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Abstract

We investigate the bottom of the spectra of infinite quantum graphs, i.e., Laplace operators
on metric graphs having infinitely many edges and vertices. We introduce a new definition
of the isoperimetric constant for quantum graphs and then prove the Cheeger-type estimate.
Our definition of the isoperimetric constant is purely combinatorial and thus it establishes
connections with the combinatorial isoperimetric constant, one of the central objects in spec-
tral graph theory and in the theory of simple random walks on graphs. The latter enables us
to prove a number of criteria for quantum graphs to be uniformly positive or to have purely
discrete spectrum. We demonstrate our findings by considering trees, antitrees and Cayley
graphs of finitely generated groups.
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1 Introduction

The main focus of our paper is on the study of spectra of quantum graphs. The notion of
“quantum graph” refers to a graph G considered as a one-dimensional simplicial complex and
equipped with a differential operator. The spectral and scattering properties of Schrodinger
operators on such structures attracted a considerable interest during the last two decades,
as they provide, in particular, relevant models of nanostructured systems (we only mention
recent collected works and monographs with a comprehensive bibliography: [8,9,24,57]).

Let G be a locally finite connected metric graph, that is, a locally finite connected combi-
natorial graph G4 = (V, E), where each edge e € E is identified with a copy of the interval
[0, le|]] and |- | denotes the edge length. We shall always assume throughout the paper that each
edge has finite length, that is, | - | : E — (0, 00). In the Hilbert space L%(G) = DB.cr L%(e),
we can define the Hamiltonian H which acts in this space as the (negative) second derivative
- % onevery edge e € E. To give H the meaning of a quantum mechanical energy operator,
it must be self-adjoint and hence one needs to impose appropriate boundary conditions at
the vertices. Kirchhoff (also known as Kirchhoff-Neumann) conditions (2.6) are the most
standard ones (cf. [9]) and the corresponding operator denoted by H is usually called a Kirch-
hoff (Kirchhoff-Neumann) Laplacian (we refer to Sects. 2.2-2.4 for a precise definition of
the operator H). If the graph G is finite (G has finitely many vertices and edges), then the
spectrum of H is purely discrete (see, e.g., [9]). During the last few years, a lot of effort has
been put in estimating the first nonzero eigenvalue of the operator H (notice that 0 is always
a simple eigenvalue if G, is connected) and also in understanding its dependence on various
characteristics of the corresponding metric graph including the number of essential vertices
of the graph (vertices of degree 2 are called inessential); the number or the total length of
the graph’s edges; the edge connectivity of the underlying (combinatorial) graph, etc. For
further information we refer to a brief selection of recent articles [3,4,7,40,41,44,58].

If the graph G is infinite (there are infinitely many vertices and edges), then the correspond-
ing pre-minimal operator Hy defined by (2.7) is not automatically essentially self-adjoint.
One of the standard conditions to ensure the essential self-adjointness of Hy is the existence
of a positive lower bound on the edges lengths, €.(G) = inf.cg |e|] > O (see [9]). Only
recently several self-adjointness conditions without this rather restrictive assumption have
been established in [25,43] (see Sect. 2.3 for further details). Of course, the next natural ques-
tion is the structure of the spectrum of the operator H. Clearly, the spectrum of an infinite
quantum graph is not necessarily discrete and hence one is interested in the location of the
bottom of the spectrum, Ao(H), as well as of the bottom of the essential spectrum, A5 (H),
of H. Since the graph is infinite, many quantities of interest for finite quantum graphs (e.g.,
the number of vertices, edges, or its total length) are no longer suitable for these purposes
and the corresponding bounds usually lead to trivial estimates. However, it is widely known
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that quantum graphs in a certain sense interpolate between Laplacians on Riemannian man-
ifolds and difference Laplacians on combinatorial graphs and hence quantum graphs can be
investigated by modifying techniques that have been developed for operators on manifolds
and graphs and we explore these analogies in the present paper. Notice that this insight has
already proved to be very fruitful and it has led to many important results in spectral theory
of operators on metric graphs (see, e.g., [9]). Although quantum graphs are essentially oper-
ators on one-dimensional manifolds, our point of view is that the corresponding results and
estimates should be of combinatorial nature.

Our central result is a Cheeger-type estimate for quantum graphs, which establishes lower
bounds for Ag(H) and AF*(H) in terms of the isoperimetric constant a(G) of the metric
graph G (Theorem 3.4). Although the Cheeger-type bound for (finite) quantum graphs was
proved 30 years ago by Nicaise (see [50, Theorem 3.2]), we give a new purely combinatorial
definition of the isoperimetric constant (see Definition 3.2) and as a result this establishes a
connection with isoperimetric constants for combinatorial graphs [see Lemma 4.2 and also
(4.10)—(4.11)]. To a certain extent this connection is expected (cf. Theorem 2.11 and also
[10,14,57,63]). Moreover, it was observed recently in [25,43] by using the ideas from [42] that
spectral properties of the operator H are closely connected with the corresponding properties
of the discrete Laplacian defined in £2(V; m) by the expression

1 (W) — f(u)
(W) = —— 3 LW oy (1.1
m) &= lew|
where the weight function m: V. — R is given by
m:v s Y lewl. (1.2)

u~v

Using this connection, several criteria for Ao(H) and A§**(H) to be positive have been
established in [25], however, in terms of isoperimetric constants and volume growth of the
combinatorial graphs, which were introduced, respectively, in [5] and [27,33] [in this paper
we obtain these results as simple corollaries of our estimate (3.8)].

Despite the combinatorial nature of (3.3) and (3.4), it is known that computation of the
combinatorial isoperimetric constant is an NP-hard problem [48] (see also [34,36] for further
details). Motivated by Bauer et al. [5] and Dodziuk [20], we introduce a quantity, which
sometimes is interpreted as a curvature of a graph, leading to estimates for the isoperimetric
constants «(G) and w5 (G). It also turns out to be very useful in many situations of interest
as we show by the examples of trees and antitrees. Another way to estimate isoperimetric
constants is provided by the volume growth. Namely, we can apply the exponential volume
growth estimates for regular Dirichlet forms from [62] (see also [33,51]) to prove upper
bounds (Brooks-type estimates [6]) for quantum graphs (see Theorem 7.1). However, this
can be done under the additional assumption that the metric graph is complete with respect to
the natural path metric (notice that in this case Hy is essentially self-adjoint and H coincides
with its closure, see Corollary 2.3).

The quantities Ao (H) and Agss (H) are of fundamental importance for several reasons. From
the spectral theory point of view, the positivity of Ao(H) or A§* (H) corresponds to bounded
invertibility or Fredholmness of the operator H. Moreover, A§* (H) = +o0 holds precisely
when the spectrum of H is purely discrete, which is further equivalent to the compactness
of the embedding Hjj (G) into L>(G) (the definition of the form domain Hj (G) is given in
Sect. 2.4). It is difficult to overestimate the importance of Ao(H) and A§** (H) in applications.
For example, in the theory of parabolic equations 1o (H) gives the speed of convergence of the
system towards equilibrium. On the other hand, Cheeger-type inequalities have a venerable
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history. Starting from the seminal work of Cheeger [15], where a connection between the
isoperimetric constant of a compact manifold and a first nontrivial eigenvalue of the Laplace—
Beltrami operator was found, this topic became an active area of research in both manifolds
and graphs settings. One of the most fruitful applications of Cheeger’s inequality in graph
theory (this inequality was first proved independently in [19,21] and [1,2]) is in the study of
networks connectivity, namely, in constructing expanders (see [16,18,34,46]). Notice also that
the positivity of the isoperimetric constant (also known as a strong isoperimetric inequality)
is of fundamental importance in the study of random walks on graphs (we refer to [65] for
further details).

Let us now finish the introduction by describing the content of the article. First of all, we
review necessary notions and facts on infinite quantum graphs in Sect. 2, where we introduce
the pre-minimal operator Hy (Sect. 2.2), discuss its essential self-adjointness (Sect. 2.3) and
the corresponding quadratic form tg (Sect. 2.4), and also touch upon its connection with the
difference Laplacian (1.1) (Sect. 2.5).

Section 3 contains our first main result, Theorem 3.4, which provides the Cheeger-type
estimate for quantum graphs. Its proof follows closely the line of arguments as in the manifold
case with the only exception, Lemma 3.7, which enables us to replace the isoperimetric
constant (3.12) having the form similar to that of in [50] (see also [40,56]) by the quantity (3.3)
having a combinatorial structure. The latter also reveals connections with the combinatorial
isoperimetric constant ocomp from [2,19], which measures connectedness of the underlying
combinatorial graph, and with the discrete isoperimetric constant ¢y introduced recently in
[5] for the difference Laplacian (1.1). Bearing in mind the importance of both a¢omp and oy
in applications as well as the fact that these quantities are widely studied, we discuss these
connections in Sect. 4.

Similar to manifolds and combinatorial Laplacians, one can estimate Ao(H) and A5 (H)
by using the isoperimetric constant not only from below but also from above (Lemma 5.1).
However, the price we have to pay is the existence of a positive lower bound on the edges
lengths, inf,.c g |e] > 0. Combining these estimates with the results from Sect. 4, we conclude
that in this case the positivity of 1o(H) (resp., A¢* (H)) is equivalent to the validity of a strong
isoperimetric inequality, i.e., dcomb > O (resp., ager . > 0).

In Sect. 6, we introduce a quantity which may be interpreted as a curvature of a metric
graph. Firstly, using this quantity we are able to obtain estimates on the isoperimetric con-
stant. Secondly, we discuss its connection with the curvatures introduced for combinatorial
Laplacians in [20] and for unbounded difference Laplacians in [5]. The latter, in particular,
enables us to obtain simple discreteness criteria for o (H) (see Lemma 6.5 and Corollary 6.6),
which to a certain extent can be seen as the analogs of the discreteness criteria from [22] and
[30].

The estimates in terms of the volume growth are given in Sect. 7. In Sect. 8, we consider
several illustrative examples. The case of trees is treated in Sect. 8.1. We show that for trees
without inessential vertices and loose ends (vertices having degree 1), Ag(H) > 0 if and only
if sup, |e] < oo. Moreover, the spectrum of H is purely discrete if and only if the number
#{e € E: |e] > ¢} is finite for every ¢ > 0. Notice that under the additional symmetry
assumption that a given metric tree is regular similar results, however, for the so-called Neu-
mann Laplacian were observed by Solomyak [61]. The case of antitrees is considered in
Sect. 8.2. We provide some general estimates and also focus on two particular examples of
exponentially and polynomially growing antitrees. In particular, it turns out that for a poly-
nomially growing antitree, our results provide rather good estimates for 1o (H) and AG* (H)
(see Example 8.9). In the last subsection, we consider the case of Cayley graphs of finitely
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generated groups. Similar to combinatorial Laplacians, the amenability/non-amenability of
the underlying group plays a crucial role.

Finally, in “Appendix A” we provide a slight improvement to the Cheeger estimates from
[5] by noting that one can replace intrinsic path metrics in the definition of isoperimetric
constants simply by edge weight functions having an intrinsic property.

2 Quantum graphs
2.1 Combinatorial and metric graphs

In what follows, G4, = (V, E) will be an unoriented graph with countably infinite sets of
vertices V and edges E. For two vertices u, v € V we shall write u ~ v if there is an edge
eyv € E connecting u with v. For every v € V, we denote the set of edges incident to the
vertex v by E, and

degs(v) :=#{e|e € Ey} 2.1)

is called the degree (or combinatorial degree) of a vertex v € V. When there is no risk of
confusion which graph is involved, we shall write deg instead of degs;. By #(S) we denote
the cardinality of a given set S. A path P of length n € Z= U {oo} is a sequence of vertices
{vo, v1,...,v,} such that vg_; ~ v forall k € {1, ..., n}. If vg = v, and all intermediate
vertices are distinct, then P is called a cycle.

We shall always make the following assumption.

Hypothesis 2.1 The infinite graph G, is locally finite (deg(v) < oo for every v € V),
connected (for any two vertices u, v € V there is a path connecting u and v), and simple
(there are no loops or multiple edges).

Next we assign each edge ¢ € E a finite length |e] € (0,00). In this case
G = (V,E,|-|) = (Gg,| -|) is called a metric graph. The latter enables us to equip
G with a topology and metric. Namely, by assigning each edge a direction and calling one
of its vertices the initial vertex e¢g and the other one the terminal vertex e;, every edge ¢ € E
can be identified with a copy of the interval Z, = [0, |e|]; moreover, the ends of the edges
that correspond to the same vertex v are identified as well. Thus, G can be equipped with the
natural path metric oo (the distance between two points x, y € G is defined as the length of
the “shortest” path connecting x and y). Moreover, a metric graph G can be considered as a
topological space (one-dimensional simplicial complex). For further details we refer to, e.g.,
[9, Chapter 1.3].

Also throughout this paper we shall assume the following conditions.

Hypothesis 2.2 There is a finite upper bound for lengths of graph edges:
£*(G) := sup le| < o0. (2.2)

ecE
In fact, Hypothesis 2.2 is not a restriction for our purposes [see Lemma 2.8 and also
Remark 2.9(1)].
Hypothesis 2.3 All edges in G are essential, that is, deg(v) # 2 forallv € V.

This assumption is not a restriction at all since vertices of degree 2 are irrelevant for
the spectral properties of the Kirchhoff Laplacian and hence can be removed (see, e.g., [9,
Remark 1.3.3]).
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2.2 Kirchhoff’s Laplacian

Let G be a metric graph satisfying Hypothesis 2.1-2.3. Upon identifying every e € E with a
copy of the interval Z, and considering G as the union of all edges glued together at certain
endpoints, let us introduce the Hilbert space L(G) of functions f: G — C such that

L2G) = @ L2 = {1 = eleer| fe € L2, Y 1fell}a,, < o).
eck eck
The subspace of compactly supported L(G) functions will be denoted by
LYX(G) = {f € L*(G)| f # 0 only on finitely many edges e € E}.

Next let us equip G with the Laplace operator. For every e € E consider the maximal
operator He max acting on functions f € H 2(e) as a negative second derivative. Here and
below H"(e) for n € Zxo denotes the usual Sobolev space. In particular, H O(e) = L2(e)
and

H'(e)=1{f € AC(e): f € L*(e)}), H*(e)=1{f e H'(e): f' € H'(e)}.

Now consider the maximal operator on G defined by

d? 5
Hpax = @He,max» He,max = _d72’ dom(He,max) = H<(e). (2.3)
ecE Ye
For every f, € H”(e) the following quantities
feleo) := lim fo(x), fe(ei) = lim f,(x), 2.4)
x—e, X—>e;

and

Je(x) — feleo)

o [x — eo]

Je(x) — fe(ei)

i [x — e

feleo) = lim , fele) := lim , (2.5)

are well defined. The Kirchhoff (or Kirchhoff-Neumann) boundary conditions at every vertex
v € V are then given by

(2.6)

f is continuous at v,
>eer, o) =0.

Imposing these boundary conditions on the maximal domain dom (Hy,x ) and then restrict-

ing to compactly supported functions we get the pre-minimal operator
Ho = Hpax f dom(Ho), @7
dom(Hp) = {f € dom(Hpax) N Lg(G)I f satisfies (2.6), v € V}. '

Integrating by parts one obtains that Hy is symmetric. We call its closure the minimal Kirchhoff
Laplacian. Notice that the values of f at the vertices (2.4) and one-sided derivatives (2.5)
do not depend on the choice of orientation on G. Moreover, the second derivative is also
independent of orientation on G and hence so is the operator Hy.

Remark 2.1 If deg(v) = 1, then Kirchhoff’s condition (2.6) at v is simply the Neumann
condition

fiw) =0. 2.8)
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Let us mention that one can replace it by the Dirichlet condition
Je(v) =0 (2.9)

and we shall consider the operator Hy with mixed boundary conditions (either Neumann or
Dirichlet) at the vertices v € V of the graph G such that deg(v) = 1.

In the rest of our paper, we shall denote by Vp (respectively, by Vy) the set of vertices
v € V such that deg(v) = 1 and the Dirichlet condition (2.9) [respectively, the Neumann
condition (2.8)] is imposed at v. The sets of corresponding edges will be denoted by E p and
E, respectively.

2.3 Self-adjointness

In the rest of our paper we shall always assume that the graph G, is infinite, that is, both
sets V and E are infinite (since G is assumed to be locally finite). In this case the operator
H)j is not necessarily essentially self-adjoint (that is, its closure may have nonzero deficiency
indices) and finding self-adjointness criteria is a challenging open problem. The next results
were proved recently in [25]. Define the weight function m: V — R.q by

m:ve Y e, (2.10)

and then let p,, : E — R-( be given by
Pm: eyp = mu) +m(). (2.11)
The path metric g,;, on V generated by p,, is defined by

om(u.v) = inf D pmlen 1w, (2.12)

={vo,....vn}: vo=u va=v "

where the infimum is taken over all paths connecting « and v.

Theorem 2.2 ([25]) If (V, om) is complete as a metric space, then Hy is essentially self-
adjoint. In particular, Hy is essentially self-adjoint if

inf m(v) > 0. (2.13)
veV
Replacing p,, in (2.12) by the edge length | - |, we end up with the natural path metric

oo on V. Clearly, (V, g;,) is complete if so is (V, gg) and hence we arrive at the following
Gaffney-type theorem for quantum graphs.

Corollary 2.3 ([25]) If G equipped with a natural path metric is complete as a metric space,
then Hy is essentially self-adjoint.

The next well known result (see [9, Theorem 1.4.19]) also immediately follows from
Theorem 2.2.

Corollary 2.4 If
£,(G) := inf |e| > 0, (2.14)
eckE

then Hy is essentially self-adjoint.

@ Springer



15 Page80f40 A. Kostenko, N. Nicolussi

2.4 Quadratic forms

In this section we present the variational definition of the Kirchhoff Laplacian. Consider the
quadratic form

tGLf1:= Mof, 2y  f € dom(ty) := dom(Hp). (2.15)

For every f € dom(Hy), an integration by parts gives
e /G 1f' P dx = 1111726 (2.16)

Clearly, the form t% is nonnegative. Moreover, it is closable since Hy is symmetric. Let us
denote its closure by tg and the corresponding domain by HO1 (G) := dom(tg). By the first
representation theorem, there is a unique nonnegative self-adjoint operator corresponding to
the form tg.

Definition 2.5 The self-adjoint nonnegative operator H associated with the form tg in L2(G)
will be called the Kirchhoff Laplacian.

If the pre-minimal operator Hy is essentially self-adjoint, then H coincides with its closure.
In the case when Hy is a symmetric operator with nontrivial deficiency indices, the operator
H is the Friedrichs extension of Hy.

Remark 2.6 Of course, one may consider the maximally defined form

s / |f')Pdx,  fedom (ng>), .17
where

dom( (N)> [f e L*(O)| f € HL(G), f e LX(G)}) = H'(G), (2.18)

and then associate a self-adjoint positive operator, let us denote it by HY, with this form
in L?(G). Clearly, the forms tg and t( ) coincide if and only if H is the unique positive
self-adjoint extension of Hy (this in partlcular holds if Hy is essentially self-adjoint). We
are not aware of a description of the self-adjoint operator H" associated with the form t(GN)
if the pre-minimal operator has nontrivial deficiency indices (however, see the recent work
[12,37]). Moreover, to the best of our knowledge, the description of deficiency indices of Hy

and its self-adjoint extensions is a widely open problem.

If at some vertices v € V with deg(v) = 1 the Neumann condition (2.8) is replaced | by the
Dirichlet condition (2.9), then the corresponding form domain will be denoted by HO (G).
Notice that

H}(G)=|f e H(G)| f.(v) =0, v e Vp}. (2.19)

By abusing the notation, we shall denote the corresponding self-adjoint operator by H. The
bottom of the spectrum of H can be found by using the Rayleigh quotient

MHf. N inf ||f”L2(G)

e 2 - ~
redy @ N fllga g rel @) 1122
70 @ 70 @

rpH) :=info(H) = (2.20)
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Moreover, the bottom of the essential spectrum is given by

I£/11%
A (H) 1= inf oess(H) = sup inf ﬂ, 2.21)

GcG fEIj?;G\G) ”f”Lz(G\G)

where the sup is taken over all finite subgraphs G of G. Here for any G C G we define
I:IV(; (G\G) as the set of H(; (G\G) functions satisfying the following boundary conditions:
for vertices in G\ G having one or more edges in G, we change the boundary conditions from
Kirchhoff-Neumann to Dirichlet; for all other vertices in G\a, we leave them the same.
This equality is known as a Persson-type theorem (or Glazman’s decomposition principle in
the Russian literature, see [32]) and its proof in the case of quantum graphs is analogous to
the case of Schrodinger operators (see, e.g., [17, Theorem 3.12]).

Remark 2.7 Let us mention that the following equivalence holds true
rH) =0 — AGEH) = 0. (2.22)

The implication “ < ” is obvious. However, 1o(H) = 0 and A§** (H) # 0 holds only if 0 is
an isolated eigenvalue. On the other hand, (2.16) implies that 0 is an eigenvalue of H only if
1 € L?(G). The latter happens exactly when

mes(G) = Z le| < oo.
ecE
and hence the equivalence (2.22) holds true whenever mes(G) = oo,

On the other hand, it turns out that 1 ¢ H, 1(G) if mes(G) < oo and hence 0 is never an
eigenvalue of H [see Corollary 3.5(iv)]. In particular, the latter implies that t; # t(N) if the
metric graph G has finite total volume, mes(G) < oo. The analysis of this case is postponed
to a separate publication.

If Gi, G, are finite subgraphs with G| € G, C G, then H (G\Gz) - H (G\Gy) in
the sense that every function in HO (G\G?) can be extended to be in Ho (G\Gl) by setting
it zero on remaining edges. Thus,

inf M : M

fEHo(G\Gz) 1132060 Fefi@\Gn 117266

F£0 L2(G\G2) 420 L2(G\G1)

Let /Ci be the set of all finite, connected subgraphs of G ordered by the inclusion relation
“C” and hence K¢ is a net. Moreover,

Lf/117, L1135
AESH) = sup 2G\G) _ L2(G\G)

in inf (2.23)
GeKg eH)(G\G) IIfIILz(G\G)  GeKo fEHO(G\G) ||f||L2(G\G)
f#0 f#0

The limit is understood in the sense of nets and in this case we will say that G tends to G.
The next result provides an estimate, which easily follows from (2.20) to (2.21).

Lemma 2.8 Set

(G) :=inf sup_|el, (2.24)
E ecE\E

e%s
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where the infimum is taken over all finite subsets E of E. Then

72 2

@ =G (22

ro(H )_E*

ess

Proof By construction, the set H G) = H0 G)n LZ(G) is a core for tG Moreover, every
f e H (G) admits a unique decomposition f = fjin + fo, where ﬁm € H (G) is piecewise
linear on G (that is, it is linear on every edge e € E) and fj € H (G) takes zero values at
the vertices V. It is straightforward to check that

Glf] = /G () Pdx = /G o)+ /G | CORdx = t6LLfim] + t6 L fol.
(2.26)

Now the estimates (2.25) easily follow from the decomposition (2.26). Indeed, for every
f=foe HXG)

=Y I foelio 2.27)

eckE

where fo.:= fo [ e € HOl (e). Noting that

If ||L2 _ (n)Q’

feHO([O ) ||f|| l

and then taking into account (2.20) and (2.21), we arrive at (2.25). ]

Remark 2.9 A few remarks are in order:

(1) The estimate (2.25) shows that the condition (2.2) is not a restriction since in the case
£*(G) = oo one immediately gets Ao(H) = Ag*(H) = 0. Moreover, in this case o (H)
coincides with the positive semi-axis R>¢ (see [60, Theorem 5.2]).

(ii) The second inequality in (2.25) implies that the condition £%(G) = 0 is necessary for
the spectrum of H to be purely discrete. Notice that £% . (G) = 0 means that the number
#{e € E| |e| > ¢} is finite for every ¢ > 0.

(iii) The estimates (2.25) can be slightly improved by noting that we can use other test
functions on the edges e € E toimprove the bound (7 / le])? by (r/ 2|e])2. For example,
we get the following estimate

i 2 T 2
AO(H)fmin{ inf (Z) , inf (= ] (2.28)
ecE\Ey |e| ecEy 2|e|

2.5 Connection with the difference Laplacian

ess

In this section we restrict for simplicity to the case of Neumann boundary conditions at the
loose ends, that is, f,(v) = O for all v € V with deg(v) = 1. Let the weight function
m: V — R.g be given by (2.10). Consider the difference Laplacian defined in 22(V:m) by
the expression
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() — f(w)

(16 f)(v) := Z f , vev. (2.29)
( ) - lew, vl
Namely, 7 generates in £2(V; m) the pre-minimal operator
. 20y
ho: domtho) = £5CVim) 4o (hg) = €. (V). (2.30)

o= wf

where C.(V) is the space of finitely supported functions on V. The operator hy is a nonneg-
ative symmetric operator. Denote its Friedrichs extension by h

It was observed in [25] that the operators H and h are closely connected (for instance, by
[25, Corollary 4.1(1)], Hp and hy are essentially self-adjoint only simultaneously). In fact,
it is not difficult to notice a connection between H and h by considering their quadratic
forms (see [25, Remark 3.7]). Namely, let £ = ker(Hp,x) be the kernel of Hyy,x, which
consists of piecewise linear functions on G. Every f € L can be identified with its values
{f(ei), f(eo)}ecE on V and, moreover,

> el |f (@) * +Re(f (e) f(en)*) + | f (en)?
3 .

1f1I32 ) = 231)

eckE
Now restrict ourselves to the subspace Lcon; = £ N C.(G). Clearly,
Do lel(f el + 11 ) =D 1F @I D lel = 1F 170 m
eeE veV eckE,

defines an equivalent norm on L., since the Cauchy—Schwarz inequality immediately
implies

”f”[Z(V m) — ”f”Lz(G) = 2||f||[2(v m)* (232)
On the other hand, for every f € L.on; we get
| f(e0) — f(en)]?
GU = (Hf Dz =3 [ 17 GoPdee =Y %
e
EleE |f () = f( )|3€E @3
v) — f(u
=32 e = W Dewm =l
u,veV u,v
Hence we end up with the following estimate.
Lemma 2.10
ro(H) <6x0(h), A (H) <615 (h). (2.34)
Proof Clearly, the Rayleigh quotient (2.20) together with (2.32) and (2.33) imply
t t
ho(H) = tolf] gy tol/]
fEHOl (G) ||f||L2(G) feﬁmm ” f||L2(G)
4
< Lf] = 6o (h).
fEC(‘(V) 6 ”f”[Z(V m)
O
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If G is equilateral (that is, |e| = 1 for all e € E), then m(v) = deg(v) for all v € V and
hence tg coincides with the combinatorial Laplacian

1
(Teomb ) (v) = (wE:ﬂw—fwxveV- (2.35)

degG u~v

In this particular case spectral relations between H and h have already been observed by
many authors (see [63], [14, Theorem 1], [23] and [10, Theorem 3.18]).

Theorem 2.11 If|e| = 1 forall e € E, then

ho(h) = 1 —cos (vVag(H)),  A5™(h) = 1 — cos (\/AS5(H)). (2.36)

Remark 2.12 Actually, far more than (2.36) is known in the case of equilateral quantum
graphs. In fact, there is a sort of unitary equivalence between equilateral quantum graphs and
the corresponding combinatorial Laplacians (see [52,53] and also [45]).

Hence for equilateral graphs we obtain
1 €8s 1 €ss
ro(h) < EAO(H), Ay (h) < 5)\0 (H).

The latter together with (2.34) imply that for equilateral graphs the following equivalence
holds true

AH) >0 (AFFH) > 0) <= Ao(h) >0 (A5(h) > 0). (2.37)

In fact, it was proved recently in [25, Corollary 4.1] that the equivalence (2.37) holds true if
the metric graph G satisfies Hypothesis 2.2. Unfortunately, there is no such simple connection
like (2.36) if G is not equilateral.

Remark 2.13 Spectral gap estimates for combinatorial Laplacians is an established topic
with a vast literature because of their numerous applications (see [1,2,16,18,19,26,34,65]
and references therein). Recently there was a considerable interest in the study of spectral
bounds for discrete (unbounded) Laplacians on weighted graphs (see [5,39]). On the one
hand, (2.36) and (2.37) indicate that there must be analogous estimates for quantum graphs,
however, we should stress that (2.36) holds only for equilateral graphs. On the other hand,
these connections also indicate that spectral estimates for quantum graphs should have a
combinatorial nature.

Remark 2.14 Since *x <1 — cos(+/x) for all x € [0, w2 /4], (2.36) implies the following
2
estimate for equilateral quantum graphs
n? n?
Jo(H) < “oao(h), 25 H) < 25 (h),

which improves (2.34). Moreover, the constant 772 /4 is sharp in the equilateral case. However,
it remains unclear to us how sharp is the estimate (2.34).
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3 The Cheeger-type bound

For every G € ICc we define the boundary of G with respect to the graph G as the set of all
vertices v € V\Vyy such that either degs (v) = 1 or degg (v) < degg (v), that is,

3G :={v e V|v e Vp or degz(v) < deg;(v)}. 3.1)
For a given finite subgraph G C G we then set

deg(dG) := ) degz(v). (3.2)
veaca

Remark 3.1 Let us stress that our definition of a boundary is different from the combinatorial
one. In particular, we define the boundary as the set of vertices whereas the combinatorial
definition counts the number of edges connecting V with its complement V\V

Definition 3.2 The isoperimetric (or Cheeger) constant of a metric graph G is defined by

deg(3GG)
a(G) = GEICG m (S [O, OO), (33)

where mes(é) denotes the Lebesgue measure of 5, mes((N;) =) .cF lel.
The isoperimetric constant at infinity is defined by

tess(G) := sup a(G\G) € [0, col. (3.4)

GE’CG

Recall that for any G € K¢ we consider G\5 with the following boundary conditions:
for vertices in G\(~; having one or more edges in G, we change the boundary conditions from
Kirchhoff-Neumann to Dirichlet; for all other vertices in G\G, we leave them the same.
These boundary conditions imply that for a subgraph Y € ICG\g,

ag\5y= any (3.5)

where the left-hand side is the boundary of ) with respect to G\5 (with the new Dirichlet
conditions) and the right-hand side is the boundary with respect to the original graph G.
Hence,

N deg(d, - ~
«(G\G) = inf deg@a\y) _ o deg@d)
yelcc\g mes()) yelcc\g mes())

and ¢(G\G1) < a(G\Gy) whenever G C G3. Thus,

tess(G) = sup a(G\G) = Nli% a(G\G). (3.6)

GE’CG Gellg

Remark 3.3 Choosing G as an edge e € E or a star E, with some v € V, one gets the
following simple bounds on the isoperimetric constant

«(G) < degG(v).

a(G) < ,
£*(G) vev m(v)

3.7
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The next result is the analog of the famous Cheeger estimate for Laplacians on manifolds
[15].

Theorem 3.4

1 2 ess 1 2
MH) = 2a(G) Ag"(H) = Z0ess(G)". (3.8)
As an immediate corollary we get the following result.

Corollary 3.5 (i) H is uniformly positive whenever a(G) > 0.
(ii) Ag¥(H) > 0 if dess(G) > 0.
(iii) The spectrum of H is purely discrete if aess(G) = 00.
(iv) If the metric graph G has finite total volume, mes(G) < oo, then H is a uniformly
positive operator with purely discrete spectrum.

Proof Clearly, we only need to prove (iv). Since mes(G) < oo and taking (3.3) into account,
we immediately obtain

a(G) = (3.9)

mes(G)’

which together with (3.8) implies the inequality Ao(H) > 0. Next, using (3.4) together with
the estimate (3.9) and the net property of Kg, one gets aess(G) = 00, which finishes the
proof. O

Before proving the estimates (3.8) we need several preliminary lemmas. In what follows,
for every U C G, we shall denote by dU the boundary of a set U in the sense of the natural
metric topology on G (see Sect. 2.1). For every measurable function 2: G — R and every
t € R let us define the set

Q) := {x € G| h(x) > 1}. (3.10)

The next statement is known as the co-area formula and we give its proof for the sake of
completeness.

Lemma3.6 Ifh: G — R is continuous on G and continuously differentiable on every edge
e € E, then

f | (x)| dx = / #(0Q2, (1)) dt. (3.11)
G R

Proof Assume first that supp(h) C e for some e € E. We can identify e with the open interval
(0, |e]) and hence

M, :={x €e| h'(x) # 0}

can be written as M, = J, I, for (at most countably many) disjoint open intervals I, C
(0, |e]). Since h is strictly monotone on each of these intervals,

f |h' (x)| dx Z/Ih’(x)ldxzf |n' (x)| dx
G e M,

= Z/I 0 ()| dx =Y " mes(h(I,)) = Z/R]lh([n)(s) ds.
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Here mes(X) denotes the Lebesgue measure of X C R. Moreover, by continuity of £, it is
straightforward to check that 1,,)(t) = #(32,(t) N I,,) for all t € R. Hence we end up
with

Z/ Tpr, () dt = Z/ #O0Q() N 1) dt = / #(0Q2 (1) N M,) dt.
— JR — JR R
Now assume that ¢ € R is such that 92, (1) N M{ # &, where

MS = e\M, = {x € e| h'(x) =0}

is the set of critical points of 4. By Sard’s Theorem [59], #(M{) has Lebesgue measure zero
and hence

/#(th(z)ﬂMe) dt:/#(agzh(t)me) dt.
R R

Assume now that #: G — R is an arbitrary function satisfying the assumptions. Then we
get

fGIh’(x)l dx =Y [ |h'(x)] dx

ecE "¢
= Z/ #0Qu(t) Ne) dt = / #(0Q2, (1) N (G\V)) dt.
R R
ecE
IfoQ2,(r) NV # @, thent € h(V). Since V is countable, we arrive at (3.11). ]

Next it will turn out useful to rewrite the Cheeger constant (3.3) in the following way. Let

#U)

o (G) == Uiel}/ffg mes(U)’ (3.12)
where Ug = UGeICGUG and
Uz ={U C G| Uisopen, UNVp =@ and dU NV = o). (3.13)
Lemma 3.7 Let a(G) be defined by (3.3). Then
a(G) = a(G). (3.14)

Proof (i) It easily follows from the definition of @(G) that
a(G) < a(G).

Indeed, assume first that G € K¢ and identify G with a closed subset of the graph. For a
sufficiently small ¢ > 0, we cut out a ball B, (v) of radius ¢ at each point in v € d5G and
obtain the set

U=0G\ J B:.

vEIG G
We have U € Ug and, moreover, dU has precisely deg(d¢g 5) points. In total,

#OU) deg(36G)
mes(U) ~ mes(G) — & deg(9GG)
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Letting ¢ tend to zero, we obtain the desired inequality.

(ii) To prove the other inequality, let U € Ug and G = (V, E) be the finite subgraph
consisting of all edges e € E with e N U # @ and all vertices incident to such an edge.
Clearly, mes(U) < mes(a). Also, by (3.2),

deg(9G) = Z degz(v) =#{e € E| e connects 3G and 5\8@6}
ved G
+ 2# {e € E| both vertices are in BGé} .

Since U is open, every point of 865 is not in U. Therefore, every edge in the subgraph G
connected to a vertex in dgG must contain at least one boundary point of U. If both vertices
of the edge are in dg G, it must even contain at least two boundary points of U. Also, since
V NaU = @, the boundary points lie in the strict interior of each edge and therefore cannot
coincide for different edges. Thus, deg(dg é) < #@U).

Finally, notice that G might be disconnected. If it is the case, then write G=U,G,asa
disjoint, finite union of connected subgraphs G, € Kg. Then

#OU) deg(36G) Y, deg(3GGn) - i deg(96G )
mes(U) ~ mes(G) > o,mes(G,) — n mes(Gp) ’

which implies that &(G) > a(G). 0
Now we are in position to prove the Cheeger-type estimates (3.8).

Proof of Theorem 3.4 Let us show that the following inequality
a(G) 1 f 2y < 21 126 (3.15)

holds true for all f € dom(t(();) = dom(Hp). Without loss of generality we can restrict
ourselves to real-valued functions. So, suppose f € dom(Hp) is real-valued. Observe that
(see, e.g., [31, Lemma 1.4.1])

o0
1/ gy = /G FOP dx = fo mes(22(1) .
Next we want to use Lemma 3.7 with & = f2. If + > 0 is such that QpE)NV #a9,

then r € f2(V) by continuity of f2. Since V and hence f>(V) are countable, we get that
Q 72 (t) € Ug for almost every t > 0. Thus, in view of Lemma 3.7

(G f172 E/O #(9252(1)) dt. (3.16)

On the other hand, applying Lemma 3.6 to & = £ and then the Cauchy—Schwarz inequality,
we get

/0 #0912 (0)di =2 /G L Wldx < 20 f 2 e GAD

Combining the last two inequalities, we arrive at (3.15), which together with the Rayleigh
quotient (2.20) proves the first inequality in (3.8).
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The proof of the second inequality in (3.8) follows the same line of reasoning since by
(2.21)

2
” f “ LZ(G\a)

MO = nf

)

for every finite subgraph G of G. Notice that the boundary conditions on G\G are defined
after (3.4). ]

Remark 3.8 The Cheeger estimate for finite quantum graphs was first proved in [50] (see
also [56, §6] and [39]). Our result extends [50, Theorem 3.2] to the case of infinite graphs
and also provides a bound on the essential spectrum of H. However, our definition of the
isoperimetric constant (3.8) is purely combinatorial since the infimum is taken over finite
connected subgraphs of G, although the definition in [50] (see also [40,56]) is similar to
(3.12).

Let us mention that one can obtain a similar statement for the operator HY that is related
to the maximally defined quadratic form (see Remark 2.6). However, one needs to take the
infimum in the definition of the isoperimetric constant over all subgraphs of finite volume.

Taking into account the equivalence (2.22), let us finish this section with the next obser-
vation.

Lemma 3.9 The following equivalence holds true
a(G) =0 <= o0es(G) =0. (3.18)

Proof Clearly, we only need to prove the implication «(G) = 0 = ess(G) = 0. Assume
the converse, that is, there is an infinite graph G satisfying Hypotheses 2.1-2.3 such that
a(G) = 0 and aess(G) > 0. Then by (3.3), there is a sequence {G,} C I such that

deg(d
«(G) = lim 806G _
n—oco mes(Gj)

On the other hand, (3.4) implies that there is G € K¢ such that (G\G) = «p > 0. In
particular, taking into account (3.5), the latter is equivalent to the fact that

deg(95\gY)  deg(96)) > an >0
mes()) ~ mes()) 0

for every finite subgraph J C G\G.
Next observe that

i 9€206(Gn\G)) _
im ———— =0
n—oo  mes(G,\G)

which leags to a contradiction. Indeed, by construction, lim,_, , mes(G,) = oo and hence
mes(G,\G) = mes(G,)(1 + o(1)) as n — oo. It remains to note that

deg(36Gn) — deg(G) < deg (36(G,\G)) < deg(3GGy) + deg(G).

[}
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4 Connections with discrete isoperimetric constants

For every vertex set X € V, we define its boundary and interior edges by

Ey(X) = {e € E| e connects X and V\ X},

E;(X) = {e € E| all vertices incident to e are in X}.

Also, for a vertex set X C V we set

m(X) = Zm(v),

veX

where m: V — (0, 0o) is defined by (2.10) (in fact, m(v) = mes(E,) forevery v € V). The
(discrete) isoperimetric constant ag(Y) of Y C V is defined by

aq(Y) = inf M € [0, 00). 4.1
Xcy m(X)
Xis finite
The discrete isoperimetric constant of the graph G is then given by

aq(V):= inf #Ep(X)) € [0, 00). 4.2)
Xcv m(X)
Xis finite
Moreover, we need the discrete isoperimetric constant at infinity

a*(V):= sup aqg(V\X) € [0, ool. 4.3)
Xcv
X s finite
Remark 4.1 Our definition of the isoperimetric constants follows the one provided in
“Appendix A” (see Remark A.4). This definition is slightly different from the one given
in [5], which uses the notion of an intrinsic metric on V (cf. [28]). In particular, the natural
path metric oo (cf. Sect. 2.3) is intrinsic in the sense of [5,28] and in certain cases (if, for
example, G is a tree) the corresponding definitions from [5] coincide with (4.2) and (4.3).

Notice that the following Cheeger-type estimates for the discrete Laplacian (2.29)—(2.30)
(see [5, Theorems 3.1 and 3.3] and Theorem A.1) hold true

1 1
hoth) > el V)2, A5 (h) > Eaf’fs(V)z. (4.4)
The next result provides a connection between isoperimetric constants.

Lemma 4.2 The isoperimetric constants (3.3) and (4.2) can be related by
1
< 40O, 45)
a(G) T aq(V)
In particular, the isoperimetric constants at infinity (3.4) and (4.3) satisfy

2 - 1
Aess(G) O‘ZSS(V)

L@ <au(V),

1 o
Z0ess(G) < OlZ” V),

; +£5,(G). (4.6)

Proof (i) First, let X C V be finite. Let also G = (V, E ) be the finite subgraph of G
consisting of all edges with at least one vertex in the set X. Observe that

E=|J E, = E«(X) U Ey(X).
veX
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Then

mX)=>Y mw)=2 > lel+ Y lel <2 le| =2mes(G).

veX ecEi(X) ecEp(X) ecE

Note that for every v € X, the whole star E,, attached to it is in G. . Therefore, every vertex
from 96 G is not in X. Now consider an edge e in the subgraph G which is connected to
a vertex v € BGG. Then its other endpoint must be in X (because of the definition of G).
Hence

deg(aca) = Z degz(v) = Z #{e| e connects v and X}
vedG vedG
<#ee EI e connects X and V\X} = #(E,(X)).

Splitting G in finitely many connected components as in the proof of Lemma 3.7, we arrive
at the first inequality in (4.5).

To 0 prove the second inequality, assume G e Kg. Write E = Eo UE 1 U Ez, where Eo,
E 1, E2 are the sets of edges in the subgraph with, respectively, none, one, and two vertices
in 8GG. Clearly,

deg(dGG) = #(E)) + 2#(E»). 4.7
Now define the finite vertex set X := \7\8G G. We have

Ei(X)=Eo, Ep(X)=
Thus,

mes(al _ ZZeeEO lel +~Zeegl |e|~+ Zeefz lel
deg(36G) #(Ey) + 2#(E>)
_ 2% e lel + 2 eer,x) le] n DecE,(x) el 22 F, lel
C HERX) +2#(Ey) #(Ep(X)) + 2#(E2)
. m(X) Doecr,x) lel +2 .5, lel
 #(Ep(X)) + 2#(E2) #(Ep(X)) + 2#(E2)
m(X) D ecE,x) lel + ZZeeEz |e| m(X) +sup lel.
= #(Ep(X)) B(Ep(X)) 1 2#(Ey)  ~ #(Ep(X) | ep

(i1) To prove (4.6), let first X C V be a finite and connected (in the sense that for two
vertices in X, there always exists a path connecting them and only passing through vertices
in X) set of vertices. Then the subgraph Gx CG consisting of all edges with both vertices
in X is finite and connected. Now note that for a finite vertex set Y € V\ X, the subgraph éy
defined above is contained in G\a x. Hence taking into account (3.5) and using the same
line of reasoning as in (i), we get oz(G\(N}x) < 2wa4(V\X). Finally, choose an increasing
sequence {X, } C V of finite and connected vertex sets such that every finite vertex set X € V
is eventually contained in X,,. Then the corresponding sequence (G} € Kg of subgraphs
is increasing and every finite, connected subgraph Ge KCg is eventually contained in (~3n. In
view of (3.6), we obtain the first inequality in (4.6) by taking limits.

To prove the second, for a subgraph G € I g, choose X to be the set of vertices in Gy.
Let G € Ka\G,- If a vertex v is both in V and in X , then it has at least one incident edge
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which lies in the cut out graph G and therefore v € dg G. Thus, the vertex set Y = \7\8@5
satisfies ¥ N X = &. Refining the previous estimate,

mes(G) . m(Y)  Yeer,o el +2¥ e, lel _ m(¥)
deg(3GG) ~ #(Ep(Y)) #(Ep(Y)) +2#(Ey)  — #(Ep(Y)

and hence

+ £*(G\Go),

2
<
a(G\Go) ~ aq(V\X)
Choosing an increasing sequence {G,} < K¢ such that every Go € K¢ is eventually

contained in G, and applying the same limit argument as before, we arrive at the second
inequality in (4.6). O

+ €*(G\Gy).

Remark 4.3 1t can be seen by examples that the estimates (4.5) and (4.6) are sharp. Indeed, on
the equilateral Bethe lattice (see Example 8.3), one gets equalities in the second inequalities
(4.5) and (4.6) [cf. (8.3)].

Combining (4.5) with Corollary 3.5, we obtain Theorem 4.18 from [25].

Corollary 4.4 ([25])

(i) o(H) > 0ifag(V) > 0.
(ii) AGEH) > 0 if (V) > 0.
(iii) The spectrum of H is purely discrete if the number #{e € E: |e| > €} is finite for every
e > 0and o (V) = oo.

Proof We only need to mention that £%,(G) = 0 if and only if the number#{e € E: |e| > ¢}
is finite for every & > 0. Moreover, in this case it follows from (4.6) that &***(G) = a7*(V).

[m}

Finally, let us mention that in the case of equilateral graphs the discrete isoperimetric
constants coincide with the combinatorial isoperimetric constants introduced in [21]:

#(0X) ess
Geomb(V) = X}fclv m, Aeomb (V)= sup  acomp(V\X) 4.8)
Xis finite Xigﬁr‘l/ite

Comparing (4.8) with (4.2) and (4.3) and noting that
£,(G) degg (v) < m(v) < £%(G) degg (v)

for all v € V, one easily derives the estimates

acomb(V)<ad(V)<acomb(V) Olgf,;lb(V)<aess(v)<0l§§fnb(V)
v Y26 e S% Y@
Here
Eiss(G) :=sup inf _|e|, 4.9)
7 ecE\E

and the supremum is taken over all finite subsets E of E. Moreover, taking into account
Lemma 4.2, we get the following connection between our isoperimetric constants and the

combinatorial ones:
2acomb(v) 2acomb(v)

<a(G) < ———— (4.10)
£(G) (1 + acomb(V)) £4(G)
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and
2488 (V 248 (V
acomb(ess) < e@%(G) < acomb( ) ) (4.1 1)
ess(G)(] + acomb(v)) ZiSS(G)

Since acomp (V) € [0, 1), we end up with the following result.

Corollary 4.5 Let G be a metric graph such that £*(G) < oo. Then:

(i) Ao(H) > 0 if acomp(V) > 0.
(ii) AG*(H) > 0 whenever agy (V) > 0.

(iii) The spectrum of H is purely discrete if €3, (G) = 0 and ay (V) > 0.

com

5 Upper bounds via the isoperimetric constant

It is possible to use the isoperimetric constants to estimate Ag(H) and A§* (H) from above,
however, for this we need to impose additional restrictions on the metric graph.

Lemma 5.1 Suppose that £.(G) = inf.cg |e| > 0. Then

2 2

€ss s
20,6 0D = 56

rH) < Qess (G). (5.

Proof To estimate Ao(H), choose any ¢ € H'([0, 1]) with ¢#(0) = 0, (1) = 1 and
||¢”L2(0,1) =1 and set

() == 110.1/21()P(2x) + 11 /2.11(x)p(2 —2x),  x €[0,1].

Assume a subgraph G € K¢ and a finite, connected subgraph G = (V, E ) of G\ Gg. Then
define g € H!(G\G) by setting

0, e € EG\G,, e¢§
e € E
g(xe) := |xe—ul 0 ~ ~
d)( el ), e=e,; €E,ucdG
¢(\xe|e‘eol)7 eck

where E(), E 1, Ez are defined as in the previous subsection and |x, — y| denotes the distance
between x, € ¢ and some y € e. If Go # & and v € G\Gy is a vertex with at least one
incident edge in Gy, then either v is not in Vorvisa boundary vertex of G. In both cases,
g vanishes at v. Therefore, g € H! (G\Gy). Next we get

lel72 gy = D lel+ Y lellgliZ2 1) + y ol ||¢||L2(0 ) = mes(G),

eEEo eEEl eEEQ

and, in view of (4.7),

2 _
”g ||L2(G\G()) - Z | |||¢ ||L2(O 1) + Z | |||¢ “L2(0 1)

eEEl ecky
|I¢ ”LZ(O ]) ~ ~ ”¢ ||2L (0 1)
=< m(#(El) +4#(Er)) < md g(0 GG)
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Choosing ¢ (x) = V2 sin(%x), we obtain the estimate

18172\ o) - 72 deg(36G)
= 20,(G\Go) mes(G)

2
||g||L2(G\G())
Choosing Go = @, (2.20) and (3.3) imply the first inequality in (5.1). Now assume Gy # &.
Then

2
”f ||L2(G\G()) 2

inf
- 2 -
feH (G\Go) 112Gy 2 Ex(G\GO)

a(G\Gy).

Finally, using (2.23) and (3.6) we end up with

2 2

WSH) < lim —————a(G\Go) =

niaess(G)-
GoelCs 2 €+(G\Go) 2 0555(G)

m}

Combining Lemma 5.1 with the Cheeger-type bounds (3.8) and the estimates (4.10)—(4.11)
and taking into account Lemma 3.9, we immediately get the following result.

Corollary 5.2 If£,.(G) > 0 and £*(G) < oo, then the following are equivalent:

(i) 2oH) >0,
(ii) )\SSS(H) > 0,
(iii) Acomb(G) > 0,
(iv) aZs (G) > 0.

com!
Remark 5.3 A few remarks are in order:

(1) If £,(G) = 0, then the estimate in (5.1) becomes trivial.

(i1) Notice that (5.1) is better than (2.25) only if the isoperimetric constant satisfies
20.(G)

< .
0% (G)2

a(G)

(iii) In [11], Buser noticed that the isoperimetric constant can be used for obtaining upper
estimates on the spectral gap for Laplacians on compact Riemannian manifolds. Hence
estimates of the type (5.1) are often called Buser-type estimates. Let us mention that for
combinatorial Laplacians a Buser-type estimate was first proved in [2] (see also [16,18]).
For finite quantum graphs, a Buser-type bound can be found in [40, Proposition 0.3],
which is, however, different from our estimate (5.1).

6 Bounds by curvature

Despite the combinatorial nature of isoperimetric constants (3.3) and (3.4), it is known
that computation of the combinatorial isoperimetric constant (4.8) is an NP-hard problem
(see [34,36,48] for further details). Our next aim is to introduce a quantity, which provides
estimates for «(G) and s (G) and also turns out to be very useful in many situations (see
Sect. 8).
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Suppose now that our graph is oriented, that is, every edge is assigned a direction. For
every v € V, let EJ and E;; be the sets of outgoing and incoming edges, respectively. Next
define the function K: V. — R U {—o00} by

#(ET) —#(E 1
K: v M inf —. 6.1)
#(Ey) ecE} le|
K can take both positive and negative values, and K(v) = —oo whenever #(E;r ) =40.

Lemma 6.1 Assume G is an oriented graph such that the function K is positive. Then the
isoperimetric constant (3.3) satisfies

a(G) = K(G) = in€ K() > 0. (6.2)
ve
Proof Let G € K¢ be a finite and connected subgraph. For every v € V., denote by E +(G)

and E (G) the sets of outgoing and incoming edges in G. Since K(v) > 0 is positive, we
get

1 #(E])
el = g (1= ) )

for all v € V. Therefore,

)
mes(G) =Y lel=Y 3 |I_WZ 2 1 wEh

eckE veV ecEf (G) veV ecEf (G)
#(E)
#(EF (G ( v )
K(G)Xg (B (@) #(EY)
ve

First observe that

Y HES(G) =) #H(E, (G)) =#(E).

veV veV

Moreover, for any non-boundary point v € ‘7\8G G, the whole star E v 1s contained in G and
hence EF(G) = E. Therefore, we get

Yo @n(1 - S )) - Z#(E*(G)) - Y wER G L)

+ +
veV #(Ev ) UEV #(Ev )
— () — +eom HEL)
= Z#(Ev (6)) Z#(E,, v
veV veV
_ — B at ey HEY)
= ZN#(E” (G)) —#(E, (G))#(Ev*)
vedg G
< ) degg(v) = deg(3GG).
U€305
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Combining this with the previous estimates, we end up with the following bound

~ 1 ~
G) < deg(35G),
mes( )_KG) eg(dcG)

which proves the claim. O

Remark 6.2 The function K is sometimes interpreted as curvature. Several notions of curva-
ture have been introduced for discrete and combinatorial Laplacians. Perhaps, the closest one
to (6.1) have been introduced in [38]. Namely, since the natural path metric gg is intrinsic,
define the function K;: V — R by

#(E)) —#(Ey)

Ki: v
v m(v)

(6.3)
Moreover, m(v) = deg(v) for all v € V if the corresponding metric graph is equilateral
(i.e., le] = 1), and hence (6.3) coincides with the definition suggested for combinatorial
Laplacians in [20]. Notice that for equilateral graphs (6.1) reads

#(E)
K@) =K v)i=1-— -, v, 6.4
( ) comb( ) #(E;r) ( )
and hence in this case
2 2 1
velV. (6.5)

= =1 s
KO~ Keom@ | K@)

It seems there is no nice connection between K and K, in the general case.

Remark 6.3 Let us also mention that Lemma 6.1 can be seen as the analog of [5, Theorem
6.2], where the following bound for the discrete isoperimetric constant was established:

@a(V) 2 Kq(V) := inf Ky (v), (6.6)
ve

if Ky is nonnegative on V. Combining (6.6) with the second inequality in (4.5), we end up
with the following bound
2 =
a(G) ~ Ka(V)

+ £¥(G). (6.7)

In what follows we shall call the function Keomp: V. — Q U {—o0} defined by (6.4) as
the combinatorial curvature (in [20, p. 32], Kq is called a curvature of the combinatorial
distance spheres). Note that the curvature can take both positive and negative values, and
Keomb (v) = —o0 whenever #(E j‘ ) = (. The next simple estimate turns out to be very useful
in applications.

Lemma 6.4 Assume Keomp is positive on V and
Keomb (V) := inf Keomp (V).
veV

Then the isoperimetric constant (3.3) satisfies

Keomb (V)
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Proof Noting that K¢omp is positive and comparing (6.4) with (6.1), we get

Keomb (v)
<K 6.9
f, KO 6.9)
for all v € V. Hence the claim follows from Lemma 6.1. ]

With a little extra effort and using an argument similar to that in the proof of (4.5) one
can show the following bounds.

Lemma 6.5 Assume G is an oriented graph such that the function K (and hence Kcomp) is
positive on V and set

K®(G) := ligrg/nf K@), K& ,(V):= ligleivnf Keomb (V). (6.10)
Then the isoperimetric constant at infinity (3.4) satisfies
ess(G) = K*(G), (6.11)
and
Keomb (V)

eomb>2 2 — g (G < ,
5:(G) £:,(G)

(6.12)

Combining Lemma 6.5 with the Cheeger-type estimate, we immediately get the following
result.

Corollary 6.6 If G is an oriented graph such that the function Keomp is nonnegative on 'V,
then

Kcomb(v)2 K b(V)2
MH) > ————— AFH) > o 6.13
o) = SR A = G 6.13)

In particular, if Kg (V) > 0, then the spectrum of H is purely discrete precisely when
L5(G) =0.

Remark 6.7 Let us mention that in the case when K . (V) = 0 the condition £%,(G) = 0

is no longer sufficient for the discreteness. For further details we refer to Sect. 8.2 and, more
specifically, to the example of polynomially growing antitrees (see Example 8.7).

7 Growth volume estimates

Here we plan to exploit the results from [62] to get upper bounds on the spectra of quantum
graphs in terms of the exponential volume growth rates, the so-called Brooks-type estimates
(cf. [6,33,62] for further details and references). Following [62], we introduce the following
notation. For every x € G and r > 0, let

B, (x) :=={y € Gloo(x,y) <r}. (7.1
Here g is the natural path metric on G. Let also
voly (r) := mes(B,(x)), (7.2)

and

vol, (r) = inf DB ®)) (1.3)
xeG mes(Bj(x))
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Next we define the following numbers

Hyx(G) :=liminf ————, u4«(G) :=liminf (7.4)
r—00 r r—oo

log(vol,(r)) log(vol.(r))
. .
Notice that py(G) does not depend on x € G if G = U, B, (x) for some (and hence for
all) x € G. If both conditions are satisfied, then we shall write «(G) instead of uy(G).

Theorem 7.1 Suppose (V, 0o) is complete as a metric space. Then
1 1
ho(H) < 25°(H) < 21a(G)” < Zp(G)”, (75)

Proof The first and the last inequalities in (7.5) are obvious and hence it remains to show
that

1
M) < (G

Notice that by Corollary 2.3, the pre-minimal operator Hy is essentially self-adjoint and
hence H is its closure. Let us consider the corresponding quadratic form tg defined as the
closure in L2(G) of the form t% (see (2.15) and (2.16)). It is not difficult to check that the
form tg is a strongly local regular Dirichlet form (see [29] for definitions). On the other
hand, using the Hopf-Rinow type theorem for graphs (see [35]), with a little work one can
show that every ball B, (x) is relatively compact if (V, o) is complete. Therefore, by [62,
Theorem 5] and [51, Theorem 1], [33, Theorem 1.1], we get

1 1
Ao(H) < ZM*(G)Z, ASS(H) < Zu(G)z.

Noting that mes(Bj(x)) > 1 forall x € G and taking into account [33, Remark (e) on p.885],
we arrive at the desired estimate. O

The next result is straightforward from Theorem 7.1.

Corollary 7.2 Let (V, 0o) be complete as a metric space. Then:

(i) A(H) = Ag*(H) = 0if u(G) = 0.
(ii) The spectrum of H is not discrete if 1,(G) < oo.

Remark 7.3 Clearly, to compute or estimate j4,(G) is a much more involved problem com-
paring to that of «(G). However, it might happen that 1,(G) < w(G) and hence 1. (G)
provides a better bound (see Example 8.4).

Remark 7.4 Let us mention that these results have several further consequences for the heat
semigroup e ~'H generated by the operator H. For example, 11, (G) = 0 implies the exponen-
tial instability of the corresponding heat semigroup on L”(G) for all p € [1, oo] (see [62,
Corollary 2]).

We finish this section with comparing the estimates (7.5) with the ones obtained in [25]
in terms of the volume growth of the corresponding discrete graph. Following [33] (see also
[25, §4.3]), define the constant

logm (B (v))

#q(G) :=liminf ———— (7.6)
r—00 r
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for a fixed v € V. Here

m(B,(v)) = Z m@u), vev.

ueB,(v)

Notice that 1z(G) does not depend on the choice of v € V if G = U, B, (x).
Lemma7.5 If¢*(G) < oo and (V, 0o) is complete as a metric space, then

n(G) = pna(G). (1.1
Proof First observe that

mB) =2 Y lewal+ Y, lewal = mes(B,(v) = vol,(r).
{u,u}C By (v) {u,u}g By (v)
{u,a}NB, (v)#2
for all v € V and r > 0, which immediately implies ©(G) < pgs(G). Similarly, we also get
m(Byr(v)) < 2mes(By4¢+(v)) (7.8)

for all v € V and r > 0 and hence

log(2vol, *
0g2voly( + ) o

which finishes the proof of (7.7). O

1a(G) < liminf
F—>00

Remark 7.6 A few remarks are in order.

(1) On the one hand, it does not look too surprising that the exponential growth rates for two
Dirichlet forms tg and ty, coincide. In particular this reflects the equivalence (2.37) in the
case of sub-exponential growth rates. However, comparing (7.7) with the fact that there
is no equality between Ao (H) and 1 (h) (see Sect. 2.5), one can conclude that in the case
of an exponential growth of volume balls, (7.5) might not lead to qualified estimates
(and examples of trees and antitrees in the next section confirm this observation).

(ii) Combining (7.7) with Corollary 7.2 we obtain Theorem 4.19 from [25].

8 Examples

In this section we are going to apply our results to certain classes of graphs (trees, antitrees,
and Cayley graphs of finitely generated groups). Let us also recall that we always assume
Hypotheses 2.1-2.3 to be satisfied.

8.1 Trees

Let us first recall some basic notions. A connected graph without non-trivial cycles (i.e.,
cycles of lengths 2) is called a tree. We shall denote trees (both combinatorial and metric)
by 7. Notice that for any two vertices u, v on a tree 7 = (V, E) there is exactly one path P
connecting u and v. A tree 7= (V, E) with a distinguished vertex o € V is called a rooted
tree and o is called the root of . In a rooted tree the vertices can be ordered according to
(combinatorial) spheres. Namely, let d () := d(o, -) be the combinatorial distance to the root
o and S, be the n-th (combinatorial) sphere, i.e., the set of vertices v € V with d(v) = n.
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A vertex in the (n + 1)-th sphere, which is connected to v in the n-th sphere, is called a
forward neighbor of v. In what follows, we define an orientation on a rooted tree according
to combinatorial spheres, that is, for every edge e its initial vertex belongs to the smaller
combinatorial sphere.

We begin with the following simple estimate for rooted trees. According to the choice of
orientation, we get Kcomp(0) = 1 and

#E]) —#(Ey) _ deg(v) —2

Keomb(v) = #(E,T) = deg(v) — 1

for all v € V\{o}. Therefore, K.omp is nonnegative on V if there are no loose ends, that is,
deg(v) # 1 forall v € V\{o}. Let

deg, (V) := ;g‘f/ deg(v), degS™(V) := lirvneivnf deg(v).

Hence we easily get

deg, (V) —2
deg, (V) — 1’

degS** (V) —2

Keomb (T) = W,

Keomb(T) =
and therefore we end up with the following estimate.

Lemma 8.1 Assume 7 is a rooted tree without loose ends. Then

Kcomb(q—)2 ess Kg(s)?nb(T)z
AO(H)Zwv 0 (H)ZW. (8.1)

In particular, .o(H) > 0 if and only if £*(G) < oo and the spectrum of H is purely discrete
if and only if €5 (G) = 0.

Proof The proof immediately follows from Corollary 6.6, Remark 2.9(i) and the fact that the
combinatorial curvature admits the following bound (take also into account Hypothesis 2.3)

< Keomv(7) < 1.

N =

Remark 8.2 A few remarks are in order.

(i) In the case of regular metric trees (these are rooted trees with an additional symmetry—
all the vertices from the same distance sphere have equal degrees as well as all the edges
of the same generation are of the same length), the second claim in Lemma 8.1 was
observed by Solomyak in [61]. In fact, under Hypothesis 2.3, conditions (5.1) and (5.5)
of [61] hold true if and only if, respectively, £*(G) < oo and £%(G) = 0. However,
the case of the Neumann Laplacian is considered in [61], and it follows that criteria for
the positivity and discreteness for the Neumann and Dirichlet Laplacians coincide.

(i) Let us mention that the positivity (however, without estimates) of a combinatorial
isoperimetric constant for the type of trees considered in Lemma 8.1 is known (see
[65, Theorem 10.9])

In the case of trees the estimates (8.1) can be improved, however, instead of providing
these generalizations we are going to consider only one particular case.
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o 01 Vo U3 A U5

Fig.1 Tree with loose ends

Example 8.3 (Bethe lattices) Fix B € Zx3 and consider the combinatorial graph, which is
a rooted tree such that all vertices have degree 8. This type of trees is called Bethe lattices
(also known as Cayley trees or homogeneous trees) and they will be denoted by Tg. Suppose
that the corresponding metric graph is equilateral, that is, |e| = 1 for all e € E. By abusing
the notation, we shall denote the corresponding metric graph by Tg too. Then one computes

Keomb(Tj) = K&y (Tp) = ﬁ—:f i Kp.
Noting that Kg € [1/2, 1) and applying Lemma 8.1, we arrive at the following estimate
A (Tp) = 1o(Tp) = %Ké- (82)
On the other hand, it is straightforward to check that (see, e.g., [20])
a(Tp) =Keomv(Tp) = % aq(Tg) = % (8.3)

In particular, this implies that the equality holds in the second inequality in (4.5). Moreover,
the spectra of both operators H and h can be computed explicitly (see, e.g., [61, Example
6.3] or [20, Theorem 1.14] together with Theorem 2.11) and, in particular,

2B —1
Ao(H) = A5 (H) = arccos? (ﬁT)
Comparing the last equality with the estimate (8.2), one can notice a gap between these
estimates.
Let us mention that

w(Tp) = o(Tp) = us(Tp) = B — 1,

and thus the volume growth estimates (7.5) do not provide a reasonable upper bound for large
values of S. m}

Finally, we would like to mention that the absence of loose ends in Lemma 8.1 is essential
as the next example shows.

Example 8.4 (A “sparse” tree with loose ends) Consider the half-line R as an equilateral
graph with vertices at the integers. Let us write v, for the vertex placed at n € Zx¢. Then,
we will modify this graph by attaching edges to the vertices v, with n > 1. More precisely,
to the j2-th vertex vj2 with j € Z>, we attach 27’ edges and to every other vertex v, with
né¢ {jz}jzl, we attach exactly one edge (see Fig. 1).

Clearly, we end up with a tree graph 7. For simplicity, we shall assume that the corre-
sponding metric graph is equilateral, that is, |e| = 1 for all e € 7. This tree is in a certain
sense sparse and as a result it turns out that
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and hence, by Theorem 7.1,
Ap(H) = A5¥H) = 0.

In fact, it is enough to show that vol,(r) = 1 for all » > 1. Namely, take r > 1 and set
Jjr =14 [(r +1)/2], where |-] is the usual floor function. Since j,2 — (Jr — D2 > r, we
get
2
B 2T 4 2r +2(r — 1
I <voly(r) < inf MSBr®e) _ g 20 4242021
nzjr Bi(v,2) nzjr 2742

1.

It is interesting to mention that in this case u(7) = log(2) > 0. Indeed,

NI Wi
2r — 1+ Z 2K — 1) < vol,(r) = mes(B, (vg)) < 2r — 1 + Z(zk —1)
k=1 k=1

and hence for all r > 1 we get

2WVFI=D? ol (r) < 2WVPPHL

which implies the desired equality. O

8.2 Antitrees

Let G4 = (V, E) be a connected combinatorial graph. Fix a root vertex o € V and then order
the graph with respect to the combinatorial spheres S,,, n € Z>( (notice that Sy = {0}). The
connected graph G is called an antitree if every vertex in S, is connected to every vertex in
Sn+1 and there are no horizontal edges, i.e., there are no edges with all endpoints in the same
sphere (see Fig. 2). Clearly, an antitree is uniquely determined by the sequence s, := #(S;),
ne ZzL

Let us denote antitrees by the letter A and also define the edge orientation according to
the combinatorial ordering, that is, for every edge e its initial edge is the one in the smaller
combinatorial sphere. It turns out that the curvatures of antitrees can be computed explicitly.
Namely, define the following quantities:

L= sup lel, (8.4)
ecEl: ves,
and
Koi=1, Kpgp:=1— " 8.5)
Sn+42
forall n € Z>y.
Lemma 8.5 If A is an antitree, then
Keomb (A) = rllg{) K,, KA = ]Lrgio%f Ky, (8.6)
and
K « K
K(A) = inf —%, K*5(A)= liminf —~. (8.7)
n>0 £, n—oo {,
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¢«- S3

«<----5

Fig.2 Example of an antitree with s,, = n + 1

Proof The proof follows by a direct inspection since Kcomp(v) = K, for all v € S, and
ne Zz(). [m}

Combining Lemma 8.5 with the estimates for the corresponding isoperimetric constants
(e.g., Corollary 6.6), we immediately end up with the estimates for Ao(H) and A5 (H). Let
us demonstrate this by considering two examples.

Example 8.6 (Exponentially growing antitrees) Fix B € Zx> and let Ag be an antitree with
sphere numbers s, = B". Then Ko = 1 and

K,=1-—p72 (8.8)
for all n € Z~1. Hence by Lemma 8.5
1-p72 1
K(A
iy == EEp
and
" — B2
Kesb(Aﬁ) —
CSB(A )
Applying Lemmas 6.1 and 6.5 together with Theorem 3.4 and Lemma 2.8, we get
(1 5—2)2 2
——— < X(H , 8.9
b (Ap? =MW = e (8:9)
and
=827 _ = w?
=Xy (Hp) = (8.10)
d0 (A =0T = i (A

In particular, these bounds imply that the Kirchhoff Laplacian Hg is uniformly positive if and
only if £*(Ag) < oo. Moreover, its spectrum is purely discrete exactly when £ (Ag) = 0
(cf. Corollary 6.6).

Finally, let us compare these estimates with the volume growth estimates under the assump-
tion that the tree is equilateral. In this case,

K(Ag) =K (Ap) =1 — B2
On the other hand,

n—1 ,an _1
mes(By(0)) = Y p*H = p———r,
k=0 pr=1
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and then (7.4) implies that 1 (Ag) = 21og(B). With a little more work one can show that

s (Ap) = (Ap) = 2log(B).

Indeed, it suffices to note that fi, (.A,s) < M(A,g). Moreover, forall x € ¢, ,, where e connects
S, with S,41, n € Z>p we have

mes(B(x)) < mes(B(v)) = " + "2 = " (B> + 1)
and forallr > 2

mes(B,(x)) > mes(B|,|(u)) = mes(Bp+|r|(0)) — mes(By—|r|(0))

n+r]—1 ﬂzlfj 1
> mes(Byy(r)(0)) — mes(By(0)) = Y pHFTI=pt! T
k=n
Thus, we obtain
20
mes(B(v) B g g
voly(r) = in > in = )
xeG mes(B(x)) — n>0 (B2 4+1) B —1

which shows that ,u*(Aﬁ) > 2log(B) and hence we are done.
Notice that the volume growth estimates (7.5) do not provide a reasonable upper bound
for large values of B. O

Example 8.7 (Polynomially growing antitrees) Fix q € Z>1 and let A7 be the antitree with
sphere numbers s, = (n + 1)9, n > 0 (the case g = 1 is depicted on Fig. 2). Then

o n4 o n q_2ﬁ 5
Ki=l-oisg =1 (n+2) =L+ om™). 8.11)

as n — oo. Hence, by Lemma 8.5,
Keomb (Aq) = Kg(s)f-nb (Aq) =0

and

. 1 n 4 ess — lim i 1 " !
k= (- G)') e - (- G)')

n n

Clearly, further analysis heavily depends on the behavior of the sequence {¢,}. Let us
consider one particular case. Fix an s > 0 and assume now that

lel = (n+ 1D~

for each edge e connecting S,, and S,,+1. Let us denote the corresponding Kirchhoff Laplacian
by Hy ;. Itis notdifficult to show by applying Theorem 2.2 that the corresponding pre-minimal
operator is essentially self-adjoint whenever s < g+ 1, however, (V,, 0o) is complete exactly
when s € [0, 1].

Remark 8.8 In our forthcoming publication we shall show that the pre-minimal operator Hy
is essentially self-adjoint exactly when the corresponding metric graph has infinite volume,
that is, when s < 2¢ + 1. Moreover, in the case s > 2¢q + 1, the deficiency indices of Hp are
equal to 1 and one can describe all self-adjoint extensions of Hy.
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Since £, = (n + 1)7* for all n € Z>(, we get

I, s=0
* (A9 =1, A1) = ,
(A%) L3 (A7) = {07 $50
and
0, s €[0,1),
KSS(A7) = Tim (n + 1)° 1—( " )q — {2 s=1 (8.12)
n— 00 n+2 ’ ’ ’
+o0, s> 1.

In the case s = 1, itis easy to show that the sequence {K,, /¢, } is strictly increasing and hence
this is also true for all s > 1. Hence

KA =K@) =1, s=>1.

Moreover, the corresponding isoperimetric constant is given by o (A7) = K(A?) = 1 (to see
this just take the ball B (o) as a subgraph G and then one gets a(A?) < 1, which together
with (6.2) implies the equality).

Next let us compute (A7) assuming that s € [0, 1] (otherwise we can’t apply the result
from Sect. 7). Set

n—1

., se[0, D),
ry, = = +o(1 X 1 s
. Z (= Z<1+k)s (14 0(1)) log(r). s — 1.
asn — oo. Then
n—1 n—1 n2a—s+1
volo(r) = D liskseqr = Y (k+ DI (k +2)7 = ﬁ(l +o(1))
k=0 k=0
as n — oo. Therefore, it is not difficult to show that
log(vol 0, e [0, 1),
HOAD) = o (AD) = lim EVOTn) sel0.D (8.13)

0 T'n 2q, s=1.

Applying Theorem 7.1 together with Lemmas 6.1 and 6.5, we end up with the following
estimates.

Lemma8.9 Assume q € Z>1 and s € R>. Then
MMy ) =25"Hy ) =0 (8.14)
ifand only if s € [0, 1). If s > 1, then the operator H, s is uniformly positive and

¢’ s=1,

8.15
+o0, s> 1. ( )

FNg.

=< }\O(Hq,s) = 772’ eSS(Hq 5) = {

Remark 8.10 The exact value of Ao(Hy ) for s > 1 or at least its asymptotic behavior with
respect to g remains an open problem. O
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8.3 Cayley graphs

Suppose I' is a finitely generated (infinite) group with the set of generators S. The Cayley
graph C(T", S) of T" with respect to S is the vertex set I' and u ~ v exactly when u~'v € S.
This graph is connected, locally finite and regular (deg(v) = #S for all v € I'). We assume
that the unit element o does not belong to the set S (this excludes loops). The lattice Z is the
standard example of a Cayley graph. Notice also that the Bethe lattice T is a Cayley graph
if either S = {a],...,a,glai2 =o0,i=1,...,8lor g =2N and I" = Fy is a free group of
N generators.

It is known that the positivity of a combinatorial isoperimetric constant comp is closely
connected with the amenability of the group I' (this is a variant of Fglner’s criterion, see,
e.g., [65, Proposition 12.4]).

Theorem 8.11 If G; = C(T, S) is the Cayley graph of a finitely generated group T, then
deomb(I") = 0 if and only if T is an amenable group.

Notice that the class of amenable groups contains all Abelian groups, all subgroups of
amenable groups, all solvable groups etc. In turn, the class of non-amenable groups includes
countable discrete groups containing free subgroups of two generators. For further informa-
tion on amenability and Cayley graphs we refer to [47,49,54,55,64,65].

Combining Theorem 8.11 with Corollaries 4.5 and 5.2, we arrive at the following result.

Lemma8.12 Let G4 be a Cayley graph C(T', S) of a finitely generated group T. Also, let
|-]: E— Rogand G = (Gg4, | - |) be a metric graph. Then:

(i) IfT isnon-amenable, then .o(H) > 0ifand only if £*(G) < oco. Moreover, the spectrum
of H is purely discrete if and only if €% (G) = 0.
(ii) If T is amenable, then ho(H) = A5 (H) = 0 whenever £+(G) > 0.

Remark 8.13 (i) If I' is an amenable group, then the analysis of Ao(H) and A5 (H) in the

case £,(G) = 0 remains an open (and, in our opinion, rather complicated) problem.
(i1) The volume growth provides a number of amenability criteria. For example, groups of

polynomial or subexponential growth are amenable. For further results and references
we refer to [55].

(iii) Using a completely different approach, the inequality 1o(H) > 0 was proved recently
in [13, Theorem 4.16] for Cayley graphs of free groups under the additional symmetry
assumption that edges in the same edge orbit have the same length.
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Appendix A. Cheeger’s inequality for discrete Laplacians

LetG; = (V, E) be an (unoriented) graph with countably infinite sets of vertices V and edges
E. Also, assume that Hypothesis 2.1 is satisfied. Let m: V — R.pgand b: V x V — R
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be weight functions such that b(u, v) = b(v, u) for all u, v € V and b(u, v) # 0 only if
u ~ v. In fact, b can be considered as a weight function on the edge set E. Usually, the triple
(V,m, b) is called a weighted graph. With every such a triple one can associate a Laplace
operator defined by the difference expression

(THW) = ﬁ M;b(u, v(f) = fw), veV. (A.1)

Since the graph G is locally finite, t is well defined on the set C.(V') of compactly supported
functions and hence gives rise to a nonnegative symmetric pre-minimal operator in £2(V; m).
Let us denote its Friedrichs extension by h.

The Cheeger inequality for h was proved recently in [5] by using the notion of intrinsic
metrics on graphs (see Theorems 3.1 and 3.3 in [5]). The main aim of this section is to give a
slight improvement to this estimate. Namely, letd: E — R.( be a weight (or edge lengths).
Similar to [5], we shall call d intrinsic on G4 (with respect to m and b) if the following
inequality

Y d@?b(e) < m(v) (A2)

eckE,

holds forallv € V.
For every X C V, we define its boundary edges by

Ey(X) = {e € E| e connects X and V\ X}.

For any U C V, define

d-b)(Ep(X
ag(U) := ;Iclf;/ %, (A3)
X finite

where for X C V,

mX) =Y m@)., @ b)(EyX)= > debe).

veX ecEp(X)
We define the isoperimetric constant with respect to d by
o :=ag(V). (A4)
The isoperimetric constant at infinity is given by

Oess = sup ag(V\X). (A.5)
XcVv
X finite

Theorem A.1 Ifd is an intrinsic weight, then

ess”

1 . 1
2o(h) > Eaz, 2SS (h) > Eaz (A.6)

Remark A.2 As it was already mentioned, the Cheeger estimates for weighted graph Lapla-
cians were proved in [5]. However, the definition of the isoperimetric constants in [5] uses
metrics and hence one has to replace d in (A.3) by the corresponding path metric g4 defined
on V in a standard way

04(u, v) = 7? inf ) D dley_ ) (A7)
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Clearly, g4 is intrinsic (in the sense of [5]) if so is the weight d since
04(u,v) < d(u,v) (A.8)

for all u ~ v. Of course, in certain cases this leads to the same isoperimetric constant (e.g.,
if G4 is a tree), however, for graphs having a lot of non-trivial cycles a construction of an
intrinsic metric becomes a highly nontrivial task, which automatically implies complications
in calculating the corresponding isoperimetric constant. On the other hand, to construct an
intrinsic weight (in the sense of (A.2)) is a rather simple task, in particular, for the weighted
Laplacian (2.29) (see Remark A.4).

The proof of Theorem A.1 is literally the same as of Theorem 3.1 and Theorem 3.3 from
[5], however, we shall give it below for the sake of completeness.

Lemma A.3 (Co-area formulae) Let m and d be weight functions on V and E, respectively.
Forany f: V. — Rxpandt >0, let Q; := Q;(f) ={v € V| f(v) > t}. Then

> fm@) = / m(Sy) dt, (A.9)
veV 0

Y d(e)| f(er) — fleo)| = /0 d(Ep()) dt, (A.10)
ecE

where the value +00 on both sides of the equation is allowed.

Proof For an interval I € R, let 1;(-) be its indicator function. Then

f) 00
D fm@) =) m) /0 dt =Y " m(v) /0 Ljo, oy (1) dt

veV veV veV

:/0 Zm(u)nlo,m))(z)dt:/o Zm(v)dt:/o m(y) dr.

veV ve2;

For every e € E, put I, := [min{ f(ep), f(e;)}, max{f(ep), f(e;)}) C R. We havet € [, if
and only if e € E(2;). Hence

Sd@f(e) — flenl =Y de [ ar=

ecE ecE

:/ooZd(e)]lle(t) dt:/oo > de) dt:/ood(Eh(Q,)) dr.
0 0 0

ecE ecEp(2)

> de) foo 1;,(t) dt
0

ecE

[m}

Proof of Theorem A.1 We start by proving the first estimate in (A.6). The Rayleigh quotient
implies that it suffices to show that

2tnlul = & llulfagy (A1)

holds for all real-valued u with finite support, where

tnlu] = (e, 1) 2y ) = Y b(@)|ule;) — uleo)|”

eckE
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is the corresponding quadratic form. Let us now exploit Lemma A.3 with f := u?. Notice
that the set €2; is finite for all # > 0 and hence by (A.3) and (A.4) we have (d - b) (Ep(€2;)) >
a m(S2;) for all t > 0. Therefore we get from the co-area formulas

o0
o ||u||%2(v,m) =a ) u@®’m@) = cx/O m(S2) dt

veV

< /O (d - b)(Ep(Q)) dit =y d(e)b(e)|u(ei)* — u(eo)’|

eck
= Y Vb@luler) = uleo)| - d(e)V/b(e)lule;) +uleo)]
ecE
2
= tlul' (D d(e)?bie) uien) + u(eo))2>l/

eck

by employing the Cauchy—Schwarz inequality in the last step. On the other hand,

> " d(e)*be)(uer) +uleo))* <2 d(e)*ble)(ule;)* + uleo)?)

eckE eckE
=2 u@?’ Y d@’be) < 2lullfy -
veV eckE,

where we used (A.2) in the last step.

To get the second inequality, assume X C V finite. Let P denote the orthogonal projection
onto the subspace of functions vanishing on X. Then hy\x := PhP with dom(hy\x) =
dom(h) is a relatively compact perturbation of h. Thus we have

. . t
A M) = A5 (v x) = do(hy ) = inf P
w0 Jlull g2 (v my

where the infimum is taken over all real-valued u with finite support which vanish on X. For
such u, note that €,(f) is contained in V\ X. Hence (A.11) is valid with «(V'\ X) instead of
a. Then 2A§*(h) > a(V\X )2 and the second estimate follows. O

Remark A.4 For the difference expression 7g defined in Sect. 2.5, the function m is given
by (2.10) and the edge weight b is defined by b(e) := 1/|e| for all ¢ € E. Hence setting
d(e) := |e| for e € E, we conclude that | - | is intrinsic in the sense of (A.2) since

1
Y d@’b@) =) lelP— =) lel =m()
eckE, ecE, |€| eckE,

for all v € V. Moreover, in this case we have

1
(d-b)Epy(X) = Y d(eble)= Y le|— =#EpX)),

ecE |e|
»(X) ecEp(X)

and hence (A.4) and (A.5) coincide with (4.2) and (4.3), respectively. In particular, Theorem
A.1 implies the estimate (4.4).

@ Springer



15 Page 38 0f 40 A. Kostenko, N. Nicolussi
References
1. Alon, N.: Eigenvalues and expanders. Combinatorica 6(2), 83-96 (1986)
2. Alon, N., Milman, V.D.: 11, isoperimetric inequalities for graphs, and superconcentrators. J. Comb.
Theory Ser. B 38, 73-88 (1985)
3. Ariturk, S.: Eigenvalue estimates on quantum graphs. Preprint arXiv:1609.07471 (2016)
4. Band, R., Lévy, G.: Quantum graphs which optimize the spectral gap. Ann. Henri Poincaré 18(10),
3269-3323 (2017)
5. Bauer, F, Keller, M., Wojciechowski, R.K.: Cheeger inequalities for unbounded graph Laplacians. J. Eur.
Math. Soc. 17, 259-271 (2015)
6. Brooks, R.: A relation between growth and the spectrum of the Laplacian. Math. Z. 178, 501-508 (1981)
7. Berkolaiko, G., Kennedy, J.B., Kurasov, P., Mugnolo, D.: Edge connectivity and the spectral gap of
combinatorial and quantum graphs. J. Phys. A Math. Gen. 50, 29 (2017)
8. Berkolaiko, G., Carlson, R., Fulling, S., Kuchment, P.: Quantum Graphs and Their Applications. Con-
temporary Mathematics, vol. 415. American Mathematical Society, Providence (2006)
9. Berkolaiko, G., Kuchment, P.: Introduction to Quantum Graphs. American Mathematical Society, Provi-
dence (2013)

10. Briining, J., Geyler, V., Pankrashkin, K.: Spectra of self-adjoint extensions and applications to solvable
Schrodinger operators. Rev. Math. Phys. 20, 1-70 (2008)

11. Buser, P.: A note on the isoperimetric constant. Ann. Sci. Ecole Norm. Supér. 15, 213-230 (1982)

12. Carlson, R.: Dirichlet to Neumann maps for infinite quantum graphs. Netw. Heterog. Media 7(3), 483-501
(2012)

13. Carlson, R.: Quantum Cayley graphs for free groups. J. Spectr. Theory 7(3), 907-937 (2017)

14. Cattaneo, C.: The spectrum of the continuous Laplacian on a graph. Monatsh. Math. 124(3), 215-235
(1997)

15. Cheeger, J.: A lower bound for the smallest eigenvalue of the Laplacian. In: Problems in Analysis, pp.
195-199. Princeton University Press, Princeton, NJ (1970)

16. Colin de Verdiére, Y.: Spectres de Graphes. Société Mathématique de France, Paris (1998)

17. Cycon, H.L., Froese, R.G., Kirsch, W., Simon, B.: Schrodinger Operators with Applications to Quantum
Mechanics and Global Geometry. Texts and Monographs in Physics, 2nd edn. Springer, Berlin (2008)

18. Davidoff, G., Sarnak, P., Valette, A.: Elementary Number Theory. Group Theory and Ramanujan Graphs.
Cambridge University Press, Cambridge (2003)

19. Dodziuk, J.: Difference equations, isoperimetric inequality and transience of certain random walks. Trans.
Am. Math. Soc. 284, 787-794 (1984)

20. Dodziuk, J., Karp, L.: Spectral and function theory for combinatorial Laplacians. In: Geometry of Random
Motion, Contemporary Mathematics, vol. 73, pp. 25-40. American Mathematical Society, Providence
(1988) (Ithaca, N.Y., 1987)

21. Dodziuk, J., Kendall, W.S.: Combinatorial Laplacians and isoperimetric inequality. In: Elworthy, K.D.
(ed.) From Local Times to Global Geometry, Control and Physics (Coventry, 1984/85). Pitman Research
Notes in Mathematics Series, vol. 150, pp. 68—74. Longman Science and Technology, Harlow (1986)

22. Donnelly, H., Li, P.: Pure point spectrum and negative curvature for noncompact manifolds. Duke Math.
J. 46(3), 497-503 (1979)

23. Exner, P.: A duality between Schrodinger operators on graphs and certain Jacobi matrices. Ann. Inst. H.
Poincaré 66, 359-371 (1997)

24. Exner, P, Keating, J. P., Kuchment, P., Sunada, T., Teplyaev, A.: Analysis on graphs and its applications.
In: Proceedings of Symposia in Pure Mathematics, vol. 77. American Mathematical Society, Providence
(2008)

25. Exner, P., Kostenko, A., Malamud, M., Neidhardt, H.: Spectral theory of infinite quantum graphs. Ann.
Henri Poincaré 19(11), 3457-3510 (2018)

26. Fiedler, M.: Algebraic connectivity of graphs. Czech. Math. J. 23(2), 298-305 (1973)

27. Folz, M.: Volume growth and spectrum for general graph Laplacians. Math. Z. 276, 115-131 (2014)

28. Frank, R.L., Lenz, D., Wingert, D.: Intrinsic metrics for non-local symmetric Dirichlet forms and appli-
cations to spectral theory. J. Funct. Anal. 266, 4765—4808 (2014)

29. Fukushima, M., Oshima, Y., Takeda, M.: Dirichlet Forms and Symmetric Markov Processes, 2nd edn. De
Gruyter, Berlin (2010)

30. Fujiwara, K.: The Laplacian on rapidly branching trees. Duke. Math. J. 83(1), 191-202 (1996)

31. Garnett, J.B.: Bounded Analytic Functions. Springer, Berlin (2007)

32. Glazman, I.M.: Direct Methods of Qualitative Spectral Analysis of Singular Differential Operators. Daniel

Davey, New York (1965)

@ Springer


http://arxiv.org/abs/1609.07471

Spectral estimates for infinite quantum graphs Page390f40 15

33.

34.

3s.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.
49.

50.
SI.
52.
53.
54.
55.
56.

57.

58.

59.

60.

61.

62.

Haeseler, S., Keller, M., Wojciechowski, R.: Volume growth and bounds for the essential spectrum for
Dirichlet forms. J. Lond. Math. Soc. 88, 883-898 (2013)

Hoory, S., Linial, N., Wigderson, A.: Expander graphs and their applications. Bull. Am. Math. Soc. 43(4),
439-561 (2006)

Huang, X., Keller, M., Masamune, J., Wojciechowski, R.: A note on self-adjoint extensions of the Lapla-
cian on weighted graphs. J. Funct. Anal. 265, 15561578 (2013)

Kaibel, V.: On, : the expansion of graphs of 0/ 1-polytopes. In: Grotschel, M. (ed.) The Sharpest Cut: The
Impact of Manfred Padberg and his Work. In: MPS-SIAM Series on Optimization, vol. 4, pp. 199-216.,
SIAM, Philadelphia (2004)

Keller, M., Lenz, D., Schmidt, M., Schwarz, M.: Boundary representation of Dirichlet forms on discrete
spaces. Preprint arXiv:1711.08304 (2017)

Keller, M., Lenz, D., Wojciechowski, R.K.: Volume growth, spectrum and stochastic completeness of
infinite graphs. Math. Z. 274, 905-932 (2013)

Keller, M., Mugnolo, D.: General Cheeger inequalities for p-Laplacians on graphs. Nonlinear Anal. 147,
80-95 (2016)

Kennedy, J.B., Mugnolo, D.: The Cheeger constant of a quantum graph. Proc. Appl. Math. Mech. 16,
875-876 (2016)

Kennedy, J.B., Kurasov, P., Malenova, G., Mugnolo, D.: On the spectral gap of a quantum graph. Ann.
Henri Poincaré 17, 2439-2473 (2016)

Kostenko, A., Malamud, M.: 1-D Schrodinger operators with local point interactions on a discrete set. J.
Differ. Equ. 249, 253-304 (2010)

Kostenko, A., Malamud, M., Neidhardt, H., Exner, P.: Infinite quantum graphs. Doklady Akad. Nauk
472(3), 253-258 (2017). [English transl. in: Doklady Math. 95(1), 31-36 (2017)]

Kurasov, P., Naboko, S.: Rayleigh estimates for differential operators on graphs. J. Spectr. Theory 4(2),
211-219 (2014)

Lenz, D., Pankrashkin, K.: New relations between discrete and continuous transition operators on (metric)
graphs. Integr. Equ. Oper. Theory 84, 151-181 (2016)

Lubotzky, A.: Expander graphs in pure and applied mathematics. Bull. Am. Math. Soc. 49(1), 113-162
(2012)

Meier, J.: Groups, Graphs and Trees: An Introduction to the Geometry of Infinite Groups. London Math-
ematical Society Student Texts, vol. 73. Cambridge University Press, New York (2008)

Mohar, B.: Isoperimetric numbers of graphs. J. Comb. Theory B 47, 274-291 (1989)

Mohar, B.: Some relations between analytic and geometric properties of infinite graphs. Discrete Math.
95, 193-219 (1991)

Nicaise, S.: Spectre des réseaux topologiques finis. Bull. Sci. Math. IT Sér. 111, 401413 (1987)
Notarantonio, L.: Growth and spectrum of diffusions. Preprint arXiv:math/9806002v1 (1998)
Pankrashkin, K.: Unitary dimension reduction for a class of self-adjoint extensions with applications to
graph-like structures. J. Math. Anal. Appl. 396, 640-655 (2012)

Pankrashkin, K.: An example of unitary equivalence between self-adjoint extensions and their parameters.
J. Funct. Anal. 265, 2910-2936 (2013)

Pier, J.P.: Amenable Locally Compact Groups. Wiley, New York (1984)

Pittet, Ch., Saloff-Coste, L.: A survey on the relationships between volume growth, isoperimetry, and the
behavior of simple random walk on Cayley graphs, with examples. Preprint. http://www.math.cornell.
edu/%7Elsc/surv.ps.gz (2001)

Post, O.: Spectral analysis of metric graphs and related spaces. In: Arzhantseva, G., Valette, A. (eds.) Limits
of Graphs in Group Theory and Computer Science, pp. 109-140. Presses Polytechniques et Universitaires
Romandes, Lausanne (2009)

Post, O.: Spectral Analysis on Graph-Like Spaces. Lecture Notes in Mathematics, vol. 2039. Springer,
Berlin (2012)

Rohleder, J.: Eigenvalue estimates for the Laplacian on a metric tree. Proc. Am. Math. Soc. 145, 2119—
2129 (2017)

Sard, A.: The measure of the critical values of differentiable maps. Bull. Am. Math. Soc. 48, 883-890
(1942)

Solomyak, M.: Laplace and Schrodinger operators on regular metric trees: the discrete spectrum case. In:
Haroske, D., et al. (eds.) Function Spaces, Differential Operators, Nonlinear Analysis-The Hans Triebel
Anniversary Volume, pp. 161-182. Birkhaiiser, Basel (2003)

Solomyak, M.: On the spectrum of the Laplacian on regular metric trees. Waves Random Media 14,
S155-S171 (2004)

Sturm, K.-T.: Analysis on local Dirichlet spaces I. Recurrence, conservativeness and L”-Liouville prop-
erties. J. Reine Angew. Math. 456, 173-196 (1994)

@ Springer


http://arxiv.org/abs/1711.08304
http://arxiv.org/abs/math/9806002v1
http://www.math.cornell.edu/%7Elsc/surv.ps.gz
http://www.math.cornell.edu/%7Elsc/surv.ps.gz

Page 40 of 40 A. Kostenko, N. Nicolussi

63.

64.

65.

von Below, J.: A characteristic equation associated to an eigenvalue problem on c2-networks. Linear
Algebra Appl. 71, 309-325 (1985)

Wagon, S.: The Banach-Tarski Paradox. Encyclopedia of Mathematics, vol. vol, p. 24. Cambridge Uni-
versity Press, Cambridge (1985)

Woess, W.: Random Walks on Infinite Graphs and Groups. Cambridge University Press, Cambridge
(2000)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Spectral estimates for infinite quantum graphs
	Abstract
	1 Introduction
	2 Quantum graphs
	2.1 Combinatorial and metric graphs
	2.2 Kirchhoff's Laplacian
	2.3 Self-adjointness
	2.4 Quadratic forms
	2.5 Connection with the difference Laplacian

	3 The Cheeger-type bound
	4 Connections with discrete isoperimetric constants
	5 Upper bounds via the isoperimetric constant
	6 Bounds by curvature
	7 Growth volume estimates
	8 Examples
	8.1 Trees
	8.2 Antitrees
	8.3 Cayley graphs

	Acknowledgements
	Appendix A. Cheeger's inequality for discrete Laplacians
	References




