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Abstract
In this paper, we first prove that each positive solution of

—Au = (I % |u@)u*2u, ueD"RY)

is radially symmetric, monotone decreasing about some point and has the form

N2

t 2
C - . A 9
Y\ + |x — xo|2

where 0 < o < Nif N =3or4,and N —4 <o < Nif N > 5,25 := {44 is the
upper Hardy-Littlewood—Sobolev critical exponent, ¢ > 0 is a constant and ¢, > 0 depends
only on @ and N. Based on this uniqueness result, we then study the following nonlinear

Choquard equation

AU+ V(u = (Ia % |u|25§) %2, u e DW2ERY).

By using Lions’ Concentration-Compactness Principle, we obtain a global compactness
result,i.e. we give acomplete description for the Palais—Smale sequences of the corresponding
energy functional. Adopting this description, we are succeed in proving the existence of at
least one positive solution if ||V (x) ||L1%/ is suitable small. This result generalizes the result

for semilinear Schrodinger equation by Benci and Cerami (J Funct Anal 88:90-117, 1990)
to Choquard equation.

Mathematics Subject Classification 35J91 - 35A01 - 35A02 - 35B65 - 35J20

1 Introduction and main results

Recently, the following nonlinear Choquard problem

— Au+Vu = (I *ulP)|ulP?u, xeRY (1.1)
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has been investigated by many authors, where I, : R¥\{0} — R is the Riesz potential
defined by

Au (&5
|x|N—a - F(%)HN/22a|x|N—oz

Iy (x) == , «€(0,N)
and I' is the Gamma function, see [31,34].

Equation (1.1) is usually called the nonlinear Choquard or Choquard—Pekar equation. It
has several physical motivations. In the physical case N = 3, p = 2 and o = 2, the problem

—Au+tu=(Lxu®)u, xeR (1.2)

appeared as early as in 1954, in a work by Pekar describing the quantum mechanics of a
polaron at rest [33]. See also [24,30] for more physical background of Egs.(1.1)—(1.2). In
particular, Lieb [21] proved that the ground state solution of Eq. (1.2) is radial and unique
up to translations (see also [25]). Later, Wei and Winter [37] showed that the ground state
solution is nondegenerate.

Problem (1.1) has a variational structure, setting V (x) = 1 for example, the corresponding
energy functional is defined by

Eqypu) = 1 / (|Vu|2+uz)alx—L / (Io*|u|”)|u|Pdx, u € WL2RN )AL T (RY).
2 JrN 2p JrN
(1.3)
It follows by the Hardy-Littlewood—Sobolev inequality that the functional E, ,(u) is well
defined and belongs to C LHY®RN), R) if pE (X ,\J;“ , %J_“; ]. Moreover, the critical points of
Eq, p are weak solutions of Eq. (1.1).

Theorem A (See [22,23], Hardy-Littlewood—Sobolev inequality) Suppose o € (0, N), and
p,r > 1 with % + % =1+ 5. Let f € LP@RN), g € L"(RN), then there exists a sharp
constant C(p,r,a, N), independent of f and g, such that

/I;N/R sy g dxdy| = C(p,a,r, NI flierliglier (1.4)

N |x — y|N-

1
where || - |Lp = (fgn lulPdx)?. If p=r = N+a, then

« T(%) {F<%>}—%
rgetrivy

C(p,r,a,N)=C(N,a) =72 (15)

In this case, the equality in (1.4) is achieved if and only if f = (const.)g and

(N+a)

gx) =AG*+x—aH”
forsome AeC,deRY and0 #¥ e R.

For N > 3,0 < a < N, let 2% = N;\;“ and 2} = N“‘. By the Sobolev embedding

2N,
theorem, WI’Z(RN) C LNiﬁpJ(RN) if and only if p € [2%,2%]. In [31], Moroz and Van

*0 T

Schaftingen proved that E, ,, (1) has no nontrivial critical points when p ¢ [2‘3:, 2’0‘[] Hence,
2% and 2 are critical exponents for existence and nonexistence of solutions to Eq. (1.1). In the

past few years, there is plenty of work dealt with Eq.(1.1) with p € (2%, 2%) by variational

methods, see for example [2,28-32,37]. When p = 2%, Moroz and Van Schaftingen [32]
proved the existence of one nontrivial solution to Eq. (1.1) if V (x) satisfies

2N —
liminf (1— |x|?)V(x) > NN-2)
|x]— 400 4N+ 1)
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As for the upper Hardy-Littlewood—Sobolev exponent, Gao and Yang [12] considered the
following Brézis—Nirenberg type problem on bounded domains

2*
u o *
—Au = / %dy lule2u+ru, x €, uec HY(R).
Qlx—yl¥=*
In this paper, we first consider
— Au = (I * lul) > 2u, uecD"RY). (1.6)

By using Theorem A, one can verify that, up to translations and scalings, the ground state
solution of Eq. (1.6) is unique and has the form

N

where r > 0, xo € RY and
NN —2)]'T

- [C(N,a)AO,S%]%,

(1.8)

Cq

here S is the best Sobolev constant for the embedding D'*2(RV) < L2 (RN).
A natural question is whether positive solution of Eq. (1.6) is unique and has the form of
(1.7). Our result on this aspect can be stated as follows.

Theorem 1.1 Suppose 0 <o < Nif N =3o0r4,and N —4 <a < Nif N > 5, let u(x)
be a positive solution of Eq. (1.6), then u(x) is radially symmetric and monotone decreasing
about some point xy € RN . Moreover, u(x) has the form of (1.7).

Remark 1.1 (i) If p < %f“ by Pohozaev type identity, the following equation

2’
— Au = (I * [ul”)|u|”2u, x eRY (1.9)
2N,
has no nontrivial solution u € W'2(RM) N L¥% (RY) with Vu e W 2®RN) N
2Np
Nta N
Ly RY).

(i) We prove Theorem 1.1 by a moving plane method, which was invented by Alexanderov
in [1]. Later, it was further developed by Serrin [35], Gidas et al. [14], Caffarelli et al. [5]
when classifying the solutions of semilinear elliptic equation

N2 N
—Au=uv-2, xeR".

Subsequently, Chen and Li [8] and Li [17] simplified the proof, Wei and Xu [38] and Chen
etal. [11] generalized the classification result to the solutions of higher order conformally

invariant equations

(—A)Suzu%ﬁ, xeRY, 0<s <N.

Li [18] used the method of moving spheres to obtain the same classification result as that
in [11]. For other applications, we refer the readers to [7,9,10,16,28].

Based on the uniqueness result, we can investigate the following Choquard equation

— Au+Vu = (I * [ul®)u*2u, xeRY, N=>3, (1.10)
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where the potential function V(x) € L 5 RNy NeY RV is nonnegative for some y € (0, 1).
Define the energy functionals /, I, corresponding to Egs. (1.10), (1.6) respectively by

1 * *
I(u) = 7/ (IVul* + V(x)u?)dx — / (I * lul*)|ul*dx, ueD"*®RY)
2 JrN RN

2.2

and

1 * *
Too(u) = 5 /RN |Vul?dx — /RN (Io * |ul*)|ul*dx, ueD"*RN).

2.2%
The Nehari manifolds corresponding to I and I, denoted by A/ and N, respectively are

N = {u e DERMNO) < (1), w) =0},
No i= {u € DI2@V\ O} : (15 (), w) = 0},

Moreover, we define
m = inf I(u)
ueN

and
Moo i= uér/l\lﬁoo Io(u).

Obviously, m is the mountain pass level of the functional / and

m= inf max I (tu) > 0.
ueDL2RM)\{0} >0

Our main result on Eq. (1.10) can be stated as follows.

Theorem 1.2 LetO <a < Nif N =30r4,and N —4 <a < N if N > 5, and suppose
that V (x) € L%(RN) NneY (RN is nonnegative for some y € (0, 1), then m = mq, holds
and m is not achieved. If V (x) in addition satisfies

N % a2
O< IV ~ = </ IV(x)Ide> < 28+ —1)8,
L2 RN
then Eq. (1.10) possesses at least one positive solution.

We prove Theorem 1.2 by following the variational approach developed by Benci and
Cerami [3], in which a similar result was proved for the following Schrodinger equation

N42 N
—Au+Vxu=unv-2, xeR", N=>3. (1.11)

However, we cannot apply this approach directly, several difficulties arise because of the
nonlocal nonlinearity with critical exponent. The main obstacle is lack of compactness,
even if we get a (PS), sequence with ¢ € (mqg, 2mqo), We still cannot obtain the strongly
convergence of (PS), sequence, because the nodal solutions of Eq. (1.6) doesn’t possess the
double energy property (see [39]), i.e. there may exist nodal solutions of Eq. (1.6) with energy
between mqso and 2mq, (see Theorem 3, [13]), but the double energy property is crucial for
proving the main result in [3]. We solve this difficulty by using Linking Theorem to seek
a nonnegative (PS). sequence with ¢ € (Mmoo, 2M ) and analysing carefully the nonlocal
nonlinearity. To this end, a nonlocal version of the Concentration-Compactness Principle
(see Lemma 2.1, [27]) is used, which is totally different from the usual local case.

The following splitting result for Palais—Smale sequences is crucial for proving Theorem
1.2, while the local case on bounded domain has been established by Struwe [36].
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Theorem 1.3 Suppose V(x) > 0and V (x) € L% (RM), let {u,} be a Palais—Smale sequence
of I at level c. Then {u,} has a subsequence which converges strongly in DV2(RN), or oth-
erwise, replacing {u,)} if necessary by a subsequence, there exists a function it € DV*>(RN)
satisfying up,—i in DV2(RN). Moreover, there exists a number k € N, k functions
ul, . uk e DI*Z(RN); k sequences of points {y,’%} CRN Il <i<kandk sequences

of positive numbers {a,‘;}, 1 <i <k, such that

k i
() — () =Y (@ T ul (?)H -0, (1.12)

i=1

where u is a nontrivial solution of Eq.(1.10) and u', 1 < i <k, are the nontrivial solutions
of Eq. (1.6). Moreover, as n — +00, we have

k
ln 1> = lal® + Y |1 (1.13)

i=1

and

k
Iuy) = 16 + Y L), (1.14)

i=1
where ||u||? = [pn |Vu|*dx for u € D2(RV).

The paper is organized as follows. In Sect. 2, via the moving plane method, we prove that,
up to translations and scalings, the positive solution of Eq. (1.6) is unique. In Sect. 3, by study-
ing the behavior of Pslais—Smale sequences, we obtain a global compactness result, which
provides a complete description of Palais—Smale sequences. In Sect. 4, we first show that the
mountain pass value is not achieved. Then, combining Linking Theorem with Theorem 1.3,
we prove the existence of at least one positive solution for Eq. (1.10).

2 Uniqueness of positive solution

In this section, we set A, = 1 for convenience. We will use the moving planes method
to show the uniqueness of the positive solution of Eq.(1.6). To do this, we first show the
invariance of (1.6) under Kelvin transform. Denote K,, the Kelvin transform of u, that is,

1 X
KM (x) = Wu W .
Lemma 2.1 Let u(x) be a solution of Eq.(1.6), then, U = K, is still a solution of Eq. (1.6).

Proof Note that .
X
88,00 = o (7).

On the other hand,

" 22: N
I ” u (57) | WO v
v K )= | R ey = [ Y Yy

N |x — y|N_a|)7|N+a N|x — e
_ u(y)|% _ 1 . x
= |x|* N/ ——=dy = |x* N ——= =% ) (= ),
RN lW =yl [ -] x|
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where we use the identity
il = 2| = bl 5 =]
|yl |x]

in the third step. Therefore, we have

2 X o— 1 * X
AKM(X) = |X| 2 N(—Au) (W) = |x| N <| : |N—Ol * |M| u) <|x7>

X x_ X
x|x|_°‘_2|u ) P ().
|x|? |x |2

This shows that U = K|, is also a solution of Eq. (1.6), which implies that Eq. (1.6) is invariant
under Kelvin transform. O

Now, we transform Eq. (1.6) to an equivalent integral system. Let v(x) = |x| "N 1% x|u |23 .
Then, up to a normalization constant, Eq. (1.6) is equivalent to

B / u(y) P« 2u(y)v(y)
N2 4
RV lx — vl 2.1)

2%
. =/ )|
R

N |x — y|N-

ByueL ¥ (RV) and Hardy-Littlewood—Sobolev inequality, we know that v € L ¥ RN).
Making use of the moving plane method in integral forms, we show that each positive solution
(u, v) of system (2.1) in L%(RN ) x L%(RN ) is radially symmetric and monotone
decreasing about some point xo € RY.

For this purpose, we first introduce some notation. For x = (x1,x2,...,xy) € RN,
X € R, we define x* = @r —x1,x2,...,xy) and

up(x) = u(x?), vi(x) =v(x").
Let = = {x = (x1, x2,...,xn) € RY : x; > A}. We set

Ti={x e T tulx) <up(0)), ETVi={x € Iy ux) < up(x)},

) i={x € T 1 v(x) < vpi(x)}

Moreover, we denote the complement of X in RN by X¢, and the reflection of EK about the
plane x; = A by (X¥)".
We decompose i, (x), u(x) in X, and v, (x), v(x) in X, as follows.

Lemma 2.2 For each positive solution (u, v) of system (2.1), we have

w5, () —u(x) = / ( ! - : )(qu(y)lzé_lvx(y)—Iu(y)lzz_lv(y))dy
5, \x —yIN=2 |xh — y|N=2
2.2)
and
v,\(x)—v(x)Z/ < ! - ! )(|ux<y)|23—|u<y>|23)dy. (2.3)
5 Ux —yV—e  |x* — y|N—o

Proof By (2.1) and the fact that |x — y*| = |x* — y|, we then obtain
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21
u(x)=/ lu()I v(y)dy
RN

|x _ y|N—2
(e )y
which leads to
w0 (x) = u(x*) = /E h <|Tg)l_zzy_|le(zy) . |uk|(xy)_|z:;|—;mz(y)) o, 03

From (2.4) and (2.5), we then get (2.2). By a similar argument, we can also prove (2.3). O
Using the above preliminaries, we then prove the following proposition.

Proposition 2.3 Suppose 0 <a < Nif N =3 o0ordand N —4 <a < N if N > 5, and let
2N 2N

(u, v) be a positive solution of system (2.1) in LN-2 (RNY) x L¥-a (RN). Then u and v are

both radially symmetric and decreasing about some point xo € RN,

Proof The proof consists of three steps.
Step 1 There exists /o > 0 such that for any 1 < —Ij, we have

u(x) > uyp(x) and v(x) > vy (x), forall x € X;. (2.6)

For the sufficiently negative value of A, we show that both X% and X} must be empty.
In fact, for any x € ¥, we have

1 1 * *
0 _ — _ 25—1 _ 25—1 d
< up(x) — u(x) /E (Ix—yIN*Z ka_yw,z)(muyn v (y) = )P o)) dy
1 * *
5/ * (O ) — W) E T u))dy
Ol 26wy > ulZ 1) [X — ¥

Hence, if 2}, > 2, we then get

0 <up(x)—ulx)
2% — Dlua ()220 (0) (. () — u(y)) J / lu(y) % (v () — v
y+ . dy.

wu lx — y|V=2 lx — y|N=2

2.7
By Lemma 2.2 and Hélder’s inequality, we obtain
loa = ull, <C1lluk - vx(ux—u)ll o+ Gl T =)
2()3) 2(2) LN+2(2)
x2
< Cillunl™ loall av Ay —ull 2n
V(s LT LN=2 (s}

(2.8)

251
+ Collull™y o — vl
LN-2 (V)

v LN u(z)

and
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—1
vy — V|| 2~ < Czlu|™ u) — N . 2.9)
o =0l g, = Calial ™ s =l

Hence, substituting (2.9) into (2.8), we then obtain

2% -2
[l — ul] = Cilluall™ loall av Alus —ull on
L () Ly LV LV=2 (s
2k -1 2% -1
+ Callull ™o Muall™oy  Nup —ull 2 (2.10)
LN=2(%Y) LN-2(z¥) LN=-2(%})

2 2
Recalling thatu € L "2 RM),v e LNil—Va (RM), by the dominated convergence theorem that
we can choose [ sufficiently large such that A < —[y and

252 251 2%
Cilluall™ on loall an 4 Callull™ oy lle 17 o
LN=-2(z) LN-o (Z}) LN*Z(E;’

) LN
22 21 1
=Cilluall™,y vl av 56 + Calluf® lull ™ =5 (2.11)
LV () LV Ly LV T 2

Thus, it follows by (2.10) and (2.11) that

lluy — ull ﬁ(E“) =0.
This implies that X must be a set with zero measure, hence must be empty up to a set with
zero measure. By (2.9), £? must be empty.

Step 2 We move the plane continuously from . < —Ij to the right as long as (2.6) holds.
We show that if the procedure stops at x; = Ao for some Ag, then u(x) and v(x) must be
symmetric and monotone about the plane x; = Ag. Otherwise, we can move the plane all the
way to the right.

Moving the plane x; = A to the right as long as (2.6) holds. Suppose that at some Ag, we
have

u(x) > u(x) and v(x) > v(x) on Xy,

but
u(x) # upy(x) or v(x) #Z vy, (x) onXy,.

In the following, we show that the plane can be moved further to the right. More precisely, there
exists § = 8(N, u, v) suchthatu(x) > u; (x)andv(x) > v, (x) on X, forall A € [Ag, Ag+9).
Assume that
v(x) # v,(x) on Xy,.

By (2.2), we have u(x) > uj,(x) in the interior of Xj,. Note that

meas(Eifo) =0 and Al;rr; e 27%0,
0

_ 2N
where meas(Ej{O) denotes the Lebesgue measure of E’fo. Since u € LVZ2(RM), v €

L% (RM) and meas (Eif{o) = 0, then using the dominated convergence theorem, we can
choose § > 0 sufficiently small, such that for all » € [Ag, 1o + &), we have

2%-2 2%-1 1
Cilluall "oy MVl 2 . + Callull floell™ 5y <.
LN-2 (%) ((E ) L ()3 )y LN-2 ((ZK)*) 2
It follows from (2.10) that
Uy —u =0
floa ”L%(z;)
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Hence, X} must be empty for all A € [Xo, Ao + ), which also implies that X}’ is empty for
all A € [Ag, Ao + 6).
Assume that
u(x) # upy(x) on Xy,.

By (2.3), we see v(x) > v;,(x) in the interior of X, . By the above analysis, we know that
¥ and X must also be empty for all A € [Ag, Ao + 8). This completes the proof.

Step 3 By step 1, we know that the plane cannot keep moving all the way to the right in
Step 2. That is, the plane will eventually stop at some point. In fact, with the similar analysis
as that in Step 1 and Step 2, we then assert that there exists a large 1, such that for A > I,

u(x) <wuyp(x) and v(x) <v)(x), forall x € X,. (2.12)

Now we can move the plane continuously from A > [ to the left as long as the above fact
holds. The planes moved from the left and the right will eventually meet at some point.
Finally, since the direction of x| can be chosen arbitrarily, we deduce that u(x) and v(x)
must be radially symmetric and decreasing about some point. O

Now we use the elliptic regularity theory to show the following proposition.

Proposition 2.4 Assume that u is a positive solution of (1.6). Then u is uniformly bounded
in RY. Furthermore, u is C°(RN) and

lim x|V 2u(x) = uoo (2.13)
[x|—+o00

for some positive constant u .
Proof Step 1 We first show that u is uniformly bounded and smooth. For A > 0, we define

ulx), x e,

Q={xeRY:ux)> A} and us(x) = [o e RM\Q
b x :

Hence
2N N 00 N
u—up € LNZ(RY)NL®@RY), forany A > 0. (2.14)
Since u is a solution of Eq. (1.6), we have

(11 s ) e PR
= 9 e 9
e /R =y 2 o

which implies that for any x € €2,

(117 s ) e
up(x) = /I;N

lx — y|N=2

dy

(1197 s Jua %) |uA(y>|27f1d
- /RN X — yv 2 Y

(1 1Y s = g 22 fua %!
o
RN

lx — y|N=2

dy

(1 1Y s P = wa %!
-l-/ dy
RN

lx — y|N=2
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(1 1 b =) = a5
+ .
/RN =y V2 ’

Next we divide our argument into three cases.
Case10 <o <2.Foranyr > 2— , by Hardy-Littlewood—Sobolev inequality, we see

N+2r

Iy * |u %) |u Z1 oy Nr_ « r ;
H A'QN (Lo 5 lua()) [ua(y)] dyH < [/RN (Ia*|uA|2a)N+2"IuA(y)I(za_l)%dx] N

lx —y|N=2
N+2r N+2r

5[/ (% lua %)% dx ] 7 [/ a1 @D x|
RN RN

24 -1 1 241
5[/ ualdx] * [/ |uA|’dx]’[/ ualax] *
RN RN RN

where ¢ = EZIg and 1/p + 1/q = 1. One can easily check that ¢ > 1 for every r > %

and 0 < a < 2. Thus, using the Hardy—Littlewood—Sobolev inequality again, one finds

2(25—1) 2% —1 2% —1
lualler = Cllual™ 5x “lluallr + Clluall “‘ZN llu —uall “A lu —uallrr
LN-2 LN=2 LN

2(2
||

22—
+ Cllua VNl —uallr +Cllu — MA”( 7 Dl — ualler. (2.15)

On one hand, by u € L% (RN ), we can choose A large enough, such that

2025 -1 1
Clluals ™ < > (2.16)
LN=2

On the other hand, by u € L% (RM) and (2.14), we verify that

2% —1 2% —1
Clluall ”2N llu —uall “ziN lu —ualler + CIIMAII Dl = ualler
LN-2 LN 2
+C||u—uA|| Yl —uallr < CCA). (2.17)

Substituting (2.16) and (2.17) into (2.15), we then assert that, for any r > %

1
luallLr < EHMA”L’ + C(A), (2.18)

which implies that uq € L" (RN) for any r > % Therefore, we have u € L (RV) for any

r> % Using Hardy-Littlewood—Sobolev inequality again, we get

2N
N -2
Using the L?-theory and Sobolev embedding theorem (see Theorem 9.9, [15]), we know that
u is uniformly bounded and belongs to C%* (RY) for all 0 < s < 1. In fact, we also conclude

u € C°(RN) from Theorem 4.4.8 in [6].

Case22 <a < N—4. Letp = %f‘; < 2. First, we claim that uy € L® for every

—Au= (-1 s jue)u’au e LP(RY), forany p>

2% = % <s < 1\;’7. Set so = 2*, we assume that uy € L* for every s € [2*,s,] and
Sp < 7”. We will prove that ug € L" if r > s, satisfies
1 —1 2
N A (2.19)
r Sn N
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1 2p—1 24«
b . (2.20)

Z < _
r Sp N

Moreover, we compare ry = (”s—1 2 Y~ with % If ro > %, then the claim is proved.
n
Ifrg < % set 5,41 = ro and proceed again. Since

1 1 2—p 2 1
— — + — > —,
Sn Sn+1 Sn N N
our argument must terminate at a finite number of steps. We should note that if s, < % D,
(2.21)

spNr > (N 4+ 2r)s, — (p — 1))Nr + syro.

Then using the Hardy—Littlewood—Sobolev inequality and the condition (2.19)—(2.21), we

find
H Ia * |uA|p)|uA(y)|p H Iy % |u |p . uP*l N
RN y|N-2 = A A | wr
N+2r Ny N42r
_Nr_ (=D || wr
< H o * lualP)¥+2r |7 gvan H”A VR v
L sn(N+2r)—(p—DNr L (p—DNr

< | o % lual?| sulNr X ||MA||LM
L su(NT2r)—(p—DNr

and
P
||IOI * |MA|pH ____ _SalNFr_ =< ”MA” snNrp
L sn(N+2r)—(p—TD)Nr L sn(N+¥2r)—(p—DNr+spra
SuNrp we know thats, <t < r. Hence t = (1 — 0)s,, + 0r

Setting t = S (NT2R)—(p—DNr+spra’

where 6 = (= It yields that

p 0)p
lualy: < ||MA||L:n IIMAII

Similarly to (2.18), we have

p—1+(1-0)p

6)
lualler < lluallzs, X IIMAII + lJu — MAIILs,, ”uA”LTn pIIMAII + C(A).

Then we choose A > 0 sufficiently large such that

2ualler < luallf? +C(A). (2.22)
Note that 8 p < 1. To see this, we only need to prove
(2p—l)sNr—32(N+2r+r(x) - r—s’ (2.23)

t—s5s =
’ S(N+2r+ra)—(p—1)Nr p

which is equivalent to

LHS = 2psNr + Nr? < s>(N + 2r + ra) + sr>(N — 2) = RHS.
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2N

Since s > N2>

we compute that

RHS > s>N + s2r(N —2)(p — 1) + 2Nr?
> s2N + 2Nsr(p — 1)+ 2Nr?
> 2Nsrp + Nr? + N(s — r)2
> 2Nsrp + Nr? = LHS.

From this, by (2.22) we know
1
lualler < max{l, C(A)7}.

It follows that u4 € L"(RN) for A > 0 sufficiently large. Thus u € L%(RN Yand Iy *|u|? €
Lo @RM).
Finally, since u satisfies

* * __ .
—Au = (Iy * |u®)|u/>**2u, inRN.

Then, by standard elliptic regularity theory, u € C®°(RN).

Case3 N —4 <« < N.Inthis case, 2}, = %f‘; > 2. Thena(x) := (Iy * [u|>)u"2 e
LN/ 2(RN ). The Brézis—Kato theorem [4] implies that u € Lf o C(RN Yforall 1 <t < oo.
Thus, u € W/(RV) forall 1 <t < oo. By elliptic regularity theory, u € C®(RN).

Step 2 We want to prove the asymptotic behavior at infinity of u. We prove it by contra-

diction. Consider the Kelvin transform:

1 X N_2 X
U(x):Wu W = |x| M(X):U W .

Applying Proposition 2.3 to U (x), we conclude that U (x) must be radially symmetric about
some point and continuous. Hence

lim x|V 2u(x) = U(0) > 0,
|x|—400

which completes the proof of Proposition 2.4. O

Lemma 2.5 Let u be a solution of Eq. (1.6), then there exist & > 0 and x € RN such that

N-2 2,
u(y)=< A ) u<x+L§)>. (2.24)
ly — x| ly — x|

Proof Let u be a solution of Eq.(1.6). By Proposition 2.3, we can assume that u(x) is
symmetric about the origin, and we prove this lemma with x = 0. Moreover, without loss of
generality we assume that A = 1. Otherwise, we just need to make a translation or a scaling.

By Proposition 2.4, suppose that ‘ |lim 1xI¥2u(x) = uso = u(0). Let e be any unit
X|—+00

1 N-2 y
woy = (m) “(W‘G)'

Obviously, w(y) is the Kelvin transform of u#(y —e). By Lemma 2.1, w satisfies the Eq. (1.6)
and hence should be radially symmetric about some point zg € RY. Note that

vector in RY. We define

w(0) =ue and w(e) = u(0).
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Thus, w must be symmetric about the plane IT = {x : (x — %) - e = 0}. Now, choosing
y = 5 — he forany h > 0, similarly to the proof of Lemma 3.1 in [11], we can prove that

N-2
e _ 1 5 +he

Taking y = % + he, h > 0, we have

N-2
e 1 £ — he
w(=+he)=|-—o ul 2 . (2.26)
G+) (|;+h|> (ié+hl>

Combining (2.25) with (2.26) and noticing the radial symmetry of u, we find

N-2 N=2
1 I+h 1 I—n
l_ih u l_h el = 7; h u 1 h el.
[5 | 3 |3 + Al 5+

Lett = (3 —h)/(} + h), then

u (;4') = 111N 2u(|t)e).

Replacing ||, e by 1/]y]|, y/|y|, respectively, we obtain
1 y
u(y) = ——u (—) .
IyIN=2" Xyl
Furthermore, we can take a translation transform to obtain (2.24). O

To prove Theorem 1.1, we also need the following proposition from Li and Zhang [19].
Earlier version with stronger assumptions was first proved by Li and Zhu [20].

Proposition 2.6 [19] Let f € C'(RYN,R), & > 0and p > 0. Suppose that for every x € RV,

there exists A(x) > 0 such that
® Ay —x
) f (x+ Lz)) v € RM\(x}.
ly — x|

f(y)=<
ly — x|

Then,
1 /2
=da——
f)=a <d+ I —)E|2)
forsomea >0,d > 0and x € RN,
Proof of Theorem 1.1 Using Lemma 2.5 and Proposition 2.6, we obtain that the solution of
Eq. (1.6) must be of form (1.7). O
3 A global compactness result
In this section, we study the behavior of Palais—Smale sequences of the energy functional /

and then prove Theorem 1.3. The following result is a Brézis—Lieb’s type lemma for problem
(1.10), and the proof is similar as Lemma 2.4 in [31].
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Lemma3.1 Let N > 3 and o € (0, N). If {u,,} is a bounded sequence in L% (RN) such
that u, — u almost everywhere in RN as n — 400, then

/ (10,*|u,,|23)|un|22?dx—/ (10,*|u,,—u|22)|u,,—u|22‘«dx—>/ (I * || ) || dx
RN RN RN
3.1

and
(L % lua 1) 10 P20 — (Lo 5ty — )ity — 2 (1t — )= (Lo # | ) e 2,
in (D"2®RY))', (3.2)
where (DI’Z(RN))/ is the dual space of D2 (RN).

In order to prove Theorem 1.3, we need the following concentration principle for Riesz
potential.

Lemma3.2 Let {u,} C DV2(RN) be a sequence of functions such that
u,—0 weakly in DI’Z(RN).

Assume that there exist a bounded open set Q C RN and a positive constant ¢ > 0 such that

f |Vu,|*dx > o 3.3)
(¢
and
f (Lo # [P i P dx > g (3.4)
(0]
Moreover, suppose that
Aty + Iy # |t ) un %21ty = i, (3.5)
where x, € (Dl’z(RN))/ and
(Jns V) < eallll, forall ¥ € CP(Q), (3.6)

with Q being an open neighborhood of Q and {&,} being a sequence of positive numbers
converging to 0. Then there exist a sequence of positive numbers {o,} and a sequence of
points {y,} C Q such that
N=2
Vp(X) =0y * p(0nx + Yn)
converges weakly in DV2(RN) to v, which is a nontrivial solution of Eq. (1.6).

Proof Since u,—0 in DM2(RY), then by Concentration Compactness Principle II (see
Lemma I.1, [26]), we obtain an at most countable index set I', a sequence of {x;};ier C RN
and a family of {v;}ier C (0, +00) such that

2%
lunpal™ = ) vidy;,
i

iel
where ¢q(x) is a cut-off function with ¢o(x) = 1 in Q; ¢o(x) = 0 in ]RN\Q and 0 <
polx) < L.

For the readers’ convenience, we will prove this lemma through three claims.

Claim 1 There is at least one ip € I" such that x;, € Q with v;; > 0.
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Proof Otherwise, then u,, — 01in L% (Q), which together with Hardy—Littlewood—Sobolev
inequality implies that

/ (I * |t @) [un)%2dx — 0.
Q
This is a contradiction to the assumption (3.4) and the claim is proved. O

Now, we define the concentration function

Gn(r) == sup/ | dx.
20782

N -
For a given small 7 € (0, [m]m) we choose 0, = 6,(t) > 0, y, € O such that

/ lun > dx = Gu(oy) = 1. (3.7)
Ban ()

N2
Let v,(x) := 0, > uu(o,x + yy), then

G(r) := sup / |va|* dx = sup/ lun|* dx = Gy (onr), (3.8)
ZEQn B (2) ZEQ Boy,r(2)

where 0, = {x € RN : 5,x + y, € Q). It follows by (3.7) and (3.8) that

c?na):/ |vn|2*dx=/ lun|* dx = Gp(oy) = 7. (3.9)
B1(0) Bon )

N_
Claim 2 There exists some T € (O, [m] O‘”) such that 0,,(t) — 0 asn — +o0.

Proof Assume by contradiction, for any ¢ > 0, that there exists ro > 0 such that o;,(¢) > rg.
Then a direct calculation shows that

/ lun|> dx < sup[ lup|> dx = G, (o,(e)) = &. (3.10)
By (xiy) 2€0 Y Boy(e)(2)
In particular
Viy < / lun|* dx 4 0,(1) < & + 0,(1), forany & >0, (3.11)
Br()(xio)

where 0,(1) — 0 as n — +o0. Then, it follows by (3.11) that we have v;;, < 0, which
contradicts Claim 1.

By the definition of v,,, we have [ |Vvu|?dx = [pn |Vu,|*dx, which together with the
boundness of {u,} in D"2(RY) implies that {v,} is bounded in D2(RN). Without loss of
generality, we may assume that there exists some v € DLZ(RY) such that v,—v in D2(RY)
up to a subsequence.

Claim 3 v is a nontrivial solution of Eq. (1.6).

Proof 1In fact, for any ¢ € C{°(R"), we define

5 =onl o (ﬂ) . (3.12)

On
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Since 0, — 0 and y, € Q, then we assert that @, (x) € Cgo(fl) for n large enough. In virtue
of (3.5) and (3.6), we obtain that

on(llgll = 0n(DI1Fnll = / Vi, V@ndx — / (I  un )% ) un > 2 u, Gpdx
RN RN

:/ Vv,,wdx—/ (Io # [va %) [va % 2vp0dx.  (3.13)
RN RN

Thus, v is a weak solution of Eq. (1.6). Before concluding the proof, we still need to prove
v # 0. To this end, it is sufficient to prove that, up to a subsequence,

v, — v strongly in L (B1(0)). (3.14)
Since v,—v in DL2(RY), by Concentration Compactness Principle (see Lemma L1 in [26]
and Lemma 2.1 in [27]), we may assume that there exist three bounded nonnegative measures

. P 2 o
I, V, @, such that |V, |>—~1, |v,|* =7 and |1a |, |2 | N-« g weakly in finite measure
space M@RN) (see Page 26 in [40]). Moreover,

* ~ ~ 5 2N ~ .
ﬁz|Vu|2+Z[z,5xj, T = )? +Zv,-5xj, w:’Ia*lvlzﬂ’N‘”—l—ijij in M(RVY)
jeF jef jef
(3.15)

and

LM 1\ e
,U«jZSvj , V= m W (3.16)

where T is an at most countable index set. In order to prove (3.14), we only need to prove
{xj}jeF N B1(0) =A.

If not, we suppose that there exists x;, € Bj(0) for some jo € T and define Pp(x) =
¢(%), ¢ is a cut-off function which satisfies ¢ = 1 on B(0), supp¢p C B>(0) and
0 < ¢ < 1. Denote by ap,n(x) = ¢,(**), by the facts that y, € 0, xj, € Bi(0) and

On

on, — 0, we then observe that suppe, ,(x) C Bag,p(¥u + onxj)) C K2, which implies
ap,n(x)un € Dé’z(Q). A direct calculation yields that

/ V@ ttn)Pedx < C f VG lPuldx + C / 1Bpon 21Vt Pelx
RN RN RN

N-2

~ % * N
<c / VGV ( / e dx)
BZUrzﬂ(yn""(TnXiO) RN

+c/ [Vun|>dx
]RN
<cC. (3.17)

Hence, {¢,.nit,) is bounded in D'-2(RV) and the bound is independent of p. Combining
(3.5), (3.6) with the fact that C§°(RY) is dense in D!2(RY), we then get

/ VU, V(gpun)dx — f Iy * [0a %) [0, %20, (B v ) dx
RN RN

= /R i Vity - V(@pnttn)dx — /R N(Ia*|un|2«*v>|un|23*2un<$p,nun)dx=on(1>. (3.18)
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Let p — 0, then

1 1

3 2
< lim sup (/ |an|2dx> / V2V, 2dx
n—00 RN By (xjy)

1

1
N 2%
<C / [V, |V dx / lua*dx | = 0.
Bap(xjy) Bap(xjy)

lim sup
n—oo

/}%N (Vo - V¢p)vndx

(3.19)
Moreover,
lim sup/ |V, ¢pdx > / \Vol?¢pdx + I jy — (3.20)
n—oo JRN RN
and
N—a N+ta
2% 2 2%\ 2N = 2* N
Iy * (o) [vp | @pdx < Iy * v ") N=adx [vn|” dx
RN suppe suppe
_N-a Nia _Nta
— ‘Uj;N vjo“’ < AaC(N,a)ijN . (3.21)
It follows from (3.18)—(3.20) that
N2 N N+o
SVjON = Wjy = AyC(N, C()VjoN ,

then

S a+2
S I, X
Vo = [AQC(N, a)}

Combining the inequality above and (3.9), then we get

S a+2 9%
—_— Evj'oif lvnl” dx =7,
AqC(N, ) B1(0)

N
which contradicts the assumption 7 € (0, [m]m) Therefore, (3.14) is proved.
Combining (3.9) and (3.14), we have

/ |U|2*dx = lim |Un|2*dx =7 > 07
B (0) n—>+00 J g, (0)
which implies that v # 0. Thus, combining Claims 1-3, we can complete the proof. O

Lemma3.3 Let {u,} be a Palais—Smale sequence for I, such that u, € C§° (RN and
u,—0 weakly in DI’Z(RN); u, - 0 strongly in Dl’z(RN).
Then there exist a sequence of points {y,} C RN, a sequence of positive numbers {c,,} such
that
N-2
Uy (X) i= 0y * U (0nX + Yn)

converges weakly in D2 (RN) to v, which is a nontrivial solution of Eq. (1.6). Moreover,

Too () = Ioo (V) + loo(vy — v) + 0, (1); (3.22)

lita 1> = 101> + low = vI* + 0n (D). (3.23)
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Proof Since u,—0 in D"2(RN), then {u,} is bounded in D2 (RN). Furthermore, as {u,} is
a Palais—Smale sequence for /,, we then know that

Aty — (I * |t ) un > ™21ty = i, (3.24)
where x, € (D]’Z(RN))/ satisfies
(s W) < allyrll, forall ¢ € C(R). (3.25)

Multiplying by u, on both sides of (3.24) and integrating on R, we then have
/ Vi, |*dx = / (I * | |?@) Jun | %2 dx + 0, (1). (3.26)
RN RN

Let us decompose RV in N-dimensional hypercubes Q; with unitary sides and vertices
with integer coordinates. Next, we assert that for any n € N, there exists some g > 0
satisfying

dy, = sup/ (I * lun|* ) [un)>dx > 3.
Qi JO;

If not, then we have d,, — 0 as n — +00. A direct calculation shows that

1

1
* * 1- * * * E
/ (I # || %) g o <y Y (/ (Lo * |un|2a)|un|2adx>
RN i Qi
1 €1 1
=3 7 2, \ ¥ > \7
<dy *(C(N.@)Aa)% ) (| lual*dx |l dx
i Qi R

1

1-5L 1
< Cdy *(C(N,a)Aq)% uy . (3.27)

Combining (3.26) with (3.27) and letting d,, — 0 as n — +o00, we observe that ||u,| — 0,
which leads to a contradiction.
In the following, let y;, be the center of a hypercube Q; such that

(Lo * |un|22)|un|22dx = g > 0. (3.28)
Qi 2
Set w, = u,(x +y,), then
f (Lo # |wy | %) [wy [P dx > g >0, (3.29)
o

where Q denote a hypercube of unitary side centered at the origin. Using the Hardy—
Littlewood—Sobolev inequality and the boundedness of {u,} in DV2(RN) again, we get

N+a

5 * * * N
g< / (L # w5 [wn Podx < € (/ w2 dx)
o [¢)

Hence we can deduce that there exists ¢ > 0 such that

/ |w,,|2*dx > 0.
9]

At this point, we have verified the conditions (3.3)—(3.5) in Lemma 3.2 for {w,}. The first
part of Lemma 3.3 follows from Lemma3.2. Obviously,

/ IVunlzdx:/ |V, |2dx, / (Ia*|u”|2§)|un|23dx:/ (]a*|vn|2?§)|vn|23dx.
RN RV RV RN
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Then we can prove (3.23). Similarly, (3.22) follows from (3.1). O

It follows from Theorems A and 1.1 that

Vul?d S
S,:= inf Jpy [Vul"dx

L2 o N2 N2 (3.30)
DEERIONOY (foy (g ul?0)|u(x)|%adx) N7 [C(N, a)Ag]VF

Now, we are ready to prove Theorem 1.3.
Proof of Theorem 1.3 Since {u,} is a Palais—Smale sequence for I at level c, then it is easy to
prove that {u, } is bounded in D'-2(R") and consequently bounded in L% (RN). Without loss

of generality, we may assume that u,,—i in D'2(R") and LY (RN)asn — +o0. Moreover,
u is a weak solution of Eq. (1.10). In fact, for any ¢; € C(‘)>o (RN), we have

(I'(@), 1) = (I'(un), ¢1) + /N V()@ — up)prdx + /N V(u — up)Verdx
R R
= [ G PP g+ [l P P . 330
RN RN
By Lemma 3.1, we know
f (o # |t %) |t |2 prdx —/ (o # )i 2iigrdx = 0,(1).  (3.32)
RN RV
Moreover, by Lemma 2.13 [40], we have
/ Vix)(u — un)zdx — 0, as n — +oo
RN
and
f Vx)u — uy)prdx — 0; / V@ —uy,)Vprdx — 0, as n — +oo. (3.33)
RN RV

Thus, it follows by (3.31)—(3.33) that
(I'@), g1) = (I'(un), @1) 4 0a (1),

which leads to I'(t) = 0, I (1) = I (u,) — Ioo(uy — i) + 0,(1).
Let z} := u, — i, then z) =0 in DV2(RV) and {z}} is a Palais—Smale sequence for In.
In fact, for any ¢ € C{° (RY), we have

Gl 2) = '), ) = @) + [ V060G = ) ads
= [ G PP
RN

- / (I # 12} P12} %22 godx + / (L # lin )t P 0 prdx
RN RN
— oa(Dleall,

where (3.33) and (3.2) are used. Hence {z,ll} is a Palais—Smale sequence of /.
For any n € N, there exists a sequence {u,ll} c Cy° (R™) such that

1 1 1 / 1 ’ 1 1
lle,, — 2,1l < - and |13 (u,) — I, (z,)I < e (3.34)
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It is not difficult to verify that

lup 12 = Iz 12 4+ 00 (s Too(u)) = Ino(z)) +0,(1);  Ii(u)) =I5 (z)) + on ().

(3.35)
Furthermore, one has
lup? = Nz 12 4+ 00 (1) = llunll® = lli@ll* + 0a(1) (3.36)
and
Ioo(up) = oo (zh) + 00 (1) = I (uy) — 1(it) + 04 (1). (3.37)

It u,ll — 0 in D"?(RV), then we have done. Now we suppose that u,ll - 0 strongly in
DL2(RY). From (3.35) that we know that {u,ll} is a Palais—Smale sequence of /I, and {u},} C
Cy° (RN) satisfies

u:l—\O in Dl’z(RN) and u,ll — 0 strongly in Dl’z(RN).

Applying Lemma 3.3 to {u,ll}, we assert that there exist a sequence of points {x,ll} C RV, a
sequence of positive numbers {5} C R such that

vh = ) T ubn) )
converges weakly in DL-2(RN) to a nontrivial solution u! of Eq.(1.6). Moreover,
Too (1) = Too (') +Too (v — ') +0, (1) and [lu, > = [l |7+ v, =i > +0n (D). (3.38)
Combining (3.38) with (3.35), we obtain that
T(un) = 1(@) + Too(u") + oo (v, — u') + 0, (1) (3.39)

and
N ll? = N + vy — a1 + I + 0n (D). (3.40)

Let 7 = ‘v,{*l — u/~" and repeat the above procedure. If 2 0in DM2(RY), we have
done. If z}, - 0 in DL2(RY ), the analogously {z]} is a Palais—Smale sequence of I, then
we can find {u})} C Co° (RM) such that

. . 1 . . 1
lun — znll < - and 15 un) = L@l < PE (341D

and there exist a sequence of positive numbers {n,’l'} C R and a sequence of points {x,{ }C RN
such that ) VO )

vp = () T un (g - 4xi)
converges weakly in D2 (RV) to a nontrivial solution / of Eq. (1.6). Moreover, the following
properties hold:

Ioo ) = oo !) + Ioo (W} — u?) + 0,(1) and [[v11% = llu? 1% + llvi — u/ 1> + 0, (D).
(3.42)
Furthermore, we deduce that

Jj—1 ) )
Lun) = 1@) + Y Lo (') + Lo (v — u?) + 04(1) (3.43)

i=1
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and

j—1
el = N> + > a1 + llvi — u? | + 04 (1). (3.44)
i=1
. N Nto
Since u/ is a nontrivial weak solution of Eq. (1.6), then ||u/ 2 > S, which together with
(3.44) and the fact that u,, is bounded in Dl’z(RN ) tells us that the iteration procedure must
terminate after finitely-many steps. Therefore, we complete the proof of Theorem 1.3. O

4 Existence of positive bound state solution

In this section, we prove the existence of bound state solutions to Eq. (1.10). Firstly, we show

that, providing V(x) > 0 and V(x) € L% (R™), then there is no minimizer for functional /
restrict on the Nehari manifold .

Proposition 4.1 Assume that V(x) > 0 and V(x) € L% (RN), then m = meo holds and m
is not attained.

Proof Obviously, for u € DL2(RN )\{0}, there exist unique 7, s, > 0 such that r,u € N
Syt € Noo, moreover I (f,u) = max;~o I (tu) and I (s,u) = maxs=q I (su). Especially,
if u € N and s,u € Ny, then we have s, € (0, 1]. Therefore, for u € N,

2 225
S S * *
<1 =4 2_ "% / 1, % zad
oo < oo(sutt) = S lul” = 7 | (Ja e e
52 s2 5%
u 2 u 2 u 2% 2%
< o lul +5/RN V(utdx — 7 fRN (L ") u > dx
= I(u), 4.1

which implies that ms, < m.

Next, we prove m < mqo. In fact, we consider a sequence {u, := t,w,} C N, where
wy, (-) = w(- — z,) with w being a positive solution centered at zero to Eq. (1.6), {z,} ¢ RV
satisfying |z,| — +00 asn — +o00 and 1, := 1, . It follows by the definition of w,, that

w,—=0 in DVZRN); w, |l = flw] # 0 (4.2)

and
/ Iy * |wn | %) |wp |2 dx =/ Iy % [w)?)|w|?dx, as n — +oo. (4.3)
RN RN
Furthermore, by Lemma 2.13 [40], we know that
/ V(@)wldx — 0 as n — +oo0. (4.4)
]RN

Thus, in virtue of (4.2)—(4.4), we can prove easily that

2 2 22,
) = Ty = St + Gou = 1 [ s lufluiar. @

Since w, € Ny and f,w, € N, then

llw, |I? = /RN(IO, s Jwy %) [w, % dx (4.6)
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and
2.0% * *
t3||wn||2+t,§f Vx)wldx = t, f (I % |wp %) wy > dx. .7
RN RN

Combining (4.6) and (4.7), we then have
22% -2 * *
lwl? +on(1) =1 /R (Lo ) [w % lx. (4.8)

From (4.2), (4.3) and (4.8), then {¢,} is bounded and f, — 1 as n — +o00. Therefore, we
have I (u,) — mqo as n — 400 which implies that m < mq,. Thus m = meo.

In the following, we prove that m cannot be attained. If not, we suppose that there exists
uo € N such that (o) = m and s, uo € Noo With s, € (0, 1]. With a direct calculation,
we get

2 2.2

N S * *
oo = Loougto) = 2ol = 315 [l laol ol

?2 S2 s2'2”‘

Sug 2 ug 2 uo 2% 2%
= 2 luoll +7/R~ Voupdx — 55 /RNaa  luo %) o P dx
< I(up) < meo, 4.9)

which leads to
/ V(x)uddx =0 and s,, = 1. (4.10)
RN

Thus, g € N and Ioo(ug) = meo. Recalling that ug must be of form (1.7) and ug > 0,
then

/ V(x)u(z)dx >0,
RN
which contradicts to (4.10). Thus, m is not achieved. ]

The following corollaries can be regarded as a direct consequence of Theorem 1.3 and
Proposition 4.1.

Corollary 4.2 Let {u,} C D"2(RN) be a nonnegative Palais—Smale sequence satisfying the
assumptions of Theorem 1.3 with ¢ € (m, 2m), then up to a subsequence, {u,} converges to
a nonnegative nontrivial solution it of Eq. (1.10) strongly in D"2(RN).

Proof Obviously, u,,—u in D! ’Z(RN ) and u is nonnegative. Since ¢ € (m, 2m), we conclude
k<1in(1.12). Ifu # O0and k = 1, then ¢ > 2m by (1.14). If & = 0 in DLERY) and
k = 1, then u' is a nonnegative solution of Eq. (1.6). By using the property of super harmonic
function, we deduce that u! is positive and ¢ = m. This is a contradiction, since ¢ € (m, 2m).

O

Corollary 4.3 If {u,} is a minimizing sequence for I on N, then there exist a sequence of
points {y,} C RV, a sequence of positive numbers {8,} C RT and {w,} C DLZRYY such
that

Uy (x) = wy(x) + ¥s, y, (x), 4.11)
where Vs
Voo () (7‘3” )T
X):=c
OnsYn a 8’% + |)C _ yn|2

and w, — 0 strongly in DV2(RN).
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Now, we prove the existence of positive solutions of Eq.(1.10) via classical Linking

Theorem. A direct calculation shows that

* * Nete
f |Vs,y12dx = / (I * 15,y 1% ) [ W5,y (1) P2dx = S4*7 .
RN RN

(4.12)

In order to build a suitable min—max sequence for our problem, we introduce a barycenter

type function and define G : DV2(RY) — RN x RT by

1\ ot 5
Gu) = (?) / <| X C(X)) [Vul"dx := (B(u), ¥ (u)),

where ¢ (x) is a cut-off function such that

£ 0, if x| <1;
X) =
1, if |x|>1.

Nita
ﬂ(u):<$> M/ ﬁ|Vu|2dx

1 Ot+2
z?(u):<s—> /;(x)|Vu|2dx

Lemma4.4 If|y| > L1 then

Moreover,

and

B(Ws,y) = ﬁ +o0,(1) as § — 0.

Proof A direct calculation shows that

_ lx — y?
Vs, |2dx < C8V 2/ L A N——
/RN\Bg(y) ’ RN\ B, (y) (82 + |x — y[2)N

+o00 ﬁN—H too
= caN*Z/ (527‘“3 < ca’”f dp.
&€ €

+/32)N ﬁNfl

Then, for each & > 0, there exists dg := §p(¢) such that for any § € (0, do],

/ Vs y2dx < e.
RN\B,(y)

L\
\ﬂ(x/fs,y)—(—) [ v, P <.
Sa B:(y) |XI

Let ¢ be small enough such that for |y| > 2, the following property holds

AT for any x € B.(y).

Ix[ 1yl

Furthermore

(4.13)

(4.14)

(4.15)

(4.16)
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Then, by (4.15), we have

1 N+z21

a+!
= —(—) [ v, Py
[yl S Be(y) |x] ’

N+o
1 a2 y X y
= (—) / (— — —) Vs, y[*dx + / = |Vs y|2dx
Sa By \IyI x| RN\ B, (y) 1Y

< /B N Vs Pdx + & < 2e. 4.17)
e (Y

S a+2
o

Therefore, it follows by (4.16) and (4.17) that we can easily deduce that

B — 2| <3
Iyl

and then we complete the proof of lemma. O

In the sequel, we denote by

1
M= {u eN :Gu) = (Bu),dw) = <0, 5) ]

a subset of Nehari manifold NV and define ¢ := inj& 1(u).
ue

Lemma4.5 Ler V(x) > 0and V(x) € L7 (RN). Then c oy > m.

Proof Obviously caq > m. In order to show the identity cannot hold, we shall argue by
contradiction and then assume that there exists a sequence of {u,} C M such that

lim I(u,) =m.
n—+00

Moreover, for any n € N,
1
B(uy,) =0 and 9 (u,) = 3 (4.18)
By Corollary 4.3, we deduce that there exist a sequence of points {y,} C R", a sequence of

positive numbers {8,} C RY and a sequence of functions {w,} Cc DV2(RN) with w, — 0
in D2(RV) such that u, (x) = wy,(x) + ¥s,,y,- By the definition of G, we get

Sa |x]

Neta
=<i) / (i,;(x)>|an|2dx
SOl RN |X|

2 X
+ — ¢(x) | (Vwa Vs, y,)dx
RN

1 Z5s X 2
G(wn + ¥s,.y,) = <*> A;N (* E(X)> [V(wn + ¥s,,y,)"dx

Saa+2 |x|
1 ]‘;}71(21 X 2
+ (g) /RN <m C(x)> Vs, .y, ["dx
1 % X 2
_ <?) / <7, ;(x)) V5,3, 12 + 04 (1) = GWs,.y,) + 0 (D).
o RV \ x|
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Therefore, by (4.18), we deduce that

1
BWs,.y,) = 0 and 9 (¥, y,) — 5 asn— +00. (4.19)

There exists a subsequence (8,, y,) such that one of the following cases may happen

(1) 6, > +00 as n — o0;

(2) 8, —>8#0 asn — oo;

(3) 8, —> Oand yn—>y,|y|<%asn—>oo;
4) 6, —>0 as n— oo and |y,| > %fornlarge.

Now we prove that none of the possibilities listed above can be true. Obviously, by Lemma
4.4 and (4.19), case (4) can not happen. If (1) holds, then

1\ ot ,
v (¥s,,y,) = <?> /RN C) Vs, v, |7dx

N+a
< 1 >a+2 f IVW |2d
= e SnsYn X
Sa RN\ B, (0) ?

N+a
1\ o2 5
—1- (;) | 1905, P = 1= o)
o B (0)

which contradicts to (4.19). If (2) happens, we first assert that |y,| — +o0. If not, up to a
subsequence, we notice that ¥, ,, would converge strongly in DL2(RN), so u, converges
strongly in D12 (RV), which is impossible by Proposition 4.1. Thus, for n — 400, we have

19(1//5;1,}’;1) = 0(wg,yn) + ol’l(l)
Nta
1 a2 )
- <?) |, oIV, Pax +0,(1)
o RN

1 %g 2
_ <?> / £(x = y) V5 o Pdx + 0,(1)
o RN

1 s ,
—1— <f) / IVY5.0l7dx + 0, (1) = 1+ 0,(1),
S Bi(yn)

which is absurd in the sense of (4.19). If (3) is true, then for n large,

L\ 2
O W) = — / Vs, 3, Pdx + 04 (1)
Su RN\ B, (0)

N+o
1 at2 2
< (—) / Vs, 02dx = 0n(1),
Sa RN\B1 (1n)

which is also impossible. Then the proof is completed. O

In the following, we define a mapping 6 : DL2(RY)\{0} — N by

6(u) = tyu,
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where t, is the unique positive number such that t,u € AN. Also we define the operator
T : RN x (0, +00) — D"2(RV) by

T(y,8) = s,y (x).

Then we have the following lemma.

Lemma 4.6 Assume that V(x) > 0and V(x) € L% (RN). Then for any ¢ > 0, there exists
81 = 81(¢) and &3 = §2(¢) (without loss of generality, we assume that 61 < &) such that

I1O@oT(y,0)) <m+e
forany 8 € (0, 811U [82, +00) and y € RN

Proof Since V(x) € L 5 (RM), then for any € > 0, there exists » > 0 small enough such that

2

v
sup <f |V(x)|¥dx) <e. (4.20)
yERN Br(y)
A direct calculation shows that
tim [ s, P = [Py = [ e, . (“21)
8§—0 By (y) RN RN
Thus, there exists §; = 8 (&) small enough, such that for any § € (0, &),
N-2
2* N
(/ [¥s,y] dx) <e. (4.22)
RN\Br(y)

From (4.20) and (4.22), we obtain

/ V()| yPdx = / V()| ¥s,y Idx + f V(x) W5,y 2dx
RN B, (y) RN\ B, (y)

2

v\ o \'F
5(/ |V(x>|2dx) (/ [0 dx)
B (y) B (y)
N % 2*
+(/ |V(x)|7dx) (/ sl dx)
RN\B,(y) RN\ B, ()

< Ce. (4.23)

N-2

Using V(x) e L b (RN) again, we assume that for any & > 0, there exists R > 0 big enough

such that s
N v
</ |V(x)|7dx> < e. (4.24)
RN\Bg(0)

Recalling that lim sup [vs,,| = 0, then we obtain that

—+oo xeRN
lim s 1% dx = 0, (4.25)
§——+o00 Br(0)
which implies that there exists §; := §>(e) > 0, such that for any § > &3,

N-2

2* N
<f [¥s,y] dx) <e (4.26)
Br(0)
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In virtue of (4.24) and (4.26), we can prove that that for any § > &5,
[ veoms,Par= [ veows,Pare [ v, P < ce. @2)
RN Bg(0) RN\ Bg (0)
Thus, combining (4.23) and (4.27) that we can conclude that
/ V()| Ws.y2dx < e, (4.28)
RN
forany y € RN and § € (0, §1] U [82, 00).
For any 5, y, there exists ty, := t(¥s,y) > 1 such that ty s, € N. With a similar

argument to the proof in (4.6)—(4.8), we prove that for uniformly y € R, ty —> lasd — 0
or § — +o00. Thus, inspired by (4.28), for any é € (0, ;] U [82, +00),

2 2 2.2

t t t

14 2 14 2 14 2% 2%
I(0oT(y,é) = > s yIl” + > /RN V(xX)¥s dx — 228 /RN(Ia * | Ws y| ™) [Vs,y| @ dx

2
13
= Lno(ty¥s.,) + % /N VOOYE dx < In(Wsy) + 6= m +e.
R

[m}
Lemma4.7 Assume that V(x) > 0and V(x) € L% (RM). Then for any fixed § > 0,
lim I1(0oT(y,?))=m.
[y|=+o0
Proof First, we claim that for any fixed § > 0,
lim / V(x)|¥s.y°dx = 0. (4.29)
[y|—>+o0 JRN

Indeed, for a given ¢ > 0, we can choose some R > 0 large enough such that

/ V)| Zdx < ¢
RN\BR(0)

f s,y > dx = f lys.olX dx < e.
RNM\Bg(y) RN\ Bg(0)

Taking y with |y| > 2R, we see

/ V) Wy Pdx = / V0O sy Pdx
RN RN\ (Bg(y)UBR(0))

+ / V0o 2dx + / VoW 2
Br(y) Bgr(0)

and

N-2

« NP .\
< (/ IV(X)IZdX> (f (Vs dx>
RM\BR(0) RM\Bg(y)

N % 2
+ [V(x)|Zdx ||W8,y||L2*
RN\ B (0)
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N-2

* N
LIV ( / sy dx)
L2 \JRM\Br(y)
< Ce. (4.30)

With a similar argument as the proof in (4.6)—(4.8) again, we can also prove that t;, — 1 as
|y| = 400, where ty satisfies ty,¥s,, € V. Thus, as |y| — +o0, by (4.30),

m=<1©oT(y,3))

2 2 2%

3 13 12
_ v 2, v 2 v 2% 2
= Tyl +3[RNV<x)|wa,y| a5 =5 /RN(Ia*lilfa,yl s,y dx

1 2 1 2 2% 2%
= Sl l* + E/RN Vel Pdx - 5 /RNua * 1.y ) Wy Fodx + o(1)
=m+o(1). 4.31)

Thus lim (0o T(y,98)) =m. ]

[yl=+o0

From Lemma 4.5, we can deduce that there exists some o > 0 such that m + o < cq.
In the following, we give some estimates.

Lemma 4.8 There exists 51 € (0, %) such that for any 0 < § < 8y, the following properties
hold.

(@ IO oT(y,8) <m+o, foranyy e RV;

(®) |BO T (y,8) = p7| < 3. forany y € RN with |y| = 3

() (OB oT(y,d)) < %,foranyy e RN with [yl < %

Proof (a)and (b) are easy to prove. In fact, (a) can be seen as a direct consequence of Lemma

4.6. In Lemma 4.6, we have proved that t, — 1 as § — 0, which together with Lemma 4.4
yields (b). Now we only need to prove (c). A direct calculation shows that

5 2 5 2
DO oT(y,d) = = ()IVYs yl7dx = — Vs, y|“dx
RN RN\ B (0)

SF Saa+2
t2
v 2
= e / [Vigsol“dx — 0, (4.32)
Set? JRNBI(Y)

where in the last equality we have used the fact fRN\Bl(y) |Vw370|2dx — 0 for |y| < % as
5§ — 0. O

Lemma 4.9 There exist 5, € (%, +-00) such that for any 6 > &3, the following properties
hold.

@ I@oT(y,8) <m+o,foranyy € RN
(b) 9@ o T(y,8) > 4, foranyy e RV,

Proof By Lemma 4.6, (a) is true. Since

lim IVs.y2dx =0
§——+o0 B1(0)
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and ty — 1 asé — o0, we obtain

1
D6 oT(y,9H)) =t1/2/ 1— Tm/ o |V1ﬁ5,y|2dx — 1 as § - 4o0.
B

Saoz +2

Hence (b) holds. ]

Lemma 4.10 There exists some R > 0 such that for any § € [81, 821, the following properties
hold.

(@ I@oT(y,0)) <m+o,foranyy € RN with |y| > R;
(®) (BOT(y,5)),y) >0, forany y € RN with|y| = R.

Proof For any fixed §, let |y| — +oo and repeating the argument in the proof of (4.6)—(4.8)
again, we know t, = t(s,y) — 1, where ty, satisfies ty 5 € N. Using Lemma 4.7 and
the compactness of [61, 2], we deduce that there exists some R; > 0 such that

10 oT(y,8)) <m+o forany é € [§1,62] and |y| > R;y.

Let RM)F = {x e RY : (x,y) > 0} and RY); = RV\(RY)!. Since § € [3y, 8], we
assert that there exists R, > 0 large enough and r € (0, %) such that the following properties
holds: for any y with |y| > R;,

B, =1{x eRY: |x=F <r} c ®RY)}
with |y — y| = % and for any x € B, (y),

lx — y|?

Vs y(x)> = K8V 22—
‘ (& +1x—yP)"

> H >0,

where K| only depend on N and o, H] is a positive constant. Moreover, for each x € (RY )y

v 2 < H H, =
| 1//57}:()(” = m, 2= const.
Thus, for any y satisfying |y| > R», we have
2 2
L (x,y) ! (x, )
(BOT(y,8),y) =~ f Vs, y () [* dx + 2~ IVigs,y ()| dx
Sa Jwyt x| Sa Jwyy x|
2 2
t t
S H oy, H, lylzmzdx
Sa B,y Il Sa Jmyy; T lx =yl
1 1
> Hily| — C dz > 0,
= = s /R [+ Pv 27

where Hj is a positive constant. Taking R = max{R[, R}, we then complete the proof. O

In the sequel, we define a bounded domain D c RY x R by
D:={(y.) eRY xR : |y[ <R, 8 =8 =<5},

where 81, §> and R are given in Lemmas 4.8-4.10.
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Lemma4.11 Define a mapping Y : D — RN x RT by
Y(y,8) =(BoboT(y,8), »oboT(y,9).

1
deg (T, D, <O, 5)) =1.

Proof Consider the following homotopy
F(y,8,8) =1 =), 0) +sYT(y,0).

Since deg(id, D, (0, 1)) = 1, then by the homotopy invariance of topological degree, we
can complete the proof. In order to use the homotopy invariance of the topological degree,
we must prove

Then

1
F(y,8,5) # (0, 5) forany (y,8) € 9D and s € [0, 1]. (4.33)

For the readers’ convenience, we divide the proof into several cases and discuss them
respectively.
Case 11If |y| < % and § = §1, by Lemma 4.8(c), we know

1
(1 =5)81 +s0000T(y,81) < 3

for any s € [0, 1].
Case 2 If % <|y| < R and § = &1, then it follows by Lemma 4.8(b) that

y 1
pO TG o) - 2| < .
|t 4
Thus
=9y +5B0 0 T80 2 [ =9y +5 7] = [s8O 0T 8) — 57
S+ (-ohl-S=1 20
> Oyl—7z 5 .
Case 31If |y| < R and § = §,, from Lemma 4.9(b), we know that
1
(1—=5)5 +s00600T(y,8) > 5
forany s € [0, 1].
Case 4 If |y| = R and § € [1, 82], by Lemma 4.10(b),
(1—=s)y+sBoboT(y,68), y)>0
fors € [0, 1]. O

Proof of Theorem 1.2 Obviously, the first part of Theorem 1.2 follows from Proposition 4.1.
In order to apply the classical Linking Theorem (see [40]), we define

H =60T(D)
and

1
M= {u eEN:Gw) =(Bw),vw) = <0, 5)} .

We claim that M and 9H is a link, that is
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(a IHNM=0;
(b) h(H)NM #£@Pforanyh € A ={h € C(H,N): h(3H) = id}.

In fact, if u € 6 o T (3 D), then it follows from Lemmas 4.8(a), 4.9(a) and 4.10(a) that
I(u)y <m+o <cp,

which implies u ¢ M and we prove (a).
Next, we prove (b). In fact, for any & € A, we define a continuous mapping 77 : D —
RN x RT by
N(y,8) =(BohoBoT(y,8), YohoBoT(y,s)).

If (y,8) € dD, then 6 o T(y, 8) € 3H, hence h 0 6 o T(y, §) = 0 o T(y, 8). Therefore
7(3,8) = (BoboT(,8), #0hoT(y,8)="T(y,8) on aD.

By the homotopy invariance of the topological degree and Lemma 4.11, we have

1 1
7, D —1)= Y, D ) =1
deg <n, ’ (O’ 2>) deg ( Y (O’ 2)) '

which implies that there exists (y’, 8") € D suchthatho8oT(y’, 8") € M. Hence (b) holds.
Since N is a natural constraint for /, with classical minimal arguments we obtain a Palais—
Smale sequence for I at level d with

d:= }}Ic}f\ I:Pe% 1(h(u)).
From (b) and Lemma 4.5, we have
m<cym <d.
Moreover, by definition of d and H, we get

d <maxI(u) < sup I(tyvs,y),
ueH

8,y)eD
As ty sy € N, we know that
12 12 2%
_ 2 v 2 v 2 2
Iy ¥s.y) = S 0ss 0 + EfRN VlYs,y I dx — m/mua [y P,y P
1 1 2.22 2% 2%
= (5 - 2.2;;) ty /RN(Ia * |Ys,y170) s,y dx. (4.34)
On the other hand,

2252 « «
G [ s W Pl Pedx = s 1P+ [ VGOl P
RN RN
<MWy PHIVEN y syl (435

Recall that
N+

/R ek 1, P Wy () Podx = COV, o) gl 175 = S5
By (4.35), we obtain that

N=2 V (X)” N
2.0%_2 1 at+2 1 || ¥
t, <1 + Vix R — S =1 + Lz s

(4.36)
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L. . 2.2% Vel n\ etz in
which implies that,, ™ < (1 + %) . Since ||V(X)||L% < (2n+« —1)S, we have

IV et
X o+
LY

S

2.2%

t, =<1+ <2,

which combining together with (4.34) and the fact that

1 1 o o
Moo =M = <§ - 22?;) /%N(Ia * [ sy ") Vs, y] “dx

yields m < d < 2m.

We claim that there exists a nonnegative (P S), sequence of I with d € (m, 2m). In fact,

we can modify the energy functional [ into
1

T _ 2 2 _
I(w) = 5 /RN (IVul” + V(x)u”)dx

22 /]RN (Io * lu™P«)|u* Pedx, ueD"?RY).
Suppose {i,} is a (P S)4 sequence of I with d € (m, 2m), then {u,} is bounded in D'-2(RN)
and

(T (), uy) = Ny 1 = on(1).
It follows that
Twh) —de@m2m), T'u)—o0.

Thus, {uj} is a nonnegative (P S), sequence of T withd € (m, 2m).

As adirect consequence of Corollary 4.2, up to a subsequence, we may suppose thatu;” —
u strongly in DLZRYY) Janduisa nonnegative of (1.10). Since V (x) € L% RMYNCr (RY)
is nonnegative for some y € (0, 1), by a similar argument as the proof of Proposition 2.4,
one can deduce that u € C>*(RV) for some 0 < ¢ < y. Then, the positivity of u follows
from the strong maximum principle. Thus we complete the proof of the Theorem 1.2. O
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