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Abstract

In this paper we analyze the behavior of the distance function under Ricci flows whose scalar
curvature is uniformly bounded. We will show that on small time-intervals the distance
function is %-H(’jlder continuous in a uniform sense. This implies that the distance function
can be extended continuously up to the singular time.

Mathematics Subject Classification 53C44

1 Introduction

In this paper, we extend the estimates of [1], to prove the following result:

Theorem 1.1 Forany 0 < A < coand n € N there is a constant C = C(A, n) < o0 such
that the following holds:

Let (M", (g1)ref0,17) be a Ricci flow (3;gr = — 2Ric,) on an n-dimensional compact
manifold M with the property that v[go, 1 + A~'] > —A. Assume that the scalar curvature
satisfies |R| < Ry on M x [0, 1] for some constant 0 < Ry < A.

Then forany 0 <t <t) < 1andx,y € M we have the distance bound

dy(x,y) — C/io =11 < dp(x, y) < exp (CRY*Via —11)dy, (x, y) + C/t — 11.

In particular, if min{d;, (x, y), d,, (x, y)} < D for some D < oo, then

’dtl(x’ y) _dtz(x» )’)| S C/Vtz -1 )
where C' may depend on A, D and n.
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By parabolic rescaling, we obtain distance bounds on larger time-intervals. Note that
Theorem 1.1 is a generalization of [1, Theorem 1.1], which only provides a bound on the
distance distortion that does not improve for ; close to #;. The constant v[gp, 1 + A s
defined as the infimum of Perelman’s p-functional (cf [4]) u[go, T] overallT € (0, 1+ A~h.
For more details see [1, Sect. 2]. The condition v[gg, 1 + A~'] > —A, can be viewed as
a non-collapsing condition. The exponential factor in the upper bound is necessary, as one
can see for example in the case in which (M, (g;)/¢[0,17) is the Ricci flow on a hyperbolic
manifold and the distance between x, y is very large. The proof of Theorem 1.1 will heavily
use the results of [1], in particular the heat kernel bound, [1, Theorem 1.4].

As a consequence of Theorem 1.1, we obtain the following:

Corollary 1.2 Let (M, (g/)¢ef0.7)), T < 00 be a Ricciflow on a compact manifold and assume
that the scalar curvature satisfies R < C < 0o on M x [0, T). Then the distance function

d:MxMx[0,T)— [0,00), (x,y,1) —> di(x,y)
can be extended continuously onto the domain M x M x [0, T].

Note that the corollary does not state that dr : M x M — [0, co) is a metric on M.
It only follows that dr is a pseudometric, which means that we may have dr(x,y) = 0
for some x # y. After taking the metric identification, however, (M/~, dr) is in fact the
Gromov-Hausdorff limit of (M, g;) ast /' T. Here x ~ y if and only if dr(x,y) = 0.
Moreover, since the volume measure converges as well, the space (M/~, dr) becomes a
metric measure space with doubling property and this space is the limit of (M, g;) in the
measured Gromov—Hausdorff sense.

More generally, we obtain the following consequence of Theorem 1.1.

Corollary 1.3 Let (M, (g;'),g[o,l]) be a sequence of Ricci flows on n-dimensional compact
manifolds M! with the property that v[gf), 1+A" 1> —Aand |R| < AonM x [0, 1] for
some uniform A < oo. Let x; € M be points. Then, after passing to a subsequence, we can
find a pointed metric space (M, d, X), a continuous function

d® :MxMx[0,1] = [0,00), (x,y,1) > d®(x,y)

and a continuous family of measures (;)se[0,1] Such that forany x, y € M, the function t >
de(x, y) is %-Hdlder continuous and such that for any t € [0, 1], the metric identification
(M/~,, dfe, e, X) is a metric measure space with doubling property for balls of radius
less than «/t. Here x ~; y if and only if d°(x,y) = 0. Moreover, for any t € [0, 1]
the sequence (M, gf, dg;', X;j) converges to (M/Nt, dp°, w;, x) in the pointed, measured
Gromov—Hausdorff sense.

For the proof of Corollary 1.3 see Sect. 5.

Note that if we impose the extra assumption that |R| < R; on M x [0, 1] for some sequence
R; with lim;_, o R; = 0, then the limiting family of measures (1;)¢[0,1] iS constant in time.
Unfortunately, however, our results do not imply that (d°);[o,1] is constant in time as well.

Finally, we mention a direct consequence of Theorem 1.1, which can be interpreted as an
analogue of the main result of [2] in the parabolic case.

Corollary 1.4 Forany 0 < A < oo and n € N there is a constant C = C(A, n) < 00 such
that the following holds:

Let (M", (g1)te[0,1]) be a Ricci flow on an n-dimensional compact manifold M with the
property that v[go, 1 + A~ > —A. Assume that the scalar curvature satisfies |R| < A on
M x [0, 1].
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Then for anyr > 0and 0 < t; < tp < 1 and x € M we have the following bound for
Gromov—Hausdorff distance of r-balls

dou(B(x,11,7), B(x, 1, 7)) < Cy/|ti — to].

For the rest of the paper, we will fix the dimension n > 2 of the manifold M. Most of our
constants will depend on n. For convenience we will not mention this dependence anymore.

2 Upper volume bound

We first generalize the upper volume bound from [5] or [3].

Lemma 2.1 For any A < oo there is a uniform constant Co = Co(A) < oo such that the
following holds:

Let (M", (g1)ie[—1,17) be a Ricci flow on a compact, n-dimensional manifold M with
IRl < 1onM x [—1, 1]. Assume that v[g_1,4] > —A. Then for any (x,t) € M x [0, 1]
andr > 0 we have

|B(x,1,7)|; < Coreo.
Here |S|; denotes the volume of a set S C M with respect to the metric g;.

Proof Tt follows from [3-5] (see also [1, Sect. 2]), that for any x € M and 0 < r < 1, we
have
cr' < |B(x, 10, 1)]y < Cr", (2.1)

for some constants ¢, C, which only depend on A.

Fix some x € M and let N < oo be maximal with the property that we can find points
X1,....,xy € B(x,1, %) such that the balls B(x1,7, §),..., B(xy,1, §) are pairwise dis-
joint. Note that then

B(xl,t, %),...,B(x;v,t, %) C B(x,t,1).
So, by (2.1), we have N < C, := (c(é)”)_1 C. Moreover, by the maximality of N, we have
B(x1,t,5)U...UB (xn,1, 1) D B (x,1,1). 2.2)
We now argue that for all » > %
B(x1,t,r)U...UB(y,1,r) D B (x,1,r +1). 2.3)

Lety € B(x,t,r+ %) and consider a time-# minimizing geodesic y : [0, /] — M between x
and y thatis parameterized by arclength. Then!/ < r+%.By (2.2) we may picki € {1, ..., N}
such that y(%) € B(x;,t, %). Then

dist; (x;, y) < (l — %) + dist; (y (%),xi) <l-— % <r.

So y € B(xj, ty, r), which confirms (2.3).
Let us now prove by inductionon k = 1, 2, ... that for any x ¢ M

|B (x.1, 3k)|, < CE. (2.4)
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For k = 1, the inequality follows from (2.1) (assuming ¢ < 1 and hence C, > C). If the
inequality is true for k, then we can use (2.3) to conclude

|B (x.t, f(k+D)|, < |B(x1.1. 3k)|, + ... +|B (xn.1. 1K) |,
<N.-Ck<c, -ck=ck

So (2.4) also holds for k£ + 1. This finishes the proof of (2.4).
The assertion of the lemma now follows from (2.1) for r < 1. Forr > 1 choose k € N
such that § (k — 1) < r < %k. Then, by (2.4), we have

|B(x,t,7)|; < }B (x, t, ik)|t < Cf = C, o108 Ck=1) o ¢ p4logCor

This finishes the proof. O

3 Generalized maximum principle

Consider a Ricci flow (g;)se7 on a closed manifold M. In the following we will consider the
heat kernel K (x, t; y, s) on a Ricci flow background. That is, for any (y,s) € M x I the
kernel K (-, -; y, s) is defined for t > s and x € M and satisfies

(0 — A)K(x,1;y,5) =0 and li{n K(,1;y,5)=20y.
1\s

Then, for fixed (x,7) € M x I, the function K (x, ¢; -, -), which is defined for s < ¢, is a
kernel for the conjugate heat equation

(—=0s — Ay +R(y,s)K(x,t;y,5) =0 and Iim K (x,1;-,5) = 5.
N

St
Recall that for any s < # and x € M we have
fK(x,z;y,s)dgxy) —1. 3.1)
M

Lemma 3.1 Let (M, (g)s¢[0,1]) be a Ricci flow on a compact manifold M with |R| < Rg on
M x [0, 1] for some constant Ry > 0. Then for any (x,t) € M x (0, 1] we have

t
//K(x,t; y, $)|Ric|?(y, s)dgs(y)ds < Ro.
0M

Proof This follows from the identities

t

R(x, 1) = / K(x, 15y, 00R(y, 0)dgo(y) + 2 / / K(x,t;y, ) [Ric|*(y, $)dgs(y)ds
M 0 M

and (3.1) as well as R(x,t) < Rg and R(-,0) > —Rp on M. ]

‘We will now use the Gaussian bounds from [1] to bound the forward heat kernel in terms

of the backwards conjugate heat kernel based at a certain point and time. Note that in the

following Lemma we only obtain estimates on the time-interval [0, 1], but we need to assume
that the flow exists on [—1, 1]. This is due to an extra condition in [1, Theorem 1.4].
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Lemma3.2 For any A < oo there are uniform constants C; = C1(A),Y = Y(A) < o0
such that the following holds:

Let (M", (g1)re[—1.17) be a Ricci flow on a compact, n-dimensional manifold M with the
propertythatv[g_1,4] > —A. Assumethat |R| < 1lonMx[—1,1].Let0 <t] <th <13 <1
such that

Yt — 1)) <13 —1h < 10Y (1 — 1y).
Then forall x,y e M
K(x,t2;y,11) < C1K(y, 135 x, 12).

Proof Recall that, by [1, Theorem 1.4] and the remark afterwards, there are constants Cf =
Ci(A),C; = C5(A) < oosuchthatforany 0 <s <t <1

1 C3d3(x, y) ct d?(x. y)
— K(x,1:y, (— ! )
Cit — sy exp r—s ) < Kty < @« —s2 P\ s =y
(32)
Set now
Y :=(CH? and Cp:=(CH(0Y)"2
Then
Ci dp (x, y)
K(x, 05 y,1 : (— 2 )
(x, 15y, 11) < 1P e Co—m
Cy d2(x,y)
: o ()
(10Y)=/2(13 — p)"/? Ci(ty —t1)
1 d?(x,y)
<C — 2
=G — )2 exp( C3Y =15 — tz)>
1 Cidj(x.y)
=C - 2 C1K(y,13,x, 12).
'Ci — ) exp ( (6 — 1) ) <CKO.6.x )
This finishes the proof. O

Next, we combine Lemmas 3.1 and 3.2 to obtain the following bound.

Lemma 3.3 Forany A < oo there are uniform constants Cy = C(A) < 00,6, = 6(A) > 0
such that the following holds:

Let (M", (81)ie[—1,1]) be a Ricci flow on a compact, n-dimensional manifold M with the
property that v[g_1,4] > —A. Assume that |R| < Ry on M x [—1, 1] for some constant
0< Ry <1.Thenforany0 <t <land0 <a < 6,(1 —t) and x € M we have

t+2a
. 1/2
fK(y,S;x,t)IRICI(y,S)dgs(y)ds < CzRO/ Va.
t+a M

Proof Choose 0, := %Y 1 and set
t3:=t+2Ya <1.
So for any s € [t 4+ a, t + 2a] we have

Ys—1t)<Y -2a=1t3—1t <10Ya < 10Y(s —1).
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So by Lemma 3.2, we have for any (y,s) € M x [t +a, t + 2a]
K(y,s;x,t) < C1K(x,13; y,5).

We can then conclude, using Cauchy-Schwarz, (3.1) and Lemma 3.1, that

1+2a
/K(y,S;x,t)IRiCI(y,S)dgs(y)ds
t+a M
t+2a
EQ”/fKUJxxﬂRM@JM&@MS
t+a M
t+2a 12
§C1< / fK(x,t3;y,S)dgs(y)dS>
t+a M
t+2a 12
( / /K(x,ts;y,S)IRiCIZ(y, S)dgs()’)ds>
t+a M
t+2a 12
=CM6</’/K&Jy%nmm%»w@wa)
t+a M
<R va,
This proves the desired result. O

Lemma 3.4 Forany A < oo there are constants C3 = C3(A) < 00, 83 = 03(A) > 0 such
that the following holds:

Let (M", (g/)te10,1]) be a Ricci flow on a compact, n-dimensional manifold M with the
property that v[g_1,4] > —A. Assume that |R| < Ry on M x [—1, 1] for some constant
O0< Ry <1.ThenforanyO <s <t <1witht —s <63(1 —s) and any x € M, we have

t
//K(y,s;x,t)|Ric|(y,s)ng(y)ds < C3R)*Vi—s.
s M
Proof Choose 03(A) = 6,(A). Then, using Lemma 3.3,

t
/fK(y,s;x,t)IRiCI(y,S)dgs(y)
s M

s4+2(t—s)27k
/K@mnnmm»mm@m

s+(t—s)2=k M

CaRY*V (1 — 5)27k

e

w.
Il
-

K

=

»
Il
—_

o0
= CRy*Vr=5Y 27k?

k=1
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< CCR)*Vi—s.

This proves the desired estimate. O

Proposition 3.5 For every A < oo there are constants 04 = 04(A) > 0 and C4 = C4(A) <
oo such that the following holds:

Let (M", (81)ie[—1.1]) be a Ricci flow on a compact, n-dimensional manifold M with the
property that v[g_1,4] > —A. Assume that |R| < Ro on M x [—1, 1] for some constant 0 <
Ry < l.LetH > land[t1, t2] C [0, 1) be a sub-interval withty —t; < 64 min{(1—#;), H™ '}
and consider a non-negative function f € C®M x [t1, r]) that satisfies the following
evolution inequality in the barrier sense:

-0, f < Af+ H|Ric|f — Rf.
Then

max f(-.11) < (1 + CaH Ry* Vi = 1) max £ (-, 1).

Note that with similar techniques, we can analyze the evolution inequality —d; f < A f +
H|Ric|? f for any p € (0, 2).
Proof We first find that that for any (x,7) e M x [—1, ) and7 < s <1

d
$/K<y,s;x,r>dgs(y> =/(A),K(y,s;x,t)—K(y,s;x,t)R(y,s))ng(y)
M M

< Ro/K(y,S;x,t)dgs(y),
M

which implies

/K(y,S; x,1)dgs(y) < eRoG=0.
M

So for any (x,t) € M x [t1, t2] we have by Lemma 3.4, assuming 64 < 63 and C3 > 1,

S, S/K(y,tz;x,S)f(y,tz)dng(y)

M

5]
+//K(y,s;x,r)-H|Ric|(y,s>-f(y,s>dgx<y)ds

< eRol2=0) max fe.n)+ H( max
[1,22]

! / f K (y, 5; x, D [Ricl(y, 5)dgs (y)ds
< o t)maxf( n)+ H( m[ax f)- C3R0/2«/t2—
It follows that

Ro(tr—1) 1/2
max <e max t max -C3HR th —t.
v f= fCn)+ (Mx[lm f)-C3sHR) V1
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Soifr —t < (2C3H) ™2, then

eRo =0 maxy £(-, 1)

; 1/2
max < < (14+10C3HR, "</t —t)max f (-, 1p).
NUTASE 1 — GHRY =1 ( 0 Jmge S
This finishes the proof. O

4 Proof of theorem 1.1

We will first establish a lower bound on the distortion of the distance:

Lemma 4.1 Forevery A < oo there is a constant C5 = C5(A) < 0o such that the following
holds:

Let (M", (g1)1e[—1.17) be a Ricci flow on a compact, n-dimensional manifold M with the
property that v[g_1,4] > —A. Assume that |R| < 1onM x [—1, 1]. Let [t1, 1] C [0, 1] be
a sub-interval and consider two points x1, x € M. Then

dp, (x1, x2) > dy, (x1, x2) — C54/12 — 1.

Proof Setd :=d; (x1,x7)andletu € COM x [11, 12]) N C®(M x (11, 12]) be a solution to
the heat equation

o = Au, u(-, 1) =d (x1, ).
Then for any (x, 1) € M x [11, 12]

u(x,t)=/K(x,t;y,tl)u(tl)dgtl(y) =/K(x,t;y,tl)dn(xl,y)dgzl(y)-
M M

Using [1, Theorem 1.4] (compare also with (3.2)), we find that by Lemma 2.1

d (x1, y)
u(xy, ) < /(t PTe) p(—céi‘(tz]_tl)dz.(m,y)dgn(y)

Cy dg (x1, )
3 e e
< (ty — )™/ C5(tr — 11)
=B, 1,29\B(x1, 11,261
~dyy (x1, y)dgn ()

- k Cy 222 k
< B(xy, 11,2 _— _ )2
= Z |B(x1, 11 )|t1 (2 —Il)n/2 exp< C;(lz _tl)>

k=—o00
C* 22k
< C (2k n C02 1 ex (_ ) . 2k
k_Z_:oo 6 — 2 “P\ 7 4¢3 — 1)
Cod 2Colx| KE Y
_Coty o R N
=) =y SPTO 4C3 (1 — 11) e
R"
2
=Jh —1 / CCyCy exp <2C0|x|«/t2 — | | >|x|dx <CJh—1t

R~
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On the other hand, using (3.1),

|d—u(x2,t2)| = ‘/K(XZa[;y7tl)(d_dll(xlv y))dgtl (y)
M

< / K (2. £y, 10)[dsy (51, x2) — di (61, 9)1dgs, ()
M

< / K (o, 13 v 11)dy (x2. y)dgs, ().
M

So similarly,

|d —u(x2, )| < CN/t2 — 11.

It follows that
lu(xr, 1) —ulxz, )| = d —2CVt — 1. 4.1

Next, consider the quantity |Vu| on M X [t1, t2]. It is not hard to check that, in the barrier
sense,
3 |Vu| < A|Vul. 4.2)

Since |Vu|(-, t;) < 1, we have by the maximum principle that |Vu| < 1 on M x [t, £2]. So
lu(xy, 1) — u(x2, )| < dp(x1, x2).
Together with (4.1) this gives us
d,(x1,x2) > d —2C/tr — 1 = d;, (x1, x2) —2C/t2 — 1.
This finishes the proof. O

For the upper bound on the distance distortion, we will argue similarly, by reversing
time. The derivation of the bound on |Vu| will now be more complicated, since the equation
(4.2) will have an extra 4|Ric||Vu| term. We will overcome this difficulty by applying the
generalized maximum principle from Proposition 3.5.

Lemma 4.2 For every A < oo there are constants g = 06(A) > 0 and Cs = Cg(A) < o0
such that the following holds:

Let (M", (81)ie[—1,1]) be a Ricci flow on a compact, n-dimensional manifold M with the
property that v[g_1,4] > —A. Assume that |R| < Ry on M x [—1, 1] for some constant
0 < Ry < 1. Let [t1, 2] C [0, 1) be a sub-interval with t; — t; < 0¢(1 — t1) and consider
two points x1, xo € M. Then

12
dp, (x1, x2) < exp (C6R0/ Vi =11)dy (x1,x2) + Ce /12 — 11.

Proof Setd :=d;,(x1,x3). Fori =1,2letu; COM x [t1,n]) N C®M x [t;,1n)) be a
solution to the backwards (not the conjugate!) heat equation

—dui = Aup,  ui(-, 1) =dp(x;, ) 4.3)
andletv; € COM x [t1, n]) NC®(M x [#1, 12)) be a solution to the conjugate heat equation

—0vi = Av; — Rv;,  vi(c, ) =dy (x4, -).
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Note that by the maximum principle, we have on M x [t1, t2]
ui +uy > min (u1C, 1) +ua(, 1)) = min (diy(x1, ) +diy(x2, 1)) > d. (4.4)
We also claim that we have for all ¢ € [11, 12]
wi( 1) < R0y (1), 4.5)

This inequality follows by the maximum principle and by the fact that whenever v; > 0, we
have

(=3 — M) (R (1)) = R0 Ryv; (-, 1) — eROCTDR( )vi (-, 1) = 0.
We now make use of the fact that for any x € M,

v 1) =/K(y,rz;x,n)v,»(y,rz)dgtz(y):/K(y,zz;x,n)dtzmy)dgzz(y)
M M

CY d?(x,y)
K(y, t2;x,1 - :
0. 132, 1) < (ty — t)"/? exp( Ci(n —tl))

and

for some constants C}, C5, which depend only on A. Note that the latter inequality is similar
to (3.2) except that the distance between x, y is taken at time #,. This inequality follows from
[1, Theorem 1.4] and the subsequent comment in that paper. We can hence estimate, similarly
as in the proof of Lemma 4.1,

Ct d2 (xi, y)
iXi, ) = | ———75 ————— |, (x;, y)d <Ct —1.
v ()C 1) 1\{ ([2 —ll)n/z exp( C;(lz _[1) [2(x )’) gtz(y) 2 1

So, using (4.5), we have
ui(xi, 1) < Cef @™/ =1 <10CV1 —11.
So by (4.4) we have
ui(x2,11) = d —uz(x2, 1) = d —10C/1a — 1.
This implies
i (x1, 1) —u1(x2, )| = d —=20Cv/n —11. (4.6)
Taking derivatives of (4.3), we obtain the evolution inequality

—0|Vur| < AlVur| +4[Ric| - [Vui| < A|Vui| + (4 + v/n)|Ric| - [Vui| — R|Vuil,

which holds in the barrier sense. Note that by definition |Vu;(-, 2)| < 1. So, by Proposi-
tion 3.5, we have for sufficiently small 6g

IVui ()] < 1+ CRyY* Vi — 1.

So, using (4.6), we obtain

dp, (x1, x2) — 10C/1tr — 11 < |u(xy, t1) — u(x2, ©)|
< (14 CRY*Vio —11)dyy (31, x2) < exp (CRy* /i — 11)dy, (x1, x2).

This finishes the proof. O
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Next, we remove the assumption #, — t; < (1 — #1) from Lemma 4.2.

Lemma 4.3 Forevery A < oo there is a constant C7 = C7(A) < oo such that the following
holds:

Let (M", (g:)1e[—1,1]) be a Ricci flow on a compact, n-dimensional manifold M with the
property that v[g_1,4] > —A. Assume that |R| < Ry on M x [—1, 1] for some constant
0< Ry <1 Let0 <t <ty <1 and consider two points x, y € M. Then

dy(x, y) < exp (C7Ry >Vt — 11)dyy (x, y) + C7v/t — 11,

Proof In the case in which 1, — #; < 66(1 — t1), the bound follows immediately from
Lemma 4.2. Let us now assume that r, — t; > 6¢(1 — #1). By continuity we may also assume
without loss of generality that #, < 1.

Choose times

=1 (1=60)(1—n)
and observe that 7; = | and
f1 — 1 =661 —66) (1 —11) = O6(1 — 1;).
So by Lemma 4.2

k
dy (x,y) < exp (CsRl/ZZ\/f[ —l/_1)du (x, y)
k
-I—C(,Zexp (C(,Rl/2 > \/t; —t;;l)\/t,’ —1_,.
=1

j=1+1

Since

k k
i =t =Y Vst — 602 T=1 = €'T=1
=1 =1

and

Zexp<C6R 2 Z \/t —tj 1)\/[1 1,

j=l+1
k
Z (C6C R 2= tl),/t/ -1, =C"1—1,

we find that for a generic constant C < 0o

dy (x,y) < exp (CRY* V1= 11)dy, (x, y) + Cy/1 1.

Choose now & such that ;, < 1, < t/i+1' Thenrn — 1 < t,1+1 — 1 < 6(1 — 1)), so again by
Lemma 4.2, we have

diy (x, ) < oxp (CoRy/*\J12 — 1)) dyy (x, ) + Co /12 — 1
< exp ((C + Co)Ry*V/T—11)dyy (x, y) + Cexp(1 + Co)y/1 — 11 + Coy/1 —11.

The claim now follows using /1 — #; < 96_1/2‘/[2 — 1. O
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We can finally prove Theorem 1.1.

Proof of Theorem 1.1 Consider the Ricci flow (M", (g:)/e[0.17) With v[go, | + A7!] > —A
and |R| < Ro for 0 < Ry < A. After replacing A by 4A + 2, we may assume without loss
of generality that A > 2 and that we even have v[go, 1 + 4A 11> —A.

We will first prove the distance bounds for the case in which#; > Oand# < (1+ A~ D,
By monotonicity of v (compare with [1, Sect. 2]), we find that for any ¢ € [0, 1] we have

Vg, 447" > vigo, 1 +4A7'] > —A.

Restrict the flow to the time-interval [(1 — A_l)tl, 1+ A_l)tl] and parabolically rescale
by A1/2t1_1/2 to obtain a flow (g;)refa—1,a+1]- Then v[ga—1,4] > —A and |R| < Ry :=
A7ty Ry < 1. Then 11, t, correspond to times 7| := A, T := Azl_ltz and we have

51/2 /~ ~ 1/2
RO/ Vi —1H = RO/ Vb — 1.

So the distance bounds follow from Lemmas 4.1 and 4.3.

Consider now the case in which » > (1 + A=), So #; < Ay, where A = (1 +
A~H~! < 1. By continuity we may assume without loss of generality that #; > 0. Then we
can find 1 < ky < k; such that #; € [A¥1, 251~ 1] and 1, € [Ak2, Ak2— 1], Using our previous
conclusions, we find

ka
diy(x.y) = dyjo (v, y) — CVAR = L= dy (v, y) = €YVl = dyy (x, y) — C'CARP2,
I=k;

Since 1 < Atr, we have /1o — 11 > /(1 — M)t > /1 — AvVAk2. So

diy (x, y) = dyy (x, y) = C'C(L = 1)~/ = 1.
This establishes the lower bound.
For the upper bound, set #) := 11, 1] := A=l t,il_,Q = k2, Zlil—kz-s-l := tp. Then we
have by our previous conclusions

ki —ko+1
1/2
dp,(x,y) < exp (CR()/ Z v/ f — tll,1>dt1 (x,y)
=1
ko—ki+1 k1—ko+1
1/2
+C Y exp (CRO/ > \/t; —t}il)\/tl’ -1
=1 j=i+1

Similarly as in the proof of Lemma 4.3, we conclude
dy,(x,y) <exp (CR(])/2 )J‘Z)d,, (x,y) + CV Ak,

Again, using /1 — 1] > +/1 — AV A*2, we get the desired bound. O

5 Proof of corollary 1.3

Proof of Corollary 1.3 For each i consider the metric d' on M! with
. 1
d(x,y) = / d; (x, y)dt.
0
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Note that by the Holder bound in Theorem 1.1 there is a uniform constant c > 0 such that
for all #,¢ € [0, 1] we have 4, (x, y) > %d; (x,y) whenever |t — /| < ¢/(d!(x, y))%. So
there is a uniform constant ¢ > 0 such that for all ¢ € [0, 1]

d'(x,y) = ¢(min{d! (x, y), 1))’ (5.1)

So by the triangle inequality and Theorem 1.1, for any A < oo there is a constant C < 00
such that forany x, y, x’, y € Mandr, ' € [0, 1]withd (x, y)+d (x,x)+d (y,y) < A
we have

i (x, y) —di (', y)| < C(d (x, x))"? + (@ (v, )"

+Clt =1tV (5.2)

We first argue that the sequence (M, Ei) is uniformly totally bounded in the following
sense: For any 0 < a < b there is a number N = N(a, b) < oo such that for any i and

any x € M, the ball B' (x,b) :={x e M : d (x,z) < b} contains at most N pairwise
disjoint balls B' (vj,a),j=1,...,m Fix0 < a < b and assume without loss of generality
that a < 1. By (5.1) there is a constant b = b’(b) < oo such that B (x,b) C Bi(x,t,b)
forallt € [0, 1].

Assume that yi, ..., y, € Ei (x, b) such that the balls Ei (yj,a) are pairwise disjoint.
This implies Ei (Vj1»¥j) = 2a for all ji # j,. By the Hélder bound in Theorem 1.1, we

may find a large integer L = L(a) < oo such that whenever d (y,Y") > 2a for some points
y,y' € M/, then d’ (y,y) > aforsomel € {1,..., L}. So for any j; # j», there is an

Ly, €efl, ..., L} such that

dlu ) ()’j1 ’ yjz) = a

L

This implies the following statement: If we form the L-fold Cartesian product ML=
(MHL =M x ... x M equipped with the metric g', ® ... ® g’,_, and if we define y]@ =
T T

yj,---»¥j) € ML then aMt (yf.‘l, yf.‘z) > g for any ji # ja. So the ;a balls around ij
are pairwise disjoint and contained in Bi(x, 1,0/ +a) x...x Bi(x, &L b + a). Using

(2.1) and Lemma 2.1, we conclude that
a \"\L nn Cob')L
(c(ﬁ) ) -mf(Co(b) e ,

which yields an upper bound on m. So the sequence (M, 3’) is in fact uniformly totally
bounded. )

We may now pass to a subsequence and assume that (M, d', xi) converges to some metric
space (M, d,x) in the pointed Gromov—Hausdorff sense. By (5.2) and Arzeld—Ascoli and
after passing to another subsequence, the sequence of time-dependent metrics (d’ )re[0,1] con-
verges locally uniformly to a time-dependent, continuous family of pseudometrics (d°)¢[0.1]
on M. So for anyt € [0, 1], the pointed metric spaces (M, d,i, X;) converge to (M/~,, dge,x)
in the pointed Gromov—Hausdorff sense. Passing to another subsequence once again, and
using (2.1), we can ensure that also the volume forms dgf converge uniformly for every
rational ¢ € [0, 1]. Since e’A|’2”1‘dgf1 < dgf2 < eA“Z’”'dgfl, the convergence holds for
any ¢ € [0, 1]. The doubling property for balls of radius less than +/7 follows from (2.1) after
parabolic rescaling by (%t)_l/z. O

s Lo
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