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Abstract
This paper is concerned with the existence of solutions for a class of fractional Kirchhoff-type
problems with Trudinger—Moser nonlinearity:

_ N/s
(//RZN Iu(xli _u(é/)vl dx dy) (—A)y = flx,u)  inQ,

u=20 in RN\ Q,

where (—A)Y /s is the fractional N /s-Laplacian operator, N > 1,5 € (0, 1), Q C RV is
a bounded domain with Lipschitz boundary, M : Rj — R/ is a continuous function, and
f : 2 xR — Ris a continuous function behaving like exp(az?) as t — oo for some
o > (. We first obtain the existence of a ground state solution with positive energy by using
minimax techniques combined with the fractional Trudinger—Moser inequality. Next, the
existence of nonnegative solutions with negative energy is established by using Ekeland’s
variational principle. The main feature of this paper consists in the presence of a (possibly
degenerate) Kirchhoff model, combined with a critical Trudinger—Moser nonlinearity.
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1 Introduction and main results

In this paper, we study the following fractional Kirchhoff-type problem:

u() — u(y)N . .
<//Rzzv X =y ——dx dy) (—A)N/su_f(x,u) in €2, (1.1
u=0 in RM\Q,

where N > 1,5 € (0,1), 2 C RY is a bounded domain with Lipschitz boundary, M
[0, 00) — [0, 00) is a continuous function, f : 2 x R — R is a continuous function
behaving like exp(ozltl%) as t — oo for some @ > 0, and (—A)‘}v/s is the fractional
N /s-Laplacian operator which, up to a normalization constant, is defined as

(A o) =2 lim o) =901 2le@) — ¢()
N/s -

dy, x¢€ RV,
e—0" JRN\ B, (x) Ix — y|2V

along functions ¢ € Cg° (RN). Throughout this paper, B, (x) denotes the ball in R" centered
at x € R with radius ¢ > 0.

To study the existence of solutions for problem (1.1), let us recall some results related to
the fractional Sobolev space Wg‘p (). Let 1 < p < 0o and set

WP (Q) = [u € LP(Q) : [uls.p < 00, u=0ae.in ]RN\Q} ,

where the Gagliardo seminorm [u];, ,, is defined as

lu(x) — u(y)|? Yp
[u]sp—<//l‘§21v x—y|N+Sp dxdy) .

Equipped with the norm
uell == [uls,p,

Wg "7 (Q) is a uniformly convex Banach space, and hence reflexive, see [38] for more details.
The fractional critical exponent is defined by

Np

pi=1N-sp
00 if sp > N.

if sp < N;

Moreover, the fractional Sobolev embedding theorems states that WS Q) — LPs (2) is
continuous if sp < N and Wy'”(Q) < L9() is continuous forall p < g < oo if sp = N.
For more detailed account on the properties of Wé "P(Q), we refer to [10].

In recent years, great attention has been paid to study problems involving fractional opera-
tors. In particular, many works focus on the subcritical and critical growth of the nonlinearity
which allows us to treat the problem variationally using general critical point theory. Prob-
lems like (1.1) are important in many fields of science, notably continuum mechanics, phase
transition phenomena, population dynamics, minimal surfaces and anomalous diffusion, as
they are the typical outcome of stochastically stabilization of Lévy processes, see [1,4,21]
and the references therein. Moreover, such equations and the associated fractional operators
allow us to develop a generalization of quantum mechanics and also to describe the motion
of a chain or an array of particles that are connected by elastic springs as well as unusual
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diffusion processes in turbulent fluid motions and material transports in fractured media, for
more details see [4,5] and the references therein.

Recently, some authors have paid considerable attention in the limiting case of the frac-
tional Sobolev embedding, commonly known as the Trudinger—Moser case. For example,
when n =2, WH2(Q) — L"(Q) for 1 <r < oo but WH2(Q) & L°(£2). To fill this gap,
Trudinger [37] proved that that there exists T > 0 such that WO1 ‘Z(Q) is embedded into the
Orlicz space Ly, (€2) determined by the Young function ¢, = exp(t12 —1). After that, Moser
[25] found the best exponent T and in particular he obtained a result which is now referred

as Trudinger—Moser inequality. In [24], Martinazzi proved that for each u € WS N/ (2) and

o > 0, there holds
/ exp (a|u|%)dx < 00.
Q

Moreover, there exist positive constants

N (F«N —$)/2) )”

AN s =

wny_1 \I'(s/2)257N/2

were wy_1 be the surface area of the unit sphere in R and Cy ; depending only on N and
s such that

N

sup / exp (a|u|m) dx < Cysl9l, (12)

uewy N (@) Y <

[uls,nys <1
for all @ € [0, an ] and there exists ay, , > ay,y such that the supremum in (1.2) is co
for o > ay 5. For more details about Trudinger—Moser inequality, we also refer to [19,30].
When N # 1and s # 1/2, itis still an open problem whether a;"\,,s = ay s or not. However,
for N = 1and s = 1/2, one can calculate that oy s = a}"v ¢ = 272 and there exists C > 0
such that
sup / exp(au’)dx < C|Q|, (1.3)
1, Q
ueWg ()
[uli/22=1

for all « € [0, 2772] and the supremum in (1.3) is oo for o > 272,
In the setting of the fractional Laplacian, lannizzotto and Squassina [17] investigated
existence of solutions for the following Dirichlet problem

!(—A)iu =f@) in,1), -,

u=0 in R\ (0, 1),

where f(u) behaves like exp(a|u|?) as u — o0o. Using the mountain pass theorem, they
obtained the existence of solutions for problem (1.4). Subsequently, Giacomoni, Mishra and
Sreenadh [16] studied the multiplicity of solutions for problems like (1.4) by using the Nehari
manifold method. Very recently, Perera and Squassina [32] studied the bifurcation results for
the following problem with Trudinger—-Moser nonlinearity

(= Ayt = Au| V295 exp(u] VN in @,
u=20 in RN\Q,

where A > 0 is a parameter.
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For unbounded domains and the general fractional p-Laplacian, Souza [12] considered
the following nonhomogeneous fractional p-Laplacian equation

(=A)u+ V)lul’2u= f(x,u) +rh  inRY, (1.5)

where (—A)‘;, is the fractional p-Laplacian and the nonlinear term f satisfies exponential
growth. The author obtained a nontrivial weak solution of the Eq. (1.5) by using fixed point
theory. Li and Yang [22] studied the following equation

(=8)5u+VW)lulP 2 = 1A+ f) x €RY,

where p >2,0<¢ < 1,1 < g < p, 2 > 0is areal parameter, A is a positive function in

Lﬁ (RM), (—A)f, is the fractional p-Laplacian and f satisfies exponential growth.
On the other hand, Li and Yang [23] studied the following Schrédinger-Kirchhoff type
equation

k
</ (|W|N+V<x>|u|”>dx> (—Anu+V @) |ulV"2u) = LA u|”u+ f(u) inRY,
RN
(1.6)

where Ayu = div(|Vu|N_2Vu) isthe N-Laplacian,k > 0,V : RN — (0, 00) is continuous,

_p
A > 0is a real parameter, A is a positive function in L7-7 (RY) and f satisfies exponential
growth. By using the mountain pass theorem and Ekeland’s variational principle, the authors
obtained two nontrivial solutions of (1.6) as the parameter A small enough. Actually, the
study of Kirchhoftf-type problems, which arise in various models of physical and biological
systems, have received more and more attention in recent years. More precisely, Kirchhoff
[18] established a model governed by the equation

2 8%u
dx =0, 1.7

9%u Po E (L|du
0x2

ax

Por T\ Tar

forall x € (0, L), > 0, where u = u(x, t) is the lateral displacement at the coordinate x
and the time ¢, E is the Young modulus, p is the mass density, / is the cross-section area, L is
the length and py is the initial axial tension. Equation (1.7) extends the classical D’ Alembert
wave equation by considering the effects of the changes in the length of the strings during
the vibrations. Recently, Fiscella and Valdinoci [14] proposed a stationary Kirchhoff model
driven by the fractional Laplacian by taking into account the nonlocal aspect of the tension,
see [14, Appendix A] for more details.
In particular, when s — 1 and M = 1, problem (1.1) becomes

—Anu = f(x,u) in ,
u=0 in RM\Q,

which studied by many authors by using variational methods, see for example, [9,11,15,20].
Here A yu = div(|Vu|Y~2Vu) is the N-Laplacian. When s — 1, problem (1.1) becomes

-M (/ |Vu(x)|Ndx> Ayu = f(x,u) inS,
RN
u=0 in RM\Q,

(1.8)

In [13], Figueiredo and Severo studied problem (1.8) with N = 2, and the existence of ground
state solution obtained by using minimax techniques with the Trudinger—Moser inequality.
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Inspired by the above works, especially by [15,28], we are devoted to the existence of
ground state solution of (1.1) and overcome the lack of compactness due to the presence of
exponential growth terms as well as the degenerate nature of the Kirchhoff coefficient. To
the best of our knowledge, there are no results for (1.1) in such a generality.

Throughout the paper, without explicit mention, we assume that M : Rg — Ra' isa
continuous function with M (0) = 0, and verifies

(My) for any d > 0 there exists k := k(d) > 0 such that M (¢) > « forall t > d;

M(t
(M>) there exists 6 > 1 such that % is nonincreasing for ¢t > 0;
(M3) for any ¢, o > 0 there holds

M) + (1) < A (1 + 1).
Remark 1.1 By (M), we can obtain that

0.4 (t) — M ()t is nondecreasing for ¢ > 0,

where .7 (t) = fot M (t)dr. Indeed, for any 0 < #; < 12,

2 M) ,
O (t1) — M(t))t; =0.#(tr) — 6 M(t)dt — -1 1
1 1
M (t M(t
< 0.0 — ) gy M)
53 5

=0.4(t) — M(t)ts,

thanks to assumption (M>). Thus, 6.4 (t) — M (t)t is nondecreasing for ¢ > 0. In particular,
we have

0#@)—M(@)t >0, Vr>0. (1.9)

A typical example of M is given by M(t) = ag + bot?~! for all t > 0 and some
6 > 1, where ap,by > 0 and agp + bg > 0. When M is of this type, problem (1.1) is
said to be degenerate if a = 0, while it is called non-degenerate if a > 0. Recently, the
fractional Kirchhoff problems have received more and more attention. Some new existence
results of solutions for fractional non-degenerate Kirchhoff problems are given, for example,
in [33,34,38]. On some recent results concerning about the degenerate case of Kirchhoft-
type problems, we refer to [3,6,7,26,27,35,39-41] and the references therein. It is worth
mentioning that the degenerate case is rather interesting and is treated in well-known papers
in Kirchhoff theory, see for example [8]. In the large literature on degenerate Kirchhoff
problems, the transverse oscillations of a stretched string, with nonlocal flexural rigidity,
depends continuously on the Sobolev deflection norm of u via M(||u||?). From a physical
point of view, the fact that M (0) = 0 means that the base tension of the string is zero, a very
realistic model.

Throughout the paper we assume that the nonlinear term f : Q x R — Ris a continuous
Sunction, with f(x,t) = 0 fort < 0 and x € Q. In the following, we also require the
following assumptions (f1) — (fe):

(f1) there exists og > 0 such that,

) 0, Y ,
lim £ Cx, 1) exp(—arlt]V/ V) = *= e
t—00 00, Ya < o,

uniformly in 2;
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(f>2) there exist constants fg, Ko > 0 such that
F(x,t) < Kof(x,t), V(x,t)e QX [ty 00),

where F(x,t) = fot f(x, 1)dt;

xX,t . .
(f3) lim,_ o+ %1) < 0. (1))* uniformly for x in 2, where
ts
NO/s
A* = inf L > 0,
s,N/s N/S
ueWg ™ @\O} lull  vys (g
see [42] for more details;

s D‘N,.V)D‘NJ
(fs) there exists Bo > # such that

. fx, 0t : .

lim ——————— > Bo uniformly in x € £,

N
7% exp(aplt| 7= )

where Ry is the radius of the largest open ball contained in €2;

(fs5) foreachx € Q, fx, 0

ON

s
(f6) thereexists 0 < ¢ € WS’N/S

sup (i///(ﬂ’/“) —/ F(x,tw)dx) <>u (“N*S).
reR+ \ NV Q N oo

An example of function f satisfying ( f1) — (f5) with g = 1 is given by

Ha* s
Ml%t# T [exp(tN/(N_S)) - 1]’ vt > 0.

In fact, by a simple calculation, one can verify that

0.4 (1)1* N6 ‘
flx,t) = ﬂ,¥—1 + <7 s )tﬁﬂﬂs I:exp(tN/(N—s)) _ 1]
2 ) N —s

is increasing for ¢ > 0;

(€2) such that ||| = 1 and

F(x, 1) =

+ t¥ exp(tN/(N’S)),

N —s
Moreover, f(x, t)/tNe/S—1 is increasing for all # > 0, and

FOan _ o0y S0t
1m =0, im —L
t—oo f(x,t) t—00 exp(tN/(N*-Y))

uniformly in x € .

Remark 1.2 We say that f satisfies exponential critical growth at co if (f1) holds. Moreover,
we observe that (f,) implies

F(x,t) > F(x, ) exp(Ko(t —19)), V(x,t) € Q2 x [y, 00),

which is reasonable for the nonlinear term f (x, ) behaving like exp(ag |t [N/ (N=5)y infinity.
Moreover, by ( f2), for each o > 0, there exists C;, > 0 such that

wFx, 1) <tf(x, 1), V(x,t)eQx[Cy,00). (1.10)
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Remark 1.3 If N = 1 and s = 1/2, then (f4) reduces to:
(&)&
(f4) there exists B > ——5=2—" such that

fx, 0t

m > Bo uniformly in x € Q := (a, b),
1—00 exp(apt?)

where a < b.

Remark 1.4 Using (fs5) and the similar discussion as Remark 1.1, one can deduce that for
each x € Q,

N6
tf(x,t) — TF(X’ t) is increasing for ¢t > 0.

In particular, ¢f (x, t) — NTHF(x, t) > Oforall (x,t) € Q x [0, 00).

Definition 1.1 We say that u € quN/s

holds

(R2) is a (weak) solution of problem (1.1), if there

M), @5 s = f f . wpdx
Q
s,N/s
for all p € W, (€2), where

- u(x) — u()|* 2 W) — u() - (@) — 9(y))
(U, )s.Nis = eon dxdy.

lx — y[2N

For general N > 1 and s € (0, 1), we get the following result.

Theorem 1.1 If M fulfills (M1)—(M3) and f satisfies (f1)—(fe), then problem (1.1) admits
a nontrivial nonnegative ground state solution in WS’N () with positive energy.

If we consider the special case s = 1/2 and N = 1, then the assumption (fs) can be
removed. Hence we get the second result as follows.

Theorem 1.2 Lets = 1/2, N = 1 and Q = (a, b) with a < b. If M fulfills (M1)—(M3)
and f satisfies (f1)—(fs), then problem (1.1) admits a nontrivial nonnegative ground state
solution in WO1 2’z(a, b) with positive energy.

Finally, we consider a special case of f(x, u), that is, we study the following problem:

M ([ullN75) (=AY gu = Mul®=2u explaolul /N =9) + h()ul"2uin
u=0 in RM\Q,
(1.11)

where M : [0, o0) — [0, 00) is a continuous function satisfying (M1) and (1.9), 6N /s <
g<oo,l<r<N/sand0 <h e LV (Q).

Set
L an.s (N—s)/N
T 20
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and define

WAG A
g(1) = tg*%* — ZCn4|QIe forall t > 0.
q

*

Clearly, g has positive maximum attained at
. <///(z*)N9>sq5~e o,
sCy st9
being ¢ > N6O/s. Set
M (t)NO

N6
q— N
SCN,stfpl §

A" =

and denote by C, the embedding constant from W, N/

constant. Assume that

() to L"(2). Here p1 € (0,¢t,) is a

al & (tmax)

LR @)l

(1.12)

Now we give the third result as follows.

Theorem 1.3 Assume M fulfills (M) and (1.9). If (1.12) holds, then for all .. > A, prob-

lem (1.11) admits a nontrivial nonnegative solution u;_in W(‘;’N/ *(Q) with negative energy.
Moreover, ||uy] — 0as A — oo.

To get the existence of ground state solutions for problem (1.1), we first apply the moun-
tain pass lemma without Palais—Smale condition to get a Palais—Smale sequence {u,} with
I(uy) = ¢4 > 0and I’ (u,) — 0. The main difficulty is how one can get the strong conver-
gence of {u, } and how to prove that the limit of {u, } is the ground state solution of problem
(1.1).

To the best of our knowledge, Theorems 1.1-1.3 are the first results for the Kirchhoft-type
problems involving critical Trudinger—-Moser nonlinearities in the fractional setting.

The rest of the paper is organized as follows. In Sect. 2, we give some necessary properties
for the functional setting. In Sect. 3, we verify that the associated functional satisfies the
mountain pass geometry and give an estimate for the level value. In Sect. 4, we obtain the
existence of ground state solution for problem (1.1). In Sect. 5, a nonnegative and nontrivial
solution for problem (1.1) with negative energy is obtained by using Ekeland’s variational
principle.

2 Preliminary results

We first provide some basic functional setting that will be used in the next sections.

Theorem 2.1 [10, Theorem 6.10] Let s € (0, 1) and N > 1. Let Q@ C RY be a bounded
domain with Lipschitz boundary. Then there exists a positive constant C = C(N, s, Q2) such

that for any u € Wy'™"'* () there holds
lulla@) < Cllull

for any g € [1, 00), i.e. the space WS’N/S () is continuously embedded in L9(2) for any
g € [1, 00).
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To prove the existence of weak solutions of (1.1), we shall use the following embedding
theorem.

Theorem 2.2 (Compact embedding) let s € (0,1) and N > 1. Assume that Q is a
bounded domain in RN with Lipschitz boundary 3. Then, for any v > 1 the embedding
WY N/Y(Q) —<— LY(Q) is compact.

Proof By [10, Theorem 7.1], we know that the embedding WS’N/S(Q) s> LV(Q) is

compact for any v € [1, N/s]. Next we prove that this result holds true for the case v €
(N /s, 00). Let {u,} is a bounded sequence in WS’N/S (£2). Then there exist a subsequence of
{un} (still denoted by {u,}) and u € Wy/*(Q) such that u, — u in LN/5(RQ).
For any v > N /s, by the Holder inequality we have

N N
[ o=t = [ =1 =
Q Q
o—1

1
_ % o _ (\)—f) o
< lup, —ulsdx |u u|
Q

oN
G

N % _o v oN
< ( lun —uls dX) (f lun — ul“*‘dX> [€2] 5o, (2.1)
Q Q

where o € (0, 1). Since /(0 — 1) > 1, it follows from Theorem 2.1 that

v— T

(f |un—u|ﬁdx> Q% <c,
Q

which together with (2.1) yields that

1
flu,,—ul”dxfC(/ Iun—u|¥dx> ,
Q Q

In view of u,, — u in LN/5(Q), we get u, — u in L* (). o

sN/s

To study solutions of problem (1.1), we define the associated functional / : (Q) —

R as

S
I(u) = —//l(||u||N/S)—/ F(x,u)dx.
N o

Since f is continuous and satisfies (f1) and (f3), for any ¢ € (0, M/%A*), o > o, and
g > 1, there exists C = C(¢, «, g) > 0 such that

I
|F(x, )| < ($A* - s> OV 1 Clel? exp(alt|F), V(x,1) € R xR, (2.2)

Using (2.2) and the fractional Trudinger—-Moser inequality, one can verify that I is well
defined, of class C'(Wy"""* (Q), R) and

(' (u), v) =M(||u||N/*‘><u,v>s,N/s—/ [ uyvdx,
Q

for all u,v € WT /s *(€). From now on, (-,-) denotes the duality pairing between

( wo N/ (SZ)) and WS N/ (€2). Clearly, the critical points of I are exactly the weak solutions
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of problem (1.1). Moreover, the following lemma shows that any nontrivial weak solution of
problem (1.1) is nonnegative.

Lemma 2.1 Any nontrivial solutions of problem (1.1) is nonnegative.

Proof Let u € WS’N/ *()\{0} be a critical point of functional /. Clearly, u~ =

max{—u, 0} € WyN/* (). Then (I'(u), —u=) =0, i.c.

Ml Y u Vs s =/Qf(x,u)(—u‘)dx.
Observe that for a.e. x, y € RN,
() — ()] 5 2u@) — u())(—u~ (x) + u(y) ")
= lu(x) — u)I* 2t @u (p) + lux) — w5 2u"@ut ()
) —u (S

> Ju=(x) —u” (],

and f(x,u)u” = 0a.e. x € Q by assumption. Hence,
Mlul )]+ < 0.

This, together with ||u|| > 0 and (M), implies that u~ = 0, thatis u > 0 a.e. in Q2. This
ends the proof. m}

3 Mountain pass geometry and minimax estimates

Let us recall that I satisfies the (PS). condition in WS’N/ *(Q), if any (PS). sequence
{un} C WS’N/S(Q), namely a sequence such that I (u,) — c and I’(u,) — 0 as n — oo,

admits a strongly convergent subsequence in Wg Nis ().
In the sequel, we shall make use of the following general mountain pass theorem (see
[2,36]).

Theorem 3.1 Let E be a real Banach space and J € C'(E, R) with J(0) = 0. Suppose that

(i) there exist p, o > 0 such that J(u) > « forallu € E, with ||ullg = p;
(ii) there exists e € E satisfying |le||g > p such that J(e) < O.

DefineT' ={y € C'([0,11; E) : y(0) = 1, y(1) = e}. Then
> = inf J 1)) =
¢ ;IéF Jax, y@®) >z«
and there exists a (P S). sequence {u,}, C E.

To find a mountain pass solution of problem (1.1), let us first verify the validity of the
conditions of Theorem 3.1.

Lemma 3.1 (Mountain Pass Geometry 1) Assume that (f1) — (f3) hold. Then there exist
p > 0and k > 0 such that I(u) > « forany u € WS’N/S(Q), with |lu|| = p.

@ Springer



Fractional Kirchhoff problems with critical Trudinger—Moser... Page 110f27 57

Proof Applying (2.2) and the definition of A* in (f3), for any ¢ € (0, A*) and ¢ > ON /s we

have
(1
/ F(x, u)dx < (wk*—e>/ |u|NT9dx+c/ ]9 exp <a|u|%)dx
Q N Q Q

< (5//1(1) £

No q
N v fluell s +C||M||qu(9)

. N 12
-(/QGXP(ZaIIMIIN*S(u/IIuII)N*S)dX) , (3.1

forallu e Wy ().
On the other hand, (1.9) gives

M) = ()’ forallt e [0, 1]. (3.2)
Thus, by using (3.1), (3.2) and the Holder inequality, we obtain for all u € W,/ (%), with
llu|l < p1 < 1 small enough,

1) > )™ = Cllu) 2aflul| ¥ %dm
(M)_EHMH = Cllull2 g QGXP ol V= (u/lull) x

e w ] n 2\, 0\
= sl = Cullul” (| exp 200 /[l ) dx )

Choosing Zapfv/ (N=s) < oy, s and using the fractional Trudinger—Moser inequality, we get

ON [ E _ON
1w = Jull 5 (55 = Callu?=)

Now fix ¢ > 0 and choose 0 < p < p; < 1 such that A% - Cz,o"’gTN > 0. Thus,

I(u) > i := pN/s (% - czpq—@) > Oforall u € W'N/* (), with [lul| = p. 0

Lemma 3.2 (Mountain Pass Geometry 2) Assume that (M>) and ( f2) hold. Then there exists
a nonnegative function e € Cj°(R), such that 1(e) < 0 and ||e|| > p forall 1 € Rt.

Proof It follows from (1.9) that
M) <. 4D’ forallt > 1. (3.3)

On the other hand, taking > 6N /s and using (1.10), we obtain that there exist positive
constants C3, C4 > 0 such that

F(x,t) > C3tt —Cy4  forallx € 2 and ¢ >0. 34

Now, choose vy € Wg N/s

(2) with vg > 0 and ||vg|| = 1. Then for all # > 1, we have
S ON ON
How) = 30 ol ™ = Cart [ ol + cilgl.
Q

Hence, I(tup) — —oo as t — oo, thanks to N /s < . The lemma is proved by taking
e = Ty, with T > 0 so large that ||e|| > p and I(e) < O. ]
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By Lemmas 3.1 and 3.2 and the mountain pass theorem (Theorem 3.1), there exists a
(PS). sequence {u,} C W(‘;’N/S(Q) such that
I(u,) —> ¢ and I'(u,) >0 asn — oo,
where
= inf max I(y(1)), 3.5
¢» = Inf max (y (1) (3.5)

where T' = {y € C0. 1 WV (@) 1y (0) = 0, 1(y(1)) :e}.Obviously, e > 0 by

Lemma 3.1. Moreover, under assumption ( fs), we have the following estimate.

Lemma 3.3 Assume that (M>), (f2) and ( fe) hold. Then

Ce < i//{ ((XN’S).
N o
Proof Since ¥ > 0 in Q and ||| = 1, as in the proof of Lemma 3.2, we deduce that
I(ty) - —oo as t — oo. Consequently, using assumption ( fs), one can deduce that

¢x < maxI(ry) < sup <%//1(rN“) —/QF(x,tlp)dx> < %,//(“N@)_

teR+ Qo
This proves the lemma. o
Actually, for the case N = 1 and s = 1/2, assumption (fs) naturally holds true. To get

more precise information about the minimax level ¢, in this case, let us consider the following
Moser functions which have been used in [31]:

Inn|> if x| < L.
~ 1 | 1n |x]| e 1
- ] if - < x| <1,
if |x| > 1.

Let Q := (a, b), xg = % and Ry = b%“. It is standard verify that the functions

~ (X — X0
Gn(x)an< ) x e,
Ro

1
belongs to W02’2(Q). Moreover, lim,— |G, || = 1 and the support of G, is contained in
interval (xo — Rg, xo + Ro), see [31].

Lemma 3.4 Assume that (M1), (M), (f1) and (fé{) hold. Then there exists n > 0 such that
1, 5 1 272
max [ (tG,) = max { —.Z(t°||G,|7) — F(x,tGpdxy < - | — ).
>0 >0 |2 Q 2 oo
Proof Arguing by contradiction, we assume that

1 272
max [ (tG,) > =4 | =— ). (3.6)
>0 2 o

Since the functional / possesses the mountain pass geometry, for each n there exists f, > 0
such that

1(t,G,) = max I (tG,,).
t>0
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In view of the fact that F'(x, ¢t) > 0 forall (x,t) € Q x R, one can deduce that

216, 2 27*)
A (211G )z///< )

Since M : [0, 00) — [0, 00) is a nonnegative function, .# is a nondecreasing function.
Thus, we get

22
2 2
L NGull” = —.
[e70]
Hence,

272
lim inf t > —. 3.7

n—00 o
On the other hand,
i](th) lr=2,= 0,
dt :

which implies that

MG, DEIGI? = / F 1aG)tn G > / F tGtGodx.  (3.8)
Q

Bry (x0)

Using change of variable, we have

MG D2 1Gl = Ro / FCRox -+ 10,0,G,)1, G
B1(0)

1 1/2 1 1/2
> Ry f | Rox + xo, ty (Inn) th (Inn)*/“dx.
By (0) V2n T
Note that (3.7) implies that
In 172

——((nn)"/* — o0 asn — oo.

«/571
It follows from (f4) that given § > 0O there exists t5 > 0 such that

.0t = (Bo — 8) explagt?),  V(x,1) € Q x 5, 00). (3.9)

Thus, there exists ng € N such that

1
f (Rox + X0, Iy (lnn>‘/2> rnﬁann)”2

1
V2r
1
> (Bo — 8) exp (ozotn 72 In n)

for all n > ng. Hence,

2 24,2 2 1 2
MGt 1Gall* = (Bo — 8)Roexp ( oty 52 Inn .
1
= (Bo — 8)2Rp exp <0c0tn 702 In n) exp(—1Inn)

= (Bo — 8)2Rp exp [(0101‘,, 21 5 ) In n] ) (3.10)
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Next we show that {#,} is a bounded sequence in R. If not, there exists a subsequence of {,}
still labeled by {#,}, such that , — oo as n — oo. From (3.3) and (3.7), we can conclude
that

M@ Gl P 1Gall?
exp [(060132%2 - 1) In n]

which contradicts (3.10). Thus,

— 0 asn — o0,

. 5 272
limsupt, < —,
n—00 o0

which together with (3.7) yields that

2 2
2 3.11)
o0

asn — oQ.

Following some arguments as in [11,13], we are going to estimate (3.8). In view of (3.9),
for0 < § < Bpand n € N, we set

Ups :={x € Bry(x0) : t,G,(x) > ts} and Vs := By (x0)\Up,s.
Splitting the integral (3.8) on U, s and V,, 5 and using (3.10), we deduce
MG 1P 1Gall®

> (Bo — &) exp(ao (1, Gn)?)dx
Bry (x0)

- (,30—5)/ eXp(ao(tnGn)z)dx+/ S, t,Gu)tn Grdx. (3.12)
Vn,é n

Vs

Since G, (x) — 0 a.e. in Bg,(xo), we deduce that the characteristic functions xy, , satisfies
Xva.s = 1 a.e.in Bg,(xp) asn — oo.

By #,G, < ts and the Lebesgue dominated convergence theorem, we have as n — oo

/ exp(ao(t,,Gn)z)dx — 2Ry and fx, t,Gpt,Gpdx — 0. (3.13)
Vi,s Vs

The key point is to estimate the first term on the right hand of (3.12). By (3.7) and the
definition of G,,, we have

/ exp(aO(tnGn)z)dx = RO/ exp(Inn)dx
BRO(XU) B1/n(0)

1 2
n Ro/ exp [M} dx
1/n<|x|<1 Inn

|In |x||?
=2Ryp+ Ry exp dx
1/n<|x|<1 Inn

1
> 2R + 2Ry (1 - 7> , (3.14)
n
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for n sufficiently large. Inserting (3.13) and (3.14) in (3.12) and using (3.10), we arrive at

272\ 272
M{— ) — = (Bo— 2Ry, V3 e€(0,po).
oy ) g
Letting § — 0T, we obtain

<

Po = 2Ry

which contradicts ( f;). Therefore, the lemma is proved. O

By Lemma 3.4, we obtain the desired estimate for the level c,.

Lemma 3.5 Assume (M1) — (M3) and (f3) hold. Then

1 272
Cx < =M <L>

2 o
Proof Since G, > 0in Q and ||G,|| — 1, as in the proof of Lemma 3.2, we deduce that
1(tG,) - —oo ast — oo. Consequently,

cy <maxI(tG,), VneN.
t>0
Thus, the desired result follows by using Lemma 3.4. O
Consider the Nehari manifold associated to the functional 7, that is,
N = [u e WV @M\O) : (I (), u) = 0]

and ¢* ;= inf,cpnr I ().
The next result is crucial in our arguments to get the existence of a ground state solution
for (1.1).

Lemma 3.6 Assume that (M3) and (f3) are satisfied. Then c, < c*.

Proof For any u € N, we define & : [0, +00) — R by h(t) = I(tu). clearly, h is differen-
tiable and

/ / N N\ N_jo N
W@ = (0, = M (5l =) o>l = | fmoudx, V=0,
Q
It follows from (I’(u), u) = O that
N N
M (> ) ™ = [ foxwud,
Q

which means that 4'(1) = 0. Thus,

W) = 12 gt [ M (NS u N7 M(||u||N/S>]

t(G—l)N/s”u”(G—l)N/s - ||u||(9—l)N/s

ng/ [f(x,u) B f(x,tu)}ueslvdx.
Q

oON ON
us ! (tu) s !

Using (M>) and (fs), we get
W(@)>0 forO0<t<1 and A'(t) <0 fort> 1.
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Thus, ~(1) = max;>0 h(¢), which means

I(u) = max I (tu).
>0

Now we define g : [0, 1] — WS’N/S(Q), g(t) = ttou, where t¢ is such that I (tpu) < 0.
Clearly, g € T" and therefore

cx < max I(g(t)) < max I(tu) = I(u).
1€[0,1]

By the arbitrary of u € N, we get ¢, < ¢*. Thus the proof is complete. O

4 Proofs of Theorems 1.1 and 1.2

This section is devoted to the proof of our main result. We recall that a solution u( of problem
(1.1) is a ground state if 7 (ug) = inf,c 4 I (1), where

s,N/s

={u e Wy P (Q\{0} : I'(w) = 0}.

Since ¢, < ¢® < I(ugp), in order to obtain a ground state uq for (1.1) it is enough to show
that there is ug € A and I (ug) = c,. To this aim, we first give some useful lemmas.

Lemma 4.1 (The (PS).« condition) Let (M1)—(M3) and ( f1)—(fe) hold. Then the functional
I satisfies the (PS)., condition.

Proof From Lemmas 3.1 and 3.2, we deduce from Theorem 3.1 that there exists a sequence

{un} € W3V () satisfying

I(u,) = cx and I'(u,) — 0.

We first show that {u,,} is bounded in WS N/s

s,N/s

(£2). Arguing by contradiction, we assume that
{u,,} is unbounded in W, (£2). Then up to a subsequence, still labeled by {u,}, [|u, || — oo
and d :=inf,>1 ||u,|| > 0. Using (1.9), (M) and (1.10) with © > ¥ we get

1
CHllunll = I'(un) — ;(1/('4}1), Un)

Ky 1 1
> (— - —) M (N 1) lun | N5 — —/ (WF (x,up) — f(x, up)uy)dx
N6 B | <t

s 1

> — — — | M@ N/S—fc Q 4.1

(Ne M) @™ ) [lunl 12, 4.1

where C,, = sup{| f(x, 1)t — uF(x,1)] : (x,1) € Q x [0, #,1}. Dividing (4.1) by [Ju, ||V/*
and letting n — oo, we get

1
0> (- — 2 ) M@ > o,
NO

which is absurd. Thus, {u,} is bounded in WS‘N/S ().
Next we show that {u,, } has a convergence subsequence in WS N/ (£2). Going if necessary
to a subsequence, there exist u € W, S N/s (2) and £ > 0 such that
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u,—u weakly in WS’N/X(Q),

u, — u strongly in L"()(v > 1),

U, — u a.e.in Q

lunll — &. 4.2)
Here we have used the compact embedding from WS N/s () to LV(2) for any v > 1, see

Theorem 2.2.
‘We first show that

lim / | f(x,up)ldx = f | f(x,u)ldx. 4.3)
n—o0 Q Q
By I’(u,) — 0 and {u,} is bounded in WS’N/S (R2), there exists C > 0 such that
/ | fCx, up)uyldx < C.
Q
Since f(x, u) € L' (Q), it follows that given ¢ > 0 there is a § > 0 such that

/ [f(x,u)ldx <e if |U| <6
U

for all measurable subsets U of €2, where |U| denotes the Lebesgue measure of U. From
u € LY(Q), there exists D; > 0 such that

{x € Q:lu(x)| > Di}] < 6.
Let D = max{D, C/e}. Then we have

V |f(x,un>|dx—/ | Crw)ldx
Q Q

5/ |f<x,un)|dx+/ \f (xs w)ldx
ltn|>D

|lu|>D

_|._

/ | D|f<x,un)|dx—/ 1 Ce u)dx

lu|l=D

By above results, we obtain

/ [f(x,u)ldx <e.
|u|>D

Also, we deduce
, C
| e = [ e unnl o €
|un|>D ltp|>D 17 D

Next we claim that as n — oo

/ |f(x,un>|dx—/ f G )l dx
lup| <D lu|<D

Indeed, set g, (x) = | f (x, u)| Xjunj<D — | f (X, w)| Xjuj<pD, then g, — 0 a.e. in Q. Moreover,
lgnl < 1f(x w)] if Jup(X)| > D; lgal < C + |f(x,w)| if |upy(x)| < D, where C =
sup{| f(x, )] : x € Q, |t| < D}. Thus, the Lebesgue dominated convergence theorem yields
the claim. Therefore, we prove (4.3).

— 0.
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By (4.3), we can get

llm / f(x,uy)dx —/ f(x,u)dx. 4.4)

Indeed, set h,,(x) = | f(x, un)| — | f(x,un) — f(x, u)|. Obviously, h, (x) — | f(x,u)| a.e.
in Q. Moreover,

[y ()] < 1f (x, w)].
Thus, the Lebesgue dominated convergence theorem implies that
lim / (1f G un)| = 1 f Ceyun) — fx,w)hdx = f | f(x, u)ldx,
n—00 Q Q
which means that
hm / [f(x,un) — f(x,u)ldx = 0.

Therefore, (4.4) holds true. By (4.4), (f2) and the generalized Lebesgue dominated conver-
gence theorem, we have

lim / (F(x,uy) — F(x,u))dx =0. 4.5)

n—oo Q

Now, we assert that u # 0. Arguing by contradiction, we assume that # = 0. Then,
Jo F(x,up)dx — 0and I (u,) — ¢ gives that

%x/ﬂnunuww 0y < %//z ("”“)

@0

as n — oo. Thus, there exists ng € N and § > 0 such that ||u, ||V/* < § < “O’[V—O‘ Choosing

g > lcloseto 1 and o > «g close to g such that we still have go||u, IV <8 < an -
Thus, it follows from (2.2) with g = 1 that

‘/ f(x, up)up,dx
Q
1

<cC ( / lun P/ dx + / |un|exp<a|un|N/*‘>dx>
Q Q

q
( / exp[qanun||N/s(un/||un||>N/S]dx>
(2) Q

>—>O
1)

as n — o0. Since {u,} is a bounded (P S)., sequence, we get

< Cllunl™" + unll 2,

<C (nu |ONs

(I (un)s ttn) = MUlun | N g |V — / s up)updx — 0,
Q
which implies that
M(un Y un |V/5 — 0.

From this and assumption (M), we deduce ||u,| — 0. Furthermore, we obtain I (u,) — 0,
which contradicts the fact that /(u,,) — ¢4 > 0. Therefore, we must have u # 0. So that
E>0.
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We claim that 7 (x) > 0. Arguing by contradiction, we assume that /(1) < 0. Set z(¢) :=
I(tu) for all t > 0. Then z(0) = 0 and z(1) < 0. Arguing as in the proof of Lemma 3.1, we
can see that z(t) > 0 for ¢+ > 0 small enough. Hence there exists 7y € (0, 1) such that

2(fp) = max z(r), z'(10) = (I'(tou), u) = 0,
te(0,1]

which means that 7ou € N. Therefore, by Remarks 1.1 and 1.4, the semicontinuity of norm
and Fatou’s lemma, we get

e < ¢ < I(tou) = I(tou) — m(l (tow), tou)

—///(nrouuN/v— 0M(||tou||”“>||rou||N/s

NO
///(nunN“) M<||u||N/f)||u||N“

+ 7/ |:f(x» fou)tou — ﬂF()c, lou)] dx

+ m/ |:f(x,u)u — gF(x,u):I dx.

By the weak lower semicontinuity of convex functional, we have

N/s N/s:%.N/s.

lull™/* < Hminf [Ju, ||
n—0oo

In view of Remark 1.1 and the continuity of M, we deduce that
///(IIMIIN/‘) M<||u||N/‘>||u||N“
<7(//l N/s —7M N/s\eN/s
=5 &™) No (E™E
— m O Nysy 5 N/s N/s
—nli)n;oN@%/(llunll ) NQM(IlunII e, 1777

By Fatou’s lemma, we get

/ fx, wudx < liminf/ fx, up)uydx.
Q n—oo Q
It follows from above results and (4.5) that

. s N
ex = ¢ < lim [t ™) = < M Q) |V
s NO
+ — hmmf/ f,up)uy — —F(x,uy) | dx
NO s

< 1im [1) - W” (). ) | = e

which is absurd. Thus the claim holds true.
Now we claim that

I(u) = cy. (4.6)

Obviously, by (4.5) and semicontinuity of norm, we have /(#) < c,. Next we are going to
show that I (ug) < ¢, can not occur. Actually, if (u) < cy, then

llull < §&.
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Note that (4.5) yields that
S HEVSY = im (| V) = cn + / F(x, u)dx. 4.7
N n—oo N Q

This gives that

g% = ! (ﬁc*—i-ﬁ/ F(x,u)dx).
S s Jo

Set v, = t /||| Then v, —vy = up/€ in Wy™’*

[32, Theorem 2.2] that

(R2) and ||vg|| < 1. Thus, it follows from

N/s / ON,s
sup/ exp(@'v, )dx <00, Vo < —T2 . (4.8)
nenJo " 1 — [lw|| /s
On the other hand, by (4.7), we have

N N

—co— — 1) = MEV) = (Jul™).

K K
Thus, it follows from 7 (1) > 0 that

' N , '
MENY < Zco+ 0 (JulN) < (“L> +. (M)
Ky @0
Furthermore, by (M), we get
NP < ! [//z <“’”) + //(nunN/S)] < Z Vs, 4.9)
o0 o0
Note that
SN/S _ ‘;:N/S - ||”||N/S
1 — |lu||V/s
Hence, it follows from (4.9) that
N/s ay.s/ao
S - T 7

Thus, there exist ng € N and «” > 0 such that

aN.s

N/(N—s)
= lV7

oo |lun| <o’ <

for all n > ng. We choose v > 1 close to 1 and o > o close to « such that

N/(N=5) < o < oN s /0o

valup | W

In view of (4.8), for some C > 0 and n large enough, we obtain
/ expvafu, |V N dx < f exp(a” v, |V N =Ndx < C.
Q Q
Therefore, we deduce from (2.2) that
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'/ SO up)(uy — u)dx

<C </ luny — u|N5dx +/ lin — u] exp(au, | N/ V= T))dx)

NB/s

= Cllu n” )+Cllun—ull oy 0

Lv=T(Q)
asn — oo.
Since {u,} is a bounded (PS)., sequence in WS’N/S (2), we have
o(l) = (I/(un)a Uy —u)
= MUunl™) (W, tn = w)s Ny — / fOu) g —wdx. — (4.10)
Q

Define a functional L as follows:

(L(v), w) = (v, whs,Nys

s,N/s

forall v, w € Wy"""(2). By the Holder inequality, one can see that

L), w)| < [[vl[llwll,

which together with the definition of L implies that for each v, L(v) is a bounded linear

functional on W/* (). Thus, (L(u), u, — u) = o(1), that is,

(U, up —u)g,nys = o(1).
In conclusion, we can deduce from (4.10) that
MUV Nuw — ul™ = MU IY) Qs e = w)s,n s — (s 1y — uhs nss) = o(1).

In view of the fact that ||u,|| — & and & > 0, by using (M), we obtain that u, — u in
WS N/s (K2). Furthermore, using (4.5) and the continuity of .#, we have I (u) = ¢, which is
a contradiction. Thus, the assertion (4.6) holds true.

Combining (1) = ¢, with I (u4,) — ¢, and ||u,|| — &, we conclude that

AMENY = (Ju N,

which implies that & = ||u||. By the uniform convexity of norm, we obtain that u,, — u in
Wy’ N/$ (). This finishes the proof. u]

Proof of Theorem 1.1 By Lemmas 3.1 and 3.2, we know that / satisfies all the assumptions

of Theorem 3.1. Hence there exists a (PS)., sequence {u,} C W(‘;’N/ *(Q). Moreover, by

Lemma 4.1, there exists a subsequence of {u,} (still labeled by {u,}) such that u, — u in
Wy (Q) and & = |Ju]). It follows from I’ (u,) — 0 that

sN/s

M (|un M) (W, 0)s.n )5 = /Q fx,un)edx, Vo e Wy (Q).

Furthermore, we have
N
MUl 0)ese = [ forwgds vpe W @),
Q
which means that u is a solution of (1.1) satisfying I(u) = cy, that is, I'(u) = 0 and

I(u) = c. Therefore, by the definition of ¢* and ¢, < ¢*, we know that u is a ground state
solution of problem (1.1). Moreover, Lemma 2.1 shows that « is nonnegative. O
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Proof of Theorem 1.2 Indeed, Theorem 1.2 is a special case of Theorem 1.1. Its proof
follows from the same discussion as the proof of Theorem 1.1 by using the correspond-
ing lemmas. O

5 Proof of Theorem 1.3

To study the solutions of problem (1.11), we define the following functional

To(u) = —.a (u| V%) —x/ F(x,ut)dx — 1/ h(x)ut| dx
N Q rJa
forallu € Wy™/* (Q), where ut = max{u, 0y and F (x, u)= [3* |¢]9~21 exp(art|N/ N =)dr.
Clearly, one can verify that Zj, is of class C' and the critical points of Z; are the nonnegative
solutions of (1.11).
In this section, without further mentioning, we always assume that M fulfills (M) and
(19),g > 6N/s,r € (1, N/s)and 0 < h € LN/N=s1)(Q).

Lemma 5.1 There exist A* > 0, py, > 0 and &, > 0 such that for all . > A*, T, (u) > K,

foranyu e Wy N/Y(Q) with |u|| = p;.

an \N=9)/N
Proof Sett, = ( 2a3) . By (1.9), one can get

WAG
t(g*)z(’, forall 0 <t < t,.

A1) =

*

s,N/s

By the Holder inequality, we obtain for all u € W, (), with |lu|| < p1 < t,

(1) s 12
T(u) > T*HMHHN/S - *|| ||L2q(g) [/ exp <2a0||u||N/(N S)} 2l | / A)) dx]

L

1 .
— ff h(x)|u|"dx
rJa

WA A v A 12
zt—gnun”/“—;nun‘f /exp 2argpN /N LN/ ) g
Q

v flull
Cr il
_ w” "
- ,

WV (Q) to L7(Q). Since

20000, pNIN=) N.s. it follows from the fractional Trudinger—Moser inequality that

Crlinll,

where C > 0 denotes the embedding constant of from W,

—sr (Q2)

WA A
D) = ==l — g Cvslull? = flull”

*

Let

M (ty) No
19

g(t) = ts —fCN st9, forallt > 0.
q

*

It is easy to check that g has positive maximum attained at

. M ()N \ 5a-77 0
= _— > N
maX =\ Syt
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being ¢ > N6/s. Set
M (t)NO

_No

A* =
~
SCN,stfpl

Then for A > A* we have tmax < p1 < 4. Since

7 g (fmax)
Inl < [Bmad
LN 5T () Crtmax
. M) SON[s—r _ ) 54T _ Ler
we conclude that Z (1) > K := ,o/\ ( 7 Py, qCN,S,oA Cllh ||LN _ (Q)> >
0 forall u € W3/ (Q), with Jul = 5, := fmax. o

Lemma5.2 Set
G, =inf {Zx(u) :u € By, } .

where By, = {u € Wy’ N/S(Q) lull < pr} and p), € (0, 1] is given by Lemma 5.1. Then
¢, < 0 forall . > A*

Proof Choose a nonnegative function ¢ € C§°(£2) such that [|¢|| = 1 and fg h(x)p"dx > 0.
Fix A > A*. Then, by (H;) and (3.3), for all 7, with 0 < 7 < 1, we have

1
Ti(tg) < M (oI VTV — Z¢r / h(x)¢ dx
N r R3

K 1
< 2 ( sup M(r)) N/ ftr/ h(x)p" dx.
N r R3

Since 1 <r < N/s,fixing T > 0even smaller so that we have that g € ByandZ (t¢) < 0.
This gives that ¢; < 0 forall A > A*, as desired. m]

By Lemmas 5.1 and 5.2 and the Ekeland variational principle (see [2]), applied in Bj,,
there exists a sequence {u,}, such that

T(uy) = ¢, Ti(uy) —> 0 (5.1
asn — o0.
Next we show that {u,} has a convergent subsequence in W, s N/s ().

Lemma 5.3 Up to a subsequence, {u,} is strongly convergent to some function in W, A N/ ().

Proof Since {u,} C Bigk, there exist a subsequence of {u,}, still denoted by {u,}, u, and
w;. > 0 such that

up — u;, weakly in Wo* (@),
u, — u, strongly in L"(2) for any v € [1, 00),

lupll = w; and u, — u, a.e.in Q.

We first show that

lim / ;19 %u, exp(|u;|%)(u,, —up)dx = 0. (5.2)
Q

n—oo
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Indeed, by the Holder inequality, we have

-2 N
‘/ iy 17721y exp(luyy | =) (e — w3)dx
Q

1

q=1 1
2 2 2
< (/ |un|2qu> ! (/ |un—u;\|2qu> ! </ exp(2a0|u,,|%)dx> . (53)
Q Q Q

In view of Lemma 5.1, we have 2040||u,,||N/(N_5) < 2a0p; < apn,s. Thus, the fractional
Trudinger—Moser inequality gives that
NL
M -5
u dx
lletn |l

N N
/ expLaolun | V= )dx = / exp <2a0||un||N.v ‘
Q2 Q
N
N—s
) dx

§/exp 2(105%
Q

=< CN,S'

Un

lluen

It follows from (5.3) that

-2 N
‘f iy 17721y exp(luy | =) (e — w3)dx
Q

e\
§C(/ |un—u;\|qu> -0
Q

as n — 00, which means that (5.2) holds true.

Since h(x) € LN%H () and 1 < r < N/s, by Vitali’s convergence theorem one can
prove that

lim / R, | 2wt (uy — uy)dx = 0. (5.4)
n—oo Q

By the weak convergence of {u,} in Wg N/ (£2), one can easily get that

lim M (lunlI¥) (i, tn = u3)s,ny5 = 0. (5.5)
n—o00
Due to the fact that {u,} is a (P S) sequence, we have
(T (un), tn — ) — M(UlunIN") @, n — up)s,nys = o(1).
Then,
o(1) = M(Ilunll™) (Gt wn = w3, N s = (st — ur)s,nys)
N
— [ 1 exptanli 19 — )
Q
+/ h(x)|u;f|r_2u;1"(un — uy)dx.
Q
Combining (5.2), (5.4) and (5.5), we get

im M ([l 1N ((Uny tn — w3585 — sty — u3)5,n/s5) = O. (5.6)
n—oo
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If w, = 0, then by 7, (u,,) — ¢, and (4.5) we obtain

1
0>7%, = lim [i//z(nunnN/S) —f F(x,udx — f/ h(x)lu:,“lrdxj| =0,
n—oo | N Q Q

r

which is impossible. Thus, we get w; > 0. Therefore, from (5.6) and (M), we conclude that
lup, — uyll = 0asn — oo. In conclusion, the proof is complete. O

Proof of Theorem 1.3 By Lemmas 5.1 and 5.2, there exists a (P .S) sequence {u, } such that
I)\(un) — E‘)L, Ii(un) — 0.

Furthermore, by Lemma 5.3, there exist a subsequence of {u,} (still denoted by {u,}) and

u) € WS‘N/S(Q) such that

Uy — U).

Moreover, u, is a nonnegative and nontrivial solutions of problem (1.11). Finally, according
to the following fact

s

- M (t)NO \ TN ay. \ VTN
lusll < o := <%) and 1, = (—s ,
sCn sty 20t

we deduce that ||u; || — 0 as A — o0. O
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