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Abstract

We prove some differentiable sphere theorems and topological sphere theorems for
Lagrangian submanifolds in Kédhler manifold and Legendrian submanifolds in Sasaki space
form.
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1 Introduction

The study of Lagrangian submanifolds in a Kéhler manifold, especially in a Calabi-Yau
manifold, has attracted much attention in the past few decades [15], partially because of
its importance in classical mechanics and mathematical physics. For instance, Strominger,
Yau and Zaslow [23] found that mirror symmetry is related closely to special Lagrangian
submanifolds in Calabi-Yau manifold.

Let (N2", g, @, J) be a Kihler manifold. A submanifold M” in N?" is called a Lagrangian
submanifold, if the restriction of the Kéhler form @ to M vanishes. Or equivalently, for any
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x € M, J maps T, M onto N, M, where J is the complex structure on N, and T, M and N, M
are the tangent space and normal space of M at x in N, respectively.

Since the tangent bundle and the normal bundle of a Lagrangian submanifold are isomor-
phic via the complex structure J of the ambient manifold, Lagrangian submanifold has its own
special properties in topology and geometry, particularly in its second fundamental form. A
result of Gromov [12] implies that every compact embedded Lagrangian submanifold of C"
is not simply-connected. Of course, there exist immersed compact Lagrangian submanifolds
in C". One standard example is the well-known Whitney sphere, which is given by

F:§" — C"

(X0, -+, Xp) > (X1, -+, Xp, XOXT, -+, X0Xp).

1+ xé
Gromov [11] also showed that a compact n-manifold M admits a Lagrangian immersion into
C" if and only if the complexification of the tangent bundle, T M ® C, is trivial. This can be
viewed as a topological obstruction for Lagrangian submanifolds.

On the other hand, some Riemannian obstructions are also found. For example, Chen [9]
introduced a Riemannian invariant é in terms of the scalar curvature of M, and provided
a sharp estimate on the invariant. A consequence of his result is that the Ricci curvature
of every compact Lagrangian submanifold M in C" must satisfy Ri c%n < 0. Therefore,
every compact irreducible symmetric space cannot be isometrically immersed in a complex
Euclidean space as a Lagrangian submanifold. Furthermore, Chen showed the following
sharp estimate for Lagrangian submanifolds in complex space form:

Theorem 1.1 [8] The scalar curvature Ry and the mean curvature vector H of a Lagrangian
submanifold in complex space form N> with holomorphic sectional curvature c satisfy the
following sharp inequality:

nn—1) n—1

Ry < H|%,
==t 5 H

or equivalently,
B2 = —HP (1)
“n4+27 '
where B is the second fundamental form of M in N.

As we have seen, any closed Lagrangian submanifold in a complex Euclidean space cannot
be isometric to a round sphere S”. One natural question is: when is a Lagrangian submanifold
diffeomorphic, or homeomorphic to the round sphere? This involves another important topic
of differential geometry: the sphere theorem. There are many interesting results on such
topic [1,3,4,6,7,10,13,17,21,25,26]. We refer the reader to a good survey book of Brendle
[5] for more sphere theorems under curvature pinching conditions. In a recent paper, we also
considered sphere theorems for submanifolds in Kihler manifold [24].

Based on the extra symmetries of the second fundamental form, Li-Wang [18] proved the
following differentiable sphere theorem for Lagrangian submanifolds:

Theorem 1.2 [18] Let M" be an n(> 3)-dimensional compact Lagrangian submanifold in
a complex space form N " with holomorphic sectional curvature ¢ > 0. Assume that

n=2)yn+1) 2n—3
> C
- 4 2n+3

Ry IH|%,
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or equivalently,

.
B> < ——HP+ .

n+3 2
Then M is diffeomorphic to a spherical space form. In particular, if M is simply connected,
then M is diffeomorphic to S".

In this paper, we wish to investigate differentiable and topological sphere theorems for
Lagrangian submanifolds in Kéhler manifold and Legendrian submanifolds in Sasaki space
form under various curvature conditions.

Let M be a smooth n-dimensional submanifold of a Kiihler manifold N2*. We will denote
the curvature tensors on M and N by R and K, respectively. Introduce

K(X.,Y):=KX,Y,X,Y), KX):=K(X,JX).

When X and Y are orthonormal two-frames, K (X, Y) is exactly the sectional curvature of
the 2-plane spanned by X and Y. K (X) is the holomorphic sectional if X is a unit tangent
vector.

Denote the minimal and maximal holomorphic sectional curvatures by

Igmin := min K(X), Igmax := max K (X). (1.2)
[X|=1 1X|=1

Our first theorem is about differentiable sphere theorems under Ricci curvature condition:

Theorem A Let M be a smooth n(> 4)-dimensional closed simply connected Lagrangian
submanifold of a Kihler manifold N*". If M satisfies the following condition:

- 121 _
Ric - n(n —3)

min

2 T 4mn-2)

- - n—3

3Rimax = 2Kmin) + > [HP%, 13
(3&max = 2Kmin) + (55 s M (13)
and the strict inequality holds for some point xo € M, then M is diffeomorphic to S".

Here, Ric!? is the 2nd weak Ricci curvature on M, which is a weaker assumption than
the Ricci cuvature. We refer Sect. 2 for the definition of weak Ricci curvature.
By taking Kmax = Kmin = ¢, we get:

Corollary 1.3 Let M be a smooth n(> 4)-dimensional closed simply connected Lagrangian
submanifold of complex space form N *" with holomorphic sectional curvature c. If M satisfies
the following condition:

min

Ricl =3 L n=3 o
c
2 T 4n-2)  (+2(n-—2)

and the strict inequality holds for some point xo € M, then M is diffeomorphic to S".

For topological sphere theorems for Lagrangian submanifolds in Kéhler manifold, we
have

Theorem B Let M be a smooth n(> 4)-dimensional simply connected compact Lagrangian
submanifold of a Kdihler manifold N*" . If M satisfies the following condition:

L =3 +2)

R
M= 4

(3K max = 2Kumin) + I HP, (1.4)
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and the strict inequality holds for some point xo € M, where n(n) is given by

1 .
a0 l.f n= 47
nn) =15,.4 .. (1.5)
3n+2° lf n=S5,

then M is homeomorphic to S".
By taking K max = K min = C, we obtain (comparing with Theorem 1.2):

Corollary 1.4 Let M be a smooth n(> 4)-dimensional simply connected compact Lagrangian
submanifold of complex space form N *" with holomorphic sectional curvature ¢ If M satisfies
the following condition:

Ry

= D i,

and the strict inequality holds for some point xo € M, where n(n) is given by (1.5), then M
is homeomorphic to S".

Remark 1.5 Recall that Hamilton [14] proved that a closed simply connected four-manifold
with positive isotropic curvature is diffeomorphic to S*. On the other hand, it is well-known
that the differentiable structure on S” is unique for n = 5, 6. Therefore, from the proof we
see that M is diffeomorphic to S” for n = 4,5, 6 under the assumption of Corollary 1.4,
which improves Theorem 1.2 for these dimensions.

We also have topological sphere theorem under Ricci curvature conditions:

Theorem C Let M be a smooth n(> 4)-dimensional simply connected compact Lagrangian
submanifold of a Kihler manifold N*". If M satisfies the following condition:
2n—5
Rict > @n=9 n2 )

min =

- - n—3 2
(3R mar = 2Rimin) + 5 [HP, (1.6)
3n -8
and the strict inequality holds for some point xo € M, then M is homeomorphic to S".

Corollary 1.6 Let M be a smooth n(> 4)-dimensional simply connected compact Lagrangian
submanifold of complex space form N 2" with holomorphic sectional curvature c. If M satisfies
the following condition:

2n—5 n—3
—c

Ric* > 3 IH|%,

“min — 2 + 3n —
and the strict inequality holds for some point xo € M, then M is homeomorphic to S".

Remark 1.7 Assume for all orthonormal four-frames {e1, e2, e3, e4},

4
A 1 o
Rnin < 3 D K(en) < Kmax.

i=1

Then Theorems A, B and C are also hold if one replaces K max and K min DY K max and K min
respectively.

The main ingredient in the proof of the above theorems relies on the application of Brendle-
Schoen’s result on classification of closed manifold M with M x R? having nonnegative
isotropic curvature [6]. In order to apply their theorem, we need to provide accurate estimates
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on the curvatures of the submanifolds and the ambient manifold. Similar arguments also
provide sphere theorems for Legendrian submanifolds in Sasaki space forms (see Sect. 5).

The subsequent sections are organized as follows: in Sect. 2, we review some basic mate-
rials on Kéhler geometry and Sasaki geometry; in Sect. 3, we provide the key algebraic
estimates; in Sect. 4, we prove the sphere theorems for Lagrangian submanifolds in Kéhler
manifold; in the last section, we obtain the sphere theorems for Legendrian submanifolds in
Sasaki space form.

2 Preliminaries

In this section, we will provide some basic materials about Kéhler manifold and Sasaki
manifold as well as some key lemmas that will be used in the proof of the main theorems.
First recall the following expression of the sectional curvature and curvature tensor in terms
of holomorphic sectional curvature:

Lemma 2.1 (cf. [16]) Let N be a Riemannian manifold and X,Y, Z, W be vector fields on
N. Then we have
24K (X, Y, Z, W)= KX+Z,Y+W)+ KX —-Z,Y —W)
+KX+W, Y -2)+ KX -W,Y+Z)—-KX+Z,Y—-W)
—-KX-Z,Y+W)—-KX+W,Y+Z)— KX -W,Y —2).
(2.1)

Lemma 2.2 (cf. [27]) Let N be a Kdhler manifold and X, Y be vector fields on N. Then we
have
NRKX,Y)=3KX+JY)+3K(X—-JY)—K(X+Y)
—K(X —-Y)—4K(X) —4K(Y). 2.2)

Putting (2.2) into (2.1), we get that

Corollary 2.3 Let N be a Kdihler manifold and X,Y, Z, W be vector fields on N. Then we
have
256K (X, Y, ZW)=KX+Z+JY+IW)+ KX +Z—-JY —JW)
—KX+Z+JY —IW)—KX+Z-JY+JW)
+KX—-Z+JY —-IW)+ KX —-Z—-JY +JW)
—KX—Z+JY+IW)—K(X —Z—JY —JW)
+KX+WH+IJY —-JZ)+ KX +W—-JY+JZ)
—KX4+W+JY+JZ)—KX+W—-JY —-J2Z)
+ KX -WH+IJY+IJZD)+ KX -W—-JY —-JZ)
—KX-W+JY —-JZ)—KX-W —JY +J2Z). (2.3)

Now we assume that M" is a Lagrangian submanifold in a Kihler manifold N>". We can
choose a local orthonormal frame field of N2":

{er, - ,en, els, -, enxl,

@ Springer



125 Page 60f29 J.Sun, L. Sun

where eq, - - - , e, are tangent to M, ey, - - - , €, are normal to M, and
eix=Je;, 1<i<n.
Such a frame field is called an adapted frame field. We denote
oijk = hi} == (Blei, ¢)), exs),
and
n
Hy o= HY =" oiir,
i=1
where 1 < i, j,k < n, and B is the second fundamental form of M in N. Since M is
Lagrangian, we see that forany X,Y,Z e TM
(B(X.Y).JZ) = (Vx¥,JZ) = —(Y.Vx(J2))
=—(Y,JVxZ)=(JY,VxZ) = (B(X,Z),JY).
Since B(X, Y) is symmetric in X and Y, we see that
BX,Y),JZ)=(B(Y,Z),JX)=(B(Z,X),JY).
In local frame, we have
Oijk = Ojki = 0kij, 1=i,j,k=<n.

Next we turn to Legendrian submanifolds in Sasaki space form. Let (N?"+! ¢, & 1, 2)
be a compact Sasaki manifold with smooth (1, 1)-tensor ¢, Reeb vector field &, contact form
n and associated Riemannian metric g. For any unit vector field X in 7, N orthogonal to &,
the ¢-sectional curvature is defined by

H(X):=K(X,¢X) =KX, ¢X,X,9X).

A Sasaki manifold N is called a Sasaki space form if N has constant ¢-sectional curvature
¢, and will be denoted by N (c). The following facts on Sasaki manifold will be used later.
For more details, we refer the reader to the book written by Yano-Kon [27].

Proposition 2.4 For a Sasaki manifold (N2’"+1, ¢, &,n, g) and vector fields X,Y on N, we
have

neE) =1,
P°X = —X + n(X)E,
$E =0,
n(@X) =0,
n(X) = g(X, ),
Z@X.Y)+3(X,¢Y) =0, (2.4)
Vxé = —¢X, (2.5)
(Vx¢)Y = (X, Y)E — n(¥)X. (2.6)

Proposition 2.5 [f the Sasaki manifold (NZ"+ g £, g) has constant ¢-sectional curva-
ture c, then for any vector fields X, Y, Z on N, we have

K(X.,Y)Z = %(c+3)[§(Y,Z)X —8(X,2)Y]
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1
+5©= DIn@Om@)Y =nX)n(2)X + (X, Z)n(¥)§ — (¥, Z)n(X)§
+8(dY, 2)pX — g(¢X, 2)$Y +28(X, pY)PZ].

Recall that a submanifold M” in a Sasaki manifold (N2*+1, ¢, &, 1n, g)is called a Legen-
drian submanifold, if M is normal to the Reeb vector field &. In particular, for any x € M, ¢
maps T, M onto N, M. For Legendrian submanifold, we have the inequality similar to (1.1)
which involves the second fundamental form and mean curvature vector.

Proposition 2.6 For an n-dimensional Legendrian submanifold of a (2n + 1)-dimensional
Sasaki manifold (NZ*L o, &, 1), we have

3
B> > ——|H]%.
n+2

Proof Since M" is a Lengendrian submanifold in N 2n+1 we can choose an orthonormal
frame field of N2"+1;

{e1, -~ ,en €1, -, ens, €2n41 =&},
where eq, - - - , e, are tangent to M, eq., - - - , €, €2,+1 are normal to M, and
eix =¢e;, 1<i<n.
Such a frame field is called an adapted frame field. We denote
i = Blei,e)), ers), hit = (Blei, ), eant1) = (Blei, e)), £),

and

n n
H* =3 nkr, B = p
i=1 i=1
Since M is a Legendrian submanifold, by (2.5), we have for any X,Y € T M that
(B(X,Y),§) = (VxY,§) = —(Y,Vx§) = (Y,9X) =0.
Hence,
hfjﬂ“ =0,1<i,j<n, and H""' =0. (2.7)

Similar to the Lagrangian case, set

n
oiji = hi} = (Bei, ¢)), exs), Hp:= H"™ := Zdﬁk,

i=1

where 1 <i, j, k < n. Then (2.7) implies that

n n
2 2 2 2
B= > o}, H?=) H. (2.8)
i,j k=1 k=1
Since 1|y = 0, we also have, by (2.6) and (2.4), that forany X,Y,Z € TM

(B(X,Y),9Z) = (VxY,$pZ) = —(Y,Vx($2))
(Y, (Vx¢)Z + ¢VxZ)
= —(Y. (X, 2)§ —n(2)X) = (Y. ¢(VxZ + B(X, 2)))
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=—{Y,¢BX, 2)) = (BX, Z), ¢Y).
Since B(X, Y) is symmetric in X and Y, we see that
(B(X.Y),¢Z) = (B(Y, Z),¢X) = (B(Z, X), ¢Y).
In local frame, we have
Oijk = 0jxi =0kij, 1=i,j,k=<n.
If we consider the decomposition:
Oijk i= Gijk + Wik + L0k + 1idij,

1

3 Hi, then it is easy to check that

where py =
n

Gijk = Gjik = 6ikj. Y Gk =0.
i=1

Moreover, (2.8) implies that

B = o = [61*+3(n +2)|ul* = 61> + ——[H,
n—+2
where
n n n 1
2 2 o2 02 2 2 2
o= > o 161 = Gijkr ml :Z“k:mm"
i,j,k=1 i,j,k=1 k=1
This proves the proposition. O

From the above argument, we see that in both the Lagrangian and the Legendrian cases,
the Gauss equation can be written as

n
Rijxi = Kiji + Z(Uikmajlm — OilmO jkm)- (2.9)

m=1

In particular, the Ricci curvature and the scalar curvature satisfies

n n
Ric(e)) = Rii =Y _Kijij+ Y (0iixojjt — 0730).

j=1 k=1
n
Ry =) Kijij + H* — B>, (2.10)
ij=1
Fix p € M, X,Y € T,M and an orthonormal basis {ey, - - - , e,} of T;, M, the following

notations will be used in this paper:

n
Ric(X.Y) =Y R(X.ei.Y.e;)), Ricjj = Ric(ej.e)).

i=1

lei,, -+ ,ei ] =span{e;;, - ,e;}, VI<ii<ir<---<iy=<n,
k
- [k ;L LY _ : : Lk
Ricl ][e,-l, e ] = ZRI(,,'j,'j, Ric . (p) = min Ricl ][el-l, e,
e leiy e 1ICTpM
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where Ric] [ei,, - ,e;,]1is called the k-th weak Ricci curvature of [e;,, - - - , e; ], which
was first introduced by Gu-Xu in [13].

At the end of this section, we will state some lemmas which will be crucial in the proof
of our main theorems. The first result is due to Aubin:

Lemma 2.7 [2] Let M be a compact n-dimensional Riemannian manifold. If M has nonneg-
ative Ricci curvature everywhere and has positive Ricci curvature at some point, then M
admits a metric with positive Ricci curvature everywhere.

A Riemannian manifold M is said to have nonnegative (positive, respectively) isotropic
curvature, if

R1313 + Ria14 + R2323 + Roa2s — 2R 1234 > 0(> 0, respectively)

for all orthonormal four-frames {e1, 2, e3, e4}. This conception was introduced by Micallef-
Moore and they proved that:

Lemma 2.8 [19] Let M be a compact simply connected n(> 4)-dimensional Riemannian
manifold which has positive isotropic curvature. Then M is homeomorphic to a sphere.

In addition, Micallef-Wang proved the following topological result for manifold with
positive isotropic curvature:

Lemma 2.9 [20] Let M be a closed even-dimensional Riemannian manifold which has pos-
itive isotropic curvature. Then by(M) = 0.

Furthermore, Seshadri proved the following result for manifold with nonnegative isotropic
curvature:

Lemma 2.10 [22] Let M be a compact n-dimensional Riemannian manifold. If M has non-
negative isotropic curvature everywhere and has positive isotropic curvature at some point,
then M admits a metric with positive isotropic curvature.

The classical 1/4-differentiable sphere theorem was finally proved by Brendle-Schoen
[6,7] using Ricci flow method. They proved that

Theorem 2.11 [6] Let (M, go) be a compact, locally irreducible Riemannian manifold of
dimension n(> 4) with curvature tensor R. Assume that M x R? has nonnegative isotropic
curvature, i.e.,

Ri313 + A Ria1a + 1> Rozs + A2 1 Roaos — 20 uR 1234 > 0 (2.1

for all orthonormal four-frames {e1, e, e3, e4} and all », i € [0, 1]. Then one of the follow-
ing statements holds:

(1) M is diffeomorphic to a spherical space form;

(ii) n = 2m and the universal covering of M is a Kdhler manifold biholomorphic to CP™;
(iii) The universal covering of M is isometric to a compact symmetric space.
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3 Some algebraic estimates

In this section, we will prove some algebraic estimates that are crucial in the proof of the
main theorems.

We say that R is an algebraic curvature tensor on R"” (n > 4) if R is a fourth-order tensor
such that for every x, y, z, w € R”,

R(x,y,z,w) = —R(y,x,z,w) = —R(x,y,w,z) = R(z, w, x, y),
R(x,y,z,w)+ R(y,z,x,w) + R(z,x,y, w) =0.

Example3.1 If 0 = (0jjx) : R" x R" x R"” — R is a trilinear symmetric function, we
obtain an algebraic curvature tensor R defined by:

n n
Rijui := Y Oikmjim — Y _ OitmOjkm. Y1 <i.j. k.1 <n.
m=1

m=1

Lemma 3.2 Let R be an algebraic curvature tensor. Suppose there is a constant ¢ such that
for every four-orthonormal frame {e1, e2, e3, e4},

Riziz + Riza > c.
Then for every A, i € [—1, 1] and every four-orthonormal frame {ey, e2, e3, e4}
Ri313 + A2 Ria1a + 12 Ro3os + A2 Roaos — 2ApR1238 > (14 22) (14 p?) c.
Proof A straightforward verification (we refer to [24] for a proof). ]

Lemma3.3 Leto = (0jj1) : R" x R" x R" — R be a trilinear symmetric function. Define

. n
H = ijl ojji and
n n
Riji = Zaikmcfjlm - Zo'ilmajknh V1<i,jkl=<n
m=1 m=1

Then for all orthonormal frames {e1, ez, €3, ea, -+ - , ey},

. - 1 6 < 2 =,
Rizio+ Rioza > 5 Z(H' ) - Y ok
2| 2n+3 P P el

Proof The proof can be found in Li-Wang’s paper [18]. For reader’s convenience, we provide
a new but simpler proof.

Put
. -
Oijk i= Gijk + WiSjk + ki + kbij, i = n+2H .
One can check that
n n n
ST SR RETRO oI
ijk=1 i,jk=1 i=1

A straightforward calculation yields

n

n
Riip =u3 + 13 + Z (M% + (811x + 622¢) i) + Z (8116226 — 5122k) ,
=1 k=1
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and
5 n
R34 = Z (613k624k — S141623%)
k=5
+ (6113 — 6223) 6124 — (6114 — 6224) 6123 + (6331 — Su41) G234
— (6332 — 6u42) 6134 3.1
Therefore,
~ n 1 n )
Rizio =i +u3 + ]; (17 + (S11k + 6221) k) + 3 ]; (811 + 6221)
L2
3 Z Co’i%'k ZZ%k Z(’nk
i,j.k=1 i=1 k=3
~ 1 2 4 n
Risa = = 5 Y 6 -2 2&122.,‘ + 2&1234
i=1 j=3 k=5 j=3 i=1
1| < ) o 2
~3 Z (611j — 622))" + Z (6i33 — Giaa)” | -
j=3 i=1
We obtain
- - " 1 < 2
Rioio + Riosa = puf + pd + Z (1 + (G11k + 622k 1) + 3 (611k + 6221)
k=1 k=1
1 2 2 n
E Z ljk Z Zoo-z%k -3 Z &izjk
i,j,k=1 i=1 k=3 I<i<j<k<n
4

Oo\»—‘

2
|:Z &11j — 622;) +Z 6i33 — Gia4 :|
j=3 i=1

n 1 n
>t +upl+ Z (M% + (811x + 622¢) i) + 3 Z (611 + (°7221<)2
=1 k=1

- Z ,,k+(zf7m+3 Z 1//)+Zzg”k

ljk 1 i=3 3<i#j<n i=1 k=3
3G 1 2 5
+t3 DD G- Z S11j — 622))" + Y (6133 — Giaa)
i=1 k=3 =3 im1
n 1 n )
ZM%‘*‘M%+Z(M%+(f’711k+&22k)uk)+§ (611k + 6221)
k=1 k=1
2 1 n 2 2
5 Z Ouk + Z Z"w + 3 ( 5iik>
Ij k=1 k=3 \i=1
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> ui+us+ Z (i + (11 + 622k 14k
k=1

1 n+3 Ry g
-3 3 B B2 (S ) 4 3 (aw)
| k

i,j,k=1 i=3 \j=1 i=1

n

2 n
3(n+2) ,  3(n+2) , 1 s
>7E " —|—7E Wy — = E o5,
=1 ‘ 2Qn+3) = ‘ 2 e

We conclude that

3(n+2) 2 1 & .,
Riop + R T § B
1212 1234 = 2(2 T 3)

n

3 21 ,
— H ) _ -
2n+3;( 2 L Cijk

m}

Lemma3.4 Leto and R be as in Lemma 3.3. Then for all orthonormal frames {ey, e>, e3, e4,
) 6’n};

n

2 4 n
Zzléijij — 2R 1234 > 7i(n) Z (Hk*)z - % Z Ok
i=1 j=3

k=1 ijk=1

where

ﬁ(n)z{ 2 ifn=4

Tz ifn=5s.
Proof Using the same notations as in the proof of Lemma 3.3, a direct calculation yields

n

Z 1]k_ Z m+3 Z II_] ZUIII+3 Z 11]

i,j,k=1 I<i#j<2 3<i#j<4
2 4 2 4
Z G +3 D G| #3200 du+3) D 6
5<17é]<n i=1j=3 i=1 j=3
322 ”1+3ZZ Gijj + Z &i%ik'
i=1 j=5 i=1 j=5 I<i<j<k=<n

On one hand, notice that

n 4 n

2 4 4 n 2 4
Z Z Rijij =2 ZM,Z + 42#;% +2 Z&ffkuk + Z Z <(°7iik&jjk - &;zj-k)

i=1 j=3 i=1 k=1 k=1 i=1 i=1 j=3 k=1
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—2ZM, +4ZM,<+ZZZUUI<MI<+ Z (é uk)

k=1i=1

n

2 4
- % Z (611x + 6’22k)2 - % Z (633 + &44k)2 - Z Z &f)_k

k=1 k=1
uk)

1 n
22
1 n
512(

343423 S e+ 303

k=11i=1

2
1 1
-3 E (611 + &22k)2 —3 E (611 + &22k)2 -
)

. . \2
o1k + Uzzk)
k=1 k=3
1 & 1
. . \2 5 . 2 . . \2
) (033k + 044k) 3 E (033k + O44r) — 033k + U44k)

Z%k 2201% 220134

MN
5
]
JEﬂ#
MN
vy

i=1 j=3 i=1j=3 i=l1,
4 n n 4 1 n 4 2
=2> ui+A4Y up 2> i + EZ (Z&ik)
i=1 k=1 k=1 i=1 k=1 \i=1
2 ) 4 ) 1 n )
- Z (633 + Saar)” — Z (S11x + 6221)” — 3 Z (811% + 622¢)
k=1 k=3 k=5
1 R . 2 s, . 32
5 Z (611k + 6am)” — 5 Z (633 + Gaar)” — 5 Z (633K + Gaak)
k=1 k=3 k=5
1 2 1L 2
—3 Z (811 — 6221)” — 3 Z (6331 — S4ar)
k=3 k=1
4 2
Z Ok _220134 ZZZ%k (3.2)
k=3 i=1 j=3 k=5
But,
5 n
Rz =) (613k624x — 61416231)

k=5
(6113—6223) 8124 — (6114 — 6224) 6123 + (6331 —Gu41) 6234 — (6332 — Gua2) G134

+
4 W 2

(Z Gi; + 20,34) 1 (Z (611 — 5722,;)2 + Z (6330 — 5441‘)2)
3 =3 i=1
ERE.

+5 ZZZ%
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We obtain

2

2 4 4 n 4 n 4
Zzéuu _2R1234 >2ZM,2 +4Z/Jvk +zzzattkﬂk + : (Zauk)

i=1j k=1 i=I k=1 \i=1
2 4 1 n
. . \2 . . 2 s \2
- Z (033/< + rf44k) - (811 + 022k) ) (Unk + 620t)
k=1 k=3 k=5
1 1 4 1 n
. s 32
—3 Z Srik + (722k ) Z 633k + U44k ) Z (633k + Guak)
k=1 k=3 k=5
4 2
. . 2
= (G- &)’ = (63 — 644k -4 Y &
k=3 k=1 I<i<j<k<n
On the other hand,
n
2 2
3 D S
i,j. k=1

( Glll +3 Z llj)

i=1 1<i#j<2

4

(Zalzll+3 Z u/) (26111'1_3 Z &i%j

UJ\[\J

i=3 3<i#j<4 S5<i#j<n

Ma

2 n 4 n
. . 2 . . 2 02 .2
+ > (611k + 6224) +Z 633k + 644x) +2220ii1~+2220i/~j
k=3 k=1 i=1 j=5 i=1 j=5
4 2
. . )
+ Z (611 — 6221) 2+ Z 33k — Gaar) 44 Z Ok
k=3 k=1 I<i<j<k<n
2 4
1 . . 2, 1
252(0111'4-0221‘) +§Z 6331 + Gusi) +* ZU,,,+3 > &k
i=1 i=3 S<i#j<n
4 2 4 n 4 n
. . ) )
+ 3 (G ome)’ + Y o+ Gan) + YD 67 42D D 67
k=3 k=1 i=1 j=5 i=1 j=5
n 4 2
1 2 . . 32 .
+3 Z S11j +627)" + (6337 + 6aa)) | + D (11 — 6221)* + D (G35t — Game)’

=

i =3 k=1

+4 > &

I<i<j<k<n
If n = 4, we have

4

D ik =0, forl<k<4.
i=1
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Then we compute

2 4 4 2 4
= 5 2 o o
DO Rijij 2R3 =6 i — Y (G + G441< - G+ Ozzk
i=1j=3 k=1 k=1 k=3
2 4
1 1 2
) Z Sk + Uzzk 3 Z 833k + Guak)
k=1 k=3

4 2

o o 2 02

—E (Ullk_O'ZZk E 5331 — Gaa)” — 4 E Ok
k=1

1<i<j<k<d4

k=1 i,jk=1
If n > 5, we compute
2 4 2 n
ZZR”” 2R1234 + g (073](
i=1 j=3 i, j.k=1
1 n 4 2 n 4
Zak 1( 1°iik> +2k lzl:°”kuk+ZZM,+4ZMk
= 1= 1=

2
+§ &5 +3 Z &i%j +ZZ ::/+ZZZ 9ijj

i=5 S<i#j<n i=1 j=5 i=1 j=5

n 4 2 n 4
Z% (Z °iik> +ZZZ zzkuk+ZZM,+4ZMk
k=1i=1 i=1
2 2

2 n n 2 2 4

j=

n 4

—222&11kﬂk+22M1 +4Z/~’Lk

k=11i=1

n

3n+2 4 . ? n 4 .
+4(n_2)2 Zmik +72(n_4)z Zaﬁk

i=1 k=1 \i=1
4 4n—2) &
>4ZM/< e e I
= 3n+2 i <
8(n+2) 2
St s 2
3n+2 P
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Finally, we obtain

4 n n

6 w\2 2
SNy~ 2z Y (1) -2 Y
i=1j=3 k=1 i,j,k=1
This finishes the proof of the lemma. O

Lemma 3.5 Leto and R be as in Lemma 3.3. Then for all orthonormal frames {e1, e>, e3, e4,
) en}y

n n

- n—3 «\ 2
2(n—2)ZR”_2(n+2)k§(Hk> :

MN

Rl212 + 51234

. .
where Rij :== Y j_ Riik.

Proof Using notations as in Lemma 3.3, we get

n

Rll = ZRzktk =(n— 2)11«, +@n=2) Zo'zzkl/vk +n ZML Z 6}%‘]«

k=1 k=1 Jk=1
Thus,
1 2 3 ) n 2 1 2
DI PO LD SN TS WS 3D oA
i=1 k=1 i=1 i=1 i=1 jk=1
1 n_o n n
pa—1 R,’j:<z llkﬂk+ZMz)+nZMk_ZZZ Oijk-
i=3 k=1i= i=3 j,k=1
Hence, we compute
2
(n _ )2 Z
2 n 2 n
+7Z.u*z +nz.uk_722 Z ljk
k=1i=1 i=1 jk=1
(}’l o )2 123; /;1 e
n —2n—-2 2 2 ~ ~
T —— (R +R )
= ,; ) 1212 1234
1 2 n 2 n n 2 2 n— n n
— Z Gijk + Z Zf’wﬁz (Z o“k> 2)2 Z Z Oijk
i=1 j,k=3 i,j=1k=3 k=1 \i=l1 i=3 j,k=1
2 n
P (613:624k — G1ax623k)

=5

k
—> [(6113 — 6223) 6124 — (6114 — 6224) 6123
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+ (6331 — 6441) 6234 — (6332 — 6442) 5134

2)(n —3) — 2 /- - 3n(n —4 2
= m% >ont+ = (R + Ria) - 2,(1(,1_ 2)3) Z (Z °m<)

2

k=1 i=1
11 =
- 5 ) (611 +6m)) +72 &% + 6iaa)”
n—212 = 2 =
2 n n 2 2
) z(z)
i=1 j k= k=1 \i=1
(}’l+2)(n_3)2 2 (~ ~
—_— Ri2i2 + R1234) .
n—2 P 2
This proves the lemma. O

Lemma 3.6 Leto and R be as in Lemma 3.3. Then for all orthonormal frames {1, e, e3, es,

. ent,
2 4 4 n n
~ ~ 2 . n—3 o\ 2
ZZRi_/i_/ — 2R = 3 ZZR”” I _3 Z(H ) : (3.3)
i=1 j=3 i=1 j=1 k=1
Proof Using notations in Lemma 3.5, we get
1 4 n 4 1 n
EDILTEIDWERESSI0 3D ILTIRS 0E) B D 9D o MECH!
i=1 k=1 k=1i=1 i=1 i=1 jk=1

M
Pg»

ijij — 2R1234 > *Z (Zmlk> +ZZZ°’”‘“’< +2Z“z +4Z”k

i=1 j=3 k=1 \i=1 k=1 i=1
2 2 ! 1 - 2
_ Z ((07331\' + (07441() — (&llk + &22k) -3 Z (&llk + 6’22/«)
k=1 k=3 k=5
1< 1< 1 2
3 Z Gk + 022A —3 Z 633k + 0"44k -3 Z (633k + Gaar)
k=1 k=3 k=5
4 2
- Z (611k — &221( Z (6331 — O'44A
k=3 k=1
4
_42‘712k 420134 2222“% (3.5)
k=3 i=1 j=3 k=5

On the other hand,
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4 n 2 4 2 4 2 4
DD Ghk= Dl Gt D +3) D 65 +3) ) 6

i=1 jk=1 i jk=1 i jk=3 i=1 j=3 i=1k=3
4 n 4 n
02 02
230D it YD 60
i=1 k=5 i=1 j=5

+620134+62012k+4 Z Zaljk+22 Z szk

1<i<j<4 k=5 i=15<j<k<n

i=1 \j=1 i=3 \j=3
3 3o
+ QZ((”“ + Gid4) ‘y EZ Ullk+022k)
i=1 k=3
3 2 2 3 4 2
+3 Z (6133 — iaa)” + 3 ; (8116 — 622¢)
i=1 =
3« 3« P
+ 1 (811k + 6221)” + 1 (633k + S4ar)
k=5 k=5
1 n 4 2 4 n 2
+ g (Z@zk) +Z O'éj +6ZOG'I-234
k=5 \i=1 i=1 j= i=1
4 n
+62012k+4222qﬂ
k=3 i=1 j=3 k=5

If n = 4, we have

4
> ik =0, forl<k=<4.
i=1

From (3.4), (3.5) and (3.6), we compute

2 2 4
ZZR’J’J 2R 1234 >6ZM, > (833 + 6aar)” - ik + 6221)”
=1 j=3 k=1 k=3
4
. . 2
=Y (S11x — 6221
k=3
2 12
=) (63 — 544k —3 (611 + 0'22k
k=1 k=1
4
1
) Z 633 + 044/<
k=3

4
ZUIZk 420134
=3 i=1
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2 & ~ )2
=32 R,-,,,-_gz(y ) (3.7)

If n > 5, we have from (3.4), (3.5) and (3.6) that

2 4 n
- - 1
3> Rijij — 2R = EZ (Zauk) +2ZZ%1<M1< +22M, +4ZMk
i=1j=3 k=1 k=1 i=1
) 4 n 2
ST S a2 (Te) -4
i=1 j.k=1 k 5 i=1 j=5
2
1 n 4 . 2(11 . 5) n 4 .
z 5 (Z iik) B Zm’ikuk
k=1 \i=1I k=1 i=1
4 n
TR (T e
i=1 k=1
) A4 Lo 4 2 ) 4 4 2
+§ZR11+E (Z&iik) +3(}1—4)Z Zolj]
i=1 k=5 \i=I i=1 \j=1
(3.8)
Then from (3.8), we have
2 4 4 n 4 /4 2 4 4
- 2 - 3n—8 . 2(n —5) B
ZZ Rijij —2R1234 = §Z Rijij+6(n_4)2<20iik> i DO Gk
i=1 j=3 i=1 j=1 k=1 \i=1 k=1 i=1
2(n—5) 8n )
()t
k=1
7 n 4 2 2( 5) n
I3 n -
+ E (ZO’[ik) Zzattkﬂk - <7 _4> Z'ul%
k=5 \i=1 k=5 i=1 k=5
4 n 2 4 2 n
2 5 (n—3)(n+2) 2(n+2)
> 3 |:Z Rijij*i?m_g ZM%*77 ZM%:|
i=1 j=1 k=1 k=5
4 n 2 n
2 5 (n=3)(n+2)7° 3)(n +2)
i=1 j=1 k=1
2
3

4 . n—3 n - 2
= Y R -5 > (#)" |, (3.9)
i=1 j=1 k=1
where we have used the fact that
n—3 2 n—>5

—_— = >0
3-8 7 73n—8) -
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forn > 5.
From (3.7) and (3.9), we can easily see that we have the unified estimation (3.3). This
finishes the proof of the lemma. O

4 Sphere theorems for Lagrangian submanifolds in Kahler manifold

In this section, we will prove the sphere theorems for Lagrangian submanifolds in Kéhler
manifold. Let us first examine more about the curvature tensor on a Lagrangian submanifold.

Proposition 4.1 Let M" be a Lagrangian submanifold of a Kdihler manifold N*". Then for
any orthonormal unit vector fields X,Y , Z, W tangent to M, we have

3. | 3. 1~
ZKmin - EKmax = K(X7 Y) =< ZKmax - EKmin» (4-1)
and
1 - - 1 -~ -
E(Kmin - Kmax) = K(X7 Y. Z, W) =< E(Kmax — Kmin)- (4~2)

Proof By (1.2), we have for any vector field X on N that
Kuinl X[ < K(X) < Kmax|X|*. 43)
By (2.2) and (4.3), we have for any orthonormal vector fields X, Y on N
32K (X,Y) < 3Kmax (IX +JY|* + X — JY[*)
—Kmin (X +Y[* +1X —Y[* +41X* + 47 ")
= 24(1 + (X, JY)*)Kmax — 16K min.
Similarly we have
32K (X, Y) = 24(1 + (X, JY)*)Kumin — 16K max.

Therefore, we have
3 . 1 3 . 1
Z(l + <X’ JY) )Kmin - EKmax = K(Xa Y) = Z(l + (X, JY) )Kmax - EKmim

Since M is Lagrangian, (4.1) follows.
By (2.3) and (4.3), we have for any orthonormal vector fields X,Y, Z, W on N

256K (X, Y, ZW) < Kmax (X +Z+JY +IW[* + X +Z —JY —JW|*
HX —Z4+JY —IWP+1X—Z—-JY +IW)*
HXAWHTY —JZPP 4+ X +W —JY +JZ)*
HX =W HIY +IZ+ X =W —JY —JZ|Y)
~Roin (X +Z+TY —JW + X +Z —JY + W[
HX —Z4+JY +IWP+1X—Z—-JY —JW*
HXAWHIY +JZ X +W—JY —JZ*
HX =W HIY —JZ + X =W —JY +JZ|*)
= Kmax [128 +8((X + Z, JY + JW)? + (X — Z,JY — JW)?
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X AW, JY —JZ)2 (X =W, JY +J2)D)]
~Kumin [128 +8((X + Z,JY —JW)> + (X — Z,JY +JW)?
HX W JY +TZ+ (X —W,JY —TZ)%)].

Similarly, we have

256K (X, Y, Z, W) > Kuin [128 + 8((X + Z,JY +JW)2 + (X — Z,JY —JW)?

HX AW, JY —JZ)* + (X =W, JY +J2))]
~Kumax [128 +8((X + Z,JY —JW)* + (X — Z,JY +JW)?
HX +W, JY +TZ)? +(X —W,JY —JZ)%)].

Since M is Lagrangian, (4.2) follows. O

Proof of Theorem A We will show that under our assumption, M x R? has nonnegative

isotropic curvature, i.e., (2.11) holds for all orthonormal four-frames {e1, €3, €3, e4} and
all A,u € [0,1]. For that purpose, we first extend the four-frame {ej, ez, €3, e4} to

be an adapted frame {ej,--- ,ez,} of N such that {ef,---,e,} are tangent to M and
{ent1 = Je1, -, ey = Jep} are normal to M. The Gauss equation (2.9) implies that
RX,Y,Z,W):=R(X,Y,Z,W)—K(X,Y,Z, W) 4.4)

is an algebraic curvature.
First note that (cf. Lemma 3.1 of [10], with e4 replaced by —e4)
12K 1234 = — 4(K 1212 + K3434) — 2(K1313 + K1414 + K2323 + K2424) “4.5)
+ [K(e1 +e3,e2+eq) + K(eg —e3,e2 —eq) + K(ez +e3,e1 —ey)
+K (e2 —e3,e1 +e4)].

Introduce K;; := ZZ:I Kikjr. By (4.1), we have forevery 0 < ¢ < 1,

Riciiy
2
& (Ri1 + R33) + A2 (Ri1 + Rag) + 1 (R + R33) + A21* (Raa + Rua)
2 (1+22) (1+42)
+ l—e¢ |:(R22 + Raa) + 2% (R2 + R33) + 1° (Ri1 + Raa) + 221* (R11 + R33) N i R~}
2 A+ (1) ’

_ & (Kit +K33) + 22 (Kit + Kaa) + 12 (Koo + K33) + 271 (Koo + Kaa)
2 (14 22) (1 +p2)
1—¢ | (Koo + Kaa) + 27 (Koo + K33) + 1* (K11 + Kag) + 22 (K1 + K33) | ¢
+ZKii
=5

=

i=5

= (1+52) (1 +12)

(ﬁll + R33> + 22 (ﬁu + ﬁ44> + 2 (ﬁzz + 1533) + 222 (1522 + 1§44)

&
+7
2 (1+22) (1+ 42
1—¢ <’§22 + 1544) + 22 (1522 + §33) + u? <1§11 + 1544) + 222 (1511 + 1533) n i
+ + > Rij
n—2 (1+22) (14 n2) ; !
£ (K11 + K33) + A2 (K11 + Kaa) + 12 (Koo + K33) + 222 (Koo + Kas)
-2 (1+22) (1 +p2)
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. K313 + 22 K414 + 12 K233 + A2 1 Koaos — 20K 1234
(L+22) (1+p2)
Ri313 + A2 Ria14 + 12 Rozo3 + A2 Roans — 2ApR 1234
(1+22) (14 p2)
Ri313 + A2R 414 + 2R3z + 22 u? Rogns — 20 uR 1234
(1+22) (1+42)

3. 1 -
+ (l - 8)(” - 1) <1Kmax - 7Kmin)

+e

2
<1§11 + 1533) + 22 <1§11 + 1544) + u? (1?22 + 1533) + A2p? (1522 + 1544)
(1+22) (14 n2)
1—e (1522 + 1544) +22 (1522 + 1533) + u? <1§11 + 1544> + 22’ (Rn + 1533) L
2 (+2) (112 2R

J’_

N ™

S(i-1-e) kaax - %kmin)
. Ri313 + A2 Ria14 + 12 Razz + 221> Roaza — 20 iR 1234
(1+22) (1 +p2)
Riziz + 22 Ria1a + 2 Rozos + 221> Rosns — 20 R 1234
(1+22) (14 p2)
o <1§11 + R33> +22 <1§11 + 1544) + u? (1?22 + 1533) + A2p? (Rzz + 1544)
T2 (1+22) (1 +412)
—e (1?22 + I?44) +22 (1?22 + 1533) + 2 (1511 + 1544> + 222 (Rn + 1533) L
P (1+)»2)(1+IL2) + R;i

i=

+

Here we used the estimate from (4.1) and (4.5) that

1 (K +K33) + 22 (K11 + Kaa) + 12 (K2 + K33) + 22 1% (Koo + Kaa)
2 (1+22) (1 + 12
_ Kizis + 22K 1414 + 12 K203 + 22 Koaoa — 201K 1234
(1+22) (14 p2)

3. 1 -
<-4 (ZKmax - EKmin>

24: (Kij1j + K3j3j) + 22 (Kijij + Kajaj) + 12 (Kojoj + K3j37) +2°0% (Kaj2j + Kaja))
et (1+22) (1412

_ Kizis + 22K 1414 + 12 Koso3 + 22 Koaoa — 20K 1234

(1+22) (1 +p2)

N =

+

=mn—-4 (%[Zmax - %kmm) + %(sz + K3434)
" (W% 4+ u)(K1313 + Koaoa) + (1 +22u2) (K 1414 + K2323) 20K 1234
2(1+22) (1+ ) (1+22) (1+ 42
=n-4 (Ekmax - lIemm) + <1 - M) (K1212 + K3434)
4 2 2 3(14+22) (1+12)
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N 22+ p? B A Ko+ Koo
2 (] + )\’2) (] + MZ) 3 (1 + )\,2) (1 I “2) 1313 2424
1 +)‘2P«2 y
* - Kigs + K
(2(1 T (1+2) 311 (11 ) ) Kt Ko

+ A
6 (1+22) (1 + p2)
+K(ex +e3,e1 —eq) + K(ea —e3,e1 +eq)]

1 -
<(n - 2) < Kmax - EKmin> .

[K(er +e3,e2+eq) + K(eg —e3,e2 —eq)

Now applying Lemma 3.5, we have

~ n —3 " *
Riziz — |Rizsal = = E Rij T2 2) Rii 2n+2) ( HY )
k=1

so that

R1313 + K2R1414 + ,u21§2323 + A2u21§2424 — 2Au1§1234
= (Ri313 + A2 1% Roana + 22 uR1342) + (W2 Ruara + 11> Rozos + 201 R 1423)

> (151%13 — |Riza)) + )»ZMZ(I?2424 — [Raaz1]) + A2 (Ria1a — |Ria23]) + 1w (Razs — |Ro3140)
—4 ~ n—3
sz +R3)+ —— Rii — ———[H)?
(R11 + R33) 2( 2 ;3 ii 2(n+2)| |
1
322(R I )Lz 2 }\2 2IH P2
+2 u (R + 44)+ Z 2( 2 [H]
i£2,4
A Rii+R 2 73 2P
+ (Ri1 + 44)+ Z 2( 2 [H|
i£1.4
1 —_ —
M( 2+ R33) 1wy R 2( +2) p”H]
i#2.3
1 2(5 5 2(5 5 2.2(5 5
E[(R11+R33)+)» (R11+R44)+,u (R22+R33)+?» u (R22+R44)]
n—4 5 5 2(5 5 2(5 5 2.2(5 5
+ =2 [<R22+R44>+)» (R22+R33)+M <R11+R44)+?» u (R11+R33)]
n—4 ! n—3
— 1+ 2 Ri——— (1+2)(1 2) =2,

i=5

By taking ¢ = %, we conclude that

;2]
Ric 2 3. 1 -
%<(”_l_n—2><1 max g min)

2 Ri3;3 4+ A2Rig14 + PR30z + 221> Rosos — 20 R 1234
n—2 (14+22) (1 + p2)
n—3
+ "
(n+2)(n—-2)
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Thus

4
m(Rms + A2R1a14 + 1P Ro33 + A2 Roans — 201 R1234)
-3) o 2(n —3)
> (1 }"21 Ri [2]_1’1(1’1 K — Ko _7H2
(I 4+ A7)( +M)|: 1Chin n_2 5 1 max min (n—2)(n—|—2)| |
>0,
the strict inequality holding for some point xo € M, where the last inequality follows from

our assumption (1.3). Hence M is diffeomorphic to S” by standard argument using Lem-
mas 2.7, 2.9, 2.10 and Theorem 2.11 (see, for example, [13], [24]). ]

Next, we turn to prove the topological sphere theorems for Lagrangian submanifolds.

Proof of Theorem B Define the operator R by (4.4), which is an algebraic curvature. Then we
have from Lemma 3.4 that for all orthonormal frames {e1, e>, €3, €4, - - - , €, },

2 4 2 n )
Z > Rijij = 2R 2 i M = 3 3 oy = i) H = Z[BJ.

j=3 i j k=1
In other words, by using (2.10), we have
R1313 + Ri414 + R2323 + Ro424 — 2R 1234

- 2

> K1313 + K414 + K323 + Koa2a — 2K 1234 + ij(n) | H|* — ngl2
2 ¢ 2

= Ki313 + Kiaia + Koso3 + Koana = 2K1234 — 3 > Kijij + 7 Ru

3
i j=1

(n(n) - *) H|”. (4.6)

It suffices to estimate the terms involving the curvature tensor on N. We will follow the
argument as in the proof of Theorem 3.2 in [10]. For that purpose, we have from (4.5)

1
Z Kijij = 3 [K(e1 +e3,ex+es) + K(ey —e3,e2 — ea)

l<i<j<4
+K(ex +e3,e1 —eq) + K(ex — e3,e1 + e4)]
1
+§ (K1212 + K3434)
3
+Z (K1313 + K414 + K2323 + Ko424 — 2K 1234) . @.7
On the other hand,
n n 4 n
2 Kijij = ) Kiij +2) ) Kijij+2 3 Kijij-
ij=1 i, j=5 i=1 j=5 l<i<j<4

Hence, using (4.1), we estimate

3 2 &
1 K1313-I-K1414+K2323—|—1<2424—2K1234—gijz_:1 Kijij
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1 n 4 n 1
=-3 Z Kijij — ZZKijij - E(sz + K3434)

i.j=5 i=1 j=5
—é [K(e1+e3,e2+e4) + K(e1 —e3,e2 — e4)
+K(€2 +e3,e1 —eq) + K(ex —e3,e1 + eq)]
> _,(n —4(n—5) ( Komax — %Iémm) 4n—4) ( Komax — %1%)

3 P 1 I
4 max 2 min

1 3 - 1
_g 4 ZKmax EKmm -4

_ n*—n—6 3z e “s)
- 2 4 max 2 min . .

Inserting (4.8) into (4.6), we have
Ri1313 + Ri414 + R2323 + Ro424 — 2R 1234

2 [RM _ @D 2R — n<n>|H|2]

> _
-3 4

>0,

the strict inequality holding for some point xo € M, where the last inequality follows from
our assumption (1.4). Here, n(n) is given by

3. Loifn=4,
nn) =1-Zii(n) = EM s
g2 fnzs

By Lemma 2.10, M admits a metric with positive isotropic curvature. Since M is simply
connected, M is homeomorphic to S” by Lemma 2.8. O

Proof of Theorem C Using the same notations as in the proof of Theorem B, we have
4 n
>3 sy = Yo kic - 303 Ko
i=1 j=1 i=1 j=1

By Lemma 3.6, we obtain for all orthonormal frames {e;, e, €3, €4, - - - , ex},

2 4
Zzﬁi‘/z‘j—ZﬁIZMZ% mm ZZ ijij T—3S|H|2

i=1 j=3 i=1 j=I

In other words,

3
§(R1313 + Ri414 + R2323 + Roaos — 2R1234)

3 4
§(K1313 + K414 + K2323 + Koa24 — 2K 1234) + chr[m]n

" n—73 2
_ZZKUU P 8|H| . (4.9)

i=1 j=1
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We need to estimate the terms involving the curvature tensor on N. As in the proof of
Theorem B, by (4.7), we have

4 n 4 n
2D Kiii=2 ) Kiij+)_ ) Kijis
i=1 j=1 l<i<j<4 i=1 j=5
1
= Z[K(el +es, e +eq) +K(ep —e3,e2 —eq)
+K(ex+e3,e1 —es) + K(ex —e3,e1 + e4)]
3
+ (K212 4+ K3434) + 3 (K1313 + K414 + K2323 + K244 — 2K 1234)
4 n
+2.2_Kijiy
i=1 j=5
Use (4.1) to estimate

4 n

3
5 (K1313 + K414 + K2323 + K2424 — 2K 1234) — 21 ZlKijij
i=l j=

4 n
==Y "> Kijij — (K212 + K343)
i=1 j=5
1
~7 [K(e1 +e3,e2+e4) + K(eg —e3,e2 —eq)
+K(ex +e3,e1 —eq) + K(ex — e3,e1 + e4)]

3 . | 3 - 1~
> —4(n—4) <1Kmax_* min>_2<* max — & min)

2 4 2
_l .4 (E[émax _ lkmin> .4
4 4 2
3 . -
=—-2n-15) <§Kmax — Kmin> . (4.10)

Inserting (4.10) into (4.9), we have
R1313 + Ri414 + R2323 + Roa24 — 2R 1234

2 . 3. - n—3
= g [Rlcgi]n —(2n-=75) <§Kmax - Kmin) - 31— 8|H|2]
>0,

the strict inequality holding for some point xo € M, where the last inequality follows from
our assumption (1.6). The theorem then follows. ]

5 Sphere theorems for Legendrian submanifolds in Sasaki space form

In this section, we will prove the sphere theorems for Legendrian submanifolds in Sasaki
space form. The following lemma is an easy consequence of Proposition 2.5 and the definition
of Legendrian submanifold:
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Proposition 5.1 Let M" be a Legendrian submanifold of a Sasaki space form N*"+1(c), then
for any vector fields X, Y, Z, W tangent to M, we have

KX, Y)W = %(c—l—?)) (Y, WX —(X,w)y),
and
KX, Y, Z, W)= %(c‘—}-?j) X, ZYY, Wy —(X,W)Y,Z)). 5.1

The following differentiable sphere theorem can be viewed as a Legendrian correspon-
dence of Theorem 1.1°:

Theorem 5.2 Let M be a smooth n(> 4)-dimensional closed simply connected Legendrian
submanifold of a Sasaki space form N*'T1(c). If M satisfies the following condition:
n—2)(n+1) 2n—=3 5
Ry > —— 3 H|-, 5.2
M= 2 c+3)+— 3 [H] (5.2)
and the strict inequality holds for some point xo € M, then M is diffeomorphic to S".
Proof For any orthonormal four-frame {e1, e2, €3, e4}, we extend it to be an adapted orthonor-

mal frame {ej, -, ez,4+1} of N such that {er,---,e,} are tangent to M and {e,+] =
e, -, ey = pey, e2,41 = £} are normal to M. The Gauss equation (2.9) implies that

R(X,Y,Z,W):=R(X,Y,Z,W)—K(X,Y,Z, W)

is an algebraic curvature tensor. By Lemma 3.3, (2.8) and (2.10), we have

. . 1 6 -3
R Rixaa > - ——H?— B — | Ry — K; H/?
1212 + 1234_2<2 +3| - |> M ”2:1 il T 5, +3| |
Lemma 3.2 implies that
1§1313 + A% Ria14 + ,u21§2323 + Az,uzlézzm — 2ku151234
(14251 + pu?) 3 0
zf Z Kljl/ n +3|H| >
i,j=1
1.€e.,
2(R1313 + A2 Ria1s + 1> Rosos + A2’ Roaos — 2R 1234)
> 2(K 1313 + A2 K 1414 + 1* K303 + A2 u? Koana — 241K 1234)
n
2n —3
+(1+ 20 4 1) | Ry — Z Kijij — ml B (5.3)
ij=1
By (5.1),
c+3 . .
Kijij = 7 Vi#j, Kiza=0.
Therefore,

n
2(K1313 + A2 K414 + 17 K3z + A Ko — 2K 123a) — (1+ 251+ 1?) > Kijij
ij=1
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— 201+ + /f)% — (1 4+ 22+ D — 2

4
- _(1+A2)(1+MZ)W@+3). (5.4)

Inserting (5.4) into (5.3), we have

2(R1313 + A*Ria1a + 1> Rozoz + A2 u? Roana — 20 R 1234)
n=2)yn+1 2n—3

> (1+ 2501 DRy — — 2~ 2 3) — H|?

> (14 )(+M)[M 1 (c+3) 2’14_3||]

> 0,

the strict inequality holding for some point xo € M, where the last inequality follows from
our assumption (5.2). Then the theorem follows. ]

Similar to proofs of Theorems A, B, C, with (4.1) and (4.2) replaced by (5.1), we can
obtain the following sphere theorems for submanifolds in Sasaki space form under various
curvature assumptions. Since the proofs are similar, we omit the details.

Theorem 5.3 Let M be a smooth n(> 4)-dimensional closed simply connected Legendrian
submanifold of a Sasaki space form N*" T\ (¢). If M satisfies the following condition:

Ricll n(n=3) n—73 >
> —H
> Zan— It i yn—™

and the strict inequality holds for some point xo € M, then M is diffeomorphic to S".

)

Theorem 5.4 Let M be a smooth n(> 4)-dimensional closed simply connected Legendrian
submanifold of a Sasaki space form N*'T1(c). If M satisfies the following condition:

. =30 +2)
- 4

Ry (c +3) + n(n)HP?,

and the strict inequality holds for some point xo € M where 1n(n) is given by (1.5), then M
is homeomorphic to S".

Theorem 5.5 Let M be a smooth n(> 4)-dimensional closed simply connected Legendrian
submanifold of a Sasaki space form N*"T1(c). If M satisfies the following condition:

-3
H|?,
8

min =

Ricd = 22 434 2
1c —(C
2 3n

and the strict inequality holds for some point xo € M, then M is homeomorphic to S".
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