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Abstract

We investigate a non-homogeneous semilinear heat equation which involves degenerate coef-
ficients. More precisely, in order to give a rather complete theory, we focus on two types of
weights w(x) = |x1|* or w(x) = |x |> where a, b > 0 in a suitable range. We prove the
existence of a Fujita exponent and describe the dichotomy existence/non-existence of global
in time solutions. The coefficients under consideration admit either a singularity at the origin
or a line of singularities. In this latter case, the problem is related to the fractional Laplacian,
through the Caffarelli-Silvestre extension and is a first attempt to develop a parabolic theory
in this setting.
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1 Introduction

We consider the problem

du —diviw(x)Vu) =u?, xRN, >0, (L
u(x,0) = ug(x) =0, x e RV, '
where the coefficient w is either w(x) = |x1|* with a € [0, 1), or w(x) = |x|b with

b e€[0,N). Hereonehas N > 1, 9, := d/dt and p > 1.

The aim of the present work is to develop a global-in-time existence theory of mild
solutions for the problem (1.1). We prove that there is a critical exponent for the global
existence of positive solutions of problem (1.1), the so-called Fujita exponent.

We give first the definition of a solution to (1.1).

LetI' = I'(x, y, t) be the fundamental solution of

v —diviw(x)Vv) =0, xeRY, >0,

with a pole at (y, 0). Under the condition either w(x) = |x;|* witha € [0, 1),orw(x) = lx|?
with b € [0, 1), this fundamental solution I" satisfies the mass conservation property, the
semigroup one and suitable Gaussian estimates [see (K1)—(K3) in Sect. 2]. Using I', we
define the solution of (1.1) as follows.

Definition 1.1 Let u( be a nonnegative measurable function in RV . Let T € (0, co] and u be
a nonnegative measurable function in RY x (0, T') such that u € L>(0, T': L°(RN)). Then
we call u a solution of (1.1) in RN x (0, T) if u satisfies

t
ulx,t) = /;&N I'(x,y, Huo(y)dy —l—/(; [RN Cx,y, t —s)u(y,s)Pdyds <oo (1.2)

for almost all x € RY and ¢ € (0, T). In particular, we call u a global-in-time solution of
(1.1) if u is a solution of (1.1) in RN x (0, c0).

The previous definition is the well-known class of mild solutions and is natural to tackle
parabolic problems. A main point of the previous definition is that it involves the fundamental
solution of the operator under consideration. It is important to notice that in our context, due
to the non-homogeneity of the operator, the fundamental solution is not translation-invariant.
Furthermore, there is no explicit expression of it, though bounds are known. This makes the
theory harder.

Remark 1.1 (i) For the case of the semilinear heat equation, namely (1.1) with eithera = 0
or b = 0, if ug € L®(RN), then there exists a local-in-time solution u of (1.1) in
RV x (0, T) for some T > O satisfying (1.2). See e.g. [22,40].

(i1) In order to prove the regularity of the solution satisfying (1.2), even for the case of the
semilinear heat equation, we need suitable bounds for the derivatives and the translation-
invariant property of the fundamental solution. (Seee.g. [15,25].) However, unfortunately,
it seems that they have been still left open. (See also Remark 1.3 (iii).) On the other
hand, under our definition, in order to prove the existence/nonexistence of global-in-time
solutions of (1.1), we only need properties (K1)—-(K3) and decay estimates, which are
given in Lemma 2.2.

We discuss now the features of the weight w(x). In both cases under consideration, the
weights belong to the class Ay of Muckenhoupt functions [33]. This class of functions is

@ Springer



Critical exponent for the global existence of solutions to a... Page3of25 62

very important in harmonic analysis for the boundedness of Maximal Functions. From the
PDE point of view, elliptic equations and potential theory involving these weights have been
studied in [10-12]. See also [7,23] for the parabolic counterpart. In the present work, we do
not consider general weights since it is very complicated in this case to give precise results
as our aim is. We will consider two types of weights. The first one is |x{|* which is A, if and
only if a € (— 1, 1) and exhibits singularities along the line x; = 0. The other weight under
consideration is |x|” which is As for b € (— N, N) and exhibits a singularity at the origin
x =0.

Motivation

We now explain what motivated this work, in order to put it in perspective. Our original
project was to develop a blow-up theory in the spirit of Giga and Kohn (see [18]) for the
nonlocal parabolic equation

u+ (=ANu=u”, xeRY, t>0, u®x,0 =uox)>0, xeRV (1.3)

As far as the Fujita problem for the previous equation is concerned, the theory is now more or
less well-understood. Among others, Sugitani [38] showed the Fujita exponent for this prob-
lem (see also [25]). In the problem (1.3), the operator is non-local, but we can construct the
fundamental solution by using the Fourier transform as 7~ ! (e /1 ). In particular, for the case
s = 1/2, we have the explicit representation of F~! (¢! 1/2), which is given by the Poisson
kernel. (See e.g. [2,3,5,27,39] and, for some regularity estimates for the derivatives of the heat
kernel associated to the fractional Laplacian on RY can be found in [4].) For this case, even
if we don’t have the explicit representation of the kernel, applying the Hérmander—Mikhlin
type multiplier theorem (see [37]), we can obtain point-wise estimates for the fundamental
solution and its derivative with respect to x and 7. (See e.g. [27, Lemma 2.1]).

The blow-up theory, however, is much more involved. Indeed, several attempts on the
Eq. (1.3) to prove a monotonicity formula have failed and the very first beginning of Giga—
Kohn theory is at the moment out of reach. On the other hand, if one considers the modified
nonlocal equation

& —A)'u=u?, xeRY, teR, (1.4)

then one can prove a monotonicity formula (see [1]). We postpone to future work the Fujita
dichotomy for this problem.

Considering the problem (1.3) from another point of view, invoking Caffarelli-Silvestre
extension [6], one gets a degenerate/singular elliptic equation in the half-space with a non-
linear dynamical boundary condition. To analyze this problem, one needs to compare this
problem with the degenerate/singular parabolic equation with nonlinear boundary condition
in the half space. From this point of view, before treating this half space problem, we consider
the similar problem in the whole space. This is one of our motivations. Another one relies
on expanding the theory of degenerate semilinear parabolic equations, which is at an early
stage, particularly as far as blow-up theory is concerned. The case of degenerate weights
along a line as w(x) = |x|¢ is particularly relevant.

We now describe our results. We first introduce some notations. For any x € RY and
R > 0, we put Br(x) :={y € RN:|x — y| < R}. For any 1 <r < oo, we denote by | - ||
the usual norm of L™ := L"(R"). For any measurable function f in RY,

pp ) = Hx: | f () > A}, A =0, (1.5)
is the distribution function of f, and we define the non-increasing rearrangement of f by

fH(s) :==inf{A > 0: up(A) <s}. (1.6)
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The spherical rearrangement of f is defined by
fr@) = fren ™,

where ¢y is the volume of the unit ball in RV
Then, forany 1 <r <ooand1 < o < oo, wedefine the Lorentz space L"? := L7 (RN)
by

L™° := {f: f is measurable inRY, || f|,.c < oo},

where |
o o d o
(/ [s%f*(s)] —S> if1<o < oo,
I fllro = 0 s (1.7)
sup s f(s) if o = o0.
s>0

The Lorentz L™ is a Banach space and the following holds (see e.g. [19,43]):
e Letl <7 < o00.Then f € L™ if and only if

0< ffx) <ClxI™", xeRY, (1.8)

for some constant Cy;
e For 1l < r < oo, it follows

1 0 179 ds v .
ro (/ [suf(s)r] —) ifl <o < o0,
1o = o b J (1.9)
supspur(s)r if o0 = o0.
s>0

o " =L"ifl<r<ocand L™ C L"°Tifl <r <ocand1 <o0] <o < o0;
e Letl <ryp <r <r; < oo be such that

1 1-6

0
+ — for 6 €[0,1].
r ro r

Then it holds that
I £llr00 < IFIENANC f e L™ nLn™; (1.10)

rp,00 ry,00?

e Let]l < r; < oo and r; be the Holder conjugate number of 1, namely 1/r; + 1/r, = 1.
Then it holds that

el < Uflraligln.oo. feL™, geL™™; (1.11)

Now we state the main results of this paper but several explanations are in order. In most
of the parabolic problem dealing with homogeneous equations, a crucial role is played by the
fundamental solution. It happens that one can deduce several strong results as soon as one has
an explicit form of the fundamental solution, allowing to get estimates for the function and its
derivatives (see e.g. [25-27,38]). In our problems, even if the coefficients are rather simple,
such an explicit form is unavailable. On the other hand, bounds on the solution are known
(see e.g. [8,20,21]). In order to apply known bounds one has to impose additional properties
on the weights under consideration. More precisely, the weights have to belong to the A 2

class additionally to being A, and w~"/? has to satisfy a reverse doubling condition. We
refer the reader to Sect. 2 for a discussion of these fact. In what follows, we put

2—«
P« (@) ::1+T for o € {a,b}.
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Furthermore, we assume either
(A) wx)=|x1|*witha € [0,1)if N=1,2anda € [0,2/N)if N > 3,
or
(B) w(x) = |x|? with b € [0, 1).

The first theorem is concerned with the nonexistence of global-in-time solutions of (1.1).

Theorem 1.1 Assume either (A) or (B). Let o be such that @ = a for the case (A) and x = b
forthe case (B). Assume 1 < p < py(a). Then problem (1.1) has no nontrivial global-in-time
solutions.

In second theorem we give a sufficient condition for the existence of nontrivial global-in-
time solutions of (1.1).

Theorem 1.2 Assume either (A) or (B). Let o be such that @ = a for the case (A) and x = b
for the case (B). Assume p > p.(a). Put

N
ry i =——((p-—1)>1. (1.12)
2—«

Then the following holds:

(i) There exists a positive constant § such that, for any ug € L N L™ with

luollr,,00 <8, (1.13)
a unique global-in-time solution u of (1.1) exists and it satisfies
L(L,L)
sup (1 + )\ u(t)llg0 < 00, 1y < g =< 00. (1.14)
t>0

(ii) Let 1 < r < ry. Then there exists a positive constant § such that, for any ug € L*° N L"

with , .
ol Nplloe ™ < 5. (1.15)
a unique global-in-time solution u of (1.1) exists and it satisfies
sug(l +t)%(7_é)llu(t)||q <00, r<gq<oo. (1.16)
>

Remark 1.2 As far as the regularity of the mild solutions constructed in this paper is
concerned, Chiarenza and Serapioni [7] considered degenerate parabolic equations with A;-
weights. However, their starting point are weak solutions. To upgrade our mild solutions
to weak solutions one needs gradient bounds on the fundamental solution I', which are not
available.

As a direct consequence of Theorem 1.2, we have:

Corollary 1.1 Let o € {a, b}. Assume p > p.(a). Then there exists a positive constant §

such that, if
8

N
lup(x)| < W, x e RY, (1.17)

then a unique global-in-time solution u of (1.1) exists and it satisfies (1.14).
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Remark 1.3 (i) For the case ¢ = 0, it is well known that the decay rate for initial data,
which is given by (1.17), at spatial infinity is optimal to obtain the global existence of
solutions for (1.1) (see e.g. [30]). If ug(x) satisfies (1.17), then it follows from (1.8)
that ug € L. On the other hand, if ug(x) = O(Jx|~@*/P=Dy a5 |x| — o0, then
uo ¢ L™. This is a clear advantage in using L™ spaces instead of the classical L”
spaces.

(i) Beginning with the classical paper by Fujita [16], critical exponents for the global exis-
tence of solutions (not only positive ones but also sign-changing ones) were established
for many classes of evolution problems. It seems almost impossible to make complete list
of this topics. So we only refer a part of them for instance [9,17,24,25,28,31,32,34,41,42]
and references therein. (See also [36], which includes a nice survey for the semilinear
parabolic equation.) By Theorems 1.1 and 1.2 we see that p.(«) is the Fujita exponent
for problem (1.1). In fact, if « = 0, then p,(0) = 1+42/N, which is the Fujita exponent
for (1.1) with w(x) = 1.

(iii) If we have suitable bounds for the derivatives of the fundamental solution, then, applying
the arguments in [25], we can obtain the asymptotic behavior of solutions for (1.1).
However, unfortunately, it seems that they have been still left open.

(iv) By Theorem 1.2, for suitable small initial data, the solution exists globally in time and
it is bounded. On the other hand, in general, it seems difficult to prove the boundedness
of solutions even if the solution exists globally in time. In fact, for the case o« = 0, if
p < ps = (N +2)/(N —2) and up belongs to a weighted H! space, then global-
in-time solutions are bounded (see e.g. [29]), and if p is critical or supercritical in the
sense of Joseph-Lundgren, then there exists a continuous function uq such that solution
u is global and lim;_, o [|u(?)||cc = 00 (see [35, Theorem 1.3]).

A digression on another problem with weighted degenerate diffusion.
We would like to mention here another problem related to ours, but substantially different at
the linear level. Consider the degenerate equation

u; — Lyu =u? (1.18)

where L, = w~ldiv(wV) isa self-adjoint operator on L?(w) and w is an Ay weight. In this
case, Cruz-Uribe and Rios proved the following Gaussian bounds (see Corrigendum of [8])
for the fundamental solution

Cl —CM
I'x,y,)| < ———m———— 277 1.19
Ty Ol = s o) (19

where w; (x) = f B () w(z) dz. Notice that such a bound is possible because the operator L,
1

is self-adjoint in L2 (w). This is not the case of the operator in (1.1). Seeing the homogeneous
space RN, w(x)dx) as Ahlfors-regular, i.e. there exists s > 0 such that w(Bg(x)) =
/ Br(x) W) dz ~ R’ uniformly in x, one can run the same estimates as in the present paper
and exhibit a Fujita exponent.

2 Preliminaries

A crucial tool in our arguments is based on the use of the fundamental solution of the operator
d; —div(w(x)V-). As already mentioned due to the inhomogeneity of the operator, an explicit
formula is not known but bounds are available (see below). In order to check these bounds,
following [20], one has to check that the coefficient w(x) isa A, 42 weight in the sense of
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Muckenhoupt class and that the function w~"/? satisfies a doubling and reverse doubling

condition of order  with 1« > 1/2. Here we say that the function w~"/? satisfies doubling
and a reverse doubling conditions if there exist positive constants C1 and C, such that

_N N _N
w(y)” 2dy < Cys* w(y)” 2dy
Bgr(x) Br(x)

and

_N N _N
w(y)” 2dy = Caos* w(y)” 2dy
Bgr(x) Br(x)

forallx e RY, s > 1and R > 0, respectively.

It is a direct computation to check that under condition (A) or (B) depending on the case,
the weight w(x) is an A, 2 weight in the sense of Muckenhoupt class. Furthermore, the
function w /2 satisfies a doubling condition and reverse doubling condition of order u with
n>1/2.

Under condition either (A) or (B), the fundamental solution I' = I'(x, y, ¢) has the

following properties (see [20]):

(K])/ l"(x,y,t)dx:/ I'(x,y,t)dy =1forx,y e RN andt > 0;
RN RN

(K2) F(x,y,t):/ F'x,&t—s)CE,y,s)dé forx,ye]RN andt > s > 0;
RN

(K3) Put
co = su (L/ w(x)dx) <L/ w(x)fldx) < 00
O = \ol o o1 Jo ’

where the supremum is taken over all cubes Q in RY. Then there exist positive con-
stants ¢, and C, depending only on N and cq such that

1
1 1 o (hxlx=yD\T-&
c*1< >e0*< ! ) <T(x,y,1)

+
oYy oy

1
By =y ) T=
1 1 )eC*<W> o
*

—1 +
([h;‘ O [hy @

=

for x, y € RN and ¢ > 0, where o € {a, b}. Here

2
ha(r) = (/ wiy ¥ dy)N @.1)
B, (x)

and h;l denotes the inverse function of /.

See [20]. (See also [8,21].) By (A), (B) and (2.1) we state a lemma on upper and lower
estimates of /i, (r). In what follows, by the letters C and C’ we denote generic positive
constants (independent of x and ¢) and they may have different values also within the same
line.

Lemma 2.1 The following hold.
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(1) Let w(x) = |x1|* and assume condition (A). There exist positive constants C and C’
depending only on N and a such that

hy(r) < Cr2@ (2.2)
and
rHx 7 if0 <1 < |xil,
he(r)>C’ (2.3)
r2=a ifr>lxil,

forallx e RN and r > 0.
(ii) Let w(x) = |x|” and assume condition (B). There exist positive constants C and C'
depending only on N and b such that

he(r) < Cr2=" (2.4)
and
r2x|7 if0<r < Ixl,
hy(r) > C’ (2.5)
e

forall x € RN and r > 0, where C, is a constant given in (W?2).

Proof We first prove assertion (i).

Note that since the constant c( in (K3) depends only on N and a, the constants appearing
in (K3) depend only on N and a.

Since w(y)~N/? is monotonically decreasing function with respect to the distance from

the origin, by (2.1) we have
2
aN N
([ )
B,(0)

aN

(/ |y1|77d)’)

By (x)

2

/r\ 3 / ay' )y | (2 / R R )N
Y1 y Y1 WN—1 y rr—=y Y1

—-r 1Y In—1<y/r2=y? 0 ' ]

N—4N Vo av 1 N-1
=|loy-1-1r"" 2 ATl =g T dg
0

2
aN 1 N+1\]¥ ,_
— Bl -=4+- = T- a
[ovae (-5 + 5. 55)]

forall x € RN and r > 0, where y=(1,y) € RV, | - |n—1 denotes the usual Euclidean
norm in R¥~!, wu_; denotes the volume of the unit ball in R¥~1 and B(., -) denotes the
beta function. Note that —aN /4 + 1/2 > O sincea < 2/N.

This implies (2.2). On the other hand, since w(y) depends only on y; variable, for any
x = (x1,x") € R x R¥~! we can choose a point x,, = (x1, 0) such that

=

hy (r)

Il
©

=

Il
A~

/ w(y)~ 2 dy = / wy)~Zdy, r>0. (2.6)
By (x) By (x4)

Furthermore, for any r > 0, we see that

vil < lxtl+r, ¥y € Br(xy). 2.7
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Since a > 0, by (2.6) and (2.7), for any x € RY and r > 0, we have

_N _aN
w(y) zdy= [yil” 2 dy
By (x) By (xs)

_aN N _aN
= (vl +r)" 2 dy =wnr" (x| +r)" 7.
By (xy)

This together with (2.1) yields (2.3). Thus assertion (i) holds.
Next we prove assertion (ii). Since w(y)~™/2 is monotonically decreasing function with
respect to the distance from the origin, by (2.1) we have

2 2

_bN N _bN N
() = / o ay)” < / =% dy
B, (x) B, (0)
. % %
bN w
— (/ pN—T—ldp / da)) — Nb y2-b
0 SN-1 1— 2

for all x € RN and r > 0. This implies (2.4). On the other hand, for any » > 0, we see that

Iyl < |x|+r, ye€ B (x). (2.8)

Since b > 0, by (2.6) and (2.8), for any x € RY and r > 0, we have

_N _bN
w(y)”z2dy= [y~ 2 dy
By (x) By (x)

_bN N _bN
= (lxl+7r)" 2 dy =onr” (x| +r)" 2.
By (x)

This together with (2.1) yields (2.5). Thus assertion (ii) holds, and Lemma 2.1 follows. O

Forany x € RY, since w(x) > 0, by (2.1) we can easily obtain that

d

P hy(r) >0 (2.9)

for all » > 0. Then, in the case (A), by (2.2) and (2.9) we have
i Crt = r
for all x € RN and r > 0, and we see that
W) > Crra (2.10)
for all x € RN and ¢ > 0. Similarly, by (2.3) we see that

L,
xi|2e2 if 0 <1 < x>,

—1

'y <c

17 if £ > |xg>7¢,
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forall x € RY and ¢ > 0. This together with Lemma 2.1, (K3) and (2.10) implies that

r—y|2— -
1 _aN  _aN . _aN  _aN 1)\ _N —d<7“ y a) ’
d (mln{|x1| 2t 22*d}+mln{|y1| 2t 2274])t 2e

1
_D<|xfyw2>1*a (2.11)
e txp |4

if |x — y| < |x1l,

1
_D<|l\,_";‘2—a>1ja A
e if |x —y| > |xi],

for x,y € RY and t > 0. Here D and d are positive constant depending only on N and a.
Similarly to (2.11), in the case (B), we see that

<T(x,y.1) < D\t 7

1. _bN BN 1 ) BN BN 1)\ _N —d<¢>q
d (mm{|x| 2t 22—b}+mm{|y| 2t 22—b})t Ze
1
_ D(u—ye) = (2.12)
e

g i if |x — y| < |xl,
fr(-xsyat)fD r 20 1 -

_.2=b\ T=b
o)t
e if e — y| > |xl,

for x, y € RY and ¢ > 0. Here D and d are positive constant depending only on N and b.
By (2.11) and (2.12) we obtain

F(x,y.1) <D ' 7a

for x, y € RY and ¢ > 0. This together with (K1) implies that

_ N (11
ITCy. 0l < C250=D ree, ), < cr 7o (7). 2.13)

for any 1 < r < oo, where we can take the constant C so that it depends only on N and
o € {a, b}. Furthermore, we have the following.

Remark 2.1 1t has to be noticed that the previous computations, and in particular Lemma 2.1
are the cornerstone of our results since they provide the desired estimates to run the exis-
tence/nonexistence proof.

Lemma 2.2 Assume either (A) or (B). Let a be such that « = a for the case (A) and a = b
for the case (B). Then, for any 1 < r < 00, there exists a positive constant C depending only
ona, r and N such that

_N (11
ITGr. - Dl < cr 25 (177), (2.14)
forx e RN andt > 0.

Proof By (2.11) and (2.12), if we can prove (2.14) for the case (A), then, replacing |x;| and
a with |x| and b, respectively, we can obtain (2.14) for the case (B). So it suffices to prove
(2.14) for the case (A).

Assume (A). For any x € RY and ¢ > 0, put

1
_ <‘X_(‘.|2>lfa
o 1 .
e\ if [x — y| < |xi1],

__N_

f) =Dt ,
_D<‘X_y|2—a ) T—a

e ' if |x — y| > |xil,

(2.15)
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for y € RV, where D is the constant givenin (2.11). Let A > 0. If

1
2—a \ T—a
N N _D<‘x”t ) 1.— N
D't rae <r<D 7,

then, by (1.5) we obtain

(1—a)N
N 1 N 2
wyd) = ’{yi [f] > )»}‘ = (tIX1|”)7[— D log (DMH>] , (2.16)
and if
2—a 1%
A< D_]z_%e_DCx%)
then, by (1.5) and (2.15) we have
(1—a)N
N 1 N 2—a
ufu)z‘wwf00t>m‘=t2a[—l)Mg(DAﬂa>] : 2.17)
By (1.6), (2.16) and (2.17) we see that
(st \”)*%)m
N —D|s(t|x;
Dt if s> |x |,

frs) = (2.18)

2—a
,%> (T-a)N

N 7D(st .
D 1T, if s < x|V,

Then, by (1.7) and (2.18) we have
* 11 s
s = [ 55w ds
0

2—a

N \ TV

LN |x1\N - —D(Slim>(l a)N

=Dt 2—u/ st e ds
0

N
IR T fD(smxl\”)*T)(
+D 't 2-a st e ds

_N ({_1) [® Tt
o ) [ g
0

2
—1 _ N a N o l_l _Dc(l—u)N
+ DN (e ) e dg

(t—l‘xllz—a)N/Z

Ix] ‘2—11

1
T—a
_N (-1 N N —Q< ) ® | _D,uw
<o ?5(77) L pl M e 2\ A grlem 26 ar

1
N1 7Q<|xl‘27a>l—a
<Pl r>+c;—%(z|x1|‘1)%e A (2.19)
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1
. N a DT
for any 1 < r < oo, where C depends only on a, r and N. Since s Z-ae¢~2° ~* < C for

all s > 0, we see that

1

2—a \ T—a
N a —g(wf ) '
o a(t|x]|%)re

1
N _a 2—a\ T—a
2—a\ 2 7-a ,Q<|X1‘ )
_ N N a_ X N 1
<t 2—a+2r(1+2—a) <| l| > e 2 ! < Ct*ﬁ(lf;).
t

This together with (2.19) implies that
1flley < C7al=D el 00). (2.20)

By (2.11) and (2.15) we see that I"'(x, y, 1) < f(y) forx, y € RY and 7 > 0, and it follows
from (2.20) that

=D
1T Ol <N fllr < Ctmzar 7 r el 00),
for x € RN and ¢ > 0. Thus the proof of Lemma 2.2 is complete. O

For any measurable function ¢, we put
[S(De](x) = /RN Lx, y, D9(y)dy (2.2

forallx € RN and s > 0.

We will prove L9-L" estimate and L7-°°—L"-*° estimate for S(¢)¢. Since the fundamental
solution I is not translation-invariant, we can not apply the usual Young inequality and weak
Young inequality to get these estimates. We can, however, prove the following estimates with
a slight modification of the proof of L7—L" and L7-°°~L"-*° estimates for the solution of the
heat equation.

(Gl) Forany ¢ € L?7and 1 < g <r < o0, it holds that

Sl < e~ P54-D 0
ISOellr < cit lelly, t>0.

Here c; can be taken so that it depends only on N and « € {a, b}.
(G2) Forany ¢ € L7 with | < g <ooand g <r < oo, it holds that

_ N 1_1
IS@@llr 0o < 2t lly 00, 1> 0.

Here ¢, can be taken so that it depends only on ¢, N and « € {a, b}. In particular, the
constant ¢, is bounded in ¢ € (1 + €, 0o) for any fixede > Oandc, — coasqg — 1.

Proof of (G1) Fix ¢t > 0. Then, by the Holder inequality and (2.13) we have

_N 1
2—a

ISM¢lloo = Ct T 1 lplly

forany 1 < g < oo, where C depends only on N and «. Furthermore, by (K1) we apply the
Jensen inequality and the Fubini theorem to obtain

q
1SMelld = /RN </RN C'(x,y, o) dy) dx < /RN (/RN L(x,y, He(y)? dy> dx
=/ p(y)? (/ F(x,y,t)dx) dy = |lelld.
RN RN
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These imply that

r—q

4 r—q
I1SOellr < 1SOelle 1SOelly <C7 1

=G g,

The constant C 7 is bounded by the constant depending only on N and « forall 1 < g <
r < 00, so we can prove property (G1). O

Before proving property (G2), we prepare the following lemma.

Lemma23 Let 1 < r < oco. Assume ¢ € L"°°. Then there exists a positive constant C,
depending only on r such that

1S®¢llrc0 < Crll@llr,oo, > 0. (2.22)

The constant C, is bounded in 1 + € < r < oo for any fixede > 0and C, — oo asr — 1.

Proof The proof of this lemma is almost same as in the proof of [19, Theorem 1.2.13], which
gives the Young inequality for weak type spaces. For the completeness of this paper, we give
it here.

In case of r = o0, since L = L°°, (2.22) holds true with the constant C, = 1. We
consider the case where 1 < r < 0o. Let M be a positive real number to be chosen later. Put
M_ = {x:|p| < M}and My := {x:|¢| > M}. Then we can define

P11 =PXM_, P2 =PXM, >

where xg is the characteristic function of E. By the fundamental properties of u r(1) we
have

P () = {Zw(x) — pp(M) ﬁ;/x\ i A]\jll Ho () = :ZZE;;) g/x\ i AA{I (2.23)
and since {x: S(1)p > A} C {x: S(t)p1 > A/2} U {x: S(¢t)p2 > A/2} for A > 0, we have

Us@e ) < s@yer (A /2) + is@yp, (A/2) (2.24)
for all # > 0. Then, by (1.9) and (2.23) we obtain

o0
wm=ﬁﬁmmw

M o0
:fo MW(M)d)L—i—/ 1y (1) din

M

[o.¢]
= M/L«p(M)Jr/ A @l o0 d2
M

_ 1 _ r _
S M0N0+ M 0N o = Ml o

1 A |
This together with (K1) implies that
r 1—r r
1S@e2llr = lle2lly = — Mol oo (2.25)
for all # > 0. On the other hand, applying the Holder inequality with (K1), we see that

IS@ @11 = IT(x, - Dl prllgtlloo = M (2.26)

forall x € RN and ¢ > 0.
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Let v > 0 and fix it. Taking the constant M as M = v/2, by (2.26) we have

Sty w/2)=0, t>0.

Then, applying the Chebyshev inequality with (2.24) and (2.25)

r

2 2'r
1sityp(V) < sy, (V/2) < ;”S(t)(/)z”l < -

7NN oo

for all + > 0. Since the above inequality holds for all v > 0, by (1.9) we obtain (2.22) with

Cr =2(r/(r—1)) ; , and the constant C, is bounded as r — oo. Thus the proof of Lemma 2.3
is complete. O

Proof of (G2) For any 1 < g < 00, it follows from (1.11) and (2.14) that

_ N
2—a

1
[S@elloc < sup [[T(x, - Dellt < [T, DIl _a (ll@llgco = Ct “ellg0 (2.27)

.
xeRN 4

for all + > 0, where C depends only on «, ¢ and N. Therefore, combining (1.10), (2.22) and
(2.27), we have

_N 8
2—a g

IS@O@llr.co < ISOlL LISD@lS, < €} CPt lellg.00

where 6 € [0, 1] satisfies 1/r = (1 —68)/q. Since 6/q = 1/q — 1/r, we obtain property
(G2). O

Furthermore, by (2.11) and (2.12) we have the following lemmas.

Lemma 2.4 Assume same conditions as in Lemma 2.2. Let ¢ € L be a non-trivial measur-
able function such that ¢ > 0 in RN, Then there exists a positive constant C depending only
ona and N such that

[SOplx) > ¢l e / o(y) dy

ne
|yl<t 2=«
for |x| < tﬁ andt > 0.
Proof Since it follows from @ < 1 that
=y < 21 (P [y P,
by (2.11) and (2.12) we can find positive constant C depending only on « and N such that
N
F'x,y,t) > Ct 2=«

for x|, |y| < 7% and t > 0.
Then, by (2.21) we have

_ N
[SHelx) > f 3 Ty, De(y)dy = Ct™ 2= / e dy
lyl<t2-« lyl<t2-«
for all |x| < tﬁ andr > 0.
Then Lemma 2.4 follows from (2.21). ]
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3 Proof of Theorem 1.1

In what follows, we assume either (A) or (B). Furthermore, let @ be such that « = a for the
case (A) and @ = b for the case (B).

In this section we prove Theorem 1.1, which means that problem (1.1) has no nontrivial
global solutions in the case 1 < p < py(c). The proof of Theorem 1.1 is based on the
arguments of [41, Theorem 5] and [42, Theorem 1] (see also [14, Theorem 1.1]).

We first prove the following lemma.

Lemma 3.1 Let u be a solution of (1.1) in RY x (0, T) with0 < T < oo. Then there exists
a constant C* depending only on p such that

1
17 TS (uolloo < C* (3.1

foranyt €0, T).

Proof This lemma follows from the proof of [41, Theorem 5]. For completeness of this paper,
we will add the proof of it.

Since it follows from (2.11) and (2.12) that the fundamental solution I' is positive for
X,y € RN and ¢ > 0, by (1.2) and (2.21) we have

[SHuol(x) < u(x,t) < oo (3.2)
for almost all x € RV all r € (0, T). This together with (1.2) again implies

t
u(x.1) > f / .y, 1 — ) (IS©uol()? dyds (33)
0 JRN

for almost all x € RN and all ¢ € (0, T). Then, applying the Jensen inequality with the aid
of (K1) and (K2) to (3.3), we obtain

t 14
u(x, 1) Z/ (/ F(x,y,t—S)[S(S)uo](y)dy> ds
o \Jr¥

t P
:/ (/ F(x,y,t—s)/ F(%Z,s)uo(z)dzdy) ds
0 RN RN
t P
:/ [/ (/ F(x!y”—S)F(Y’Z’S)d)’)uo(z)dz} ds
0 RN RN

t p
=/ <[ I'(x,z, Huo(z) dz) ds = t([S(Hupl(x)?
0o \Jr¥

(3.4)

for almost all x € RY and all ¢ € (0, T). We repeat the above argument with (3.2) replaced
by (3.4), and have

t P
u(x,t) z/ / C(x,y,t —S)(S([S(S)uo](y))”> dyds
0 JRN

' p?
> / Sp(/ T(x,y,1— s)[S(smo](y)dy) ds = —— P (S uol ()’
0 RV p+1

foralmostall x € R andallr € (0, T). Repeating the above argument, forany k = 2, 3, ...,
it holds that

k

(. 1) > At 7T ([SOuel(0)? (3.5)

@ Springer



62 Page 16 0f25 Y. Fujishima et al.

for almost all x € RN and all 7 € (0, T), where

k—2 k—3

Y ) R e e S ).
A= —— -
p+1 (p+Dp+1 (I4+p+-+p-Hp+1

k-1 < b1 il
= T )
I\P 1

Therefore, by (3.5) we have

—k

- Y =

pP—

t FISOuel(x) < uix, 1) ]‘[1 <pf+1 - 1) (3.6)
]=

for almost all x € RY and all 7 € (0, T'). On the other hand, we have

00 Jtl pi! J+l _q
o\ T1(%, ) (7

j=1

M8 I MS

3.7
=Y p 7 og((G+1p7) <00
j=1
Then, by (3.6) and (3.7) we can find a constant C* depending only on p such that
%[S(t)ug](x) <C*<o0
for almost all x € RN and all t € (0, T'). This implies (3.1), and Lemma 3.1 follows. m]

We prove Theorem 1.1 by using Lemma 3.1.

Proof of Theorem 1.1 The proofis by contradiction. Let u be a global-in-time solution of (1.1).
Since u(-, 1) is a positive measurable function in RY, we can find a non-trivial measurable
function U; € L® such that supp U; C B1(0) and 0 < U;(x) < u(x, 1) for almost all
x € RV Then it follows from Lemma 2.4 that

[SOHUI(x) = CMF%, M = Ui(x)dx, 3.8)
B1(0)

for all |x| < tﬁ and ¢ > 1. Furthermore, by (1.2), (2.21) and (K2) we see that
ux,r+1) = [SOuD]x) = [SOU11(x) (3.9)

for almost all x € RN and all 7 > 0.
We first consider the case 1 < p < p«(a). By (3.8) and (3.9) we have

[SOu(D](x) = CMr™ T4 (3.10)
for all |x| < tﬁ and ¢t > T. It follows from 1 < p < p,(«) with (3.10) that
1
tr T 1S@®ul)|loo — 00 as t — oo,

which contradicts (3.1). This means that problem (1.1) possesses no global-in-time positive
solutions.
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Next we consider the case p = py(x). Sincet +1—s < tands <+ 1 —s for
1 <s <1t/2 and it follows from (2.11) that

/ Ll"(x,y,t)d)cZC/ s
|x|<t2-« |x|<t 2=«

forall [y| < tﬁ, by (1.2), (2.11), (2.12), (3.8) and (3.9) we have

/ , ulx,t+1)dx
|x|<1 2«
%
2/ . / f Ty, t+1—s)u(y, s)Pdydsdx
[x|<r2=a J1 lyl<@+1—s)2-a
3
3
Z/ / 0 </ LI’(x,y,t—{—l—s)a’x)u(y,s)palyds
1 [YI@+1-s) 2~ [x|<(t41-5)2-@

%
ZC/ / L u(y, )P u(y, s)dyds
1 Jiyl<+1-97=
t

2 _ N \P1 N
> CM? (s 27'1) , S Tady)ds
1 ly|<sZ-«

t

2
> CMP/ s 22D gy > CMPlogr, 1> 3.
1

o

o N
2« - t"2dx >C

=

(3.11)

Let m be a sufficiently large positive constant. By (3.11) we can find 7 > 0 such that the
function U, defined by Us := u(-, T) € L™ satisfies

/ A Uy(x)dx > m.
[x|<T 2-«

Similarly to (3.8) and (3.9), we have

u(x.t +T) > [SOUa](x) > Cmi~ 25

for almost all x € RV and all t > 0. This implies that

17 SO Uzl = Cm, £ > 1. (3.12)

Let v be a solution of (1.1) with initial data U;. Then, since u is a global-in-time solution of
(1.1), v is also a global-in-time solution of (1.1). Therefore we can apply Lemma 3.1 to the
solution v, and obtain (3.1) replacing u with U,. By the arbitrariness of m, this contradicts
(3.12) and we see that problem (1.1) possesses no global-in-time positive solutions for the
case p = pu(a). Therefore the proof of Theorem 1.1 is complete. O

4 Proof of Theorem 1.2
In this section we prove Theorem 1.2. We first prove the uniqueness of solutions of (1.1).
(See also [13, Lemma 3.1].)

Lemma4.1 Leti = 1,2, t > 0, and u; be a solution of (1.1) in RN x (0, 1) withug = up,i €
L®°. Then, for any o € (0, t), there exists a constant C such that

sup Jlui(t) —u2(®)lloo < Clluo,1 — uo2llco- 4.1)

O<t<o
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Here the constant C depends on |[u1]| > 0,0: L) and |[u2]|1>0,0: L)

Remark 4.1 Let T > 0 and u be a solution of (1.1) in RN x (0, t]. If lll Loe(0,7: Loy 1S
bounded, then we can take a constant in (4.1) uniformly with respect to o. Therefore, if u
is a global-in-time bounded solution of (1.1), then, applying this lemma, we see that u is a
unique solution of (1.1).

Proof Leto € (0, ). Put v = u; — uyp. Then we have

vl Lo 0,00 L0y < llut1llLoo(0,0: L) + Uzl L0 (0,0: L0y < 00.

This together with (1.2) and (K2) yields
~ [ ~
D= 10O+ [ [P T =)l (0,97 = waly,5) dy ds
t

i
SO+ [ [ Ty olosldyds
t JR

< @ llee + C1 sup (D)oo — 1)

t<t<f

for almost all x € RN and all0 < ¢ < 7 < o, where C; is a positive constant depending
only on p, [[u1llz=(0,s: 200y and |[u2|[1.5¢(0,5: ). This implies that

sup [v()lloo = V(Moo + C1 sup [[0(D)[loo(F 1)

t<t<f t<t<f

forall0 <t <f<o.
Let ¢ be a sufficiently small positive constant such that C1e¢ < 1/2 and ¢ < o. Then, by
(3.2) we have

sup  [[v(Dlloo = 2[v(H)loc
t<t<t+e

for all t € [0, 0 — €]. Therefore there exists a constant C such that

sup  [[v(*)lloo < C2[|v(0)[loos

O<t<0

and we have inequality (3.1). Thus the proof of Lemma 4.1 is complete. O

Next we prove local existence of solutions of (1.2). For any nonnegative functionug € L,
we define {u,} inductively by

uy(x, 1) :2/ C(x,y, Huo(y)dy,
RN
12
Upt1(x, 1) = ul(x,l)—}-/ / C(x,y,t —up(y, )P dyds, n=1,2,..., (4.2)
0 JRN

for almost all x € R and all r > 0. Then we can prove inductively that
0 <up(x, 1) < upg1(x, 1) (4.3)

for almost all x € RV, 7 > Oand all n € N. In fact, we clearly obtain 1y > u since I and 1
are nonnegative functions, and if there exists a number k € N such that uy (x, 1) < ug4+1(x,1t)
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for almost all x € RN and all t > 0, then
t
up2(x, 1) = uy(x, 1) +/ /N C(x, v, t = 8$)ugy1(y, )P dyds
0 JR
t
>up(x, 1) +/ / C(x,y,t —up(y, s)’ dyds = upy1(x, 1)
0 JRN

forx € RV and ¢ > 0. This implies that (4.3) holds true for all n € N. Therefore we see that
the limit function
ux(x,t) == lim u,(x,t) € [0, o] “4.4)
n—o0

can be defined for almost all x € RY and all ¢+ > 0. Furthermore, by properties (G1) and
(G2) we can put a constant ¢, = max{cy, c2} such that

sup  |u1(®)lloo < cxxllueolloos
O<t<oo
N1 4.5)
Sup tz—a T
O<t<oo

1
7)
uy(H)llg,00 < cxslluollr,, 0o

for any g € [ry, 00] if ug € L™ N L°°, where ¢ and c¢; are constants given in (G1) and
(G2), respectively. Then we have the following lemma, which implies the local existence of
solutions of (1.1). (See also [13, Lemma 3.2] and [25, Lemma 3.1].)

Lemma4.2 Letug € L*. Then there exists a positive constant T such that the problem (1.1)
possesses a unique solution u of (1.1) in RN x (0, T) satisfying

sup [lu(®)lloo < 2¢ulutolloo- (4.6)
O<t<T

Here cy is the constant given in (4.5).

Proof Let T be a sufficiently small positive constant to be chosen later. By induction we
prove that

sup |lup(®)lloo < 2¢sslluolloo @.7
0<t<T

foralln = 1,2,.... By (4.5) we have (4.7) for n = 1. Assume that (4.7) holds for some
n=n,e{l,2,...}, thatis,

sup [lun, (Moo < 2¢uslluo]loo-
O<t<T

Then, by (4.2) and (G1) we have

t
lun,+1@lloo < Nlur(®)lloo +/0 ISt = $)un, ()" lloc ds

! 4.8
SC**||140|00+C1/ ”“n*(s)”gods “4-8)
0

< cuxlluollos + C1T e lluolloo)”

forall r € (0, T), where C is a constant independent of n, and T. Let T be a sufficiently
small constant such that

C1T2P (carlluollon)? ™" < 1.
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Then, by (4.8) we have (4.7) for n = n, + 1. Therefore (4.7) holds foralln = 1,2, .... By
(4.3), (4.4) and (4.7) we see that the limit function u, satisfies (1.2) and

sup fux(H)lloo < 2csxlluolloo-
O<t<T
This together with Lemma 4.1 implies that the function u = u, is a solution of (1.1) in
RN x (0, T). Thus Lemma 4.2 follows. ]

Now we are ready to prove Theorem 1.2.

Proof of the assertion (i) of Theorem 1.2 Assume (1.12). Let § be a sufficiently small positive
constant. Assume (1.13). By induction we prove

”Mn (t)”r*,oo < 2C**8, (4 9)
N .
ltn (D lloo < 2Css8t @ |

for all + > 0. By (4.5) we have (4.9) for n = 1. Assume that (4.9) holds for some n = n, €
{1,2,...}, thatis,
ltn, ()lr,,00 < 2¢446,

N (4.10)
ltn, ) lloc < 2c4t @err,
for all # > 0. These together with (1.10) imply that
i -~z ERTREY
||un*(t)||q,oo = “un*(t)”rxoo”un*(t)”oo < 20440t 270 (4.11)
forallt > 0andr, < g < 0o.Sincer, = N(p — 1)/(2 — @), by (4.10) we have
P ___N NP ___N_
i, )7 oo = ltn, D11 < (26081 T07 )" = Q) Pt T “.12)
for all # > 0. Similarly, for any n > 1 with n < r, < np, by (4.11) we obtain
» Z N (L_LNP N __ N
it 7 o0 = litn, D10 < (260t T "0 )" < corroman o= 4.13)
for all > 0. Therefore, by (G1), (G2), (4.12) and (4.13) we have
' t
/ St — up, ()P ds| < f 1St — $)uun, () [loc ds
1/2 00 1/2
t
5/ l[ttn, ()7 loc ds (4.14)
12

4 N N
< Cgp/ s QC—orx -1 ds < C8§Pt™ C-ars
t/2

and

t
< / 1S( = $)ttm, ()7 o0 ds
12

!
/ St — $)up, (s)P ds
12

Fx,00
t

t
< f lttn, ()P |17, 00 ds < cap/ s~lds < csP
/2 /2
(4.15)
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for all # > 0. On the other hand, by (G2), (4.12) and (4.13) with n < r, we have

12
H/ St — $)up, (s)? ds
0

o0
t/2

12
< / IS(t = ), ()7 o ds < C / (t =) Ty, (5 poods  (416)
0 0

A L /E A N A N
§C8pt 2—a)n § 2= T C=ayrs dSSC(Spt Q2=a)rs
0
and

12
H/ St — s)uy, (s)P ds
0

P, 00
/2 1/2 N (l_1,

E/ IS¢t = $)un, ()P Iy, 00 ds < C/ (t =) 70 5 up, ()P lly,00 ds
0 0

Ny 2 N N
ECSPt 2—a\n = § Qo) 2« deC(Sp
0

4.17)
for all # > 0. Then, taking a sufficiently small § if necessary, by (4.5) and (4.14), (4.15),
(4.16) and (4.17) we see that

N
1 @=0r lup, 41(Nlo | Coxd + C187 < 20,48
ln,+1 )y 00

for all t+ > 0, where C is a constant independent of n, and §. Hence we obtain (4.9) for
n = ny4+ 1. Thus (4.9) holds foralln = 1, 2, .. .. Therefore, applying a similar argument as
in the proof of Lemma 4.2, by (4.9) we see that there exists a unique global-in-time solution
u of (1.1) such that

__N_
”u(t)”r*,oo < 2¢440,  Ju(®)]loo < 2¢4s0t @k,

for all # > 0. This together with (4.6) implies that

__N
||I/l([)||oo < C(l —+ [) Q—a)rx

for all + > 0. Furthermore, we apply the interpolation inequality (1.10) to obtain

N (L_1y
lu@llgo0 < CA+1) 27a @’ 1 < g <00,

forall # > 0. Thus we have (1.14), and the proof of the assertion of Theorem 1.2 is complete.
O

Proof of the assertion (ii) of Theorem 1.2 Assume (1.12). Let § be a sufficiently small constant
and assume (1.15). Then, by the assertion (i) of Theorem 1.2 we see that there exists a unique
global-in-time solution u of (1.1) satisfying (1.14).

We prove the existence of a global-in-time solution of (1.1) satisfying (1.16). For r = r,
it follows from a similar argument as in the proof of the assertion (i) of Theorem 1.2. So we
assume 1 <r < ry. Put

uo,,\(x) = kﬁug(kx), M,,’)L(X, t) = )»ﬁun()»x, )»z_al)’
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where B = N /r, and X is a positive constant such that

lleo, 1 Ml = lluo s llco-

Since

.
s

L
Ix

s 1— I 1—
ol lluoalloo ™ = lluolls™ lluollos ™

it follows from (1.15) that
lluoallr = lluoalle < 6. (4.18)

Furthermore, u,, , satisfies

t
up () =St —)up, (1) +/ St — s)up—1.(s)? ds, (4.19)

for all # > 7 > 0. On the other hand, by (G1), (4.5) and (4.18) we can find a constant C
independent of §, ¢ and r, such that

N 1 1
ISuolly < Cad(1+1)" 70070 150, (4.20)

forany g € [r, oo].
By induction we prove that

”“n,)»(t)”z/ <2Cwé, 0<t=<2, (4.21)

forany g € [r,o0]l and n = 1,2, .... By (4.20) we have (4.21) for n = 1. Assume that
(4.21) holds for some n = n,, that is,

ltn, 2 (llg <2Cd, 0 <1t <2, (4.22)
for any g € [r, oo]. Then, by (4.22), for any g € [r, co], we have
”un*,)x(t)p”q = ”Mn*,)»(t)ngq < (2C8)? (4.23)

forall 0 < ¢ < 2. Taking a sufficiently small § if necessary, by (G1), (4.19), (4.20) and (4.23)
we obtain

1
lun,+10(Dllg = 1S(Duo,illq +/ IS = $)un,5.(s)"llg ds
0

! 4.24
< IS@uoslly + / i, 2.(5)7 l ds (424)
0

< Cud +C28” <2Cy8, 0 <t <2,

for any ¢ € [r, oo], where C| and C» are constants independent of n, and 8. Thus we have
4.21) forn = n, + 1,and (4.21) holds foralln =1, 2, ....
Let C,, be a constant to be chosen later such that C; > 2Cy. By induction we prove that

Ju Tl
na(Dllg < C,0t o, r>1/2, (4.25)

forany g € [r,o0] andn = 1,2,.... By (4.20) we have (4.25) for n = 1. Assume that
(4.23) holds for some n = n,. Then, similarly to (4.24), since r, = %(p — 1) > r, taking
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a sufficiently small § if necessary, by (G1), (4.19) and (4.21) we have

__N (1_1
Nty 120y < C3( = 172777 w1y 5.(1/2)],

1/2 N (1_1y
+@/ (t = 25D 2 (), ds
12
t
+@/|mmmmws
12

N (L1 ’ N (L1 _rx
< C4Cyi8t 77077747  Cy(C )Pt 2a'r g / s” 7 ds
1

’ ! _L(,_l)

+C4(C*8)1’/ s Zair T a’ds

12
1

Md-h ' (1_1
< Cs5Cydt 20747 4 Cs(C8)Pt 7o' 74

forall # > 1, where C3, C4 and Cs are constants independent of n, and §. Let C ; > 2C5C 4.
Then, taking a sufficiently small § if necessary, we have

;N 1_ 1
ltn, 1120y < Codt™ a0 1> 1,

This together with (4.22) implies (4.25) with n = n, + 1. Thus (4.25) holds for all n =
1,2,....
By (4.22) and (4.25) we can find a constant C such that

N (1_1
- d-h

forany g € [r,o0] and n = 1,2, .... Then, by the same argument as in the proof of the
assertion (i) of Theorem 1.2, we see that there exists a solution u of (1.1) satisfying (1.16).
Thus the assertion (ii) of Theorem 1.2 follows, and the proof of Theorem 1.2 is complete. O

Proof of Corollary 1.1 Since r, = N(p — 1)/(2 — «), by (1.17) we can find a constant C;
independent of § such that

lollr,,00 < Ci6.

Therefore, by the assertion (i) of Theorem 1.2 we see that, if § is sufficiently small, then a
global-in-time solution of (1.1) exists and it satisfies (1.14) for « = a and for « = b. Thus
Corollary 1.1 follows. O
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