the form
w(t,x) = e ™y (x), » € R. The function u then satisfies the elliptic equation

(=AY u— 2 = plul'%u + uP>u inRY, (1.2)
where (—A)? is the fractional Laplacian operator defined as

(=AY u(x) = _% /N u(x +y) +|;t|(1iz(+;y) - 2u(x)dy

for all x € RV,
A possible choice is to consider that A € R is given and to look for solutions u € H*(R")
corresponding to critical points [42,54] of the functional

1 s A 1
J(u)=f =M Ul = S = S = B ) dx,
]RN 2 2 P q

and of particular interest are the so-called least energy solutions. Namely solutions which
minimize J on the set

N = {u e HS®Y)\(0) : J'(u) = 0} .

This point of view is adopted in the paper [22], see also [43]. Here and hereafter, for 1 <
q < oo, we denote by L? (RN) the usual Lebesgue space with norm Iulg = fRN |u|?dx.
Alternatively one can consider the existence of solutions to (1.2) which have a prescribed
L2-norm. Since solutions v e C ([0, T); HS(]RN)) to (1.1) conserved their mass along
time, i.e. [ (¢)]» = |¥(0)|» for ¢ € [0, T)(In fact, multiplying (1.1) by the conjugate ¥ of
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V¥, integrating over RY, and taking the imaginary part, we get 7 41y (1) |2 = 0.), it is natural,
from a physical point view, to search for such solutions.

When s = 1, i.e. for the Laplacian operator, Jeanjean’s [32] was the first paper to deal
with existence of normalized solutions in purely L2-supercritical case. In recent years, many
mathematicians have interest in this type of problems, please see [1,5,11-13,29,30,33,34,47,
48,53,55] for normalized solutions to scalar equations in the whole space R, [6-10,26,27,31]
for normalized solutions to systems in RV, and [23,28,37—40] for normalized solutions to
equations or systems in bounded domains. However, there is few literature concerned about
the normalized solutions for the fractional Laplacian operator. With regard to the point, we
attempt to study this kind of problem in this paper.

In what follows, we study the fractional nonlinear Schrodinger (NLS) equations with
combined nonlinearities

(=AY u = ru+ plu?2u + uP2u in RV, (1.3)

and we look for solutions which satisfy prescribed mass

/ P = d?, (1.4)
]RN

N

where N > 2,5 € (0, 1), 0 € R,2 <q < p <2f = 57—, anda > 0.

We define the energy functional

E,:H'RY) > R, Eu(u):/ (ll(—A)%ulz—llul”—ﬁlul"> (1.5)
RN \ 2 p q

W) — u(y))?
/Ru A uf? //RN -y,

HS[RN) := {u € LZ(RN),/ [(=A) 2 ul? < +oo}
RN

with

where

is a Hilbert space with the inner product and the norm
(u, v)=/ [(—A)2u-(=A) v+ uv],
RN
e = / [ (=27 ul +u?].
RN
And we denote H?(RV) by

HRY) = [u e H*RY) : u(x) = u(jx]), x € ]RN] .

Then we know the weak solutions of (1.3) are corresponding to critical points of the energy
functional E, under the constraint

Sy = {u e H*(RY) :f u)? :az}.
RN

My, = 1§1f E,,
a

Let

then we call # a ground state solution if u achieves mg_ ;.
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First, we consider the homogeneous nonlinearity, i.e. & = 0, then problem (1.3)—(1.4)
becomes the equation

(=AY u = ru+ ul”>u inRN (1.6)
under the constraint S,,.
We set
my = iglf Ey,

and denote the L2-critical exponent for fractional NLS equations by

p =2+ —.
p +N

In fact, foru € S, and T € R, we define
(Txu)(x) 1= e%Tu(eTx), fora.e. x € RV,

then txu € S,. By a simple observation(see the following Theorem 1.2, Lemma 3.1 and their
proofs for more details ), we know Eq(tu) is coercive on S, for p < p, while Eq(t*u)
is not bounded from below on S, for p > p. Based on this fact, we call j the L2-critical
exponent.

To deal with problem (1.6), we introduce the standard model

(=AY u+u—u**u=0 inRV, (1.7)

where 2 < o < 2§. By Theorem 3.4 of [24], Eq. (1.7) has a unique positive radial ground
state solution, denoted by Oy . In addition, when o = p, we define

=2 . 2
a .=/ 10w.5P-
RN

In what follows, we introduce the fractional Gagliardo—Nirenberg—Sobolev (GNS)
inequality.

Lemma 1.1 [24] Letu € H*(RN) and 2 < o < 2}, then the inequality
N(x—2)

f |u|“sC(s,N,a><f |(—A>%u|2) (f |u|2>r ’
RN RN ]RN

holds. Moreover, the best constant C (s, N, o) can be achieved by QN .

N(@-2)

Now, with regard to the existence of ground state solutions to (1.6), we have
Theorem 1.2 Let u = 0,2 < p < 2%, we have the following results (i)—(iii).
1) If0 < p < p, then for any a > 0, we obtain that

my :i?on <0,

a

and mg has a unique(up to a translation) positive radial minimizer kQ y . ,(mx) with

27
_ am mzx‘i(”f)N( - ) oL (1.8)
|ON.pl2 |ON.pl2

In particular, kQ N, p(mx) is the only ground state solution of (1.6) with some X <0.
(i) If p = p, then
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(a) forany 0 < a < a, we have
my = inf Eqg = 0,

and problem (1.6) has no solution at all. In particular, the infimum mg, can’t be
achieved by any u € S,, namely, (1.6) has no ground state solution.
(b) fora = a, we have
mg = inf Eg =0,
Sa
and mq has a unique(up to a translation) positive radial minimizer Q5. In partic-
ular, Q. is the only ground state solution of (1.6) with some X < 0.
(c) foranya > a, we get
i?f Ey = —o0.

Thus, (1.6) has no ground state solution.
(i) If p < p < 2%, then for any a > 0, we get

inf Eqg = —o0.

Sa
Thus, problem (1.6) has no ground state solution. However, (1.6) still admits a positive
radial solution kQn  ,(mx), where k, m satisfy (1.8).

At the moment, we briefly outline the proof of Theorem 1.2: to obtain the value of i?f Ey,

we resort to a fiber map Eq(t+u) and the fractional Gagliardo—Nirenberg—Sobolev ((a}NS)
inequality(see Lemma 1.1). When dealing with the existence and uniqueness of ground state
solution, thanks to the homogeneity of the nonlinear term, we can transform (1.6) with L2-
mass constraint into (1.7) by a suitable scaling and then make use of the properties of the
ground state solution to (1.7).

Next, we consider the purely L2-subcritical case, i.e., 2 < qg<p<p,pnelR

Theorem 1.3 Let2 < g < p < p, then we get the following results.
(1) If u > 0, then for any a > 0
Mg,y = i?f E, <0,
and the infimum is achieved by u € S, with the following properties: ii is a positive
radial function in RN and solves (1.3) for some A < 0. In particular, i is a ground state

solution of (1.3)—(1.4).
(i) If u <0, let a > 0 and suppose that

b > 9 (C(S,N,p))ngzz (]z;q ’p’i’»_(,j_q =
C(s,N,q) P P—q P—q
(1.9)
with
S(prq) = S4=P) g
N(p—Dp)
Then

Mgy = 1;1fEM =0,
a

and the infimum mg_;, can’t be achieved by any u € S,. Therefore, problem (1.3)-(1.4)
has no ground state solution.
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Remark 1.4 The nonexistence result in (ii) of Theorem 1.3 is even new for the Laplacian
case, we point out that our method can also apply to the Laplacian operator.

In the proof of existence of a minimizer for m, , in Theorem 1.3, the difficulty lies in the
fact that the embedding H} (RV) < L2(RN)is not compact. We will overcome the obstacle
by virtue of the monotonicity of m, . To prove the nonexistence result, we smartly construct
an auxiliary function and analyse its properties.

In what follows, for the purely L2-supercritical case, namely, p < ¢ < p < 2%, we obtain

Theorem 1.5 Let p < g < p < 2¥ and n € R. Then it holds that

inf £, = —o0.
Sd

Moreover, if u > 0, then for any a > 0 Eq. (1.3) has a radial solution u, for some A, < 0.

In the Lz-supercritical case, E, is not bounded from below on S, i.e., infg, £, = —00.
Thus, it is not more possible to search for aminimum of £, on S,. We have to look for a critical
point with a minimax characterization. Although E,, has a mountain-pass geometry on S, but
unfortunately the boundedness of the obtained Palais—Smale sequence is not yet clear. In this
paper we adopt a similar idea in [32] and construct an auxiliary map I, (u, t) := E, (T*u),
which on S, x R has the same type of geometric structure as £, on S,. Besides, the Palais—
Smale sequence of I, satisfies the additional condition(see Proposition 5.4), which is the
key ingredient to obtain the boundedness of the Palais—Smale sequence. We point out that
although we take a similar idea in [32], the extra difficulty still occurs due to the nonlocal
term.

In the following we give a bifurcation result.

Corollary 1.6 Let p < g < p < 2% and u > 0. Let (g, Ag) be a solution of (1.3) obtained
in Theorem 1.5. Then, as a — 0, we have

/I.RN |(—A)% ua|2 — 400 and Ay — —00.
Finally, we deal with the combined-type cases2 < ¢ < p =2+ % <p<2ip#q.
Case(I):2 <q < p=p.
Theorem 1.7 Let2 < g < p = p,we have
(G) if0 < a < a, then:
(a) for every u > 0,

Mg,y = ingu <0,
a

and the infimum admits a positive radial minimizer i € S, and u solves (1.3) for
some A < 0.
(b) for every u <0,
inf £, =0,
1§1ﬂ “
and problem (1.3)—(1.4) has no solution at all.
(ii) ifa = a, then:

(a) for every u > 0,
igf E, = —o0.
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(b) for every u <0,
i?f E, =0,

and problem (1.3)—(1.4) has no solution at all.

>iii) ifa > a, then for every u € R
i§1f E, = —o0.

We remark that the proof of Theorem 1.7 is based on Theorem 1.2 and the Pohozaev
identity.
Case(I):2<qg <p<p<2f

First, for the focusing subcritical perturbation case, i.e. u > 0, we have:
Theorem 1.8 Let2 <q < p < p < 2¥,a, u > 0. We also suppose that

p—q

a? P < < p(p—q) )W ( q(p —p) ) (1.10)
2C(s, N, p)(p —q) 2C(s, N, q)(p —q)

N(p—-2\ p— N(g -2
V(p,q)=<p—7(pzs ))7§_Z+<q—7(q% ))>0-

Then problem (1.3)—(1.4) has two radial solutions, denoted by it and ii. Moreover, E , (i1) < 0,
E, (1) > 0 and @i, it solve (1.3) for suitable i, . < 0.

with

In the proof of Theorem 1.8, we follow the idea of [48] to restricted the functional £, on
the Pohozaev set Py, (see Sect. 6)and know that E,,|p, , is bounded from below. Then we
can get a local minimizer i for £, |p, , and construct a minimax characterization for £, to
get the second critical point i. We emphasis that (1.10) has been used to ensure that Py, is
a smooth manifold.

Next we consider the defocusing subcritical perturbation case, i.e. © < 0, we have:

Theorem 1.9 Let2 <q < p < p <2¥,a >0, u < 0. We also suppose that

laP PO < < 2ps )’”( 92 = PN = 25) ) (1.11)
NC(s, N, p)(p=2) 2NC(s,N,q)(p —q)

N(p—2 p — N(g—2
ﬂ(p,q)=<p— L ))§—Z+<"_%>>O'

Then problem (1.3)—(1.4) has a radial solution, denoted by it. Moreover, E, (i) > 0 and i
solve (1.3) for some A <0.

with

In the proof of Theorem 1.9, we construct a minimax characterization for E, to get a
critical point . We emphasis that (1.11) has been used to deduce the compactness of the
Palais—Smale sequence obtained by minimax scheme
Case (III): 2 <g =p < p < 2}.

First, for the focusing critical perturbation case, i.e. u > 0, we have:

Theorem 1.10 Let2 < g = p < p < 2%, a, u > 0. We also suppose that

4 p

¥ P 1.12
HET =35¢G.N, p) (1.12)
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Then problem (1.3)~(1.4) has a radial solution, denoted by ii. Moreover, E,, (it) > 0 and i
solve (1.3) for some A <0.

Next we consider the defocusing critical perturbation case, i.e. © < 0, we have:

Theorem 1.11 Let2 < g =p < p < 2%,a > 0, u < 0. We also suppose that

P25 — p)(N —2)

Then problem (1.3)~(1.4) has a radial solution, denoted by ir. Moreover, E,, (it) > 0 and i

lula® < (1.13)

solve (1.3) for some A <0.

We remark that the proofs for Theorems 1.10-1.11 are very similar to that of Theorem
1.9.

This paper is organized as follows. In Sect. 2, we give some lemmas which will be
used later. We discuss the homogeneous nonlinearity and prove Theorem 1.2 in Sect. 3. In
particular, we prove a uniqueness result which is based on the Morse index of ground state
solution. Section 4 is devoted to the purely L2-subcritical case. In this case, we overcome
the lack of compactness (notice that H} (RV) — LZ®RN) is not compact) by virtue of
the monotonicity of the least energy value, which can be proved by a similar argument as
Lemma 3.2 and Corollary 3.3. And we obtain the ground state solution for & > 0. While for
the defocusing situation u < 0, we prove the nonexistence result by smartly constructing
an auxiliary function, see Lemma 4.1. We emphasis that the nonexistence result is new
even for Laplacian operator. In Sect. 5, we deal with the purely L2-supercritical case and
prove Theorem 1.5 and Corollary 1.6. In this case, although the energy functional £, has a
mountain-pass geometry on the mass constraint set S,, but unfortunately we can not deduce
the boundedness of the Palais—Smale sequence. To overcome the difficulty, we introduce a
fiber energy functional to obtain the boundedness of the Palais—Smale sequence and get a
mountain-pass type solution, see Propositions 5.3, 5.4 and Lemma 5.5. In the final section, we
consider the combined-type cases and prove Theorems 1.7-1.11. In the combined-type cases,
we construct different linking structures to obtain the saddle-type solutions, see Lemmas 6.16
and 6.21.

2 Preliminaries

In this section, we will give some lemmas for convenience. First, we give the Pohozaev
identity for the fractional Laplacian operator.

Lemma 2.1 [15, Appendix] Let u € HS(RN), N > 2 satisfy the equation
(=8) u =g,

N_ZS/ |(—A)%’u|2=Nf G,
2 RN RN

where G(s) = [ g(t)dt.

then it holds that

Remark 2.2 For « = p, we can get

N
2 2 p x
¢ _/RN'QN"" _<2C<s,N,ﬁ)) ‘ @D
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In fact, by Lemma 1.1, the best constant C(s, N, p) can be achieved by Oy ;. In virtue of
the Pohozaev identity(see Lemma 2.1)and the Eq. (1.7) for Oy 5, we know

/ 0wl = (14 / Qw517 / |(=8)% Q51 = ﬂ/ Qw517
RN P 4s RN P RN P 4s JrN P

(2.2)
Substituting these equalities into the fractional GNS inequality, we get (2.1).

Lemma 2.3 [4, Section 9] Let s € (0, 1). For any u € HS@RN), the following inequality

holds 5 5
W) — u* () W) — u(y))
/fR Ty B <//R Ty

where u* denotes the symmetric radial decreasing rearrangement of u.

Lemma 2.4 [35] Let N > 2, then H*(RN) is compactly embedding into LP (RN) for p €
(2,27).

Finally, we give a version of linking theorem, see [25, Section 5].

Definition 2.5 Let B be a closed subset of X. We shall say that a class F of compact subsets
of X is homotopy-stable family with extended boundary B if for any set A in F and any
n € C([0, 1] x X; X) satisfying n(¢, x) = x for all (¢, x) in ({0} x X) U ([0, 1] x B) we
have that n ({1} x A) € F.

Lemma 2.6 Let ¢ be a C'-functional on a complete connected C'-Finsler manifold X and
consider a homotopy-stable family F with extended boundary B. Set

"= c(p, F) = inf max
€ c((p ) AEF xeA ga(x)

and let F be a closed subset of X satisfying

ANF\B # 0 forevery Ae F (2.3)
and
supp(x) <c < mf o(x). 2.4)
xeB

Then, for any sequence of sets (A,), in F such that limsup, ¢ = c, there exists a sequence
n n
(x)n in X\B such that

(1) lim, p(x,) = c.

(i) lim, [de(x,)ll = 0.
>iii) lim, dist(x,, F) = 0.
(iv) lim, dist(x,, Ay) = 0.

3 Homogeneous nonlinearity (u = 0)

In this section, we deal with the case u = 0 and prove Theorem 1.2.

Lemma 3.1 Forany p € (2, p) and a > 0, we have

—oo<ma:iL1§1on<0.

a
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Proof By the fractional GNS inequality(see Lemma 1.1), we get

N(p=2)

Eo(M)Zl/ [(—ayhupp = S8 NP g (/ |<—A>%u|2) R
2 JrN P RN

N(p—2)
4s

forevery u € S,.Since2 < p < p,itimplies that 0 <
on S,, which provides that m, > —oo.
On the other hand, for u € S,

Nr 2
— 1 T
// (M(e X) N:/fz(e )’)) dxdy—*/ e¥|u(efx)|pdx
R2N =y P JrN
1 _ 2 Nr(g—l)
— BT // (M(X) ’;{V(j’z)) dxdy — e / u|?
RV X — p[NEES p RN

2
eNT(5=D leT(ZS - // () —u®)) 7 dxdy — l/ lul? |.
2 R2N X — y|N+2Y P JRN

Noticing that p < p, we have 2s — N(p/2 — 1) > 0 and hence Eo(t#xu) < O for every
u € S, with T < —1. Therefore, we know that m, < 0 for any a > 0. ]

< 1 and hence E is coercive

Eo(txu)

In the L 2-subcritical case, since m, < Oforanya > 0, we can give the strict sub-additivity
for my.

Lemma3.2 Let p € (2, p), and ay, ay > 0 be such that a% + a% = a?. Then
Mg < Mg, + Mg,.

Proof Letc > 0,0 > 1 and let {u,,} € S. be a minimizing sequence for m.. Then
1o s 2 0 P _ g2
mge < Eo(Qu,) = -0 [ (=A)2 upl” — — lun|” < 07 Eo(un),
2 Jry p Jry

since ® > 1 and p > 2. As a consequence mg. < 6%m,, with equality if and only if
f]RN |u,|P — 0 as n — oo. But this is not possible, since otherwise we would find

1 ;
0> m. = lim Eo(u,) > liminf ff [(=A)2 up)®> >0
n— 00 n—oo 2 RN

a contradiction, where the first inequality follows from Lemma 3.1. Thus, we have the strict
inequality mg, < 0%m,.

Next, we show that m, < mg, + mgs,. We may assume that a; > a; and divide into two
cases. Case 1: a; > ay. For this case, we have

2 2 2 2
_ 4 a” — al _ n az
Mgy = Mg, 2 Mg, = Mg, zmﬂaz
al al a

a

Mg =Mmag < <—

< Mg, + Mg,.
ai

Case 2: a; = a». For this case, we have

Mmg=m s, < 2mg, = Mgy + Mg,.

Noticing again that the fact m, < 0 for any ¢ > 0, we immediately obtain

Corollary 3.3 Let p € (2, p), then mg is strictly decreasing in a € (0, 00).
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Now we are in position to proceed with the proof of Theorem 1.2.

Proof of Theorem 1.2 For (i), let {u,} C S, be a minimizing sequence for m,. By (3.1), we
know that Eg is coercive on S, and deduce that {u,} is bounded in H*(RV). Noting that
Ey is even and combining with Lemma 2.3, we can suppose that u/,s are nonnegative and
radially symmetric, i.e., 0 < u, € H} (RM). Thus, by Lemma 2.4, we have

up — u weakly in H*(RY), wu, — u strongly in LP(RY), p e (2,2}),

providing that
2

Eo(u) < liminf Eg(u,) = mg, |ul3 < a*.
n—oo
Since Eg(u) < m, < 0, we know u # 0. By Corollary 3.3, m, is strictly decreasing in a,
then it must hold that
Eo(u) = mg, |ul5=a*
Thus, u is a minimizer for m,.

Next we show the uniqueness of the minimizer for m,. Since S, is a C! manifold with
codimension 1 and u is a minimizer of E( constrained on S,, we know that the Morse index
of u, denoted by m (u), is less than or equal to 1. On the other hand, by the Lagrange multiplier
rule, there exists A € R such that u satisfies

(=AY u=ru+uP~' inRV.

Since u > 0, # 0, by the strong maximum principle, we get u > 0. The linearized operator
atu is
Li=(=0) —h—(p—Dul?,

together with the equation for u, we easily see that (L u, u) = (2 — p)|u|ﬁ < 0. Therefore,
m(u) = 1. According to the Pohozaev identity and the equation for u#, we obtain

1 1 ul? + 1 1 N |2 0
[ — u _——— u =V,
po2z)r 2 )

which implies A < 0. Set
up.y = pu(yx)

with
Ay =1, Py =1, (3.2)

then ug,, satisfies (1.7) for « = p. Moreover, since m(u) = 1, it is straightforward to verify
that the Morse index of ug ,, with respect to the linearized operator

Ly=(AP+1—(p—1)(upy)" >

is exactly 1. By [24, Theorem 3.4], it must hold that ug , = Q. Let

notice that |ug |2 = |On,pl2 and (3.2), we get u(x) = kQn, p(mx) and (1.8).
For (a) of (ii), by the fractional GNS inequality, we get

1 s C(s,N,p) - NG- s
Eo(u) > —/ [~ mybupp - 8P g2 (/ |<—A)fu|2)
2 Jry p RV

N(p=2)

@ Springer



143 Page 12 of 35 H.Luo, Z. Zhang

=5 (-)) Lo

for every u € S,, here we use (2.1). Thus, it results that m, > 0 forany 0 < a < a. In
addition, Eq(t*u) — 0 as T — —oo for u € §,. Notice that txu € S, for any u € S,, we
getm, = 0.

We assume by contradiction that problem (1.6) has a solutionu € S,, then by the Pohozaev
identity and the equation for u, we get

., 2 -
/ |(—A)2u|2=f/ ul?.
RN P JRN

In virtue of the fractional GNS inequality and (2.1), we obtain

—A)2 ul? a‘}\f/ —A)2ul.
[caiar =) [ iemi

Since being a < a, it results that # must be a constant, contradicting the fact that u € S,,.
For (b) of (ii), mz = 0 follows from a similar argument as (a) of (ii). By (2.2), we know
Eo(Qn,5) = 0. Taking a similar argument as the proof of uniqueness in (i), we can obtain
the uniqueness of minimizer for m;.
For (¢) of (i), let

a
Ug = ZUN,p»
a=—0Njp

by (2.2), we get |uq |5 = a” and Eg(u,) < 0. Since p = p, we have Eq(t*utg) = > Eg(u,),
and hence Eg(t*u,) — —00 as T — +o00. Thus, it holds that

inf £y = —o0.

a

For (iii), since p > p,foranya > 0 and u € S,, it holds that Eq(txu) — —o00 as
T — +4o00. Thus, we get
iglf E() = —0OQ.

Thanks to the homogeneity of the nonlinear term, for any a > 0, if we set

Ug(x) = kQn, p(mx)

with k, m satisfying (1.8), then Iua|% = a? and u, solves problem (1.6) for some A < 0. O

4 Purely L?-subcritical case

In this section, we deal withthecase2 <g < p <p =2+ ?V—S, 1 € R and prove Theorem
1.3.

Lemma4.1 Let !
g(t) = Etﬁ — AtY + B, t€]0,00)

with) <y < B <1,A, B > 0,then g(t) >0 foranyt € [0, 00) whenever

v _B_
B B
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Proof Deviating g(¢) with respect to ¢, we obtain

gy =1""! (gtﬂ‘y - A)/).

(2Ay>ﬁly
o=\—F%" )
B

then g’(r) < 01in (0, #p) and g’(r) > 0 in (79, 00). Thus, g(¢) has a global minimum at #. To
guarantee that g(z) > 0 for any ¢ € [0, 00), it suffices to show that g(¢p) > 0, which follows

from the fact 5
v B
B> ATT2PY (Z)’H _ <Z> S
B B

In what follows, we begin with the proof of Theorem 1.3.

Set

Proof of Theorem 1.3 For (i), we can follows the lines in the proof of (i) of Theorem 1.2.
This means that we can prove the analogous versions of Lemma 3.1-3.2 and Corollary 3.3,
then we can adopt a similar argument as the proof for the existence of a minimizer of (i) of
Theorem 1.2. Here we omit the details.

For (ii), for any u € S,, by the fractional GNS inequality(see Lemma 1.1), we get

N(p=2)
1 s C(s,N, _Np-2) s 4s
Euu) = —/ [(—aydupp = S8R -2 (f |(—A>2u|2>
2 Jrw p RN
C(s,N,q) M
N.q) ,_Ng2 s
ALY POV R - </ [(—A)2 u|2>
q RN
N(g—=2) N(ﬁ—q)

(/ |(—A>%u|2> 1([ |<—A)%u|2)
RN 2 RN

N(p—q)
C(s,N, _N(p-2) s C(s,N, _N@g-2
_uap 5 </ [ (—A)2 u|2> _MMaq 54l
4 RV q
Set
ﬁ:N(ﬁ—q) J/:N(p—q)
4s 4s
A C(s,N, p)aP*N(’z’{z)’ B— _MC(s, N’Q)aQ*N(Zfz)’
4 q
then by Lemma 4.1 we know E, (1) > 0 for any u € S, whenever
; N
B> AF72F7 (Z) y_<Z> ).
p B
that is, @ and p satisty
p—q pP—q

p=q p

(p—q)H
~ C(s.N.q) P—q
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Thus, our assumption (1.9) implies that m,_ ;, > 0. On the other hand, by a direct computation,
we see that £, (t*u) — 0as T — —oo foru € §,. Notice that tu € S, forany u € S,, we
getmg , = 0.

Next we show thatm, , = 0 can’tbe achieved by any u € S,. We assume by contradiction
that there exists ug € S, such that £, (up) = 0. By (4.1), we can get

N(p—-2)
1 s C(s,N,p) ,_Np-D s
0= E,(uo) = —/ (=)} g2 = CENP) p- / (&) o
2 Jrw p RN
C( N ) N(TZ)
,N, _ Ng=2) s s
20D - (f | (=A)? u0|2> >0,
q RN

where the last inequality follows from the assumption (1.9) and Lemma 4.1. Since the equal-
ities for the fractional GNS inequalities at « = p and @ = ¢ can’t hold at the same time, the
first inequality of the formula above is indeed strict and hence we obtain a contradiction. O

5 Purely L?-supercritical case

In this section, we deal with the case p < ¢ < p < 2§, u € R and prove Theorem 1.5.
Setting
Sar =S, NHSRY) = {u € S, : u(x) = u(x))},

and the product space E = H*(R") x R, we introduce the auxiliary functional / wE—-R
by

o257 s eNt(5-1 ) eNTd—=D .
Iy(u,t) = E, (txu) = [(=A)? u|"—— lu|P —p—— [ul?,
2 Jrw p RN q RN

then we easily see that /,, isa C !_functional. In addition, we define the Pohozaev set by

Py = [u e HRY): Py(u) = 0]

s N(p—2 N(g —2
PM(M)=/ |(—A>fu|2—L/ |u|"—uLf .
RN 2ps RN 2qs RN

It is well known that any critical points of £ |s, stay in P, as a consequence of the Pohozaev
identity(see Lemma 2.1).

with

Lemma5.1 Letu € S, , be arbitrary but fixed. Then we have

(1) IRN |(—A)% (‘L’*l/{)lz — O0and I, (u,7) — 0ast — —oo;
) [an | (=A)2 (t%u)|> — +00 and I,(u,7) > —00 as T — +o0.

Proof A straightforward calculation shows that

28T
f (=AY} (o) = & f | (—A)2 ul?.
RN 2 RN

In addition, we have
28T Nt(£-1) Nt(%4-1)
e s et 2 et
Iy(u, ) = / I(—A)Zulz—if Iulp—uif Ju|?.
2 JrwN p RN q RV
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Since being p > ¢ > p,itholds N(p/2 — 1) > N(q/2 — 1) > 2s. Thus, the conclusions
(1) and (2) easily follows from these facts above. O

Lemma5.2 Let p < g < p < 2% and v > 0. Then there exists K, > 0 such that
0<sup E,(u) < inf E,(u)
ueA ueB
with
A= {u € Sur: / [(=A)I u? < K,,}, B= {u € Sar: / | (—A)3 ul? :21<a}.
RN RN

Proof Let K > 0 be arbitrary but fixed and suppose u, v € S, are such that

/ | (=A)3 u> <K and / | (—A)2 v)? = 2K.
RN RN

Then for K small enough, by the fractional GNS inequality, we have

1 s 1 M
En(v) — Ep(u) = /RN <5| (—)F ol = oy - gw)

1 s 1 M
—/ (f|<—A)2u|2——|u|"——|u|‘1>
RN \ 2 p q
1 s 1 1 s
/ L eaysop = Lppp — e —f/ Ay up?
RV \2 p q 2 Jry

N(p-2) Ng=2)
K s o
5~ Ci [(=A)Z v
RN

e (/ |(—a) v|2)
RN

N(p=2) N(p=2) Ng=2) N(Zfl)
; n n

—C127% & —(C27% K

v

%

=

)

K
2
K
4

here we use the fact that %5_2) > %;2)

> 1. Clearly also, for K > 0 sufficiently small:

for any u € S, , satistfying fRN | (—A)Zu|® < K, we have still by the fractional GNS
inequality

N(p-2)
1 s C N N, _Np-2 s
Enw =+ [ jenyiup = CENP) p gD |(—A)? P
K 2
RN )4 RN
N(g—2)

C(s,N,q) ,_Ng=2 F &

_Mial 25 |(—A)2 u| >O
q RN

In summary, we can choose suitable sufficiently small constant K, > 0 such that
0<sup E,(u) < inf E,(u)
ueA ueBB
with
A= {u € Sar :/ (=AY ul? < Ka}, B= {u € Sa :/ | (—A)3 ul? =21<a}.
RN RN

[}
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Having established the mountain pass geometry of /,, and E,, we construct their minimax
characterization. For the Laplacian case, the construction has appeared in [32].

Proposition 5.3 Let p < q < p < 2¥ and v > 0. There exist ii, it € Sq,, such that

(D) fan 1 (=D)2a* < Ky,
Q) fon [(=A)2 i > 2K,
3) Eu(ﬁ) > 0> EM(IZ).

Moreover, setting _
Ya = inf ma)i] 1, (h(1))

hel, tel0,
with ~ _ ~ _
Ty ={heC (0,11, Sa,r x R) : h(0) = (i1, 0), h(1) = (1, 0)},
and
Ya = higa max E,(h(1))
with

Ty ={heC (0,11, S,): h(0) =i, h(1) = u},
then we have

Ya =Ya > maX{E,u,(ﬁ)» E, ()} =68, > 0.

Proof First note that the existence of i1, it € S, is insured by Lemma 5.1 and 5.2. Next, for
any h € I';, we can write it into

h(@t) = (M (), ha (1)) € Sar x R.
Setting h(t) = ﬁz(t)*ﬁl (t), we have h(t) € I'; and
max (1) = max By (l20+hi (1)) = max E,(h©),
which i@pligs Ya > Ya. On the other hand, for any /& € Ty, if we set ﬁ(t) = (h(2), 0), then
we geth € I'; and _
max. L (h(D)) = max, E, (h(1)).

This provides that y, > ¥,. Thus, we have y, = y,. Finally, y, > max{E, (&), E, (i)}
follows from the definition of y,. O

In what follows, we give the relationship between the Palais—Smale sequence for /,, and
that of E£,.

Proposition 5.4 Let ¥, and y, be defined in Proposition 5.3. Then there exists a sequence
{(n, T)} C Sa,r x R such that for n — oo, we have

(1) Iu(vnv Ty) — 77(1,
2) I;/L|Sa,r><R(vn’ 1,) — 0, i.e., it holds that

311#(1)", ;) — 0,
and

<aul,u(vn, ™), 5) -0
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with
peTy, = {&’EH“(RN) :/ v,@:O}.
RN
In addition, setting u, (x) = t,%xv,(x), then for n — oo we get

() E;/_(un) — Ya,
(i) Py (un) — 0,
(iii) E,ls,,n) — 0, i.e., it holds that

(E; (), ¢) = 0

with
(peTun:{q)eHs(RN):/ un<p:0}.
RN

Proof According to the construction of 3, we know that the conclusions (1) and (2) follow
directly from the Ekeland’s Variational Principle. Next we mainly show (i)-(iii).
For (i), it is obvious if we notice that

E,u,(un) = E (tyxvy) = lu(vn’ )

and ¥, = y,.
For (i7), we first have

) s N(p—2 »
mawmm)zw%“/ H—Mfwﬁ—gﬂi—lﬂ“%”{/|ww
RN 2p RN

N(g—2
—Mi(q )eNT"(%_l)/ lun]?
Zq RN

. N(p—2)
ZSL/ H—Aﬁ(m*wﬂz———lL—f/plm*wW
]RN 2pS RN
N(g —-2) q
SR S [
2qs RN

B N(p—2) N(g—2)
=5 / H—Aﬁuu?——i!—ff mﬂp—u—ﬁ——*f | |4
RN 2ps RN 2gqs RN

= $P, ().

Thus, (ii) is a consequence of d; 1, (v, T,) — 0 asn — oo.
For (iii), by the definition of /,,, we have

(aulu(vna ), &) — Xt f/zN (v (x) — v () (P(x) — §0(Y))dxdy
R

|x _ y|N+23

Nz, (2-1 2.~ Nta(%—1 2.~
—eNw(3 )/ V]P0, G — pueN (3 )/ Va0, @,
RN RN

where

geT, = {aeHS(RN): vnazo}.

RN
On the other hand, for any ¢ with satisfying

wenmz{weH%N%:/ w¢=0}
RN
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we have

(E,/L(un)’ (ﬂ> _ /AZN (up(x) —up(y)) (p(x) — @(y))dxdy

|X _ y|N+2s

-2 -2
o T I

- e 3" (U () = v (€79) (9 () = 9O
= /.. y

x — y[NHs

_/ ewlvn () 177 2un (€™x) o)
RN

—/,L/ o gt lun (%) 1972y, (e™x) p(x)
RN

dxdy

— 25T /f (Va0 = () (ef%q’ (e7x) — ey (e—rny))
R2N

|x—y|N+23

Nt
—Nm(5-1) f @R )e” 2 g ()
R

Nt
N (E) f w120y (e F g (7).
RN
Setting

B = e (7).

we get (iii) if we could show that ¢ € T,,. In fact, ¢ € T,, follows from the following

equalities:
Nty
0 =/ Ung =/ e 2 v, (ex) p(x)
RN RN

Nty _ ~
=/ vy (x)e” 2 (p(e I"x) =/ Un@.
RN RN

Lemma5.5 Let p < g < p < 2%, u > 0.Let {u,} C Su, be a Palais—Smale sequence for
E,ls,, atlevel y, # 0, and suppose in addition that P, (u,) — 0 as n — oo. Then up to
a subsequence u, — u strongly in H*(RN), and u € Sq.r is a radial solution to (1.3) for
some X < 0.

m}

Proof We divide the proof into four main steps.
Step 1: Boundedness of {u,} in HS@RN). As P, (uy) — 0, we have

s N(p—-2) N(g —2)

/ A P = L2 p 210 4 0(1) asn — 0o, (5.1
RN 2ps 2gs

Thus, by (5.1) we deduce that

I (N(p-2) m(N(g—=2)
;(T—1>|Mn|§+; T_l Iun|Z+0(1)=Eu(un)§ya+1

for large n. Since p < ¢ < p < 27, it implies that % — 1> 0and % —1>0.
Since > 0, then we can deduce the boundedness of |u,|, and |u,|,. Once again by (5.1)
we obtain the boundedness of fRN | (—A)% Uy 2.
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Step 2: Since N > 2, the embedding H (RV) < L’(RV) is compact for t € (2, 2¥), and
we deduce that there exists u € H?(R"Y) such that, up to a subsequence, u,—u weakly in
HS@®RM), u, — ustronglyin L' (RN) fort € (2, 2¥),and a.e. in RN . Now, since {u,} C Sa.r
is a Palais—Smale sequence for £, |5, , , by the Lagrange multipliers rule there exist {A,} C R
such that

(=AY uy — un|P 21y — plun|? 2y = ryuy +o0(1) asn — oo. (5.2)

Testing the equation above against u,, we obtain

Ana2=/ |<—A)%un|2—f |un|1’—u[ lal? + o(1),
RN RN RN

and the boundedness of {u,} in H* N L? N LY implies that {X,} is bounded as well; up to a
subsequence A, — X € R.

Step 3: A < 0. We first claim that u # 0. We assume by contradiction that u = 0, then
lnlp — Oand |u,|; — O.Recalling that P, (u,) — 0, we have

1 (N(p-2) u(N@G—2)
Ey(up) = ; (T - ]) |un|§1j + g (T - 1> |Mn|z +o(D),

and hence £, (u,) — 0, in contradiction with the assumption that £, (u,) — y, # 0. Now,
since A, — A and u, — u # 0 weakly in H* (RN, together with (5.2), we know u is a
radial solution to (1.3). By the Pohozaev identity, we obtain

N_ZS s 1 )\
/ |(—A>fu|2:Nf —u)? + B + Zju?) .
2 RN RV \ P q 2

Combining with the Eq. (1.3) for u, we get

N -2 — 2% s
ra> =A|u|% — w/ | (—A)2 14|2+,u,
(p—2N RV
Since u > 0, we know A < 0 by (5.3).
Step 4: u, — u strongly in H*(RV). Testing Eq. (5.1) and (1.3) with u, — u, and
subtracting, we obtain

2((] - P) q
o2 wi 53
ap—ple G

(EJ,(un) = Ej, (), un — u) — x/ lun — ul* = o(1).

RN

Using the strong L? and LY convergence of u,, we infer that

/ | (=A)? (1, — )] — A/ lun — ul® = o(1),
RN RN

which, being A < 0, establishes the strong convergence in H*(RV). O

Remark 5.6 1f we check the proof above carefully, we would find that Lemma 5.5 holds for
thecase2 < g < p < p < 2¥ and u > 0. We only need to modify some details of Step I as
follows: If 2 < ¢ < p < p < 2%, by the Holder inequality there exists 6 € (0, 1) such that
lunlg < lunlflunly™" = lun|%a'~?. Then we have

1 (N(jp-2) u(N@G—2)
;(T_1>|Mn|§+; T_l |“n|z

1 (N(p—-2) N(g —2) _
> <p7 — 1) |un|§+§<q7 _ 1) |un|ZGaC[(l 9),

~p 4s 4s
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Note that p > g > g0, we can deduce that |u,]|, is bounded and hence |u,|, is bounded.

By (5.1), we obtain the boundedness of fRN | (—A)% Uy |2. The rest of details can be easily
modified and hence is omitted.

With these preparations above at hand, we now prove Theorem 1.5 and Corollary 1.6.

Proof of Theorem 1.5 and Corollary 1.6 First, we see that infg, £, = —oo follows from
Lemma 5.1. For © > 0, we can define , and y, as Proposition 5.3. By Proposition 5.4,
we obtain a Palais—Smale sequence {u,} C S, for E,[s,, at level y, > 0, and have
P, (uy) — 0asn — oo. In virtue of Lemma 5.5, we know u, — u, strongly in H* (RN,
and u, € S, is aradial solution to (1.3) for some A, < O.

Since (uq4, Aq) is a solution of (1.3), by the Pohozaev identity and the fractional GNS
inequality, we have

N N(p—-2) N(g —2)
/ |(—A)2ua|2=p7/ |ua|f’+uq7/ g7
RN 2ps RN 2gs RN

N(p=2)

p— N 4s
CraP=— 5 </sz |(—A)? ua|2>

N(g=2)

_Ng=2) s 4
+uCral™ "% (f N|(—A>2ua|2) :
R

where C1, C; are constants depending only on N, s, p, ¢. Recall that p < ¢ < p < 2}, we
Np=2) ., NG=2) - 1. Thus, we get

) c & (p=p) 4o VgD c & @—p)
; [ (=A)2 ugl +uCra?™ "= [ (=A)2 uql
RN RN

fN|<—A)%uu|2++oo
R

IA

know >

N(p
1 <Cial™ 2

which implies

as a — 0. On the other hand, by the Pohozaev identity, we also have

(N —25)(p—27) / 2(q — p)
ra = A = T s A)Iu a
ad a|“a|2 (p —2)N | (=A) | +un q(p — )| a|q
(N —2s)( 2¥) s
<SPS / |(=2)3 g
(p —2)N
Thus, it results that A, —» —oco asa — 0. O

6 Combined-type cases

In this section, we consider the case 2 < ¢ < p =2+ ‘,‘\,—S <p<2ip#qgandpucR

6.1 L%-critical leading term

In this subsection, we deal with the case 2 < ¢ < p = p, u € R and prove Theorem 1.7.
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Lemmaé6.1 Let2 < g < p=p.If0 < a < a, then for any u > 0 we have
—00 < Mg,y = iglf E, <0

while for any u < 0, we obtain
iglf E,=0.

Proof By the fractional GNS inequality and (2.1), we get

1 a % s 9
Ea = 5 (1-(4)7) [ 1mtu
N(g=2)

_ EE N v (/ |(_A)%u|2> e
q RN

forany u € S,. Sincea < a, N(qg —2)/4s < 1,if u > 0, we know that E,, is coercive on
Sa,and mg ,, = infg, E, > —oo.If u < 0, then it holds infg, £, > 0. On the other hand,
it holds for every u € S, that

T s 25T 5 eNT(%—l) .
E,(txu) = [ (—A)2 ul” — — [l = p——— ul?,
2 Jrw p JrN q RN

since © > 0 and N(q/2 — 1) < 2s, we have that £, (tu) < 0 for every (tr,u) € R x §,
with © <« —1. Thus, it results that m, ;, < 0 for u > 0. For u < 0, we easily see that

E,(t*u) — 0 as T — —oo, which implies infg, £, = 0. O
Lemma6.2 Let2 <qg < p = pandp > 0.Letay, a> > 0 be such thata% +a§ =a? < @
Then

Mgy < Mg+ May -
Proof We can proceed exactly as in the proof of Lemma 3.2 and omit the details. O

Corollary 6.3 Let2 < g < p = p and i > 0, then mg is strictly decreasing in a € (0, a).

Proof of Theorem 1.7 For (i)-(a), since having established Lemmas 6.1, 6.2 and Corollary 6.3,
we can follow a similar argument as the proof for the existence of a minimizer of (i) of
Theorem 1.2. Here we omit the details.

For (i)-(b), infg, E,, = 0 follows from Lemma 6.1. We assume by contradiction that
problem (1.3)—(1.4) has a solution u, € S,, by the Pohozaev identity we deduce that

s 2 5 N(g —2)
/|@Aﬁ%ﬁzf/|%w+w————/|%ﬂ
RN D JrN 2qs RN

Recall that the (ii)-(a) of Theorem 1.2, we have infg, Eg = 0, and hence we get
N(@g-2
0> ML/ lug|? = 2Eo(u) > 2inf Eg = 0,
2gs RN Sa
a contradiction.

For (ii)-(a),if a = a and p = p, according to the (i7)-(b) of Theorem 1.2, there exists a
On,j5 € Sa such that Eq(Qp,5) = 0. For T € R, we have

5 eNtE-D eNT(d=D
E (tx0OnN ;) = e TEo(OnN,j) — /Li/ [On 517 = —lti/ [On 517
q RN q RN
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Since u > 0 and ¢ < p, we know E, (txQn ;) — —o0 as T — 400, which provides that

inf £, = —o0.
Sa

For (ii)-(b), the proof follows a similar argument of (i)-(b) in this theorem, we omit the
details.
For (iii), letu, = %Q N,p» by a direct computation, we get

|u”|% =a®, and Eo(uy) < 0.

For 7 € R, we have

NTG-1)
E, (txu,) = QZSTEO(”a) - Mif lual?.
q RN

Since ¢ < p, we know that N(% — 1) < 2s and hence E, (t*u,) — —00 as T — 00,
which gives our desired result. O

6.2 Supercritical leading term with subcritical perturbation

In this subsection, we deal with the case 2 < ¢ < p < p < 2§, i € R and prove Theorems
1.8 and 1.9. For convenience, we give some notations.

Sar = Sa NHIRY) = {u € S4 : u(x) = u(jx)},
Py = fue ' ®Y): P =0}

s N(p—2 N(g —2
Pﬂ<u)=f |<—A>fu|2—L/ Iul"—MLf .
RN 2ps  Jry 2gs  Jry

Pa,u = Sa,r ﬂ'PM = {u € Sa,r . PM(L{) = ()} .

with

For any u € S, ,, we introduce the fiber map

. o257 s 5 eNt(5-1 ) eNtg-D .
Vi (@) = Ep(tau) = — RNI(—A)MI T e Jul TR |l

it is easy to verify that any critical point of W} belongs to P,,,,. Conversely, if u € Pq,

we get (\I/,ﬁ‘ )/ (0) = 0. Thus, we consider the decomposition of P, ,, into the disjoint union

Pag =PF,UP) , UP, . where

Pap = {u € Payu:25° /RN | (=) ul? > pgylluld +p1/3|u|§}
= {uePuu: () © = 0]

Po = {u € Pau : 257 /R (=83 ul = ugylulf + py§|u|£}
=fue P, (v © =0}

Pop = {u € Pay: 252 /]RN | (=A)2 ul? < p,quzlulg +py§|u|§}
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={ue P (v © <0}
and
__N@-2) __N(p-2)
Vg - 72q ,» Vpo 7217 .
In what follows, we discuss according to the sign of j.
(a) u > 0. We consider the constrained functional £, |5, , . By the fractional GNS inequality

N(p—2)
1 s C(s,N, _N(p-— s
Enw > o [ Jeayiup = C8 NP b (s
" 2
RN p RN
N(g—2)
C(s.N.q) , Ng-2 s T
S A § INICSERT , ©6.1)

forevery u € S, . Therefore, to understand the geometry of the functional E, |5, , itis useful
to consider the function # : RT — R

4s

1 C(s, N, _Np=2) Np-2 C(s, N, _N@g=2 Ng=2)

h([) = —f — Map ]25 t Xs Mgaq gx t 4 X

2 p q

N(g=2)
4s

N(p=2)

==, we have that £(0") = 0~ and /(+o00) = —o0.

Since ¢ > 0 and <1<

Lemma 6.4 Leta, i > 0satisfy (1.10), the function h has a local strict minimum at negative
level and a global strict maximum at positive level. Moreover, there exist 0 < Ry < Ry, both
depending on a and w, such that h(Rg) = 0 = h(Ry) and h(t) > 0 ifft € (Ro, Ry).
Proof Since
b= 2 [ CONeD) o e C) y2g2]
p q

fort > 0, we have A(¢) > 0 if and only if

Maq_N(g;Z)’ with ¢(t) := %[%:q) — Map_%;nlw
D

It is not difficult to check that ¢ has a unique critical point on (0, co), which is a global
maximum point at positive level, in

() > u

4p—pp—4

t:=Cia 77 , withC; ::(

p(p —q) )NG“J» ,
2C(s, N, p)(p — q) '
the maximum level is

p(5—q) )
2C(s, N, p)(p —q)

N@p—pp=H(p=9)

o) = Caa Hop " with C ;=< p—p

2(p—q)

Therefore, A is positive on an open interval (R, Ry) iff ¢ (f) > MM%—W , which
is ensured by (1.10). It follows immediately that / has a global maximum at positive level in
(Ro, R1) (Infact, a continuous function on abounded closed interval must admit the maximum
value.) Moreover, since 2(0") = 07, there exists a local minimum point at negative level in
(0, Ro). The fact that 4 has no other critical points can be verified observing that 4’(t) = 0
if and only if

C(s,N, _N@g-2 . NG- C(s, N, _Np=2) Np-q)
v = pCE N DV 1q-M42 vy = 2 _CE N DY NG Nz

N
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Clearly ¥ has only one critical point, which is a strict maximum, and hence the above equation
has at most two solutions, which necessarily are the local minimum and the global maximum
of h previously found. O

We now study the structure of the Pohozaev manifold P, ;. Recalling the decomposition
of Pay =PF,UPY, UP, .

Lemma 6.5 792,“ =, and P, , is a smooth manifold of codimension 2 in H® (RM).

Proof The proof can follow a similar argument as the proof of [48, Lemma 5.2], here we
omit the details. O

The manifold Py, is then divided into two components P, n and P

2> Naving disjoint
closure.

Lemma 6.6 For everyu € S, ,, the function WUk has exactly two critical points s, < t, € R
and two zeros ¢, < d, € R, withs, < c¢, <t, <d,. Moreover:

(1) sy*u € Piu,andtu*u € Pa_,w

2 fav | (=A)2 (z%u)|? < Ro for every s < ¢y, and

and if sxu € Py, then either s = s, ors = t,.

E,, (sy*u) = min {Eu(r*u) :t €Rand / | (—A)% (tm)|2 < RO} <0. (6.2)
RN
(3) We have
E, (t,*u) = max {Eﬂ(r*u) 1T E R} > 0, (6.3)
and W is strictly decreasing and concave on (t,, +00).

(4) The mapsu € Sy +— s, € Randu € S, — t, € R are of class cl.

Proof Letu € S, ,,by adirect computation, we know t+u € P, , if and only if (\Il,ﬁ‘ )/ (1) =
0. Thus, we first show that W has at least two critical points. To this end, we recall that by
6.1)

W (T) = E, (tx1) > h( / [ (=A)2 (su)|?) = h(e>T / (=AY ul?).
RN RN

Thus, the C2 functional WY is positive on (C(Rp), C(R1)) with

1 s 1 s
(C(Ro), C(Ry)) = <§10g <R0/ /RN [(=4)2 M|2> ; glog (Rl//RN | (=4A)2 M|2>> :

and clearly W} (—o0) = 07, W (+00) = —oo. It follows that W/ has at least two critical
points s, < t,, with s, local minimum point on (0, C(Rp)) at negative level, and 7, > s,
global maximum point at positive level. It is not difficult to check that there are no other
critical points. Indeed (W )/ (v) = 0 reads

N(p—g)t

[ il =y s g 64

N(p=q)T
2

o(1) = pyglul}, with p(z) = se

But ¢ has a unique maximum point, and hence Eq. (6.4) has at most two solutions.
Collecting together the above considerations, we conclude that W/ has exactly two critical

points: s, local minimum on (—oo, C(Rp)) at negative level, and ¢,, global maximum at

positive level, which gives (6.3). To see (6.2), since being s, < C(Rp), then it holds that

fN [ (=A)2 (symu)]? = > /N | (=A)2 ul?> < Ro.
R R
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In addition, we have s,xu € Py, ty*xu € Py and tu € P,y implies T € {sy, t,}. By
minimality (\Il,ﬁ‘ )N (sy) = 0, and in fact strict inequality must hold, since 773’ u = P by Lemma
6.5; namely s, xu € PJ’M. In the same way #,xu € Pau:

By monotonicity and recalling the behavior at infinity, ¥/ has moreover exactly two
zeros ¢, < dy, with s, < ¢, < t, < dy; and, being a C? function, W/ has at least two
inflection points. Arguing as before, we can easily check that actually W/ has exactly two
inflection points. In particular, W is concave on [t,, +00). It remains to show that u — s,
and u +> 1, are of class C'; to this end, we apply the implicit function theorem on the C'!
function @ (7, u) := (W)’ (v). We use that & (z, u) = 0, that d; D (s,., u) = (¥4)" (s4) > 0,

and the fact that it is not possible to pass with continuity from 73;: u 0P, (since 772, =Y

). The same argument proves that i > 1, is C!. O

From the proof of Lemma 6.6, we see that s, < C(Rp) < t, and hence

/ | (=A)2 (s,*)]> < Ro </ | (=A)2 (t50)]%,
RN RN
which implies
Pr.c {u € Sar :/ (=AY ul? < Ro}
: .

and
Pan € :u € Sar :/ |(—A)% u|2 > Ro}.
, RN
For k > 0, let us set
Ay = lu € Sar :/ [(=A) 2 ul? < k},
RN

and
My, = inf E,(u).
ueAg,
As an immediate corollary, we have:
Corollary 6.7 SUpp E,<0< 1nf7,(;“ E,.
Furthermore:

Lemma 6.8 It results that M, ;, € (—00,0), that

May = inf E, = inf E,.. andthat My, < __inf  E,
sk Pa.u ARO\ARO—/)

for p > 0 small enough.

Proof We can adopt a similar argument as the proof in the [48, Lemma 5.5], thus we omit it.
]

Theorem 6.9 M, ,, can be achieved by some u € S, ,. Moreover, i is an interior local
minimizer for E |ARo , and solves (1.3)—(1.4) for some x <.

Proof Let us consider a minimizing sequence {v,} for £, |4 Ro- By Lemma 6.6, there exists
a sequence {sy,} such that s,, v, € P, . and

E, (sy,*v;) = min {Eu(t*u) :t € Rand / |(—A)% (t*u)|2 < RO} < E,(vy),
RN
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where the last inequality follows from v, € Ag,. Besides, we also see that

fN | (=) (sy,%va)|> < Ro,
R

furthermore, we by Lemma 6.8 have

[ 18 6P < Ro = p
RN
Once again by Lemma 6.8, it holds that

My, = inf E, = inf E,.
Pa.u Pa P
Setting u,, = s,,*v, and using the Ekeland’s variational principle, we may assume that {u,,}
is a Palais—Smale sequence for £, on S, and P, (u,) = 0. Since being M, ;, < 0, then {u,}
satisfies all the assumptions of Lemma 5.5 (see Remark 5.6) and hence u,, — i strongly in
H*(RY). Thus, we get fRN | (— A)z i|*> < Ry — p and i is an interior local minimizer for

M, ;.. By the Lagrange multiplier rule, it solves (1.3)—(1.4) for some % € R. The conclusion
that 2 < 0 can be easily obtained by virtue of the following Pohozaev identity:

N =25)(p = 2) SaR 4 24P
syl LGSR
[m]

We focus now on the existence of a second critical point for E,|s, .. To construct a
minimax structure, we give some lemmas. The following two lemmas can be obtained as the
proof of [48, Lemma 5.6-5.7].

Lemma 6.10 Suppose that E,,(u) < Mg . Then the value t, defined by Lemma 6.6 is
negative.

Lemma 6.11 [t results that

Oq,p = inf E, (u)>0.
u€Py

‘We introduce the minimax class

Fi={y €CU0,11,S0r) : ¥(0) € P, Ep(y (1) < 2M, .}

then I' # @. In fact, for every u € S, -, we have s, *u € Pj’u by Lemma 6.6, £, (t*u) —
—o00 as T — 400, and T > T*u is continuous. Thus, we can define the minimax value

O = ;Iéfr max Eu E,(y(@)).
Theorem 6.12 o, > O can be achieved by some it € S, ;. Moreover, it solves (1.3)—(1.4)
for some A <o.

Proof Step 1: Since we want to use Lemma 2.6, next we verify the conditions of Lemma 2.6
one by one. Let us set

2M,, "

F=T,A:=y(0,1)),F :=P,,, and B:=P; UE,

a,
where Efl = {u € S4, : E;(u) < c}. First, we show that F is homotopy-stable family
with extended boundary B: for any y € I' and any n € C ([O, 1] % Sq4.r; Sa,,,) satisfying
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n(t,u) = u, (t,u) € (0x Ss,) U ([0, 1] x B), we want to get n(1, y(t)) € I'. In fact, let
7(®) = n(1, y (1)), then 7(0) = n(1, y(0)) = y(0) € P, Besides, p(1) = n(1, y(1)) =
y(l) e EiM“’“. Therefore, we have n(1, y(t)) € T.

Next we verify the condition (2.3): By Corollary 6.7 and Lemma 6.11, we know FNB = §
and hence F\B = F. We claim that

ANF\B)=ANF=y(0,1hNnP, , #¥, Vyel. (6.5)

Indeed, since y (0) € P, a s We know s,,(0) = O (see the definition of s, in Lemma 6.6) and
hence t,, o) > s,(0) = 0. On the other hand, since £, (y (1)) < 2M, , < My, (see Lemma
6.8), we by Lemma 6.10 have 7,1y < 0. By Lemma 6.6, we know 7, () is continuous in
7. It follows that for every y € I there exists 7, € (0, 1) such that ty(z,) = 0, that is,
v(ty) € P, . and hence AN (F\B) # 0.

Finally we verify the condition (2.4), that is, we need to show

inf £, > 04, > sup  E,.
Pd,/l. .Pa #UEZMH N

By (6.5) forevery y € I'

rrEax E (y(®) > 1nf E,,

au

so that 04, > G4, On the other side, if u € P,

o then for s >> 1 large enough

Vu T €[0, 11— (1 —1)sy + T81) %1 € Sy r

is a path in I'. Since u € P, ,, we know #, = 0 is a global maximum point for v/, and
deduce that

E > E 1) > ,
p(u) > max, wYu(0)) = 0a,p

which implies that 6,,,, > 04 . Thus, we get 0,4, = &a x> O(see Lemma 6.11). By
Corollary 6.7, we know E, (1) < 0 for any u € 7?"' U E Ma1 and hence get (2.4).
Step 2: By Step 1, we can use Lemma 2.6 to obtam a Palais—Smale sequence {u,} for
E,ls,, atlevel o4, > 0 and dist(u,, a#) — 0,1ie., P,(uy) — 0. By Lemma 5.5 and
Remark 5.6, we deduce that up to a subsequence u, — i strongly in H*(R"Y).
Step 3: By the Lagrange multiplier rule, # solves (1.3)—(1.4) for some A € R. The
conclusion that A < 0 can be easily obtained by virtue of the following Pohozaev identity:

. (N =2s)(p —25) s . ( ) x
Mag = LR o) f|(A)z =Ll
(p—2)N q(p—2)
O
Proof of Theorem 1.8 Theorem 1.8 follows from Theorems 6.9 and 6.12. O

(b) 1 < 0. For the defocusing case, we consider once again the Pohozaev manifold P,
and the decomposition Py, = P, UP)  UP, .

a, i

Lemma6.13 Pg w= =0, and Py, is a smooth manifold of codimension 2 in HS (RN,

Proof If u € Pa e then

/ | (=A)7 u)* = | ulf + p 22 g, 2s2/ | (=D ul® = py;lull + nqy, luld,
RN RN
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which gives

1yq2s — qy)luly = vp(pyp — 29)|ulp,

which implies # = 0 since © < 0 and gy, < 25 < pyp. This contradicts the fact that
u € Sy,r. The rest of the proof is very similar to the one of Lemma 6.5, we omit it. O

Lemma 6.14 For every u € Sy, there exists a unique t, € R such that ty*u € Py . t, is
the unique critical point of the function V., and is a strict maximum point at positive level.
Moreover,

() Pa,u_ = PLZM'
(2) V! is strictly decreasing and concave on (t,, 00).
(3) Themap u € S, — t, € Ris of class cl.

4) If P,(u) <O, thent, <O.

Proof The proof can argue in the same way as that of [48, Lemma 7.2] and hence omit the
details. O

Lemma 6.15 It results that
My, = inf E, (u)>0.

U€Pq

Proof 1f u € Py, ., we have
s Y, Y
[ 1m0t uP = 2 (6.6)
RN N N

which implies

N(p=2)

s N(p—2) s
/ )i ul? < 22uph < X205, N, pyar="% (/ |<—A>fu|2>
RN S N RN

Since %5_2) > 1, we deduce that infp, , fRN | (—A)% u? > 8, > 0. On the other hand,
we by (6.6) have

1 2s s [ qv.
E,L<u)=5<1——)/ LA T ul + — (1= =L ) juld
PYp/ JRN q PVp

1 2s s 2
> | 1—-— [(=A)2 ul”,
2 pyp/ Jry
and the desired result follows from the inequality above. O

Lemma 6.16 There exists k, > O sufficiently small such that

O<supE, <My,
Akq

and
E, (u) > inf E, =0, P,(u)>inf P, =0, VYue Ay,
Ak, Ak,

where

A, = {u € Sar :/ | (=A)2 u® < k,,}.
RN
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Proof By the GNS inequality

N(p=2)

1 s o _Np-2) s o s
Ey(uw) = = [(=A)2ul” = Cral™ > [ (—A)2 ul > 0,
2 JrN RN

N(p=2)

s 0 _Np=2 s 0 4s
Py(u) > [(=A)2ul® — Caal™ > [(—A)2 ul >0, (6.7)
RN RN

if u € Ay, with k, small enough. Thus, inf A En > 0, inf A, Pu > 0. Next we show that
inf 4, P, = 0 can’t be achieved by u € S, ;. In fact, for any u € S, ,, we know t*u € Ay,
fort « —1 and P, (t*u) — 0as v — —oo. Therefore, inf 4, P, = 0. If there exists
u € Ay, such that Py (u) = inf 4., P, = 0, by (6.7), we know fRN | (—A)% u> = 0 and
hence u must be a constant, contradicting the fact that u € S,. The similar argument holds
forinf 4, E,.If necessary replacing k with a smaller quantity, we also have

N@g=2)

1 s o g—Ng=2 A
Ey) =5 | 1(=A)2ul” +Cslula® "= | (=A)2 ul < Mg p-
2 Jrn RN

We introduce the minimax class
:={y € C([0.1], Sas) : ¥(0) € A, E,(y(1) <0},

thenI" # @.Infact, foreveryu € S, ,, thereexist 7o < —1and 71 3> 1, suchthat to*xu € Ay,
and £, (t1*u) < 0, and T + T#u is continuous. Thus, we can define the minimax value

04 = Inf max E ).
BT eT 1e[0.1] v )

Then we can obtain the proof of Theorem 1.9, that is,

Theorem 6.17 o, , > 0 can be achieved by some it € S, . Moreover, it solves (1.3)—(1.4)
for some A <o.

Proof Step 1: Since we want to use Lemma 2.6, next we verify the conditions of Lemma 2.6
one by one. Let us set

F:=T,A:=y(0,1]), F :=Pap. and B := A UE},

where E; = {u € S4, : E,(u) < c}. First, we show that F is homotopy-stable family
with extended boundary B: for any y € I" and any n € C ([O, 1] % Sq.r; Sa,,-) satisfying
n(t,u) =u,(t,u) € (O X Sa,,,) U ([0, 1] x B), we want to get n(1, y(t)) € I'. In fact, let
y(@) = n(l, y(©)), then 7(0) = n(1, y(0)) = y(0) € P, ,. Besides, y(1) = n(l, y(1)) =
y(1) € EY. Therefore, we have n(1, y (1)) € T'.

Next we verify the condition (2.3): By Lemma 6.15 and 6.16, we know F N B = ) and
hence F\B = F. We claim that

AN(F\B)=ANF =y(0,1D NPy, #9, VyeTl. (6.8)
Indeed, by Lemma 6.16, we have P, (y(0)) > 0. Since E,(y (1)) < 0, we consider the fiber

/
map WY, then we know t,.1) < 0. By Lemma 6.14, we know P, (7 (1)) = (/1)) (0) <

0. Thus, by the continuity of P, (y(¢)), it follows that for every y € I there exists T, € (0, 1)
such that P, (y(ry)) = 0, and hence A N (F\B) # .
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Finally we verify the condition (2.4), that is, we need to show

7i)nf E,>04u> sup E,.
a.n A/(HUES

By (6.8) forevery y € T’
IIEIE%E w(y (@) = 1nf E,L,
so that oy, > M, ;.. On the other side, if u € P, ,, then for s <« —1 and 51 > 1
Vu:T€[0,1] = (1 —7)so+ Ts1)*u € Sy.r

is a path in T. Since u € P, ,, we know 7, = 0 is a global maximum point for W}, and
deduce that
Eu(”) > max Eu()’u(t)) > Oa,us
1€[0,1]

which implies that M, , > o, ,. Thus, we get o4, = M, , > O(see Lemma 6.15). By
Lemma 6.16, we know E, (1) < M, , forany u € TI»H @) EB and hence get (2.4).

Step 2: By Step 1, we can use Lemma 2.6 to obtain a Palais—Smale sequence {u,} for
E,ls,, atlevel o4, > 0 and dist(uy,, Py,p) — 0, 1.€., Py(uy) — 0.

Step 3: The compactness of {u,}. Since {u,} C S, is a Palais—Smale sequence for
E.ls, . by the Lagrange multipliers rule there exist {A,} C R such that

(= A ty — |un P2t — pltn|? "ty = Apttn +0(1) asn — oco.

We can proceed the proof of the boundedness of {u,} and {A,} as Step 1 and 2 in Lemma 5.5
and hence omit the details. Thus, we can assume that u,—# in H*(R") and A, — A, which
implies that 7 is a weak solution to

(=AY i — 4P~ 20 — pla)9 ™20 = .

By the Pohozaev identity and the equation above for i, we get

s . N(p-2) . NG —-2) .
—A) P = —— ——|ulg, 6.9
/RNI( )2 ul s litlp + 205 it (6.9)
o (N =29)(p=20) 24 - p)
; $)p LIS q—="D)
Maly = —/ |(=A)2 4 + p=——""1al}. (6.10)
(p —2)N q(p—12)
Since u < 0, by (6.9) and the fractional GNS inequality, we obtain
N(p —2)C(s, N, p) M2
s — N(p—2 s
[ ratap < MEZBECRD e ([t
RN 2ps RN
This gives
4s
s 2 p— Nop—p)
f [(—a) P > ( ad a”“z\”—p) 6.11)
RN N(p—=2)C(s, N, p)

Since ¢ < p < 2%, by (6.10), (6.11) and the fractional GNS inequality, we get
5 N =25)(p—2%) s .
Rla < [ ieaiar

(P —2N
N(ll -2)
12D s, N, grat % ></ |<—A>%ﬁ|2)
q(p —2) RV
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Ng=2) % ,
5(/ |<—A>%a|2> ! w(/ |(—A)%ﬁ|2>
RN (p —2)N RN

N(p=q)

2g — -
_}_MMC(& N, q)aq—m%,s 2>i|
q(p—2)
N@g=2) 2( ) R
s — N(g—
< (/ |(—A)2 ﬁ|2> [ TP o N, gat= 5
RV q(p—2)
(N —25)(p —25) < 2ps g _p) =
(p —2)N N(p—-2)C(s,N,p)

Recalling that (1.11), we have A < 0. Then we follow a similar argument as Step 4 in
Lemma 5.5 to deduce that u, — & in H*(RV). So we know 04, = E, (@) and &I solves
(1.3) for some A <. O

6.3 Supercritical leading term with critical perturbation

In this subsection, we deal with the case 2 < ¢ = p < p < 2¥,u € R and prove
Theorems 1.10 and 1.11. For convenience, we still use the notations given in Sect. 6.2.
(a) u > 0. For the focusing case, we consider once again the Pohozaev manifold P,

and the decomposition P,,, = P, wY ng wYPayu

Lemma 6.18 PS’M =0, and Py, is a smooth manifold of codimension 2 in H* (R,

Proof 1f u € PY

.0 then

s Y, Yp 5 s _ -
(=) 2 ul* = Ll + w L, 252 | (=) ul® = wpyilul? + pyilulh,
RN N N RN P p p
which gives

wyp@s — pyp)lull = yp(pyp — 29)\ul},

which implies u = 0 since py; = 2s. This contradicts the fact that u € S, ;. The rest of the
proof is very similar to the one of Lemma 6.5, we omit it. O

Lemma 6.19 For every u € S, ,, there exists a unique t, € R such that t,xu € Py . t, is
the unique critical point of the function W, and is a strict maximum point at positive level.
Moreover,

(1) Pap =Py

(2) ! is strictly decreasing and concave on (t,, 00).
(3) Themap u € S, — t, € Ris of class cl.

4) If P(u) <O, thent, <O0.

Proof Since ¢ = p and py; = 2s, we have

1 s 124 D . 1
W) = <5 /R [ (=) ul* - ;|u|§) T — ;Iulﬁe””’~
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By the fractional GNS inequality and assumption (1.12), we know

s 7] 1 o s

f/ ) uf = Bjul? > (— ~Zce.N, ﬁ)a““/N)/ | (=8)2 ul® > 0.
RN p 2 p RN

Notice that py,, > 2s, then conclusions (1)-(4) easily follow from the properties of the fiber
“w
map V. O
Lemma 6.20 It results that
My, = inf E, (u)>0.

U€Pq

Proof If u € P, ,, then P, (1) = 0, and by the fractional GNS inequality

/ =) ul? < Y2, N, prar "% (/ |(—A)%u|2>
]RN S ]RN

21 o 4 s 0
+—C(s,N, p)a¥~ [ (—A)2 ul”.
p RN

N(p=2)

Thus, we get

N(p-2) s
e, N, pyar=5 (/ |<—A>fu|2)
S RN

which provides that infp, , fRN | (—A)% u|> > 0, here we use assumption (1.12). At this
point, using again P, (u) = 0, we note that for any u € P, ,

1 2 s 2 5
Eu(u) = - (1 - —s)/ [N (1 - —) Julf
2 pyp/) JrN p PYp

2 1 S S
> (1 - i) (— - ﬁ_C(s,N,ma“W)/ (=83 ul,
pvp) \2 P RN

and the desired result follows by infp, , fRN | (—A)% ul> > 0. O

N(p—p)

4s 1 " 4

>2| - —=C(s,N,p)an |,
2 p

Lemma 6.21 There exists k, > O sufficiently small such that

0<supE, <My,

Ak
and
E,(u)>inf E, =0, P,(u)>inf P, =0, VYue Ay,
-Aka 'Aka
where
A, = {u € Sur :/ (=AY u? < ka}.
RN
Proof The proof is similar to that of Lemma 6.16 and is omitted. O

Proof of Theorem 1.10 We can proceed exactly as in the proof of Theorem 6.12, using Lemmas
6.19,6.20 and 6.21 instead of Lemmas 6.14,6.15 and 6.16, respectively. Thus, we omit the
details. O

(b): u < 0. For the defocusing critical perturbation, we prove Theorem 1.11.

Proof of Theorem 1.11 We can proceed exactly as in the proof of Theorem 1.9 with minor
changes, so we omit it. O
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