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Abstract

We show that on a compact Riemannian manifold (M, g), nodal sets of linear combinations
of any p + 1 smooth functions form an admissible p-sweepout provided these linear com-
binations have uniformly bounded vanishing order. This applies in particular to finite linear
combinations of Laplace eigenfunctions. As a result, we obtain a new proof of the Gromov,
Guth, Marques—Neves upper bounds on the min—max p-widths of M. We also prove that
close to a point at which a smooth function on R”*! vanishes to order k, its nodal set is
contained in the union of k W!-? graphs for some p > 1. This implies that the nodal set
is locally countably n-rectifiable and has locally finite H" measure, facts which also follow
from a previous result of Bér. Finally, we prove the continuity of the Hausdorff measure of
nodal sets under heat flow.

Mathematics Subject Classification 9Q05 - 35P20

1 Introduction

This article concerns the regularity of nodal sets in families of smooth functions with finite
vanishing order. Our motivation comes in part from the work of Marques—Neves [22], who use
admissible p-sweepouts in a compact Riemannian manifold (M, g) to prove the existence
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of infinitely many closed minimal hypersurfaces if M has positive Ricci curvature. Each
admissible p-sweepout is essentially a p-dimensional family of co-dimension 1 cycles in
M (see Sect. 4.1), and the associated min—max p-widths w,(M) (see Theorem 3) can be
thought of as giving a non-linear version of the spectrum of the Laplacian. An analogy like
this was first proposed by Gromov in [11].

Marques—Neves suggested in [22, Sect. 9] that one might push this analogy further by
considering p-sweepouts formed from the nodal sets of linear combinations of Laplace
eigenfunctions. However, it was not clear at the time that a p-dimensional family of cycles
defined in this way would satisfy the technical conditions needed to be admissible as a
p-sweepout. In Theorem 2 we provide a general construction of admissible p-sweepouts
from the nodal sets of families of smooth functions that have uniformly bounded vanishing
order. Our construction applies in particular to finite linear combinations of eigenfunctions.
Theorem 2 also yields a new proof of the Weyl-type upper bounds on the p-widths w,,(M).

To view a family of nodal sets as an admissible p-sweepout, one must control the extent
to which the nodal sets can concentrate in small balls in M (see Sect. 4.1). Estimates that
provide this control follow both from the new general W -7 regularity result that we present
here, Theorem 1, and from previous work of Bir [2] (see Proposition 1). Both Theorem 1
and Proposition 1 imply that near a point of finite vanishing order, the nodal set of a smooth
function on R"*! is countably n-rectifiable and has locally finite " measure (see Sects. 2, 3).
They also allow us to study in Sect. 1.3 the evolution of nodal sets for families

{e_’Agu} TS LZ(M,g)

t>0"

under heat flow.

1.1 Regularity and measure of nodal sets for families of smooth functions

By a result of Whitney [26], every closed subset of R"*! is the nodal set Zy = F~L0)
of some smooth real-valued function f. This means that, in general, Z y can be arbitrarily
irregular. Constraints on the derivatives of f restrict the possible behavior of Z y, however.
For example, if f(x) = 0 and V f(x) # 0, then, by the implicit function theorem, Z is a
smooth manifold near x.

Solutions of elliptic or parabolic PDEs satisfy more sophisticated constraints that allow
for quantitative estimates on Hausdorff measures of nodal and singular sets. Early results in
this setting are due to Carleman [3], who established finite vanishing order for solutions to
second order elliptic equations. His method strongly influenced later work. Further devel-
opments of particular note include the work of Garafalo—Lin [9,10] on elliptic equations
and Lin [16] for parabolic equations, with the strongest quantitative results by Hardt—Simon
[13], Donnelly—Fefferman [4], Naber—Valtorta [24], and recently Logunov [19,20], Logunov—
Malinnikova [18].

We are concerned here, however, with what can be about Z ¢ if f vanishes to finite order
but does not necessarily satisfy a PDE. Lin showed in [17] that such functions include finite
linear combinations of Laplace eigenfunctions (alternative proofs were given by Donnelly
[6] and Jerison—Lebeau [15]). Jerison—Kenig [14] also obtained similar statements about
solutions to certain differential inequalities.

Throughout, f is a smooth function. Therefore, it has finite vanishing order in an open set
U < R"lif foreach x € U there exists a multi-index o for which D f (x) # 0.If |a| = y,
and D? f (x) = 0 for all multi-indices 8 with |8] < y, then f is said to have vanishing order
y at x. The following was shown by Bir:
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Proposition 1 ([2], Lemma 3) Let f : R"*! — R be smooth and suppose that f vanishes to
ordery atxg € R"1. Thenthereisr > 0and a hyperplane P C R"*! such that Z £ N By (xp)
is contained in the union of countably many graphs of smooth real-valued functions from
P N Bi(xg) 1o PL. Moreover, we can estimate the Hausdorff measure of the nodal set by

H'(Zf 0 By (x0) < (n + 12" yr"
forallr <.

The radius 7 in Proposition 1 can be chosen uniformly over 6 € © for families
fO() = F(x,0) (1.1)

where F € C*®°(U x ©), the set © is a finite-dimensional compact smooth manifold (possibly
with boundary), and U € R**! is open. Denoting by I',, the graph of a function u, we obtain
the following regularity result.

Theorem 1 Let f9 be as in (1.1) and suppose that the vanishing order of f% at xo € U is
y < o0. Then there is p > 1, a ball B;(xo) about xo, a neighbourhood Vg, of 0y, and a
hyperplane P C R"*! such that

y
{f(? =0} N Bj(xp) C U Ffl_e forevery 6 € Vy,,

i=1

where the functions fig belong to WP (P, PL) for 6 e Vo, i =1,...,y and

s [ <o

,,,,,

Our proof of Theorem 1, which does not rely on Proposition 1, is given in Sect. 2.2. The
main technical input is the work of Partisinski—Rainer [25, Theorem 3.5] on the regularity
of roots of smooth families of polynomials (see Theorem 5). The W7 regularity is optimal
if one is given a continuous parametrization of the nodal set of a smooth function over a
given hyperplane (e.g. f(x,y) = y? — x for some ¢ > 1 and the hyperplane {y = 0}). It is
possible that one could make a ‘good’ choice of hyperplane and establish better regularity
of the functions fi".

1.2 Nodal sets as p-sweepouts

As part of an analogy suggested by Gromov [11] between the min—-max p-widths w, (M) of a
compact Riemannian manifold (M, g) (see [22, Definition 4.3] or [12, Appendix 3]) and the
eigenvalues of the Laplacian Ag, Marques and Neves proposed in [22, Section 9] studying
p-sweepouts given by nodal sets of linear combinations of eigenfunctions. We show here that
one can indeed construct admissible p-sweepouts in this way (in the sense of [22, Sect. 4.2]).
In fact, we prove the following stronger result:

Theorem 2 Let (M"*!, g) be a smooth, compact Riemannian manifold and suppose that
Jos oo, fp € C®(M,R) satisfy the following property: There exists y > 0 such that for
every xo € M and every (0o, ...,0p) € RPHI\{0}, the vanishing order of 6o fo + - - - +0,fp
at xq is at most y. Then the map
® : RPP — Z,(M,Zp)
[6o:---:0p]— d{bofo+---+0,f <0}
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is an admissible p-sweepout.

Here, Z, (M, Z,) is the space of mod 2 flat n-cycles in M (see [7, p. 423]). For the proof see
Sect. 4.3. Let us write

Ag(pj:)”i(pj» O0=A <Al <Ap <.+ S 00

for the eigenvalues and eigenfunctions of the Laplacian (with multiplicity). As mentioned
above, that non-zero finite linear combinations of the eigenfunctions have finite vanishing
order was first proved in [17, Theorem 4.2] and later by different methods in [15, Theo-
rem 14.10] and [6, Theorem 4.1]. Thus Theorem 2 applies to linear combinations of the
eigenfunctions ¢;. In the context of p-sweepouts, it is therefore natural to define

¢p(M) := sup M(3{bpgo +---+ 0,9, <0}),
0eRPP
where M denotes the mass of an element in Z,,(M, Z/2). Combining the Weyl-type lower
bounds on w, (M) [11, Sect. 4.2], [12, Sect. 3] and Theorem 2 gives

1

cpntl <wp(M) < ¢,(M) < sup H'({Bopo + -+~ +6p0, = O0}). (1.2)
HcRPP
To see the last inequality, we use that if f is a function of finite vanishing order, then
M@ {f < 0}) is simply the Hausdorff measure H" (3 { f < 0}) of the topological boundary
of {f < 0}. Notice that the linear combination of eigenfunctions f(x1,x2) = 1 + cos(xy)
on the two-torus T = R2 / (27 7)? satisfies

M@{f <0}) =0 <H'({f =0}) =27.

That is, for a general linear combination of eigenfunctions the mass of the associated mod
2 flat chain can be strictly less than the measure of the nodal set because the nodal set can
have a large singular part. However, it is not known if the third inequality in (1.2) can in fact
be strict.

Marques and Neves also raise the question of understanding the exact asymptotic rela-
tionship between w, (M) and ¢ ,(M) as p — oo. Their “asymptotic optimality” conjecture
is that ¢ ,(M)/wp (M) tends to 1.

In the course of proving Theorem 2, we establish the following:

Corollary 1 Let (M" ™!, g) be a smooth, compact Riemannian manifold and let {o; };’.‘;1 be an

orthonormal basis for L*(M, g) consisting of real-valued eigenfunctions of the Laplacian.
The map
® : RP® — Z,(M,7Z»)
[6p:---:0,:0:0:---T 3{Oppo + O191 +---+ 0,0, < 0}

is a weak homotopy equivalence.

Corollary 1 is proved in Sect. 4.4. Finally, we provide a new proof, given in Sect. 4.5, of
the Weyl-type upper bounds on the min—max p-widths w, (M) of a compact smooth manifold
M, originally established by Guth in [12, Theorem 1] when M is a closed unit ball and for
more general compact manifolds by Marques—Neves in [22, Theorem 5.1]. Our argument is
similar to the one outlined by Gromov in [11, Sect. 4.2B].
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Theorem 3 [11,12,22] Let M be a compact smooth manifold M without boundary, and define
the min—max p-width w,(M) by

wp(M) = q)inf sup M(®(x)),

€Fp xeX

where the infimum is over admissible p-sweepouts ® : X — Z,(M, Z3). Then,

1

wp(M) < C - pr.

1.3 Nodal sets under heat flow

Given a function v € L2(M), write
o
UZZCj(pj, Cj Elz(N).
j=0
For each € > 0, define N, (v) : L2 (M) — [—00, 00] by
o0
Ne() =log | Y cie™ | (1.3)
j=0

It follows from both [17, Theorem 4.3] and [15, Theorem 14.10] that if N¢(v) is finite for
some € > 0, then v has finite vanishing order, bounded by an explicit function of N, (v).
Therefore, Theorem 1 also applies to certain infinite linear combinations of eigenfunctions.
Let, for instance, u : M x Ry — R solve the heat equation

(0 + Ag) ulx, 1) =0 (1.4)

with initial data u(x, 0) = ug(x) € LE(M). Suppose that N (#p) < oo for some € > 0.
Writing ¢ = IT;, uo for the first non-zero eigenspace projection of up, and changing the
time variable from ¢ to 6 = % arctan(t), we define f (%) by

e~ M an®7/2),, (x, tan(01/2)), 0 cl0,1)
v (x), 6=1

It follows from writing £?(x) as a Fourier series that F(x, 8) := f?(x) € C®(M x [0, 1]).
Setting ® = [0, 1], it is easy to see that f9 (x) satisfies

sup inf N, (fe) < 00, (1.5)
0 >0

o=

since N¢(ug) < oo for some € > 0. Therefore, there exists C > 0 so that

supH'({x € M :u(x,t) =0}) <C. (1.6)

t>0

It is natural to compare the nodal set Zy = { f O(x) = 0} as & — 1 with the nodal set of
Y (x) = limg_ f?(x). We do this with the help of Corollary 2, which follows from either
Theorem 1 or Proposition 1. We write

Sing; == {x € U | f(x) =0, V.f(x) = 0}

for the singular set of a smooth function.
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Corollary 2 Let U be an open subset of R*™*!. Fix f € C®(U, R) with finite vanishing order
on U. Suppose F € C®°(U x [0, 1)) with f9(-) := F(-,0) for® € [0, 1]1and f' = f. Then,
Sfor any compact K C U with H" (K N Sing ) = 0, we have

lim H"(Z ;0 N K) = H"(Zy N K).
0—1
Corollary 2, which we will prove in Sect. 3 follows from the implicit function theorem
if Sing, = # but otherwise is non-trivial. In general, H"(Z ) is neither lower nor upper
semi-continuous as a function of f.

Corollary 2 applies to the function u(x, t) satisfying (1.4). Indeed, note that by [13,
Theorem 1.7], since v is an eigenfunction, we have H L (Sing,/,) < 00. Hence,

lim H'(Zu(.)) = H'(Zy). (1.7)
—00

2 WP regularity for nodal sets

In this section, we prove Theorem 1. We begin by recalling some results and outlining the
proof in Sect. 2.1. We give the full argument in Sect. 2.2.

2.1 Outline of the Proof of Theorem 1 and background

Our proof of Theorem 1 has three steps. The first is to apply the Malgrange preparation
theorem ([21]; or see [23] or [8, Chapter IV Sect. 2] for later proofs).

Theorem 4 (Malgrange; [21]) Let U be an open subset in R" ! and suppose that f € C®(U)
satisfies

J ok
_ F(0)=0 Vj<k—1 and £(0) £ 0. @.1)
8xé+1 8"5+1

Then there exists an open neighborhood U of 0, a non-vanishing smooth function c € C* (0)

and smooth functions aj € C*®°({x,41 = 0} N U) for j =0,...,k—1, such that (writing
X =(x1,...,%xy,0)) we have

) = (0 (¥ + a1 O]+ ao(®) 22)
inU.

This theorem (which is also used in the proof of Proposition 1) will allow us to deduce
that close to a point at which a smooth function has finite vanishing order, the nodal set
is described by the real roots of a smooth family of polynomials. The second step in our
proof comes from the work of De Lellis—Grisanti—Tilli [5] about continuous selections of
Q—valued functions:

Proposition 2 (Theorem 1.2 of [5]) Let f : [a, b] — Q,(R") be a Cka Q-valued function.
Then there exist functions g; : [a, b] — R" such that g; € Ck""([a, bl) and the Q—tuple
{f(x)} coincides with {g; (x)}l.Q:1 for every x.

Proposition 3 (Theorem 5.1 of [5]) Let A C R™. If f : A — Qo (R) is continuous, then
there exist continuous functions g; : A — R for1 <i < Q such that f(x) = Zigzl[[g,- 1
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Given such a continuous selection, the third step, which is the key technical ingredient
to our argument, is the recent work [25] of Parusifiski and Rainer on the regularity of a
continuous parametrization of the roots for such a family.

Theorem 5 (Theorem 3.5 of [25]) Fix k € N. There exists p = p(k) > 1 such that the
following is true. Let I C R be a compact interval and let { Py, },c N, for some indexing set
N, denote a family of monic polynomials

Pa,iy(X) = X* +ap i1 OX - a1 (DX + ay (). (2.3)
witha, j € C*®°(I;C) forallve N, j=0,...,k—1. Let
E:={A € CO(I; C) : Py, (Xy) = 0o0n I for some v € N}. 24

Then, the distributional derivative of each A j is a measurable function on I with A/J. e Li(1)

foreveryq € [1, p).andif{a,, j}j—o,...k—1; veN is boundedin CL(I; C) for some sufficiently
large L, then E is bounded in W4 (I; C) for every q € [1, p).

2.2 Proof of Theorem 1

The following Lemma reduces Theorem 1 to a local statement in which we can apply the
regularity of roots result given in Theorem 5.

Lemma 1 (Reduction to polynomials with smoothly varying coefficients) Let K C U be
compact. There exist R, > 0, finitely many points (x;,0;) € K x ©, as well as coordinate
patches U; = {y1, ..., yn, t} and V; centered at x;, 6; with the following property. For every
(x,0) € K x ©, either Zpo N B(x,7) = @ for every 6 or there exists i so that for every
p€(0,7)

Bp(x) cC, 2.5)

where C = (=R, R)"*! is an open cube centered at the origin in U;. Moreover, in each
coordinate patch U; x V;, there exists Q < y and smooth functions ay(y, 0) so that

Zf9|U,'><V,‘ = ZP9

with

0-1

Py, =12+ ) ta,(y.0). (2.6)

q=0
Proof Write Zx = {(x,0) € K x ®] f(x,0) =0}. For every (x,0) € Zg, we com-
bine the finite vanishing assumption on f? with Malgrange preparation (Theorem 4). This
yields the existence of r = r(x,6) > 0, O < y, coordinates patches U = U(x,0) =
{vi, ..., yn, 1,0}, V.= V(x,0) centered at x, #, and smooth functions

ag: (=R, R)"xV =R, c¢:(—R,R""'xV >R
in these coordinates so that ¢ is non-vanishing and
f,1,0)=c(y,1,0)- P’(y,1) Q2.7)

with P? as in (2.6). This means that the zero set of f 9 restricted to C x V coincides with that
of P?. The proof is completed by applying the Lebesgue number lemma to the covering of
7 (Z k) by the collection of coordinate cubes C, where 7 : Zx — K is the natural projection.

O
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Lemma 1 reduces Theorem 1 to the case when f9 = PY%andthesetU isC = (=R, R)"t1.
Letus denote 2 := CN{¢ = 0}. The Q complex roots of a degree Q polynomial depend con-
tinuously on the coefficients, which means that there exists a continuous Q-valued function
R € C%Q x ©, Ag(C)) such that

Ry.0)= > [ (2.8)

t:P(y,t,0)=0
We will write R?(y) = R(y, 0) and define R?(y) := Re (R%(y)) . By Proposition 3, there
exist continuous single-valued functions R? (MN:Q2xO > {r=01L~Rforl <j <0,

with the property that for every y € Q we have RY (y) = Z,'Qzl [[R? (»)]- Hence,

0
j=l1

where I'y denotes the graph of g. We now check that each R? belongs to W17 () for some
p > 1

To see this, fix i € {1, ..., n}and let £; denote the set of lines parallel to the y;-axis that
intersect €2. Proposition 2 implies that for any line L € £;, there exist continuous functions
R?»L eCO(LNQ) xV,C)forj=1,...,0 such that for every (y,0) € (LN Q) x V we

have
(¢

YR = Y [ (2.10)

j=1 t:P(y,t,0)=0
In order to apply Theorem 5, set A" = V x £;, I := [—R, R]and define g 1), ; € C*(I, C)
to be the restriction of a; (-, 8) to L:
ae,L,j(s) =aj(se;, 0),

where e; is the ith standard basis vector. Notice that {d, 1), j}©,1)eN; j=0,..,0—1 is bounded
in C¥(I, C) for every k. Thus by Theorem 5 and the fact that i was arbitrary, there exists
p > 1 and a constant C > 0 such that

2.11)

sup Ox; Rf-’ L ‘

I<izn,1<j=<Q

0eV, LeLl;

<
LP(LNQ)

The same therefore holds with R?’ ;. Teplaced by its real part. Hence,

0 0
8729.’ ML .RQ‘ = |ouRe (R )’ 2.12
il e wne) = ; I e ene) ; wRe (L LP(LORQ) (2.12)
since for every y € L N Q the O-tuple (Re (Rf L(y)) s RHQ L(y)) is a permutation of

(Rf (67 RQQ (y)). Combining this with (2.11) and Fubini’s Theorem, we deduce that

p
sup / 0, R’ (x)‘ dx < oo. (2.13)
l<i=n,1<j=<0JQ
eV
This shows that R(; e WIP(Q x ©) and completes the proof of Theorem 1. O
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3 Non-concentration of nodal sets and Proof of Corollary 2

The following result gives an estimate on the extent to which the nodal set of a smooth
function can concentrate near a lower dimensional set.

Proposition 4 Let U be an open subset of R"™*! and let ® be a smooth, compact manifold,
possibly with boundary. Consider F € C*®(U x ®), and suppose there exists y > 0 such
that for every 0 € © and x € U, the vanishing order of f := F (-, 0) at x is at most y. Fix
compact sets K C U and E C R""! with E being m—rectifiable for some m < n. Write

Lip, (E,K) := {«(E) |t : E — K is Lipschitz with ||t]|1;, < 1}

and denote by A, the r—neighborhood of A € R"*!. Then there exist ¥ > 0 and C =
C(n) > 0, so that the following non-concentration estimate holds:

sup H"(Zpe NE NK)<Cr ' W' N(E)  Vr<F (3.1)
E’eLip,(E.K)
0e®

Proposition 4 follows easily from Proposition 1 and the fact that for a closed m —rectifiable
E C R we have

. HN(E) a4 1—m)
lim =
r—0 pntl-m 2M o (m)

H"(E),

where « (/) is the volume of a unit ball in R ([7, Theorem 3.2.29]). Using Theorem 1, rather
than Proposition 1, one can prove a weaker version of (3.1) in which the constant C is
allowed to depend on f and the expression (r—' - H"I(E,)) is raised to some power § > 0.
Proposition 4 will be used in Sect. 4 to check a non-concentration condition in the definition
of a p-sweepout. We use it now to prove the continuity result in Corollary 2.

3.1 Proof of Corollary 2

Let us write E = Sing, and let K C U be a fixed compact set. By the implicit function
theorem, for every compact subset L € K\ E and every € > 0 there exists n > 0 so that

|H" (Zf, NL)—H"(Z;NL)| <€, VO=1-—n. 3.2)
Moreover, by Proposition 1, for r sufficiently small, we have the estimate

sup H"(Zp NE-NK) < Cr - H"NE,).
Oe[l—n,1]

Since E is a closed n—rectifiable set, its n-dimensional Minkowski content is equal to a
constant times its n—dimensional Hausdorff:

Hn+l E

lim HTE) _ H'(E) = 0.
r—0 r

In particular, for r > 0 sufficiently small

sup H"(Zy, NE NK) <e.
fe[l—n,1]

Combining this with the estimate in (3.2) completes the proof of the Corollary. O
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4 Nodal sets as p-sweepouts

In this section we will prove Theorem 2 and Corollary 1 together with Theorem 3. We will
need the following simple fact.

Lemma?2 Let (M"t!, g) be a smooth Riemannian manifold without boundary. Suppose that
f e C%M,R) has H"H! (Zy) = 0and fix ¢ € L°(M). Then the map

R — Z,(M,Z)
§ +— 9|{f+38¢p <0}

is continuous at § = 0 with respect to the flat topology on Z,(M, 7).

Proof Fix € > 0 and write F(S, T) for the distance between S, T € Z,, (M, Z») in the flat
metric (see [7, p. 367]). The definition of the flat metric implies that

F@USf 43¢ <0}, 01{f <0} <H'T'({f <0< f+3p). 4.1)

Using the definition of Hausdorff measure, the compactness of Z y and the Lebesgue number
lemma, there exists ag = ag(€) > 0 such that

H' (xeM @ d(x,Zp) <a)) <€, VYa <a. 4.2)
Since f is uniformly continuous and

{(f <0< f+3dp} C{lfI <dllelromnts 4.3)

there exists 69 = 8g(€) > 0 such that
{(f<O0<fH+ép}ClxeM : dx, Zy) <ay/2}, V8 < 8. 4.4)

Thus choosing § < §p shows that the left-hand side of (4.1) is at most €, which completes
the proof. O

4.1 p-Sweepouts

Let us recall the definition of a p-sweepout (see [22, Sects. 3.7, 4.1]). Firstly, a map & :
S — 2, (M, 7Z) is a sweepout if it is continuous in the flat topology and the class [®] €
w1(Z, (M, Z>)) is non-zero. If we let X denote a cubical subcomplex of [0, 1] for some
m, then a continuous map & : X — 2, (M, Z) is an admissible p-sweepout if there exists
* € H' (X, Z») such that

(i) Forany y : §' — X wehave A (y) # Oifandonlyif ®oy : S' — Z,(M,Z,)isa
sweepout;
(ii) The cup product A? #= 0 € H? (X, Zp).
(iii) With B, (p) denoting the ball of radius r centered at p in M, we have

limsup sup [[@(x)[ (B-(p)) =0. 4.5)
r—0t xeX, peM

Remark 1 We recall the content of [22, Remark 4.2] which says that if y and ¢’ are homotopic
in X, then ® o y is a sweepout if and only if ® o ' is a sweepout.
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4.2 Almgren’s isomorphism

In [1], Almgren constructed an isomorphism between 71 (2, (M, Z3)) and H,+1(M, Z3).
For the proof of Theorem 2 we will need to know how to use Almgren’s isomorphism to
check when an element of 71 (2, (M, Z3)) is non-zero (so we recall here just the essentials
that are required to do that and refer the reader to [22, Sect. 3] or to the original paper
[1] for more information). Given a continuous map ¢ : § L' 5 Z2,(M,Z), there exist
0=s50 <51 <+ <sg =2m,aconstant p = p(M) > land A; € Z,,1(M, Z) for
j=0,..., K —1such that

0Aj = @(sj41) — P(sj),  M(A)) < pF(P(sj41), P(s))),

and such that [Zf:_ol A j] € H,4+1(M, Z3) only depends on the homotopy class of ® (to see

in general that Zf:_ol A defines an element of H,11(M, Z), see [7, Sect. 4.4.6]). Thus we

may define
K—1

Fy (@) = [Z AJ-] € Hy (M, 7). (4.6)
j=0
The induced map Fy : m(Z,(M, Z>)) — H,4+1(M, Z3) is well-defined and an isomor-
phism. Moreover, the A ; are unique in the following sense: There is a constantv = v(M) > 0
such that if B; € 2Z,41(M,Z) for j = 0,..., K — 1 are such that M(B;) < v and
3Bj = CD(SJ‘_;,_]) — CD(SJ‘), then Aj = Bj.

4.3 Proof of Theorem 2

For6 = 1[0y : --- : 6,] € RP? and x € M, write FPx) = 6o folx) + <0, fp(x). By
Theorem 1,

H'" N (Zpo) =0 V0 € RPP.

Lemma 2 thus implies that & is continuous in the flat topology. The non-concentration
estimate in Proposition 4 also shows that ® satisfies (iii). Moreover, since X is homeomorphic
to RP? in our case, we know that H'(X,Z,) = HP(X,Z;) = Z,. This means that the
generator A of H'(X, Z,) satisfies A? # 0 in H? (X, Z,), which shows that ® satisfies (ii).
It therefore remains to check (i) for which we need the following:

Claim There exists a generator y of w1 (RPP) = Zy for which ®oy # 0 € m(Z, (M, 7Z)).

Assuming this for the moment, we will prove (i). Let y : S I' 5 X be a continuous map.
Note that since X is homeomorphic to RP?, this defines an element [y] € w1 (RP?). Now,
if A(y) # 0, then [y] # 0, which means that [y] = [y]. Using Remark 1 followed by the
claim, this implies that ®.([y]) = ®.([y]) # 0, i.e. ® o y is a sweepout. Conversely, if
® o y is a sweepout, then it must be the case that [y] # 0, which implies that A(y) # 0.

To prove the claim, consider the continuous map 7 : §' — RP? given by

y(s) = [cos(s/2), sin(s/2) : 0 : ---: 0].
Therefore Almgren’s isomorphism (Sect. 4.2) implies that there exist 0 =59 < 51 < --- <
sx = 27 such that the class [® o y] is non-zero in 1 (2, (M, Z,)) if and only if

K-1

Z[{p € M\Zj, : —cot(s;/2) < ? < —cot(s,+1/2)” € Hyp1 (M, Z2)  (4.7)
j=0 0
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Since we know that H”“(Zf;m) = 0 for every s € S| (by Theorem 1), the sum above is
equal to [M], which generatés H,+1(M, Z>) and is therefore non-zero. This completes the
proof of Theorem 2. O

4.4 Proof of Corollary 1

It can be shown that RP* and Z,,(M, Z;) are both weakly homotopically equivalent to the
Eilenberg-MacLane space K (Z, 1) (this means that they are connected, with 11 > Z and
7 = 0 for k > 1). So to establish a weak homotopy equivalence we only need to establish
firstly continuity of the map (which follows from the previous arguments), and secondly that
a generator of 71 (RPP*°) is mapped to a generator of m1(Z,(M, Z;)). But this is exactly
what the argument above shows: We can pick 7 as our generator of 77| (RP*°) and then using
the Almgren isomorphism we see that its image in 71 (2, (M, Z,)) is non-trivial; and every
non-trivial element is a generator. O

4.5 Proof of Theorem 3

Fix a compact smooth manifold M. Classical theorems of Whitney [27, Theorems 1, 4]
guarantee the existence of a smooth diffeomorphism 7 : M — N between M and a real
analytic submanifold N of Euclidean space, which of course admits a real analytic metric.

Denote by V), the span of the first p + 1 eigenfunctions of the Laplacian for this real
analytic metric on N. By [15, Theorem 14.3],

sup H'(Zy) < Cpr, (4.8)
fevp\{0}

where C depends only on N. Moreover, Theorem 2 shows that
®, : RPP - Z,(N,Zy)
[6p:---:0p] = 0{boo+ -+ 0¥, <0}

is an admissible p-sweepout for all p. Composing @, with the pullback [7* gives an admis-
sible p-sweepout on M. Since

M@{f <0h) <H"(Zy)

forall f € V,\{0}, the estimate in (4.8) completes the proof of the theorem. ]

Acknowledgements The authors would like to thank Larry Guth for a series of discussions that led them to
these problems and Steve Zelditch for helpful remarks about an earlier version of this article.

References

Almgren, F.: The homotopy groups of the integral cycle groups. Topology 1(4), 257-299 (1962)
. Biir, C.: Zero sets of solutions to semilinear elliptic systems of first order. Invent. Math. 138(1), 183-202
(1999)

3. Carleman, T.: Sur un probleme dunicité pour les systems déquations aux derivées partielles a deux
variables independentes. Ark. Mat. 26B, 1-9 (1939)

4. Donnelly, H., Fefferman, C.: Nodal sets of eigenfunctions on riemannian manifolds. Invent. Math. 93(1),
161-184 (1988)

5. De Lellis, C., Grisanti, C., Tilli, P.: Regular selections for multiple-valued functions. Ann. Mat. Pura

Appl. (4) 183(1), 79-95 (2004)

o —

@ Springer



Nodal sets of smooth functions with finite vanishing order... Page 130f 13 140

20.

21.

22.

23.

24.

25.

26.

27.

Donnelly, H.: Nodal sets for sums of eigenfunctions on Riemannian manifolds. Proc. Am. Math. Soc.
121(3), 967-973 (1994)

Federer, H.: Geometric Measure Theory, vol. 1996. Springer, New York (1969)

Golubitsky, M., Guillemin, V.: Stable Mappings and Their Singularities, vol. 14. Springer Science &
Business Media, Berlin (2012)

Garofalo, N., Lin, F.: Monotonicity properties of variational integrals, A” weights and unique continua-
tion. Indiana Univ. Math. J. 35(2), 245-268 (1986)

Garofalo, N., Lin, F.: Unique continuation for elliptic operators: a geometric-variational approach. Com-
mun. Pure Appl. Math. 40(3), 347-366 (1987)

. Gromov, M.: Dimension, Nonlinear Spectra and Width, Geometric Aspects of Functional Analysis, Lec-

ture Notes in Mathematics, vol. 1317, pp. 132—184. Springer, Heidelberg (1988)

Guth, L.: Minimax problems related to cup powers and Steenrod squares. Geom. Funct. Anal. 18(6),
1917-1987 (2009)

Hardt, R., Simon, L.: Nodal sets for solutions of elliptic equations. J. Diff. Geom. 30(2), 505-522 (1989)
Jerison, D., Kenig, C.: Unique continuation and absence of positive eigenvalues for Schrodinger operators.
Ann. Math. (2) 121(3), 463-488 (1985)

Jerison, D., Lebeau, G.: Nodal sets of sums of eigenfunctions. In: Christ, M., Kenig, C., Sadosky, C.
(eds.) Harmonic Analysis and Partial Differential Equations: Essays in Honour of Alberto P. Calderdn,
pp. 223-239. University of Chicago Press, Chicago (1999)

Lin, F.: A uniqueness theorem for parabolic equations. Commun. Pure Appl. Math. 43(1), 127-136 (1990)
Lin, E.: Nodal sets of solutions of elliptic and parabolic equations. Commun. Pure Appl. Math. 44(3),
287-308 (1991)

Logunov, A., Malinnikova, E.: Nodal sets of Laplace eigenfunctions: estimates of the Hausdorff measure
in dimension two and three (2016). arXiv:1605.02595

Logunov, A.: Nodal sets of Laplace eigenfunctions: polynomial upper estimates of the Hausdorff measure
(2016). arXiv:1605.02587

Logunov, A.: Nodal sets of Laplace eigenfunctions: proof of Nadirashvili’s conjecture and of the lower
bound in Yau’s conjecture (2016). arXiv:1605.02589

Malgrange, B.: The Preparation Theorem for Differentiable Functions, Differential Analysis: Papers
Presented at the Bombay Colloquium, pp. 203-208. Oxford University Press, Oxford (1965)

Marques, F., Neves, A.: Existence of infinitely many minimal hypersurfaces in positive Ricci curvature.
Preprint (2013). arXiv:1311.6501

Nirenberg, L.: A proof of the Malgrange preparation theorem. In: Wall, C. (ed.) Proceedings of Liverpool
Singularities Symposium I, Lecture Notes in Mathematics, pp. 97—105. Springer, Heidelberg (1971)
Naber, A., Valtorta, D.: The singular structure and regularity of stationary and minimizing varifolds.
Preprint (2015). arXiv:1505.03428

Parusinski, A., Rainer, A.: Regularity of roots of polynomials. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
16, 481-517 (2016)

Whitney, H.: Analytic extensions of differentiable functions defined in closed sets. Trans. Am. Math. Soc.
36(1), 63-89 (1934)

Whitney, H.: Differentiable manifolds. Ann. Math. 2, 645-680 (1936)

@ Springer


http://arxiv.org/abs/1605.02595
http://arxiv.org/abs/1605.02587
http://arxiv.org/abs/1605.02589
http://arxiv.org/abs/1311.6501
http://arxiv.org/abs/1505.03428

	Nodal sets of smooth functions with finite vanishing order and p-sweepouts
	Abstract
	1 Introduction
	1.1 Regularity and measure of nodal sets for families of smooth functions
	1.2 Nodal sets as p-sweepouts
	1.3 Nodal sets under heat flow

	2 W1,p regularity for nodal sets
	2.1 Outline of the Proof of Theorem 1 and background
	2.2 Proof of Theorem 1

	3 Non-concentration of nodal sets and Proof of Corollary 2
	3.1 Proof of Corollary 2

	4 Nodal sets as p-sweepouts
	4.1 p-Sweepouts
	4.2 Almgren's isomorphism
	4.3 Proof of Theorem 2
	4.4 Proof of Corollary 1
	4.5 Proof of Theorem 3

	Acknowledgements
	References




