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Abstract
This paper focuses on the following Keller—Segel-Navier—Stokes system with rotational flux:

n4+u-Vo=An—-—V-mSkx,n,c)Ve), xe€Q, t>0,

¢ u-Ve=Ac—ctn, xeQ 150,
ur +k-Vu+VP =Au+nVe, xeQ, >0, (KSNF)
V-u:(), XEQ, t>0

in a bounded domain  C R3 with a smooth boundary, where « € R is a given constant,
¢ € W]’OO(Q), |S(x,n,c)] < Cs(l +n)~%, and the parameter « > 0. If & > %, then,
for all reasonable regular initial data, a corresponding initial-boundary value problem for
(KSNF) possesses a globally defined weak solution. This result improves upon the result
of Wang (Math Models Methods Appl Sci 27(14):2745-2780, 2017), in which the global
very weak solution for the system (K SN F) is obtained. In comparison with the result of the
corresponding fluid-free system, the optimal condition on the parameter « for global (weak)
existence is established. Our proofs rely on a variant of the natural gradient-like energy
functional.

Mathematics Subject Classification 35K55 - 35Q92 - 35Q35 - 92C17

1 Introduction

Chemotaxis, the biased movement of cells (or organisms) in response to chemical gradients,
plays an important role in coordinating cell migration in many biological phenomena (see
Hillen and Painter [8]). Let n denote the density of the cells and ¢ present the concentration
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of the chemical signal. In the 1970s, Keller and Segel [12] proposed a mathematical system
for chemotaxis through a system of parabolic equations. The mathematical model reads as

(1.1)

n=An—V-mnSkx,n,c)Ve), xe€Q, t>0,
¢ =Ac—c+n, xeQ, t>0,

where S is a given chemotactic sensitivity function, which can either be a scalar function or,
more generally, a tensor-valued function (see, e.g., Xue and Othmer [42]). During the past
four decades, Keller—Segel models (1.1) and their variants have attracted extensive attention,
withthe main issue of investigation focusing on whether the solutions of the models are
bounded or blow up (see Winkler et al. [1], Hillen and Painter [8] and Horstmann [9]). For
instance, if S := S(n) is a scalar function satisfying S(s) < C(1 +s) % forall s > 1,
o>1-— %, and C > 0, then all solutions to the corresponding Neumann problem are global
and uniformly bounded (see Horstmann and Winkler [10]). However, if N > 2, Q (a ball)
C RN, and S(s) > ¢s™* forsome o < 1 — % and ¢ > 0, then the solution to problem (1.1)
may blow up (see Horstmann and Winkler [10]). Therefore,

1 2 1.2
o= N (1.2)
is the critical blow-up exponent, which is related to the presence of a so-called volume-
filling effect. For related works in this direction, we mention that a corresponding quasilinear
version, the logistic damping or the signal consumed by the cells, has been deeply investigated
by Cieslak and Stinner [4,5], Tao and Winkler [20,31,41] and Zheng et al. [44—46,50,51].
As in the classical Keller—Segel model where the chemoattractant is produced by bacteria,
the corresponding chemotaxis—fluid model then becomes the following Keller—Segel(—
Navier)-Stokes system:

n4+u-Vo=An—V-nSkx,n,c)Vce), x e, t>0,
¢;+u-Ve=Ac—c+n, xeQ, t>0,

U +kw-Vyu+VP = Au +nVg, xe, t>0, (1.3)
V.u=0, xe, t>0, ’
(Vn—nSx,n,c))-v=Vc-v=0, u=0, x €02, t>0,

n(x,0) =no(x), c(x,0) = co(x), ulx,0) =up(x), xe,

where 72 and ¢ are defined as before and 2 C R? is a bounded domain with a smooth boundary.
Hereu, P, ¢, and k € R denote, respectively, the velocity field, the associated pressure of the
fluid, the potential of the gravitational field, and the strength of nonlinear fluid convection.
S(x, n, c) is a chemotactic sensitivity tensor satisfying

S € C3(Q x [0, 00)%; R3*3) (1.4)
and
IS(x,n, )| < Cs(14+n)"% forall (x,n,c) e x[0,00)> (1.5)

with some Cg > 0 and @ > 0. Problem (1.3) is proposed to describe the chemotaxis-fluid
interaction in cases when the evolution of the chemoattractant is essentially dominated by
production through cells (see Winkler et al. [1] and Hillen and Painter [8]).

Before delving into our mathematical analysis, we recall some important progress on
system (1.3) and its variants. The following chemotaxis-fluid model,which is closely related
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to the variation of (1.3), was proposed by Tuval et al. [24]:

n4+u-Vo=An—V-mSkx,n,c)Ve), xe€Q, t>0,

¢t +u-Ve=Ac—nf(c), xeQ, t>0, (1.6)
U +kw-V)u+ VP = Au+nVg, xeQ, t>0, ’
V-u=0, xe, t>0,

where f (c) is the consumption rate of oxygen by the cells. In the past few years, by making use
of the energy-type functionals, system (1.6) and its variants have attracted extensive attention
(see,e.g.,Chaeetal. [3], Duanetal. [6], Liuand Lorz [13,15], Tao and Winkler [23,33,34,37],
Zhang and Zheng [43] and references therein). For example, Winkler [37] established the
global existence of a weak solution in a three-dimensional domain when S(x, n, ¢) = 1 and
k # 0. Recently, if S(x, n, ¢) := S(c¢), the long-term behavior of eventual smoothness of
the weak solution was investigated by Winkler [38], in which the weak solution became
smooth on some interval [T, co) and uniformly converged in the large-time limit. For more
literature related to this model, we can refer to Tao and Winkler [21,22,39] and the references
therein. For example, Winkler [39] proved that the chemotaxis—Stokes system (with nonlinear
diffusion) admits a global bounded weak solution under the assumption m > % Furthermore,
he also showed that the obtained solution approached the spatially homogeneous steady state
in the large-time limit.

If the chemotactic sensitivity S(x, n, ¢) is regarded as a tensor rather than a scalar one (see
Xue and Othmer [42]), (1.6) turns into a chemotaxis(—Navier)—Stokes system with rotational
flux. Owing to the presence of the tensor-valued sensitivity, the corresponding chemotaxis—
Stokes system loses some energy structure, which has played a key role in previous studies for
the scalar sensitivity case (see Cao [2] and Winkler [36]). Therefore, very few results appear
to be available on chemotaxis-Stokes systems with such tensor-valued sensitivities (see, e.g.,
Ishida [11], Wang et al. [26,28] and Winkler [36]). In fact, assuming that f(c) = ¢ and that
(1.4)and (1.5) hold, Ishida [11] proved that (1.6) admits a bounded global weak solution in two
dimensions with nonlinear diffusion, whereas, in three dimensions, Winkler [36] showed that
the chemotaxis-Stokes system [k = 0 in the first equation of (1.6)] with nonlinear diffusion
(where the coefficient of diffusion satisfies m > %) possesses at least one bounded weak
solution that stabilizes to a spatially homogeneous equilibrium (‘lﬁ Jo 10.0,0).

In contrast to the large number of existing results ofor (1.6), the mathematical analysis of
(1.3) with regard to global and bounded solutions is far from trivial. On the one hand, as its
subsystem, the Navier—Stokes system lacks a complete existence theory (see Wiegner [30]).
On the other hand, the previously mentioned properties for the Keller—Segel system can still
emerge (see Wang et al. [17,25,27-29] and Zheng [48,49]). In fact, in two dimensions, if
S = S(x, n, ¢) is a tensor-valued sensitivity fulfilling (1.4) and (1.5), Wang and Xiang [28]
proved that the Stokes version [k = 0 in the first equation of (1.3)] of system (1.3) admits
a unique global classical solution that is bounded. Recently, Wang et al. [27] extended the
above result [28] to the Navier—Stokes version (« # 0 in the first equation of (1.3)). In both
papers [27] and [28], the condition o > 0, corresponding to the condition (1.2) with n = 2,
is optimal for the existence of the solution. Furthermore, similar results are also valid for the
three-dimensional Stokes version [k = O in the first equation of (1.3)] of system (1.3) with
o > % (see Wang and Xiang [29]). In the three dimensional case, Wang and Liu [14] showed
that the Keller—Segel-Navier—Stokes [« 7 0 in the first equation of (1.3)) system (1.3] admits
a global weak solution for tensor-valued sensitivity S(x, n, ¢) satisfying (1.4) and (1.5) with
o > % Recently, because of the lack of enough regularity and compactness properties for the
first equation, by using the idea proposed by Winkler [35], Wang [25] presented the existence
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of global very weak solutions for the system (1.3) under the assumption that § satisfies (1.4)
and (1.5) witho > %, which, in light of the known results for the fluid-free system mentioned
above, is an optimal restriction on « [see (1.2)]. However, the existence of global (stronger
than the result of [25]) weak solutions is still open. In this paper, we try to obtain enough
regularity and compactness properties (see Lemmas 3.4, 5.1, and 5.2), then show that system
(1.3) possesses a globally defined weak solution (see Definition 2.1), which improves the
result of [25].
Throughout this paper, we assume that

€ WHX(Q) (1.7)
and that the initial data (ng, cg, uo) fulfill

ng € CX(Q) for certain « > 0 with ng > 0 in €,
co € WH*(Q) with ¢g >0 in Q, (1.8)
ug € D(AY) for some y € (3/4,1) and any r € (1, 00),

where A, denotes the Stokes operator with domain D(A;) := wW2r( Q)N Wé’r (NLL(Q)
and L7 (Q2) :={¢ € L"(Q)|V - ¢ = 0} for r € (1, 0o) (similar to that in [19]).
Our main result assert the existence of the global weak solution for system (1.3).

Theorem 1.1 Let Q@ C R? be a bounded domain with a smooth boundary. (1.7) and (1.8)
hold, and suppose that S satisfies (1.4) and (1.5) with some

1
a > —.
3
Then problem (1.3) possesses at least one global weak solution (n, ¢, u, P) in the sense of

Definition 2.1.

Remark 1.1 (i) From Theorem 1.1, we conclude that o > % is sufficient to guarantee the

existence of global (weak) solutions. Compared with the results (1.2), we know such a
restriction on « seems to be optimal.

(ii) Obviously, % > %, so Theorem 1.1 improves the results of Liu and Wang [14], which
showed the global weak existence of solutions in cases S(x, n, ¢) satisfying (1.4) and (1.5)
with o > %

(i) If § := S(n) = Cs(1 + n)~* is a scalar function which satisfies that « > %, the
boundedness of solution to Keller—Segel-Stokes [« = 0 in the first equation of (1.3)] system
(1.3) is obtained by Winkler (see [40]). Recalling the condition (1.2) for global existence in
the fluid-free setting, as implied by the previously mentioned studied (see Horstmann and

Winkler [10]), this result appears to be optimal with respect to «.

This paper is organized as followed. In Sect. 2, we give the definition of weak solutions
to (1.3), the regularized problems of (1.3), and some preliminary properties. Sections 3 and
4 will be devoted to an analysis of regularized problems of (1.3). Next, on the basis of the
compactness properties thereby implied, in Sects. 5 and 6, we can pass to the limit along
with an adequate sequence of numbers ¢ = ¢;\0 and thereby verify Theorem 1.1.

2 Preliminaries

In light of the strong nonlinear term (u# - V)u, problem (1.3) has no classical solutions in
general, thus we consider its weak solutions.
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Definition 2.1 Let 7 > 0 and assume that (ng, cg, uo) fulfills (1.8). Then a triple of functions
(n, ¢, u) is called a weak solution of (1.3) if the following conditions are satisfied:

nel) (Qx[0,T)),
¢ € L}, (0, T); Wh1(@)), Q.1
uel) (10,T); Whi(Q); RY),

loc

where n > Oand ¢ > 0in Q x (0, T) as well as V - u = 0 in the distributional sense in
Q x (0, T). Moreover,

u®u e L}, (82x [0, 00); R¥*?) and n belongs to L},.($2 x [0, 00)),
cu, nu, and nS(x, n, c)Vc belong to L}OC(S_Z x [0, 00); R3) 2.2)

T
—f /n<ﬂt—[no<ﬂ(~,0)
0 Jo Q
T T T
—/ /Vn-Vgo—i—/ /nS(x,n,c)Vc-Vgo—i—/ /nu~V(p 2.3)
0 Q 0 Q 0 Q
foranytpngo(S_ZX[O, T)) satisfying%—f:Oon 092 x (0, T), as well as
T
[ [ [
0 Ja Q
T T T T
—/ /Vc-vw—/ /ap—i—/ /n<p+/ /cu-Vgo 2.4)
0 Q 0 Q 0 Q

forany ¢ € COO(Q x [0, T)) and

// /uo(p( 0)—K//M®u Vo
_/0 vaM.w_/O /an.q) 25)

for any ¢ € C(‘)’o(S_Z x [0, T); R3) fulfilling Vo =0in Q x (0, T).
If (n, ¢, u) : Q x (0, 00) —> R is a weak solution of (1.3)in  x (0, T) forall T > 0,
then (n, c, u) is called a global weak solution of (1.3).

and

To obtain the solution of system (1.3), we first consider the following approximate system
of (1.3):

Ngt +Ug - Vg = Ang — V- (nng/(ne)Ss(xa ng,ce)Veg), x €2, t>0,
Cet +Ug - Veg = Acg — ¢ + Fe(ng), xe, t>0,
Ug + VP, = Aug — k(Yeug - VYug +n,Vo, xe, t>0, 2.6)
V-u, =0, x e, t>0, ’
Vng-v=Vcg-v=0,u, =0, x €0, t>0,
ne(x, 0) = no(x), c(x, 0) = co(x), ug(x,0) = up(x), x €€,
where
1
Fe.(s) ;= —In(1 4+¢es) forall s >0 and ¢ > O, 2.7
&
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as well as
Se(x,n,c) = ps(x)S(x,n,c), xé€ Q, n>0 ¢>0 (2.8)
and
Yew:= (1+eA)"'w forall we L2(Q)

is a standard Yosida approximation and A is the realization of the Stokes operator (see [19]).
Here, (p¢)ec(0,1) € C3°(£2) is a family of standard cutoff functions satisfying 0 < p. < 1in
Q and p. 1 in Q as e\0.

The local solvability of (2.6) can be derived by a suitable extensibility criterion and a
slight modification of the well-established fixed-point arguments in Lemma 2.1 of [37] (see
also [36] and Lemma 2.1 of [16]), so here we omit the proof.

Lemma 2.1 Assumethate € (0, 1). Thenthere exist Tyqx ¢ € (0, 00] and a classical solution
(ng, ce, g, Pe) of (2.6) in Q X (0, Tipax,e) Such that

neg € CO(Q x [0, Tmax.s)) N CZ’I(Q X (Oa Tmax,a))7

Ce € CO(Q x [0, Tmax,a)) N CZ’](Q x (0, Tmax,s))v

e € COUQ X [0, Trnar,)s RY) N C>1(Q x (0, Thnaxe); RY),
P, € C]’O(Q x (0, Tmax,s)),

classically solving (2.6) in Q x [0, Tinax,e). Moreover, ng and cg are nonnegative in X
0, Thnax,e) and

e Oz + llee G Doy + 1A e Dl 20y — 00 as ¢ = Tax.e,
where y is given by (1.8).
Lemma 2.2 [32,47] Let (e’A)fzo be the Neumann heat semigroup in Q and p > 3. Then

there exist positive constants c1 = c1(2), ¢z := c2(RQ), and c3 = ¢3(2) such that for all
T > 0and any ¢ € WP (Q),

IVe**¢liLr@) < c1 (@ Vel Lr @),
and for all T > 0 and each ¢ € L*° ()

_1
IVe™pllLr@) < 2+ 7)o~ @),
as well as for all T > 0 and all ¢ € C'(; R?) fulfilling ¢ - v =0 on 9Q

_1_
€72V - @l o) < c3(1 41772

3
2p

MellLe ).

3 Some a priori estimates for the regularized problem (2.6) that is
independent of £

In this section, we are going to establish an iteration step to develop the main ingredients of
our result. The iteration depends on a series of a priori estimates. To proceed, first, we recall
some properties of Fr and F/, which play an important role in demonstrating Theorem 1.1.

Lemma 3.1 Assume F; is given by (2.7). Then

0<Fl(s)= <1 forall s >0 and ¢ >0 3.1

1+es
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as well as
sl—i>n01+ F.(s) =5, 8l_i)r%)l+ Fgl(s) =1 forall s >0 (3.2)
and
0<F.(s)<s forall s>0. 3.3)
Proof Recalling (2.7), by tedious and simple calculations, we can derive (3.1)—(3.3). ]

The proof of this lemma is very similar to that of Lemmas 2.2 and 2.6 of [23] (see also
Lemma 3.2 of [25]), so we omit it here.

Lemma 3.2 There exists A > 0 independent of € such that the solution of (2.6) satisfies

/ Ng +f cg <A forall t € (0, Tnax,e)- 3.4
Q Q

Lemma3.3 Leta > L. Then there exists C > 0 independent of € such that the solution of

3
(2.6) satisfies
/ n2® 4 / 2+ / lue|*> < C forall t € (0, Tpax.e)- (3.5)
Q Q Q
Moreover, for T € (0, Tiax,e), one can find a constant C > 0 independent of € such that
T
| [ ieiwn v ve ¢ ve] < c. (36)
0 Q
Proof The proof consists of two cases.

Case 2 # 1: We first obtain from V - u, = 01in Q x (0, Ty4x,¢) and straightforward
calculations that

. 1 d . _
sign(or = 1) 3 e 7% g, +signCe — Do = 1) /Q ng 2 Vne?
= — f signo — D2 'V - (ne Fl(ne) S (x, ne. ;) - Vee)
Q
< signQa — 1) — 1) / n3* ne Fl(ne)|Se (x, ne, co)|[Vne|[Vee | (3.7)
Q

forallt € (0, Tipax,¢). Therefore, from (3.1), in light of (1.5) and (2.7), we can estimate the
right-hand side of (3.7) as follows:

Sign(er — 1)(2e — 1) / 2220, L (1)) S5 (x. e, )| Ve Ve
Q

< signQo — 1)Qa — 1)/ n2*"2n.Cs(1 + ne) ™| Vng||Vee|
Q

20 — 1
< signa — 1) a2 fnﬁ“"zlwsl2
Q

200 — 1
+ | ) |C§/ nga72ng(1 +”5)72a|vce|2
Q

200 — 1
<signQa — 1) az / n2*=2|Vn,|?
Q

20 — 1]
2

c§/ |Vee|* forall 7 € (0, Trnax.e) (3.8)
Q
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by using Young’s inequality, where in the last inequality we have used the fact that
n?“‘zng(l +n.)"2 < 1foralle > 0and (x,7) € Q x (0, Tnax.e)- Inserting (3.8) into

(3.7), we conclude that
—1 202 2
ng 7| Vng|
Q

2a—1] , 2
< — Cs | IVee|® forall t € (0, Tiax,e). (3.9
Q

. d . 20
sign(2o — 1)2 ||n8||L2a(Q) + sign(Rae — 1)

To track the time evolution of ¢, taking c, as the test function for the second equation of
(2.6) and using V - u, = 0 and (3.3) together with Holder’s inequality yields

lincgnzz +/ |ch|2+f |cg|2=/ Fe(ne)ce
2 dt Lf@ g, Q Q

< [ mece <l g e lisig orall e € O, s, (310)

By applying Sobolev embedding W!-2(Q)< L°(£) in the three-dimensional setting, in
view of (3.4), there exist positive constants C| and C; such that
leslZoiqy < CillVeel7ag, + Cilleel7i g,

< CilIVeel} 2, + Ca forall € (0, Tae)- (.11)

Thus, by means of Young’s inequality and (3.11), we proceed to estimate

li|| 12,00, + [ Vel + [ | |2<i|| |12 || |1
2 dt Ce L2(9) o Ce o Ce|l = 2C1 Ce L()(Q) Iy % @)

! 2 Cr,o 2
< -V — Czforallt € (0, T, 3.12
= 2” CS”LZ(Q) + ) ”né‘”Lg(Q) + C3 ( max,s) ( )
and some positive constant C3 independent of ¢. Therefore,

1d 1 Cq
sl 5 [ e+ [ el < SHnely  +Cy forall 1€ 0, Ty,
(3.13)

To estimate ||n5|| $@ for all t € (0, Thuax,e), we should notice that @ > % ensures that

W < 2,50 that in light of (3.4), the Gagliardo—Nirenberg inequality and Young’s inequal-
ity allow us to estimate that

2

z 2_
[EA = [lng | * <Cy4 <||Vn ||6“ L lln alla =+ n O‘Il” >
8@ el L2(Q) ) T (Q)

o ()

1
= ZWIW” IILz(Q) + Cs forall t € (0, Tyax.e) (3.14)

with some positive constants C4 and Cs independent of ¢. This together with (3.13) contributes

to
1d
2dl ” S”LZ(Q) |VCS| + |C£

+ Ce forall t € (0, Tiax,e) (3.15)

<3 8 2C2” n ”LZ(Q)
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and some positive constant Cg. Taking an evident linear combination of the inequalities
provided by (3.9) and (3.15), one can obtain

2 d 2
+ |20[ - 1|CSE”C£”L2(Q)

1
sign(Ra — 1)2—
o

120 — 1]
> c§/ |Vcs|2+2|2a—1|C§/ |ce|?
Q Q

2 — 1 1
+ <sign(2a -1 ¢ — Z|2a — 1|> / 11505_2|Vn‘,3|2
Q

2
E ”ns ”LOQ(a(Q)

2
< Cyforallt € (0, Thyax.e) (3.16)
200 — 1 200 — 1
and some positive constant C7. Since sign(2e — 1) a2 = | a2 | , (3.16) implies that

. 1 d d
sign(2a — 1) lInell % g, + 120 = 11C3 - licel2

20 — 1
| |c§/ |Vee|* + 212 — 1|c§/ lcel?
2 Q Q
200 — 1
+ | | f n§a72|vn8|2
4 Q
< Cyforallt € (0, Thyax.e)- (3.17)
If 2a > 1, then sign(2a — 1) = 1 > 0, thus, integrating (3.17) over time, we can obtain
/ n2 +/ 2 < Cg forall 1€ (0, Tax.e) (3.18)
Q Q
and
T
/ / [n2472|Vn, | + Ve 2] < Cy(T + 1) forall T € (0, Taxe)  (3.19)
0 Ja
and some positive constant Cg. If 2« < 1, then sign(2a — 1) = —1 < 0; hence, in view of

(3.4), integrating (3.17) over time and employing Hoélder’s inequality, we also conclude that
there exists a positive constant Cg such that

/ nga +/ Cg < Cy forall t € (0, Tnax,e) (3.20)
Q Q

and
T
/ /[n?a_2|Vng|2+|ch|2]§C9(T—|—l) forall T € (0, Tare). (321
0 Q

Case 2o = 1: Using the first equation of (2.6) and (2.7), integrating by parts, and applying
(1.5) and (3.1), we obtain

d
& JoneInng =/n£,lnna+/ Ner
Q

= [ An.Inng — / InngV - (ngFl(ng)Se(x, ne, ce) - Veg)
Q Q

2
— Jo ML 4 [ Cs(1 4 ne) ™2 V||V, | forall ¢ € (0, Tuaxe),

ng

IA

which combined with Young’s inequality and 2« = 1 implies that

d 1 [ |Vne]? 1
E/Qrzslnng—i-ifg n: < 5c§/§2|vc£|2 for all 7 € (0, Tynax.e)-

@ Springer



109 Page 10 of 27 Y.Ke, J. Zheng

However, since 2« = 1 yields o« > %, by employing almost exactly the same arguments as in
the proof of (3.10)—(3.16) (with the minor necessary changes being left as an easy exercise
to the reader), we conclude an estimate of

/ nelnng + / c2 < Cy forall 7€ (0, Tnax.e) (3.22)
Q Q

and
T |V”£|2 2
/ f [7 + |Vee| j| <Ci1o(T+1) forall T € (0, Tnax,e)- (3.23)
Q ng

Now, multiplying the third equation of (2.6) by u,, integrating by parts, and using V-u, = 0
give

1d
5%/ |u8|2+/ |Vu5|2:/n5u£-v¢ forall ¢ € (0, Tpax.e)- (3.24)
Q Q Q

Here we use Holder’s inequality, Young’s inequality, (1.7), and the continuity of the embed-
ding W'2(Q) — L®(Q) to find Cy; and C12 > 0 such that
/Qnsus Vo < |IVP| Lo line || é ”u£”L6(Q)

<Ci||V 00 n u
11Vl Lol sllLS(Q)ll ellL2)

1
EIIVMeIILz(Q) + Ciallnell? L@ forall 1 € (0, Tnax,e). (3.25)

Next, in view of (3.4) and @ > %, (3.14) and Young’s inequality along with the Gagliardo—
Nirenberg inequality yields

1 2__2
nete -V < S IVuglZarg, + Col V&L ) * ) %
fg elle 3 el 2(Q) L2(@)e L#(Q) (3.26)
< E”VM«E‘“LZ(Q) + ”Vn‘::’ ||L2(Q) + C]3 forall r € (0, Tmax,é‘)

and some positive constant C13. Now, inserting (3.25) and (3.26) into (3.24) and using (3.21)
and (3.23), one has

f lug|> < C1q forall ¢ € (0, Tax.c) (3.27)
Q
and
T
/ / |Vue)? < Cry(T + 1) forall T € (0, Thax.c) (3.28)
0 Q

and some positive constant C14. Finally, collecting (3.20)—(3.21), (3.22)—(3.23), and (3.27)—
(3.28), we can get (3.5) and (3.6). m]

With the help of Lemma 3.3, based on the Gagliardo—Nirenberg inequality and an applica-

tion of well-known arguments from parabolic regularity theory, we can derive the following
lemmas:
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Lemma3.4 Let ¢ > % Then there exists C > 0 independent of ¢ such that, for each
T € (0, Tnax.s), the solution of (2.6) satisfies

T 30t 6a+2 1 1
/ /[|Vng|7+ng3 }sc<r+1> Fica<lt (3.29)
0o Ja 3 2
T Ooc 1
/ / [|vna|z+za . :|§C(T+1) if 5 <a<l, (3.30)
0 Q
as well as
10
/ /[Nm +n3]§C(T+l) if o> 1 (3.31)
and
10
/ {f[c; +|us|3]+||u£||m(m} <CT+1). (3.32)

Proof Case % <a < %: From (3.4), (3.5), and (3.6), in light of the Gagliardo—Nirenberg
inequality, for some C; and C, > 0 that are independent of &, one may verify that

T 6a3+2 2
o
//n =/ I ||
0o Jo 0 @

< C]/ Vn% n%|* + n%|
; <|| ||L2(Q) I || lIng ||L$(Q)

<C(T+1) forall T > 0. (3.33)

Therefore, employing.lilélder’s inequality (with two exponents ;ﬁ and ﬁ), we conclude
that there exists a positive constant C3 such that

I <[ foemn] ]

<C3(T+1) forall T > 0. (3.34)

Case % < a < 1: Again by (3.4), (3.5), and (3.6) and the Gagliardo—Nirenberg inequality

3+20¢ and 3+20¢
Sa

and Holder’s inequality (with two exponents 5. )» e derive that there exist

positive constants C4, Cs, and Cg such that

g e ’ L
o
/ /n =f 1%y
0 Q 0 L3 ()

T Dt

<Cs(T+1) forall T >0 (3.35)
and
3-3a
T 10 3+2a 312a
[ [ < U / 2a- 2|Vn|] [/ /n }
0 Jo
< Ce(T +1) forall T > 0. (3.36)

@ Springer



109 Page 12 of 27 Y.Ke, J. Zheng

Case @ > 1: Multiplying the first equation in (2.6) by n, in view of (2.7) and using V-u, = 0,
we derive

1d
3oy + [ 190 = = [ 0V e E 00 o o) - Ve
= / nng/(ne”Ss(x’ ne, c)||Vne||Vee| forall t € (0, Thax,e)- (3.37)
Q
Recalling (1.5) and (2.7) and using & > 1, via Young’s inequality, we derive

/nng/(ne)ISg(x,ne,cs)IIVnEIIVcal < Cs/ |Vne||Ve|
Q Q

1 2, Cs 2
< |Vne|? + IVeel* forall ¢ e (0, Tyax.e)- (3.38)
2 Ja 2 Ja '

Here we have used the fact that
neFl(ne)|Se(x, ne. )| < Csne(14+n.)~" < Cs

by using (1.5). Therefore, collecting (3.37) and (3.38) and using (3.6), we conclude that
f n2 < Cy forall 1€ (0, Tar.c) (3.39)
Q
and
T
/ / |Vne|> < Co(T + 1). (3.40)
0 Ja

Hence, from (3.39)-(3.40) and (3.5)—(3.6), in light of the Gagliardo—Nirenberg inequality,
we derive that there exist positive constants Cg, Co, C19, C11, C12, C13, C14, C15, C16 and

Cy7 such that
?0 0
/ [n <c / (19113 g + 11 )

< Co(T +1) forall T >0, (3.41)
10 T 10
/ / b <C / <||ch||Lz(m||cs||L2(m + ||cg||gz(m)
<Ci(Tr+1) forall T >0 (3.42)
as well as
T 10 T ITU
fo /Q wel® < Cua /0 (||ws||L2(m||u£||Lzm) + el m))
<Ci5(T+1) forall T >0 (3.43)
and
T T
fo i 2 g < Cio /0 IVie 2o < Cor(T + D forall T >0, (3.44)

where the last inequality we have used the embedding Wo U(Q)<—>L6(Q) and the Poincaré
inequality. Finally, combining (3.33)—(3.36) with (3.40)—(3.44), we can obtain the results. O
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2
Lemma3.5 Let % <a < %. Then there exist y = 23_-:13 € (1,2) and C > 0 independent

of € such that, for each T € (0, Tinayx ), the solution of (2.6) satisfies

T 2y
/ Inell*2, < C(T+1). (3.45)
0 L7 (Q)

Proof To this end, we first prove that for all p € (1, 6«), then there exists a positive constant
Cj independent of ¢ such that, for each T' € (0, T,4x.¢), the solution of (2.6) satisfies

T 21’(11—5)
/ Inell gy < Ci(T +1). (3.46)
0

In fact, by (3.4) and (3.6), we derive that for some positive constants C> and C3 independent
of & such that

T 21'(‘17(1;) T 2p L 6a—1
Inell; e =f [n&) 7,
/0 FILP @) 0 L% @
T 2pl 6% 1_o 2p .60611—1
< (nw N L I L )
@ (Q2) @ ()
<C3(T+1) forall T > 0

Therefore, (3.46) holds. Next, by « € (% % we may choose y = 2o :13 such that

1 <y <min } (3.47)

as well as

o6y
pi= € (1, 6a) (3.48)
6—vy
and
2p@—L  12y@-1 2
ple—g) _1vle-g 2 (3.49)
p—1 Ty —6 2—vy

Collecting (3.46)—(3.49), one can derive (3.45) by using the Young inequality. O

4 Global solvability of the regularized problem (2.6)

The main task of this section is to prove the global solvability of the regularized problem
(2.6). To this end, first, we need to establish some e-dependent estimates for n,, c., and u,.

4.1 A priori estimates for the regularized problem (2.6) that depend on &

In this subsection, we obtain some regularity properties for n., c¢, and u, in the following
form on the basis of Lemma 3.3.

Lemma 4.1 Let o > % Then there exists C = C(g) > 0 depending on ¢ such that the
solution of (2.6) satisfies

/n§“+2+/ |Vue|> < C forall t € (0, Thax.c)- “.1)
Q Q
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In addition, for each T € (0, Tipax ] With T < 00, one can find a constant C > 0 depending
on € such that

T
/ / [n2%1Vne * + |AueP] < C. 4.2)
0 JQ
Proof In view of (2.7), we derive

, 1
Fo(ng) = —,
en

&€

so that, by multiplying the first equation in (2.6) by n!¥2%, using V - u, = 0, and applying

the same argument as in the proof of (3.7)—(3.20), one can obtain that there exist positive
constants C1 and C, depending on & such that

[ n2¢*2 < ¢y forall 1 € (0, Tyax.e) (4.3)
Q
and

T
/ / n2*|\Vne|? < Cy forall T € (0, Typay.e] with T < ooc.
0 Q
Now, from D(1 + eA) := W2(2) N Wy'2(2) = L%(S) and (3.5), it follows that, for
some C3 > 0and C4 > 0,

1 Yeuelloo = I +eA) gl 1o
< Callue (. Dl 2y < Ca forall ¢ € (0, Taxe). (4.4)

Next, testing the projected Stokes equation ug, + Au, = Pl—« (Yeue - V)ug + n:Ve] by
Aug, we derive

1d 1 2 2
St s g+ [ 1aue = [ AucPi s - Ve + [ P Aue

1
< 5/ |Au8|2+K2/ |(Yeug - Vug|* + ”V‘/’”%C’O(Q)/ n2 forall 1€ (0, Tax.e).
Q Q Q
4.5)

However, in light of the Gagliardo—Nirenberg inequality, Young’s inequality, and (4.4),
there exists a positive constant Cs such that

e f |Vetts - Ve P < 62 Yot e f Ve
Q Q
< Yette e /Q Ve
§C5/ |Vue)? forall 1€ (0, Tax.c)- (4.6)
Q

Here we have used the well-known fact that |A(-)[|;2(q) defines a norm equivalent to || -

1
llw22(q) on D(A) (see Theorem 2.1.1 of [19]). Now, recall that [| A 2 u |7 , (@ = IVue 12, @
Substituting (4.6) into (4.5) yields

Ld G2 Aug)? < Cs | |Vuel* + |Vo|2 2 forall 7€ (0,7,
EE” uellz2g) + o [Aug|” < Ce o Vite|” + IVl 10 Qns orall 1 € (0, Tinax,s)-
4.7
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Since o > 3 yields 2o + 2 > 5 > 2, by collecting (4.3) and (4.7) and performing some
basic calculations, we can get the results. O

Lemma 4.2 Under the assumptions of Theorem 1.1, one can find that there exists C = C(g) >
0 depending on € such that

/ IVee ()2 < C forall t € (0, Tyax,e) (4.8)
Q
and
T
/ / |Ac5|2 <C forall T € (0, Tiyax,¢] with T < oo. 4.9)
0 Q

Proof First, testing the second equation in (2.6) against — Ac,, employing Young’s inequality,
and using (3.3) yields

1d
EE”VCEH%Z(Q) = / —Acg(Acg — ¢ + Fe(ng) —ug - V)

/|AC£ /|VC8| /Fs(ns)ACs_/(us'vcs)Acs
~5 Lraer = [iver+ [ w2+ [ e vedaal @0

for all t € (0, Tyuax,¢). Next, one needs to estimate the last term on the right-hand side of
(4.10). Indeed, in view of Sobolev’s embedding theorem (W 1-2(Q2) < L°(L)) and applying
(4.1) and (3.5), we derive from Holder’s inequality, the Gagliardo—Nirenberg inequality, and
Young’s inequality that there exist positive constants Cy, C2, C3, and C4 such that

| /\

/ lue - VeellAce| < ||us||L6(Q)||VCs||L3(Q) ”ACSHLZ(Q)
Q

<C ||VCe||L%(Q)||ACe||L2(Q>
< Cz(llACsll (Q)llcalle(Q) + ||C£||i2(9))”ACs“L2(Q)
< C3(I|ACS|IL2(Q) + | Acell2 )

||L2(Q) + Cyforallt € (0, Thnax.e)- 4.11)

= Ljac?
Inserting (4.11) into (4.10) and using (4.1), one obtains (4.8) and (4.9). This completes the
proof of Lemma 4.2. O

Lemma4.3 Leta > % Assume that the hypothesis of Theorem 1.1 holds. Then there exists
a positive constant C = C(¢) depending on € such that, for any 3 < q < 6, the solution of
(2.6) from Lemma 2.1 satisfies

NAY ue (-, )l 2 < C forall t € (0, Tnax.e) (4.12)
as well as
lueC, DllL=@) < C forall t € (0, Tnax,e) (4.13)
and
IVee (- DllLa) = € forall t € (0, Tnax,e), (4.14)

where y is the same as in (1.8).

@ Springer



109 Page 16 of 27 Y.Ke, J. Zheng

Proof Let hy(x,t) = Pn.V¢ — k (Yeu, - V)u.). Because o > %, then , along with (4.1),
(1.7), and (4.4), there exist positive constants go > % and C such that

lne(, DllLao ) < C1 forall ¢ € (0, Thnax,e) (4.15)
and
lhe (-, t)||LqO(Q) < Cy forall t € (0, Thnax,e)- (4.16)

Hence, because gg > %, we pick an arbitrary y € (%, 1) and, then, —y — %(qi -bys 1

Therefore, in view of the smoothing properties of the Stokes semigroup [7], we derive that,
for some A, C» > 0, and C3 > 0,

t
IAY ue (. Dl 120 SIIA”e_’Auolle(Q)—i-/o [AY e AR (-, Dydll 2y dT

y ! —y=3(L-1 -
< 1A upllL2(q)+C2 | (t—1) w0 e 17e (-, D)l Lao (@dT
0
< C3 forall t € (0, Tnax,e)- 4.17)

Observe that y > i, D(AY) is continuously embedded into L*°(2). Therefore, we derive

that there exists a positive constant C4 such that
llue (-, )llLe@y < C4 forall t € (0, Tax,e) (4.18)

from (4.17). However, from (4.8), with the help of Sobolev’s imbedding theorem, it follows
that, for any fixed g € (3, 6),

llce GOl iy = Cs forall 1 € (0, Tnax,e)- (4.19)

Now, involving the variation-of-constants formula for ¢, and applying V- u, = Oinx €
Q,t > 0, we have

t
ce(t) = B Vey + f AN (E, (ne(5) + V - (ue(5)ce ())ds, 1 € (0, Truax.e),
0

(4.20)

so that, forany 3 < ¢ < min{@%, G}, we have

t
IVee(, Dlliza < IV A Vegllae + f Ve "= A=D E (ny(5)) | La () ds
0

'
+ [ 19D ) ) s ds. @4.21)
0
To address the right-hand side of (4.21), in view of (1.8), we first use Lemma 2.2 to get

Ve Deglla) < Ce forall t € (0, Tuax.e)- (4.22)

()
— == > -1,
q90 9

Since (4.15) and (4.19) yields
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together with this and (3.3), by using Lemma 2.2 again, the second term of the right-hand
side is estimated as

t
/ 1V E, (, () 2o (@ ds
0

! 13,11 4.23
< / [+ (=) 5 201 g () | a0y ds (4-23)
0

< Cgforallt € (0, Tax.e)-

Finally, we will address the third term on the right-hand side of (4.21). To this end, we

choose 0 < 1 < % satisfying % + %(l — l) <tand Kk € (0, % — ). In view of Holder’s

inequality, we derive from Lemma 2.2, (4.19), and (4.18) that there exist constants Co, C1o,
Cq1, and C5 such that

t
/ Ve DAY - (u(s)ce (D)l ds

0

t

< Cy / [(=A + D' DAY - (U (s)ce ()l La)ds
0
t
L
< C]o/o (t— S)iﬁ?ikei)\(tis)||Me(s)cs(5)”m(§z)ds

t
=L = a—
§C11/0 (t =)™ 72 e ug (5) | Lo () e ()| La gy ds
< Cy2 forall t € (0, Tiax.e)- (4.24)

Here we have used the fact that
t .- 00 1 -
/ (t—s) T2 KM= gs < / 0TI Ke ™o < to00.
0 0

Finally, collecting (4.21)—(4.24), we can obtain that there exists a positive constant C3 such
that

3
/ [Vee()|9 < Cy3 forall 7 € (0, Tyax.e) and some g € (3,min i$, é}) .
Q G —q0)+
4.25)

The proof of Lemma 4.3 is complete. O

Then we can establish global existence in the approximate problem (2.6) by using Lemmas
4.1and4.2.

Lemma4.4 Let o > % Then, for all € € (0, 1), the solution of (2.6) is global in time.

Proof Assume that T}, ¢ is ﬁni~te forsomee € (0, 1).Fix T € (0, Tyax.¢), andlet M(T) :=
sup;c(0,7) e (-, DllLo(e) and A, = Fl(ng)Se(x, ng, ce)Vee + ue. Then, by Lemma 4.3,
(1.5), and (3.1), there exists C; > 0 such that

||}~15(~, Dllra < C1 forall t € (0, Tax,e) andsome 3 < g < 6. (4.26)

Hence, because V - u, = 0, we can derive

I3
ng(t):e(t_tomng(-,to)—/ TIAY (g, )he(, 8))ds, t € (tg, T) (4.27)

fo
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by means of an associate variation-of-constants formula for n, where o := (t — 1). If
t € (0, 1], by virtue of the maximum principle, we can derive

e~ n, (-, 1)l L) < InollLeg), (4.28)

while if ¢ > 1 then, with the help of the L”—L? estimates for the Neumann heat semigroup
and Lemma 3.2, we conclude that

3
=2 n, (-, 10)ll Ly < Cat — 1)~ 2 |Ine (-, 10) | 1) < C3. (4.29)

Finally, we fix an arbitrary p € (3, ¢) and then once more invoke known smoothing properties
of the Stokes semigroup (see Page 201 of [7]) and Hdélder’s inequality to find C4 > 0 such
that

/ "2V - (ne (-, $)he (-, 9) || Loy ds
<c4/ (t =) % 0o, Ve (o )| Looyds

_3 -
<c4/ = F Il g Wi 9ls@rds

=P (

3
<C4 (I—Y) 2

o

< CsMP(T) forall t € (0,7T), (4.30)

7 it o )1 ool G )70, e ) 20y ds

where b := % € (0,1) and
ap [ 13
Cs 1= C4Cy / o 2 2rdo.
0
Since p > 3, we conclude that —% — % > —1. In combination with (4.27)—(4.30) and using
the definition of M (T'), we obtain Cg > 0 such that
M(T) < Cg+ CeM”(T) forall T € (0, Thay.c). 4.31)

Hence, in view of b < 1, with some basic calculation, since T € (0, Tju4x,¢) Was arbitrary,
we can obtain there exists a positive constant C7 such that

Ine(:, Lo < C7 forall ¢ € (0, Thax,e)- (4.32)

To prove the boundedness of || Vg (-, 1) || Lo (), We rewrite the variation-of-constants formula
for ¢, in the form

t

e, 1) =e’<A‘1>c0+/ U= BDIE (1) (s) — ug(s) - Vee(s)lds forall 1 € (0, Tax.c)-
0

Now, we choose 6 € (% + %, 1), where 3 < g < 6 [see (4.25)], then the domain of

the fractional power D((—A + 1)?) — W!(Q) (see [10]). Hence, in view of LP—L4
estimates associated with the heat semigroup, (4.13), (4.14), and (3.3), we derive that there
exist positive constants A, Cg, Cg, C1g, and C1; such that
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llee G, Ol < Csll(=A + Dce(. DllLa (@)
t

< Cot e |Icollza(g) + Co / (t — )P (Fu(ne) — ue - Veo) ()|l La@)ds
0

t
<Cio+Cio / (t — )" e e ()l Lace) + lue()llzoo@)IVes (5) e @ 1ds
0
< Cyforallt € (0, Tnax.e)- (4.33)

Here we have used Holder’s inequality as well as

t o0
/ (t —s) e < / o % do < to0.
0 0

In view of (4.12), (4.33), and (4.32), we apply Lemma 2.1 to reach a contradiction. ]

5 Regularity properties of time derivatives

In preparation of an Aubin—-Lions type compactness argument, we will rely on an additional
regularity estimate for ng F/(ng)Se (x, ng, ¢e)Vee, g - Vg, ngltg, and cgitg.

Lemma5.1 Let o > %, and assume that (1.7) and (1.8) hold. Then one can find C > 0
independent of € such that, for all T € (0, 00),

2

T atl 2at3 1 8
/ f |nsF£(ns)Ss(xvn£» ce)Vegl 2 + |ngug| eFl <CT+1), if z<a=—,
0o Ja 3 21
5.1
T , a1 10Ga+1) 8 1
/ / |nng(ns)Ss(xv Ng, ce)Veg| 2 + |neug| %@t | <C(T+ 1), if —<a=_,
0o Ja 21 2
5.2)
T , 10a 100 1
[ [ [meFions. e coved ¥ 4 na #5] s+, i 5 <a <1
0 Q
(5.3)

as well as

T
/ / [|n£Fé{(n5)S8(‘x7 ng, Cs)vcs|2 + |n£ua|%:| <CT+D, ifaxl 54
0 Q

and
r 5 5
/ / [Iug Vet + |65u8|3] <C(T+1). (5.5)
0 Q

Proof First, by (1.5), (3.1), and (2.8), we derive

e FL0)5 5, 0 = Conl=*

with (1 — o)+ = max{0, 1 — «}. Case % <a < %: It is not difficult to verify that

R R
e+l 2 6at2  ©
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and

9(a +2) 3 3

10Ba+1) 10  6a+2

so that, recalling (3.29), (3.44), and Holder’s inequality, we can obtain (5.2). While if % <

a < % in light of (3.6), (3.29), (3.32), (3.45), an employment of the Holder and Young
inequalities to shows that

/ [ [ine s, ng,cawm a +|ngua|y]

salf [ ]

+c1/0 el o, luellgqy < C2(T + 1),

L7 (Q)

242 . .
where y = a+13 is given by Lemma 3.5.
Other cases can be proved very similarly. Therefore, we omit their proofs. O

To prepare our subsequent compactness properties of (n, c¢, u,) by means of the Aubin—
Lions lemma (see Simon [18]), we use Lemmas 3.2-3.4 to obtain the following regularity
property with respect to the time variable.

Lemma5.2 Let a > % and assume that (1.7) and (1.8) hold. Then there exists C > 0
independent of ¢ such that

T
/0 1016 G, D)l (w2a(@ydt < C(T +1) forall T € (0, 00) (5.6)
as well as
T
/ 10;ce (-, t)||(W1 5(9))*dt <C(T+1) forall T € (0, ) (5.7)
0
and
T
/(; 10sue (-, t)||4 ”(Q))* dt <C(T+1) forall T € (0, o). (5.8)

Proof Firstly, testing the first equation of (2.6) by certain ¢ € C*® (), we have

‘/ (na,t)(p’ = / [Ans -V (nng/(na)Ss(xs Ne, Ce)Vee) — Ug Vns] (,0’
Q Q

= / [~Vne - Vo +n,Fl(ne)Se(x, ne, ce)Vee - Vo + ngug - V(p]‘
Q

/ [|Vn£| + |nng/(n£)Ss(xs ne, ce)Vee| + |nsu3|]‘ ||90||W1-°°(§2)
Q

IA

forall r > 0.
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Observe that the embedding W24(Q) — W1(Q), so that, in view of @ > %, Lem-
mas 3.4 and 5.1, we deduce from the Young inequality that for some C; and C; such that

T
/ 1B0me )l ot -

T T
<Cl{/ /IVn It + / /|n5F;(nS)S£(x,ne,cg)vcg|”+/ /|neus|r2+T}
Q 0 Q

< Cy(T+1) forall T > 0,

5.9
where
# if%<a§%,
ry = 31_85‘0[ if%<a<1,
if a>1
and
23_;% 1f%<a§%,
Lo lmeen s cacy
% if%<ot<1,
2 if o>1,

Likewise, given any ¢ € C*(2), we may test the second equation in (2.6) against ¢ to
conclude that

f drce( t)w‘
Q

[Ace —ce +ng —Me'VCs]'<P‘

Q
_/Vce'v¢_/Ce¢+/”e‘ﬂ+/csue'v¢‘
Q Q Q Q

{IIVCslng(Q) + IICalng + line|l e + IICsuslng(Q)} lellwise)

A

for all # > 0. Thus, from Lemmas 3.4 and 5.1 again, in light of o > %, we invoke the Young
inequality again and obtain that there exist positive constant C3 and C4 such that

T
||atc€( t)“(W] S(Q))*d

Sof fiwers [ [ [t o0

< Cyq(T+1) forall T >0

with
—6"‘;2 if%<a§%,
ry = IOT"‘ if % <a<l, (5.10)
10 :
3 if « > 1.

Finally, for any given ¢ € C - (825 R3), we infer from the third equation in (2.6) that
‘/ 8,u5(~,t)<p’ = ’—/ Vu, - Vo —K/ (Yeue @ ue) - Vo —I—/ nVe - w’ forall ¢t > 0.
Q Q Q Q
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Now, by virtue of (3.6), Lemmas 3.4 and 5.1 , we also get that there exist positive constants
Cs, Cg and C7 such that

T 5
ug (-, )| dt
/(; [0, 16 ( N'(W&'ﬁ(ﬂ))*
T 5 T s T s
<Cs (/ /|Vu5|1+/ /|Ysue®ue|z+/ f”g>
0 Jo 0 Ja 0o Ja
T 5 T 5 T 10 T
scﬁ(/ /|wg| +/ /mm +/ f|u£|7+f /n;3+T)
0o Jo 0o Jo 0o Jo 0 Ja

<Cy(T+1) forall T >0,

which implies (5.8). Here r3 is the same as (5.10). O

6 Passing to the limit: Proof of Theorem 1.1

Based on the above lemmas and by extracting suitable subsequences in a standard way, we
can prove Theorem 1.1.

Lemma 6.1 Let (1.4), (1.5), (1.7) and (1.8) hold, and suppose that o > % There exists
(gj)jen C (0, 1) such that € ;\0 as j— 00 and such that as ¢ = £;\0 we have

4y d<asl,
ne = na.e. inQ x (0,00) and in L}, (Q x [0,00)) withr = § 2% if L <a <1,
2 ifa>1,
(6.1)
M if f<a <3,
Vne—=Vnin L}, (Q x [0,00) withr = { {2 if J <a <1, (6.2)
2 if a>1,
Cce —> cin LIZOC(S_Z x [0, 00)) and a.e. in 2 x (0, 00), (6.3)
Ve — Veae in Q x (0, 00), (6.4)
ue — uin L (2 x [0, 00)) and a.e. in 2 x (0, 00) (6.5)
as well as
Vee—Ve in L}, (S x [0, 00)) (6.6)
and
Vue—Vu in L}, (Q x [0, 00)) (6.7)
and
0 _
ue—u in L, (2 x [0, 00)) (6.8)

with some triple (n, ¢, u) that is a global weak solution of (1.3) in the sense of Definition 2.1.

Proof First, from Lemma 3.4 and (5.6), we derive that there exists a positive constant Cy
such that

InellL; 0,00 wir(@) < Co(T + 1) and ”3fn€”L,'OC([O,OO);(W“(Q))*) < Co(T + 1),
(6.9)
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where r is given by (6.1). Hence, from (6.9) and the Aubin-Lions lemma (see, e.g., [18]),
we conclude that

(n¢)ec(o,1) 18 strongly precompact in LI’OC(Q x [0, 00)), (6.10)
so that, there exists a sequence (&) jeny C (0, 1) such that e = ;0 as j— o0 and
ne — nae.in Q x (0, oo0) and in L,’OC(S_Z x [0,00)) as &=¢;\0, (6.11)

where r is the same as (6.1). Now, in view of Lemmas 3.3, 3.4, 5.1, and 5.2, employing the
same arguments as in the proof of (6.9)—(6.11), we can derive (6.1)—(6.3) and (6.5)-(6.8)

holds. Next, let g¢ (x, t) := —ce + Fe(ns) — ue - V. With this notation, the second equation
of (2.6) can be rewritten in component form as
Cet — Acg = ge. (6.12)

Case % <a < %: Observe that

5 4 o [6a+2 10 1 1
— < — < min ,— ¢t for— <o < —.
4 3 3 3 3 2

Thus, recalling (3.29), (3.32), and (5.5) and applying Holder’s inequality, we conclude that, for

any ¢ € (0, 1), g¢ is bounded in L% (2 x (0, T)), and we may invoke the standard parabolic
regularity theory to (6.12) and infer that (c¢)ec(0,1) is bounded in L%((O, T); WZ’AST(Q)).
Hence, by virtue of (5.7) and the Aubin-Lions lemma, we derive the relative compactness
of (¢e)ec(0,1) in L% 0, T); Wl'% (£2)). We can pick an appropriate subsequence that is still
written as (¢;) jen such that Veg; — 21 in L%(Q x (0, T)) for all T € (0, 0o) and some

7] € Li (€2x(0,T)) as j — oo. Therefore, by (5.7), we can also derive that Vc,; — zj a.e.

in Q x (0, 00) as j — oo. In view of (6.6) and Egorov’s theorem, we conclude that z; = V¢

and hence (6.4) holds. Next, we pay attention to the case % < a < 1: By straightforward

calculations, and using relation % < a < 1, one has
5 5 . { 10« 10}

— < — < min ,
4 3 33

Consequently, based on (3.30), (3.32), and (5.5), it follows from Holder’s inequality that
cet — Acg = g¢ is bounded in L%(SZ x (0,T)) forany ¢ € (0, 1). (6.13)

Employing almost exactly the same arguments as in the proof of the case % <a < %, and
taking advantage of (6.13), we conclude the estimate (6.6). The proof of case « > 1 is similar
to that of case % <a < %, SO we omit it.

In the following proof, we shall prove that (n, c, u) is a weak solution of problem (1.3) in
Definition 2.1. In fact, by o > %, we conclude that

r>1,

where r is given by (6.1). Therefore, with the help of (6.1)-(6.3) and (6.5)—(6.7), we can
derive (2.1). Now, by the nonnegativity of n, and c,, we obtain n > 0 and ¢ > 0. Next, from
(6.7) and V - u, = 0, we conclude that V - u = 0 a.e. in Q x (0, 00). However, in view of
(5.2), (5.3), and (5.4), we conclude that
nsFe’(ng)Sg(x, ng, cg)Vee—2zo0in L' (2 x (0, T)) as ¢ = g;\0foreach T € (0, c0),
(6.14)
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where r is given by (6.1). However, it follows from (1.4), (2.8), (3.2), (6.1), (6.3), and (6.4)
that

nng’(ne)Sg(x, ng, ce)Veg — nS(x,n,c)Veae.in Q x (0, 00) as e = g;\0. (6.15)

Again by Egorov’s theorem, we gain zo = nS(x, n, ¢) Ve, and therefore (6.14) can be rewrit-
ten as

ne Fl(ng)Se(x, ng, ce)Vee—nS(x,n, c)Vein L' (Q x (0, T)) as ¢
=¢;\0foreach T € (0, 00), (6.16)

which together with » > 1 implies the integrability of nS(x, n, ¢)Vc in (2.2) as well. It is
not difficult to check that

20 + 2 1 8 103a +1 8
PS5 gl Ly 310G D 8
a+1 3 217 9(a +2) 21
R (0 Lip ] X
< —and —— > IH-<oa<I1.
=27 3+ 2

Thereupon, recalling (5.2), (5.3), and (5.4), we infer that, for each T € (0, c0),

2
2t it l<a<d,
7 i05a+1) if 3 <ca<l
neug—z3in L"(Q x (0, T)) with 7 = 91(8t+2) %1 =2 ase =¢;\0,
3(a4‘:1) if 3 <a<l, ’
2 if > 1.
6.17)
(6.17) together with (6.1) and (6.5) implies
ngtg — nu a.e.in Q x (0, 00) as e = ¢;\0. (6.18)

(6.17) along with (6.18) and Egorov’s theorem guarantees that z3 = nu, whereupon we
derive from (6.17) that

20+2 o 1 8
ori if 3 <as<gy,
B 0GatD) ¢ 8 _ o1
neug—nu in L' (2 x (0, T)) with 7 = { "9+2) 21 =2 ase=¢;\0,
10a if 1l <a<1
3(a+1D) 2 ’
2 if o>1
(6.19)
foreach T' € (0, 00).
As a straightforward consequence of (6.3) and (6.5), it holds that
cette — cu in L}, .(Q x (0, 00)) as & = £;\,0. (6.20)

Thus, the integrability of nu and cu in (2.2) is verified by (6.3) and (6.5).
Next, by (6.5) and the fact that || Ye@ll2(q) < llell2)(e € L?, (R)) and Yp— ¢ in
L%() as &e\0, we can get that there exists a positive constant Cy such that, forany ¢ € (0, 1),

1Yeue (1) —ul, Dl < WYelueG, 1) —uC, Dlllp2q) + 1 Yeu (1) —uC, D2
S ueCor) —uC, Dl + 1YeuC, 1) —ul, Dl
— Oase =¢;\0
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and

2
I Yeue(-, 1) —u(, t)”iz(m = (”Ysua('a D2 + lut, f)|||L2(Q))

2
< (lus G Dl 2 + I D L2(e)
< Cp forallt € (0, 00)/N with some null set N C (0, 00),

so that, by the dominated convergence theorem, we also find that
r 2
/0 1 Yeue(-, t) — u(-, t)||L2(Q)dt — Oase=¢;\0 forall T >0.

Therefore,
Yeue — uin L2, ([0, 00); L2(2)). (6.21)
Now, combining (6.5) with (6.21), we derive
Yeue @ue - u®@uin L}, (Q x [0, 00)) as & = &;\0. (6.22)
Therefore, the integrability of nS(x, n, ¢)Ve, nu, cu, and u ® u in (2.2) is verified by (6.16),
(6.19), (6.20) and (6.22). Finally, for any fixed T € (0, c0), applying (6.1), one can get
/OT | Fere o 10) = 1 )1

T T
sfo ||Fg<ns(-,r>>—Fs(n<-,r>>||zr(9)dz+/o 1EenC 1)) = 1 Dl dt

T T
< 1@ [ Inetat) = nC Dl gy e+ [ IF@C0) =00 ) dr
0 0

(6.23)
where r is the same as in (6.1). Besides that, we also deduce from (3.3) and r > 1 that
| Fe(n(, 1)) —n(, t)”l[:r(gx(()j)) <2"nC, )|

for each t € (0,T), which together with (6.1) shows the integrability of || F.(n(-,?))
—n(-,t) II’L,(Q) on (0, T). Thereupon, by virtue of (3.2), we infer from the dominated con-
vergence theorem that

T
/ | Fe(n) = nllrqdt — Oase =&;\0 (6.24)
0

foreach T' € (0, 00). Inserting (6.24) into (6.23) and using (6.1) and (3.1), we can see clearly
that

Fe(n) — nin L], (Q x [0, 00)) as & = &;\,0. (6.25)

loc

Finally, according to (6.1)—(6.3), (6.5)—(6.7), (6.16), (6.19), (6.20), (6.21), (6.22), and (6.25),
we may pass to the limit in the respective weak formulations associated with the regularized
system (2.6) and obtain the integral identities (2.3)—(2.5). ]
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