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Abstract This manuscript extends a study initiated in Dacorogna et al. (C R Math Acad
Sci Paris Ser I 353:1099-1104, 2015) to incorporate non-homogeneous cost functions. The
problems studied here are convex optimization problems, but the subdifferential of the actions
we consider, are not easily characterized except when we deal with smooth cost functions
with polynomial growth at infinity. We study minimization problems on the paths of k-forms,
which involves dual maximization problems with constraints on the co-differential of the k-
forms. When k < n, only some directional derivatives of a vector field are controlled. This
is in contrast with prior studies of optimal transportation of volume forms (k = n), where
the full gradient of a scalar function is controlled. An additional complication emerges due
to the fact that our dual maximization problem cannot avoid the use of k-currents.

Mathematics Subject Classification 35 - 49

1 Introduction

This work continues our program on the theory of transportation of closed differential forms.
The current manuscript studies actions defined on paths of closed differential forms, intro-
duces various distances and improves on the study in [9] (for related work more centered on
the symplectic case where k = 2, see [10]). We denote by AK or AF (R™), the set of exterior
k-forms over R" (k-covectors of R").
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Consider a convex (in fact contractible will be sufficient) open bounded set 2 C R” and
denote by v the unit outward vector to the boundary d€2. Let d denote the exterior derivative
operator on the set of differential forms on €2 and let § denote the adjoint (or co-differential)
of d. Let fo, f1 be two-closed k-forms on €2 (i.e. their distributional differential d fo and d f;
are null) and the compatibility condition

(fi—fo)Av=0 on 99 (1.1

is satisfied when 1 < k < n — 1 while we impose that
/(fl — fo)dx =0 (1.2)
Q

when k = n. Accordingly, we denote by H, the set of k-forms & € L'(€2; A¥), which are
closed in the weak sense, and such that when 1 < k < n — 1 then

(h—fo)Av=0 on I

while when k = n it is rather required that
/ (h — fo)dx = 0.
Q

This is a subspace of the separable Banach L'(2; A¥). If s — f; is a path in H, since on
contractible domain every closed form is exact and s — —d; f; remains a path of closed
forms, there exists a path s — A of (k — 1)-forms such that —9d; f = dA. Let p € (1, 00).
In fact, we are interested in pairs (f, A) such that

Acrr (O x@alt) ferr (0. x @A), (fo f = ) (13)

and
osf+dA=0in (0,1) x2 and AAv=0 on [0,1] x 92 (1.4)

in the weak sense (cf. Definition 2.2). The variable s has, a priori, no physical meaning and
only serves as an interpolation variable between two prescribed closed forms. Let us denote
by PP (fo, f1) the set of pairs (f, A) such that (1.3) and (1.4) holds.

Letc : A x AF=1 — [0, 0o] be a lower semicontinuous function such that when € A¥,
£ € A1 and c(w, £) < oo then

c(w,&) =0 ifandonlyif & =0. (1.5)
In order for ¢ to induce a Riemannian or Finsler type metric, we further assume that
c(w,28) = [A[Pc(w, §). (1.6)

For f € LY(Q; A¥) and A € L1(2; A*~1) we set

1

|mw=<LcMAMQP (1.7)

and define Finsler type metrics
1
Mp(fo, f1) = (ifn/f) {/ | Asll r.ds ’ (f. A) € PP(fo, fl)}- (1.8)
I, 0
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By Jensen’s inequality

1 P 1
(/ ||As||f5d5) E/ |[As11% ds.
0 0 '

But using the standard “reparametrization of constant length” (cf. Lemma 5.2), one shows
that in fact

- - l - -
My (fo. fi) = inf [fo 1415, ds | (£ ) € PP(fo, ﬁ)} . (1.9)

When c(f, A) = |A|P, p € [1,00) and rp = r + p then a sufficient condition for (f, A)
to minimize (1.8) is (cf. [9])

fi=0=9fo+sfi, fi—fo+dA=0, A, =08g|5g]" 2 ge WL (2 A", dg=0

(1.10)
and so in this case, A is time independent. Further restricting p to (1, 0o) turns (1.10) into a
necessary condition, which uniquely characterizes the minimizers.

By Sect. B.3, any convex function ¢ : A¥ x AK~! — [0, co) (hence assuming only finite
values) satisfying (1.5) and (1.6) must be independent of w. This is precisely the case already
studied in [9]. This motivates our desire to study cost functions which take on infinite values.
What matters the most in the choice of our cost function is the scaling condition (1.6), which
is necessary to induce a metric.

An example of c(w, §) = G(Jw|, &) taking infinite value and studied in Sect. B.1 is

B if Jol < 1
p(—|w?) 2
c@8) =19 if =0 and || =1 (1.11)
00 if (6£#0 and |w/=1) or (Jo| > 1).

We can also consider cost functions of the form G (|w|, §) + H (£),0obtained by adding to the
cin (1.11) a smooth function H. One could replace the denominator in the cost in (1.11) by
p (M — |w|?) b , where M is a positive parameter. In this case, any minimizing path (f, A)
in (1.9) must satisfy the requirement | f| < M.

Let us for a moment keep our focus on the case k = 2. Given a non-degenerate closed
smooth 2-form f, there exists a 1-form w such that

A=wJf andso dA =L,/ (1.12)

where £, is the Lie derivative acting on the set of 1-form (w has been identified with a vector
field). A variant of (1.9) is

1
inf {/ ||w_|f||‘f’-ds avf+£wf=0}, (1.13)
(fw) LJo s

where the infimum is performed over the set of (f, w) such that w : (0,1) x Q@ — Alis
smooth and s — f; are paths in 7{ that start at fy and end at fi. Unlike (1.9), (1.13) is
not a convex minimization problem and so, it is not known to have minimizers. However,
if a minimizer (f, A) of problem (1.9) is such that f; is non-degenerate for almost every
s € (0,1),then (f,v) :=(f, Al f_]) is a minimizer in (1.13).

There is a sharp contrast between the search of optimal paths in the set of closed k-forms,
when 1 < k <n — 1, and that of the case k = n. This, can well be illustrated by comparing
the case k = 2, expressed in terms of electro-magnetism, to the case k = n, expressed as a
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mass transport problem. Consider a bounded open convex (or contractible) set O € R? and
set

Q:=(0,T) x 0.
Define S to be the set of pairs of electro/magnetic time dependent vector fields
(B,E): (0,T) x O — R®

which are integrable, satisfy a certain boundary conditions [omitted now but formulated in
Subsection E to match (1.1)] and satisfy Gauss’s law for magnetism and the Maxwell-Faraday
induction equations

V.-B=0, 4B+VxE=0. (1.14)

When k = 2, (1.8) is equivalent to the search of paths of minimal actions on S (cf. Subsec-
tion E). Any starting (resp. ending) point (B, Eo) (resp. (B1, E1)) in S is identified with
a starting (resp. ending) point fp (resp. f1) in the set of closed 2-forms. Similarly, a path
s € [0, 1] — (B(s), E(s)) which interpolates between (B, E¢) and (Bj, E1), corresponds
to a path s € [0,1] — f(s), lying in the set of closed 2-forms H, which interpolates
between fo and fl. If f(s) is not degenerate then there exists w : (0, 1) x Q — Al such
that d; f + Ly f = 0. Here, it is worth stressing that in contrast with the study of n-forms
(i.e. volume forms), intensively studied in the past few years in the theory of optimal trans-
portation, s does not represent a time variable. In the theory of optimal transportation, given
two volume forms ftg and ft; of same mass, we want to minimize an action over the set
of paths + — () which interpolate between [1p and 1. For each path t — u(¢), there
exists a velocity vector field v such that the continuity equation d; 0 + L, = 0 is satisfied.
The action to minimize is an integral over the set of time of an expression either written
in terms of (u(t), v(t)) or equivalently in terms of (u(z), A(t)) = (u(t), u(t)v(t)). In the
case of 2-forms, the time ¢ appears in (1.14) to ensure that f(s) is a closed form for each
s, but w is not the physical velocity. Now, the action to be minimized is an integral over
the set of parameters s, of an expression which depends on either (f(s), w(s)) (cf. 1.13) or
equivalently (f(s), A(s)) = (f(s), w(s) 1 f(s)) (cf. 1.9).

This manuscript contributes to the identification of a non-trivial class of metrics on set
of closed k-differential forms, with potential impacts on the study of evolutive equations on
the set of closed k-differential forms. The non-homogeneous costs allow for a much richer
class of metrics, but come at the expense of yielding transportation problems for which
the subdifferentials of the actions are not easily characterized. We then face the study of
dual problems which involve k-differential forms, whose differential are not a-priory locally
summable. This means that unlike the case when k = n, a difficulty we have to deal with
when k < n, is to face a dual problem involving functions for which not all partial derivatives
are summable. This means we cannot rely on any classical Sobolev type inequality and need
to prove a result such as Lemma 4.7. In this Lemma, we show that up to a translation in
one-dimensional interpolation variables, any path on the set of measures of k-differential
forms, is controlled by its derivative with respect to the interpolation variable and the L’ -
norm of its co-differential. The point is that we obtain an inequality which does not need
to involve the L”-norms of both the differential and the co-differential of our k-forms. The
proof of the Lemma relies on the use of a subtle Gaffney type inequality and the result is
central to obtain needed coercitivity properties of a functional we study in a dual problem.
An extremely challenging problem we leave open and which we hope to be the purpose of
future investigations, is the regularity properties of geodesics of minimal length. Problem A.2
comments on a systems of PDEs induced by these geodesics.
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This manuscript is divided into two parts, the first one containing our central results. The
second part is an appendix consisting of examples and technical regularization Lemmas,
needed to circumvent the lack of smoothness property of the functions we are dealing with.
The appendix ends with a section alluding to the interpretation of our work in the context of
electromagnetism.

In Sect. 3, we consider cost functions ¢ on A¥ x A*~! which assume only finite values,
are smooth, strictly convex, with a polynomial growth at infinity. We do not impose that
c(w, -) is p-homogeneous and use standard methods to characterize the subdifferential of
the actions along paths of minimal length. This Section will later be useful when studying
cost functions which take infinite value. Section 4 is a preliminary section which deals with
paths of bounded variations on metric spaces, the metric space in our case being the set
of k-currents. We later use these to study Finsler type metrics on the set of k-forms. In
Sect. 5 not only the set where ¢ assumes the value 4+00) is not empty but also ¢*, the dual
of ¢, is assumed to have a lower bound which may be linear: ¢c*(b, B) > ys (|b| + |B|").
This creates a difficulty, usually not faced in the optimal transportation theory, which led to
incorporating the two lengthy Sections C and D. We identify and exploit a dual maximization
problem to characterize the paths minimizing our action. When k = n, in the dual problem,
all the partial derivatives of a scalar function are controlled. When k < n we face serious
technical difficulties since the control of the co-differential of a (k + 1)-forms is equivalent
to the control of some directional derivatives. We anticipate that the level of complications
will substantially increase if we extend the class of cost functions c to include those which
are polyconvex or even quasiconvex in a sense to be specified. These considerations, which
constitute a new type of challenges, will be addressed in a forthcoming paper [8]. We close
our description by drawing the attention of the reader to a recent paper by Brenier and Duan
[1], one of the very few related to our context, which considers gradient flows of entropy
functionals on the set of differential forms.

Throughout the manuscript, it would have been sufficient to assume that €2 is a contractible
domain of smooth boundary and not necessarily a convex set. In order to reduce the level of
technicality, we chose not to state some of our results under the sharpest assumptions.

2 Preliminaries for the smooth case
For simplicity, throughout the manuscript, € C R” is assumed to be an open bounded convex

set and v denote the outward unit normal to d€2. Let 1 < k < n be an integer. We assume
that , p € (1, 0o) are conjugate of each other in the sense that r + p = rp.

Definition 2.1 Let f € L! (Q; Ak), let A e L! (Q; Akil) and B € L! (Q; Ak“).

(i) Wewrite —df = A (resp. —f = B)in Q inthe weak sense if forany 7 € C2° (Q; Ak)

/Q<f;h>=/Q(A;8h) (resp. /Q<f; h>=/Q<B;dh>).

(ii) Similarly if we want to express in the weak sense

| —dA=finQ . | —-6B=ginQ
(l){v/\A:OonBQ <resp. Ol){\UB:OOH&Q)’ @.1)

@ Springer



108 Page 6 of 44 B. Dacorogna, W. Gangbo

we impose that for any 1 € C* (Q; A¥)

/Q<f;h>=/Q(A;8h) (resp. /Q<f; h)=/Q<B;dh>>-

(iii)) We say that f is in the weak sense a closed (resp. co-closed) differential form if df = 0
(resp. §f = 0) in Q.

We consider k-forms fo, fl eLP (Q; Ak) such that,if 1 <k <n—1,

d(fi— fo)=0 in the weak sense of in 22
(fi — fo) Av =0 in the weak sense on 92 '
and, if k =n,
/ (fi — fo)dx =0. (2.3)
Q

Definition 2.2 We say that (f, A) € P”(fo, f1) if
felLP ((o, 1) x Q Ak>, AelL? ((0, 1) x Q A’H)
and 1
[ as [ s+ omanas = [ (i fo— s s @
forall h € C! ([0, 1] x €; AF).

Remark 2.3 Assume (2.2) holds when 1 < k <n — 1 and (2.3) holds when k = n.
(i) By Theorem 7.2 [7], there exists in the weak sense, A € W7 (Q; AK~1) satisfying

dA+ fi—fo=0 8A=0 inQ
VAA=0 on 082

and there exists a constant C = C (2, p, k) such that
||A||W1«P(Q;Ak*1) < Cl|fllLr.
(i) We have (f;, Sy) == ((1 — ) fo + s 1, A) € PP(fo, f1).
Definition 2.4 We define B" ((0, 1) x Q; Ak) to be the set of /& such that
h, 9he L’ ((0, 1) x Q A")
and there exists
Bel ((0, 1) x Q Ak_1>
such that
1 1
/ ds/(h;dw)dx - —/ ds/(B;w)dx Vyec ((o, 1) x Q: Ak_1>. (2.5)
0 Q 0 Q

Here, 9,4 is the distributional derivative of & with respect to s.
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2.1 A weak time continuity property for P?( fo, fl)

Let (f, A) € PP(fo, f1). By Fubini’s theorem, the function s — [ | f(s, x)|Pdx is in
L0, 1) and so, its Lebesgue points are of full measure in (0, 1). If ¢ € CL(Q) we set

L(s, f, ¢)=/Q(f(s,X);¢(X))dX-

Using h(s, x) = a(s)¢(x) in (2.4) for arbitrary o € c! (10, 1]), we obtain that there is a set
Ny of null Lebesgue measure such that L(-, f, ¢) coincides on (0, 1)\\V with a function
L(-, f.#) € WhP(0, 1). More precisely,

L(, f.9)(s) =

Ii
§—0t &

1 s+36
m f/ L(z, f, ¢)dr.

The distributional derivative of L(-, f, ¢) is

OLC, f. ) =/Q<A(S,X);5¢(X))dx (2.6)

We have the following Lemma.
Lemma 2.5 There exists a function f € LP ((0, 1) x Ak) such that the following hold.

() f = f for almost every 0,1) x Q2 )
(i) For any ¢ € Cc1 (92; AM), L(, f,0) = L(, f, @) everywhere on (0, 1). In particular,
L(, f, @) € WL-P(0, 1) is continuous.

Remark 2.6 Thanks to Lemma 2.5, we will always tacitly assume that given (f, A) €
PP(fo, f1) then for any ¢ € C1(Q; AX), L(-, f, ¢) € WP(0, 1) is continuous.

2.2 Properties of B” ((0, 1) x 2; A¥)

Lemma27 Ifh € B" ((0, 1) x ; Ak), then for L -almost every s € (0, 1) we have
B(s,-) € L" () and B(s, -) = Sh(s, -) is the weak sense.

Proof Observe first that by Fubini’s theorem,
Bel (0.)x@A) = Beoel @A) £'—acon (1.

Let {g;}%°, C C1(Q) be a dense subset of LP(Q). If for w € CL(0, 1) we set (s, x) =

1

w(s)g; (x) then (2.5) reads off

1 1
/ w(s)ds/ (h; dgi)dx = —f w(s)ds/ (B(s, -); gi)dx.
0 Q 0 Q

Thus, there exists a set N; C (0, 1) of £!-null measure such that

/(h;dgi)dx = —/ (B(s,); gi)dx (2.7)
Q Q

for any s € (0, 1)\ N;. Thus, (2.7) hold for all s € (0, 1)\ N if N is the union of the N;’s. We
conclude that

/ (h: dg)dx = — / (B(s, ); g)dx
Q Q

forany s € (0, 1)\N andany g € C Cl (2). This concludes the proof of the Lemma. O
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Remark 2.8 By standard approximation results, it is enough to assume that 2 is an open
bounded contractible set of locally Lipschitz boundary 92 to obtain that if (f, A) €
PP(fo, f1) then (2.4) holds for h € W' ((0, 1) x Q; A*). The proof of the following
Lemma, which extends (2.4)to h € B” ((0, 1) x €; AF ), can be obtained by standard meth-
ods.

Lemma 2.9 If (f, A) € PP(fo, f1) and h € B" ((0, 1) x Q; A¥), then (2.4) holds.

Corollary 2.10 (An invariant) If (f, A) € P?(fo, fi) and h € B" (0, 1) x @; AX), then

1 1
/ ds/ ((8sh; f) + (8h; A))dx :/ ds/ ((shs; f) + (8h; A)) dx.
0 Q 0 Q

Indeed, by Lemma 2.9 these expressions depend only on the initial and final values of 4 and

f-

3 Duality results for smooth superlinear integrands of finite values

Let p, r € (1, 00) be such that rp = r + p andlet fo, fi € L” (Q; A¥) be two k-forms such
that, in the weak sense (2.2) holds when 1 < k <n — 1 and (2.3) holds when k = n. Let

ci AP AR SR, AR AR (—00, 00]
where ¢ is convex and ¢* is the Legendre transform of ¢,
infc > —o0 3.1

and
(b, B) = y1 (16" +|BI") — y2 =: E(b, B) (3.2)

for any b € A¥ and B € A¥!. Here, ¥1, v2 > 0 are prescribed constants.

Remark 3.1 Since the Legendre transform reverses order, the following hold.

(1) If ¢* satisfies (3.2) then for any w € Afand & € AF!

lwl” + 1§17
(@, &) <E*(@,8) =n+nr—1)————
(ryn)?
(i) Similarly, assume there are constants yg, 7 > 0 such that for any (v, &) € AR x AR
we have
c(@,8) = yo(|ol” +[17) — v7. (3.3)
Then for any b € A¥ and B € AF~!
|bI" +|B|"
b, B) <y +ve(p—D———.
(Pve)

(iii) If (3.1) holds then ¢*(0, 0) = — inf ¢ is a finite real number.

We define C : A¥ x A¥~! — (—o0, 00] by

aﬁmzf o(f. AYdsdx
0,1 xQ
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for
(A€ L7 (0, 1) x 25 AF) x 17 (0, 1) x @ A4

The following proposition is obtained using standard techniques of the direct methods of
the calculus of variations.

Proposition 3.2 Suppose fy, fi € LP (Q; Ak) are k-forms such that (2.2) holds when 1 <
k < n —1and (2.3) holds when k = n. Suppose c : AF x A1 5 (=00, 00] is convex,
lower semicontinuous and satisfies (3.3). Then there exists (f*, A*) that minimizes C over

PP (fo, f1).

Forh € B ((0, 1) x Q; A¥) we set

D(h) ;:/Q((fl;hl)—m;ho))dx—/( c* (3sh, 8h) dsdx,

0,1)xQ

and for s € [0, 1] set
fi=0—=s)fo+sfi. Aj:=A,
where A is given by Remark 2.3 (i). By Remark 2.3 (ii), (f, A) € PP(fo, f1) and so,
D(h) =/ ((As 8h) + (f; 9sh) — c* (35h, 8h)) dsdx. (3.4)
(0,1)x L
Thus, D(h) depends only on dsh and &h.

Remark 3.3 Assume c* satisfies (3.2). Then

(i) There exist constant y4, 5 > 0 which depends only on €2, ||fo||,,, | fi [lp v1, v2, s and
r such that
D(h) < ys — ya (18RI + |105h1]]) . (3.5)

(ii) There exists a constant C depending only on €, k and r such that for any h €
B’ ((0,1) x Q; A*) thereis i € B" ((0, 1) x €; A¥) such that D(h) = D(h) and

(s, leri@y < ClISAIL + 1105kl £ —ae.on (0,1).
(>ii1) If ¢ satisfies (3.1) then D(0) > —o0.
Proof (i) Using the expression of D in (3.4), we have
D) < 1111118k + [ 711 l0sk1L + v2 + 1 (£ = l1ashll; — 18hI1)

This, yields (i).

(i) By Lemma 2.7 there exists 79 € (0, 1) such that
18R}
£4(Q)’
By Theorems 7.2 and 7.4 [7] (written for r € [2, o0) but extendable to r € (1, 2)) there is
hiy € WLr (€ A%) such that

Sh(t()a ) = B(to’ ')s ||8h(t05 )||2r(Q) = (36)

{Mim =68h(ty,), dhy, =0 in 37

VAhy =0 on 9€2.
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Furthermore, there is a constant C which depends only on €2, k and r such that

- 1
sy w1 < CLYQ)T 18k (t0, ) Lr -

This, together with (3.6) implies

2o lly1r < ClI8R]Iy. (3.8)
Define
h(s, x) = h(s, x) = h(to, ) + hy, (x).

We have

_ _ s _ _ s

h(s,-) = hy, +/ dsh(z, )dt = hy, +/ osh(t, )dr.

) 0]

Thus,

r

dx < ||ash][.

N
/ osh(t, x)dt
1

0

(s, ) = hillpr ) = f
Q

This, together with (3.8) yields
(s, Mer@) < Nhllr @) + 105kl < ClSAIL + 1195l

Note that 8,4 = d;h, 8h = 8h to conclude the proof of (ii).
(iii) Since D(0) = —L£4(£2)c*(0, 0) and by Remark 3.1, ¢*(0, 0) is finite we obtain (iii).
O

We will often refer to the following proposition, which can be obtained using standard
techniques of the direct methods of the calculus of variations.

Proposition 3.4 Assume c satisfies (3.1), c* satisfies (3.2), (f, A) € PP(fo, fi) and h €
B” ((0, 1) x Q; A). Then

(i) C(f, A) = D(h).
(i) C(f, A) = D(h) ifand only if (f, A) € d.c*(dsh, §h) for almost every (s, x) € (0, 1) x
Q.

Set
ce(f, A) = c(f. A) + §<|f|" FIAID), Y (f A) e AR x AR
Set
De(h) == / ((A; 8h) + (f; 95h) — ¢} (85h, 8h)) dsdx (3.9)
0,1)x$2
and

Ce(f, A) = / ce (f, A))dsdx.

0,1)xQ

We now record a remark on convex analysis, which is found in classical literature on the
topic.

Remark 3.5 Suppose ¢* satisfies (3.2) and € € (0, 1).
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(i) There exist y;", y;° > 0 independent of € such that
ci(b, B) = y{ (IbI" + |BI") — v3
(ii) We have that ¢} is of class C! and its domain is A¥ x A¥~! and
ctec! (Ak X Ak71>.
(iii) There exists a constant C¢ such that
Ve (b, B)| < Ce (16" + [BI™' +1).
Lemma 3.6 (Relying on the smoothness of ¢, to compute the differential of the action)

Assume c* satisfies (3.2) and € € (0,1). Let h*,h € B" ((0, 1) x Q; Ak) and set N(u) =
Dc(h* + uh). Then,

N'(0) = / (A — Ac; 8h)dsdx +f (f = fe; Osh)dsdx
0,1)xQ (

0,1)xQ
where
fe = Vack (3sh*,8h*),  Ac := Vpc} (9;h*, 8h*).
Proof The continuity of Vc* and Remark 3.5 (iii) allow to directly compute N’(0). O

Proposition 3.7 (Smoothness of ¢, yields a standard duality result) Suppose c is convex,
lower semicontinuous, satisfies (3.1) and c* satisfies (3.2). Then

(i) there exists h* that maximizes D over B" ((O, 1) x Q; Ak).
(ii) there exists h¢ that maximizes D, over B" ((O, 1) x @; Ak).
(i) Forany h € B" ((0, 1) x ; A¥)

/ (A — Ac; 8h)dsdx +/ (f = fe; dsh)dsdx = 0.
0,1)x€ 0,1)x <

where
Se :=Vack (Bshe, 8he), A := Vel (Oshe, She) . (3.10)

(iv) We may assume without loss of generality that there is a constant C independent of €
such that we can choose h. such that

lhe(s, I ir@) = ClIShellr + [10he]lr
Proof (i) Let A be given by Remark 2.3 and set
f(s,%) =1 =9)fo(x) + 5 f1(x).
We have (f, A) € PP(fo, f1). The bounds in that Remarks 2.3 (i) and 3.1 (i) imply
C(f, A) < oo.
This, together with Proposition 3.4 implies

D= sup {D(h) |heB ((o, 1) x Q Ak)] < C(f, A) < .
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By Remark 3.3 (iii) D > —oo and by (i) of the same remark, if y is a real number then
the upper level sets of D satisfy

{h B ((o, 1) x Q; A") | D(h) > y}

c {h e B (0.1) x 2 A¥) [ Ionif] +11auhl; < ”y—:y}

Combining this with Remark 3.3 (ii) we obtain a maximizing sequence {h;}; of D over
B” ((0, 1) x Q; A¥) satistying

sup [|hi|l}. + 118h; |l + 119shill}. < oo.
1

Hence, we may extract from {/;}; a subsequence which converges weakly to some 4* in
L" ((0, 1) x Q; Ak) and such that {84;}; (resp. {d;h;};) converges weakly to 8™ (resp. d;h™)
in L” ((0, 1) x ; A¥). We have * € B" ((0, 1) x Q; AF).

Recall that by (3.4), —D(h;) can be expressed as a convex function of d;h; and &h;.
Therefore, by standard results of convex analysis

—D = liminf —D(h;) > —D(h*).
1—> 00
This proves that #* maximizes D over B” ((O, 1) x Q; Ak).

(ii) By Remark 3.5 we have all the properties needed to replace ¢* by ¢ in the above
proof. The proof of (ii) repeats the arguments used in that of (i) but it is even easier.

(iii) Let h € B" ((0, 1) x ©; A*). The real valued function u € R — Ne(u) = De(he +
uh) achieves its minimum at 0. Since by Lemma 3.6 N is differentiable at 0, we have
N[(0) = 0. This is exactly the identity in (iii).

(iv) Is a direct consequence of Remark 3.3 (ii). O

Theorem 3.8 (A duality result not requiring smoothness of ¢) Suppose c is convex, lower
semicontinuous, it satisfies (3.1) and c* satisfies (3.2). Further assume there are constants
V6, v7 > 0 such that c satisfies (3.3). Then

(i) there exists (f*, A*) which minimizes C over PP (fy, f1).
(i) For any h* that maximizes D over B” ((0, 1) x Q; Ak) we have C(f*, A*) = D(h*).
(iii) Let (f, A) € PP(fo, f1). Then (f, A) minimizes A over PP(fy, f1) if and only if
there exists h € B” ((0, 1) x Q; Ak) such that (f, A) € 0.c*(dsh, 8h) for almost every
(s,x) € (0,1) x Q.

Proof (i) and (ii) Let k. be a maximizer of D, as provided in Proposition 3.7 and let
(fes Ae) := VL (Bshe, She).

We combine (iii) of the same proposition wi_th t_he fact that ( f ,A) € PP( fo, fl) (cf.
Remark 2.3 (ii)) to obtain that (f¢, A¢) € PP(fo, f1). Proposition 3.4 (ii) implies

C(fe’ Aé) = De(he)-

We then use Proposition 3.4 (i) to conclude that ( f¢, A¢) minimizes C. over P?( fo, fl).
Since for € € (0, 1)

76 (ILFellh + Al = L) = Celfes A = C(F. A) < Cu(f A,
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we have

= sup |Ifellf + 1Acll} < oo. (3.11)
e€(0,1)

Also, by Remark 3.5 (i) and the maximality property of &,
Y2 LM(Q) = —c*(0,0)L"(Q2) = —Dc(0) > —De (he).

Thus, using (3.4) we have
V3 L) = / (c*(dshe, 8he) — (A; 8he) — (f dshe)) dsdx.
(0,1)x

We again use Remark 3.5 (i) to obtain
v L) = i (110shell] + 118hell)) — 1dshell- 111, — 18hell- 1Al
and so,

sup |[8hell; + 110shell; < oo.
€c(0,1)
Thus by Remark 3.3 (ii), we may assume without loss of generality that
S:= sup |lhell} + 118hell; + 118shell; < 00 (3.12)
€e(0,1)

By (3.11) there exists a subsequence of ( f¢,, A¢,;); Which converges weakly to some (f*, A™)
in L? ((O, 1) x Q; Ak) x LP ((O, 1) x Ak_l) as [ tends to oco. Passing to another subse-
quence if necessary, thanks to (3.12), we may assume without loss of generality that (A, ),
converges weakly in L" to some h* € B” ((0, 1) x Q; Ak).Thus, (8h¢;)1 converges weakly in
L" to §h* and (9,h¢,); converges weakly in L” to dsh*. Letting ¢; tend to O in Proposition 3.7
(iii) we obtain for any s € whr ((O, 1) x Q; Ak)

f (A — A*; 8h)dsdx + / (f = f*: dsh)dsdx = 0.
©0.)xQ ©0.)xL

We use the the fact that by Remark 2.3 (ii), ( f ,A) e PP( fo, fl) to conclude that

/Q ((f1: k1) = (fos ho)) dx —/ ((A*; 8R) — (£*; 85h)) dsdx = 0.

0,1)xQ

and so, (f*, A*) € PP(fo. f1).
We first use the fact that (fe, Ac) € dc}(dshe, 6he) and then use the fact that ¢ > ¢ to
obtain

(Ae; 8he) + (fe; O5he) = ce (fe, Ae) + C;k (Oshe, 8he) = ¢ (fe, Ae) + C: (Oshe, She) .
(3.13)
Also

€
C: (Oshe, She) = (Ae; She) + (fe; Oshe) — ¢ (fe, Ae) — ; (|fe|p + |Ae|p)
€
> c* (he, She) — ; (|fe|p + |A€|P) .
We combine this with (3.13) to conclude that

€S
/ ({(Ae; She) +(fe; Oshe)) dsdx > / (C* (Oshe, She)+c (fe, Ae)) dsdx — —.
0,1)xQ 0,1)xQ p
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Since (f., A¢) € PP(fo, f1), we may use Remark 2.10 in the previous inequality to obtain

/ ((A; 8he) + (f; O5he)) dsdx > / (c* (Oshe, 8he) + ¢ (fe, Ae)) dsdx — &
0,1)xQ P

0,1)xQ
(3.14)
One lets ¢; tend to O to derive the inequality

/(o,l)xg ((A: 5h)+ (F: ah) dsdx = /

0,1)xQ

((A: 8h) + (f: 5h)) dsdx.
This proves that

/ ([A: h) + (F: 8,h) dsdx = / (c* (3%, 8h%) + c(f*, A™)) dsdx.
0,1)xS

0,1)xQ
(3.15)
Rearranging, and using the expression of D in (3.4), we have D(h*) = C(f*, A*). By
Proposition 3.4 (i), (f*, A*) minimizes C over P”(fy, fi) and h* maximizes D over
B ((0, 1) x ; A¥).

(iii) Let (f, A) € PP(fo. fi) and h € B" ((0, 1) x ©; A¥). Since c(w, &) > ys(lw|? +
|E]P) — y for all w € A¥ and & € A¥~L, there is a constant ¥¢ > 0 such that ¢*(b, B) <
v¢ (Ib]" +|B|")+y7 forallb € AFand B € A*~!. This together with the fact that ¢* satisfies
(3.2) implies D(h) < oo.

By Proposition 3.4, (f, A) € dc*(dsh, §h) for almost every (s, x) € (0, 1) x Q if and
only if 7 maximizes D over B" ((0, 1) x ©; Ak) and (f, A) minimizes A over P?(fo, f1).

O

4 The set of k-forms: approximations of k-currents
4.1 Notation

Throughout this subsection H is a finite dimensional Hilbert space and C : H — (—o00, o]
is a proper lower semicontinuous convex function. We fix a non empty open bounded convex
set Q C R" and p € (1, 00).

We denote by M (S2) the set of signed measure of finite total variations. The upper and
lower variations g+ and g~ are finite measures and the Jordan decomposition g = g7 — g~
holds (cf. e.g. [11]). The total mass of |g| :== g+ + g~ is

llgllm@ = sup {/Qf(x)g(dX)I Iflsl}z sup {/Qf(X)g(dx)l Iflil},

feC(Q) feC()
4.1)
(M(L2), || - ]]) is anormed space and by the Banach—Alaoglu Theorem, every bounded subset
is pre-compact. Thus, (M(S2), || - ||) is a complete space.

Let C be a countable dense subset of C.(£2), contained in C Cl (€2) and which does not contain
the null function. If we denote by C the set of f/11flloo such that f € C then

lgllme = SUP/ J(x)g(dx). (4.2)
fe(f Q

The set of Borel measures with values into AX, of finite total mass, will be denoted by
M(R2; Ak). This is the set of k-currents of finite mass. For any F € M(; Ak), we define
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the norm

IFllm@ = sup {/ (G(x); Fldx)) | |G(x)| <1Vx € Q} 4.3)
GEC(Q;A") Q

Definition 4.1 Given a metric space (S, dist) the total variation of  : [0, 1] — S is
m—1
TV (h) := sup sup Z dist (h(t;), h(tix+1)) ¢ -
meN 0<ty<---<t,, <1 i—0

Definition 4.2 The following definitions can be found respectively in [12,14]. The recession
function of C is C : H — (—o00, oo] given by

_ Clvo +1
Cw = tim STl where vo € His arbitrary,
t—00 t

One checks that the definition is independent of vg.
Set
0:=(0,1) x , z:=(s,x), dz :=dsdx.

Here, we skip the proof of the following elementary Lemma.

Lemma 4.3 Assume g € LP(O) and n be a singular measure. Set 0y := n + L"O'H and let
E C O be a Borel set such that

n(O\E) = L"(E) = 0. (4.4)
Then for any a € R, gq := g(1 — xg) + & xg € LP(0,n,) and L" ' {gy # g} = 0.

Remark 4.4 Assume ¢ : AF x AF1 — (—o0, o0] is convex, lower semicontinuous and
satisfies (5.3). We assume the Legendre transform c¢* : AF x AF-1 5 R satisfies (5.4). Let

be M(O;AY), BelL (0; Ak_1>.

Let b, be the singular part of b, set  := |bg| and let E C O be a Borel set satisfying (4.4).
Consider the Radon—-Nikodym derivatives F := db/d L™+ and G := dby/dn. Let

felLr (0; A"), AelL? (0; A"_l)
be such that

/ c(f, A)dz < oo.
o

Note c(f, A) is finite except may be on a Borel set F C O such that L£HY(F) = 0. Let d,
be in dom(c). According to Lemma 4.3,

f=0-xp)f+dxeel? (0; A, m)

where 1, := n + £ 0. Furthermore, f = f £"*!-almost everywhere
Assume that f : O — A is a Borel map which we are free to modify on a set of null
(L' + |b|)-measure. We have

c(f.A)+c*(F, B) = (f; F) + (A; B)
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and so, if ¢(f, A) + ¢*(F, B) € L'(0) then the positive part of (f; F) 4+ (A; B) is of finite
Lebesgue integral. In that case, in terms of C, the recession function of C := ¢*, we have

/c(f, A)dz+/ c*(b, B):/ (c(f. A) + c*(F, B))dz+/ *(G, 0)dn
o o o o

Since c¢(f, A) < oo n,—a.e., we use Lemma C.1 (i) to infer

/0c<f, A)dz+/oc . B)z/O«f; F) + (A; B))dz+/0<f; G)dn
=f<f; b>+/ (A: B)dz.
0] 0]

(f,A) € 9.c*(F, B) L' —ae. and ¢*(G,0) = (f;G) n—ae. 4.5)

Equality holds if and only if

4.2 Paths of bounded variations on M (2; A¥)

Below, we list results on the trace operator of BV ((O, 1); M(; Ak)) functions, needed in
the manuscript.

Remark 4.5 There exists a linear bounded trace (explicitely written below as the left/right
limits) operator T : BV ((0, 1); M(2; A%)) — L> ({0, 1}; M(Q2; A¥)) such that the fol-
lowing hold for any 7 € BV ((0, 1); M(Q; AF)).

(i) If 7 and 9;h are continuous on [0, 1] x € then
Th = hlj,11xe

(i) We have the integration by parts formula
1
/ ds/ (h(s,dx); 05g(s, x)) —I—/ (dsh(ds,dx); g(s,x)) =u
0 Q 0,1)x9
forany g € C! ([0, 1] x ©; A¥). Here, we have set
u = / (Th(1,dx); g(1, x)) — / (Th(0, dx); g(0, x))
Q Q

(i) If h € BV ((0, 1); M(; A¥)) is such that s — h(s, -) is left continuous at 1 and right
continuous at O then

Th(0,) = lim h(s,-), Th(l,-)= Lim h(s, ")
s—0F s—1-
4.3 Special paths of bounded variations on M (; A¥)
Leth € L' ((0, 1); M(S2; A%)) be such that there exists b € M ((0, 1) x €; A¥) such that
1
/ dS/ (05 (s, )5 h(s, dx)) = —/ (¥ (s, x); b(ds, dx)) (4.6)
0 Q 0,1)xQ

forally € C! ((0, 1) x Q; A¥). Modifying if necessary, A(s, -) on a subset of (0, 1) of null
Lebesgue (cf. [13]), we always assume without loss of generality that % satisfies the following
Lemma.
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Lemma 4.6 (A non smooth variant of Remark 3.3(ii)) If (4.6) holds, then for any 0 < t; <
th <land F € C.(R2; Ak), we have the following.

®
/(F(X);h(tz,dX)) —f(F(X);h(tl,dX)) 2/ (F(x); b(ds, dx))
Q Q (t11,1]xQ
(i)
/(F(x);h(ladX)) —/(F(x);h(ll,dX)) :/ (F(x); b(ds, dx))
Q Q (

11,1)xQ
(iii) Using the definition of TV (h) in Definition 4.1 we have
TV(h) <16/ ((0,1) x ).

Lemma 4.7 Further assume there exists B € L” ((0, 1); L™ (L Ak’l)) such that
/ (dg; h)dsdx = —/ (g; B)dsdx “4.7)
(0,1)x€2 0,1)xQ

for all g € CC1 ((0, 1) x Q; Ak_l), we say $h = B in the weak sense and say that §¢
belongs to L" ((0, 1); L"(2; Ak_l)) . There exists F_zm e W (Q; A% such that if we set
[A(s, ) == h(s, ) — h(tg, ) + f_l,U then, the following hold.

(i) Replacing h by h, (4.11) holds for any s € T and any H € Ccl.(Q; A1) In other
words, for any s € T, we have Sh(s, -) = B(s, -).
(ii) There exists a constant Cq depending only on Q, r and k such that for all s € (0, 1)

r

I1i(s., ] < 1B] ((0, 1) x ) + CaLl ()7 </ IB(T,X)I"deX>
0,)xQ

0.1)x

(iii) We have d;h = b and 8h = B in the sense that we may substitute h with h in (4.6) and
4.7).

Proof By Lemma 4.6, for each F € CL(Q:; A%), the real value function
t— / (F(x); h(s,dx))
Q

it is defined everywhere on [0, 1], it is in BV(0, 1), right continuous on [0, 1) and left con-
tinuous at 1. We use (i) of the same Lemma to obtain

1
/ |7l(s, dx) < / [1h(s, Yamds + 0] ((0, 1) x Q). (4.8)
Q 0
Let 7! be the set of full Lebesgue measure in (0, 1) such that for all s € 7 I
/ |B(s, x)|"dx < oo. 4.9)
Q

The set of 7° which consists of the set of s € (0, 1) such that

1
/ |B(s, x)|"dx < é&" :=/ ds/ |B(s, x)|"dx (4.10)
Q 0 Q

is of positive Lebesgue measure.
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We use (4.7) to obtain that for any H € Ccl, (§2; AF1), the existence of aset 7H < 7! of
full Lebesgue measure in (0, 1) such that

[ @rne.any == [ (00 B (4.1
Q Q
forany s € 7H.
Let {F,}32, C Cg (§2; A*~1) be a dense of Cg (§2; AF=1) for the || - [lc1(g)-norm. Set
T :=n%, 7.

The set 7 N T has the same measure as 7°. Let 1o € 7 N 7. 1§y Theorems 7.2 and 7.4
[7] (written for r € [2, oo) but extendable to r € (1,2)), there is h;, € WL (Q:; A%) such
that

5Efo_= B(ty,-), dhy, =0 in Q
VAhy =0 on 0€2.

Furthermore, there is a constant C which depends only on €2, k and r such that

— 1
(L P~ C(LYQ))7 1B, )lzr@)- (4.12)
Set
h(s,-) == h(s,-) — h(ty, -) + hy,.

(1) Observe that (4.11) holds for any s € 7 and any H which is a point of accumulation
on {F,}. Using the fact that {F,,}}° | is dense in Ccl. (2; AF—1y we conclude the proof of (i).
(i1) We exploit Corollary 4.6 and to obtain

(s, I < 1lhGs, ) = ko, | + Al < 161 (0, 1) x Q) + [l

This, together with (4.12) yields the desired inequality.
(iii) Observe that if g € C% ((0, 1) x ©; Ak) then

/ ds/ 058(s, x); h,o(x) dx—f ds/ 058 (s, x); h(ty, dx))
—/ <h,0(x),/ 058 (s, x)ds>dx—/ <h(t0,dx) / 058(s, x)ds>dx—0 (4.13)

That all is needed to conclude that we may substitute h with h in (4. 6) By (i) §h(ty, -) =
B(tp, -). Using the definition of h,o we conclude that we may substitute h with 4 in @4.7). o

Definition 4.8 We define BV, (0, 1; Q) tobe the setof » € L' ((0, 1); M(Q; A¥)) such that
8h e L" ((0,1); L"(2; AK~1)), and there exists b € M ((0, 1) x ©; A¥) such that (4.6)
holds. We write b = 9;h.

Lemma 4.9 Let (h)cc(0.1) C BV, (0, 1; Q) such that that

sup [|8sh€||1 + [|8A€]|, < 00 4.14)
€€(0,1)

and

mo:= sup sup ||AS(s, )||1 < oo. (4.15)
€€(0,1) s€(0,1)

Then there exists h° € BV] (0, 1; Q) such that up to a subsequence the following hold.
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(i) (8h)e converges to Sh° weakly in L" ((0, 1) x ; Akil).
(ii) (9sh®)e converges weak * to 3,10 on (0, 1) x Q.
(iii) Except for countably many s € (0, 1), (h€(s, -))e converges weak * to h°(s, -) on

Proof There are
beM ((0, ) x Q: Ak), Bel ((o, 1): L' (9 Ak—‘)), Be MO, 1)xQ), B>0

and a sequence {¢,, },, decreasing to 0 such that the following hold:
(a) (8h¢)¢ converges to B weakly in L" ((O, 1) x Q; Ak_l)

(b) (95h€) converges weak * to b on (0, 1) x Q

(¢) (|9sh€|)e converges weak xto S on R x R”.

Write (0, 1) N Q = {#;}72,. Since
1A (8, )| < mo
we use a diagonal sequence argument to obtain a subsequence of (€, )», Which we continuous
to label (&), such that for each i € N there exists ; € M(L; AK) such that (A" (7, -))m
converges weak * to i; on Q.
Let D be the set of s € (0, 1) such that B({s} x R") > 0. Since b is a finite measure, D

is at most countable. Let s € (0, 1)\ D and let (ti;)j be a subsequence of (#;); that converges
to s. By Lemma 4.6

1R (s, ) = R (g3, )| < 195h | ([min{s, 7;;}, max{s, 1;;}] x ) . (4.16)

Because ||h¢ (s, -)|| < mo, the set {h¢" (s, -)},, admits points of accumulation for the weak
s topology. Let #0(s, -) be one of these points of accumulation. Letting m tend to 0o in (4.16)
we have

[7°Gs. ) = hi, | < B ([min{s. t;,}, max{s, #;,}] x )
and so,

limsup [%(s, ) — ki, | < B ({s} x Q) =0

j—00
Thus, {h¢" (s, )}, admits only one points of accumulation and (& ij) j converges weak * to

hO(s, ). We extend s — h%(s, -) to (0, 1) by setting 2%(s, -) = 0 for s € D.
Let g € C!((0, 1) x Q; AK). Since

lim (hm (s, x); 05g(s, x))dx = / (ho(s, dx); 958(s, x))
Q

m—00 Q
and
’/ (hm (s, dx); g(s,x)>’ < mol|0s&lloo
Q

for every s € (0, 1)\ D, we use the dominated convergence theorem to conclude that

/ (b(ds, dx); 05g(s, x)) = — lim / (hm (s, x); 058 (s, x))dsdx
0,1)xQ 0,1H)xQ

m— 00

1
= —/ ds/(ho(s,dx);asg(s,x)).
0 Q

Thus, b = 34°. Similarly, we show that §4° = B and so, modifying 4° on a subset of (0, 1)
of null Lebesgue measure no e BV (0, 1; Q). ]
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S Finsler type metrics

Assume € C R” is an open bounded convex set, p € (1, 00) and rp = r + p. Motivated by
examples of cost functions ¢ such as the one in Sect. B.1, we relax the condition imposed on
the lower bound of ¢* in Sect. 3 (cf. 3.2). This allows to extend Theorem 3.8 to cost functions
which take on infinite values. Throughout this section,

c: AF x AT S [0, o0]

is lower semicontinuous convex function. We assume that when c(w, £) < oo then

c(w, &) =0 ifandonlyif & =0 5.1
and for any A > 0 we have
c(w, M) = MPc(w, §). (5.2)
We assume that there are constants y1, y2, Y6, ¥7 > 0 such that
c(@, &) = ys (lol” + §17) — 1 (5.3)
and
00 > c*(b, B) = 1 (Ibl + |BI") — 12 549

forany w, b € A¥ and &, Be A*—1 Note that we may have
{(@.8) e A x A" | c(w, &) = 0o} # 0. (5.5)
Let|| - || and M, (-, -) be defined as in (1.7) and (1.8).

Remark 5.1 Observe the following.

(i) In case (5.5) does not hold, then by Lemma B.4 there exists a norm || - |0, such that
c(w, A) = ||A||B, is independent of w. According to [9] the solutions of (1.10) are
minimizers of (1.8) and the only minimizers if we further impose that || - Do is strictly
convex.

(i1) When k = n, which is the case of volume forms, in the current literature, most work
studying geodesics of length, deal with either the case when ¢ assumes only finite values
(as in Sect. 3) or the case when c*(b, B) € {0, 0o} for all (b, B) € A¥ x A¥L 1t
seems obvious that when ¢* (b, B) € {0, 0o} (see Remark B.1 for such an example when
k = 2), the study of geodesics of optimal length in the set of k-form will only mimic the
well-known theory of n-forms. Therefore, in the current manuscript, we keep or focus
on the case where (5.4) is satisfied (cf. Sect. B.1 for an example).

For any Borel map f : @ — A, we define
(f) i=esssup fle (£, ) |16 € A, Jgl < 1,x e @]
x.§

Let o
fo. fi: Q2 — AF (5.6)

be Borel maps. When 1 < k < n — 1, we assume that

c®(fo), ¢®(fi) < o0
dfo= c_if1 =0 in the weak sense in 2 5.7
(fi—foorv=0 in the weak sense on 0€2.
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However when k = n, we assume that
(o), (i) < 00 and fQ (o) = flodx =0 5.8)
By (5.2) and (5.3)

A6l f1P < (A7 4 ¢>(),

and so, (5.7) implies that | f0|, | fll are bounded functions. Let ( f , Az be as in Remark 2.3.
The same Remark provides us with a constant C), ¢ independent of fp, f1 such that

Allwir < Cpellfi = follr. (5.9)
By the convexity property of c,
c((L=s)fo+sfi. A) < (1 —s)c(fo, A) + sc(fi, A)
and so, by the homogeneity with respect to the second variables
c((L=s)fo+sf1. A) < (A =)™ (fo) +sc™(f) |A]P (5.10)

Recall that PP (fy, f1) is a set of paths connecting fo to f1 as given in Definition 2.2. In
other words, if (f, A) € PP(fy, f1) then in the weak sense

osf+dA=0 in (0,1) x Q
A/\v:O_ _ o on 0,1) x Q2 (5.11)
fQ,) = fo, f(1,)=fi ondQ

5.1 A metric on a subset of the set of differential forms

Lemma 5.2 (Reparametrization by arc lengths) Suppose ¢ : AF x f\k’l — [0,00] is a
lower semicontinuous convex function that satisfies (5.1) and (5.2). If fo and f1 are such that
(5.6) and (5.7-5.8) hold then

My (fo. f1) = Jnf {e(f. A) 1 (f. A) € PP (fo., f0)}.

Proof For any (f, A) € PP( fo. f1) we use Jensen’s inequality to conclude that

1 P
(/ dS||As||f.de> < C(f. A).
0

Thus,
Mp(fo. 1) < inf {C(f.A) 1 (f. A) € PP(fo. f0}.
It remains to prove the reverse inequality. Assume without loss of generality that

M{,J(]_;o, ]_Fl) < oo otherwise, there will be nothing to prove. Let € > 0 and let (f€, A€) €
P?(fy, f1) be such that

1 14
</O ds/QIIAiIL,«;ds) <ML (fo, fi) + e (5.12)

Define

1 1 s
L ::/ (€ + [|AS] s )ds,  Se(s) ::L—/ (6+||Af||f]e>dl.
0 0

€
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Observe that S¢ : [0, 1] — [0, 1] is a bijection and so has an inverse T¢ : [0, 1] — [0, 1]

such that
. 1 L.
7. = - (5.13)
Se o Te €+||A ||f7e

Define
ft,x) = fE(Te(v),x), Ar,x) = T(1) A (Te(2), X).
We have (f, A) € PP(fy, f1) and

14017 =/Qc(f(r,x),/i<r,x>) dx = IT'e(f)I”ch(fe (Te(x), ), A* (T (), X)) dx

Thus, using (5.13) we obtain that

LENAS, o1 )

(6+||A€€(T)||f]'€(r)) -

A 1P 7 P € 4 _
1Al = 1Te@I7 [1A7, oIl o
After an integration over (0, 1) we use (5.12) to conclude that

(},ﬂf {C(f, D)1 (f, A) e PP(fo, f)) (/ (e + 1A ¢ )d?)
+

<=

< ((M,’,”(ﬁ),ﬁ)+e)

Letting € tend to 0 we have
(ifnﬁ) {C(f. A) 1 (f. A) € PP(fo, fD)} < MJ(fo, 1)
O

Lemma 5.3 Suppose ¢ : A¥ x A1 — [0, oo] is a lower semicontinuous convex function
that sansﬁev (5.1) and (5.2). There exists a constant Cq which depends only on  and s such
that szo and fl are such that (5.6) and (5.7-5.8) hold then

My (fo, f1) < Callfi = foll}.

Proof Define ( f , 1_&) is as in Remark 2.3 (i) and recall that by (ii) of the same Remark,
(f, A) € PP(fo, f1). We integrate the expressions in (5.10) to obtain

of, Ay = ST, 2

We first use Lemma 5.2 and then (5.9) to conclude that
My (fo, f1) < C(f, A) < Call fi = follp,
which completes the proof. O

Denote by H,, the set of k-forms f € L? (; Ak) such that

df =0 in the weak sense on 2
(f — fo) Av=0 inthe weak sense on 92 ifl<k<n-—1
and
df =0 in the weak sense on 2
Jof = foydx =0 if k =n
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Theorem 5.4 Suppose ¢ : A¥ x AK=1 — [0, oo] is a lower semicontinuous convex function
that satisfies (5.1), (5.2) and (5.3). Then the following hold.

Q) If fo and fi satisfy (5.6) and (5.7) then there exists (f*, A*) that minimizes C and

Jo WAl s, ds over PP(fo, fi).
(ii) The function M, in (1.8) is a metric on the set {f € H, | c*°(f) < oo}.

Proof (i) follows from Proposition 3.2 and Lemma 5.2.
(i) Let fo, fi, f> € H,. By (i) and Lemma 5.2 there are (f°, A%) € PP (&, @) and
(f', A") € PP(@y, @) such that

1 p
/||A°||" ds = C(fO,A°>=M,’Z<J%,ﬁ>=(/O ||A?||fyds) (5.14)

and

. 1 14
/ IAN? ds = (' A = ME (R fo) = (/O ||A§||f;ds) (5.15)

By Lemma 5.3, if fo = fl then Mp(fo, fl) = 0. Conversely, Mp(fo, fl) = 0 means

1
/ ds/ c(f2(x), A%x))dx =0,
0 Q

and so, c(fO A% = 0 almost everywhere on (0 1) x €2. By (5. 1) Ao = 0 almost everywhere
on (0, 1) x 2. This means (f0 0) e Pp(fo fl) and so, f1 fo
Setting

f(s,x) = fO(l —5,X), A~(s,x) = —AO(I —5,X),
we have (f, A) IS P”(_f], fo) and so,
M (fi, fo) < C(f, Ay = c(f°, A = M} (fo. f1)

By symmetry, the reverse inequality holds and so, M 5 ( fl, fo) =M ,f ( fo, fl).
Set

0 : 1 0 : 1
2s, x) if0<s <5 2AY(2s, x) if0<s<s5
fen=1" | 2AGx) = | ;
fles—1x) if 3<s<1 24'2s = 1,x) if F<s<1
We have (f, A) € PP (fo, f>) and
2||A85||f20 if0<t=<3
Al g, = . o
20045 ylly | if 3 <s <1
Hence
£z ! % 0 ! 1
Mp(fo,fz)s/ [|Asll s, ds =/ 2||A25||fzovds+ﬁ 20| Agillyy ds
0 0 $ 3 =
= My(fo, 1) + Mp(f1, f2)
This concludes the proof of (ii). O
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5.2 A duality result for non-finite cost function

Remark 5.5 The following hold.
(i) By the convexity and lower semicontinuity properties of
€
(b, B) — c (b, B) :=c*(b, B) + ;(Ibl” + IBIP),
setting ¢ = (c.)*, we have ¢} = c,.
(ii) Observe that since ¢* is convex, ¢ is strictly convex. Furthermore,
¢t >c* and ¢ <c.

(iii) By (5.4) there is a constant y5 > 0 depending on € > 0 such that
€
-n+ ;(|b|1’ +|BI?) < ci(b, B) < y1+v; (Ibl + |BI")

(iv) By (5.3) there are constants yg‘ > 0 and y; > 0 independent of € € (0, 1) such that
ce(@,8) = yg (lol” +1§17) — v7.

(v) Using the notation of Sect. 3, since ¢* satisfies (iii), Proposition 3.7 asserts the existence
of h that maximizes D, over B” ((0, 1) x Q; Ak). By Theorem 3.8 there exists ( f€, A€)
which minimizes C. over PP (fo, f1). Furthermore, D¢ (he) = Cc(f€, A€). Since c¥ is
strictly convex, ¢, is continuously differentiable and so, Theorem 3.8 gives

(f€, A®) € 3¢ (3she, She) ie. (dshe, 8he) = Vee(f€, A).

Theogem_5.6 Assume c satisfies (5.1), (5.2) and (5.3) and c* satisfies (5.4). We assume
th_at fo_, f1 € Co(%2, AK) are such that (5.6), (5.7) hold and there exists g > 0 such that
[fol, /1l < v1 — €0.Then

max D(h) = min __ C(f, A). (5.16)
heBV{(0,1;Q) (f,AePP(fo,f1)

Proof 1. Let (f€, A€) and h€ be the optima in Remark 5.5. We first use the minimality
property of (f€, A€) and then use Remark 5.5 (ii) to conclude that

Ce(f€, A%) <Ce(f, A) <C(f, A) < 0.
This, together with Remark 5.5 (iv) implies

sup || f“Ilp + [1A%]lp < oo.
€€(0,1)

Thus, up to a subsequence ( f€). converges weakly in L”((0, 1) x €; AF) to some fo and
(A€), converges weakly in L” ((0, 1) x ; AF1) to some AY. Forany b € Co((0, 1) x; AR
and B € Co((0, 1) x ©2; A¥~1) we have

liminf C.(f€, A€) > lim inf/ ((f€; b)Y 4+ (A%; B) — c}(b, B)) dsdx
e—0F 0,1)xQ

e—0t

- /(0 D (<f°; by + (A% B) — c*(b, B)) dsdx.
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Thus, since ¢* takes on only finite values, maximizing over (b, B), we can use Proposition C.5
(iii) to conclude that
liminf C.(f€, A€) > C(f°, AY). (5.17)
e—0T

Recall the expression of D in (3.9), use the maximality property of € and (5.4) to obtain
that

1L"(Q) = —D(0) = —De(h®) = €ol|dsh |11 + yill8hEIl; — 1Al 18511, — y2LY(R).

Thus, (4.14) holds. Thanks to Lemma 4.7, we may assume without loss of generality that
(4.14) holds. We use Lemma 4.9 to conclude that there exists h° € BV (0, 1; 2) such that
up to a subsequence

(i) (8hm),, converges to 8h° weakly in L" ((0, 1) x Q; AK~1).
(i) (9shm),, converges weak * to 9,10 on 0, 1) x Q).
(iii) For £!-almost every s € (0, 1), (h®m (s, -)) converges weak * to hO(s, ) on Q

Since ¢} > c¥,

lirninf/ cX(9sh¢, 8h)dsdx > lim inf/ c*(0sh€, 8h)dx. (5.18)
=0T Jo,1)xQ e~0T Jo,1)xQ
By Theorem 3.3.1 [5] and the convergence in (i) and (ii), we have
lim inf / c*(95h€, Sh€)dsdx > / c*(35h°, 8h°) (5.19)
e=0" J0,HxQ 0,1H)xQ

The integral of c*(d;4°, 8h°) needs to be interpreted as in Definition 4.2 which involves the
recession function ¢*. Combining (5.18) and (5.19) we obtain

lim inf / X (d5h€, Sh€)dsdx > / c*(0,h°, 5nY). (5.20)
e—=0" J0,1)xQ 0,1)xQ

Recall that we can assume without loss of generality that s — A%(s, ) is left continuous at
1 and right continuous at 0. We use the trace operator in Sect. 4.2, and combine (4.14) with
(4.15) to obtain that

mli_)moo/s;(fl(x);hf’”(l,x))dx—/Q<fo(x);he”‘(0,x)>dx

= fQ (fi); K01, dx)) — /Q (fo(x); h°(0, dx)). (5.21)

Rearranging the expressions in the identify Cc (€, A€) = D (h€) we have

/ (ce(f€, A%) + ¢ (05h, 8h°)) dsdx
(0,1)x2

= /Q (fi(x); h€(1, dx)) — /Q (fo(x); h€(0, dx)) (5.22)

Thus, using (5.17), (5.20) and (5.21), together with the fact that
1 1
lim inf/ ds/ <c€(f€, A9)dx + lim inf/ ds/ cX(9sh¢, 8h€)) dx
e—0t Jo Q =0t Jo Q

1 1
< liminf (/ ds/ (c6 (f€, ASdx +/ ds/ X (9sh°, 8h€)> dx) ,
e—0t 0 Q 0 Q
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we obtain
C(fO,AO)+/ c*(95h°, 8h°) 5[ (f1(x); B°(1, dx)) / (fo(x): h°(0, dx)).
0,1)xQ
o (5.23)
This means
c(f0. A% < D). (5.24)

2. We claimthat C(f, A) > D(h) forany (f, A) € P”(fo, fl) andany h € BV] (0, 1; Q).
Observe that (5.3) and (5.4) imply that C := ¢* satisfies (C.1) and (C.2). By the assumption
on ¢, we have C* > C*(0) = 0. Let hj € C®(; AKy and by € BV (0, 1; ) be the
approximations of 4 as defined by (D.2) in Section D. Here, €2; is the /-neighborhood of 2.
We have

i A) = /

o ((f; 0shf) + (A; Shf)dx) - /0 c*(3shj, 8hj)dsdx

=/ ((f100; B (1, 0)) = (fo(x): hS (O,x)))dx—/ 35k, 8hS)dsdx.
Q o

Letting € tend to 0 in Lemmas D.3 and D.4 we obtain

C(f,A) = / ({fr(x); h (1, %)) — (fo(x); Ry (0, x))) dx — / c*(d5hy, 8hy).
Q ]
Letting / tend to 0 in Lemmas D.3 and D.4 we obtain C(f, A) > D(h). This, together with
(5.24) concludes the proof of the Theorem. ]
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Appendix A. Open problems
Throughout this section, we use the same notation as in Sect. 5.2. To alleviate the notation,
we denote by (f, A) the pair (fo, AO) in Remark 4.4 and write & instead of h°. Let (0sh)q
denote the absolutely continuous part of d;4. By abuse of notation, we don’t distinguish
between (d5/), and its Radon Nikodym derivative with respect to £t
Remark A.1 According Remark 4.4
C(f,A) > / ({f; 0sh(ds,dx)) + (A; Sh)dsdx) —/ c*(dsh, 8h)
o o

and if equality holds

(f, A) € dc* ((8sh)a, 8h) L' ae.. (A1)

We next list few open problems, sources of future investigations.
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Problem A.2 These problems are stated under the hypotheses of Sect. 5.

(1) What are the regularity properties of the minimizing geodesics in (5.16), or equivalently,
thanks to (A.1), what are the regularity properties of the maximizer h in (5.16)?
(ii) For the sake of illustration, let ¢ be given by (1.11) so that

|B|2r

c*(b, B) = [ Ib]* + ——
,

Hence, formally at least, using (A.1) and expressing the fact that (f, A) € PP (fo, f1).
we have

2(r—1)
) (05h)a i d Sh|sh| “o A2
VI@sh)al? + r=2|80[2" r1@h)al> + r=2|8h >

in the sense of distribution in the interior of U where

U = {1@sh)q|* + r 28K > 0}

Observe (A.2) is a type of system of elliptic PDEs. What can we show about the set U?

(iii) Continuing with c given by (1.11), what are the regularity properties of ((3:h)q, 5h)
or equivalently, since the regularity properties of h transfer to those of (f, A) through
(A.1), what are the regularity properties of (f, A)?

Appendix B. Convex functions

Throughout this section, we assume that 2 C R” is an open bounded convex set, p,r €
(l,00)and rp =r + p.

B.1 Examples

A prototype cost is

c(w,A) =U (—0(w), A) (B.1)
where )
,,'2271 it p e (0, 00)
Ulp.A) =10 if (A=0 and p=0) or (p=00) (B.2)
o) if (A#a and p=0) or (p €[—00,0))
and
— _ 2
= { = ®3)

In this case, the Legendre transform of 6 is the strictly convex function 6* : AF — [1, 00)
of class C! given by

0*(2) = V1 + 22, z e Ak

The Legendre transform of U is U* and

Ut(—r, By =10 TSk (B.4)
oo if B>
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Ifb € A¥ and B € A*! then

* . * b * |B|2r
c*(b, B) :=min |a0* | — | + U*(—a, B) | =,/ |b|> + 5
a>0 o r

For B # 0, the minimum is achieved at 0 < «g := |B|" /7.

Remark B.1 As mentioned in Remark 5.1, we have chosen not to include cases such as

.8 =U[Y w;j.&].

i<j
which satisfy c(Aw, A§) = Ac(w, &) for any A € R. Indeed, in this case, ¢*(b, B) € {0, oo}
forall (b, B) € A2 x AL
B.2 Bounds on gradients of convex functions
Let H be a finite dimensional Hilbert space and assume ¢, ¢* : H — (—o00, co] Legendre

transform of each other and yg, 7, y3 > 0.

Remark B.2 The following hold.

(i) Suppose c(w) > —yg and c*(2) > yslz|” — y7 for any w, z € H. Then there exists a
constant C,, depending only on s, ¥, y7 and yg such that

sup |z < Cp(wP~ '+ 1), Vwel (B.5)

z€d.c(w)

(ii) Similarly, suppose c(w) > yglw|? — y7 and ¢*(z) > —yg for any w, z € H. Then there
exists a constant C;, depending only on r, ¢, y7 and yg such that

sup wl < Cp(lzl '+ 1), Vpel (B.6)

wed.c*(z)
B.3 A class of convex functions
Assume that ¢ : A*¥ x A¥~1 — (=00, 00] is lower semicontinuous and for each if w € A*
and A € A1 are such that ¢c(w, A) < oo then
c(w, LMA) = [AMPc(w, A) (B.7)

and
c(w,A) =0 ifandonlyif A =0. (B.8)

For £ € A¥ we define
Gc(§) = infc(w, §).

We set
he 1= igf {Ge(®).

gl =1}.

Denote by IT : A¥ x A¥=! — A¥ the projection operator. We assume that
Vb e AN} 3 (0n)m C TI(dome) | lim (@, b) = oc. (B.9)
m— 00

Obviously, if ¢ takes on only finite values, then (B.9) holds.
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Lemma B.3 Suppose c satisfies (B.9).
(i) We have

00 ifb #0

o) =swp (i "B = {0 D

(ii) Forany (w, &) € AF x A= we have

o, §) < inf (€)™ (§) = Ge(®).

weA
(iii) Because c is lower semicontinuous and (B.8) holds, we have L. > 0. Defining s > 0
by sP = pi. we have

|B|"

¢*(0,B) <

rs’

Proof We only comment on the proof of (iii).
Let (w, ), (b, B) € A*¥ x A¥=1.If £ # 0 then by Young’s inequality

. sP1g|” |B|" p 3 |BI" _ |B|"
(B:§) = + = [Elfclw, — |+ =c(w,§) + :

rs” €| rs” rs”

Rearranging and maximizing the subsequent inequality over & we obtain
* k—1 |B|r
(o) (B) = sup {(B: &) — cul®) | £ € A} = =,
§
which, together with (i) implies (iii). ]

Lemma B.4 Suppose c takes on only finite values.

(1) If ¢ is upper semicontinuous, so is G.
(i) If G, is lower semicontinuous and convex then for any we have

(@, 8) = Ge(€) V(0,8 e A x AL

(iii) If c is convex so is G.. If in addition c is bounded below, then G, is locally Lipschitz
and c(w,§) = G¢(§).

Proof We shall only comment on the last statement of (iii) and leave it to the reader to show (i),
(ii) and that if ¢ is convex so is G .. Assume we know G is convex. Since it takes on only finite
values, it is locally Lipschitz. By the convexity of ¢ and (ii), c(w, §) = ¢™*(w, §) = G(§).

O

Appendix C. Representation formulas for [ o C(F) when F is a measure

Let H be either the Hilbert space A¥ x AK~! or RV . We assume that
C:H — (—o0, ). (C.1)

and denote by C* the Legendre transform of C. Set D := dom (C*) and let int(D) be the
interior of D. Note that if 0 € D then C(u) > (0;u) — C*(0) = —C*(0) and so, C is
bounded below. We sometimes make the stronger assumption that

0 € int(D). (C2)
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C.1 Basic properties of recession function

Consider the Minkowski function of D and its polar
05 () = tigg{z | % c [)}, %) == szﬁ{w; v) |ue D). (C3)

Recall that C is the recession function of C as given by Definition 4.2. We recall the following
two Lemmas from Convex Analysis.

Lemma C.1 Assume C is convex and (C.1) holds. Then,
.o —~ _ 0
(i) C=o b

am(aﬂmz{oyueD

oo if ué¢D
Lemma C.2 Assume C is convex and (C.1) and (C.2) hold. Then,

(i) op is Lipschitz and there exists € > 0 such that Q% >el .
(ii)
D=1{op <1}, in(D)={op <1} (C4)

C.2 Integral of functions of measures in terms of Legendre transform

Let O c R"*! be a bounded open set and assume that C is convex and (C.1) holds and
0 € D. For each [ > 0 we define C}

{C*(w) if |w| <1

if > W

Cl(w) =
Because is lower semicontinuous and does not achieve the value —oco, C;, the Legendre
transform of Cj is [-Lipschitz and convex. Furthermore, by the fact that C = (C*)* and
Cc=cCx,

lim C;(v) = C(v), and C;(v) < C(v) (C.5)
[—o0
for all v € H. Note that
Cr > (v,0) — C*(0) = —C*(0). (C.6)
Identify H with RN, For N signed Borel measures F7, - -- , Fy on O of finite total mass,

we write Radon—Nikodym decomposition
F = F,C" + Fn.

Here, 7 is a finite Borel measure on RV such that £V and 5 are mutually singular, F,, € L'(0)
is a Borel map and F; € LY(RN, n) is a Borel map. We set

K1(F) ;:/ C(Fa)dx+/ C(Fy)dn,
0 0

where C is the recession function of C. By Lemma C.1, since 0 € D, 0 = C(0) < C and
—C*(0) < C.Hence, [, C(F,)dx and [, C(F;)dn exist although they may be co. Observe

that because C is 1-homogeneous, if g; and g, are two finite Borel measures on O which
are absolutely continuous with respect to each other then

- (dF _(dF
(4 Ve [ (4o
/0 <dgl> 8 o \dg 82
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Hence, even if the pair (Fj, n) is not uniquely determined, by the fact that the product Fyn
is uniquely determined, it is well-understood that |, 0 C(Fy)dn is well defined. Similarly,
(C.6) implies that fO C;(F)dz makes sense. Thanks to (C.5) and (C.6) we can apply Fatou’s
Lemma to obtain that

lim / Ci(Fydx = / C(Fy)dx (C.7)
[—o0 [0) 0]
Remark C.3 Assume G| : O — H is a bounded Borel map. If |G| <[, then
/((Fa; Gi) — Cf(G)) dx =/(<Fa; Gi) — C*(G)) dv
0 0
makes sense although it may be —oo. It is not —oo if and only if C*(G1), C/(G1) € L'(0).

Proof Since F, € L'(0),if |G| < I, using the definition of C}*, Young’s inequality and
eventually (C.5 ), we have

(Fy; G1) — C*(G) = (Fa; G1) — CJ(G1) < Ci(Fy) <1|Fy| + C(0)
< I|F,| +C(0) € L' (0).

This allows to conclude the proof of the remark. O
Thanks to Remark C.3 it makes sense to define
J(G1,Gr) = / ((Fa; G1) — C*(GY)) dx +/ (Fy: Ga)dn
0 0

Ka2(F) = sup {J(G1, G2) | (G1, G2) € Ba}.
G1,G2

Here, B; is the set of pairs (G, G2) such that G|, G, : O — H are Borel and bounded,
G € dom(C*) £ —ace. and G» € dom(C*) n—a.e.
Lemma C.4 Assume C is convex, (C.1) holds and 0 € D. Then K1 (F) = Ko (F).

Proof If (G1, G2) € B, then except on a set of £ _null measure
(Fa; G1) — C*(Gy) < C(Fy) (C.8)
By Lemma C.1 (i), except on a set of n-null measure
(Fy; Ga) < C(Fy) (C.9

We integrate the two terms in (C.8) with respect to £+ and those in (C.9) with respect to
n and add up the subsequent inequalities to conclude that K1 (F) > Ky (F).

Suppose first that K;(G) < oo and fix € > 0 arbitrary. Since C; assumes only finite
values, for any v € H, the subdifferential d.C;(v) is not empty. Because, C; is [-Lipschitz,
d.C;(v) is a compact set contained in the ball of radius /. The theory of multifunctions [6]
ensures existence of a Borel map M; : HL — H such that for any v € H, M;(v) € 3.C;(v)
and [M;(v)| < I. The map G; := M; o F, is a Borel map such that |G;| <[ and

C/(Gi(2)) + C1 (F(2) = (F(2); Gi(2)) (C.10)
for any z € O. Thus,
/OCI(Fa)dZ = /0 ((Fa; Gy) — Cl*(Gl)) dz. (C.11)
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In light of (C.7) there exists / such that

/ Ci(Fo)dz > / C(F)dz —e.
10) 0
We combine this, together with (C.11) and use the fact that Cl* > C* to conclude that
/ ((Fa; G1) = C*(G)) dz z/ C(F,)dz — €. (C.12)
0 10)
Since fO C(F,)dx is finite and C* is bounded below, (C.12) implies

/ ((Fu; Gy = C*(Gp) dz = / C(F,)dz —e€, Gi(z) € D=dom (C*) """ —ae.
o o

(C.13)

Observe that C : H — (—00, 00) is a convex function that is bounded below. We apply

(C.12) after replacing C by C, ysian by n anq F, by F to conclude Ehat we can choose [
large enough so that there exists a Borel map G; : O — H such that |G;| <[ and

/0 ((F: Gi) — (€)*(G) dn = /0 C(F)dv —e. C.14)

By Lemma C.1 (ib), (C)* takes the value 0 in D otherwise takes the value co. Since we have
assumed that fO C(Fy)dv is finite, (C.14) is equivalent to

/ (F; Gjydn > —e,  Gi(z) € D n—ae. (C.15)
[0}

We combine (C.13) and (C.15) to obtain that K; (F) < K (F) + 2¢ and then use the fact that
€ > 0 is arbitrary to that IC1 (F) < ICo(F).
Assume that 1 (G) = oo and so, for instance, fo C(F,)dx = 0o. We are to show that

for every € > 0, K2(G) > e 1. In light of (C.7) there exists / such that

f C/(Fpdx > e L.
0

We use (C.11) to obtain a bounded Borel map G; : O — H such that
¢! 5/ cz(Fa)dzzf ((Fa;Gz)—Cz*(Gl))dZS/ ((Fu; G1) — C*(G))) dz.
o o o

Observe that since C; is [-Lipschitz and F, € L'(0). Hence, C*(G;) € L'(0) and so,
Gi(z) € D £ —a.e. This proves that Ko (F) > €~ and so, K»(F) = oo. )

Define

K3(F) = sup {J(Gy,G2) | (G1, Gr) € B3}.
G1,G2

Here, 55 is the set of pairs (G, G2) in B; such that there exists a compact set K C O such
that G| € K £"t'—ae. and G, € K n—a.e. Define

K4(F) = sup {J(G1, G2) | (G1, G2) € Ba}.
G1,G2

Here, By is the set of pairs (G, G2) in B3 that are continuous and of compact supports such
that G; = G» and the range of G is contained in a compact subset of the interior of D.
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Proposition C.5 As in Lemma C.4, we suppose that C is convex, (C.1) holds and 0 € D.
Then

Ki(F) = K2 (F) = K3(F).
If we further assume that (C.2) holds then
Ki(F) = K2 (F) = Ka(F).

Proof Replacing C* by C* — C*(0) if necessary, let us assume without loss of generality
that C*(0) = 0. What is obvious is

Ki(F) = K2(F) = K3(F) = K4(F),

and by Lemma C.4 K (F) = K2 (F). It remains to show the reverse inequalities.
Part 1. To show that /Cp (F) < K3(F) it suffices to show that for any € > O and (G1.G») €
Ba,

J(G1, Gy) <2e + K3(F).

We can assume that C*(G1) € L'(0) and C*(G,) € L'(5) otherwise, there is nothing to
prove. For each m positive integer, we define

1
S 1= {x € O | dist(z,00) > *}
m

and let xg, be the indicator function of S,,. The dominated convergence theorem allows to
choose m large enough so that

/0(1—Xsm) (I{Fa; G1)| 4+ |C*(GD)|) dz < e. (C.16)

We have )
spt(xs,, G1) C {x € O | dist(z,00) > ;} C 0. (C.17)
Since C*(0) = 0, by convexity
C* (x5,G1) = C* (x5, G1 + (1 = x5,)0) < x5,C*(G1)
Thus
(X5, G1; Fa) = C* (x5, G1) = xs,, ((Fa3 G1) — C*(GY))

= (Fu;; G1) — C*(G1) + (1 — xs,) ({(Fa; G1) — C*(G1))
and so,
(Fa: G1) — C*(G1) < —(1 = xs,,) ((Fa3 G1) — C*(GD) + (x5,G1: Fa) — C* (x5,G1)

Integrating over O and using (C.16), we have

/0(<Fa;Gl>—C*<Gl>)dxse+f0(<Fa;XSmGl>—C*(XS,,,GI))dx, (C.18)

and so, C*(xs,, G1) € L'(0). Replace (F,, Gy, L', C) by (Fy, G2, 7, C) in (C.18) to
obtain for m large enough,

/0(<Fs; G2) — (O)*(Gy))dn <€ +/0 ((Fs: x5, G2) — (O)*(x5,G2)) dn
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and so (C_‘)*(Xg_m G1) € L'(5). As in the proof of Lemma C.4, use the fact that (C)* takes
the value 0 in D otherwise it takes the value oo to conclude that

f (Fy: Ga)dx < € + / (Fy: x5, G2)dx. (C.19)
0] 0]

Note that ((:’)*gxgm G1) € L'(n) is equivalent to (C‘)*(xgm G») = 0 n—a.e., which means
that x5, G2 € D n—a.e. By (C.18) and (C.19)
J(G1,G2) <2¢+J(xs,G1. xs,G2) - (C.20)
Since (xs,,G1, xs,,G2) € Bz, we obtain
J(G1, Ga) < 2e + K3(F).

We use the fact that (G, G2) € B, and € > 0 are arbitrary to conclude that /Co (F) < KC3(F),
and so, Ko (F) = KC3(F).

Part 2. Further assume that O is in the interior of D. To show that IC3(F) < K4(F), it
suffices to show that for any arbitrary € > 0, if (G, G2) € B3 then

J(G1, G2) < e+ Ka(F). (C.21)

Fi_x such a (G, G7) and assume without loss of generality that C*(G1) € L'(0) and
(C)*(Gy) € Ll(n). Extend G by setting it to be null outside O. Let mqo be such that
£ —ae, Gy is supported by Smy and n—a.e, G2 is supported by S,,,, and
€
< .
16 ((n + L£71)(0))

(+ L") (0\Suy) (C.22)

Consider a standard mollifier o € C2°(R"*!) which is a probability density supported by
the unit ball centered at the origin. Define

1 b4
Gr=ax*G; al@=me (7)
By Jensen’s inequality
C*(G) < o *C*(Gy). (C.23)

Similarly, since G is supported by D L”*l_—a.e. and the latter is a convex set, by Jensen’s
inequality, the range of Gj is contained in D. By the fact that both G| and C*(G}) are in
L! (0), standard arguments show that

. _ L « . _
ILI%L G — Gillpr o) = [1_1)1(1)1+ llor * C*(G1) — C*(GDIlp10) = 0. (C24)
Thus, for / small enough

/0(<Fa;Gl> — C*(G))dz < §+/O(<Fa;Gl>—gz*C*(Gl>)dz.

This, together with (C.23) implies
/ ({Fa; G1) — C*(G1)) dz < § +[ ((Fa; G1) — C*(G))) dz. (C.25)
o 0

By Lusin’s theorem theorem there exists for each positive /, there exists a continuous
function G’ such that )
7 [G’ () # Gz} <1 (C.26)
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Since G is bounded and has its support in O, we may assume without loss of generality that
G| < 1GallL .- (C27)

Furthermore, we may assume without loss of generality that G/ is supported by Somq- Consider
the function A € C(R) defined
1 ifr<1
AW = { Loy s,

t

The function Gf) = GlA( ho G') is continuous, supported by Some and its range is
contained in D. We have

{G{) ” Gz} c {G’ " Gz}
and so, by (C.26)
” {Gg " Gz} <1 (C.28)

By (C.27) l
|Gyl < 11G2llLo- (C.29)

Since Fy; € L'(n) there exists e > 0 such that if S C O and 7(S) < e then

€
/ |Fyldn < .
0 161G I~y r1)

Thus, if I € (0, e), using (C.27) we have

€
< —.

8

/ (Fy: Gy — Glo>dn‘ _ / (Fy: Gy — Ghydn
0 {G2#£Gy)

If ¢ € (0, 1) is closed enough to 1 we conclude that setting G/ := éGlo then

/ (Fy: Ga)d < / (Fy: Gy < €. (C30)
0 0 8

Observe that Q[)(Gl) = EQD(Gf)) < e < 1 and so, by Lemma C.2, G! belongs to int(D).
We combine (C.25) and (C.30) to conclude that

J(Gy.Gy) < g +J(G1. G). (C31)
Let E C O be a Borel set such that
L"Y(E) = n(0O\E) = 0.

By Lusin’s theorem, we may find a sequence {}; C C(0, [0, 1]) that converges (Lt 4
n)—a.e. to xg. Set

gj =0 —x)Gi+ x,;G".

We have that_gj € C.(0,H) is bounded and so, since the ranges of both G; and G' are
contained in D we have

05(g) = (1= x)op(G) + xjop(Gh <é. (C.32)
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By Lemma C.2, {0 < e} is a compact set contained in int(D), while (C.32) ensures that
the range of g; is contained in {g; < e}. We use the convexity of C* to conclude that

Xj (C*(G» - C*(Gl>) < C*(G) — C*(g)) (C.33)
We have
J(gj, 8)) = J(G1, G
+/0(1—Xj)(Fs§Gl—Gl>d77+f0Xj(Fa§Gl — G)dx
+ /0 (C*(G1) - C*(g)dx.
and so, by (C.33)
J(gj. &) = J(G1, G

+/ (I = xj){Fs; Gy _Gl>d77+/ Xj{Fa; G! — Gp)dx

0 0

+/ Xj (C*(Gz)—C*(Gl)) dx. (C.34)
0

Since C* is continuous in int_(D) and G! € C.(0, H) has its range contained in int(D), we
conclude that C*(G') € C(0). In fact, since we have assumed that C*(0) = 0, C*(G') €
C.(0). What matters is the conclusion that C*(G') € L'(0) and so,

C*(G)) — C*(GY e LY(0), (F;Gi—G'ye L', (Fu; G'—G)) e L'(0).

We apply the dominated convergence theorem to conclude that since n(O\ E) = 0O then

lim 0<1 — X)) Fs: G| — Glydn = /()(1 — xE)(Fs; Gy — Ghydn = 0. (C.35)

j—oo
Similarly, since £"T!(E) = 0 then

lim [ xj(Fs G' —Gpdx = / xe(Fa: Gt = Gp)dx = 0. (C.36)
o

j—o00o 0

Finally, since £"T!(E) = 0 then

lim f X (C*(G,) - C*(Gl)) dx = / XE (c*(c,) - C*(Gl)) dx=0. (C37)

j=>Jo 0
We combine (C.34-C.37) to conclude that for j large enough

€
J(g),8)) = J(G1,GY = 7. (C.38)

This, together with (C.31) and the fact that (g;, g;) € By yields that

J(G1,G2) < e+ J(g),8j) < e+ Ka(F).

Since (G, G2) is an arbitrary element of B3 and € > 0 is arbitrary, we conclude that
K3(F) < K4(F) and so, K3(F) = K4(F). O
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Appendix D. Approximation of k-currents by smooth currents

Throughout this section, we assume that 2 C R” is an open bounded convex set. We assume
without loss of generality that £ contains the origin and denote by o the Minkowski function
of Q (cf. (C.3)). Recall that (cf. Lemma C.2)

Q={og <1}, int(Q) ={og <1} (D.1)

For 0 < [ < 1, we use the notation

[ 1
0:=0,1)xQ, Q:={og<1+1}, I/ZZ(—E,I—I—E) O, =1 x Q.

and

z:=(s,x) € 0, w:=(r,y)¢€ 0.
We define 7}, §; : R"T! — R+ by
r+% oy
1+1°1+1

Ti(z,y) = ( ), Sl(s,x):((1+l)s—é,(l+l)x>.

Fix h € BV] (0, 1; ) (cf. Definition 4.8) and define ; € BV (I;; ;) by
fo (hi(r. dy): ¢z, y))dt = [0 (h(s.dx): ¢ (Si(s.x0)ds ¥ ¢ € C(Op: AbY. (D2)
1

For instance if H € C(0) and h(z) = H(2)e! A --- A eF then hyj(w) = Hj(w)e! A--- A ek
where

Hi(w) = det Vo, Ti(w) H(T)w).

Reminder D.1 By Lemma 4.6 (iii), t — h(t,-) € M(, ARy is of bounded variations
and so, it is continuous except may be at countably many t. Furthermore, by (ii) of the
same Remark, we may tacitly choose an appropriate representative such that t — h(t,-) €
M(2, AX) is right continuous at any t € [0, 1). (iii) of the Remark will ensure left continuity
at 1 and so, h(t, -) is well-defined for every t € [0, 1]. Since |0sh| is a finite measure, ||h(t, -)||
is bounded by a constant independent of t.

Remark D.2 For any ¢ € C(O;; A¥), the following hold.
0
1
/ (ehi(dw); pw) = / (0,1 (d2); $(S12) -
0, +1Jo
(i)
1
/ (5 wy; g dw = — [ (8h): p(512) dz.
0y +1 Q

(iii) Forany ¥ € C(Q;; A%)

/(h(rd)wp( )>—L/ W (T2 )iy @ s om), veer
Q I8 4y )5 y_1+lQ 1+1° ’ ’ L
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(iv) Since |95h] ((0, 1) x 2) < oo, the set of t € (0, 1) such that |d;h] ({t} x Q) > O is at
most countable. This implies, the set 7 of [ € (0, 1) such that

1+ 4
|85h|<{1+§}x§2>>0

Proof Thanks to (D.2), the proof_of (i) and (i1) is direct. To prove (iii), we need to show that
forany 8 € C.(I)) and ¢ € C.($; A¥) we have

is at most countable.

. 1 5o\,
/01 (e, )i () BT = Ilﬂ(r)dr/§2<h(l+l ,dx>,w(<1+z)x)>.

We first use the change of variables s(1 4+ /) — [/2 = t in the second integral and then use
(D.2) with ¢ (t, y) = B(t)Y¥ (y) to conclude. ]

Lemma D.3 Suppose that C is a convex function on H := A*, x A¥=1 such that (C.1) and
(C.2) hold. Let F; .= (0:h;, 8h;) and F = (0sh, §h) let K1 and K4 be as in Section C. We
have (1 + DK (Fy) < K1(F).

Proof Replacing C by C(0) if necessary, we assume without loss of generality that C (0) = 0,
which yields C* > 0. By Proposition C.5, K1 (F;) = K4(F;). Hence, for any € > 0, there
exist a compact set S contained in the interior of D and

geC(0:AF). e (0t
such that the range of (g, g.)(0Oy) is contained in S and

K1(F1)5e+f

0,

(8rhz(dw);g(w)>+(5h1(w);g*(w))dw—/ C*(g(w), gx(w))dw.

0,

We use the change of variables provided by Remark D.2 to infer

1 _
Ki(F) <e+ Tx7 / (0sh(dz); g(812)) + (8h(2); g(S12))dz
+1 /o

—/ C*(g(S12). g+(Si2) (1 + )" dz.
0

Using that C* > 0 we conclude that, we obtain

1 -
Ki(F) =€+ Tx7 (/ (05h(dz); g(S12)) + (8h(2); 8(Si2))dz
+1\Jo

- /OC*(g(Szz),g*(Szz))dz)-
Thus,
1
Ki(F) <e+ m’c4(F)’

which, together with Proposition C.5, proves the Lemma. O

Lemma D.4 Suppose that C is a convex function on H := AF, x A¥~! such that (C.1) and
(C.2) hold. Suppose C achieves its minimum at 0. Assume fo, fi € Co(R2) in the sense that
their restriction to the boundary is the null function. Then,
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lim /(hz(l,x);fl(x»dx:/(h(l i i)
-0t Jq Q
(i)

lim / (hi(0, x); fo(x))dx = / (h(0, x); fo(x))
-0t Jo Q
Proof By Lemma 4.6 (ii) and Remark D.2 (iii)

/(hl(l,x); J1(x)dx
Q

! 1+ 141 h +%
=157 ) 20 D0 (A + Do

a+b;
,dx ) )=
141 141
(D.3)
where
1+ 4
a :=/ xa (L + D) {1+ D) h Jdx | — k(1. dx)
Q 1+1
and

b -=/Qm (14 x) (AL +D): h(1, dx))

Since |h|(1, -) is a finite measure, he Lebesgue dominated convergence theorem ensures that

lim b,=/ 1 ): h(1, d))
-0t Q
By Lemma 4.6 (ii)

144

< ash Z 1) x].

lar] < 11 f1llool0s |(<1+l )X )
Hence,

limsup |a;| < || filloo|b] (W x €2) =0
-0t

(D.4)

This with (D.3) and (D.4) proves (i). The proof of (ii) is obtained in a similar way.

]
Let o € C°(R) and o, € C°(R") be nonnegative symmetric probability density

functions. Suppose g, is positive on the open ball of radius 1 and null outside the closed ball
of radius 1 and o satisfies the analogous condition. We set

0i(s) = 791< ) 0 (x) = EinQn (z)

For

0 (s, x) := 0 (s); (x).

be X Wada

“Aet e C(Q; A
1<ij<--<ig<n
we define

v =Y

A .-/\e"k/ Vi, iy ()06 (x — y)dx.
I<ii<--<ix<n Y
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Similarly, for
p= Y. i Ao At € C(0; A
1<ij<--<ix<n
we define
pw)= > e Aneh / Vi iy (2005 (2 — w)dz.
I<ij<--<iy<n %

In the remaining of this section, we fix fy, f1 € C(Q; AF).

e = /Q oSG — N foldx,  fE() = /Q 05 (x — ) f1 (X)dx.

Since h; € BV (I}; ;) and for € € (0,1/2) we define can ij € BV, (0, 1; Q) by

/ (B (5. dx); (s, x))ds = / (hi(r.dy): ¢“w))dr V¢ € Co(0: AY). (D)
0

€

For instance, if

hi(s. )= Y (s dx)et A Al

1<ii<--<ix<n
then
hi(z) = Z A A ek / 0°(z — whj,..i, (s, dy)ds ¥V z € O.
1<ij<--<iy<n Oe
Thus, h§ € C*®(0; A).
Remark D.5 Let ¢ € C(O; A*) and ¢ € C(Q2; A¥). Then the following hold.
(i)
/ (05hi (d2); $(2)) = / (35h1(dw); o€ * ¢ (w)).
o

(i)
fo (5hE(2): B (2))dz = [ (i (w); 0 * p(w))dw.

€

Proof The proof of the Remark is straightforward to obtain. O

Lemma D.6 Suppose that C is a convex function on H := A*, x A¥=1 such that (C.1) and
(C.2) hold. Suppose C achieves its minimum at 0. Let Ff := (3shj, 8h}) and F; = (9shy, Shy)
let ICy and K4 be as in Section C. We have K1 (Ff) < K1(F)).

Proof Replacing C by C(0) if necessary, we assume without loss of generality that 0 =
C(0) < C, which yields C* > 0 = C*(0). By Proposition C.5 K1 (Ff) = K4(Ff). Hence,
for any € > 0, there exist a compact set S contained in the interior of D and

g € C(0; AN, g € C(0; AFT)

such that the range of (g, g«)(O) is contained in S and

Ki(Ff) <€ +/0 ((85h{ (2); g(2)) + (8h (2); gx(2))) dz — /0 C*(8(2), g(2))dw.
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We use the change of variables provided by Remark D.5 to infer

Ki(Ff) < €+/OE ((85hi1(d2); 0 * g(2)) + (Bhi(2); 0 * g(z))dz)—fo C*(8(2), g«(2))dz.

(D.6)
By Jensen’s inequality

/ C* (0 % g(2), 0° * 8x(2)) dz < / dz/ 0°(z —w)C* (g(w), gx(w)) dw
Rn+1 Rn+1 n+1

:/ C* (g(w), g«(w)) dw..
Rn+l

Since C* > 0 = C*(0) and (g, g+) is supported by O, we obtain

fo € (0 #8(2). 0 ¥ 8u() dz = /0 C* (g(w), g«(w)) dw,

which together with (D.6) yields

Ki(Ff) < e+ /OE ((35hi(dz); 0 * g(2)) + (8h(2); 0 * g(2))dz)

—/06 C* (0 % 8(2), 0 % 8x(2)) dz.

Thus, K1 (Ff) < € + K4(F)). Since € > 0 is arbitrary, we use Proposition C.5, to conclude
the proof. O

Lemma D.7 Suppose that C is a convex function on H := A¥, x A¥~1 such that (C.1) and
(C.2) hold. Suppose C achieves its minimum at 0. Assume fo, f1 € Co(S2) in the sense that
their restriction to the boundary is the null function. Then, for almost every [ € (0, 1)

o
lim / (1 x): fi(o))dx = / (i1, 3); fi(0)dx
e—0t Jo Q

(i)
fim f (0, %) fo))dx = f (0, %); fo(x))dx
e—0t Jo Q

Proof We shall only show (i) as the proof of (ii) follows the same lines of arguments. We
have

fQ(hf(l,X);fl(x))dxZ/de<f1(X);/ af(r,X)dr>dx+/ (h(1,dy); f{ (),

Ie Qe
D.7)
where,

() = [ o= tx =) (e, dy) = il dy).
QE
Part 1. Since f; vanishes on 9€2, we can extend it by setting its value to be 0 outside Q,

and obtain a function C.(IR"). Consequently, (f{)e converges uniformly to f; on R”". Since
(xq.)e converges pointwise to xg, (ff xo.)e converges pointwise to fixg = f1xq. Thus,

tim [y £ = [ gt dyy: o). (D.5)
Q. Q

e—0
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Part 2. We use Remark D.2 (iii) to obtain
TH / T*z el xoe (T+Dy)of (1 —1,x — (1 +1)y))dsh(ds,dy) if t <1
T

1+z /(1+7 +4 }X xee (L+Dy) e (I =7, x = (L+Dy)) sh(ds, dy) if ©>1

T+ T+

aj (T, x) = w € H.

Since
o°(I—1,x—(1+Dy) =07 —-1)0, (x —(1+Dy))

vanishes outside [1 — €, 1 + €], we conclude that

'/ <f1(x);/ af(r,x)dr>dx‘ < Hleoo/ e (t, x)dtdx (D.9)
Q Ie 1+l I xQ

with
ej(t,x) = of(1 — T)/l erd pert o, (x = (1 4+Dy)) |0sh|(ds, dy)
T+ > 1H )XQ
We have
e (1, x)dtdx = / of (1 — ‘L')d‘l,’/ |0sh|(ds, dy)
/;EXQ : Ie ! (%prfjl%>><ﬂ *

X/Qfl(x—(l—l-l)z))dx
Q
l—e+h 1+e+}
S/QT(I—T)IashI 2, 2 )« @)dr
I 1+1 1+1

l—e4+L 14644
= |3;h| Z 2l xQ (D.10)
1+1 1+1

We combine (D.9) and (D.10) to conclude that for any / € (0, 1)\7 (cf. Remark D.2 (iv) )

hm ’/ <f1(x) /al (7, x)dt>dx

We combine (D.8) and (D.11) to conclude the proof of (i). ]

=0. (D.11)

Appendix E. Closed differential 2-forms and electromagnetism

The search of optimal k-forms can be put in the context of electro-magnetism. Indeed,
consider a contractible open bounded convex set O C R3, denote by n the unit outward
vector to 9 O and suppose

=(0,T) x O.
Define S to be the set of pairs of magnetic/electric vector fields
(B,E): Q2 — R®
which are integrable and satisfy (in the weak sense) Gauss’s law for magnetism

Vi B =0, (E.1)
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and the Maxwell-Faraday induction equations
B+ Vy x E =0. (E2)

The well-known correspondence between S and the set of closed differential 2-forms on €2 is

given by the isometry M which associates to (B, E) the 2-differential form M (B, E) defined

by

M(B, E) :=— E1dt ANdx| — Exdt Adxy — E3dt Adx3z + Bidxo Adx3 — Bydx) A dxs
+ B3dxi Adx».

One identifies the differential form M (B, E) with the skew-symmetric matrix

0 —Ey —Ey —E3

Ey 0 By —B

E, —B; 0 B
Es B —B; O

M(B,E) = (E.3)
If we set f = M(B, E), direct computations reveal that

df =(V-B)dxi Adxo Adx3z 4+ (0:B3 + (V x E)3)dt Adxi Adxp
4+ (0;By + (V x E)2)dt ANdxi Adx3z + (;B1 + (V x E)1)dt ANdxy Ndxz (E.4)

and so, f is closed if and only if both (E.1) and (E.2) hold. Furthermore,
detM(B, E) = (E - B)? (E.5)

and so, f is symplectic if and only if (E - B)? > 0.
Let w = (w% w!, w2 w®) = @ w) : (0,7) x O — R* be a vector field. Let
A € A" (R*) be written as

A = A%t + Adx = Adr + Aldx) + A’dxy + Addxs.
When we write A = w_ f we mean that

A° E-w
A= - (E.6)
A —F

where
F=w"E +wx B.
Therefore in terms of (B, E, w) the system of equations d; f + dA = 0 is equivalent to
9sB = Vx X A; 0 E = VxApg — 0:A (E.7)
This means
3B =—Vyx (WE+wxB);: 0E=Vy(E -w)+03w’E+wxB) (ES)
Using the identity
Vx - (BRIW—W®B)=Vyx X Bxw
we equivalently write

3sB+Vyx (WE) = Vx-(BW—WRB);  0,E = Vyx(E-w)+,(w’E+wxB) (E.9)
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Therefore, considering action of the form

1
f ds/ c(f, A)dxdt
0 Q

under the conditions that

d%f+dA=0, df =0

amounts to considering actions of the form

1
/ ds/ ¢(B,E,E-v,wE +w x B)dxdt
0 Q

under the conditions that (E.1), (E.2) and (E.9) hold. The boundary condition A A v = 0 is
equivalent to

E-w=w’E4+wxB)xn=0 on (0,7)x30 and w’E4+wxB =0 on {0,T}xO.

(E.10)
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