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Abstract Inthis paper we study existence and asymptotic behavior of solitary-wave solutions
for the generalized Shrira equation, a two-dimensional model appearing in shear flows. The
method used to show the existence of such special solutions is based on the mountain pass
theorem. One of the main difficulties consists in showing the compact embedding of the
energy space in the Lebesgue spaces; this is dealt with interpolation theory. Regularity and
decay properties of the solitary waves are also established.

Mathematics Subject Classification 35Q35 - 35B65 - 35A15 - 35B40

1 Introduction

Shear flows appear in natural and engineering environments, and in many physical situ-
ations. It is connected with a shear stress in solid mechanics, and with the flow induced
by a force in fluid dynamics, for instance. In this context, the evolution of essentially two-
dimensional weakly long waves is, usually, described by simplified models using the paraxial
approximation. In [30], Shrira described a model for the propagation of nonlinear long-wave
perturbations on the background of a boundary-layer type plane-parallel shear flow without
inflection points. Within the model, the amplitude v of the longitudinal velocity of the fluid
is governed by the equation
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v + Yoy +avvy — fQ(vy) =0, (1.1)

where «, B, and y are parameters expressed through a profile of the shear flow and Q is the
Cauchy—Hadamard integral transform given by

1 ,
quxy>=5—pw/' fG w dzdw.
T

2 (- 22+ (6 —w?)

The model also describes the amplitude of the perturbation of the horizontal velocity compo-
nent of a sheared flow of electrons (see [18]). For additional applications see also [1,26,27].

When considering nearly one-dimensional waves, in the dimensionless formu(x’, y’, t') =
av(x —yt, ﬁy, Bt)/28,Eq. (1.1) can be reduced to the so called Shrira equation (see [26])

ur — I Au 4 2uu, =0, (1.2)

where we omitted the primes. Here, A denotes the two-dimensional Laplacian operator and
A is the Hilbert transform defined by

1 u(z, y,t
Hu(x,y, t) = —p.v./ wdz.
14 R X—2
In particular, at least from the mathematical viewpoint, Eq. (1.2) can be seen as a two-
dimensional extension of the well-known Benjamin—Ono (BO) equation

up — A9+ 2uu, =0, x,1€R. (1.3)

The study of multi-dimensional extension of BO equation has received considerable attention
in recent years (see e.g., [7,8,14-17,22,25,28], and references therein). However, when a
suitable result is available for (1.3), it is not completely clear how to extend such a result for
(1.2) and, in general, it demands extra efforts.

To the best of our knowledge, not so much is known about Egs. (1.1) and (1.2) and a few
papers are available in the current literature. In particular, numerical results concerned with
the instability of one-dimensional solitons of the BO equation were presented in [18,26]. It
is to be observed that these equations presents a strong anisotropic character of the dispersive
part, which turns out to be one of the main difficulties to be dealt with.

In this paper we are interested in studying existence, regularity and decay properties of
solitary waves for the generalized two-dimensional Shrira equation, namely,

ur — A Au+ (f(m)y =0, (1.4)

where u = u(x,y,t), (x,y) € R2, ¢t > 0, and f is a real-valued continuous function.
Observe that if f(u) = u? then Eq. (1.4) reduces to (1.2).

For one hand, from the physical point of view, a solitary wave is a wave that propagates
without changing its profile along the temporal evolution, usually it has one global peak
and decays far away from the peak. On the other hand, from the mathematical point of
view, a solitary wave is a special solution of a partial differential equation belonging to a
very particular function space. Nowadays, existence and properties of solitary waves have
become one of the major issues in PDEs. The interested reader will find a large number of
good texts in the current literature, which we refrain from list them at this moment.

The solitary-wave solutions of interest in the context of Eq. (1.4) have the form

u(x,y, t) =@x —ct, y),
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where ¢ > 0 is the wave speed and ¢ is a real-valued function with a suitable decay at infinity.
Substituting this form into (1.4), it transpires that ¢ must satisfy the nonlinear equation

—cpx — HAp + (f(9)x =0, (1.5)

where we have replaced the variable z = x — ct by x. This last equation can be rewritten in
the following form
—cp— 0 'Ap+ f(p) =0. (1.6)

Hence, in order to show the existence of solitary waves, it suffices to show that (1.5), or
equivalently (1.6), has a solution.

Remark 1.1 Note that the wave speed ¢ can be normalized to 1 at least if f is homogeneous
of degree p + 1 such as f(u) = u?*!. Indeed, the scale change

¢(x,y) =ag (bx,dy), 1.7

transforms (1.5) in ¢, into the same in ¢, but with ¢ = 1, wherea = ¢~"/Pandb =d = ¢~ !.

By multiplying (1.6) by ¢ and integrating by parts, one sees that the natural space to study
(1.6) is

¥ = {u e LX®R?); DY?u, D;Vuy e LZ(RZ)} ,

equipped with the norm
1/2
1/2 —1/2
lull 2 = (/Rz(cuerle/ ul? + 1D Py Py dy) ,

where ¢ > 0 1is a fixed constant and Dfl/ 2 denotes the fractional derivative operators of order
+1/2 with respect to x, defined via Fourier transform by (D;H/zu)A &, n) =1& |F127, n).

Note that 2 is a Hilbert space with the scalar product
U, v)y = / (cuv + Di/zuDi/zv + D;1/2uyD;l/2vy) dxdy.
R2

Also, Z is an anisotropic space including fractional negative derivatives, which, for one
hand, brings many difficulties when applying analytical methods.

The paper is organized as follows. We start Sect. 2 by showing a suitable Gagliardo—
Nirenberg-type inequality, which ensures that the space 2 is embedded in suitable Lebesgue
spaces. In order to show that indeed we have a compact embedding we use interpolation
theory. Thus, we are able to see 2 as an interpolation space between two compatible pairs
of Hilbert spaces containing only integer derivatives. With the compact embedding in hand,
we use the mountain pass theorem without the Palais-Smale condition, in order to show the
existence of at least one nontrivial solution. Variational characterizations of such a solutions
are also provided. In Sect. 3 we study regularity and decay properties of the solitary waves.
Our regularity result is based on the so called Lizorkin lemma, which gives a sufficient
condition to a function be a Fourier multiplier on L” (R"). The decay properties are obtained
once we write the equation as a convolution equation and get some suitable estimates on
the corresponding kernel. Of course, the anisotropic structure of the kernel also brings many
technical difficulties. Finally, in Sect. 4 we present a nonexistence result of positive solitary
waves.

The issue of orbital stability/instability of solitary waves of (1.4) will be studied in a future
work.
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Notation Otherwise stated, we follow the standard notation in PDEs. In particular, we use
C to denote several positive constants that may vary from line to line. In order to simplify
notation in some places where the constant is not important, if a and b are two positive
numbers, we use @ < b to mean that there exists a positive constant C such that a < Cb.
By L? = LP(R?) we denote the standard Lebesgue space. Sometimes we use subscript to
indicate which variable we are concerned with; for instance, LY = L?(R) means the space
L? (R) with respect to the variable x; thus given a function f = f(x, y), the notation | f| L?
means we are taking the L? norm of f only with respect to x. Also, if no confusion is caused,
we use [po f instead of [y f(x, y)dxdy.

2 Existence of solitary waves

In this section we provide the existence of solitary-wave solutions for (1.4). As we already
said, our main tool in doing so will be the mountain pass theorem.

2.1 A Gagliardo-Nirenberg-type inequality and embeddings

First, we are going to obtain an embedding of the space 2, which is appropriate to study
Eq. (1.6). For the sake of simplicity, in this subsection, we assume that the constant ¢ in the
definition of % is normalized to 1.

Lemma 2.1 (Gagliardo—Nirenberg-type inequality) Assume 0 < p < 2. Then there is a
constant C > 0 (depending only on p) such that for any ¢ € %,

p/2
y 12

3p/2

L2 (2.1)

4]

—-1/2
el < Cllel;2” | D5
As a consequence, it follows that there is a constant C > 0 such that for all ¢ € %,

lellpr+2 = Cllellz,

which is to say & is continuously embedded in LP*2.

Proof 1t suffices to assume 0 < p < 2. The lemma will be established only for C§° (R?)
functions; a standard limit method then can be used to complete the proof. By the Gagliardo—
Nirenberg inequality (see, for instance, [2,19]), there exists C > 0 such that, for all g €
H'2(R),

1/2 17+2

P2
I¢llLragey < CllglIik DY gl 752

Assume for the moment that 0 < p < 2. Integrating on the y variable, it follows that

lelly p+z(Rz) /”QD( y)IILz(R) 1Dx %6, y)lle(R) y

1/2

ECHIIW(-,)’)Ile(R)”g 1D 010 o, 22)

1/2
< Cllol} 2, sup (- y>lle<R) 1022017 o
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We now estimate the middle term in (2.2). Fixed y € R, from Holder’s inequality, we deduce

y
G gy =2 / / 9 (x. Dy (x. Ddzdx
R J—00

y
2/ / D, 0Dy 2y (x. 2)dxdz
—o00 JR

(2.3)
< szz DY, DY gy (x, y)ldxdy
< 21D, 0ll 22y 15 0yl 2 g
Asa consequence,
sup [l 2@y < CIDY 20l o IDX 20y 11 24)

yeR

A combination of (2.4) with (2.2) yields the first statement if 0 < p < 2. For p = 2, from
the first inequality in (2.2) and (2.4), we deduce

1/2
lollFsgey < C fR oG 32y 102200 132y dy
12

< Csup l9C, D7 1D 0l g,
yeR

= CID oyl 2@ 1000 13 g
which is the desired. The lemma is thus proved. O
Remark 2.2 An argument similar to that in Lemma 2.1 gives the continuous embedding
& — LgL;(RZ), for any g, r > 2 satisfying é + } > %
As is well known in the theory of critical points, in order to rule out the trivial solution, a

compactness result is usually necessary. Here, we will prove the following.

Lemma 2.3 (Compact embedding) If 0 < p < 2 then the embedding & — Lfotz(]Rz) is
compact.

Due to the anisotropic property of 2 involving negative fractional derivatives, some
difficulties appear in the proof of Lemma 2.3. In particular, we are not able to use truncation
by using a cut-off function as it was performed in [9]. To circumvent this problem, we will
identify % as an interpolation space by using the real interpolation method and construct a
suitable extension operator.

For any real number s > 0, we introduce the space

X = {1 e S®: 4l +187D Fe L2@®Y).
The space X* is a Hilbert space endowed with the scalar product

(f9)xs = /R2(1 + 18]+ 6170 F & ) B n) dEd.

In particular, from Plancherel’s theorem we have X 0=12and X2 = 2. 10 <51 < 5
then X2 C X*'. The space X! is a suitable space that involves only integer derivatives and,
moreover, it can be defined as the closure of 0, (Cgo (R2)) for the norm (see [9])

1/2
lelixt = (lloxll32 + lloax 22 + oy l13,)
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So, our idea is to look £ as an interpolation space between L and X'

In what follows, if (Ho, Hy) is a compatible pair of Hilbert spaces and 6 € (0, 1), we
denote by (Hy, Hj)e the space (Ho, Hi)g,2. Here, for g € (1, 00), (Hy, H})g,4 denotes the
intermediate space with respect to the couple (Hy, Hy) using either the J-method or the
K -method (see e.g., [5,21,31]). For our purposes, the following results will be useful.

Lemma 2.4 Let (Xo, X1) and (Yo, Y1) be two compatible pairs of Hilbert spaces. Then,
for 0 < 6 < 1, (Xo, X1)e, (Yo, Y1)e) is a pair of interpolation spaces with respect to
((Xo, X1), (Yo, Y1)), which is exact of exponent 6.

In particular, if A is a bounded linear operator from X to Yy and from X to Y1, then it
is also bounded from (X¢, X1)g to (Yo, Y1)p-.

Proof See, for instance, [31, Chapter 1] or [21, Appendix B]. m}

Lemma 2.5 Let (Hy, Hy) be a compatible pair of Hilbert spaces, let (X, M, ) be ameasure
space and let Y denote the set of measurable functions from X to C. Suppose that there exist
a linear map A : Hy + Hy — Y and, for j =0, 1, functions w; € Y, with w; > 0 almost
everywhere, such that the mappings A : H; — L3(X, M, w ) are unitary isomorphisms.
For 6 € (0, 1), define

12
Hy = [¢ € Hy+ Hy; @l my = </ lwg A > du) < oo],
X

where wy = w(1)79 w?. Then Hg = (Hy, Hy)g with equality of norms.
Proof See [6, Corollary 3.2]. O
As an application of the above lemma, we have.
Lemma 2.6 The space % is such that
Z =X =" LY.

Proof 1t suffices to apply Lemma 2.5 with X = R?, wo = 1, w; = (1 + || + |£]"'%?), and
A being the Fourier transform. O

For any open set 2 C R2 and s > 0, we define
X5(Q) = Iu € L3(Q); u = fla, forsome f € XS].
Endowed with the norm
s @ = inf {1l fllxs: w = flg with f € x°},

the space X*(£2) is a Hilbert space.

The next step is the construction of an extension operator from X () to X!, where Q is
arectangle. This construction was essentially given in [24], but for the sake of completeness
we bring the details.

Lemma 2.7 Let 2 = (a, b) x(c, d). Then, there exists a bounded (extension) linear operator,

say, E, from X' (Q) to X" such that, foranyu € X'(Q), Eu = uinQ, | Eu||;2 < C|lull;2(q)
and ||[Eullx1 < Cllullx1 (), where C is a constant depending only on 2.
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Proof Take any u € X'(2) and, without loss of generality, assume that u = 9, f in €, for
some smooth function f € Cgo(Rz) with [|0x fllx1 < 2[lullx1(q)- Define

folw. 3) = ) = /ab Sy,
In Q it is clear that u = 0y fo. From Poincaré’s inequality,
b
J
Hence, integrating with respect to y on (c, d),

lfollz2@) < 0 —a)llox fllr2@) = (b — a)llull2(q)- (2.5)

2

b b
f(x,y)—/ Fzy)dz dxs(b—a)zf 195 £ (x. )P dx.

Now we extend fj to the rectangle [2a — b, 2b — a] X [c, d] by using a generalized
reflection argument. Indeed, let

fo(x y), if x € [a, b],

Zazfo(

fl(xvy): i= 1
|+ 1 1

Zaifo(l—i,_ a—fx,y), if x € [2a — b, a],
i i

i=1

y), if x € [b.2b — al.

where the coefficients a; are such that

ar+axy+azy+as =1,

a as as
— — —:—1’
611+2+3+4

a az a4
S 24 2=,
a1+4+9+16

It is clear that f} is a C? function on (2a — b, 2b — a) x (c, d) with

9% fill .2(2a—b,26-ayx(c.ay) = CNO* foll 2.

for all multi-indices o € N? with |a| < 2. By using the same argument we can extend fj to
the rectangle Q = (2a — b, 2b — a) x (2¢ — d, 2d — ¢) by defining a C? function f> such
that

19% £2ll 2@y < CHO* foll2(q)s (2.6)

for all multi-indices o € N? with |o| < 2.

Now take a smooth function 7 such that n = 1 on € and 7 = 0 on R?\. Finally, define
the extension operator E by setting Eu = 3, (11f>). Let us estimate Eu in the X' norm. First
of all, note that from (2.5) and (2.6), we have
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1Eull2 = C (12l 2@ + 10 ol o)
= C(Ifoll 2@y + 13:foll 2o ) @7
< Cllullp2(g)-
Also, by using (2.7) and (2.6),
locEullz < (12l 2@ + 10 f2ll s, + 10222 )
< C(Iull 2 + 12 Gu fo)ll (s ) 28)
= C(Iull 2o + 1l 2@ )
It remains to estimate 9! B}Z,E u. In this case, we have
107 02 Eull > = C (12l 2y + 19y Lolliay + 103 foll s
= C(lull 2y + 19y foll 2y + 103 ol 2o ) 2.9)
< (Il 2y + 18y foll 2oy + 185 03ul 20y )-

Note that

d
o fox.n) = [ 8 fuce. 2z

c

Hence, from the Cauchy—Schwarz inequality,

d
10y folx, MI* < (v — c)/ 107 fo(x, )| dz.

This last inequality now implies

d—c ., d—c __i1.2
19y follr2i) < —=1195 follp2(@) <= — =119, d5ullr2(q)- (2.10)

V2 V2
Gathering together (2.9) and (2.10), we obtain

197 02 Eull 2 < C(uuan(m + ||a;18§u||Lz<Q)).
The proof of the lemma is thus completed. O

Remark 2.8 A simple inspection in the proof of Lemma 2.7 reveals that the positive constant
C depends only on the difference b — a and d — ¢, but not on the rectangle 2 itself.

With the extension operator in hand, we can also prove that the space X '/2(£2) is also the
interpolation of L2(£2) and X!(2). Results of this type are well known in the context of the

standard Sobolev spaces, see, for instance, [6, Lemma 4.2].

Lemma 2.9 Let Q = (a,b) x (c,d). Then, X'/2(Q) = (L*(Q), X' ()12, with equiva-
lence of norms.
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Proof From Lemma 2.6 we know that x? = (x1, L2)1/2. Note that, for any s > 0, the
restriction operator R : X* — X*(2) is bounded. Thus, from Lemma 2.4,

X12(Q) = R(X'?) ¢ (L2(Q), X' ()12 2.11)

On the other hand, the extension operator E constructed in Lemma 2.7 is bounded from
L%() to L? and from X'(Q) to X!. Thus, another application of Lemma 2.4 gives
E((L*(Q), X' (@)1/2) C (X', L?)1/2 = X'/2. Hence,

(L*(), X" ()12 = RE(L*(R), X' (2))12) € R(X'?) = X'/2(Q). (2.12)
A combination of (2.11) and (2.12) yields the desired. ]

Proposition 2.10 Ler {Q;}icn be a covering of R?, where Q; is an open square with edges
parallel to the coordinate axis and side-length €, and such that each point of R? is contained
in at most three squares. Then, there exists a constant C > 0, such that

oo

§ : 2 2
||u||X|/2(Q,') S C”“”x]/Z’

i=0

foranyu € X'/2.

Proof Let E; be the extension operator from X 1) to X! as constructed in Lemma 2.7.
Thus, from Lemma 2.7,

Eut =€ [ (WP + ol +107 93uF). @13)
Q;

As observed in Remark 2.8, the constant C in (2.13) depends only on £ but notoni € N. By
observing that the restriction operator R; : X I x1(;) is bounded with norm 1 and the
composition R; E; is the identity operator, we obtain

lullxiq,) < IEiullx1. (2.14)
Hence, (2.13) and (2.14) imply

o0 oo
D luliig, < CZ/Q (1l + 100 + 107" 02ul?) < 3C|ul
i=0 i=0 i

This means that the restriction operator is bounded from X Lto ¢2(X1(€2))). On the other
hand, the trivial inequality,

o0

2 2
Y luljag,, < 3l
—

implies that the restriction operator is also bounded from L2 to ¢2(L%(;)). Then, Theorem
1.18.1 in [31] combined with Lemmas 2.4, 2.6, and 2.9 gives that the restriction is bounded
from X'/2 to £2(X'/2(2;)), which is the desired conclusion. o

Now we are ready to prove Lemma 2.3.

Proof of Lemma 2.3 Let {¢,} be a bounded sequence in 2 = X'/2 and select a constant
Cp > Osuchthat ||p,|| 2 < Cp.ltis sufficient to show that {¢, } has a convergent subsequence

in leo . (R?), because if this is true then Lemma 2.1 implies that {¢p,} also has a convergent

@ Springer



102 Page 10 of 33 A. Esfahani, A. Pastor

subsequence in Lf(;rz(Rz) 0 < p < 2. Todo that, it suffices to show that {¢,} converges, up

to a subsequence, in L2(Qg), where Qg is a square with center at the origin, edges parallel
to the coordinate axis, and side-length R > 0. Let Eg be the extension operator constructed
in Lemma 2.7. By construction, if u € X'/2 then Eg(u) = u in Qg and Eg(u) = 0 in
RZ\Q3 g- Thus, without loss of generality, we can assume that ¢, = Eg(¢,) for alln € N.
Now, since X'/2 is a Hilbert space, there exists ¢ € X 172 such that ¢, — ¢ weakly in X 172,
In addition, replacing ¢, by ¢, — ¢, if necessary, we can assume ¢ = 0, that is, ¢, — 0 in

X'z,
Fixed p > 0 to be chosen later, define
Qo =&, m) eR% |E] < p, Inl < p},
01 =1{En eR% ] <p, Inl = p),

02 ={(& m € R% |§] = p).
Plancherel’s identity and the fact that ¢, = O outside the square Q3¢ yield

n2: nz: n nl - 2.15
[ e = [ = [ @ Z/w @.15)

From the definitions of Q| and Q», it is clear that

2
P &1 | 12 1 H ~1)2 Co
= [ Slip;"%a,0 | <= D5 <20
/;21 o] /Ql ETEA R B A VRN S
and
[ o= ‘ P L PN )
02 Q2 &l T p L2R) = p

Fix ¢ > 0; then choosing p > 0 sufficiently large leads to

/ Bul? +/ Gl < e/2.
01 02

Since ¢, — 0in L*(R?), then @y tends to zero as n — oo and

@0 & ] = llenllLi@yp) = CllgnllL2- (2.16)

Lebesgue’s dominated convergence theorem implies that

n—oo

lim [@nl? = 0.
o

Thus we have proved that, up to a subsequence, ¢, — 0 in Lloc (R?), which concludes the
proof of the lemma. O

‘We conclude this section by observing that Lemma 2.1 also holds when norms are restricted
to a rectangle.

Lemma 2.11 Assume 0 < p < 2. Let Q = (a, b) x (c,d) be a rectangle. There exist a
constant C > 0 such that, for any ¢ € X'/2(Q),
lellLra) < Clielixizg)-

Proof From Lemmas 2.7 and 2.4 we know that the extension operator is bounded from
X172(Q) to X!/2. Now it suffices to note that the identity operator is continuous from X'/
to LP12(R?) and the restriction operator is continuous from LPT2(R?) to LPT2(Q). O
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2.2 Pohojaev-type identities and nonexistence of solitary waves

As usual, let us first to get an insight for which class of nonlinearities, solutions of (1.6) are
expected. This is done with integration by parts.

Theorem 2.12 Assume ¢ > 0. Equation (1.4) does not possess solitary-wave solutions of
the formu(x,y,t) = p(x —ct, t), ¢ € Z, whether

(i / of (¢) dxdy <2 / F(g) dxdy; or
RZ ]RZ
(i) /R @f ) +2F(p) dxdy <0

Proof Formally, by multiplying Eq. (1.6) by ¢ and yg,, respectively, and integrating over
R?, we deduce the identities

_ 2
/Rz [—apz — QA Py — (Dx 1/2%) + gof(w)] dxdy =0, (2.17)

2
/ 2 |:cg02 oo — (D; 1/2(/)y> - 2F(¢)] dxdy = 0. (2.18)
R

For smooth functions decaying to 0 at infinity, these formulas follow from integration by parts
together with elementary properties of the Hilbert transform. The identities can be justified
for functions of the minimal regularity required for them to make sense by the truncation
argument put forward in [9]. The proof is completed by subtracting and adding (2.17) and
(2.18). O

Remark 2.13 Unfortunately, Theorem 2.12 is not strong enough to rule out the existence
of solitary waves even in the case of a power-law nonlinearity. This is mainly because, in
view of the nonlocal operator .#, we are not able to prove a Pohojaev-type identity on the
x-variable for (1.6), i.e., (see [17] for similar calculations)

2
/ [apz +2 (D;]/z(py) - 2F(¢)] dxdy = 0. (2.19)
R2
Indeed, if (2.19) were valid. Then subtracting (2.19) and (2.18) leads to
2
/ (ngax -3 (D; v 2<py) ) dxdy = 0. (2.20)
RrR2

Adding (2.17) and (2.18), there appears
~12 \?
(- (Dx (/Jy) T of (9) —2F(9) ) dxdy = 0. 2.21)
R
Finally, plugging (2.21) in (2.19), there obtains
c f ¢* dxdy = / @F(¢) = ¢f (9)) dxdy. (2.22)
R2 R2
Therefore, there would exist no nontrivial solitary-wave solutions of (1.4) provided
4 [ P dxdy < [ or) dxdy. (223)
R2 R2
To fix ideas, if we assume f(p) = ¢P*! and that [ P2 > 0, (2.23) implies that solitary

waves do not exist if p > 4. This seems to be consistent with our embedding in Lemma 2.1.
]
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2.3 Existence of solitary waves

In this subsection we will prove the existence of solution for (1.6) under suitable conditions
on the nonlinearity f. Having in mind Lemma 2.1, we assume the following.

(A1) f : R — Ris continuous and f(0) = 0;

(A2) There exists C > 0 such that | f(u)| < C(Ju| + lu|P~ 1y, p € (2,4) and f(u) =
o(lu]) as lu| — 0;

(A3) There exists u > 2 such that uF(u) < uf(u) for every u € R, where F is the
primitive function of f;

(A4) There exists w € Z such that A_2F(Aw) — +o00as A — + 00.

The above assumptions are the ones suitable to apply minimax theory (see e.g. [32]).
Probably, assumptions (Aj) — (A4) can be weakened to establish the existence of solitary
waves. However, since our main interest is the study of (1.4) with a power-law nonlinearity,
this will be enough to our purposes. Note that, clearly, our original nonlinearity f (1) = u?
given in (1.2) satisfies (A1) — (A4).

We start with the following vanishing property.

Lemma 2.14 If {u,} is a bounded sequence in % and there is r > O such that

lim  sup f lun|?dxdy = 0,
Br(xvy)

n——+oo (x,y)eR?
then, for2 < p < 4,
nll)ngo ||un||Lp(R2) =0,
where B, (x,y) C R? is the open ball centered at (x, y) with radius r.

Proof Let {€2;};en be a covering of R?, where ; is an open square with edges parallel to the
coordinate axis and side-length r, and such that each point of R? is contained in at most three
squares. By the Holder inequality and Lemma 2.11, there holds, for any u € % = X/2,

el g, < el 2@y el 7o g,
S lull 2@ el /2 g, -
Thus, in view of Proposition 2.10,
[e.¢]
et} 32y S D / lunPdxdy < sup Nunll2(g, vy 1% -
i—0 Y (x,y)eR2

Since {u,} is bounded, the assumption implies that u,, — 0 in L3(R?). Finally, by interpo-
lation and Lemma 2.1, there are 6y, 6, € (0, 1), such that

0 1-6 0 1-6
||un||LP(R2) < llun ||L12(R2)||un||L3(ﬂlg2) S ||un||;21p||un||L3(Hl§2), p € (2,3), (2.24)
and
) 1-0 ) 1-0
luenll ey < a1 oy Den U502 < el el }502, . e B4 (2.25)

The fact that u,, — 0 in L3(R?) and (2.24)—~(2.25) then imply that u,, — 0 in L?(R?), for
all p € (2,4), and the proof of the lemma is complete. O
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Now we are able to prove our main theorem in this section.

Theorem 2.15 (Existence) Assume ¢ > 0. Under assumptions (A1)—(A4), Eq. (1.5) possesses
a nontrivial solution ¢ € Z.

Proof We will use the well known mountain pass lemma without the Palais-Smale condition
(see [3]). Let

S = ~ul? - / F(u) dxdy (2.26)
2 RZ

and note that critical points of S are weak solutions of (1.6).
‘We claim that, for some constant Co > 0,

1
|F ()| < Z|M|2+Colu|p- (2.27)

Indeed, from assumption (A;), there exists ¢ > 0 such that | f(u)| < %|u|, when |u| < e.
Hence, in this case

()] = ’/uf(S)ds < Lup. (228)
0 4

On the other hand, choose a constant C > 0 such that (1/5)1/(”’2) < ¢. Thus, if |u| > &,
we immediately see that lu|? < C|u|P. Hence, in this case,

< C(lul* + [ul”) < Colul”. (2.29)

()] = VO F(s)ds

Collecting (2.28) and (2.29) yield (2.27).
Now, an application of Lemma 2.1 gives, for any u € %,

1 1 1
Su) = 5 lull’y —/ Zlul® + Colul” ) dxdy = Zjull’y — Cillully.
2 r2 \ 4 4

where C; > 0. Hence, there are § > 0, independent of u, and r > 0 small enough with the

property that S(u) > § if ||u|| 2+ = r. On the other hand, it follows from assumption (A4) that

S(Au) — —oo as A — + o0. Thus there exists e; € £ such that ||e1||# > r and S(e;) < O.
Let d be the mountain-pass level, that is,

d= ;Iéfr trer%&)i] Sy (1),
where
I'={y e C(0,1]; &); y(0) =0, S(y(1)) <0}.

Clearly d > infy,), = S(u) > 0. Therefore, from the Mountain-Pass Lemma without the
Palais-Smale condition there is a sequence {u,} C 2 such that S’ (u,) — 0and S(u,) — d,
as n — + oo (see e.g. [32, Theorem 2.9]). For n large enough, we obtain from assumption
(A3) that

1

1 1
(5 - *) lunlly < Sn) — — (8" (un), ttn) < d +0(1) + llunll 2.
n 3

Since 1 > 2, we obtain that {u,} is bounded.
We now claim that there is no > 0 such that

lim  sup / lun|>dxdy — 0. (2.30)
By (x.y)

n—+ 0o (x,y)€R2
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Indeed, assume the contrary, that is, (2.30) holds for some ' > 0. Then, from Lemma 2.14,
lupllLr — O, for pe(2,4), (2.31)

and there is a sequence €, — 0 such that
1
d = S(u,) — §<S/(un)v Up)p2 + €,

= / <lf(un)un - F(”n)) dxdy + €, (2.32)
R2 2

2 P
S lunlize + llunlly,-

Since d > 0, taking the limit in (2.32), we get a contradiction with (2.31).
Therefore, by selecting if necessary a subsequence, we can assume that there is a sequence
(Xn, yn) C R? such that

||un||i2(31(xn’yn)) > Q/z > 0, for all n,

where

o= lim sup f Iunl2 dxdy # 0.
Bi(x,y)

n—00 (X,)’)ERZ
Then the functions ¢, (x, ¥) = u,(x + x,, y + y,) satisfy
2
”(/’n ||L2(Bl(0)) Z Q/Z > Oa (233)

and {¢,} is bounded in 2. Thus, it converges to some ¢ € 2 weakly in 2 and strongly in
leoc (R?), by Lemma 2.3. From (2.33) it is clear that ¢ # 0 and for every x € 2, we have

(S'(@), x) = lim_(S"(gn), x) = 0.
n—+ 0o
This shows that ¢ is a nontrivial solution of (1.5) and completes the proof of the theorem. O

Remark 2.16 To the best of our knowledge, the (non)existence of stationary solutions of
(1.5) when ¢ = 0 and p = 4 remains as an open problem.

2.4 Variational characterization of ground states
In this subsection we will show that the solution obtained in Theorem 2.15 minimizes some
variational problems under the additional assumption:

(As) For u # 0, the function ¢ 1 fRZ uf(tu) dxdy is strictly increasing on (0, + 00)
and

lim ¢! / uf(tu) dxdy = + oo.
t—00 R2
Indeed, let
Tw) = (S'(w), u) = |lull — /RZ uf (u) dxdy.
Consider the Nehari manifold

F={ue?: Iw)=0, u+0},
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and the minimization problem

d = inf S(u). (2.34)
uel
Also, let d* be the minimax value
d* = inf sup S(tu), (2.35)
ue? >0

Lemma 2.17 For every u € Z\{0} there exists a unique number t,, > 0, such that t,u € r
and

S(t,u) = max S(tu).
>0

In addition, the function u — t, is continuous and the map u > t,u is an homeomorphism
[from the unit sphere of Z to T.

Proof First we note that since

t2
S(tu) = E||u||§f - /Rz F(tu)dxdy

we have
d
—S(tu) =1t <||u||§l, —! / uf (tu) dxdy) )
dt R2

Hence, from (As) the function ¢ +— %S(tu) =: g(t) vanishes at only one point ¢, > 0. In
addition, since the function ¢ > —¢~! Jg2 uf (tu) dxdy is strictly decreasing on (0, 00), we
see that g(¢r) > 0 on (0, t,) and g(t) < 0 on (z,, 0c0), which means that 7, is a maximum
point for S(zu). The rest of the proof runs, for instance, as in [32, Lemma 4.1]); so we omit
the details. m]

Lemma 2.18 Under the above notation, there hold d = d = d*.

Proof We divide the proof into some steps.
Step1.d > d.

First we see that, as in the proof of Theorem 2.15, I (1) > 0 in a neighborhood of the
origin, except at the origin. Also, we have from (A3) that, forv € %,

250) = Il 2 [ P dxdy > 1ol —u [ FO) dxdy

= o1~ [ of ) dxdy = 10,
Rz

Nowlety beinT".So I(y(t)) > 0,forsmallsand I (y (1)) < 25(y (1)) < 0. By continuity, y
crosses I, that is, there exists 7o € (0, 1) such that y(ty) € r. Consequently, d< S(y (1)) <
max;efo,1] S(y (t)) and this proves Step 1.
Step 2.d < d*.

For any u € 2, from the proof of Lemma 2.17, there exists 7y sufficiently large such that
S(tou) < 0. By defining yo(t) = ttou we immediately see that yp € I'. Thus,

d < max S t)) = max S(ttou) < max S(tu).
= max, (Yo (2)) max, (ttou) < nas (tu)

The arbitrariness of u gives Step 2.
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Step 3. d = d*. )
Given any u € 2\{0} we can find 7, > O such that 7,u € I" and

d < inf S(u) < S(tyu) = max S(tu).
uel’ =0

This shows that d < d*. On the other hand, for any u € [, from Lemma 2.17, there is v in
the unit sphere of 2 such that u = #,v. Thus,

inf S(t,u) < Styv) = S(u),
ueZ

and, consequently, inf, c 2 S(t,u) < d. At last, the relation

d* = inf S(tu) = inf S(t,u) <d
Jnf max S(tu) = inf Stu) =<

establishes Step 3. 3
By combining Steps 1,2, and 3, we have d < d* = d < d and the proof is completed. O

Definition 2.19 A solution ¢ € 2 of (1.5) is called a ground state, if ¢ minimizes the action
S among all solutions of (1.5).

Theorem 2.20 Let (A1)—(As) hold. There exists a minimizer u € T of problem (2.34). In
addition, u is a ground state solution.

Proof As in the proof of Theorem 2.15, we can take a bounded Palais-Smale sequence
{un} C 2 and a solution u € 2\{0} such that S(u,) — d, §'(un) — 0, §'(u) = 0 and
U, — ua.e.and in LlpOC (R?), as n — + oo. This immediately implies that u € T" and

d= inf S(v) < S). (2.36)

vel’

On the other hand, because 7 (u,) — 0, Lemma 2.18 and Fatou’s lemma, yield

d = d = liminf (S(un) - lI(u,,)) = 1iminf/ (lunf(un) — F(un)> dxdy
n— 00 2 n—oo  fp2 2
! 1 2.37)
> / (fuf(u) — F(u)) dxdy = S(w) — =1 (u) = S(u).
RrR2 2 2

From (2.36) and (2.37) we deduce that d = S(u). Finally, if v is any critical point of S, then
v e I' and S(u) < S(v), which means that « is a ground state. ]

Theorem 2.21 Let (A1)—(As) hold. Suppose also that f € C L(R) and

/ uf(u) dxdy < / uzf’(u) dxdy. (2.38)
R2 R2

Then for any nonzero u € %, the following assertions are equivalent:

(1) u is a ground state; 5 B
(i) I(u) = 0andinf{G(v); veT'} =d = G(u), where

G(u) = / (luf(u) — F(u)) dxdy.
R2 2
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Proof (1) = (ii). Ifuisa grgund state, we have S’ (1) = 0, which implies that 7 (z) = 0. On
the other hand, forany u € T,

1 1
S(u) = S(u) — El(u) = /]1%2 <§uf(u) — F(u)) dxdy = G(u). (2.39)

Hence,

d = S(u) = inf S(v) = inf G(v).

vel’ vel

(i) = (i). Let u € 2 satisty (ii). Then, by using (2.39), there is a Lagrange multiplier 6
such that 01’ (1) = S’(u). Therefore,

O (u), u) = (S’ (), u) = I(u) = 0.

But,
(1) u) = 2llully — / fyu? dxdy — / fwu dxdy
R2 R2
=21(u) +/ fuwyu dxdy — f f/(u)u2 dxdy
R2 R2

= / fwu dxdy — / f/(u)u2 dxdy
R2 R2
<0,

where we used (2.38) in the last inequality. Therefore & = 0 and S’(«) = 0, which implies
that u is a ground state. O

3 Regularity and decay

In this section we will discuss some regularity and spatially decay properties of solitary
waves. For simplicity, throughout the section, we assume ¢ = 1 and f satisfies the grow
condition | f (u)| < Clu|P~!, p € (2,4).

3.1 Regularity

The difficulty in studying regularity properties of the solutions of (1.5) or (1.6), comes
from the fact that the operator .72 A is nonlocal and non-isotropic. Here, we will adopt the
strategy put forward in [9] (see also [25,33] for applications to multi-dimensional models).
The following Hormander-Mikhlin type theorem will be useful.

Lemma 3.1 (Lizorkinlemma) Let A : R" — R be a C" functionfor|§;| > 0,j =1,...,n.
Assume that there exists a constant M > 0 such that

K, OFAE)

k
gll"'gn <M,

aéfl e 8%-11n B

where k; take the values 0 or 1 and k = ky + ---k, = 0,1, ...,n. Then A is a Fourier
multiplier on L4(R"), 1 < g < oo.

Proof See [23]. O
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Now we can prove the following.
Theorem 3.2 (Regularity) Assume p € (2,4). Any solitary-wave solution ¢ € % of (1.4)
belongs to WV (R?), where r € (1, 00). Moreover ¢ € WL (R2), for m = 1,2, if
f € C"™(R). In particular, if f(u) = u® then ¢ € H*®(R?).

Proof We are left to prove the regularity result for the nonlinear equation

$x + DA = (f (@), - (3.1
Let ¢ € 2 be a solution of (3.1). By Lemma 2.1, one has 2 — L”" (R?), r € [2,4], and
therefore f(¢) € L»-! (R?). It can be easily checked that multipliers g} £l ]

[EI+E2+0%" |E[+82+n?

and % satisfy the assumptions in Lemma 3.1. Hence ¢, ¢,, ¢, € L4 (R?), where

(2154 pe@d,
qg€1(1,2], p =3, (3.2)
(155]  reca

We now divide the proof into three cases.
Case 1. 2 < p < 3. From (3.2) we see, in particular, that ¢, Vg € L*(R?). In view of
the Sobolev embedding H'(R?) < L"(R?), r € [2, c0), we deduce that ¢ € L7 (R?),
r € [p 1»00). As a consequence, f(¢) € L’(Rz) re - 00). Thus, we can apply
Lemma 3.1 to conclude that Vg € L” (R2),r e[
rel;= —2;, 00).

Now, let pp = —=; and define p; = po It is clear that f(¢) € LP'(R?) and p; < 1if

and only if p > f + 1. Hence, if p > f 2 + 1 we can apply Lemma 3.1 to conclude that

¢, Vo € L’(R2) r € (1, 00). Assume now p < +/2+ 1 and define, inductively, p, = p”_l .

r—1

= l,oo) and, consequently, ¢ € WL with

Note that 0 < p, < py—1 and p,, < 1 if and only if p > 2n+1 + 1. The result then follows,

using Lemma 3.1 because p, — 0 and 27+ + 1 — 2, asn — oo.
Case 2. p = 3. Here we also have ¢, Vo € L?(R?). So, as in Case 1 we obtain ¢, Vg €
L"(R?), r € [2, 00), which combined with (3.2) gives the desired.

4
Case3.3 < p < 4. Here we have ¢, ¢y, ¢, € L7-T (R?). By using the Gagliardo—Nirenberg
inequality

1 1-90 1
lulls < UVl Null’ = (

=——+0(-
N r

—1), 60,1, (33
q

2
4
with & = 1 and r = ﬁ, we deduce that ¢ € L7-3(R?) and, consequently, f(p) €
4 4
L7073 (R?). An application of Lemma 3.1 yields ¢, Vg € L7 D73 (R?). Now we need
to use an iteration process. Indeed, let p; be the positive root of the equation (p — 1)(p —
3) —2 =0, thatis, py =2+ V3 € (3, 4). Since the function wi(p)=4/(p—D(p—3)is
strictly decreasing on the interval (3, 4) and w1 (p1) = 2, we have that i1 (p) > 21in (3, p1].

4
Consequently, interpolating between L7-T and L*1P)| p e (3, p;] we obtain ¢, Vg € L2,
By proceeding as in Case 1 we conclude the resultif p € (3, p1].

4
Assume now p € (p1,4). Since ¢, Vg € L7 D73 (R2), we can use (3.3) to conclude
4
that ¢ € L@-D»-3-2_ 1]t is to be noted that because p € (p1,4) we have (p — 1)(p —
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4 0
3) — 2 > 0. Thus we obtain, f(p) € L®-D*(¢-3-20-)  Lemma 3.1 again implies ¢, Vo €
4

L »-D?(-3-20-1  Let P, be the polynomial P>(p) = (p — 1)2(p —3)—2(p—1)—2.Since
P>(p1) = —2 and P>(4) = 1, it follows that P, has a root in the interval (p;, 4), which
we shall call p;. Again, since the function u>(p) = 4/[(p — D2(p —3) —2(p — D] is
strictly decreasing on the interval (p1, 4) and ua(p2) = 2, we deduce that up(p) > 2 on the
interval (p1, p2). Another interpolation gives ¢, V¢ € L? and the proof is also completed
for p € (p1, p2l.

Following this process, we define inductively the polynomial P, in the following way:
having defined P,_1, we define P, by the relation P,(p) = (p — 1) P,—1(p) — 2. Precisely,
P, has the expression

Pp)=(p=D"(p=3) =20 =1 =20p=1)"?—--- =2(p— 1) —2.

Also, inductively, if p,_ is the root of P,_; in the interval (3, 4), noting that P, (p,—1) = —2
and P,(4) = 1, we define p, to be the root of P, in the interval (p,,—1, 4). Note that {p, } is
increasing and bounded by 4. Thus, in order to complete the proof it suffices to show that the
sequence {p,} converges to 4, as n — oo. But this follows at once because P,(p) — —oo
for any p € (0, 4). This completes the proof in Case 3.

Now suppose that f is C!. Then, forall 2 < p < 4, f'(¢)¢x € L4 (R?), where 1 < ¢ <
00. On the other hand, (3.1) is equivalent to

—Ap = (f(9), — Hpx.

Thus Ag € L1(R?) by Riesz’s theorem [29] (see also [11]), where 1 < g < oo. The proof
is now completed by iteration. The case of f € C 2 is similar. O

Remark 3.3 It can be seen from Theorem 3.2, Sobolev’s embedding WL (R2) < L%®(R?),
r > 2, and Morrey’s inequality that any solitary wave ¢ € 2 of (1.5) indeed belongs to
L®(R?) N C(R?) and vanishes at infinity.

Next we prove that the high regularity of f is reflected in the analyticity of the traveling
waves.

Theorem 3.4 (Analyticity) Suppose that f € C®°(R) and, for any R > 0, there exists
M > 0 such that

lF®™ ) < M™ '\, forall |x| <R, neN.

Then any solitary wave solution ¢ € % N H®(R?) of (1.4) is real analytic in R2.

Proof Fix any (xo, yo) € R2. To simplify notation, let P = (x, y) and Py = (x¢, yo). By
Taylor’s formula and the smoothness of ¢, one has for any N € N,

P o N+1 ! N paqo
PP+ P =D %P+ Y ——— | (I=DVPU9GaP + o) di
le|<N la|=N+1 0
=I1+11,
where for any o = (a1, @2) € N2,
% — aa1+a2
oAy’
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represents the derivative operator of order || = o + a». In order to show the Taylor series
is absolutely convergent one needs to estimate the second term. By using the regularity of ¢
and the Sobolev embedding H 2(]R2) (EnS LOO(RQ), one gets, for any N > 2,

N+1 1
s Y Sl [ a0 ar
wl=n+1 & 0

1
= 2 Pl
le|=N+1 """

We claim that it suffices to show that there are constants C > 0 and A > 0 such that, for any
o e N2,
19l g2 < CAUI D4 (jaf = 2)4 1, (34)

where (-)+ = max{:, 0}. Indeed, assuming (3.4), we deduce
1
11<C Y —PIAlT D (o]~ 2)4)

o
la|=N+1

la|=N+1

(N —1)!
o!

Now by using the elementary inequality (see [20, Lemma 4.5])

!
3 N v
al T ’
la|=N

one gets
ClpP|
I < ———
N(N +1)
Thus by taking a small enough R such that 2AR < 1, we conclude that // — O, as
N — oo, which shows that the Taylor series is absolutely convergent and ¢ is real analytic
in a neighborhood of Py.

Now it remains to prove (3.4). If |«| < 2, in view of the inequality [|0%¢|| 52 < Cll@|l g4,
the proof is direct. For |o| > 2, the proof is by induction on |«|. Assume the statement is

true for all multi-indices & € N? such that |«| < n. Then, it suffices to show that (3.4) holds
with 9%¢ replaced by 3% V. First we recall that Eq. (1.5) is equivalent to

Hpe — Mg+ A f (@) = 0. 3.5)

QAIP)N.

Then by using the regularity of ¢, applying the operator 9* and taking the inner product in
H2(R?) with 9% in (3.5), one derives the identity

(A% @y, 8"‘(/))Hz — (A3%g, 8"‘90),.,2 = — (3 f(@)x, a“(p)Hz. 3.6)
Since (9% gy, 8%9) 2 = | Dy/*0%¢|2,, and (A8%9, 9%¢) 2 = —[[Vd%p|2,,.we have
1/2
IDY28%012, + 1V8% 1% < 199 0xl 12110% £ (@) | 2

1 1n 1
< SID200l + 319 F @)

Hence
V3%l g2 S 10% f(@)l g2 3.7
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Thus, in order to complete the proof one needs to estimate [|0% f(¢)|| z2. But, by recalling
the estimate [20, proof of Lemma 4.4]:

18 (@)l 22y < CA™(jar| = DL, 3.8)

we immediately conclude the proof. O

Remark 3.5 Itis to be observed that (3.8) was obtained in [20] when studying analyticity of
solitary waves for the KP equation. However, a simple inspection in the proof reveals that it
does not depend on the solution itself, but only its smoothness and our assumptions on the
nonlinearity f.

Remark 3.6 A similar result of analyticity was obtained, in [24], when f(u) = u?. Thus
Theorem 3.4 can also be viewed as an extension of that result.

3.2 Decay

This subsection is devoted to the study of decay properties of the solitary waves. Our results
are inspired in those in [4] (see also [10,25,33]). The difficulty here, once again comes from
the fact that the linear part of (1.5) is nonlocal and non-isotropic.

Recall we are assuming ¢ = 1 and a priori f satisfies | f(u)| < Clu|?~!, p € (2,4).
However, as we will see in the next result, a further restriction on p must be imposed.

Lemma 3.7 Assume that p € (pg,4) where po = (3 + ﬁ)/2. Then any solitary wave
¢ € Z of (1.5) satisfies

1/2
|2 (1Y% + 19 drdy < .

Proof Let xo € Cg°(R) be a function such that 0 < xo < I, x(y) = 1 if |y| € [0, 1] and
x0(y) =0if |y| > 2. Set x,(y) = Xo(i—z), n € N. Equation (1.5) is equivalent to
Hpx — A+ A f (@) =0. (3.9

Multiplying (3.9) by y2x.(y)¢ and integrating over R?, we obtain after several integrations
by parts that

1/2
f APt (V)Y e = / XY 1D 02,
R2 R2

—/ wxxxn(y)y2¢=/ Xn (Yo%,
R2 R2

and
1
_/Rz Pyyxn (VY70 = /Rz X9 — %) — /Rz @xp () + 51, ()3,
Hence,
2 1/2 2 2\ _ 2 ’ l 2 .2
Yxn (IDY"0|” + [Vo|7) = Xn@”+ | Qyx, + 5y xa)e
]RZ R2 RZ 2

(3.10)
- / V2 I Of (9)x.
RZ
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Let us estimate the last term on the right-hand side of (3.10). By using Holder’s inequality
(in the x variable) and the fractional chain rule, we have

1/2 1/2

‘/ YV of (@)« | = V y xnéfaxwf(w)‘ ‘ ¥ xn Dx flo)

< / 21l DYl 21DV £ @) 2dy

1/2 1/2 -2
<C [ Dl oz 1D iy ol oy,

where m, £ # oo are such that 1/m + 1/ = 1/2. Let 6 = 2((” 21)), A= ( 1) and take m
suchthatm > max{2, 4(p—2)/(p—1)}. From the fractional Gaghardo—Nlrenberg inequality

(see, for instance, [19]), we deduce
1/2
1Dy ollLy < Cllexllf z|I</>I| 2<p s el w2 = CllgoxlleIIwII W 2

Note that if p € [po, 4) then, from Theorem 3.2, ¢(-, y) € Lz(p Y ae. y € R. In particular
note that 2(p —2) > 2/(p — 1) only if p > po (here is where the restriction on p appears).

Therefore,

‘ / V2 an H0f (@)

2
=< C/ y Xn”Dx/ §0||L2||¢x||L2||(/)”p2(p 2) dy.

Lete € (0, 1) be such that Ce < 1/2. Since ¢ is continuous and tends to zero at infinity,
we choose R > Osuchthat ||¢(-, y) ||Lz<pfz) < e forany |y| > R. Then, there exists a constant
CRr > 0 such that

VRZ VA A 0f (@)

< cR+Ce/‘ RyzxnnD‘%nL;||wx||L;dy
>

1/2
< Cr + Cellyxn Dyl 2 1y 0x 2 G.11)
1 2 1/2
< Cg +Ce(||yx 2D,/ o7, + 1y X’ wxlle)

1/2 1

2
< it 5 (I 2D2I + Iyxd el

By replacing (3.11) into (3.10) we obtain
2 1
/2 2 (10701 + Vel /R xn9® + /2(2yxn + 3300+ Cr. (Bu12)

The first term on the right-hand side of (3.12) tends to ||g0|| 2,881 — 00, by the Lebesgue
theorem. The second term tends to zero by the Lebesgue theorem and the properties of ;.
Therefore

1/2
/Rz Y xn (ID/ o* + |V<p|2) dxdy
is uniformly bounded in n. By the Fatou lemma, we get our claim. O
In view of Lemma 3.7 in what follows, otherwise is stated, we assume p € (pg, 4).

Lemma 3.8 Let ¢ > 0, v > —3/2 and define h, via its Fourier transform by

|§|l+v

D = e
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Then,

(i) hy € C¥R\{0));

(i) |y|*hy € LY@R?), if 1 < g < 0o and § + | < Zv+ land ¢ + g >v+1;
@ii) |y|>**t3h, € L®R?).

Proof We observe that for any ¢ € S (R?) (the Schwartz space)

|£_~|l+v .
(hv, d)s s = AZ E+ el /}RZ e WET g (x, y) dxdy dédn

+ 00 )
:/ /Rz /Rz |$|ve1(x€+y'7)e—t(l+|§|+r/2/|$|)¢(x! y) dédn dxdy dt
0

+00 ot 1 2
:/0 NG Rz/]R'fl”*fe”Ee*'E"”y M (x,y) d& dxdy dt

_ 3 Foe vl —t 2.2 2 2\2
_2F<v+§>/0 t"tle /Rz(tx +(t+y))

3 t
X COS ((v + 5) arctan (%)) ¢(x,y) dxdy dt,

_ 2043

where in the last equality we used that & +— | |”+%e_‘5|(’+y2/ " is an even function and
formula (7) in [12, page 15]. Thus, we deduce that

_ 2043

+ o0
hy(x,y) =2I (v + E) / e (t2x2 + (% + y2)2) '
2/ Jo

3 t|x|
xcos | |v+ 5 )arctan | ——— dt.
2 t-+y

From the above expression, parts (i) and (iii) are obvious. Let us establish (ii). Indeed,

(3.13)

_2v43

> _ 2
11 ol sfo HHe I (P (P 4)) T e (3.14)

A

But,

_2v43

dx] dy

Al :/ |4t /<t2x2+(t2+y2)2>
R L/R

‘ i 2043 5 y2 2\~
— q - 24 Z
—/Rlyl 12 /R x +(f+ t) dx | dy (3.15)

2
=/ B P (t+y—>
R t

1— 2v2+3 q

2v+43
/(12+1)_T+qdz dy,
R

where we used a change of variable. Since v > —3/2 we have
2

! +1 Z<2—i-1 +3
- <=V —=<=-v <v+ =
g 3 3°3 2
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and the inner integral in (3.15) is finite. Thus,
2v+43

2\ I=7727¢
A1 =Ct_%q/ ly[a¢ (z+y7> dy
R

1— 2v43

2043

:thl+27(2v+3)q/ |Z|qZ (1+Z2)1—Tq dy.
R

Since % + é < %v + 1 this last integral is also finite. Consequently,

~

© 2
Isthullur S [ He gy,
0

The assumption ¢ + % > v + 1 now implies that this last integral is finite and the proof of
the lemma is completed. O

Lemma 3.9 Assume f € CLand p > po = (3 + +/5)/2. Let ¢ € % be any solitary wave
of (1.5). Then |y|g € L4(R?), forall 3/2 < g < oo.
Proof First we show yp € L*®(R?). Choose 8 € (0,3/4) and g1, ¢ > 2 satisfying

1 1 1 3

2
= — , — <f<— and (p—2)q2 > 1, (3.17)
2 g @ 2q, q1

where hg_1 is as in Lemma 3.8. Then it follows from

1yel < Iyhp-1l % IDY7P f(@)| + |hg—1] % lyDLP £ (g,

Young’s inequality and the fractional chain rule that

lyelize < lyhp—1liza 1D P ol 2119772 Lo
+ llhg—tliLa lyDLPoll 2P 2 Lo
From (3.17), Lemma 3.8, Theorem 3.2, and the fact that ¢ € %, the right-hand side of the

above inequality is finite if ||yD;_ﬂ(p||L2 < +00.
We state that ||yD)1(_ﬁ(p||Lz < + o0. Indeed, if ¢ satisfies (1.5), then

_ 1/2
DI P =hzx Dy f(p).

where B = 1/2 — B. Now we choose §i, §», r1 and 5 such that

1 1 2 ~ 3 - ~
l==+4+=, =>B8>—=-1, q1>1, (p—2g2>1 (3.18)
9 92 q 2q1
and
1 1 1/3 ~ 2
L 7(——1> <l4f<Z sl (p-Dn>1 (.19
r r 2\ r
Since

— 1/2 1/2
yD' Pl S Iyhgl# 1Dy f(@)] + lhgl = lyDy* F ()],
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we have from the fractional chain rule and Young’s inequality

- 1/2 -
IyD Pl 2 S Iyhzln 1Dy gl 2 0P~ oo
1/2 _
+ gl Iy Ds %@l 2 9Pl < +o00.
Note that since p > po, Lemma 3.7 implies that ||yDi/2<p||Lz < 00. Hence, (3.18), (3.19),
Lemma 3.8, Theorem 3.2, and the fact that ¢ € 2, imply that the right-hand side of the

above inequality is finite.
Next we prove that yp € L(R?), g > 3/2. Because

[yol S Iyhol * [ f (@) + kol * |yf (@),
by choosing g1 € (1,2),r1 > 3/2andr(p—1), g2(p—2) > 1 satisfying 1+$ = qi]-i-qlz =
1 1
7+ 5> we get from yp € L that

IyeliLe S lyhollin Il f @l + NhollLa |y f (@)l a2
-1 -2
S el o +yelzellel? ) < + oo,

where we used Lemma 3.8 and Theorem 3.2 again. This completes the proof of the lemma.
]

In view of Lemma 3.9, otherwise stated, we assume that f € C'. As an immediate
consequence we deduce.

Corollary 3.10 Let ¢ € 2 be any solitary wave of (1.5) and 0 € [0, 1]. Then |y|’¢ €
L1(R?), forall 3/2 < g < oo.

Proof 1t suffices to note that

/ |y|9‘1|<p|'fdxdy=/</ |y|9q|<p|qdy)dx+/</ |y|9q|<p|‘1dy>dx
R2 R \Jy|<1 R \J|y|>1

5[ lo|?dxdy +/ Iy1?lel?dxdy
R2 R2
and apply Theorem 3.2 and Lemma 3.9. O

Next, we observe that Eq. (1.5) may be written in the equivalent form
¢ =k f(p), (3.20)

\
where k = hg = (ﬁ) was defined in Lemma 3.8. We will use the properties of the
kernel k to get some decay estimates for the solution ¢ of (1.5). As an immediate consequence

of Lemma 3.8 we have the following.

Lemma 3.11 Let ¢ € [0, 3). Assume that 1 < g < oo satisfies é + %K <landl < €+ %.
Then,
(i) k € COR\(0});
(i) [y|°k € LY(R?);
(iii) |y]’k € L°®(R?).
Concerning decay and integrability with respect to a power of x we have the following
result.

@ Springer



102 Page 26 of 33 A. Esfahani, A. Pastor

Lemma 3.12 Let ¢ € [0, 3/2). Assume that 1 < q < o0 satisfies $+%Z <landl < €+§
Then,

@) |x|% € L1(R?);
(i) |x|?%k € L>®(R?).

Proof The proof is very similar to that of Lemma 3.8; so we omit the details. We only
point out that a power |z|9¢ appears in the inner integral (3.15). Thus, a condition for the
integrability is 2q — g > 1; but this is true because 1 s ZZ <land? < 3/2. O

The next step is to show that solutions of (1.5) decay to zero at infinity at the same rate
as the kernel k.

Theorem 3.13 (Spatial decay in the y variable) Any solitary wave ¢ € % of (1.5) satisfies

(i) y>¢ € L®[R?); and
(i) |y|*p € L®(R?),0 <k <3

Proof Ttsuffices to prove (i), because (ii) follows immediately from (i). First, by using (3.20),
we recall the trivial inequality

1@l S I 1E1kL* | f ()] + 1| * [1yI°] £ ()], (3.21)

which holds for any ¢ > 0. Lety; = p — 1.
Claim 1. |y|" ¢ € L"(R?), forany 1 < r < oc.
Indeed, choose r1, 12, g1, g2 such that 1 + % - —l— 5 7 + q%’ rr € (1,2), a1 > 1,

ry| > % and g > ﬁ From (3.21) with £ = y; and the Young inequality it follows that

Iy el S Wy kllza llol o + 1Kz 1Y@l -

Thanks to Lemmas 3.11, 3.9, and Theorem 3.2, the right-hand side of the above inequality
is finite and the claim is established.
Next we define y» = min{3, (p — 1)?} and divide the proof into two cases.
Casel.y» = (p — D2
Here, we observe the following
Claim 2. |y|"2¢ € L" (R?), for any m <r < o0.
In fact, by using (3.21) with £ = y» and an argument similar to that in Claim 1, we have

Iy @l S Wy kliza 1@l oy + 1K1z Iy el ]y < + oo,

provided I + = - + L = - 4 . r1 € (1,2), q2y1 > 1, r2y2>§andq1 >ﬁ.Note

we used Claim 1 for the last term. From our choices, q—z < y1 and 4 o < 3_3y2 , which implies

and shows our claim.

Ll L nB—r)
q1 + qz <1+ 5. This forces the restriction r > y1(37y1)

Now, since p > po = (3 + x/g)/Z, we deduce that 1y > 3 > y». Thus,

3
—T

1 @llre S 1y klllol) + Iklza Iy 7T @ll7,, (3.22)

where 1 = ‘]7 + %. From Theorem 3.2 and Lemma 3.11 the first term on the right-hand side
of (3.22) is finite. Also, by choosing @ € (0, 1) and b satisfying by» > ﬁ we obtain
k € L*(R?) and

3
=

Y17 @l by S Nll] sy, + 11720l (3.23)
L L L
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where we used % = % < 9. The right-hand side of (3.23) is finite thanks to Theorem 3.2
and Claim 2. This proves that the right-hand side of (3.22) is finite and concludes the proof
of the theorem in this case.

Case 2. y» = 3.

Here, if % + % = 1, we write
Iy*¢lie < Ny kil lielyy + Iklzalllyl £ @) s
SIyklcellelyy, + Ik Lo (||<p||{‘by1 |||y|V'<p||{‘byl)

where we used that 3 < (p — 1)2 = ylz. By choosing a € (0, 1), by; > 1, using Claim 1,
and arguing as in Case 1, we complete the proof of the theorem. O

Interest is now turned to the decay with respect to the variable x. Let us start with the
following result.

Lemma 3.14 Let go = 2(p — 1). Then, for any q € (qo, o0) and £ > 0 satisfying £q < 1/2,
we have |x|tp € L1(R?).

Before proving Lemma 3.14 we recall the following.

Lemma 3.15 Let j € N. Suppose also that € and m are two constants satisfying 0 < £ <
m — j. Then there exists C > 0, depending only on £ and m, such that for all € € (0, 1], we
have

lal* C bl*
<

a< ., VYbeR/, p>1, (3.24)
ri (L +€laD™ A+ |b—al)™ (1 +€lb])™

and

d c 4
/ a < . VbeR. (3.25)
b A +ela)™(A+b—ah™ = (1 +elbhm

Proof The proof is quite elementary and it is essentially the same as that of Lemma 3.1.1 in
[4] (see also [13]). m]

Proof of Lemma 3.14 Fix r € (1,2) to be chosen later and take s; € (%, %) and s, €
(%, 3(p — 2)), where r’ is the Holder conjugate of r.
We first claim that, for any £ € [0, 51 — %), we have |x[¢(y)™2¢ € L’/(Rz). Indeed, for
0 < € < 1, define g. by
ol
8e(x,y) = Wﬂxv y),

where (y) = 1 + |y| and (x) = 1 + €|x|. Since ¢ € L>(R?), from the choices of ¢ and
sj, j =1,2,itis easy to see that g € L" (]Rz). Now, given any § > 0, there exists a constant
N > 1 (depending on §) such that

(y)%|<p| < §, for |x| > N. (3.26)

To see this, choose a number a € (0, 1) satisfying ﬁ < 3 (this is possible because
s2 < 3(p — 2)). Then,

52 52 _ 52 _ _
M7200l S el + 19172 el el ™ < 1@ 2 o4l ™ < lol' ™4,
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where we used Theorem 3.13. Since ¢ goes to zero at infinity (see Theorem 3.2 and Remark
3.3), this last inequality implies (3.26).
Now we decompose

R ={]x| > N}U{lx| <N} =: L UD.

Then, by using Eq. (3.20), Holder’s inequality and Lemma 3.12, we get

/ |ge (x, )| dxdy
I xR

o xl
< < (x, r'—1 . k dxd
_/leng (x, I O ()2 * f(p)dxdy

€
< / P B YN TN S F@ 1 gaydxdy
Ik e ()2

x| "
< e ll”' ! P ) v, dxd .
~ ”ge ”L" (I} xR) <~/I| <R (_x)‘;lr/ (y)SZr/ ||<x> * f(w)”u (]RZ) X y)
Since g € L” ' (R?), we can divide both sides of the above inequality by ||g. ||rL/ r_,l to obtain
v x| _51 ,
lgeCr I dxdy S | [0 % f @] g .
I xR LR {x)e" (y)sr

By using the definition of convolution, Fubini’s theorem and Lemma 3.15,

/ |ge (x, Y)I" dxdy
I xR

» x| /
S /15%2 | f (@)X, ¥ f dxdy dx'dy’
1

- B
R ()T (v (o — Xy
r/ |x/|lr/

NS
€

S / [f (@&, )] -dx'dy’
I xR

|x|Kr/

o reeoor [ dvdy dx'dy’
L xR L xR <x>51 <y)szr (x —x’)slr

, , | /|£r’
<o / lo(x', y)I"
11><]R

/3
nsir’ /sr’dXdy
(x)e (¥

(Ix] + 2%
R2 {x)517 (y)s2r’

S f lge (X, )" dx'dy’ + / lp(x', yOI" P~ Dax'ay’.
I xR 163

xR

+ / o', )" P dxdy dx'dy’
12 xR

By choosing § sufficiently small, we deduce that

/ lseryl dxdy < € f oG YOI P Vdxdy' .
11><

IQXR
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Since the constant C appearing in the right-hand side of the preceding estimate is independent
of €, an application of Fatou’s lemma gives

/ L lp(x, y)|" dxdy < 1 (327)
I xR (y)szr/ ' ~
On the other hand, clearly
|x|£r, » »
Ty PN dxdy SN oy (3.28)

A combination of (3.27) and (3.28) then establishes that |x|¢(y)™2¢ € L” ' (R?) for any
re(2,00),£€[0,sy —1/r)and s, € (%, 3(p — 2)), which is precisely our claim.

In order to complete the proof of the lemma, we fix go = 2(p — 1) and take g € (go, 00).
Letv = % and note that 2 < v < ¢. Now, for any £ > 0 and s > 0, we infer that

q—v

s q—v

at _s 7 :
Il @l a2y < 11x1 )75 @y ey 1OV T7 M e ey (3.29)

We claim that by choosing s € (1 3v(p — 2)), the right-hand side of (3.29) is finite. Indeed,
since the function ¢ — ﬁ - = tends to0,ast — %1, and to i ast — 3(2;1)

find a number s; € (p ], S(Zq U) such that

, We can

S1 1

p—1 q

With this inequality in hand, all assumptions in our claim above hold and the first term in
(3.29) is finite. The second one is also finite thanks to Theorem 3.13. Note thal =

view of our choices of v and s. This completes the proof. O

0</t<

Theorem 3.16 (Spatial decay in the x variable) Any nontrivial solitary wave ¢ € % of (1.5)
satisfies |x|32¢ € L*®(R?).

Proof The proof is analogous to that of Theorem 3.13. We divide it into several steps.

Step 1. First we note from (3.21) that |x|’¢ € LI(R?) forany 2 < g < oo and 0 <
2 < % + é. In fact, by choosing ri,r2 > 1, g1 € (1,2) and g2 € (2, 00) such that
1—1—%: %—1—% = ql—l—i—ql—z,Zqu < Iand%—i—%—e <1 <Z+%,asin(3.21),wegetfrom
the Young inequality,

pP—
Hxl@llze < NIkl llol ,2<p y F Ikl lxl7 'wllm(,, < +00,

where we used Theorem 3.2, Lemmas 3.12, and 3.14. The restrictions on ¢ and £ come from

1 1 1 1 1 1 1 1 1
l+->14+—-=—4+—>_-42, 14+—=—+—<1+-.
2 9 9 q 2 9 9 @ 2
In particular, |x|f¢ € L®(R?),if 0 < £ < 1/4.
Step 2. We now show that |x|p € L4(R?) for any max{l, %} =:¢q < q < oo and
0 <2 < g + é. In fact, by choosing ry, 7, > 1, as in Step 1 and ¢; € (1,2) and

1

— 1_ 1 1 2¢
q2 € (g, ) suchthatl—l—g—q—l%-gandf1 <5+ we deduce

1
@(p—1)°

Ixl@lize < l1x] Kl IIfPIIL,z(,, b+ Kkl x| 7T ‘fplquz(p n < oo,
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where now to see that the last term in the above inequality is finite we used the result in
Step 1. The restrictions on ¢ and £ follow as in Step 1. In particular, |x|‘¢ € L®(R?), if
0<¢<p/a

Step 3. We claim that if p satisfies p(p — 1) > 5 then |x|3/?2¢ € L™ and the proof of the
theorem is completed in this case. Indeed, by choosing g1 € (1, 2) and ¢» > 2 such that
1= L]Ll + qiz, we write

3/2 32 p-1 o 1Pl
x1¥ 2@l Lo < Il kllzellglly -1 + lkllza [1x[2P7D @1l 401y < +00.

The last term in the above inequality is finite in view of Step 2. We point out that conditions
on g and £ in Step 2, is equivalent to 0 < 3 < % + qiz, which holds because
5 1 -1 1
3 =— + - < M + —.
2 2 2 q
This establishes Step 3.
Assume from now on that p satisfies pg < p < pi, where p; is the positive root of
p(p—1=5.
Step 4. We show that |x|¢¢p € L7(R?) for any l < g <ooand0 <2f < % + w + 1
Indeed, in order to apply the results in Step 2, we choose rq, r, > 1,asinStep 1 and¢q; € (1, 5)

and g2 € (1, 0o) such that 1 + é =14+ Lang % < g + Consequently,

_ 1
q1 q2 @ (p—1°

4

¢ ¢ -1 = -1
Ixl®@liza S XKl @l oy + 1Kl Lo X177 @llP ) < 400

In particular, lx[fp € L®(R?),if0 < ¢ < % + p(pf_l) =: £y. Note that £o < 3/2, which is
expected at this stage.

Step 5. We finally show that |x|3/2<p e L®(R?) if p € [po, p1]. Infact, choosing g1 € (1, 2)
and ¢gp > 2 satisfying 1 = qi] + q%’ we get

p—1

L92(p—1) < +o0.

32 32 -1 T
x1¥ 2@l oo < Mlx ] kllell(plllL),,f. + [kl o [Hx][2@=D g

To use Step 4 in order to see that last term is finite, we need to check that 3 < pT_l +

p(%z)z + % But note that such a inequality holds trivially if we replace p by po. Thus the
result follows because p > po.
The proof of the theorem is thus completed. O

Remark 3.17 1t is worth noting that the solitary wave solution ¢ € 2° cannot belong to
LY (R?), since k is not continuous at the origin (see (3.20)).

We finish this section with an additional decay property.

Theorem 3.18 Any nontrivial solitary wave of (1.5) satisfies ¢ € L;LZ (R N LZL; (R?%)
forall 1 < q,r < oo satisfying

1 1 1 2

-4+—->1 and -+ — <3. (3.30)
roq roq

In particular ¢ € Lz.L)lC(]RZ) N LiLg(Rz) N L%L;(Rz) N L;L?(]Rz)for any 1 < g < oo.

Proof The proof is deduced from the fact k € L L} (R?) N Liry (R?) under conditions
(3.30). 0
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Fig. 1 The solitary wave of (1.6) and its projection curves for f(u) = u?
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4 Appendix

An important question concerning traveling-wave solutions one can ask is about their pos-
itivity. In this short appendix we verify that under suitable vanishing conditions at infinity,
positive solitary waves do not exist. The numerical result also confirms this fact (see Figure 1).

Proposition 4.1 (Nonexistence of positive solitary waves) Suppose that f does not change
the sign. Then there is no positive solitary-wave solution ¢ of (1.5) satisfying

o —>0, as|x,y)|—> +o0, “4.1)
Hpy — 0, as|x| > + oo, 4.2)
Hp — 0, as|y| — +oo. 4.3)

Proof 1t is straightforward to see that if ¢ is a nontrivial solution of (1.5) satisfying (4.1)—
(4.3), then

/ Hp(x,y)dx =0. 4.4
R
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On the other hand, 57 ¢ = 5k * f(¢), where
; §

&1+ &+ n?
By an argument similar to Lemma 3.8, there holds

+ 00 _3 3 t
Hk(x,y) = ﬁ/ /2e ! <t2x2 + (t2 + y2)2) * sin (7 arctan <i>> dt.
0

2 124 y?

Hk(E, ) = —

The function .77k does not change the sign, since

,(3 ) V2 (1+ (1 4x3)12H172
sin | — arctan(x) | = —

= S g @HaE)) >0

The proof then follows because if ¢ is positive, ¢ = €k * f(¢) has a definite sign,
contradicting (4.4). ]
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