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Abstract

Incorporating free boundary into time-delayed reaction—diffusion equations yields a com-
patible condition that guarantees the well-posedness of the initial value problem. With the
Fisher—KPP type nonlinearity we then establish a vanishing—spreading dichotomy result.
Further, when the spreading happens, we show that the spreading speed and spreading pro-
file are nonlinearly determined by a delay-induced nonlocal semi-wave problem. It turns out
that time delay slows down the spreading speed.

Mathematics Subject Classification 35K57 - 35R35 - 35B40 - 92D25

1 Introduction

In the pioneer work of Fisher [17], and Kolmogorov, Petrovski and Piskunov [22], it was
shown that
Uy =uyy + f(w), xR (1.1)
with
fe C!(R,R), FO0)=0= f(), f(s)< f(O0)s, s>0, (1.2)

admits traveling waves solutions of the form u(¢, x) = ¢ (x — ct) satisfying ¢ (—oo0) = 1
and ¢ (+o00) = 0 if and only if ¢ > ¢ := 2,/ f/(0). In 1970s’, Aronson and Weinberger [2]

Communicated by P. Rabinowitz.

The research leading to these results was supported by the NSF of China (Nos. 11771108 and 11801330),
the NSF of Heilongjiang province of China (No. LC2017002) and the NSF of Shandong Province of China
(No. ZR2017BA023).

B Ningkui Sun
sunnk1987@163.com

Jian Fang
jfang@hit.edu.cn

School of Mathematics and Statistics, Shandong Normal University, Jinan 250014, China

Institute for Advanced Studies in Mathematics and Department of Mathematics, Harbin Institute of
Technology, Harbin 150001, China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-019-1599-8&domain=pdf

148 Page 2 of 38 N. Sun, J. Fang

proved that the minimal wave speed cg is also the asymptotic speed of spread (spreading
speed for short) in the sense that

lim sup  u(t,x) =0, lim inf  u(t,x)=1 (1.3)
=20 x| > (cot+e)r 1700 x| (co—e)t
for any small € > 0 provided that the initial function « (0, x) is compactly supported. These
works have stimulated volumes of studies for the propagation dynamics of various types of
evolution systems. Among others, of particular interest to the Fisher—KPP equation (1.1)—
(1.2) with time delay or free boundary are two typical ones.
Schaaf [32] studied the following time-delayed reaction—diffusion equation

ur(t,x) = uxx(t,x)+ fu(t, x),u(t —7,x)), xR, t>0, (1.4)

where T > 0 is the time delay. With the Fisher—KPP condition on f (s) := f(s,s) and the
quasi-monotone condition 9, f > 0, it was shown that the minimal wave speed co = co(7)
exists and it is determined by the system of two transcendental equations

F(c,A) =0 8—F( A) =0 (1.5)
c,A) =0, a c,A) =0, .

where
F(e,A) = A+ ca+ 31 £(0,0) + 3 £(0,0)e 7. (1.6)

The delay-induced spatial non-locality was brought to attention by So et al. [28], where
they derived the following time-delayed reaction—diffusion model equation with nonlocal
response for the study of age-structured population

U = Uyy — du + y/ b(u(t —t,x —y)k(y)dy, xeR, t>0, (1.7)
R

where u represents the density of mature population, T > 0 is the maturation age, d is the
death rate, b is the birth rate function, y is the survival rate from newborn to being mature, and
k is the redistribution kernel during the maturation period. As such, introducing time delay
into diffusive equation usually gives rises to spatial non-locality due to the interaction of time
lag (for maturation) and diffusion of immature population. In the extreme case where the
immature population does not diffuse, the kernel k becomes the Dirac measure, and hence
(1.7) reduces to (1.4). We refer to the survey article [21] for the delay-induced nonlocal
reaction—diffusion problems. In [28], the authors obtained the minimal wave speed co(7)
that is determined by a similar system to (1.5) provided that b is nondecreasing and b(s) —ds
is of Fisher—KPP type. Wang et al. [37] proved that co(7) is decreasing in 7. Liang and
Zhao [23] showed that cp(7) is also the spreading speed for the solutions satisfying the
following initial condition

u(0, x) is continuous and compactly supported in 6 € [—7, 0] and x € R. (1.8)

Similar to the classical Fisher—KPP equation, the spreading speed co(t) for time-delayed
reaction—diffusion equation is still linearly determined for both local and nonlocal problems
thanks to the Fisher—KPP type condition.

We refer to [26] for more properties that are induced by time delay in reaction—diffusion
equations, including the well-posedness of initial value problems as well as the role of the
quasi-monotone condition on the comparison principle, and [14,15] for the delay-induced
weak compactness of time-¢ solution maps when ¢ € (0, t] as well as its role in the study of
wave propagation.
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Recently, Du and Lin [10] proposed a Stefan type free boundary to the Fisher—KPP equa-
tion
Uy = Uy +u(l —u), gt) <x <h(), t >0,
u(t,g(t) =0, g'(t)=—pu.t, g@), t>0, (1.9)
u(t,h(t)) =0, h'(t) = —puy(t,h(@)), t >0,

where the free boundaries x = g(¢) and x = h(t) represent the spreading fronts, which are
determined jointly by the gradient at the fronts and the coefficient p in the Stefan condition.
For more background of proposing such free boundary conditions, we refer to [4,10]. It was
proved in [10] that the unique global solution (u, g, i) has a spreading-vanishing dichotomy
property as t — oo: either (g(¢), h(t)) — R and u — 1 (spreading case), or g(t) — goo>
h(t) = hoo With hoo — goo < 7, and u — 0 (vanishing case). Moreover, it was also proved
that when spreading happens, there is a constant kg > O such that —g(¢) and k(¢) behave like
a straight line kot for large time, where kj is called the asymptotic speed of spread (spreading
speed for short). Different from the classical Fisher—KPP speed, kg is the unique value of ¢
such that the following nonlinear semi-line problem is solvable:

q" —cq' +q(1 —¢q) =0, z>0,
g(0) =1, ug (0)=c, g >0,z<0, (1.10)
q(z) =0, z <0,

where q; (0) is the right derivative of g(z) at 0. In particular, as p increases to infinity, ko
increases to the classical Fisher—KPP speed 2. Later on, Du and Lou [11] obtained a rather
complete characterization on the asymptotic behavior of solutions for (1.9) with some general
nonlinear terms. For further related work on free boundary problems, we refer to [8,9,12]
and the references therein.

In this paper, we aim to explore how to incorporate time delay and free boundary into the
Fisher—KPP equation (1.1)—(1.2) so that the problem is well-posed, and then study their joint
influence on the propagation dynamics.

Keeping a smooth flow for the organizations of the paper, we write down here the problem
of interest while leaving in the next section the derivation details, including the emergence
of the compatible condition (1.12) for the well-posedness of the initial value problem.

ur(t, x) = uyx(t,x) —du(t,x) + f(u( —t,x)), x € (g(t), h(t)), t >0,

u(t,g(1) =0, g'(t) =—puc, g@)), t>0,
u(t,h(t)) =0, h'(t) = —puy(t, h(1)), t>0,
u(97x) = ¢(97x)7 g(e) < X g h(9)7 6 € [_T! 0]7

(P)
where d and 7 are two positive constants, the nonlinear function f satisfies

f(s) € CV ([0, 00)) forsome ¥ € (0, 1), f(0)=0, f(0)—d > 0;
f(s) —ds = 0 has a unique positive constant root u*;

£ (s) is monotonically increasing in s € [0, u™];

@ is monotonically decreasing in s € [0, u™*],

and the initial data (¢ (0, x), g(0), h(0)) satisfies

(H)

¢ (0, x) € C2([—7,0] x [g(0), h(D)]),
0 <@, x) <u* for (0,x) € [—1,0] x (), h(6)), (1.11)
¢@,x)=0 for6 e[—1,0], x ¢ (g(9), h(0)),
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as well as the compatible condition
[g(6), h(®)] C [g(0), h(0)] for 6 € [—7,0]. (1.12)

Assumption (H) ensures the Fisher—KPP structure as well as the comparison principle.
Due to the nature of delay differential equations, the initial value, including the initial domain,
has to be imposed over the history period [—t, 0], as in (1.11). The interaction of time delay
and free boundary gives rise to the compatible condition (1.12) that is essential for the well-
posedness of the problem. If t = 0, then the compatible condition (1.12) becomes trivial
and problem (P) reduces to (1.9). First, we obtain the following existence and uniqueness
theorem for (P).

Theorem 1.1 (Well-posedness) For any given initial data (¢ (0, x), g(0), h(0)) satisfying
(1.11) and (1.12), there exists a unique triple (u, g, h) solving (P) with u € C12((0, o0) x
[g(t), h(1)]) and g, h € C'([0, 00)).

With the compatible condition (1.12) we can cast problem ( P) into a fixed boundary problem
and then apply the Schauder fixed point theorem to establish the local existence of solutions.
The extension to all positive time is based on some a priori estimates. !

From the maximum principle and (H), it follows that when ¢ > 0 the solution # > 0 for
x € (g(t), h(t)), and u,(t, g(t)) > 0 > u, (¢, h(r)), and hence, g’(t) < 0 < h'(¢) for all
t > 0. Therefore, we can denote

oo = lim g(t) and he = lim h(?).
—00 —00
The next theorem gives the long-time behavior of the solution, which is stated as follows.

Theorem 1.2 (Spreading-vanishing dichotomy) Let (u, g, h) be the solution of ( P) with the
initial date (¢ (0, x), g(0), h(0)) satisfying (1.11) and (1.12). Then the following alternative
holds:

Either

(i) Spreading: (geco, o) = R and
lim u(t, x) = u* locally uniformly in R,
—00

or
ii) Vanishing: , hoo) is a finite interval with length no bigger than —2— and
(i) 2 (8o0os hoo) Is afi 8 88 Jroa

lim max u(t,x) =0.
=00 g(1)<x<h(r)

In Sect. 4, we give some sufficient conditions for spreading or vanishing, and see that the

number \/ﬁ plays a key role for the spreading process: If 2(0) —g(0) > \/ﬁ, then
spreading will happen regardless of the choice of u (6, x); while if #(0) — g(0) <

T
A f1(0)—d
and u(0, x) is small, then vanishing will happen. We refer to Lemmas 4.2 and 4.4 for the
details.
When spreading happens, we characterize the spreading speed and profile of the solutions.
The nonlinear and nonlocal semi-wave problem

q" —cq' —dq + f(g(z—c1)) =0, z>0,
g(00) =u*, ug\ (0)=c, qz)>0,z>0, (1.13)
q(z) =0, z <0,

I we sincerely thank Professor Avner Friedman for his valuable comments and suggestions on the proof of
the well-posedness.

@ Springer



Propagation dynamics of Fisher-KPP equation... Page50f38 148

will play an important role. If ¢ = 0 then (1.13) reduces to the local form (1.10). We obtain
the following result.

Theorem 1.3 Problem (1.13) admits a unique solution (c*, qo+) and c* = ¢*(t) is decreasing
indelay t > 0.

Due to the presence of time delay, the proof of Theorem 1.3 highly relies on the distribution
of complex solutions of the following transcendental equation

A —ch—d+ fl(0)e T =0. (1.14)

We refer to Lemma 3.2 and Proposition 3.3, which are independently of interest.

With the semi-wave established above, we can construct various super- and subsolutions
to estimate the spreading fronts h(t), g(¢) and the spreading profile as 1 — oo, and obtain
the following theorem.

Theorem 1.4 (Spreading profile) Let u be a solution satisfying Theorem 1.2(i). Then there
exist two constants Hy and G| such that

lim [A(?) — c*t] = Hy, lim A'(t) = ¢*,
1—00 t—00

lim [g(t) + c*t] = Gy, lim g'(t) = —c¥,
t—00 1—00

. * —

tl~1>nC}o ”M([, ) - QC*(C t+ Hl - .)“LOC([O,h(Z)]) - Oa (115)
. * —

Jim Jutt. ) = e (€t = G 49 1 g0 = 0 (1.16)

where (c*, gc+) is the unique solution of (1.13).

The rest of this paper is organized as follows. In Sect. 2 we derive the compatible condition
(1.12), with which we formulate problem (P) and then establish the well-posedness as well
as the comparison principle. Section 3 is devoted to the study of the semi-wave problem
(1.13). In Sect. 4, we establish the spreading-vanishing dichotomy result. Finally in Sect. 5,
we characterize the spreading speed and profile of spreading solutions of (P).

2 The compatible condition, well-posedness and comparison principle
2.1 The compatible condition

To formulate problem (P), we start from the age-structured population growth law

Pt + pa = D(a) pxx —d(a)p, 2.1

where p = p(¢, x; a) denotes the density of species of age a at time ¢ and location x, D(a)
and d(a) denote the diffusion rate and death rate of species of age a, respectively.
Next we consider the scenario that the species has the following biological characteristics.

(A1) The species can be classified into two stages by age: mature and immature. An individual
at time ¢ belongs to the mature class if and only if its age exceeds the maturation time
T > (. Within each stage, all individuals share the same behavior.

(A2) Immature population does not move in space.
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The total mature population u at time ¢ and location x can be represented by the integral

u(t,x) = /00 p(t,x;a)da. 2.2)

We assume that the mature population # lives in the habitat [g(¢), h(¢)], vanishes in the
boundary
ut,g®) =0=u(, h@), t>0, (2.3)

and extends the habitat by obeying the Stefan type moving boundary conditions:
W(t) = —puy(t, h(1)), &'(t) = —puy(t, g(0), >0, 24

where p is a given positive constant. Note that the immature population does not contribute
to the extension of habitat due to their immobility, as assumed in (A2).
According to (A1) we may assume that

l,a>rt, _Jd, a>r,
D(a)={0,0<a<t, d(a)_{d1,0<a<r,

where d and d; are two positive constants. Differentiating the both sides of the Equation (2.2)
in time yields
o0 o0
up = / pida = / [=Pa + pxx —dplda
T T
= uyx —du+ p(t,x; ) — p(t, x; 00). (2.5)
Since no individual lives forever, it is natural to assume that
p(t,x;00) =0. (2.6)

To obtain a closed form of the model, one then needs to express p(¢, x; ) by u in a certain
way. Indeed, p(z, x; ) denotes the newly matured population at time #, and it is the evolution
result of newborns at # — t. In other words, there is an evolution relation between the quantities
p(t,x; t)and p(t — 1, x; 0). Such arelation is obeyed by the growth law (2.1) for0 < a < 7,
and hence it is the time-7 solution map of the following equation

— <s <1,
{qs diq, xeR, 0<s <1 @.7)

q0,x) = p(t —1,x;0), x € R.

Thus, p(t, x; 1) = q(7,x) = e_d”p(t—r, x, 0). Further, the newborns p(f—t, x; 0) is given

by the birth b(u(t — 7, x)), where b is the birth rate function with »(0) = 0. Consequently,
p(t,x; 1) = e UTh(u(r — 1, x)). (2.8)

Combining (2.3)—(2.6) and (2.8), we are led to the following system:

Uur(t,x) = uyy(t, x) —du(t, x) + e*d’fb(u(t —17,x)),t>0,x €[gt—1),h(t —7)],

ur(t, x) = uyx(t, x) — du(t, x), t>0,xe[g),h®ONg( — 1), h(t — 1],
u(t,g(t)) =0=ul(t, h(r)), t >0,
B () = —pux(t, h(1), &) = —pux(t, g(1)), t>0.

2.9)

For t > 0, outside the habitat (g(¢), #(¢)) the mature population does not exist, that is,

u(t,x) =0 for t >0, x ¢ (g(1), h(1)). (2.10)
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Clearly, since the habitat is expanding for # > 0, we have
[t —1),ht —D)] C (1), h(D)], 1> 7. 2.11
Hence, the first two equations in (2.9) can be written as the following single one
up(t,x) = uyy(t,x) —du(t, x) + e_d’fb(u(t —17,x)), t>0,xe€[g@),h()], (2.12)

provided that (2.11) holds for + > 0. As such, in view of (2.11) we need an additional
condition
[t —1), h(t — )] C [g(®), k)], t €0, 7). (2.13)

Note that [g(0), #(0)] C [g(2), h(¢)] for t > 0. And as the coefficient & — 0 we have
[g(®), h()] — [g(0), h(0)] uniformly for ¢ € [0, t]. Then, regardless of the influence of w,
(2.13) is strengthened to be

[g(0), h(6)] C [g(0), h(0)] for 6 € [—7,0],
which is the aforementioned compatible condition (1.12).

Setting f(s) := e~4Th(s) in (2.9), we obtain problem (P).

2.2 Well-posedness

We employ the Schauder fixed point theorem to establish the local existence of solutions to
(P), and prove the uniqueness, then extend the solutions to all time by an estimate on the
free boundary.

Theorem 2.1 Suppose (H) holds. For any o € (0, 1), there isa T > 0 such that problem (P)
with the initial data (¢ (0, x), g(0), h(0)) satisfying (1.11) and (1.12), admits a solution

(u, g, h) € CUTO/2IT ([0, T x [g(t), h(1)]) x C'T*/2([0, TT) x C'T*/2([0, T).

Proof We divide the proof into three steps.

Step 1. We use a change of variable argument to transform problem (P) into a fixed
boundary problem with a more complicated equation which is used in [5,10]. Denote /1 =
g(0) and I, = h(0) for convenience, and set hg = %(12 —I1). Let £1(y) and & (y) be two
nonnegative functions in C3(R) such that

. h . h 6

E() =1if[y—b| < f E1(y) =0 if [y — ] > 7" E )] < - fory e R
. ho . ho 6

£0) =1 ifly—hl < &) =0 ifly—h| > 5%, [§O)] < ;- fory €R.

Define y = y(¢, x) through the identity

x=y+&OHE) — L) +&()(gt) —11) fort >0,
x=y for —7 <t <0,

and set

w(t, y) :=ult,y +& 0@ — b))+ &) (W) =) =u,x) fort >0,
w@,y) =¢@,y) for —7 <6 <0.
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Then the free boundary problem (P) becomes

wy — A(g, h, y)wyy + B(g, h, y)wy = f(w(i —7,y)) —dw, y € (I1,12), 1 >0,

w(t, ;) =0, t>0,i=1,2,
w(®,y) = ¢, y), y €ll, 2], 0 € [-7,0],
(2.14)

and
g1 =—pwy(t, ), K'{t)=—pwyt b)), t>0, (2.15)

with f ((t—7, y))= f(ut—1, y)) and[A(g. h, y) =[1+&] () (h(O) ~ 6, () (O —~11] 7. 1.
B(g, h, y) = &/ () (h(t) = 1) + & ()(2(1) — 1D1A(g, h, )
6 (O + £ (A, b, )2

Denote i = —u(u0)y (0, l2),and hy = (1) (0, 11).For0<T < min {
we define Q7 := [0, T] x [I1, l»],

ho
T6(1+hi+ha)° T}’

DI = (h e C1([0, T]) : h(0) = 1o, K'(0) = hy, I — hillcqo.ry < 1),
DS ={g e C([0, TN : g(0) =11, §(0) = —ha, llg' +halicqory < 1).

Clearly, D := D§ X D’; is a bounded and closed convex set of C1([0, T']) x C!([0, T]).
Noting that the restriction on T, it is easy to see that the transformation (¢, y) — (, x) is

well defined. By a similar argument as in [36], applying standard L? theory and the Sobolev

embedding theorem, we can deduce that for any given (g, h) € D, problem (2.14) admits a

unique w(z, y; g, h) € W;‘Z(QT) — CHTH’”“(QT), which satisfies

< Cy, (2.16)

||'UJ||W1£2(QT) + ”w”ClJrTa’H'a(QT) X

where p > 1and C is aconstantdependenton g(0), h(6),«, p and lPllcr2—r,01x[20),h@)])-
Defining / and § by h(t) = L — [y pwy(s.l)ds and §(t) = Iy — [y pwy (s, 1))ds,
respectively, then we have

(1) = —pwy(t, ), h(O) =1, K'(0) = —pw, (0, 1) = h,

and thus 4’ € C% ([0, T]), which satisfies

18105 .y < HC1 =2 Ca. 2.17)
Similarly g’ € C 5 ([0, T), which satisfies
181 % o.77) < HC1 = Ca. (2.18)

Step 2. For any given triple (g, h) € D, we define an operator F by
Fg.h) = (@ .

Clearly, F is continuous in D, and (g, h) € D is a fixed point of F if and only if (w, g, h)
solves (2.14) and (2.15). We will show that if 7 > 0 is small enough, then F has a fixed
point by using the Schauder fixed point theorem.

Firstly, it follows from (2.17) and (2.18) that

1A — hillcqo,rpy < C2T2, 18"+ hallcqo,ryy < C2T2.
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2
Thus if we choose 7" < min {m, 7, C 2_ « }, then F maps D into itself. Consequently,
F has at least one fixed point by using the Schauder fixed point theorem, which implies that
(2.14) and (2.15) have at least one solution (w, g, ) defined in [0, T']. Moreover, by the
Schauder estimates, we have additional regularity for (w, g, h) as a solution of (2.14) and
(2.15), namely,

(w, g, h) € CT/22H((0, T] x [11, ]) x CH2((0, T]) x C'*/2((0, T)
and for any given 0 < ¢ < T, there holds
”w||C]+“/2~2+D‘([£,T]X[11,12]) < C3,

where C3 is a constant dependent on &, g(6), h(0), a and ||¢]|c1.2. Thus we deduce a local
classical solution (u, g, i) of (P) by (w, g, h), and u € C'+*/22+%((0, T] x [g(1), h(1)])
satisfies

lull cr+ar224e e, Tyx g 1) h (1)) < C3-

Step 3. We will prove the uniqueness of solutions of (P). Let (u;, gi, hi), i = 1,2, be
two solutions of (P) and set

wit,y) =ui(t,y +E5E)Hhi@) — L)+ &()(& @) —1)).
Then it follows from (2.16), (2.17) and (2.18) that

< ).

/
002 gy 101 g e < € M g0 ) < 2 18H5 0.1

Set
Wt y) = wit,y) —walt,y), g@t):=g1(t) —g(r), and h(t) :=hi(t) — ha(1),
then we find that w(z, y) satisfies that

— Ax(t, y)iyy + Bo(t, )iy = f(t,y), y € (1. ), t € (0, T),
w(t, ) =wt, 1) =0, te(0,T), (2.19)
w(@,y) =0, yelh, ], 0 €[-1,0],

where
@, y) = (A1 — A2)(wi)yy — (By — B)(wi)y + f(wi(t — 1, ¥) — f(wa(t — 7, y)) — db,

and A; and B; are the coefficients of problem (2.14) with (w;, g;, h;) instead of (w, g, h).
Recalling that 7 < 7, then f(wi(t — 7, y)) — f(w2(t — 7, y)) = 0 forall (¢, y) € Qr,
thus

f(t.y) = (A1 = Ap)(wi)yy — (By — Ba)(wy)y — dib.
Thanks to this, we can apply the L estimates for parabolic equations to deduce that
||w||W1 2o S C4(||g||cl([0 T) T ||h||cl([o T])) (2.20)
with C4 depending on Cy and C;. By a similar argument as in [36], we obtain that

< ~
”w”CI:Eﬂ 1+D,(QT) X C”w”W]gz(QT)

for some positive constant C independent of 7. Thus

1ol 1o g S CCa(lIglcrqo,ry + 1hllcro,rp)- 2.2
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Since ' (0) = K/ (0) — h}(0) = 0, then
[l

This, together with (2.21), implies that

ctqory = HI0xllcs g, S AP 150 e g -

Al crgo,ry < A ||C7( orpy S < CsT? Wglerqory + allergo.rp)-
where C5 = 2uCCy4. Similarly, we have

Igllcrqo,ryy < CsT z Ugllergo.ry + IAllergory)-

As a consequence, we deduce that

18llcrqo.rpll + I2llergo.ry < 2CsT 21l er o,y + I2llerqo.)-

Hence for
ho

_2 2
— G, @C —&},
6l +hi+hy © 27 6

T := min{
we have
gl qo,rpll + ||h||c1 [0,7]) (||g||c1 0,71 + ||h||cI [0,7])-

This shows that g = 0 = h for 0 <t < T,thusw =0in[0, T] x [I1, [>]. Consequently, the
uniqueness of solution of (P) is established, which ends the proof of this theorem. O

Lemma 2.2 Assume that (H) holds. Then every positive solution (u, g, h) of problem (P)
exists and is unique for all t € (0, 00).

Proof Let [0, T;,,,) be the maximal time interval in which the solution exists. In view of
Theorem 2.1, it remains to show that 7;,,, = co. We proceed by a contradiction argument
and assume that 7,,,,x < 00. Thanks to the choice of the initial data, the comparison principle
implies that u(t,x) < u* for (r,x) € (0, Tyuax) X [g(t), h(r)]. Construct the auxiliary
function

it x) = u*[2M(h(t) — x) = M*(h(t) = x)*], t € [~T, Tax), x € [(t) = M~ ()],

where

2
h(—1) —g(—1) " 3u* r<9<0

M := max {\/g, ”¢(9 )Hcl (9),]1(9)])}.
It follows the proof of [10, Lemma 2.2] to prove that there is a constant Cy independent on
Tnax such that ' (1) < Co fort € (0, T4x). The proof for —g’ (1) < Cp for t € (0, Tppay) is
parallel.

Letusnow fix € € (0, Tjqx ). Similar to the proof of Theorem 2.1, by standard L7 estimate,
the Sobolev embedding theorem and the Holder estimates for parabolic equation, we can find
C1 > 0 depending only on €, Ty4x, u™, ho, ”(P”C1v2([—r,0]x[g(0),h(0)]) and Cy such that

lullcrterzata (e, 1,5 1x g (), 0] < C1-

This implies that (u, g, 1) exists on [0, T4y ]- Choosing t,, € (0, T4y ) With t,, 7 Tpy4x, and
regarding (u(t, — 6, x), g(t, — 0), h(t, — 0)) for 8 € [0, t] as the initial function, it then
follows from the proof of Theorem 2.1 that there exists so > 0 depending on Cp, C| and

* independent of n such that problem (P) has a unique solution (u, g, &) in [t,, t, + so].
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This yields that the solution (u, g, k) of (P) can be extended uniquely to [0, t,, + so). Hence
ty + 5o > Timax When n is large. But this contradicts the assumption, which ends the proof
of this lemma. ]

Proof of Theorem 1.1: Combining Theorem 2.1 and Lemma 2.2, we complete the proof. O

2.3 Comparison principle

In this subsection, we establish the comparison principle, which will be used in the rest of
this paper. Let us start with the following result.

Lemma 2.3 Suppose that (H) holds, T € (0,00), g, h € C'([—t,T]), u € C(Dr) N
C1’2(DT)satisﬁesﬂ < u*in Dy with Dy = {(t,x) € R?2: -7t <t <T, g() <x < h(1)},
and

Uy 2 ey —du+ f@t —1,x), 0 <t <T, g(t) <x <h(),
W=0, ()< —pix, 0<t<T, x=g0.
7=0, K1) > —ui,, 0<t<T, x=h)

If[g(0). h(0)] < [8(6), h(B)] for 6 € [—7,0] and u(6, x) € C*([—7,0] x [g(0), h(6)])
satisfies

¢ O, x) <u@,x) <u* in[-7,0] x [g(0), h(H)],
then the solution (u, g, h) of problem (P) satisfies g(t) > g(t), h(t) < h(t) in (0, T, and
u(t,x) <u(t,x) for(t,x) € (0,T] x (g(t), h(t)).
Proof We integrate the ideas of [10, Lemma 5.7] and [26, Corollary 5] to deal with free
boundary and time delay.
Firstly, for small € > 0, let (u¢, ge, he) denote the unique solution of (P) with g(6)
and h(9) replaced by g.(0) := g(0)(1 — €) and he(0) := h(0)(1 —€) for 6 € [—7,0],

respectively, with u replaced by we = u(l — €), and with ¢ (0, x) replaced by some
(0. x) € CV2([~7, 0] x [ge(6), he (9)]), satisfying

0 <¢e(0,x) <P0,x), ¢c(0,8c(0)) = pe (0, he(0)) =0
for 6 € [—7,0], x € [ge(0), he (0)],

and for any fixed 6 € [—7,0] as € — 0, ¢ (0, x) — ¢ (0, x) in the C%([g(8), h(6)]) norm.

We claim that (1) < h(t), g<(t) > g(t) and uc(t, x) < u(t, x) for all t € [0, T] and
X € [ge(t), he(t)]. Obviously, this is true for all small + > 0. Now, let us use an indirect
argument and suppose that the claim does not hold, then there exists a first #* € (0, T'] such
that

ue(t, x) <u(r,x) for 1 €[0,1%), x € [ge(1), he(t)] C (8(1), h(1)),

and there is some x* € [g¢ (1), he (1*)] such that ue (1%, x*) = u(t*, x*).
Later, let us compare u and u over the region

Qe i={(t,x) e R?:0 <1 < 1", ge(t) < x < he(D)).
An direct computation shows that for (¢, x) € Q*,

W —ue)r — (U —ue)xx +d@ —ue) 2 fult —7,x) — flue(t —7,x)) 20,
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it then follows from the strong maximum principle that
ue(t,x) < u(t,x) in Q. (2.22)

Thus either x* = h (1) or x* = g(¢*). Without loss of generality we may assume that
X* = he(t*), then u(t*, he (1)) = uc(t*, he(t*)) = 0. This, together with (2.22), implies
that u, (1™, he (1)) < (ue)x (t*, he (17)), from which we obtain that

() = —pe (e (1%, he (1)) < —pite (5, he (1) =1 (7). (2.23)

As he(t) < h(r) for 1 € [0, %) and he (t*) = h(r*), then h.(t*) > I (1*), which contradicts
(2.23). This proves our claim.

Finally, thanks to the unique solution of (P) depending continuously on the parameters in
(P),as e — 0, (ue, ge, he) converges to (u, g, h), the unique of solution of (P). The desired
result then follows by letting € — 0 in the inequalities u. < #, g > g and he < h. O

By slightly modifying the proof of Lemma 2.3, we obtain a variant of Lemma 2.3.

Lemma 2.4 Suppose that (H) holds, T € (0,00), g, h € C'([-7,T]), u € C(Dr) N
CY2(Dr) satisfiesu < u* in Dy with Dy = {(t,x) e R?: —t <t < T, 5(t) < x < h(0)},
and

U U —du+ fu(t —1,x),0<t<T, g(t) <x <h(),
u>u, 0<t<T, x=3@),
=0, K(t)> —pi, 0<t<T, x=h),

with g(t) > g@) in [0,T], h(®) < h(®), ¢(©0,x) < u®,x) for 6 € [—7,0] and x €
[g(0), h(B)], where (u, g, h) is a solution to (P). Then

h(t) <h(t)in (0, T1, u(x,t) <u(x,t)for(t,x) € (0, T] x (g(t), h(2)).

Remark 2.5 The function u, or the triple (u, g, 1), in Lemmas 2.3 and 2.4 is often called a
supersolution to (P). A subsolution can be defined analogously by reversing all the inequal-
ities. There is a symmetric version of Lemma 2.4, where the conditions on the left and
right boundaries are interchanged. We also have corresponding comparison results for lower
solutions in each case.

3 Semi-waves

This Sect. is devoted to proving the existence and uniqueness of a semi-wave ¢ (z) of (1.13),
which will be used to construct some suitable sub- and supersolutions to study the asymptotic
profiles of spreading solutions of (P). Let us consider the following nonlocal elliptic problem

{q”—cq’ —dq + f(gz—c1) =0, 2> 0,

q(2) =0, 2<0, G.D

where ¢ > 0 is a constant.

If z is understood as the time variable, then we may regard problem (3.1) as a time-delayed
dynamical system in the phase space C ([—ct, 0], R?). When ¢t = 0, the phase space reduces
to R? and it follows from the phase plane analysis that (3.1) admits a unique positive solution
q0(2), which is increasing in z and go(z) — u™ as z — oo. When ct > 0, the phase space is
of infinite dimension and the positivity and boundedness of the unique solution are not clear.
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Proposition 3.1 Suppose (H) holds. For any given constant ¢ > 0, problem (3.1) has a
maximal nonnegative solution q.. Moreover, either q.(z) = 0 or q.(z) > 0 in (0, c0).
Furthermore, if q. > 0, then it is the unique positive solution of (3.1), g.(z) > 0 in (0, c0)
and q.(z) — u*asz — oo, inaddition, for any given constant ¢\ < c, one has q.(z) < qc, (z)
forz € (0, 00), and (qc); (0) < (qe,), (0).

Proof We divide the proof into four steps.
Step 1. Problem (3.1) always has a maximal nonnegative solution g and it satisfies

g <u* forz € [0,00).

Clearly, 0 is a nonnegative solution of (3.1). For any / > 0, consider the following problem:

{w”—cw’—dw—i—f(w(z—ct))=0,0<Z<l, 3.2)

w() =u*, w() =0, z<0.

It is well known problem (3.2) admits a unique solution w'(z) > 0 for z € (0, ]. Applying
the maximal principle, we can deduce that w! (z) < u* for z € [0, I]. Moreover, it is easy to
check that w!(z) is decreasing in / > 0 and increasing in z € [0, /] and

wl(z) — W(z) asl — oo,

where W (z) is a nonnegative solution of problem (3.1) and it satisfies W(z) < u™ for
z € [0, 00).

In what follows, we want to prove that W is the maximal nonnegative solution of (3.1).
Let g be an arbitrary nonnegative solution of (3.1), then g (z) < u™ for z € [0, 00). If ¢ = 0,
then ¢ < W. Suppose now g >, # 0, then ¢ > 0 in (0, 00). Let us show ¢(z) < W(z) for
z € [0, 00).

Firstly, for any fixed / > 0 we can find M > 0 large such that Mw!(z) > ¢(z) for
z € [0, []. We claim that the above inequality holds for M = 1. On the contrary, define

Moy :=inf(M > 0: Mw'(z) > q(z) forzel0,1]},

then My > 1 and Mow!(z) >, # q(z) for z € [0, ]. Thanks to the monotonicity of wl(z)
in z € [0, 1], then there is zg € (0, ) such that Mow'(z0) = u* and Mow'(z) < u* for
z € [0, zo). It is easy to check that ¢(z9) < u*. Then the strong maximal principle yields
that Mo(w')’'(0) > ¢’(0) and Mow'(z) > ¢(z) for z € (0, zo]. Thus we can find a constant
0 < € < 1 such that

My :=My(1+e)~ ' > 1, Mw'(z) > q(z) forz e (0,z], (3.3)

and lel(zo +2) > u* forZ = min{ct, I —z0}. So thereis z; € (0, Z] such that M, w! (zo+
z1) = u* and Mjw!(zo + z) > u* forz € (z1,1 — 20].

Later, we want to prove that M wl(z) > q(z) for all z € (z0, /]. Combining the definition
of z1, we only need to prove M wl(z) > q(z) forall z € (z0, zo+z1]. Since M wl(z) > q(2)
for z = z9 + z1 and z = zg, and for z € (29, zo + z1),

(lel — q)” — c(M1 w' — q)/ — d(M1wl —q)
= fq(z =) — M1 f(w'(z — cT))
< flq(z — ) — f(Mw'(z — c1)) <0,

where the monotonicity of f(v)/vand f(v)inv € [0, u*] and the fact where M wl(z—ct) >
g(z — c7) for z < zo + z1 are used. The comparison principle yields that Mjw'(z) > ¢(z)
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for all z € [zo,z0 + z1]. This, together with the definition of z; and (3.3), yields that
Miw(z) > q(z) forall z € (0, [], which contradicts the definition of M. Then wl(z) > q(2)
for z € [0, [] is proved.

Finally, letting [ — oo, we deduce that

W(z) = q(z) forz € [0, 00),

as we wanted. Thus Step 1 is proved.

Step 2. For any ¢ > 0, if ¢ is a positive solution of (3.1), then ¢/, (0) > 0, ¢’(z) > 0 for
z € (0,00), and g(z) — u* as 7 — oo.

Since ¢ > 0 for z > 0, then the Hopf lemma can be used to deduce ¢/, (0) > 0, it follows
that ¢’(z) > 0 for all small z > 0. Setting

y*i=sup{ly >0: gy —2) > qz) forz €[0,y), ¢'(z) >0 forz € (0, y]}.

In the following, we shall show y* = oco. Suppose by way of contradiction that y* € (0, 00),
then

qQy* —2) 2 q(z), and ¢'(z) =20 forz € [0, y™].
Define g(z) = q(2y™ — z) for z € [y*, 2y™*], then
§"—cqd' —dg+ f(G@z—ct) = —2cq:, §=2y"—2z€[0,y"]
Let us set
0@z y") = 0@ =4 —q@ =qE) —qy* —§).
Then Q < 0 for z € [y*, 2y*] and it satisfies

{ Q" —cQ —dQ = f(gz—c1)) — f(G(z—cT)) —2¢q: <0, y* <z <297,
0(y") =0, 0Qy*)=—qQy* <0.

The strong maximal principle and the Hopf lemma imply that

0() <0, ze " 2y". Q' <0.

It follows the continuity that for all small ¢ > 0,

34

O +ey +e) <0, Q@y*+se) <0 forze(y*+e 2y +2¢],

which implies that g(2y* + 2¢ — &) > (&) for & € [0, y* + ¢). Moreover, since Q' (y* +
g, y*+¢e) = —2qg'(y* + ¢), it then follows that ¢’(y* + &) > 0. But these facts contradict
the definition of y*. Thus the monotonicity of positive solutions of (3.1) is established.

Next, we consider the asymptotic behavior of positive solution g of (3.1). The monotonicity
of ¢ in z > 0 implies that there is a constant a > 0 such that lim,_, o g(z) = a. We claim
that a = u*. For any sequence {z,} with z, — oo as n — oo, define ¢,(z) = q(z + z)-
Then g, solves the same equation as g but over (—z,, 00). Since ¢, < u*, it follows that
there is a subsequence of {g,} (still denoted by {g,}) such that g, — ¢ locally in CZ(R) as
n — o0, and g solves

vV —cv' —dv+ f(v(z—c1) =0, z€R.

On the other hand, it follows from lim,—. g(z) = a that § = a, which implies that
a = u*, as we wanted. Thus this completes the proof of Step 2.
Step 3. We show that problem (3.1) has at most one positive solution.
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Suppose problem (3.1) has two positive solutions ¢g; and g7, then 0 < ¢; < u™ in (0, 00),
and g;(z) - u*as z — oo fori = 1, 2. Define

p* :=inf {ql(z) 17> 0}.
q2(2)

From Step 2 we have (qi);(O) > 0, i = 1,2. Then by L'Hopital’s rule we obtain

Z;Efi > 0, which together with lim,_, 1 o 3;8 = 1 implies that p* € (0, 1]. Next we

show p* = 1. Indeed, assume for the sake of contraction that p* € (0, 1). Define

limzLO

w(z) = q1(2) — p*q2(2).
Then w(z) > 0 forz > 0, w(0) =0, w(+o00) = (1 — p*)u* > 0 and
w” —cw' —dw = —f(q1(z — 1)) + p* f(q2(z — c7)) <0,

where the sub-linearity and monotonicity of f(z) for z € (0, u*) are used. By Hopf’s lemma,
we see that 0 < w’(0) = (¢1)/,.(0) — p*(g2)’,(0), which implies that lim_ o Z;g > p*.
Thus, in view of the definition of p*, we have an zo € (0, +00) such that w(zg) = 0. By
the elliptic strong maximum principle, we infer that w(z) = 0 for z > 0, a contradiction to
w(400) > 0. Therefore, p* = 1, and hence, ¢ (z) > ¢2(z). Changing the role of ¢ and ¢
and repeating the above arguments, we obtain g2 (z) > ¢1(z). The uniqueness is proved.

Step 4. Let us consider the monotonicity of positive solutions in c.

Assume that g, is a positive solution of (3.1). Choose ¢1 < ¢ and let g, be the maximal
nonnegative solution of (3.1) with ¢ = ¢y. Since u* is a supersolution of (3.1), and by Step 2
we know that g, is a subsolution of (3.1) with ¢ = ¢y, in view of the uniqueness of positive
solution of this problem, then we see that g, (z) > ¢.(z) for z € [0, co). It thus follows from
the maximum principle and the Hopf lemma that

4e(2) > qc(z) forz e (0,00), and (ge)(0) > (gc)y (0).

The proof of this proposition is complete now. O

Next we give a necessary and sufficient condition for the existence of a positive solution
of (3.1). For this purpose, we need the following property on the distribution of complex
solutions to a transcendental equation.

Lemma3.2 Letc > 0 and t > 0. Define
Ac(h, 1) =22 —ch—d + f(0)e 7. (3.5)
Then there exists co(t) € (0,2./ f'(0) — d) such that the following statements hold:

(1) Ac(x, ) = 0 has a positive solution if and only if ¢ = co(T);
(1) Ac(X, ) = 0 has a complex solution in the domain

Q= {Ae(C:ReA>O, Im. € (0, l)} (3.6)
cT
provided that ¢ € (0, co(7)).

Before the proof, we note that if 7 = 0 then A.(A, 7) = 0 reduces to a polynomial equation
of order 2. It admits at least one positive solution if and only if ¢ > 2,/ f/(0) — d and exactly

a pair of complex eigenvalues in 2 when ¢ € (0, 2,/ f'(0) — d).
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Proof (i) Note that A (A, T) is convex in A, decreasing in ¢ > O when A > 0, Ag(A, ) > 0
and A.(A, 7) = 0 is negative for some A > 0 when c is sufficiently large. Therefore,
such cq(t) exists.

(ii)) We employ a continuation method with t being the parameter. From the proof of [31,
Theorem 2.1], we can infer that the solutions of A.(A, T) = 0 is continuous in t > 0.
We write A = a(t) + iB(t), where a(t) and B(t) are continuous in T > 0. Separating
the real and imaginary parts of A, (A, t) = 0 yields

{F1 (@, B.7) =0 — B2 —ca—d+ f(0)e ™ cosctp = 0, a7

Fr(a, B, 7) 1= 20f — cf — f'(0)e < sinctp = 0.

We proceed with four steps.
Step 1. If t is small enough, then there is a solution in 2. Indeed, At t = 0, (3.7) admits

2 f1 —_ )2
a solution (a, B) = (%, w>. Note that

aaFl 3ﬁF1 _ 200 — ¢ —2/3
det (aan 95 F> |;=0 = det 28 2a+ec > 0. (3.9)

It then follows from the implicit function theorem that for small 7, A, (A, ) admits a complex

L2 (! — )2
solution near % + iw, and hence, in the open domain 2.
Step 2. For any T > 0, A.(X, t) admits no solution with 8 =0 or § = % when ct > 0.
It follows from statement (i) that there is no solution with 8 = 0 when ¢ < ¢ (7). If B equals

7=, then from the second equation of (3.7) we can infer that @ = 5. Substituting « = 5 and

B = Z into the first equation of (3.7), we obtain 0 = —%cz — (%)2 —d— f’(O)e‘C2’/2, a
contradiction.

Step 3. If a solution «(t) + i () touches pure imaginary axis at some 7 = 7* > 0, then
a’(t*) > 0. We use the implicit function theorem. By direct computations, we have

I F1 0gFy
det(ﬁan 0> lr=r*

det (€~ ctf(0)cosctB —2B — ct f'(0)sinctp
=@ 2B +ct f'(0)sinctB  —c — ct f'(0) coscth
= [—c—ctf (0)cosctB) + 2B + ct f(0)sinctB]* > 0,

where the equality holds if and only if —c —ct f/(0) cosctB = 0and 2B +ct f/(0) sinctB =
0. Taking these two relations into (3.7) with @ = 0, we obtain

{—ﬂz—d—;zo,

(3.9
—c+ 2 =0,

which is not solvable for 8. Therefore,

oq F1 algFl
det (aan aﬁFz |'L’=r* > 0.

On the other hand,
¢ Fy _ , sinctf
<31F2> lr=cx = —cBf7(0) (COSCTﬂ .
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Consequently, by the implicit function theorem we have

@ (WP GpE - | 01,
@) T T NduFr 9pF2) T \8Fy) TV
from which we compute to have

QB* +2dB% + e

01 0gh
det (aa Fy opF) =T

o' (t%) = > 0. (3.10)

Step 4. Completion of the proof. In Steps 2 and 3, we have verified that the perturbed
solution at Step 1 can not escape €2 continuously as t increases from 0 to co. Therefore, it
always stays in . O

Based on the above results, we are ready to give the following necessary and sufficient
condition for (3.1) to have a unique positive solution.

Proposition 3.3 Suppose (H) holds. Problem (3.1) has a unique positive solution q €
C%([0, 00)) if and only if ¢ € [0, co(7)), where co(t) is given in Lemma 3.2.

Proof Firstly, let us employ the super- and subsolution method to show that problem (3.1)
admits a unique positive solution when ¢ € [0, ¢o(7)). The case where ct = 0 is trivial and
the proof is omitted. Fix ¢ € (0, co(7)). It follows from Lemma 3.2 that there exists y > 0
such that

AcO) =22 —ch—d+ 1 —y)f'(0)e ™" =0 (3.11)

has a solution A = o 4+ i in Q.
Claim. The function

ax 3 Sm
v(x) == {5" cospx, px € (553, (3.12)

0, elsewhere,

is a subsolution provided that § is small enough.
Indeed, for Bx € (37”, 57”), we have

Lv](x) :== v"(x) — cv'(x) — dv(x) + f(v(x —cT))
= v) [0 = * — ca —d — [208 — cBltan fx] + f(u(x — c1))

1 .
(1 =) f(0e " cos(B(x — cT)) + f(u(x — 1))

cos Bx
= —(1 =) (0)8e* cos B(x — cT) + f(u(x — c1)).
Choose § > 0 sufficiently small such that

fx —ct) =1 —p)fOux —cr),

= —v(x)

with which we obtain
/ a(x—ct) 3m Sw
Lvl(x) =2 (1 =) fO)[v(x —c7) — e cos B(x —cT)], PBx € -5 )
Clearly, if B(x —c1) € (37” 57”) then v(x — ¢t) = 8¢*® P cos B(x — ct), and hence,
Llv](x) Z20.If B(x —c7) ¢ (37", 57”), then v(x — ¢t) = 0, and hence,

Lv](x) = —(1 — y) £/(0)8e%“ =% cos B(x — cT)
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with S(x — cT) € (37” — Ber, 57” - ﬂcr) \ (37” %”) Since fct < m (as proved in
Lemma 3.2), we obtain cos S(x — ct) < 0 when S(x — cT) € (37” — Ber, 57” — ,BCT) \
(%.%). To summarize, Llvl(x) > 0 for px e (¥, %) and Llvlw) = 0 for

Bx ¢ [37” 57”] The claim is proved.

Having such a subsolution, we can infer that (3.1) admits a positive solution when ¢ €
[0, co(7)). The proof of uniqueness of the solution of (3.1) follows from Proposition 3.1.

Next we show that (3.1) does not admit a positive solution when ¢ > co(7). We employ
a sliding argument. Assume for the sake of contradiction that there is a solution ¢(z). Since
¢ > co(1), Ac(r, T) = 0 admits a positive solution 1. Define w(z) = oe*'? —¢(z), 0 > 0.
Since ¢(0) = 0 and g (4+00) = u*, we may choose o such that w(z) > 0 for z > 0 and w(z)
vanishes at some z € (0, +00). Note that f(«) < f/(0)u. It then follows that

w”(2)—cw'(2)—dw(z) = — f'(Ow(z—ct)+[f(g(z—ct))— f'(0)g(z—cT)] <0, z>0.

(3.13)
By the elliptic strong maximum principle, we obtain w(z) = 0 for z > 0, a contradiction.
The nonexistence is proved. O

Based on the above results, we obtain the solvability of (1.13).

Theorem 3.4 For any given T > 0, let co(t) be given in Lemma 3.2. For each . > 0, there
exists a unique c* = CZ(T) € (0, co(t)) such that (qc*)’_F(O) = %, where qc+(2) is the unique
positive solution of (3.1) with ¢ replaced by c*. Moreover, c,’i (t) is increasing in u with

lim c;(r) = co(7).
—> 00

Proof From Propositions 3.1 and 3.3 , it is known that for each ¢ € [0, c¢o(7)), problem
(3.1) admits a unique solution g.(z) > 0 for z > 0, and for any 0 < ¢1 < ¢ < co(7),
qc,(2) > q¢,(2) in (0, 00). Define

P(0; ¢, 7) := (gc)'y(0). (3.14)

Then P(0; ¢, t) > Oforall ¢ € [0, co(7)) and it decreases continuously in ¢ € [0, co(7)). Let
¢n 1 co(t). For each ¢, problem (3.1) admits a unique solution g, (z). Clearly, g, converges
to some ¢* and (g,,)’ converges to (¢*)’ locally uniformly in z € [0, +00), and g* solves
(3.1) with ¢ = ¢o(7). By the nonexistence established in Proposition 3.3 we obtain ¢* = 0.
In particular,
lim (gc)’, (0) = (¢%)’, (0) = 0. (3.15)
cteo(r)

We now consider the continuous function

n(c; 1) =nulc; ) :i= P0;¢,7) — 5 for ¢ € [0, co(7)).

By the above discussion we know that 7(c; 7) is strictly decreasing in ¢ € [0, co(7)). More-
over, 7(0; t) = P(0; 0, t) > 0 and lim¢q¢,(r) n(c; T) = —co(r) /1 < 0. Thus there exists a
unique ¢* = C;*L(T) € (0, co(t)) such that n(c*; ) = 0, which means that

*

c
(qe) 1 (0) = —.
* n
Next, let us view (cj;,, c;/i) as the unique intersection point of the decreasing curve

y = P(0; ¢, 7) with the increasing line y = ¢/ in the cy-plane, then it is clear that ¢, (7)
increases to co(7) as u increases to oo. The proof is complete. m]
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Remark 3.5 In [11], the authors considered the case t = 0. They obtained that for each
u > 0, there is a unique ¢* = c; (0) € (0, c(0)) such that (g.+)" (0) = %, where g+ (2) is
the unique solution of (3.1) with t = 0 and ¢ = ¢*, and ¢¢(0) = 2/ f/(0) — d. Moreover,
C;*L (0) is increasing in u with

lim c;’;(O) = ¢0(0).
JL—> 00

In the rest of this part, we study the monotonicity of ¢, () in . For any given t > 0, the
unique positive solution of (3.1) with ¢ € [0, co(tr)) may be denoted by g.(z; T). Now we
give the proof of Theorem 1.3.

Proof of Theorem 1.3: For T > 0 and u > 0, let cl’j(r) be given in Theorem 3.4 and
Remark 3.5 for ¢ > 0 and v = 0, respectively. By Propositions 3.1 and 3.3 , we see
that for t > 0 and ¢ € (0, co(t)), problem (3.1) admits a unique positive solution g.(z; 7).
Moreover, g.(z; T) is increasing in z > 0 and decreasing in ¢ € (0, co(7)). Let P(0; ¢, ) be
defined as in (3.14).

Claim. For0 < 11 < 1o, P(0; ¢, 11) > P(0; ¢, 7p) when ¢ € (0, co(12)).

We postpone the proof of the claim and reach the conclusion in a few lines. Note that ¢}, (7)
is the unique positive solution of P(0; ¢, 7) — ﬁ = 0. In view of lim¢s¢y (1) P(0; ¢, 72) =0,
we have c;’; (1) € (0, co(12)). If c;’; (t1) = co(12), then we are done. Otherwise, c;';(rl) IS
(0, co(12)), which, together with the claim, implies that

cu(m) . .
—— = PO; ¢, (t1), 1) > P(0; ¢, (1), 12).
This further implies that c:;(rl) > cl’;(rz), due to the monotonicity of P(0;c, 1) — ﬁ in
c € (0, co(12)). Thus, c;‘;(r) is decreasing in T > 0.

Proof of the claim. Since co(t) is decreasing in T > 0, we see that P(0; ¢, t1) is well-
defined when ¢ € (0, co(72)). By the monotonicity of g.(z; t2) in z > 0, we have g.(z —
c12; 1) < qc.(z — c11; 12). This, together with the monotonicity of f(v) in v, implies that
f(ge(z — cm; 1)) < f(qc(z — ct1; 72)). Consequently,

4. (2 1) — ¢qu(z; ) — dqe(z; ) + f(ge(z — cT13 @) > 0, 2> 0.
Consider the initial value problem

Vv =V, —cv, —dv+ f(u(t,z —c11)), t>0, z>0,
v(t,2) =0, t>0,z<0, (3.16)
v(0, 2) = gc(z; T2).

By the maximum principle we know that v(z, z) is nondecreasing in ¢ > 0 and its limit v*(z)
as t — oo satisfies (3.1) with t = 7. By the uniqueness established in Proposition 3.1, we
obtain v*(z) = q.(z; 71). Therefore,

ge(z; 1) = v(0, 2) < v(1,2) < V(+00, 2) = V™ (2) = qc(z; T1). (3.17)

The claim is proved. O

4 Long time behavior of the solutions

In this section we assume that the initial date (¢ (0, x), g(8), h(0)) satisfies (1.11)—(1.12) and
study the asymptotic behavior of solutions of (P). Firstly, we give some sufficient conditions
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for vanishing and spreading. Next, we prove the spreading-vanishing dichotomy result of
(P). Let us start this section with the following equivalent conditions for vanishing.

Lemma 4.1 Assume that (H) holds. Let (u, g, h) be a solution of (P). Then the following
three assertions are equivalent:

(1) hoo Or 8oo Is finite; (i) hoo — oo < 7/+/ f/(0) — d;

(iii) tl_l)fgo llu(t, )l oo ey, neyy = 0.

Proof “(i)= (ii)”. Without loss of generality we assume /1, < oo and prove (ii) by contra-
diction. Assume that i, — goo > 7/+/ f/(0) — d, then there exists #; > 1 such that

b
h(t)) — —_—
() = 5(0) >~

Let us consider the following auxiliary problem:

Ut = Uxxy — dU + f(U([ - T, .X)), > fl, X € (g(tl)vg(t))a

v(t,E@) =0, &'(t) = —uv,(t, &), t > 1, @
v(t, g(t1)) =0, t>1, ’
&E(t1) = h(t1), v(s,x) =u(s,x), seln—r1,1], x €lgls), his)].

It is easy to check that v is a subsolution of (P), then £(¢) < h(¢) and £(oc0) < oo by our
assumption. Using a similar argument as in [9, Lemma 3.3] one can show that

@, ) = VOlleqgan.con = 0. ast — oo,
where V (x) is the unique positive solution of the problem
V" —dV + f(V) =0 for x € (g(t1), £(0)), V(g(t1)) = V(§(c0)) = 0.
Thus,
lim (1) = —p lim (1, 6(0) = —uV/(§(00)) =3,

for some § > 0, which contradicts the fact that £(c0) < oo.
“(ii)=-(iii)”. It follows from the assumption and [39, Proposition 2.9] that the unique
positive solution of the following problem

Vr =V —dv+ f(v( —1,x)), 1 >0, x € [goo, hoo],
v(t, goo) = (1, hoo) =0, t>0, (4.2)
v(®,x) >0, 0 €[—7,0], x € [0, Aol
withv(@, x) > ¢ (0, x)in[—1, 0] x[g(0), h(0)], satisfies v — Ouniformly forx € [goo, fico]
as t — 00. Then the conclusion (iii) follows easily from the comparison principle.

“(iii)=(i1)”: Suppose by way of contraction argument that for some small ¢ > O there
exists © > 1 such that h(t) — g(t) > #d + 3¢ forallt > tp — t. Let [, :=

10—
w/\/ f'(0) —d + ¢, it is well known that the following eigenvalue problem

{ —pux +do — f/(O)p = rig, 0 <x <1y,
00) = o) =0,

has a negative principal eigenvalue, denoted by A, whose corresponding positive eigenfunc-
tion, denoted by ¢, can be chosen positive and normalized by [l¢| L~ = 1. Set

w(t, x) := ep(x) forx € [0, L],
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with € > 0 small such that

Few)> f'Ocp+ shicp in0, L]
It is easy to compute that for x € [0, /],
wy — wyx +dw — f(w(t — 1, %) = €p[f(0) + 11— f(ep) <O.
Moreover one can see that
O0<Swkx)=€cpx) <u(r+s,x+gta+s)+e), xel0,], sel[-10]
provided that € is sufficiently small. Then we can apply the comparison principle to deduce
u(t+n,x+gt)+e)2>wkx) >0, (t,x)ec[0,00) x(0,l),

contradicting (iii).
“(i1)=(1)”. When (ii) holds, (i) is obvious. This proves the lemma. O

Next, we give a sufficient condition for vanishing, which indicates that if the initial domain
and initial function are both small, then the species dies out eventually in the environment.

Lemma 4.2 Assume that (H) holds. Let (u, g, h) be a solution of (P). Then vanishing happens
provided that h(0) — g(0) < \/ﬁ and |l L= (—=,01x[g©@),h(6)]) IS sufficient small.

Proof Set
_ h©) —g©
2 )
then hg < /(24/ f'(0) — d), so there exists a small ¢ > 0 such that

ho

2

m_(f 0)+e)e" +d > s. 4.3)

For such €, we can find a small positive constant § such that

aud < &e2hd,  f(v) < (f'(0)+e)v forv e [0,8].

Define
k(t) == ho<1 +e— %eigt), w(t, x) := §e”*' cos (222))’ 170 x e RO, KO,
e X
k(0) = ko = ho(l + 5)» w(®, x) = wo(x) := 4 cos (m>

0 € [—1,0], x € [—ko, ko],

and extend w(t, x) by O fort € [—7, 00), x € (—o0, —k()] U [k(t), 00).
A direct calculation shows that for t > 0, x € (—k(t), k(t)),

wr — Wyy +dw — f(w(t — 1, x))
(t—1,x) 7xk'(t) an < X >i| »

72 , w
:[m_g‘f'd—(f(o)“r‘g)

w(t, x) 2k2(1) 2k(1)
w2 , w(t —1,x)
> |:—8+74k2(t) +d—(f (0)+8)7w(t,x) ]w,
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where we have used k'(r) > 0, k(1) > Oforz > Oand ytany > Ofory € (=5, 7).
When ¢ > t and x € (—k(?), k(1)), it is easy to check that
2
T w(t —7,x)
— 4+ d—(f B
8+4k2(t)+ (f(0) +¢) w(t.x)
2

n T
4h3(1 + ¢)?

A=
+d — (f'(0) + e’ >0,

where the fact that cos (%) < cos (%) for (z, x) € [t, 00) x [—k(t), k(¢)] and the

monotonicity of k(¢) in ¢t € [0, o0) are used. If t € [0, t) and x € (—k(t), k(t)), we have
that

2 cos _TXx

T ho(2+¢)
T 4d - (f/(0)+8)e€’M

4h0(1 +¢) cos (%)

+d — (f'(0) +e)efT > 0.

A> —¢e+

+ 7

e —
4h3(1 + ¢)?
Thus we have

Wy — Wy +dw — f(w( —1,x)) 20 in (0, 00) x (=k(2), k(t)).

On the other hand,
2
&“hy _ Tus _ TUs
Ki)= "¢ > ¢ > o8 > _ t, k(1)) = t, —k(t)).
) 5 € 2o e 2k(t)€ Hwy (1, k(1)) = pwy( ()

As a consequence, (w(t, x), —k(t), k(¢)) will be a supersolution of (P) if w(6, x) = ¢ (0, x)
in [—7, 0] x [g(@), h(0)]. Indeed, choose o1 := § cos 2”?, which depends only on w, ho, d
and f. Then when ||¢||L°°([—r,0]><[g(0),h(6)]) < o1 we have ¢(0,x) < o7 < w(d,x) in
[—7,0] x [g®), h(B)], since hg < k(0) = ho(l + %). It follows from the comparison
principle that 4 (¢) < k(t), so

hoo < ho(1 +¢).
This, together with the previous lemma, implies that vanishing happens. O
Remark 4.3 When t = 0, the proof of Lemma 4.2 reduces to that of [11, Theorem 3.2(i)].

We now present a sufficient condition for spreading, which reads as follows.

Lemma 4.4 Assume that (H) holds. If h(0)—g(0) > n/\/ f'(0) — d, then spreading happens
for every positive solution (u, g, h) of (P).

Proof Since g'(t) < 0 < h'(t) fort > 0, we have h(t) — g(tr) > 7 //f'(0) —d for any
t > 0. So the conclusion —gs, = hoo = 00 follows from Lemma 4.1. In what follows we
prove

tl_1>nolo u(t, x) = u* locally uniformly in R. 4.4)

First, it is well known that for any L > 7 /(2,/ f'(0) — d), the following problem
Wix —dW + f(W)=0, xe(-L,L), W(*L)=0,
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admits a unique positive solution Wy, which is increasing in L and satisfies

lim Wy (x) = u™ locally uniformly in R. 4.5)
L—o00

Moreover we can find an increasing sequence of positive numbers L, with L, — oo as
n — oo such that L,, > 7/,/f'(0) —d for all n > 1. Since Wy, converges to u* locally
uniformly in R, we can choose #, such that 4(¢) > L, and g(¢t) < —L, fort > t,. It then
follows from [39] the following problem

wr = Wyy —dw+ f(w(E —t,x)), t>t,+71, x €[—L,, L],
w(t,£L,) =0, t>t, +1,
w(s, x) = u(s, x), s €ty ty + 1], x € [—Ly, Lyl

has a unique positive solution w, (¢, x), which satisfies that
wy, (¢, x) — Wi, (x) uniformly forx € [-L,, L,] ast — o0.

Applying the comparison principle we have w,(t,x) < u(t,x) forallt > t, + 7, x €
[—L,, L,]. This, together with (4.5), yields that

litm inf u(t, x) > u* locally uniformly for x € R. 4.6)
—00

Later, since the initial data ug(s, x) satisfies 0 < uo(s,x) < u* for (s,x) € [—1,0] x
[g(s), h(s)], it thus follows from the comparison principle that

limsup u(t, x) < u* locally uniformly for x € R.
1—00

Combining with (4.6), one can easily obtain (4.4), which ends the proof of this lemma. O
Now we are ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2 1t is easy to see that there are two possibilities: (i) oo — goo <
7w/ f(0) —d; (il) hoo — 8o > 7/+/f'(0) —d. In case (i), it follows from Lemma 4.1
that lim; oo l|u(t, )l Lo (g(r),n())) = 0. For case (ii), it follows from Lemma 4.4 and its
proof that (goo, hoo) = R and u(z, x) — u™ as t — oo locally uniformly in R, which ends
the proof. O

5 Asymptotic profiles of spreading solutions

Throughout this section we assume that (H) holds and (u, g, /) is a solution of (P) for which
spreading happens. In order to determine the spreading speed, we will construct some suitable
sub- and supersolutions based on semi-waves. Let ¢* and g+ (z) be given in Theorem 3.4.
The first subsection covers the proof of the boundedness for |A(z) — c*¢| and |g(¢) + c*¢|.
Based on these results, we prove Theorem 1.4 in the second subsection.

5.1 Boundedness for |h(t) — c*t| and |g(t) + c*t|.
Let us begin this subsection with the following estimate.

Lemma 5.1 Let (u, g, h) be a solution of (P) for which spreading happens. Then for any
¢ € (0, ¢*), there exist small B* € (0,d — f'(u*)), T > 0and M > O such that fort > T,
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(i) [g(@), h(1)] D [=ct, ct];.
(i) u(t, x) = u*(1— Me=F ’) for x € [—ct, ct);
(i) u(t,x) < u*(1+Me P") forx € [g(t), h(1)].

Proof In order to prove conclusions (i) and (ii), inspired by [16], we will use the semi-
wave g+ to construct the suitable subsolution. Here we mainly use the the monotonicity and
exponential convergence of g.».

(1) Since g+ (z) is the unique positive solution of

gl —c*qle —dge + f(ger(z — c*1)) =0, ¢l.(z) >0, 2> 0,
qc+(2) =0, 7 <0, (5.1)
w1(ge)(0) = ¢*, gex(00) = u*,

then it is easy to check that (qc*)’jr(O) > 0. Since qé* (z) > 0forz > 0 and g+ (z) — u* as
z — 00, thus there is zo >> 1 such that ¢/ (z) < 0 for z > zq. Thus there exists Z € (0, 00)
such that ¢ (2) = 0 and ¢/%(z) > 0 for z € [0, Z). This means that g/..(z) is increasing in
7 €10, 2). Let pg € (0, ge+(2)) be small. Define

d+[fw—p) — fwl/p, p>0,
d— f'(w), p=0,

for p > Oandu > p.Then G(u, p) is a continuous function for0 < p < ppand G (u*, p) >
0, Gw*,0) = d — f'(u*) > 0, thus there exists 0 < y « d such that G(u*, p) > 2y
for 0 < p < po. By continuity, there exists p > 0 small such that G(u, p) > y for
u*—p <u <u*,0< p < po.Furthermore, as f(u*) = du*, then there is a constantb > 0
such that

Gu, p) = {

f) —dv <bw* —v) for veu*—p,ul (5.2)
Inspired by [16], let us construct the following function:
u(t, x) := max{0, gex(x + "t + £(@1)) + g (c*t —x +E(@)) —u™ — p(1)}, t >0,
and denote g(r) and h(#) be the zero points of u(t, x) with t > 0, that is
u(t, g(t)) = u(t, h(t)) = 0.

In the following, we will show that (u, g, /) is a subsolution of problem (P). We only
prove the case where x > 0, since the other is analogous. For any function J depended on ¢,
we write J; () := J (¢t — 7) if no confusion arises. For simplicity of notations, we will write

() = —x+ "t HEWR), @) =x+ M t+HEW), ¢ =0 (t—1), &= —1).
Firstly, a direct calculation shows that for (¢, x) € (t, 00) x [0, h(?)],
Nl s =u, —uy +du— ful -7, x)
= &'19- @)+ @O+ fGe @) + f(ger ()
— [(@er (&) + qer (&) —u* — pr) —dWw* + p) = p'.

Assume that §'(r) < 0, and choose & large such that u* — & < g+(¢77) < u* in (7, 00) x
[0, A(2)]. The monotonicity of g.+ and its exponential rate of convergence to u™ at co imply
that if we choose & sufficiently large, then there exist positive constants v, Ky and K such
that

U —ger (f;—) < K()e_‘){f+ < Ke VEDO+c)
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Set p(t) = poe P! with py := %min{ﬁo, g} and 8 := %min{vc*, o}, where «q is the
unique zero point of

de™ —1)—ye? +y=0.

Thus, when g (¢;7) € [u* — p,u*] and (7, x) € (z,00) x [0, h(1)], since g..(z) > 0,
then
Nlul = §'1g0 @) + g @D+ fger (&) + fger (&)
— [(qe (&) + g (&) —u* — po) —dw* + p) — p’
<ylger (&) —u* — ped + blu* — g (G +d(pr — p) — P’
< blu* — g +d(pr —p) — p' — v e
< Kbe VEO+c D poe_ﬁ’[d(eﬁr — 1) — yeﬂf + ﬂ] <0,
provided that & is sufficiently large.

Forthe part g.+(¢;) € [0, u™—p], thenfor (¢, x) € (r, 00) X [0, h(¢)] and sufficiently large
£, there are two positive constants d and d, where d; < 1such thatg/. ((7)+¢/. (¢ T >d,
and

f(%*(f;)) - f(QC*(ff_) + QC*(CJ) —u* - pr)
+dlge (&) — u* = po] < dalu® + pr — g+ (D),

thus we have
Nul = E'lgl ) + ¢l @D+ f@e @G + fger ()
— f(qe (&) + g (&) —u* — po) —dw* + p) — p’

S dig' + dalu* + pr — g (E D]+ blu* — e (65 +d(pe — p) — p’

SdiE + (dr+ D)Ke ™D 4 poe P [dgel T+ d (e — 1) + ]

< diE' + poe P![dre?™ +d(ePT — 1) +28].
Now let us choose & satisfies

di& + Kpoe_ﬁt =0

with £(0) = & sufficiently large, and k := dyeP™ + d(eﬂf — 1) + 2B, then &'(t) < 0. Hence
from the above we obtain that N'[u] < 0 in this part.

Next, let us check the free boundary condition. When x = A(t), we set {1(¢) = —h(t) +
c*t + &) and & (1) = h(t) + ¢*t + &(¢), then

g+ (C1(1) 4 qex (L2(1) = u™ + p(2). (5.3)
We differentiate (5.3) with respect to ¢ to obtain
[q0+(82) — gl D] (R (@) = ¢*) = p' — 2c¢*q (82) — [q.(82) + gL D ]E. 54

By shrinking pg and enlarge & if necessary, then we can see that £, (r) >> 1, and g+ (£2(1)) ~
u*. This, together with (5.3), yields that g« (£1(r)) = p(1). Since g% (z) > 0 > ¢/.(y) for
0<z<landy > 1andgl.(z) \, 0asz— oo, thus we have

0 < gl (£2) < (@en)(0) < gl (£1). (5.5)
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Thanks to the choice of £(¢), we can compute that

€@e)s (0)

- ﬂ)poe—ﬁt_20*Kle—v(é(t)+c*z) >0,
1

(5.6)
where K| is a positive constant, x := dpef? + d(eﬂf - 1) + 2B > 28 and we have used that
by shrinking d; if necessary, then « (g¢+)’, (0) > Bd;.

It follows from (5.4)—(5.6) and the monotonicity of qé* (z) in z that

W (1) < = p(ge) (0) < ulgis(61) — s (82)] = —pu (t, h(2)).

Using (5.3) again, it is easy to see that ¢ (¢) is non-increasing in t > T, thus for all
t>21,

P/ =26 @) —lal- @) +al cE > (

h(t) = c*t = Co := h(T1) — ¢*T1 + £(c0) — £(0). (5.7
Since (u, g, h) is a spreading solution of (P), then there exists 75 > 0 such that
u(ly +Tr + 5, x) 2 u(Ty + 7, x) for 5 €[0, 7], x € [g(7), A(D)],
g1+ 1) <g(Tr+ 1) and W(Ty + T2) = h(T1 + 7).

Consequently, (u, g, /1) is a subsolution of problem (P), then we can apply the comparison
principle to conclude that u(t + 71 + 1>, x) > u(t + Ty, x), h(t + T1 + T») > h(t + Ty) for
t > 0,x € [0, h(t)]. This, together with (5.7), implies that

h(t) —c*t > —-C; fort >0,

with C| := |€'0| +h(T)+Tr+ 1)+ c*(T1 + T» + v). Similarly, by enlarging C if necessary,
we can have g(¢) + ¢*t < Cp for ¢ > 0. Thus result (i) holds for large T'.

(i1) From the proof of (i), it is easy to see that u(t + 7>) > u(t,x) for t > T;. The
monotonicity of g.+ and its exponential rate of convergence to u™ at co can be used again to
conclude that for any ¢ € (0, ¢*) there exist constants v, K > 0 such that for any x € [0, ct]
and ¢t > 0,

W= e (X + €1+ E() S —ge (€ +E(1) < Ke O
Ger (=3 + T 1+ E(D) 2 gor (€ = )t +8(1)) > u* — Ke M=l
Based on above results, we can find 73 > Tj + T» large such that for # > 73 and x € [0, ct],
u(t,x) = ger(x +c*(t = o) +&(t — 1)) + gex (—x + *(t = T2) +&(t — T2))
—ut = poeﬁ(I—Tz)
> — ke @ -oeTE =T ] L BaTo) 5 x e
where M > 0 is sufficiently large and g* := 1 min {v(c* —¢), B, d — f'(u*)}. The case
where x € [—ct, 0] can be proved by a similar argument as above. The proof of (ii) is now
complete.

(iii) Thanks to the choice of the initial data, we know that for any given 8* > 0 and
M > 0,

u(t,x) <u*+ Mu e Pt for (t,x) € [0,00) x [g(t), h(D)].
This completes the proof. O
Next we prove the boundedness of 4 (¢) — ¢*t and show that u (¢, -) & u™ in the domain

[0, h(t) — Z], where Z > 0 is a large number.
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Proposition 5.2 Assume that spreading happens for the solution (u, g, h). Then
(i) there exists C > O such that
|h(t) — c*t| < C forall t > 0; (5.8)
(ii) for any small ¢ > 0, there exist Z, > 0 and T, > 0 such that
lu(t, ) — u™llLeqo,n)-z.) < u'e for t > Tg. (5.9

Proof In order to prove conclusions in this proposition, inspired by [12], we will use the semi-
wave g+ to construct the suitable sub- and supersolution. Compared with [12], our problem
considers the case where T > 0. Due to v > 0, there will be some space-translation of the
semi-wave ¢+, which make our problem difficult to deal with. To overcome this difficulty,
we mainly use the the monotonicity and exponential convergence of g.+. Moreover, this idea
also be used in the proof of Lemma 5.6. For clarity we divide the proof into several steps.

Step 1. To give some upper bounds for /(¢) and u(t, x).

Fix ¢ € (0, ¢*). It follows from Lemma 5.1 that there exist 8* € (0,d — f'(u*)), M > 0,
and T > Osuch thatfort > T,Lemma 5.1 (i), (ii) and (iii) hold. Thanks to (H), by shrinking
B* if necessary, we can find p > 0 small such that

d— f’(v)e’s*r > p* forvelu*—p,u*+pl. (5.10)

For any T, > T + t large satistying Mu*e P (1) %, there is M’ > M such that
M'u*e P =0 < p. Since qc+(2) = u* as z — oo, we can find Zy > 0 such that

(1+ M'e P T4 g (Zo) = u™. (5.11)
Now we construct a supersolution (u, g, h) to (P) as follows:
h(t) = c*(t = T) + (T + 1)+ KM (e P T — P 4 2y for 1 > T,
i(r, x) ;= min { (1 + M'e P ) gee (h(t) — x), u*} for 1 > To, x < h(1),

where K is a positive constant to be determined below. )
Clearly, for all t > Ty, u(t, g(¢)) > 0 = u(z, g(r)), ﬁ(t, h(t)) =0, and

—piie (1, h(0)) = (1 +M'e 1) (ge), (0) = (14 M'e P )
<+ MKB e P =0 @),

if we choose K with K 8* > c*. By the definition of & we have h(Ty + s) < h(Ty + s) for
s € [0, t]. It then follows from (5.11) that for (s, x) € [0, t] X [g(Tx + 5), h(Tx + )1,

(14 M'e P TN g (R(Te 4 5) — x) = (1 + M'e P TFD) g (Zg) > u*,

which yields that it (T +s, x) = u™ > u(Ty+s, x) for (s, x) € [0, T]1x[g(Tx+s), h(Te+s)].
‘We now show that

Nl i= ity — gy +dit — f@(t —1,x) =0, xe€[gt),h(@®)], t>Tu+1. (5.12)

Thanks to the definition of u(z, x) and the monotonicity of g+ (z) in z, we can find a decreasing
function n(t) < h(t) fort > T,, such that

>u*, x < n(),
(1+ M'e™P g (h(1) — x) § = u*, x = n(0),
< M*, X € (n(t)a I/_l(t)]a

@ Springer



148 Page 28 of 38 N. Sun, J. Fang

which implies that

i(t,x) =u* forx <n(t), and a(t,x)= (1 +M/e*ﬂ*’)qc*(fz(r) —x) forx € [n(t), h(1)].

As Nu* = 0, thus in what follows, we only consider the case x € [n(t), i_z(t)]. Set g; =
g+ (ﬁ, — x) for convenience. A direct calculation shows that, fort > T, + 7,

Nl : =iy — gy +diu — fut — 1, x))

= B Me P g + (1+ Me P VKB Me P g + f(go)
_ f((l + M/e—ﬁ*a—r))q )

= M'e P! f(qo) + KB (1+ M'e " )ql — B g} + 1(q0)
— f((1+ M P 0)g,)

> M'e P KB (1+ MeP)gl.
= [/ + oM D)g0)ePT — d)gr - Brqc-].

for some 6 € (0, 1). Since

() — ™Y
qe+(2) = u* and (q;(é))i';: — K asz— o0, (5.13)
c* -

where k* := ¢* — \/(c*)2 +4(d — f'(u*)) < 0, there are 7o > 0 and k; > O such that
qr(2) <0, ge(z) >u*—p and gl(z —2c*1) < kigl-(2) for z > zo. (5.14)
Moreover, we can compute that
AR(t) = h(t) — he(t) = 't + KM'e P (P™ — 1).
For any given K > 0, by enlarging T if necessary, we have that
Ah() € [¢*t, 2¢*1] for t > T.. (5.15)
When /i; — x > zp and t > T} + 7, it then follows that
B:=KB*(1+Me P gl — [(f/((1+0Me P g )P ™ — d)g, — B*qe+]
> [d = f1((1+0MeD)ge)e! ™ — Bge + KB qie + B (ar — gc0)
> KB*ql(h(t) — x) — B*ql(h(t) — x — OAR(1))AR(r) (with 6 € (0, 1))
> (K = 2kic* D) g (h(t) = x) > 0

provided that K is sufficiently large, and we have used M’ e BT yx < pfort > Ty,
q.+(z) >0 for z > 0, (5.10), (5.14) and (5.15). Thus NTit] > 0 1in this case.
When 0 < hy —x < zg and ¢ > Ty + 7, for sufficiently large K, we have

Nl = M'e P [KB* Dy — Dou*eP’™ — g*u*] > 0,

where D := minge[0,zo4+2c*7] qé,* (z) >0, Dy := MaXye[0,2u*] f'(v), and (5.15) are used.
Summarizing the above results we see that (i, g, ) is a supersolution of (P). Thus we
can apply the comparison principle to deduce

h(t) < h(t) and u(t,x) <i(t,x) <u*+Mu*e P" forx egt), h(t)], t > Ty.
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By the definition of i we see that, for C, := h(T, + 1) + Zo + KM’, we have
h(t) < c*t+ C, forallt > 0. (5.16)
For any ¢ > 0, if we choose T (¢) > T, large such that M'e=P T o g, then we have
u(t,x) <, x) <u*(1+e¢), xelg@),h®)], t>Ti(e), (5.17)

which ends the proof of Step 1.

Step 2. To give some lower bounds for A (¢) and u(¢, x).

Let ¢, M, T and B* be as before. By shrinking c if necessary, we can find 7* > T + ¢
large such that

Mute P < g for t > T* and h(T*) — cT* > c*1. (5.18)

We will define the following functions
gy =ct, h(t)=c*(t =T +cT* —oMEe P T —e Py, 1 >71%,
u(t,x) = (1= Me P g (h(t) —x), t>T* xe€lg@),h®)],

where o is a positive constant to be determined later.
We will prove that (u, g, &) is a subsolution to (P) for r > T*. Firstly, fort > T*,

g(l,g([)) =u(t, —ct) <u* — Mu*e P <u(t,—ct) = u(t,g(t)).

Next, we check that i and u satisfy the required conditions at x = h(¢). It is obvious that
u(t, h(tr)) = 0. If we choose o satisfying o8* > c*, then

—pa (1, h(1)) = p(1 = Me ) (ge) (0) = ¢*(1 = Me ™)
>c*—oMB e P =10 ().
Later, let us check the initial conditions. From Lemma 5.1, it is easy to see that
h(T* +5) < cT*+c*t <h(T* +5),
u(T* +s,x) <u(1-— Me‘ﬁ*(T*”)) < u(T* + 5, x),

fors € [0, 7] and x € [g(T™* +5), h(T* + 5)].
Finally we will prove that u, —u, +du — f(u(t — t,x)) < Ofort > T* 4 7. Put
z="h(t) — x and g; = g (h(t — t) — x). It is easy to check that

Nl =u, —u, +du— fult —1,x))
< Me_ﬁ*’{ﬂ*qc* —op*(1 = Me P ) gl + [f/((1 — O MeF =) g,) e T — d]qf},

for some 6 € (0, 1). It follows from (5.13) that there are two constants z; > 0, k; > 0 such
that

qé’*(z) <0, ge(2) >u*— and qé*(z —c*1) < kgqé*(z) for z > z;. (5.19)

ST

Moreover, we can compute that
AR(t) == h(t) — h, (1) = ¢t —oMe P (PT —1).
For any given o > 0, by enlarging 7* if necessary, we have that

Ah(t) €[0,c* 1] for t > T*. (5.20)
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When i, —x > z1 and t > T* + 7, it then follows that
C:=pB*qe — 0,8*(1 — Meiﬂ*t)qé* + [f’((l — 6 Mefﬁ*(tﬁ))qf)eﬁ*r — d]qt
<[F((1=0Me™P D) q0)eP T —d + B*]gr — 0B gl + B (Ger — g0)
< —0B*qe (h(t) — x) + B*qu (h(1) — x — 61 AR AR(1)  (with ) € (0, 1))
< (kac™t = 0) B qes (h(1) — x) <O
provided that o is sufficiently large, and we have used (1 — 91Me_ﬂ*(’_f))qf € [u*—p, u*]

and (5.18) for r > T*, and (5.10), (5.19), (5.20). Thus N[u] < 0 in this case.
When 0 < h, —x < zjandt > T* + 1, for sufficiently large o, we have

P
2u*

Nu] < Mefﬁ*t[ﬁ*u* - 0,8*(1 - eiﬂ*r)Dﬁ + Déu*eﬂ*r] <0,

where D| 1= mine[o,;, +c+¢] g (z) > 0, D) := maxyeqo,24+] f'(v) and (5.20) are used.
Consequently, (u, g, ) is a subsolution to (P), then the comparison principle implies that
h(t) < h(t), wu(t,x) <u(t,x) for t =T x elgt), h(n)],
which yields that
h(t) = h(t) — oz |h(t) — h(1)| = ¥t — C; forallt >0, (5.21)

where C; = max;ejo,7+] |1(t) — h(t)|+c*T* 4+ o M. Combining with (5.16) we obtain (5.8).
On the other hand, for any & > 0, since g+ (00) = u*, there exists Z;(g) > 0 such that

qcx(z) > u*(l - %) forz > Zi(e).
It follows from (5.21) and (5.16) that
h(t) —x =2 c*t—=C/—x 2 h(t) = C, — C; — x 2 Zy(¢) for 1 > T*,
which yields that for (f, x) € ®1 1= {(t,x) : ¢t <x < h(t) = C, — C; — Z1(e), t > T*},

u(t,x) > ult, ) > (1= Me g (Z1(0) > (1 = MeP7)(1 - %)

Moreover, if we choose T»(¢) > T* such that 2Me P T2®) < &, then
2
u(t, x) > u*(l - %) > u*(1—¢) for(r,x) € dy and 1 > To(e), (5.22)

which completes the proof of Step 2.
Step 3. Completion of the proof of (5.9). Denote T, := T1(¢) + T2(¢) and Z; := C, +
Ci + Z1(¢g), then by (5.17) and (5.22) we have

lu(t,x) —u*| <u'e forO<x <h(t)—Zg, t > T,.
This yields the estimate in (5.9), which completes the proof of this proposition. O
Using a similar argument as above we can obtain the following result.
Proposition 5.3 Assume that spreading happens for the solution (u, g, h). Then
(i) there exists C' > 0 such that

lgt) +c*t| < C' forallt > 0; (5.23)
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(ii) for any small ¢ > 0, there exists Z.. > 0 and T > 0 such that

||Lt(l, ) — u*||L°°([g(l)+Zé,0]) < u*e forl > Té{ (524)

5.2 Asymptotic profiles of the spreading solutions

This subsection is devoted to the proof of Theorem 1.4. We will prove this theorem by a
series of results. Firstly, it follows from Proposition 5.2 that there exist positive constant C
such that

—C <h(t)—c*"t<C fort>0.
Let us use the moving coordinate y := x — ¢*¢ + 2C and set

hi() :=h(t) —c*t +2C, g1(t):=g(t)—c*t+2C fort >0,
andu (¢, y) :=u(t,y +c*t —2C) fory e [gi(®),h ()], t = 0.

Then (11, g1, h1) solves

() = )y + )y —dur + fui(t =7,y +*1)), g1(t) <y <hi(1), t >0,

ur(t,y) =0, g1(t) = —p(ur)y(, y) — ¢, y=gi1(), t >0,
up(t,y) =0, hj(t) = —pu(uy),(t, y) — c*, y=nhi@), t>0.
(5.25)
Let t, — oo be an arbitrary sequence satisfying 7, > t for n > 1. Define
vt y) =ui(t +ty,y), Hy(t) =hi(t +1,), kn(t) = g1(t + ).
Lemma 5.4 Subject to a subsequence,
Hy(t) > H in Cjpl” (R) and llog =V 10, =0, (5.26)

loc n

wherev € (0,1), Q, ={(t,y) e Q: y< H,(t)}, Q={(t,y): —oo <y < H(t),t € R},
and (V(t,y), H(t)) satisfies

{ Vi=Vyy+c*V, —dV + f(Vit — 1,y + ")), (1,y) € Q,

V@, H@1) =0, H() = —pV,(t, H@) — c*, teR. (5.27)

Proof It follows from the proof of Lemma 2.2 that there is Cp > 0 such that 0 < 2'(¢) < Co
for all + > 0. One can deduce that

—c* < H,’l(z) < Cop fort +t, large and every n > 1.

Define
t= = w2 = vty ),
H, (1)
and direct computations yield that
1 c* + zH,) (1) H,(t)z+c*t
L et SO s g (s, PO E DY)
(wn)s H,%(t) (wp)zz + H, (1) (Wn); wy + flwy T H,(t —1)

for ];1’;(([;)) <z<l1,t>1t—1t,,and

wn):(t.1)

w,(t, 1) =0, H,(1)=—p 0 ¢t t>T—1ty.
n
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H,()z+c*t
Hy(t—7)

Tp € R, using the partial interior-boundary L? estimates and the Sobolev embedding theorem
(see [13,18]), for any v’ € (0, 1), we obtain

Since w, < u®, then f(wn (t -1, )) is bounded. For any given Z > 0 and

< Cz for all large n,

lwall 14
e (11, 00) X[~ Z.1))

where C7 is a positive constant depending on Z and v’ but independent of n and 7. Thanks
to this, we can find a positive constant C| independent of n and Ty such that

| Hall < Cy for all large n.
c

\)/
7 (11,000
Hence by passing to a subsequence we may assume that as n — oo,

1y v
wy—> W in G2 TR x (=00, 1), Hy, — H inCp 2 (R),

with v € (0, v'). Based on above results, we can see that (W, H) satisfies that

H2(1)

W, = = 4 C*g([ti)/(t) W, —dW + f(W( —t, H(t)z + c*1)), (t,2) € (—00, 1] x R,
W, 1)=0, H(t) =—u W;I((’;)” — ¥, reR.

Define V(r,y) = W(t, %) It is easy to check that (V, H) satisfies (5.27), and (5.26)
holds. =

Later, we show by a sequence of lemmas that H (1) = Hj is a constant and hence
V(t,y) = qe<(Ho — y).
Since C < h(t) —c¢*t +2C < 3C forallt > 0,then C < H(t) < 3C fort € R. Denote
¢ (2) :=qe+(—z) forzeR,

it follows from the proof of Proposition 5.2 that for x € [(c — c¢*)(t +t,,), H,(t)] and t + ¢,
large,

(1 = M) (y = €) < v(r, y) < min f (14 MeP E)g(y = 30), ).
Letting n — oo we have

d(y—C)<V(t,y) <¢(y—3C) forallt eR, y < H(1).

Define

X*:=inf{X: V(t,y) <¢p(y—X) forall (t,y) € D}
and

X, :=sup{X: V(t,y) =2 ¢(y — X) forall (¢, y) € D},
Then

¢(y—X) < V(t,y) <oy —X*) foral(t,y) € D,
and

C<X,<inf Hr) <supH(t) < X* <3C.
teR teR

By a similar argument as in [13], we have the following result.
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Lemma5.5 X* = sup,.gp H(t), X, = inf,;cr H(t), and there exist two sequences {sy},
{5} C R such that

H(t +52) > X*, V({t+50,9) > ¢(y = X*) asn— o0
uniformly for (t, y) in compact subsets of R x (—oo, X*], and

H(t+5,) = Xi, VE+5,,y) = ¢(y — Xy) asn — o0
uniformly for (t, y) in compact subsets of R x (—o0, X].
Based on Lemma 5.5, we have the following lemma.

Lemma 5.6 X* = X,, and hence H(t) = Hy is a constant, which yields V (t, y) = ¢ (y —
H)y).

Proof Argue indirectly we may assume that X, < X*. Choose ¢ = (X* — X,)/4. We will
show next that there is 7, > 0 such that

H({t)—X*> —e and H() — X, <€ fort > T, (5.28)

which implies that X* — X, < 2¢. This contraction would complete the proof.
To complete the proof, we need to prove that for given € = (X* — X)) /4, there exist ny (¢)
and n,(¢) such that

H(t)—X* > —e (Vi = s,,), H(@)— X, <e (Vt =5p,).

It follows from ¢ (y — X4) < V (¢, y) < ¢(y — X™) that there exist C; > 0 and B; > 0 such
that

lu* — V(t,y)| < Cref1?.

By Lemma 5.5, for any ¢ > 0, there exist K > 0, T > 0 such that for §,, > T 4 t and
s € [0, 7],

sup VG, +s5,y) —d(y — X9 <e, (5.29)
Y€E(=00,K]
Set G(t) = H(t) + c*tand U (¢, y) = V (¢, y — c*t), then (W, G) satisfies
Uy = Uy —dU + fUG — 1, y), reR y<GO. 550
Ut,G1) =0, G'(t)=—pnlUyt, G)),teR. '
It follows from Lemma 5.5 and (5.29) that there is n; = n1(¢e) such that forn > ny,
HGy+5s) < Xy +¢ fors €0, 7], (5.31)
VEn+5,y) <oy — X, —e)+e fors €0, 7], y < X, (5.32)

Thanks to (H), for By € (0, 8*) small with 8* is given in the proof of Proposition 5.2,
there is n > O small such that

d— f'(v)eP" > By forve [u* —n,u*+nl, (5.33)
and we can find N > 1 independent of ¢ satisfies
¢y —Xe—&)+e < (1+Nee PT)p(y — Xo — Ne) fory < Xy +e.
Let us construct the following supersolution of problem (5.30):
G(t) == X+ Ne + c*t + Nog(1 — e Poli=5w),
U(t,y) :=min {(1 + Nee PU=0)p(y — G(1)), u*}.
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Since limy_, o0 (1 4+ Nee PU=50)¢(y — G (1)) > u*, then there is a smooth function K ()
of t > §, such that K (t) > —ooast — oo and (1 + Nee PU=5))g(K (1) — G(1)) = u*.
We will check that (U, K, G) is a supersolution forr > §, + T and y € [K(1), G()]. We
note that

U(t,y) = (1 + Nee P\ (y — G(1)) when y € [K(1), G(1)].
Firstly, it follows from (5.31) that for s € [0, 7],
GGuts) < Xete+c" Gut9) <Xet+ Netc*Gp+9) < GG +9).
In view of (5.32), we have
UGn +s5,y) = (1 + Nee P%)p(y — GGy +9))
> (1+ Nee PT)p(y — Xy — Ne — ¢* Gy + 5))
>o(y—Xi—e—C*Gut+s) +e
V(S +s,y—c"Gu+5) =UGy+s, ),

for s € [0,7] and y < G(5, + s). By definition U (¢, G(t)) = 0 and direct computation
yields
—MUy(t, G(t)) = c*(l + Nge_ﬁo(f—§,l))
<+ Necrﬂoe*ﬂo(ffﬁn) =G'),

if we choose o with oy > c*_. Since U < u*, it then follows from the definition of K (7)
that U(t, K(t)) = u* > U(t, K(t)).
Finally, let us show

NU:=U; — Uy +dU — f(U(t —7,y)) 20, yel[K®),G®)], t >3, +71. (534)

Putz:=y— G@), (1) = NeePol=5n) and ¢, := ¢(y -G@t— r)). It is easy to compute
that

N1OT=¢|£@0) = fod —aPo(1 + )¢ — 1'(1+625eM7)pr)eP"gc | (with 65 € (0.1))
> ¢f = opot+ 029/ = [£/((1 +025eR7)pe )T — d]pe — o).

Since
(p(2) —u*)
¢ (z) —u*

where k* := ¢* — \/(c”‘)2 +4(d — f'(u*)) < 0, there are two constants z,, < 0 and k¢ such
that

¢(z) — u* and — k¥ asz — —o0,

#"(2) >0, ¢(x)>u"—n and @' (z—2c*1) > ko¢'(z) for z < z,,. (5.35)
Moreover, we can compute that
AG(t):=G(t) — G(t — 1) = ¢*1 + Noge U= (Pt _ 1),
For any given o > 0, by shrinking ¢ if necessary, we have that

AG() € [¢*t,2¢"T] for t > §, + 7. (5.36)
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Fory—G(t — 1) < zp and t > §, + 7, direct calculation implies

NIOT = ¢ = ool + 09" — [f/((1 + 62277 )¢ )T — d]pr — Poo)
> o{[d — /(1462877 )pe)ePor — Bolpe — oPod’ + Po(dr — )}

> ¢[Pod' (v — G(1) + HLAG (1) AG () — ofod'(y — G(1))] (with 6 € (0, 1))
> {(2koc* T — o) fod’ (y — G (1)) = 0

provided that o is sufficiently large, and we have used (1 + 6,¢ef07)¢; € [u* — n, u* + 7]
fort > s, + 1, (5.33), ¢'(z) < 0forz < zy, (5.35) and (5.36).
Whenz, <y—G(t—1)<0andt > §, + 7, for sufficiently large o, we have

NIOT > ¢[ = 0BoC: —uef™Cy — pou*] > 0,

where C; := max;e[0,z,+2¢*r] ¢'(2) < 0, Cy 1= maxye[o,24%] f'(v), and (5.36) are used.
Thus (5.34) holds, then we can apply the comparison principle to conclude that

Ut,y) <U(t,y), G@)<G@t) for ye[K(@#),G@)]andt > §, + T.

This, together with the definition of H(¢), yields that H (t) < X+ Ne(1+o) fort > §,+ .
By shrinking ¢ if necessary, we obtain

H(t) < Xy+¢€¢ fort>5,+tandn > nj. (5.37)

In the following, we show H (1) > X* — € for all large 7. As in the construction of
supersolution, for any ¢ > 0, there exists ny = n(¢) such that, forn > no,

H(s, +s) > X*—¢ fors €0, 7], (5.38)
Visn+s,y)>2d(y—X*+¢e)—¢e forse[0,7], y< X*—e. (5.39)
We also can find Ny > 1 independent of ¢ such that
d(y—X*+¢e)—e>=(1— Noge PT)p(y — X* + Noe) fory < X* —e.
We can define a subsolution as follows:

G(t) := X* — No& + c*t — Noae(l — e‘ﬂ"(t_s")),

U(t,y) == (1 = Noge M=) (y — G(1)).
Since U(t, y) > ¢(y — X,), there are Cyp and o > 0 such that V(z, y) > u™ — Cpe*” for
all y < 0, which implies that U (z, y) > u* — Coe®¥ =<0 Let us fix ¢ € (0, ¢*) such that
Bo < a(c+ c*). By enlarging n if necessary we may assume that Co < u* NoeeP0s . Denote
K(t) = —ct.

By a similar argument as above and in Step 2 of Proposition 5.2, we can show that

(U, G, K) is a subsolution of problem (5.30) by taking o > O sufficiently large. The com-
parison principle can be used to conclude that

U, y) <U@y), G<G@) fort=s,+71, y€[—ct, G0,

which implies that G(r) > X* — Noe(l + o) for t > s, + 7. By shrinking ¢ if necessary,
we have

X*—e<G@) fort>s,+71 and n > ns.

This completes the proof of this lemma. O
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Theorem 5.7 Assume that (H) and spreading happens. Then there exists H, € R such that

lim [h(¢t) — ¢*t] = H;, lim h'(t) = ¥, (5.40)
—00 —00
lim [Ju(t, ) — gex(c™t + Hi — llzoqo.nwn = 0, (5.41)
1—00

where (c*, gc+) is the unique solution of (1.13).

Proof It follows from Lemmas 5.4 and 5.6 that for any 7, — oo, by passing to a subsequence,

h(t+1t,)—c*(t+1t,) - H = Hy—2C in Cllotf (R). The arbitrariness of {t,} implies that

h(t) — c¢*t — Hj and h'(t) — c* ast — oo, which proves (5.40).
In what follows, we use the moving coordinate z := x — h(¢) to prove (5.41). Set

&) :=g@)—h(t), ux(t,z):=u(t,z+h(t)) for z €[g(t),0], t >,
gn(z) = g(t + tn) - h(t + tn)s En(t) = h(l + tn), ﬁn(ta Z) = u2(t + ty, Z),

then the pair (ii,,, g, h,) solves

(fin) = (fin)zz + By (fin); + fin(t — T, 24 hy(t) — hy(t = 7)) — i, z € (g2(1),0), t > 1,
iin(t,2) =0, g,(t) = —pliin):(t,2) — (1), 2=gut), t > 1,

i (t,0) =0, h,y(t) = —pliin).(t,0), t> 1.
(5.42)
By the same reasoning as in the proof of Lemma 5.4, the parabolic regularity to (5.42)
plus the Sobolev embedding theorem can be used to conclude that, by passing to a further

. ~ . v .
subsequence if necessary, as n — 00, i, — Win C, 2 (R x (—o0, 0]), and W satisfies,

~ loc
in view of k), (1) — c*,

Wy =W, +c*W, —dW + f(W(t — 1,7+ c*1)), —00 <7 <0, t €R,
W(t,0) =0, ¢* = —puW.(t,0), teR.

This is equivalent to (5.27) with V. = W and H = 0. Hence we can conclude
W(t,z) = ¢(z) for(t,z) € R x (—o0,0].
Thus we have proved that, as n — oo,

Liv
u(t + . 2+ h(t + 1)) = ge(=2) > 0 in €2 (R x (—00,0]).

This, together with the arbitrariness of {#,}, yields that
tl_i)lgo[u(z, 74+ h(t)) — ge+(—z)] = 0 uniformly for z in compact subsets of (—o0, 0].
Then, for any L > 0,
llu(t, ) — gex (h(t) — Lo qrh@)—Ln@yy —> 0 ast — oo.
Using the limit 4(¢) — ¢c*t — Hj as t — oo we obtain
lu(t,-) — ges(c*t + Hy — llLoqni)-L.aw) — 0 ast — oo. (5.43)

Finally we prove (5.41). For any given small ¢ > 0, it follows from (5.9) in Proposition 5.2
that there exist two positive constants Z, and T, such that

lu(t,x) —u*| <u*s for 0<x <h(@t)—Zg, t > T.

@ Springer



Propagation dynamics of Fisher-KPP equation... Page370f38 148

Since g (z) — u* as z — oo, there exists Z} > Z, such that
lgex (¢t + Hy —x) —u™| <u*e  for x < c*r+2H; — Z}.
Taking T, > T, large such that 4 (t) < ¢*t + 2H, fort > T, then we obtain
lu(t, x) — qe<(c*t + Hi — x)| < 2u™e  for 0 <x < h(t) — Z}, t > T}.
Taking L = Z7 in (5.43) we see that for some 7,* > T},
lu(t, x) — gex(c*t + H — x)| <u*e for h(t) — Z} < x < h(t), t > T)*.
This completes the proof of (5.41). O

Taking use of a similar argument as above one can obtain the following result.

Theorem 5.8 Assume that (H) and spreading happens. Then there exists G € R such that

lim [g(?) + c¢*t] = Gy, lim g'(t) = —c*, (5.44)
—00 1—00
Jmflu(, ) = ges (c*t = G1 + e ew.op = 0, (5.45)
where (c*, qc+) is the unique solution of (1.13).
Proof of Theorem 1.4. The results in Theorem 1.4 follow from Theorems 5.7 and 5.8 . ]
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