Calc. Var. (2018) 57:77

https://doi.org/10.1007/500526-018-1362-6 Calculus of Variations

@ CrossMark

Uniqueness and symmetry of ground states
for higher-order equations

Woocheol Choi! - Younghun Hong? -
Jinmyoung Seok?

Received: 26 October 2017 / Accepted: 8 April 2018 / Published online: 27 April 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract We establish uniqueness and radial symmetry of ground states for higher-order
nonlinear Schrodinger and Hartree equations whose higher-order differentials have small
coefficients. As an application, we obtain error estimates for higher-order approximations to
the pseudo-relativistic ground state. Our proof adapts the strategy of Lenzmann (Anal PDE
2:1-27,2009) using local uniqueness near the limit of ground states in a variational problem.
However, in order to bypass difficulties from lack of symmetrization tools for higher-order
differential operators, we employ the contraction mapping argument in our earlier work (Choi
etal. 2017. arXiv:1705.09068) to construct radially symmetric real-valued solutions, as well
as improving local uniqueness near the limit.

Mathematics Subject Classification 35G20 - 35J35 - 35Q55 - 35Q85 - 35B06

1 Introduction

Higher-order elliptic equations, whose higher-order differentials have small coefficients, arise
in various physical contexts. For instance, in nonlinear optics, the envelope dynamics of wave
trains in a weakly nonlinear medium is given by the equation
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i€y = w(€d)y — X1y,

where & > 0, ¥ = ¥ (r, x) : R x R? — C and w(3) denotes the Fourier multiplier operator
with a symbol a = a(£) : R? — R. Looking for a stationary solution, inserting the ansatz
¥ (t, x) = e™u(x) with u > 0, we obtain the time-independent equation

w(ed)u + ez,uu = 62|u|2u.

When high-frequency dispersion is negligible and the medium is isotropic,' the above equa-
tion can be approximated by the second-order equation

—Au + pu = |u|2u

(see [15]). However, if high frequency dispersion is weak but not negligible, one should
consider a higher-order equation whose differential operator is a Taylor polynomial of w(€9).
Here, higher-order terms have small coefficients.

In astrophysics, the mean-field limit of stationary boson stars is described by the pseudo-
relativistic nonlinear Hartree equation

(\/ —C2A +m?ct — mcz) u+puu = (|x|_1 * |u|2) in R3, (1.1)

where u = u(x) : R> — C, m > 0 is the particle mass and ¢ > 0 stands for the speed of
light. In applications, taking the formal Taylor polynomial of the pseudo-relativistic operator

(\/ —c2A + m2c? —mcz) = mc? < 1- % - 1) = L(—A) ! (=AY +-- -,

m2c 2m  8m3c2
(1.2)
the higher-order model
J i—1
(=D a; ; _ .

ZW(—A)J utpu = (jxI7 x ju?)u inR3, (1.3)
iomiTe

wherea; = %, is employed to avoid possible complication from having a non-local

operator (see [4,5] and the references therein).
Moreover, given a previously known second-order model

—Au+ pu = f(|ulPu,

a higher-order equation is sometimes introduced as a refinement taking additional physi-
cal effects in account. In this case, it is natural to put small coefficients on higher-order
differentials, like

—Au+ A u + pu = f(|ulPu,

for consistency with the second-order model.

The purpose of this paper is to provide a general strategy to prove uniqueness and radial
symmetry of ground states for a certain class of higher-order elliptic equations including the
above examples.

Before proceeding, it should be pointed out that proving uniqueness and symmetry of
ground states for higher-order equations is in general quite challenging. That is because
some of useful tools, such as the diamagnetic inequality, the Pélya—Szeg6 inequality, the

1 With w(0) = nga)(O) =0 and ng agka)(O) = §jk by a suitable change of variables.
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moving plane method and the shooting game argument, might not be available. Recall that for
second-order equations, the standard variational approach employs the diamagnetic inequal-
ity [V(Ju)|lz2 < [IVull2 in the first step in order to obtain a non-negative ground state from
ahypothetical possibly sign-changing ground state, and then symmetrization tools are applied
to prove symmetry and uniqueness. When the symbol of a pseudo-differential operator is a
Bernstein function, e.g., the pseudo-relativistic operator (1.2), the diamagnetic inequality as
well as symmetrization tools can be recovered by a beautiful argument in [6,13] involving
the Bernstein’s theorem. However, this method does not work for higher-order operators.

In fact, some of analytic tools have been developed for higher-order operators e.g., for
polyharmonic operators, and there might be a way to apply them for uniqueness and symme-
try. For a comprehensive overview, we refer to the book by Gazzola et al. [7]. Nevertheless,
they cannot be directly applied to the above examples. Even worse, the desired diamagnetic
inequality does not seem to hold for higher-order differential operators, because even if u is
smooth, its second derivative V)%, (Ju]) could be very singular near the set {x : u(x) = 0}. In
this paper, we go around the lack of the analytic tools rather than making an effort to build
them up, by taking the advantage of higher-order differentials having small coefficients.

From now on, for concreteness of exposition, we restrict ourselves to the higher-order
nonlinear Schrodinger equation (NLS)

Pau+u=u*u inR?, (1.4)

where k € Nand u = u(x) : R? — C, and the three-dimensional higher-order nonlinear
Hartree equation (NLH)

Pau+u=(Ix|7"*[u)u inR3, (1.5)
where u = u(x) : R3 — C. For an even integer J and € > 0 (including zero), the higher-
order differential operator P, is defined by

J
Pe=P = —A+ ) cue20V)%,
l|=3

where @ = (a1, ...,0q) € (Zzo)d denotes a multi-index and (i V)* = i'“'Vfll e ng. We
assume that the family of operators { Pc}o<e< is uniformly elliptic in the sense that there
exists y > 0, independent of € > 0, such that

I+ P>y —-A). (1.6)

For NLS (1.4), we further assume that 1 < d < 3 and

1.7)

keN ifd=12,
k=1 ifd=3

so that the odd-power nonlinearity is H !-subcritical. We remark that as € — 0, the higher-
order NLS (1.4) formally converges to the standard second-order NLS

— Au+u = |ul*u, (1.8)
while the higher-order NLH (1.5) converges to the second-order NLH

—Autu=(IxI"" *ul?) u. (1.9)
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A solution to the higher-order NLS (1.4) (resp., the higher-order NLH (1.5)) is called a
ground state if it is a minimizer for the action functional
1

| (P4 Vuirdx -
3 JouPe T Duidx =577

1 1
7/ (Pe + Duit dx — f/ (IxI7" % Jul?) [ul*dx  (for NLH (1.5)).
2 R3 4 R3

/ lu|**2dx  (for NLS (1.4))
Rd
I (u) =

restricted to the constraint
(I[(u),u);2 =0 and u #0,

where I/ is the Frechét derivative of I.. When € = 0, it is known that the second-order NLS
(1.8) (resp., the second-order NLH (1.9)) has a smooth radially symmetric positive ground
state, denoted by Qg, and it is unique up to translation and phase shift? (see [1,8,10] for
NLS, and [12] for NLH). Moreover, the ground state Q is non-degenerate (see [10] for NLS
and [11] for NLH). Indeed, linearizing the equation near the ground state Q, we obtain the
Ly o
0 Ly
operators £F : H*(RY; R) — L*(R?; R) are defined by

linearized operator £ = ) with the identification a + bi <> (), where the linear

n ._{ — Ah+h — 2k +1)0%h (for NLS (1.8))
O = AR+ —2(xI7" % (Qoh)) Qo — (1xI7' % Q) B (for NLH (1.9))
and
n ._[ — Ah+h— Q%Fn (for NLS (1.8))
0T —Ah+h—(Ix|7" % Q§)h  (for NLH (1.9)),

By non-degeneracy, we mean that the kernels of [J(j)t are explicitly given by

Kerl§ = span {dy, Qo, ..., 05, Qo} .
KerL, = span{Qo} .

When € > 0, by standard variational arguments, one can show that the higher-order NLS
(1.4) (resp., the higher-order NLH (1.5)) possesses a ground state Q ej and that it converges
to Qo as € — 0 (see Proposition 2.1).

Our main theorem establishes uniqueness and radial symmetry of ground states for the
higher-order equations (1.4) and (1.5). We recall we only care the case | < d < 3 and

keN ifd=1,2,
k=1 ifd=3

for NLS, and d = 3 for NLH.

Theorem 1.1 (Uniqueness and symmetry) Suppose that (1.6), as well as (1.7) for NLS and
d = 3 for NLH), holds. Then, there exists €y > 0 such that for each 0 < € < €, there
exists a smooth radially symmetric and real-valued ground state QEJ for the higher-order
NLS (1.4) (resp., the higher-order NLH (1.5)), and it is unique up to translation and phase
shift. Moreover, the ground state Q ej is non-degenerate in the sense of Proposition 3.2 below.

2 We say that Q is a unique solution up to translation and phase shift if for any solution u, there exist x( € R4
and 0 € R such that u(x) = ¢/ Q(x — x0)-
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Remark 1.2 An alternative concept of ground states to the higher order equations (1.4) or
(1.5) can be given by a minimizer of the physical energy E.(u) given by I (u) — %||u||i2
subject to the fixed mass ||u||i2 = N, provided the minimizer exists. In second order case
€ = 0, a simple scaling argument says that this concept of ground states to (1.4) or (1.5)
coincides with our one in Theorem 1.1. It is worth mentioning here that it is not known yet
whether this also happens or not for the higher order case € > 0.

For the proof, we follow the roadmap in the important work by Lenzmann [11], where
uniqueness of ground states for the pseudo-relativistic NLH (1.1) is established. The robust
approach of Lenzmann [11] can be summarized in two steps.

Step 1 Construct a ground state for the pseudo-relativistic NLH (1.1), and prove its
convergence to the ground state Q¢ for the second-order NLH (1.9) as ¢ — oo
up to translation and phase shift. Here, by construction (involving variational
techniques), a pseudo-relativistic ground state must be positive and radially sym-
metric.

Step 2 Prove uniqueness of a radially symmetric real-valued solution to the pseudo-
relativistic NLH near the ground state Q. The proof of this local uniqueness
relies on the non-degeneracy of the ground state Qq, which is indeed one of the
main contributions of Lenzmann [11].

Conclusion If ¢ > 1 is large enough, then a pseudo-relativistic ground state is close to Qo,
S0 it is unique up to translation and phase shift.

As for higher-order equations, however, we cannot make use of radial symmetry of a
ground state for the proof of uniqueness, but we have to prove it instead, since we do not
have symmetrization tools at hand. In order to overcome these obstacles, we employ several
new ingredients, including the contraction mapping argument in our earlier work [3] and
the improved local uniqueness near the ground state Q¢. Our proof can be summarized as
follows.

Step 1 Construct a ground state QEJ for the higher-order equation (1.4) (resp., (1.5)),
and prove its convergence to the ground state Qg for the second-order equation
(1.8) (resp., (1.9)) as € — O up to translation and phase shift. We remark that
contrary to Step 1 in [11], due to lack of symmetrization tools, it is not known
that Q GJ is radially symmetric and real-valued.

Step 2 Construct a radially symmetric real-valued solution u, for the higher-order equa-
tion converging to the ground state Q¢ by the contraction mapping argument. By
construction, the solution u, does not have any variational character as a ground
state.

Step 3 Prove uniqueness (up to translation and phase shift) for the higher-order equation
near the ground state Qo without assuming that solutions are radially symmetric
or real-valued.

Conclusion If € > 0 is small enough, then two solutions Q7 and u. are close to the ground
state Qg. Thus, identifying them by uniqueness, we conclude that Q; is a unique
radially symmetric real-valued ground state.

For the proof of local uniqueness in Step 2, we assume that there is a solution i, and then
modify it by translation and phase shift to be perpendicular to the kernel of the linearized
operator around u.. Then, we prove that the modified i, is indeed u. itself. This argument,
choosing the best modulation parameters, seems quite natural in the context of orbital stability
[16]. However, to the best of authors’ knowledge, such a local uniqueness and its proof seem
new.
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Next, we consider the pseudo-relativistic NLH (1.1) and the higher-order NLH (1.3) in the
non-relativistic regime (¢ > 1). In this case, it is shown in Lenzmann [11] that the pseudo-
relativistic NLH (1.1) has a radially symmetric positive ground state Q., which is unique
up to translation and phase shift. On the other hand, by the main theorem of this paper, the
higher-order NLH (1.3) also has a radially symmetric and real-valued ground state Q7 and
it is unique up to translation and phase shift. Then, the contraction mapping argument in [3]
can be applied to compare two ground states. As a consequence, we obtain the following
error estimates for the higher-order approximations to the pseudo-relativistic ground state.

Theorem 1.3 (Higher-order approximations to a pseudo-relativistic ground state) Let J be
an odd number, and ¢ > 0 be a sufficiently large number. We denote by Q. (resp., QCJ) the
unique radially symmetric, real-valued ground state for the pseudo-relativistic NLH (1.1)
(resp., the higher-order NLH (1.3)). Then,

1
J
||Qc - Qc||H1 5 5‘27]

Remark 1.4 The higher-order Schrédinger operator in (1.3) is introduced as a higher-order
approximation to the pseudo-relativistic operator ~/—c2 A + m2c* —mc?, provided that high-
frequencies are not dominant. In [4, 5], the error estimates for the higher-order approximation
to the linear evolution has been discussed. Theorem 1.3 first provides a precise error estimate
for the higher-order approximation to the pseudo-relativistic ground state, which the simplest
nonlinear object.

1.1 Notations

We denote the potential energy functional by

1
lu|*2dx (for NLS)
2k +2 /d
N@) = | R
Z/ (Ix17" % |ul?) lul*dx  (for NLH).
R3

Then, the nonlinearity of the equation is given as its Frechét derivative
) u|*u (for NLS)
N'(u) = . 5
(|x|7 * |u| ) u (for NLH).
We denote by H 1136 =H 1136 (R3; C) the Hilbert space equipped with the inner product

(f.8hm = / (Pe+1) f(x)g(x)dx,
€ R3
1.2 Organization of the paper

In Sect. 2, we prove existence of ground states Qs for the higher-order NLS (resp., the
higher-order NLH) and their convergence to the ground state Qg for the second-order equa-
tion. In Sect. 3, we provide the non-degeneracy estimates, which are the key analytic tools in
this paper. Using them, in Section 4, we construct radially symmetric real-valued solutions
ue’s converging to the ground state Qg for the second-order equation. In Sect. 5, we establish
local uniqueness for higher-order equations near the ground state Qg, and then identifying
er and u., we prove the main theorem (Theorem 1.1). Finally, in Sect. 6, we prove the
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error estimates for the higher-order approximation to the pseudo-relativistic ground state
(Theorem 1.3).

2 Construction of ground states, and their limit

By the standard variational method, we construct ground states for higher-order equations
(Proposition 2.1), and show their convergence to the ground state for the second-order equa-
tion (Proposition 2.3). In addition, we prove that in general, convergence to the ground state
for the second-order equation in a low regularity norm can be upgraded to that in high
regularity norms (Proposition 2.5).

Proposition 2.1 (Existence of a ground state) Suppose that (1.6) (as well as (1.7) for NLS)
holds. Then, for any € > 0, the higher-order equation (1.4) (resp., (1.5)) possesses a ground
state er S Hllgé.

Throughout this section, we denote the order of nonlinearity by

2k +1 for NLS (1.4)
P=13 for NLH (1.5).

We observe that by algebra,
N @), u) 2 = (p + DN ().

Hence, if u is admissible for the variational problem (2.3), equivalently

0= (1/@), u)g2 = ullfy = (p+ DN @) (@ lll =(p+1w(u>>, 2.1)

then the action functional can be written as

p

—1 —1
o, = E—Nw. 22)

1
Ie(u) = Enun;}% ~N) =
For each € > 0 (including € = 0), the ground state energy level is defined by
Ce = inf {Ie(u) |u e Hj\{O} and (I/(u), u) 2 = 0]. 2.3)
The following lemma is useful to prove the proposition.

Lemma 2.2 Suppose that (1.6) (as well as (1.7) for NLS) holds. Then, C is strictly positive,
and
limsupCe < Cp. 2.4)

e—0

Proof For NLS (1.4), by the Sobolev inequality with (1.6), we have

Nu) =

si 3 IHlzate = Cluls ", 2.5)

while for NLH (1.5), by the Hardy-Littlewood—Sobolev inequality and the Sobolev inequality
with (1.6),

o,
< — || —
N@w) < 1 H N * |ul

Nl | o5 < € [ul? o5 = Cllullt s < Clluld,y . 2.6)
L6 Pe
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Then, inserting the above inequality to the constraint (2.1), we get
2 ’ p—2 2 N 5es
0= llully | 1=+ DCull}, < lully = (p+DC) 7
Pe Pe Pe

2
Thus, by (2.2), I (ue) = %Hu”i}o > %((p + 1)C’)” 7-2. Taking the infimum, we

prove the lower bound on Ce.

To show (2.4), we observe that the ground state Q¢ for the limit equation (1.8) (resp.,
(1.9)) is almost admissible for the variational problem (2.3) for sufficiently small € > 0,
because

(1.(Q0). Qo)12 = ((Pe + 1) Qo — N'(Q0). Qo);2
= ((=A+ 1) Q0 —N'(Q0). Qo)r2 + (P — (=A))Qo, Qo) 2
=0+ 0c(1) = 0 (1),
where in the third identity, we used that Qg € H ¢ forall ¢ € N. Hence, for each € > 0, there

exists e = 1+ 0.(1) such that 7. Q¢ is admissible. Then, it follows from the definition of the
level set C. and (2.2) that

—1
Ce = 1(1c Qo) = 7N(teQ ) =12t 2 ——N(Qo) = (1 +0c(1)) - Io(Qo).
Thus, taking lim sup,_, , we prove (2.4). O

Proof of Proposition 2.1 Let {u,}7°, C H },E be a minimizing sequence for I, (u) subject to
the constraint (IE’ (), u);2 = 0 withu # 0, which is, by (2.2), bounded in H},é. ‘We consider
the Levy concentration function of u,, (see [14])

M,(r) = sup/ Iun|2dx,
By (x)

xeRd

where B, (x) denotes the Euclidean ball of the radius r centered at x.
Suppose that there exists some r > 0 such that M, (r) — 0asn — oo. It is shown in [14]
that {u,}2 | converges to zero in LP(RY) forevery 2 < p < 2* where 2* = max{%2 7 2 0}.

Thus, by (2.2) and (2.5) (resp., (2.6)), it follows that I (u,) = 2 ./\/(un) — Q0asn — oo,
but this contradicts to that C. > 0 (see Lemma 2.2).
Now, passing to a subsequence, we assume that

= lim M(1) > 0.
n—o0
Then, there exists a sequence {x,}7> | C R? such that for sufficiently large n,

M
/ lun|? dx > =2 Q2.7
B1(x) 2

Translating the sequence, we introduce another minimizing sequence {v,};°, given by
v, (x) = u,(x 4+ x,), which is bounded in H L Let v be the weak subsequential limit

of {v,}52, in H1 asn — oo. Note that vy # 0, since {v,}°°, is locally compact in L?(R9)
and it satisfies (2 7).
We claim that vg is admissible for the minimization problem (2.3), i.e.,

(Ié(vo), vo)r2 = 0.
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In order to prove the claim by contradiction, we assume that
8 == (I (vo), vo) 2 > O,
and then applying the well-known Brezis-Lieb lemma, we decompose v,, = vg + w,, such
that
lonllGyy = Wvollgyy + lIwallyy +o0n(D),

N (W) = N (o) + N(wy) + 0 (1), 238)

and consequently,
(I (wa), wa) 2 = (I W), vn) 12 — (L(00), 0) 12 + 0n(1) = =5 + 0, (1),

We observe that f,(r) := (I/(twy), fwy,);2 is a polynomial of the form ant? — byrPtl
with a,, b, > 0, and that f,,(1) < —% for large n. Hence, there exist a small n € (0, 1)
and a sequence {f,}°° o1, with 0 < t, < 1 — 7, such that {z, w,,}flo=1 is admissible, i.e.,
(Il (tywp), tywy) 2 = 0. Then, by (2.2) and (2.8), we prove that

p—1 _ 2 P~

2(p )“tnwn”Hl =1, 2p+ 1)
PR S

1—mn 20 +1)|| n”Hl +0,(1)

= (1 = )2 Le(uy) + 0, (1) = (1 — 7)*Ce + 04(1).
However, this contradicts to minimality of Ce. If § := (I/(vo), vo);2 < 0, repeating the

same argument but switching the role of vy with w,, we can again deduce a contradiction.
Therefore, the claim is proved.

2
I (tywy) = ”wn”HIlJ€

IA

Finally, by the lower semi-continuity of the norm || - || 4 1o we show that vy achieves the
minimal energy,
I (vo) = pi_l ”vO”Hl = ;1 hm lvn ”Hl = hm Ic(vy) =
2(p+1) 2(p+1) n—>
This completes the proof by setting Q7 ¢ = p. O

Proposition 2.3 (Convergence of ground states) Suppose that (1.6) (as well as (1.7) for NLS)
holds. Let {er}€>0 be the family of ground states for the higher-order equation (1.4) (resp.,
(1.5)) given by Proposition 2.1. Then,

. J ~
lim 0/ — Qoll, = 0.
where Qo is a ground state to the second-order equation (1.8) (resp., (1.9)).

Proof By (1.6), (2.2) and Lemma 2.3, we see that {er}€>o is bounded in H!,

2(p+1 2(p+1 2(p +
VIR < 10!, =P D10 = 2P e = HE Dy 4o,
Pe pP— p—1 p—

Hence, Q; weakly subsequentially converges to Qo in H' as € — 0. As in the proof of
Proposition 2.1, one can show that

M
/ 10717 dx > =2,
B1(0) 2
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which implies Qg is nontrivial.
We claim that Qg is a smooth solution to (1.8) (resp., (1.9)). To show the claim, we recall
that for any ¢ € C°

(P +1)Q! —N'(Q]), )2 = 0.

However, by the weak convergence of QSJ , up to a subsequence, we have
lim ((Pe +1) Q7. ¢) 2 = im(Q/, (P + 1)¢) 2
e—0 £—0
= lim(Q7, (=A + 1)¢)12 = (Qo, (—A + D)2
and
lim (V'(Qe), ¢) 12 = (N'(Q0), §) 12
Thus, sending € — 0, we show that

(A +1)Q0 — N'(Q0), )2 = 0.

In other words, Qo isa wealf solution to (1.8) (resp., (1.9)). Then, by the elliptic regularity
(see [9], one can show that Qg € H ¢ for every £ € N.
Next, using (2.2), we write

Co < Io(Qo) = 2 +1)|IQ oll %1
-0,
< —— (110015, +1Q! - 0ol
2(p+1) Hp, b Hp, 2.9)
=20 +1)”Q ||H1 el Re(Qo, Q] —Qo)

=1.(2)) ~ p—: -Re(Qo, Q! — 00) )
However, since Qo is smooth and QEJ — Qo in H! as e — 0, we have
(Qo, 0/ = Qo) = (Qo0, @/ = Qo)1 + {(Pe = (=A)) Q0. Q! = o)y — 0
as € — 0. Thus, by (2.2) again and Lemma 2.2, we get

Co = Ce +0c(1) = Co + 0e(1).

Sending € — 01in (2.9), we copclude that Qo achieves the minimum value Cy of the action
functional I and that IIQGJ - QOHH}, — Qase — 0. O

Remark 2.4 Let Qg be the radially symmetric positive ground state for (1.8) (resp., (1.9)).
By uniqueness of a ground state to the second-order equation, there exist & € R and xo € R?
such that Qg (x) = ¢'? Qg (x — x¢). Then, the modified profile ¢’? Qéj(- — xp), which is also
a ground state, converges to Qg as € — 0.

Proposition 2.5 (Upgraded convergence) Suppose that (1.6) (as well as (1.7) for NLS) holds.
Fore > 0, letu, € Hlll,e be a solution to the higher-order equation (1.4) (resp., (1.5)), which
is not necessarily a ground state. Let Qg be the unique ground state to the second-order
equation (1.8) (resp., (1.9)).
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(1) Ifuc — Qoin H ase — 0, thenue — Qoin H ase — 0 forall £ € N.
(2) As a consequence, for all £ € N, ||u¢|| ge is bounded uniformly in 0 < € < 1.

Proof We prove the proposition by induction. Let r. = u. — Qg be the difference between
two solutions. Suppose that ||r¢|| e — O for some £ € N. Then, by the equations, we have

(Pe+Dre = (=A = P)Q0 + (Pe + Due — (A +1)Qo
= (—A — P)Qo +N'(ue) — N'(Qo).
Thus, it follows from (1.6) that

Yllrell gest < 1(Pe + Drell ge-
< I(=A = P)Qoll ge-1 + IIN'(Qo +1e) = N'(Qo) | -1+

For the first term on the right hand side, by smoothness of Qo, [[(—A — P¢) Qoll ye-1 — O.
For the second term, distributing derivatives and then applying Lemma A.2, one can show
that

—1
IN'(Qo + ) = (@)l e S {1Qollge + rellge ) el ge 0,

where p = 2k + 1 for (1.4) (resp., p = 3 for (1.5)). Therefore, we conclude that ||7¢ || e+1 —
0. O

3 Non-degeneracy estimates

Let {u¢}e~0 be a family of real-valued solutions to the higher-order equation such that u, —
Qo in H' (as well as in Hf forall £ € N by Proposition 2.5) as € — 0, where Qy is the
unique radially symmetric positive ground state for the second-order equation (1.8) (resp.,
(1.9)). For notational convenience, we denote ug := Qp. For 0 < € < ¢q (including 0), we
consider the linear operators £F : H 11,6 — H;él, defined by

LY =P +1-N}
‘ (3.1)
‘C;::Pé‘f-l—./\/‘u:y
where "
(2k+Du™g (for NLS)
NS(g) = . 1 2 (3.2)
2(|x|7" * (ug))u + (x|~ *u”)g  (for NLH)
and
_ u*g (for NLS)
N, (g) = L (3.3)
(lx|”" *u*)g (for NLH).

These linear operators naturally appear as the real and the imaginary parts of the linearized
operator at the solution u.. Factorizing out the differential operator (1 + P¢) in a symmetric

form, we write
£E =1+ P.(1d - ADH V1 + P, (3.4)

where
A= ! + !
I+ P VT H P
1 1

AT = .
¢ VTFP " JTH P
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In this section, we prove non-degeneracy of the solution u., and obtain uniform lower bounds
for the linear operators (Id — AF), which are our main analytic tools.

To begin with, we consider the base case ¢ = 0. By the non-degeneracy of the ground
state Q¢ and the relation (3.4) (see [10] for NLS and [11] for NLH), we have

Ker(ld — A$) = span[&xl\/l “AQ NI A QO]
and

Ker(ld — Aj) = span{«/l —A QO}.

By the equatlon the operator .AjE sends an element of Ker(Id — .AO ) to the same function, and
thus (Id — AO) maps (Ker(Id — Aj ))l c LY(RY; R) to itself, where AL C H denotes the
subspace orthogonal to A in the Hilbert space H. Moreover, the operator (Id — AO ) satisfies
the following lower bounds.

Proposition 3.1 (Non-degeneracy estimates; base case) There exists Bo > 0 such that
I — A8l 2amy = ollgl L2y
forall g € (Ker(Id — Ai))L C L2(RY; R).

2
Proof We claim that both /\/ ﬂ and ﬂ Qo ﬂ are compact on L. Indeed,

for NLS, the integral kernel of J\/ 0o 1 < (or N, 0o respectively) is given by

1 A’
2k + 1) Qo) *G_1(x — y) (or 00 *G_ 1 (x — y), respectively),

where G_1(x) = ((1 + |/~ 1)V (x) is the Bessel potential. For NLH, it is given by
Qo(x)Qo(2)

R |x—z]
(or (|x|_l * Q%)(x)G,l(x —-y), respectively).

G_1(z— y)dz + (Ix|7' % 0 ()G_1(x — y)

All of the above kernels are contained in L2(Rﬁ X R‘yi ), because Qg is smooth and rapidly

decaying. Therefore, the associated operators are Hilbert—Schmidt (so, compact on L2 (R)).
Since composition of a compact operator and a bounded operator is compact, this proves the
claim. As a consequence, by the Fredholm alternative, the proposition is proved. O

Next, we show that the non-degeneracy of the ground state Qo is stable along the family
of solutions which converges to the ground state Q.

Proposition 3.2 (Stability of non-degeneracy) Let {u¢}e~o be a family of real-valued solu-
tions to the higher-order equation (1.4) (resp., (1.5)) such that uc — Qg in H'ase — 0.
Then, there exists €y > 0 such that

Kerﬁ;" = span{axl Uey oo, 8xdu€] and KerL_ = span{ue}
Jor 0 < € < e€g. Equivalently, we have

Ker(ld = AY) = span]d. T+ Peuc, ..., 0,y/T+ Peuc] (3.5)

and

Ker(ld — A7) :span{,/l TP ue}. (3.6)
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Proof Following the argument in the proof of [11, Theorem 3], we prove (3.5) only, because
(3.6) can be proved by the same way.

By the equation, it is easy to see that each dy;+/1 + Peuc is contained in the kernel of
(Id — A;"). Therefore, it suffices to show that the dimension of Ker(Id — Aj) is < d. We
recall that Ker(Id — .Aj) = Im(P¢), where P is the projection operator given by

1 + —1
Pe = — (Id — A —zId)"dz
271’1 |zl=c
for some sufficiently small ¢ > 0. We observe that by Lemma A.2,
1 1 1 1

_ .A+ N — + _ /\/‘+

0 e e2 H\/1+P6 “JTH P JI—A QUT-A
| (7 - =)
JT+ P J1-A ‘J1+ P

1 S 1
+ H N A(N”f NQ°)~/1 TP

AL

L2112

L2112 (3.7)

L2112

— 0
L2112

)

|l = (e =)
T—A 2\ J/T+P. JI-A

and consequently, ||Pe — Pollz2_,;2 — 0 as € — 0. Suppose that Rank(7¢) > Rank(Pp).
Then, there exist L2-orthonormal vectors v, ..., V4+1 such that Pev; = v;. Hence,
Povi, ..., Povg+1 are almost orthogonal, and they are linearly independent, which con-
tradicts to the assumption. Therefore, we conclude that Rank(P.) < Rank(P)) = d. O

Using the non-degeneracy, we prove the inequality analogous to Proposition 3.1.

Proposition 3.3 (Non-degeneracy estimates; general case) Let {u¢}e~o be a family of real-
valued solutions to the higher-order equation (1.4) (resp., (1.5)) such that ue — Qo in H!
as € — 0. Then, there exist €y > 0 and B > 0 such that if 0 < € < €q, then
Itd = AD)gl 12 ey = Bligll 2 @e:m)
forall g € (Ker(ld — Af))J‘ C L%(R?; R), which is equivalent to
+
”'Cg g”H;el (R4;R) > ﬂ ”g”H})e (R4:R)

forall g € (KerE)* C H) (RY: R).

Proof We show the proposition only for A7, since the other inequality can be proved exactly
by the same way.

Letg = % > 0, where f is given in Proposition 3.1. For g € L*(R%;R) and € > 0, we
denote by g7 the orthogonal projection of g to (Ker(Id — AF))*+ c L2(R?; R), precisely

g =8

J

d
(8. €jie)2€¢jes

=1

o, T+ Peuie

P B _ A+ L
i, mh“iz . We fix g € (Ker(Id — A7))~. Then, we decompose

where ¢, :=
(Id — Af)g = (d — AD)g + (A — AD)g
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77 Page 14 of 23 W. Choi et al.

=(Id— ADgy + (Id — AD) (g — g7) + (AF — AD)g.
By the triangle inequalities and Proposition 3.1, we get
I(1d — AD)gl 2 > 10d — AD)gp 2 — 1Ad — A (g — &)z — (AT — AD)gll
> 4Bllgille — llg — gill2 — AL (g — g2 — ICAT — AD)gll
> 4Bllglle — @B + 1+ AL I 2 12l — 8ol (by gt =)

— AT — Af 2 28l 2
(3.8)
On the other hand, we have

Ma.

1 1
||g5 — &0 ||L2 =< ” (gvej;E)Llej;e — (g, ej;0>L26’j;OHL2

1

~.
Il

Ma.

(g, ejic —€j:0) 2] + (g ej:0) 2] | ejie — €0 2
1

~.
Il

d
<2liglhz2 Y [lejie — ejio 12 < 0e(DlIgl g2,
j=1

because by Proposition 2.5,
B,/ + Pette — 3,1 — Au()’
< | /T P = VT= B0, e

as € — 0 and it implies |lej;c — ej;0ll 2 — 0. Moreover, by (3.7), ||.A(J)r —Af 22— 0
as € — 0. Inserting these to (3.8), we prove the proposition. O

L2

L2—|— —- 0

ij V1 — A(ue — ug)

L2

By a little modification, we can also show the following inequality.
Lemma 3.4 There exists €y > 0 such that if 0 < € < €, then
1 L1

VIF P QYTT P

(R4; R). Moreover, its inverse is uniformly bounded,

1d

is invertible on L*

rad
1 1 -1
<Id— 5 )
VI+P 2JT+ P

where By > 0 is given by Proposition 3.1.

2
<—,
L2, RER)— L2 (RER) Po

rad

1
Ji-A
kernel in L% «q 18 empty (dx; Qo’s are not radially symmetric). On the other hand, repeating

the proof of (3.7), one can show that the difference
1 A 1 B 1 " 1
VIFP QOJT+P. JTI-A @JT-A

Proof By Proposition 3.1, the operator (Id — N, 5 oﬁ) is invertible, because its

1 1 Lo 1 1 1
- _ N _
(J1+P€ Jl—A)NQ°J1+P€+J1—A Q°<J1+P€ \/1—A>
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can be arbitrarily small in the operator norm on Lfa d (R4; R), provided that € > 0 is small

enough. Therefore, we conclude thatif 0 < € < €q, then (Id— \/11+7PGN 50 1ir 2 )isinvertible,

and its inverse is uniformly bounded. O

4 Construction of a solution by contraction

In this section, by the contraction mapping argument in [3] which relies on the non-degeneracy
estimates in the previous section, we construct a radially symmetric real-valued solution u, to
the higher-order equation, with small € > 0, that converges to the ground state Qg as € — 0,
where Qg is the unique radially symmetric real-valued ground state for the second-order
equation.

Proposition 4.1 (Construction of a solution by contraction) Suppose that (1.6) (as well as
(1.7) for NLS) holds. Then, there exists €9 > 0 such that a sequence of radially symmetric
real-valued solutions {u¢}o<e<e, to the higher-order NLS (1.4) (resp., the higher-order NLH
(1.5)) exists, with the convergence

lim flue = Qoll gy, = 0.
Proof Step 1. Reformulation of the equation Let € > 0 be sufficiently small. Suppose that u,
is aradially symmetric real-valued solution to the higher-order equation. Then, the difference
re :=ue — Qo
solves the equation

(Pe + Dre = (Pe + Due — (Pe + D Qo
=(=A = P)Qo + (Pe + Due — (A +1)Qp
= (—=A = P)Qo+ N'(ue) — N'(Qo)
=(—A—-P)Qp +N/(QO +7e) _N/(QO)-

Moving the linear terms with respect to r. on the right hand side to the left, we write
(Pet 1= NG, ) re = (=2 = P) Qo+ N'(Qo +re) = N'(Q0) = N, ()

(see (3.2) for the definition of N/ 50). Then, inverting the operator

(Pg—i-l—./\/éro):\/l—i-Pg(Id— L v : >\/1+P€

+
VIF P QO JTFP

by Lemma 3.4, we reformulate the higher-order equation as

-1
re=(Pe+1-N3) {2 = P)Q0+N'(Qo +r) = N'(Qo) = N, o)
=: O (r¢).
Step 2. Construction of a solution We set
4

)
T Bo

”(_A - PG)”OHH;I 5
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where Bp > 0 is the constant given in Lemma 3.4. Then, by (1.6), we have

J

J
Z lcale® 21V Qoll -1 ﬂ Z leal€ ™21V Qoll g2 — 0

m
tb‘_l;

as € — 0. Let €9 be a sufficiently small number to be chosen so that all of the follow-
ing estimates hold. Suppose that 0 < € < ¢g (and thus §¢ > 0 is also small enough). If
”"”H} , ”F”H}) < 8¢, then by Lemma 3.4 and Lemma A.2,

1 -
o = (1d— N
1@, H( JITP QW1+P€) JITP

[(=a = PO00+N'(Qo + 1) = N'(Q0) = N, ()] H

ICN P)Qo||H1+—H/\//(Qo+r) N'(Q) = NG, ()|

<2

= B

2 1

< =8 = Pouoll 1 + 51l =5
and similarly,
[00) ~ @@l < o | (M@0 -+~ N'(Q0) ~ NG, @)
HPe - ﬂo Qo

- (Vo + P =N - N, ®) |

€

1 -
< —|\\r—r 1.
< Slr = Fly,

Therefore, we conclude that ® is contractive, and it has a unique fixed point, denoted by r,

on the ball of radius & centered at 0 in H 11,6. As a consequence, ue = Qg + re solves the

higher-order equation, and ||ue — Q0||H113 = ||r€||H113 — 0Qase — 0. O
€ €

5 Local uniqueness

The solution u,, given by Proposition 4.1, is unique in a small ball of radially symmetric
real-valued functions whose radius may depend on € > 0. In this section, we upgrade this
uniqueness to that in a small ball of all complex-valued functions whose radius is independent
of e > 0.

Proposition 5.1 (Uniqueness) Suppose that (1.6) (as well as (1.7) for NLS) holds. Then,
there exist 5 > 0 and €y > 0 such that if 0 < € < €, then the solution u. to the higher-order
equation (1.4) (resp., (1.5)), constructed in Proposition 4.1, is unique in a §-ball centered at
ug in H },é (R?; C) up to translation and phase shift.

Proof We prove the proposition only for the higher-order NLH, because the proof for the
higher-order NLS follows similarly. Let €y > 0 be a small number given in Proposition 3.3,
and let § > 0 be sufficiently small numbers to be chosen later. Suppose that 0 < € < ¢ and
il is another solution to the higher-order equation in a §-ball centered at ug in H },E (R3 ; O).
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First, we aim to show that the imaginary part of i is orthogonal to u, up to phase shift.
To this end, we consider

(Ue, ue)]—[}‘)é B

U = —uc
|(”e»ue)1-11 | ,
Pe

which also solves the higher-order equation. Here, since u, and i, are assumed to be suffi-
ciently close to u(, the denominator (i, u.) 1-1' # 0. Note that iz, +— U is a natural action,

because if it is simply a rotated u. on the complex plane, then this action rotates it back to
u.. Moreover, we have

2
; , .
| —ue],, =106l + el —2Re(e. uhy
HPe Pe
~ 2 ~
= || —2 u
ey + el =2l ue) gy |
~ 12 2 ~ ~ 2
u + ||u — 2Re(ue, u 1| = ||tte — u
el + Nuelyy — 2Reliic, ue) | = lie = wellyyy
~ 2 2
= e = woll gy, + lue = ol | < 45
Pe Pe
and
- (ﬁésu€>]—]})
Im(Ue), ue) 1 =1Im § —————(ile, Ue) 1 :Im{ﬁ Ue) }:0.
(m(0o). ue) Ty 174, e, ue) gy |
€

Therefore, replacing iie by U, and § by %, we may assume that the imaginary part of i is
orthogonal to u. in H },G.
We denote the difference between two solutions by

Fe '=lle —Ue = Ve +iwe (& e = (e + ve) +iwe),

where ve and we are real-valued, and (we, u¢) g L= 0. When u, and iz, are solutions to the
€
higher-order NLH, then the difference r, satisfies

(Pe + Dre = (Ix| 7" fiel?) die — (1x] 7" |uel?) ue
= (17" (2 o 2ueve + 1) ) (e + v + iwe) — (e e ) e
— (|x|_l % (2ueve + Ire?) )ue ¥ (le_l s (12 + 2ucve + Ire?) )(ve +iwe).

Moving the linear terms on the right hand side to the left then using (3.4), the imaginary part
of the equation (for w,) can be written as

Lowe = (|x|71 * (2u6v6 + IrEIZ))we.

Then, by Proposition 3.3 and the nonlinear estimate (Lemma A.2), we prove that

— -1 2
Bllwell gy, = 1£2well o = | (1517 5 Queve + 1) Jue|
Pe Pe H‘l,€
T w,
<C (HMGHH},G + ||re||1-1},€> Il €”H119€ I e”HllJe

= € (Juoll gy, +26) Slwell -
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77 Page 18 of 23 W. Choi et al.

Therefore, choosing small § such that C(||uo||H} +268)8 < B, we conclude that we = 0.
By a suitable phase shift, we may assume that ii. is real-valued. Furthermore, by translating

iie sothat ||ie (- — a) — ue ||H}l’ = |ltte —ue(- + a)IIH}, is minimized, equivalently
€ €
d
~ 2
T ||u€—u€(-+a)||H1 =0,
. P
Xj la=0 €

we may assume that i, is orthogonal to d, Ue in H ,1,6 forall j =1, 2, 3. Now, we write the
equation for the difference rc = it — ue,

(Pe + Dre :Nl(ﬁe) _N/(ue) :N/(Me +re) _N/(ue)
= ﬁj”e = N(ue +re) — N'(ue) _N,::(Ve),

where J\/’,Z isdefinedin (3.2). Since re = iie —u. is orthogonal to 9 v Ue in H },6 , by Proposition
3.3 and the nonlinear estimate (Lemma A.2) again, we obtain

-1 2 -1 2
Blirellyy, = NEErell = | (1™ r2) ue + (1x17 s Quere +12) )re|

Pe

< € (uellgg, +lrellgy ) el
= C (luoll gy +28) Slirell -

Choosing even smaller § > 0 such that C (luol H} + 26)8 < B if necessary, we prove that

re = 0. Therefore, we conclude that it = u, up to translation and phase shift. O

Now, we are ready to prove the main theorem.

Proof of Theorem 1.1 By Proposition 2.3, if € > 0 is small enough, then ground states Q GJ ’S
are close to the reference ground state Qg in H 11,6 (modifying the sequence by translation and

phase shift if necessary). However, by uniqueness in Proposition 5.1, Q GJ is identified with
the radially symmetric real-valued solution u., constructed in Proposition 4.1. Moreover, by
Proposition 3.2, it is non-degenerate. Therefore, we prove the main theorem. O

6 Proof of Theorem 1.3

We proceed exactly as in the proof of Proposition 4.1. We denote by
rl =0l -0
the difference between two solutions. Then, it satisfies
P! + 1! =P + 10! — (P! +1)0.
(Pe= PJ) 0+ (P! + 10! = (P. + 1O,
(
(

Pl) Qe+ N'(Q]) = N'(00)
Pl) Qe+ N'(Qc 410 = N'(Q0),

P. —
P. —
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o (=D _ - : ; ;
where 'Pc =3 j=1 STz and o i = W Moving the linear terms on the right
hand side to the left as above, we write

£l = (Po= 1) Qe+ N'(Qc + 1) =N'(Q0) = NG o), (6.1)

where

1 1
=P +1-Nj =1+ P/ (Id— 7 +PJM56\/1+PJ)’/1 +PJ.
c c

Repeating the proof of Lemma 3.4 together with Q. — Qg in H! as ¢ — oo, one can show
that

RV
" Jrerd i r

| 1 1 1 1 1
_ (Id— Nes )+ AF _ AT
= 0o — — Qo — Oc
VI—A Q0 /T-A VI-A YT A \/ 1+ P/ \/ 1+ P/

is invertible on L2, ,(R?; R) and its inverse is uniformly bounded for sufficiently large ¢ >
1. Hence, applying the trivial embedding H }, , = H' (from Lemma B.1) and its dual

embedding, we obtain

Il S WMy, = H wlihH { (Pe= PI) Qe+ N'(Qc + 7)) = N'(Q0) Ng((rﬁ)}

H!
o

< H (PL- — PCJ) Qe+ N'(Qc + 1) — N'(Qp) _NE[(Q-)

-1
‘H
Pl

c

Ve = N0 — NG o)

)

<J(r-r)e

H-!

where the implicit constants do not depend on ¢ > 1. Therefore, it follows from the nonlinear
estimates (Lemma A.2) that for sufficiently large ¢ > 1,

1
J J
I S (P = P2) 2|, S Z70Qelrn,
because by Taylor’s theorem,
J j—1 J+1
e T s
/2 204 —mc?) — ( J | <
( ces +m=c mc) ,Elm2fflc2f*2s S A
]:

Finally, by the uniform bound on high Sobolev norm of Q. (see Proposition 2.5 or [2]), we
conclude that | Q) — Qcll 1 = Ir g Sy e
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Appendix A: Nonlinear estimates

We show the nonlinear estimates which are used in the contraction mapping argument.

Lemma A.1 (Nonlinear estimates) Let u € H' be real-valued. For any n > 0, there exists
8o > 0, depending on ||ull g1 re.ry and n, such that if 0 < § < 8o and

7Nl gt amys 17Nl gt macmy <6,

then
[N+ 1) = N @) = N O | gy < 0l @y
and
[N+ r) = N @) = N () = (N 4+ 7) = N @) = N D) | 2 gy < 0l = Flli @y
The above lemma follows from the multilinear estimates.

Lemma A.2 (Multilinear estimates) We have

” (* * (¢1¢2)) @3

Moreover, ifd = 1,2 and k € Norifd =3 and k = 1, then

3
S50 a gy

Jj=1

LXR%R)

2k+1 2k+1

l_[ ¢j S/ H ||¢j||HI(Rd;R)'

Jj=1 L2(Rd;R) Jj=1

Proof By the Holder, Young’s and Sobolev inequalities, we prove that

H (* * (¢1¢2)) ¢3 (ﬁ * (¢1¢2)>

S o1d2ll Lo wa;wm) 1831 L1873, R)

P31l £ 18/7 (3. Ry
LO(R3;R)

DR@ESR)

3 3
STTilsr@sr S T 100 mes:w)

j=1 Jj=1
and similarly,
2k+1 2k+1 2k+1
1_[ b; < ]_[ 1Bl L2ek+n (ma: Ry S 1_[ 191l 1 (e R) -
j=1 L2®:GR) =] i=l

Proof of Lemma A.1 Suppose that ||r| g1, |[F|| g1 < ||lu|l y1. For the Hartree nonlinearity, by
algebra, we write

N (w+r)—N'@) — N (r) = <L*r2>u+2<—*(ur)> (L*r2>r

x| |x| |x|

and

N +7r) = N'@) =N, (1) = (V' +F) = N @) = NS (7))
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= <|1—|*((r+r)(r—r))>u+2<ﬁ*(u(r—r))>r+2(|l—|*(ur)) (r—r)

1 I, -
(ﬁ*((r—l—r)(r r))>r+(m>kr >(r—r)

Thus, by the multilinear estimate (Lemma A.2),
|77y = N = N )= C (g + 1l )00 < 28l gl
and
|Vt 7) = N') = NS () = (V@ +F) = N @) = NS D) |2

< C(lulla + Wl + 1 ) (Il + 17l ) e =l

< 6CH|ullgllr = Fllg.

Then, taking 6o = 1 min{ W, |lee|| 1}, we prove the lemma for the Hartree nonlinearity.
H
Similarly, for the polynomial nonlinearity, by the multilinear estimate (Lemma A.2),

2k+1
[NV @7 = N @) = NF ) | o= | D (”‘J.* 1) Wiy
Jj=2 L2

+
Z (2k+ 1) Hu2k+l—jrj
2k+1

2k+l 2etl— i
<CZ( )n 5,

2k 1
< Cidllullyy 7l g

L2

and

[N+ r) =N ) = NiF () = (N +F) = N ) = NS (D)2

2k+1
= Z (2k_.'—1> A (5 Y S R A

j=3 J L2
2k+1
2 1 . _ . c h -
j=3

2k+1

2k+1 2k+1— ~ ~j—1
CZ( )II 0 = 7 (" W 0+ + 171
< Cebllullzy e = Fll g

for some constant C; > 0. Then, taking §o = 1 min{ [let]| 1}, we complete the

1
2k lully;
proof of the lemma for the polynomial nonlinearity. O
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Appendix B: Uniform lower bound for higher-order operators in (1.3)

Lemma B.1 (Uniform lower bound for higher-order operators in (1.3)) For any & € R3, we
have

2%k—1 i1
Z (—1)1 @ P = |~§|

— m2i—1c2j-2
]:

2j-2)!

where Clj = W

Proof By change of variables % — &, it suffices to prove the lemma assuming m = 1. The
inequality is trivial when k = 1. Suppose that k > 2. Splitting the positive and the negative
terms and then applying the Cauchy—Schwarz inequality for the negative terms, we obtain

2k—1 i k k—1
Z Llajmw — @|§|4J’*2 _ %2 |§|4J
c2i—2 - A4 A2
j=1 j=l1 j=1
“21 Lyeidj—2
> Z T IE1Y™
1k (0e2) o) o2j+1
J J 4j-2 ]+ 4742
*Z{ g2 }
2 o lejimjpr ¢
. @p*  __ (4j-32j+D . ..
Since @ = = G-y = 1 for all j > 1, it is bounded below from
o =
21 4j-2 4j-2 4 Q2j+1 . 4j42
el - o ) [ S g
=€ j=1
1y, 1k A
_ 2] ligdj—2 1 2] ligdj—2 1 Q-1 4j-2
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