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Abstract We prove that local weak solutions of the orthotropic p-harmonic equation are
locally Lipschitz, for every p > 2 and in every dimension. More generally, the result holds
true for more degenerate equations with orthotropic structure, with right-hand sides in suitable
Sobolev spaces.
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1 Introduction
1.1 The problem

In this paper, we pursue the study of the regularity of local minimizers of degenerate func-
tionals with orthotropic structure, that we already considered in [1-4]. More precisely, for
p > 2, we consider local minimizers of the functional

N
1
Fow, @)= > /Q ug P dx, Q@ €Q, ue Wi (@), (1.1)
i=1

and more generally of the functional

N
1
Ts(u, Q) = Z; /Q/(qu,-l — ) dx +/Q/fudx, Qe ue ng’g’(sz’).

i=1

Here, @ ¢ R is an open set, N > 2, and 1, ..., §y are nonnegative numbers.
A local minimizer u of the functional §( defined in (1.1) is a local weak solution of the
orthotropic p-Laplace equation

N

D (lug 1772 ), =0. (1.2)

i=1
For p = 2, this is just the Laplace equation, which is uniformly elliptic. For p > 2, this
looks quite similar to the usual p-Laplace equation

N

> o (IVur=? uy), =0,

i=1

whose local weak solutions are local minimizers of the functional
1
Ju, Q) =— / |[Vul|P dx, Qe ue WIL’CP(Q’). (1.3)
P Jo

However, as explained in [1,2], equation (1.2) is much more degenerate. Consequently, as
for the regularity of Vu (i.e. boundedness and continuity), the two equations are dramatically
different.

In order to understand this discrepancy between the p-Laplacian and its orthotropic ver-
sion, let us observe that the map & — |&|? occuring in the definition (1.3) of J degenerates
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only at the origin, in the sense that its Hessian is positive definite on RV \ {0}. On the contrary,
the definition of the orthotropic functional § in (1.1) is related to the map & +— ZlNzl & 17,
which degenerates on an unbounded set, namely the N hyperplanes orthogonal to the coor-
dinate axes of RV.

The situation is even worse when

max{$; :i=1,...,N} >0, (1.4)

for the lack of ellipticity of the degenerate p-orthotropic functional arises on the larger set

N

Ute e RY 1151 < 5:).

i=1
As a matter of fact, the regularity theory for these very degenerate functionals is far less
understood than the corresponding theory for the standard case (1.3) and its variants.

Under suitable integrability conditions on the function f, we can use the classical theory

for functionals with p-growth and ensure that the local minimizers of §; are locally bounded
and Holder continuous, see for example [11, Theorems 7.5 & 7.6]. This theory also assures

that the gradients of local minimizers lie in L]’OC(Q) for some r > p, see [11, Theorem 6.7].
We also point out that for f € L} (€2), local minimizers of § are contained in WIL’C‘I (),

for every ¢ < 400 (see [3, Main Theorem]).

1.2 Main result
In this paper, we establish the optimal regularity expected for the minimizers of §s, namely
the Lipschitz regularity." More precisely, we establish the following result.

Theorem 1.1 Let p > 2, f € WL(Q) for some h > N/2 and let U € W7 () be a local
minimizer of the functional §s. Then U is locally Lipschitz in 2.

Moreover, in the case §1 = --- = §y = 0, we have the following local scaling invariant
estimate: for every ball Bog, € 2, it holds

1
P
”VU”LOO(BRO/Z) <C <][ |VU|de> +C Ré (][ |Vf|hdx> ,  (L5)
Brg Bry

for some C = C(N, p,h) > 1.

==
~
|

Remark 1.2 (Comparison with previous results) This result unifies and substantially extends
the results on the orthotropic functional §s contained in [2], where it has been established
that the local minimizers of §s are locally Lipschitz, provided that:

e p>2 N=2and f € WIL’CP/(Q), see [2, Theorem A];

e p>4,N>2and f € W.(Q), see [2, Theorem B].

The second result was based on the so-called Bernstein’s technique, see for example [12,
Proposition 2.19]. This technique had already been exploited in the pioneering paper [17] by
Uralt’seva and Urdaletova, for a class of functionals which contains the orthotropic functional
o defined in (1.1), but not its more degenerate version §s. Namely, the result of [17] does
not cover the case when condition (1.4) is in force.

1 Observe that when f = 0, any Lipschitz function u with |Vu| < min{é; : i = 1,..., N} is a local
minimizer of §s. Thus in general Lipschitz continuity is the best regularity one can hope for.
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Still for the case §1 = --- = §y = 0, an entirely different approach relying on viscosity
methods has been developped in [6]. To our knowledge, both methods are limited to (at least)
bounded lower order terms f.

On the contrary, [2, Theorem A] can be considered as the true ancestor to Theorem 1.1
above. Indeed, they both follow the Moser’s iteration technique, originally introduced in
[16] to establish regularity for uniformly elliptic problems. However, going beyond the two-
dimensional setting requires new ideas, that we will explain in Sect. 1.3 below.

In contrast to the partial results of [2, Theorems A & B], the proof of Theorem 1.1 does
not depend on the dimension and does not need any additional restriction on p, apart from
p > 2. It allows unbounded lower order terms, even if the condition f € Wllo’ch(Q) for
some h > N /2 is certainly not sharp. On this point, it is useful to observe that by Sobolev’s
embedding we have?

whh ey h”,

with ~* larger than N and as close to N as desired, provided / is close to N /2. This means that,
in terms of summability, our assumption on f amounts to [ € LfOC(Q) forsome g > N.This
is exactly the sharp expected condition on f for the local minimizers to be locally Lipschitz,
at least if one nurtures the (optimistic) hope that the regularity for the orthotropic p-Laplacian
agrees with that for the standard p-Laplacian.’

Our strategy to prove Theorem 1.1 relies on energy methods and integral estimates, and
more precisely on ad hoc Caccioppoli-type inequalities. This only requires growth assump-
tions on the Lagrangian and its derivatives and can be adapted to a large class of functionals.
For instance, we briefly explain in “Appendix’ how to adapt our poof to the case of nonlinear

lower order terms, i.e. when f u is replaced by a term of the form G (x, u).
Remark 1.3 We collect in this remark some interesting open issues:

(1) one word about the assumption p > 2: as explained in [1,2], when §; = --- = §y =0,
the subquadratic case 1 < p < 2 is simpler in a sense. In this case, the desired Lipschitz
regularity can be inferred from [8, Theorem 2.2] (see also [9, Theorem 2.7]). However,
the more degenerate case (1.4) is open;

(2) in [1, Main Theorem], local minimizers were proven to be C 1 in the two-dimensional
case, for 1 < p < oo and when §; = --- = §y = 0. We also refer to the very recent
paper [14], where a modulus of continuity for the gradient of local mimizers is exhibited.
We do not know whether such a result still holds in higher dimensions;

(3) in [4, Theorem 1.4], local Lipschitz regularity is established in the two-dimensional
case for an orthotropic functional, with anisotropic growth conditions; that is, for the

2 We recall that

Nh/(N—h), it h<N,
h* =1 anyq < +oo, if h=N,
+00, if h > N.

3 In the case of the standard p-Laplacian, the sharp assumption to have Lipschitz regularity is that f belongs to

the Lorentz space LN:! This sharp condition has been first detected by Duzaar and Mingione in [7, Theorem

1.2], see also [13, Corollary 1.6] for a more general and refined result. This sharp result is obtained by using

potential estimates techniques. We recall that Liloc C L{X&l for every ¢ > N and under this slightly stronger

assumption on f, Lipschitz regularity for the p-Laplacian can be proved by more standard techniques based
on Moser’s iteration, see for example [5].
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functional
Z
> = /(|ux,.|—5,»)£fdx+/fudx, with2 < p; < pa.
— Di
i=1

For such a functional, Lipschitz regularity is open in higher dimensions, even for the case
81 =--- =38y =0, i.e. for the functional

2
1 _ .
Z—/|MXE|P’dx+/fudx, with2 < p; < ps <--- < pn.
izt Pi
We point out that in this case, Lipschitz regularity in every dimension has been obtained
in [17, Theorem 1] for bounded local minimizers, under the additional restrictions

p1 >4 and PN <2p1.

Though these restrictions are not optimal, we recall that regularity can not be expected
when py and p; are too far apart, due to the well-known counterexamples by Giaquinta
[10] and Marcellini [15].

1.3 Technical novelties of the proof

Our main result is obtained by considering a regularized problem having a unique smooth
solution converging to our local minimizer, and proving a local Lipschitz estimate indepen-
dent of the regularization parameter.

At first sight, the strategy to prove such an estimate may seem quite standard:

(a) differentiate equation (1.2);

(b) obtain Caccioppoli-type inequalities for convex powers of the components u,, of the
gradient;

(c¢) derive an iterative scheme of reverse Holder’s inequalities;

(d) iterate and obtain the desired local L°° estimate on Vu.

However, steps (b) and (c) are quite involved, due to the degeneracy of our equation. This
makes their concrete realization fairly intricate. Thus in order to smoothly introduce the
reader to the proof, we prefer to spend some words.

‘We point out that our proof is not just a mere adaption of techniques used for the p-Laplace
equation. Moreover, it does not even rely on the ideas developed in [2] for the two-dimensional
case. In a nutshell, we need new ideas to deal with our functional in full generality.

In order to obtain “good” Caccioppoli-type inequalities for the gradient, we exploit an
idea introduced in nuce in [1]. This consists in differentiating (1.2) in the direction x; and
then testing the resulting equation with a test function of the form*

2s—2 2
ux,'|l4x,'| S |uxk| ",

with 1 < s < m. This leads to an estimate of the type (see Proposition 4.1)

N
-2 .2 252 2
Z/wx,v” Wy, g 17572 g P dx

i=1

4 This test function is not really admissible, since it is not compactly supported. Actually, to make it admissible,
we have to multiply it by a cut-off function. However, this gives unessential modifications and we prefer to
avoid it in order to neatly present the idea of the proof.
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N
-2 2s5+2 25+2
<C Z/|ux,.|f’ (lets, P72+ i |2F2) dx
i=1

N
-2 2 452 2m—2
+Z/|ux,.|” W3, e 47 g P72 . (1.6)
i=1

Then the idea is the following: let us suppose that we are interested in improving the summa-
bility of the component u,, . Ideally, we would like to take s = 1 in (1.6), since in this case
the left-hand side boils down to

N

-2 .2 2 -2 .2 2
S [t P = [l 1772 P
i=1

) 2
= [ (it em)
Xj

If we now sum over j = 1, ..., N, this would give a control on the W12 norms of convex
powers of uy, . But there is a drawback here: indeed, this W12 norm is estimated still in terms
of the Hessian of u, which is contained in the right-hand side of (1.6). Observe that (1.6) has
the following form

dx.

N
I(s—1,m) = C Z/mx,ﬂf"2 (e P52 o Juag [25F2m) dix
i=1

+Z2s—1,m—ys), (L.7)

where
N
-2 2 2s 2
(s, m) =Z/|ux,.|1’ W, g 1P g P dx.
i=1

This suggests to perform a finite iteration of (1.7) for s = s; and m = m; such that

[2Si_1=si+l_1 and m; —S;j = mj4, fori =0,...,¢.
S0 =1

The number £ is chosen so that we stop the iteration when we reach m, = 0. The above
conditions imply that for every i =0, ..., £, we have

m; +s; =m0+so=2£.

In this way, after a finite number of steps (comparable to £), the coupling between u,, and
the Hessian of u contained in the term Z will disappear from the right-hand side. In other
words, we will end up with an estimate of the type

N
) p—2 12
204 P2 _2 2l+1 o+l
[l = ar = 3 [t (g P )
i,j=1

1.8
]y i (1.8)
+Z/|uxi|p721/l)2qxj |uxj|2(271) dx.
i=l1

Observe that we still have the Hessian of u in the right-hand side (this is the second term),
but this time it is harmless. It is sufficient to use the standard Caccioppoli inequality (3.3) for
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the gradient, which reads

N N

-2.2 2(26-1 -2 26+t
S [ s 72 PV € 3 [ 772 P
i=1 i=1

and the last term is already contained in the right-hand side of (1.8). Allin all, by applying the
Sobolev inequality in the left-hand side of (1.8), we get the following type of self-improving
information

P—2
— + 2"
) +

VueL?”Bg) = Vuel?7(B,), wherewesety =

In this way, we obtain an iterative scheme of reverse Holder’s inequalities. This is Step 1 in
the proof of Proposition 5.1 below. Thus, apparently, we safely land in step (c) of the strategy
described above.

‘We now want to pass to step (d) and iterate infinitely many times the previous information.
The goal would be to define the diverging sequence of exponents y; by

-2
w=37—+#, 0>1,

and conclude by iterating
Vue L?"(Bg) = VuelL?"(B). (1.9)

Once again, there is a drawback. Indeed, observe that by definition

*
PR # Vi+l-

One may think that this is not a big issue: indeed, it would be sufficient to have
2*

Vel < 5 Ve (1.10)

then an application of Holder’s inequality in (1.9) would lead us to
Vue L*”(Bg) =  Vue L*"+(B,),

and we could enchain all the estimates. However, since the ratio 2*/2 tends to 1 as the
dimension N goes to 0o, it is easy to see that (1.10) cannot be true in general. More precisely,
such a condition holds only up to dimension N = 4.

The idea is then to go back to (1.9) and use interpolation in Lebesgue spaces in order to
construct a Moser’s scheme “without holes”. In a nutshell, we control the term

/ |Vul?7 dx,
Br

with

/|Vu|2W—1dx and /|W|2"de,
Bgr Bgr

and use an iteration over shrinking radii in order to absorb the last term, see Step 2 of the proof
of Proposition 5.1. Once this is done, we end up with the updated self-improving information

Vue L*"-1(Bg) = VueL*7"(B,).
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What we gain is that now 2* y; > 2y, > 2 y,_1, thus by using Holder’s inequality we obtain
Vu e L*"(Bg) = Vue L*(B,).

The information comes with a precise iterative estimate and a good control on the relevant
constants. We can thus launch the Moser’s iteration procedure and obtain the desired L*°
estimate, see Step 3 of the proof of Proposition 5.1.

There is still a small detail that needs some care: the first exponent of the iteration is

2vo=p+2,

which means that on Vi we obtain a L% — LP*2 local estimate. Finally, in order to obtain
the desired L>° — L? estimate, one can simply use an interpolation argument (this is Step 4
of the proof of Proposition 5.1).

1.4 Plan of the paper

In Sect. 2, we define the approximation scheme and settle all the needed machinery. We have
dedicated Sect. 3 to the new Caccioppoli inequalities which mix together the derivatives of
the gradient with respect to 2 orthogonal directions. In Sect. 4, we exploit these Caccioppoli
inequalities to establish integrability estimates on power functions of the gradient. In the
subsequent section, we rely on these estimates to construct a Moser’s iteration scheme which
finally leads to the uniform a priori estimate of Proposition 5.1.

For ease of readability, both in Sects. 4 and 5, we first consider the case f = 0 and § = 0,
in order to emphasize the main ideas and novelties of our approach. We explain subsequently
in Sects. 4.2 and 5.2 respectively the technicalities to cover the general case f € WI]O’Ch ()
andmax{s; : i=1,...,N} > 0.

Finally, in “Appendix”, we generalize Theorem 1.1 to nonlinear lower order terms.

2 Preliminaries

We will use the same approximation scheme as in [2, Section 2]. We introduce the notation
1 » .
gi®)=—(tl—=3d)y, reR i=1...,N,
p
where 0 < §1, ..., 8y are given real numbers and we also set

d=14+max{s; :i=1,...,N}. 2.1)

We are interested in local minimizers of the following variational integral
N
1,
Ts(u; Q) = E / 8iluy,)dx +/ fudx, ue W (Q),
; @ Q@
i=1

where Q' € Qand f € WIL’Ch (2) for some i > N /2. The latter implies that

felll (@ c L () cLl (.

loc loc
/
The last inclusion is a consequence of the fact that p > 2 and N > 2. The condition f € Lﬁ,c
is exactly the one required in [2, Section 2] to justify the approximation scheme that we now
describe.
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We set

e 1 e
gie(t) =g,-(r>+§r2= ;(m —6i>i+§r2, teR. 2.2)

Remark 2.1 For p =2and§; > 0, we have g; € C"1(R)NC®(R\ {8;, —8;}), but g; is not
C?. In this case, like in [3, Section 2] one would need to replace g; by a regularized version,
in particular for the C? regularity result of Lemma 2.2 below. In order not to overburden the
presentation, we prefer to avoid to explicitely write down this regularization and keep on
using the same symbol g;.

From now on, we fix U a local minimizer of §s. We also fix a ball
B € Q suchthat 2B & Q as well.

Here X B denotes the ball having the same center as B, scaled by a factor A > 0.

For every 0 < ¢ <« 1 and every x € B, weset Uy (x) = U % 0¢(x), where g, is a smooth
convolution kernel, supported in a ball of radius ¢ centered at the origin.

Finally, we define

N
S B =Y [ sstaydst [ frvdx,
i=1

where f; = f * 0.. The following preliminary result is standard, see [2, Lemma 2.5 and
Lemma 2.8].

Lemma 2.2 (Basic energy estimate) There exists g > O such that for every(0 < e <¢gg < 1,
the problem

min {§.(v: B) 1 v—Us € Wy (B)] 23)

admits a unique solution u,. Moreover, there exists a constant C = C(N, p) > 0 such that
the following uniform estimate holds

/|Vug|pdx§C|:/ |VU|”dx+|B|pW/ |f|P’dx+(so+(5—1)P)|B|}.
B 2B 2B

Finally, u; € C*(B).

We also rely on the following stability result, which is slightly more precise than [2,
Lemma 2.9].

Lemma 2.3 (Convergence to a minimizer) With the same notation as before, there exists a
sequence {ex}ken C (0, €0) converging to 0, such that

lim |lug, —ullLr(py =0,
k— 00
where U is a solution of
min [§s(v; B) 1 v - U e Wy (B)].

We also have

Uy, — Uy | <26, fora.e.xeB, i=1,...,N. 2.4)
In the case § = 1, i.e. when 8 = --- = 8y = 0, then i = U and we have the stronger
convergence
lim ||M€k - U”WI’P(B) =0. (25)
k—o00
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Proof The first part is proven in [2, Lemma 2.9], while (2.4) is proven in [2, Lemma 2.3]. For
the case § = 1, we observe that & = U follows from the strict convexity of the functional,
together with the local minimality of U. In order to prove (2.5), we observe that

N o N o
— Ve |7 dx — f/ U. | d
;p/swa")" * ;p B‘ |7

< |Ss.60 ey: B) — 35 (U B)|

&
+—k/|Vu€k|2dx
2 Jp

+‘/f6ku£kdx—/fde
B B

We now use that {u, Jxey strongly converges in L?(B), is bounded in WLP(B) and that
{fer Jken strongly converges in L”’(B) to f. By further using that (see the proof of [2,
Lemma 2.9])

lim |§s.6, (ue, s B) — F5(U: B)| =0,
k—o00

we finally get

N N
klin;o;/l?‘(ugk)xiyp dx =§/B |U.|" dx, i=1,....N. (2.6)

Observe that by Clarkson’s inequality for p > 2, we obtain

N N
Z (”sk)x,- + Ux,- p (”ak)xi - Ux,- P
i=l1 2 LP(B) 2 LP(B)
Al N
p P
<5 (Zl 1 Gte)x 1y + ; U, ||Lp(3)> :
By using this and (2.6), we eventually get (2.5). O

Remark 2.4 Observe that the functional s is not strictly convex when § > 1. Thus property
(2.4) is useful in order to transfer a Lipschitz estimate for the minimizer u selected in the
limit, to the chosen one U.

Finally, we will repeatedly use the following classical result, see [11, Lemma 6.1] for a proof.

Lemma 2.5 LetO <r < R and let Z(t) : [r, R] — [0, 00) be a bounded function. Assume
that forr <t <s < R we have

A
Z(t) < G — + o=

with A, B,C >0, ag > Bo > 0and 0 < v < 1. Then we have

Z()<( 1 A“0> A, B,
D=\ —9 ) [R=—rm T R-—np |

where X is any number such that

+C+ 9 Z(s),

1
B <A< 1.
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3 Caccioppoli-type inequalities

The solution u, of the regularized problem (2.3) satisfies the Euler-Lagrange equation

N
Z/g{,g<<ug>x,.><px,. dx +/fs<pdx =0, ¢eW, (B). 3.1)
i=1

From now on, in order to simplify the notation, we will systematically forget the subscript &
on u, and f, and simply write u and f respectively.

We now insert a test function of the form ¢ = ;€ WO1 P(B) in (3.1), compactly
supported in B. Then an integration by parts yields

N
> / 8/ ()t x, Yoy dx + / fe;wrdx =0, (3.2)
i=1
for j =1,..., N.This is the equation solved by uy,.
We refer to [2, Lemma 3.2] for a proof of the following Caccioppoli inequality:

Lemma 3.1 Letr® : R — Rt bea C! convex function. Then there exists a universal constant
C > 0 such that for every function n € C3°(B) and every j =1, ..., N, we have

2
Z / 8/, (ux,) <1><ux,.>)xi

772 dx

<C Z/g,‘fe(ux,.) |® @) 03, dx + C /|fx/-| D/ ()] | D (ux,)| 1% dx.
i=1
3.3)

We need a more elaborate Caccioppoli-type inequality for the gradient, which is reminiscent
of [1, Proposition 3.1].

Proposition 3.2 (Weird Caccioppoli inequality) Let &, ¥ : [0, 4+00) — [0, +00) be two
non-decreasing continuous functions. We further assume that W is convex and C'. Then

there exists a universal constant C > 0 such that for every n € Cg°(B), 0 < 0 < 2 and
k,j=1,...,N,

N
Z/gl{fs(uxi)ujzéixj' qD(u/%j)qj(uik) n2dx
i=1

N
scz/gm(ux,)u D@y ) W(ui,) |Vl* dx
i=1

N 3 (3.4
+C (Z / gl ug i, @Gy ) ) dx)
i=1

1

N
(Z / g;;(ux,-)|uxk|29wu§k>2—9|Vn|2dx> +E(N | +CE
i=1
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where
-2
E1(f) = / i P w02 ) w2 | 7 2 dx,
&(f) = /|fx,.| ;| () W (3, ) n* dx.

Proof By a standard approximation argument, one can assume that ® is C! as well. We take
in (3.2)

0 = ux; P )W)’

This gives

N
> / gl uy)ul, (q>(u§_]_) +2u?, ¢/(u§j)) W) n*dx
i=1

N
=-2) / 81 (1)t 1y D ) W(iy,) 11y dx
i=1 3.5)

N
-2 Z/g;{fg(”xi) Uxixj Uxj Uxjxy Uxy ‘y/(ujzck) d)(u/%j) 772 dx
i=1

—/fx,- e, Dy ) Wuy) 0’ dx = Ap + A + As.

We now proceed to estimating the three terms .A,. We have

N
1
Ar=5) / 81 () U3, D) Wuz) n’ dx
i=1

N
2y / gl o) 2, D) W) dx
i=1

and the integral containing the Hessian of u can be absorbed in the left-hand side of (3.5).
Using also that 2 u)zcj d>/(u)2€j) > 0, this yields

N
1 2 2 2 2
52 / gl o), @3 ) W(uy) n*dx
=l y (3.6)
<2y / 81w uy, Dy ) Wy ) ny, dx + As + As.
i=1

. L . .. ] _6
We now estimate A3, which is the most delicate term: writing W’ (ufk) =y’ (ufk) 2y (ujzck yi=3
and using the Cauchy-Schwarz inequality, we get

1

N 3
Ay <2 (Z/g;fg(uxi) ”)Zc,»x,- u%j cb(uij)2 qﬂ(uik)é n? dx)
i=1

3.7

N 2
X (Z / gl{fs (uy;) uiix/{ uik \P/(u)zck)z_o 772 dx) .
i=1
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We observe that

N 2
Z/gl S(MXI)MXIX[( Xk IIJ ( )2 0 2dx - Z/g’ a(“xt G(uxk))xl.
i=1

where G is the convex nonnegative C! function defined by

n2 dx,

12

G(@t) = / w'(r) "1 dr
0
Thus by the Caccioppoli inequality (3.3) with x; in place of x; and
O(t) =G@1), t € R,

we get
N N
Z/g,a(ux,mlxk up, W) n? < CZ/gw(ux,)G(uxk)
i=1 i=1

¢ [ig

G(uy) G (uy)| 0 dx.

By Jensen’s inequality

M2 l_j
)ck —Z
0 < G(uy) < |uy|’ (/ \If’mdr) < ug |? W3 )' 2
0

Together with the fact that G’ (uy, ) = 2 uxk\ll’(uik)l_%, this implies

N
Z/g,gwx,)ux,xk wy, Vi) It < C Z/g,a(ux,>|uxk|2"ka>2 O 0% dx
i=1

1-2
2

[ Ul oy W] o an,

which in turn yields by (3.6) and (3.7),

1 N
5 Z/g,g(ux,)u” @ (uy,) Wuz,) n”dx
i=1

N
<2 Z/gz{fg(”xi)uazcj q)(u/%j) qj(”)zwc) nJZCi dx
i=1

1
2

N
+C (Z/g,g(ux,wx,x, wy Dy )PV w3, nzdx>
i=1

o 2
x (Z/gifg(ux,.)|uxk|29 Ul )2 -6 2dx>
i=1

1

% 2
772 dx) + As.

1—
+ ( / [l le 7 w02 ) '@l
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Here, we have also used the inequality (A + B)'/2 < A/2 4 B1/2,
Finally,

A =<C /|fx_,.| )| G2 W) n dx.

This completes the proof. O

4 Local energy estimates for the regularized problem

In order to emphasize the main ideas of the proof, we have divided this section in two parts.
In the first one, we explain how (3.4) leads to higher integrability estimates for the gradient
when f = 0and § = 1. This allows to ignore a certain amount of technicalities. In the second
part, we then detail the modifications of the proof to obtain the corresponding estimates in
the general case.

4.1 The homogeneous case

In this subsection, we assume that f = 0 and 6 = 1. Then the two terms £ (f) and & (f) in
(3.4) vanish. Also observe that in this case from (2.2) we have

gl =(p D" +e
Let us single out a particular case of Proposition 3.2 by taking
@) ="' and W) =1", fort>0, (4.1)
withl <s <m.

Proposition 4.1 (Staircase to the full Caccioppoli) Let p > 2 and let n € C3°(B), then for
everyk,j=1,...,Nand1 <s <m

N
Z/g’{fg(ux")uﬁzﬁxj |uxj|zs_2 |uxk|2m n* dx
<03 [ ot P
4.2)

+ C(m + 1) Z/gl/fé‘(uxt) |uxk|2s+2m |Vn|2 dx

N
p 2 45-2 2m—2s 2
#0 [ Bhea)  y [7  P 2 o
i=1

Proof We use (3.4) with the choices (4.1) above and

_iemu ifm > 1,

1 if m=1.
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This gives

N

” 2 252 2 2
> / 8l ) 3l 1772 g 1P dx
i=1

N
<C Y [ et s, P P (90
i=1

1
2

N
0 " 2 452 2m—2s 2
+C (m E /gi,g(uxi)ux,.x_,lule T U Ty dx)
i=1

N 2
x (Z/g,‘fg(ux,-)luxklz'”*“ |vn|2dx) .
i=1

We use Young’s inequality in the form C v/a b < C? b/4+a for the product in the right-hand
side to get

N

> / gl ) 2 g 1072 g P dx

i=1
N

<C Y [ o) g P s P 9 d
i=1
N
+Cm’ Z/g{;wx,.) g 2725 |V dx

N
2 452 2m—2 2
+Z/g;f£<ux,.>uxixj it 1472 i 12725 % dlx.
i=1

In the first term of the right-hand side, we use Young’s inequality with the exponents

2m+2s 2m+2s
2s ’ 2m

We also observe for the second term that m? < m. This gives the desired estimate. O

Proposition 4.2 (Caccioppoli for power functions of the gradient) We fix an exponent
g=2%—1,  foragiventye N\ {0}.

Letn € Cg°(B), then for every k =1,..., N we have

=
17 (st )| o ax <c° Z /gm(ux,nux, 2942 VP dx
4.3)

+Cq° Z/g;fg(ux,.) i, 12972 |V dx,
for some C = C(N, p) > 0.
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88 Page 16 of 33 P. Bousquet et al.

Proof We define the two finite families of indices {s¢} and {m,} such that
se=2% mp=q+1-=2% €e{0,..., ).
Observe that

I <s¢g<my, €£€{0,...,€6 —1},
se+meg=qg+1, £e{0,..., L},
4sg —2=2s5041 — 2, 2my —28p =2my41,

and
so=1, mo=gq, si=2% my =0.

In terms of these families, inequality (4.2) implies for every £ € {0, ..., ¢o — 1}
N
Z / 8l e () 3 i 17572 g |77 dx
<C Z/g, (1) g, 292 |V 2 dx
+COme+ 1) Z/g;fs(uxp 2742 V[ dx
N
+ Z/gl/fs(um) uiixj |ux./- |2S[,+1_2 |uxk |2m£+1 nz dx,
i=1

for some C > 0 universal. By starting from £ = 0 and iterating the previous estimate up to
¢ ={p— 1, we then get

N N
> / gl )y lug P n*dx < Cq* ) / 87 o () g, 12972 V| dx
i=1 i=1
N
+C@ Y [ 6t lus P2 90 dx

N
" 2 2 2
+20 [ sty lus PP d,
i=1

for a universal constant C > 0. For the last term, we apply the Caccioppoli inequality (3.3)
with
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thus we get

5 [ il P ax < ¢ Z [ e s P2 90

i=1

+cg? Z/g,s(ux, )l 2442 [V 2 dx

N
C
G » /g;f$<ux,.)|ux,.|2‘f+2|Vn|2dx;
i=1

that is,

N
Z/g,‘;wx,-)ui,x, lu, |*4 n* dx < C ¢ Z/g, o () 10, 2772 |V dx
i=1

4.4
+Cq’ Z/g;fe(ux»|uxk|2q+2|w|2dx,
possibly for a different universal constant C > 0.
We now observe that g/’ (u,,) = ((p — 1) |uyg |P72 + 8) and thus
N
Z/gifg(ux,.)ui,x_, i, 129 n* dx >/|uxk|f’ TPud sy lug 17 0 dx
i=1
2 2 p=2 2
- a+t3 ) 2 dx.
<2q+p) /‘Qu”l gl T
When we sum over j = 1,..., N, we get
2
' 2 2q 2 q+ 2
5 [ i PP ax ( ) 17 (st )
i,j=1 ! 2q TP
This proves the desired inequality. O

4.2 The non-homogeneous case

In the general case where f 7 0 and/or § > 1, we can prove the following analogue of (4.2),
in a similar way:

N

" 2 252 2 2
> / 81le ) 3 i, 1272 a2 dlx
i=1

N
= 0 [ )i g [ g PR o
i=1 4.5)

+C(m + 1) Z/gl S(Mxl |uxj|2.¥+2m + |MXk|25+2m) |vn|2 dx
—i—sz /|Vf| (|MXk|2S+2m—1 + |uxj|2S+2m—]) n2dx
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We then deduce the following analogue of Proposition 4.2:

Proposition 4.3 We fix an exponent
g=2%—1, for a given £y € N\ {0}.
Letn € C°(R2), then for everyk =1, ..., N we have

» 2
/‘V ((qukl -85 ququ)

N
=Cq’ Z/&s(ux, e P92 43 g P17 ) [V d 4.6)
j=1

+Cq’ /IVfI |uxk|2‘f“+Z|u 2| n?dx,
j=1

nz dx

for some C = C(N, p) > 0.

Proof Using the same notation and the same strategy as in the proof of (4.3), except that we
start from (4.5) instead of (4.2), we get the following analogue of (4.4):

N
> / gl uy) ul g |7 n* dx
i=1
N
<Cq” ) / 8/ ) (i, P12+ Juy 27F2) |V dx

+Cq’ /IVfI (et P77+ Juy, 29T 0 dx.

We now observe that
N
2 2q .2 2,2 24,2
> / gl ) ud g P n*dx = (p— 1) / (el = 8057 103, e 179 0* dx.
i=1

Noting that

) 2
(el = 8% < (g | = 88y, 7,

2 2 :
((|uxk| — 801 |uxk|‘f> ((|uxk| - sk)i)

J J
2
+2 (| = 807 [l 1?),,

2
< Cq? (ug| = 805" lug |2

we have
2

2
<2 [t | 1

XLX,

We deduce therefrom

N

C P
> / gl ) ul g 1?4 n* dx > o / ‘(uum — 803 |uxk|‘1>
i=1 x

2
172 dx,

i
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thus when we sumover j = 1,..., N, we get

(o j
Z /gifg(uxi)uiix_f|uxk|2‘f dx = p /‘V<(|uxk|—6k)i |uxk|‘f>

i,j=1

2
n’dx.

This proves the desired inequality (4.6). O

5 Proof of Theorem 1.1

Proof The core of the proof of Theorem 1.1 is the uniform Lipschitz estimate of Proposition
5.1 below. Its proof, which is postponed for ease of readability, uses the integrability estimates
of Sect. 4. Once we have this uniform estimate, we can reproduce the proof of [2, Theorem
A] and prove that VU € L*° (), for every Q' € Q.

We now detail how to obtain the scaling invariant local estimate (1.5) in the case §; =

- =0y =0.Wetake 0 < 79 < Rop < | and a ball Byg, € 2. We then consider the
sequence of miminizers {ug, }ren Of (2.3) obtained in Lemma 2.3, with B a ball slightly
larger than Bg, so that2 B € Q. By using the uniform Lipschitz estimate (5.3) below, taking
the limit as k& goes to oo and using the strong convergence of Lemma 2.3, we obtain

C (o)} o]
VU = o (1 IV G y)) (190055, +1)

Without loss of generality, we can assume that VU | L) > 0. Hence, by Young’s
inequality,

(1+ IV A2, + VU, ). G

C
||VU||L°°(B,0) =< (R()_i” L (Bry)

0)2
possibly for a different C = C(N, p, h) > 0. We now observe that for every A > 0, AU is

still a solution of the orthotropic p—Laplace equation, with the right hand side f replaced
by A?~! f. We can use (5.1) for A U and get

¢ 207 (p—1) 207 201 201
MIVUIm,) = o (142 IV 71355+ 227 IVU I ) -

Dividing by A, we obtain

¢ L o 2ep-n-1 2 201-1 20
IVUlle=) = G — 0w <X +222 0 IV gy T2 IV U Loy ) -
We take

s :
IVUllLr(Bgy) + ”Vf”Lh(B
and observe that if ||Vf||Lh(BRO) > 0, then
e A0 1 VA, = IV
207 (p—1)—1 L"(Bg, Lh(B o)

L"(Bry) — 1
<|Vf||Lh(B )
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while the inequality is obvious when ||Vf||Lh(BR0) = 0. Similarly,

- 2 2
WATVU s, ) < o= IVUIL0t8, ) = IVU Lo (Bgy)-
O IVUIL g !
It thus follows that
C
VUl s, < Ro—r0) <||Vf||Lh(B )t ||VU||L1’(BRU)> . (5.2)

We now make this estimate dimensionally correct. Given Ry > 0, we consider a ball Bog, €
2. Then the rescaled function

Ug,(x) = U(Rgx),  forx e Ry'Q,

is a solution of the orthotropic p-Laplace equation, with right-hand side fg,(x) :=
Rg f(Ropx). We can use for it the estimate (5.2) with radii 1 and 1/2. By scaling back,
we thus obtain

Ny hipt .
Ro [IVU L (Bgyn) = C (RO "NV llr gy + Ry IV LI )

L"(B

for some constant C = C(N, p, h) > 1. Dividing by Ry, we get

% %7}1 Nl h(p 1)
IVU Lo (Bgy ) < C ][ IVUIPdx | +CRj™ "7 / IV £|" dx .
Brg B,

This concludes the proof. O

Proposition 5.1 (Uniform Lipschitz estimate) Let p > 2, h > N/2 and 0 < ¢ < gg. For
every B,y C Bg, € B with(0 <ry < Ry < 1, we have

1 + ”vfé‘”Lh(B )

oo | (19, +1). 63

IVuellL=s,,) = C

where C = C(N, p,h,§) > land o; = o;(N, p,h) >0, fori =1,2.
5.1 Proof of Proposition 5.1: the homogeneous case

In this subsection, we assume that f =0 and § = 1.

For simplicity, we assume throughout the proof that N > 3, so in this case the Sobolev
exponent 2* is finite. The case N = 2 can be treated with minor modifications and is left to
the reader. For ease of readability, we divide the proof into four steps.

Step 1: a first iterative scheme We add on both sides of inequality (4.3) the term

/|Vn|2|uxk|2q+f’dx.
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We thus obtain

N
p=2 2
J17 (et ) o) dx €% 32 [ attuny sy P72 9P

i,j=1
N
T Cqs Z/gl/fg(uxl) |uxk|2q+2 |V77|2 dx
i=1
+C /|V77|2 |Mxk|2q+pdx.

An application of the Sobolev inequality leads to

2 N
> <\
(/|uxk| rCatp) 2 dx) <Cq* Y [ 6ty PO VIR dr

ij=1
N

+Cq" Y [ gl s PO 90 d
i=1

+C /|vn|2 l, 12977 dx.

We now sum over k = 1, ..., N and use that by the Minkowski inequality,

N 2 N Z N . . N 2 2
;(/lux/JZ( q+p)n dx) =I;|||uxk| q-‘rPn ”L% > ](X:;|”xk| q-‘rp’7

This implies

/

L7

2
2* 2
2

N
Fa| <cd S /gffa(MX[)luxk|2q+2|V7)|2dx

N
D iy PP
k=1

N
+C /|vn|2 D g PP dx.
k=1

We now introduce the function

Ux) = kznllaxN 105, (X)].

,,,,,

We use that

N
WP <Y ug PP < NUPITP,
k=1

k=l (5.4)

and also that g/, (uy;) |, |24+2 < CUP9TP + U972 forevery | < i,k < N. This yields

2
(/u%uﬁp) ,72*)2 < ch/u2q+P|vn|2dx +Cq58/2/12q+2 |Vn|* dx
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for a possibly different C = C(N, p) > 1. By using that /291> < 1 + 14?97 we obtain
(fore < 1)

2
* * 2%
(/u%@‘fﬂ’) e dx) <cg /|vn|2 (u2‘1+1’+ 1) dx. (5.5)

We fix two concentric balls B, C Bg € Band0 < r < R < 1. Let us assume for simplicity
that all the balls are centered at the origin. Then for every pair of radiusr <t <s < R we
take in (5.5) a standard cut-off function

C
neCy(By), n=lonB, 0=<n<1, [Vnlr~ < Pt (5.6)

This yields

2

r b g’
uzCatr g <C / Uratr 4 1) dx. 5.7
(/BI X =CG=m BS< + ) X (5.7)

We define the sequence of exponents
vi=p+2* -2 jeN,
and take in (5.7) ¢ = 2/*! — 1. This gives

2* ¥ 257
(/ Z,{Tyl'dx> <c 2/ (ny—}—l)dx, (5.8)
B, (s —1)~ JB,

for a possibly different constant C = C(N, p) > 1.
Step 2: filling the gaps We now observe that

*

Vi1 <y < 7)/]', forevery j € N\ {0}.

By interpolation in Lebesgue spaces, we obtain

/ Ui dx < (/ Uvi- dx)
B, B,

where 0 < 7; < 1 is given by

Tjvj (lfrj)Z

Vi-1 </ U%yjdx> o
B,

We now rely on (5.8) to get

yj~ yj 25/ 1—1’/
uvid wi-rax )77 o —— / Ui +1)d
/B, g (/B, x) ( (s—02 Jp, ( * ) *

257 il v Y -

Tj ) Vji—1 ) -t
V-1 12

(C (s—t)2> </B,uj dx) (/S (Z/{f-i-l)dx) .

The sequence (7) ;> is decreasing, which implies

> lim = a2 2 fi €N\ {0
T/>nggot”_§ﬁ_'£ orevery j € N\ {0}.

IA
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Hence,

-1 1—1
< = =: 8.

Tj T

Using that s < R < 1 and C > 1, this implies that
5i \ T 2si\P
C—— <|{C—=] .
(s —1)? “\ (s—0)?
Vi

/Z/Ide <=1 (uw+1)d +1 |C 27 ﬂ(/ ui-ld >m
X — T X Tj S E—— - X
B, - ! B, ! (s —1)? B

Yj

ct-o [ warre 22 </ quld)y?lHBl
<(l-z idx 4+ C ——— i1 dx &l
By (s_[)zﬁ Bpr

By Young’s inequality,

By applying Lemma 2.5 with
Z(t)=/ Uidx, ap=28, and v =1-r¢,
B,

we finally obtain
4]

/zﬂfdxgc 2508 (R — )28 (/ uyf*'dx>yj_l+1 , (5.9)
B, Br

for some C = C(N, p) > 1.
Step 3: Moser’s iteration We now want to iterate the previous estimate on a sequence of
shrinking balls. We fix two radii 0 < r < R < 1, then we consider the sequence

R
R.,':r—i—

—r )
ST Jj € N\ {0},

and we apply (5.9) with R; | < R; instead of r < R. Thus we get

J

where the constant C > 1 only depends on N and p.
We introduce the notation

j

. V-1
Uidx < C |277P(R—r)2F (/ Uvi-1 dx> +1 (5.10)
B

Rjt1 Rj

Y; :/ U dx,

thus (5.10) rewrites as

Yis1 < C (271/3(R—r)2ﬂ Y 4 1) <2C2M PR -1 (¥;+ 1)
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Here, we have used again that R < 1, so that the term multiplying Y; is larger than 1. By
iterating the previous estimate starting from j = 1 and using some standard manipulations,
we obtain

n—1
S (n—j) 2 m
Yo = (€2 R =) 2F) =0 T [y 1],

possibly for a different constant C = C(N, p) > 1. We now take the power 1/y, on both
sides:

n—1 .
n—j

vy = (C7F R =) [y 1]

n
1

= B _ 28 E%ﬁ Y0
(c27# (®R=n72)A " [ +1]".

We observe that y; ~ 2712 a5 j goes to co. This implies the convergence of the series above
and we thus get

1
Ul s,y = lim / U dx <CR-r"F (/ L{P+2dx+1> ,
n— 00 Bg Bg

for some C = C(N, p) > 1 and B’ = B'(N, p) > 0. We also used that yy = p + 2. By
recalling the definition of I/, we finally obtain

n+1

1
, 2
Vil Lop,y < C(R—r)"F (/ |Vu|”+2dx+1>p : (5.11)
B

Step 4 L — L? estimate We fix two concentric balls B,, C Bgr, € B with Ry < 1. Then
forevery ro <t <s < Ro from (5.11) we have

R
1
C 2 C
Vul| o < — Vu 1’+2dx> + —,
IVull LB,y < G_1)P < BA\~| | Y

where we also used the subadditivity of 7 +> 7!/(?*2)_ We now observe that

1 1
C p+2 C 742 2
G ( |Vu|”+2dx) S — ( |Vu|pdx> IVull [ g,

s — By S = By *

2
m [ VM”LOO(BX)
+2 1

c P2 1
+ P (7,) ’ ( |Vu|”dx>p .
p+2 (S—t)ﬁ By

We can apply again Lemma 2.5, this time with the choices

1

14 242 v p+2
Z(t) = Vullpo,), A=—=C7r / IVulPdx| ., ag Bo=p.
p Bg,

+2
This yields

1
IVl <c ! / vl dr ) +—
UI[L®(B,) = — 5 u X ia—v
0= | T U ooy
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for every Ry < 1. This readily implies the desired estimate (5.3) in the homogeneous case. O

5.2 Proof of Proposition 5.1: the non-homogeneous case

We follow step by step the proof of the homogeneous case and we only indicate the main
changes, which essentially occur in Step 1 and Step 2.
Step 1: a first iterative scheme This time, we add on both sides of inequality (4.6) the term

/|Vn|2 (It | = 8105 |y, |19 dx.
Then the left-hand side is greater, up to a constant, than

) 2
/ ’V <(|14xk| - Sk)i |uxk|q 77)

The latter in turn, by the Sobolev inequality is greater, up to a constant, than

2
2%
(/(|Mxk| - 8k)+ |uxk| Ki 772 dx) .

By summing overk = 1, ..., N and using the Minkowski inequality, we obtain the analogue
of (5.4), namely

dx.

2
5%

n dx) <CqSZ / 81 () s P72 |V dx

i,k=1

</ ‘ Z(|uxk| 8k)+ |l4xk |2q
s Z/ IV g P dx

+c [1np St = 807 f .

k=1

We now introduce the function
1
U(x) = max |uy, (x)I,
k=1 N

where the parameter § is defined in (2.1). We use that

N
1 P
Y g =805 lug 179 = @8U— )] 26UP4 > (28)29F7 (u - 5) U,
k=1 +

and also that forevery 1 <i < N,
glewy) = (p—1) (uy = 87 +e < CoP2UP 2 4.
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This yields
2

2% 2%
1 TP * *
/( — E) u*ran* dx < Cq5/u2q+" |Vn|%dx
+

+Cq5.s/u2‘1+2|vn|2dx
+Cq° /|Vf|u2‘f+1 0 dx

for a possibly different C = C(N, p, ) > 1.
With the concentric balls B, C B; C By C By and the function 5 as defined in (5.6), an

application of Holder’s inequality leads to

2
2* 2¥
1\Z? >
/(u—f> U1 dx gc%/ UPITP dx
B 2 (s =)= Jp,

+
q’ (5.12)
£ / U9t gy )
(s—12 " Jg,
1
! h/
+ CqS ”Vf”Lh(BR) (/ u(Zq—H)h dx)
By
From now on, we assume that
p—2h 2*p
> _— —1¢. 5.13
q_maX{Z(h/—l) 20 619

This in particular implies that
2g+2=<2q+p=Q2q+2H,

then by using Holder’s inequality and taking into account that s < 1, we get

2

%P 2% 5 2q+p .
/ (Z/I - l) U*' 9 dx <C 1 (/ UCa+N dx) o
B, 2 (s =% \ s,

+
5 v
(s —1)?
2g+1
’ Q2q+2) 0
+Cq5 ”Vf”Lh(BR) </ u(24+2)h dx) q .
By

Thanks to the relation on the exponents, this gives (recall thate < 1 and s < 1)

" 2
2 3
2 5

INZP _, C
/ < _ ,> Wide | =—T (141 fllp,)
B 2/ (s —1) (5.14)

2q+p
’ Q2q+2)h’
([ e an )

s
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We now estimate

/ YUQTHDH g / UCIDH g / LQaDH gy
: BniUz1) BnU=1)

< / UCTIN gy 4 ¢,
BN {U>1}

Observe that on the set {{/ > 1}, we have i/ <2 (4 — 1/2), . Hence,

*

2
5P *
/u@q“)h’dxgc/ ( —%)2 UCTHIN =51 gy 4 C, (5.15)
S S +

where the exponent (2 g + 2) k' — (2* p)/2 is positive, thanks to the choice (5.13) of g. We
deduce from (5.14) that

2
INT? Cq
At< _§> Z/[ qu f (S—[)2 (1+||Vf”L1’(BR))

+
(5.16)

2q+p
1 %p . Qq+2) i
X / (U—7> URTFDN =T P gy 41 ,
s 2 +

for a constant C = C(N, p, h,§) > 1. We now take ¢ = 2+l 1 for j > jo — 1, where
Jjo € Nis chosen so as to ensure condition (5.13). Then we define the sequence of positive
exponents

* *

2 . 2
Vi =(2q+2>h’—7p=2f“h’—7p, =
and
yi=2q=2Q" -1, j=jo

In order to simplify the notation, we also introduce the absolutely continuous measure

5

1\ z?
du:= - = dx.
a ( 2)+ *
;7;‘*%”

2 .
5. 2 Cc2%i AL
Uu’id < —= _ (14+ IV Flizn Uidu+1) 727,
(/B u) = oo LIV sy) (/B wot )

We now observe that 4 > N/2 implies ' < 2*/2. By recalling that p > 2, we thus have
2h' < (2* p)/2, which in turn implies

From (5.16), we get

o2y s (5.17)
yi ~ 2K =
It follows that
2*
Vit 5P 7
—— =
L Vi
v+ B p
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Hence, we obtain

2 .
- 2% Cc25i 5%
(/ W-"du> < 5 (1+ 1V L) (/ W-fduﬂ) SRt
B (s —1) By

Step 2: filling the gaps Since
Yi—1 <Vj <7Vj, for every j > jo + 1,

we obtain by interpolation in Lebesgue spaces,

v (=t))y;

frae () ()
B; B, By

where 0 < 7; < 1 is given by

iy
Vi
LTI — 5.19
v o1

Vi Vi1
We now rely on (5.18) to get

5ivi

. _ Vi1
/ Uridp < (/ Uuvi- ‘d,u)
B
Z*Vj l—Tj
27
[(C 71+ ”Vf”Lh(BR))> (/ U du + 1)

*y (ot T;
2%y (1-1)) v; j

| ; T Vet g vic1
C——FS U+ IV fllLhsg)) (/ uri- M)
(s )2 L"(BR) B,

l—Tj
X </ Uuvi d,u—f—l) )
B;

2% —2n S
Tj > 1= R TICYY for every j > jo + 1. (5.21)

(5.20)
We claim that

We already k_now by (5.17) that (¥;/y;) > 2*/(2h’). Moreover, relying on the fact that
(2* p)/2 < 2/0 K/ (this follows from the definition of jj), we also have

2< Y <4 o+l
Vi—1

By recalling the definition (5.19) of 7;, we get

T =¢ ()/, Y ) s where ¢ (x, y) =

Yi' vi-1 xy—1
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Observe that on [2*/(2 1), +00) x [2, 4], the function x — ¢(x, y) is increasing, while
y +— ¢(x, y) is decreasing. Thus we get

o
;=< <ﬁ74> )

which is exactly claim (5.21). We deduce from (5.21) and (5.17) that

* o) N —
2yd-1) _1-1

7T < 1* no=:B.
In particular, we have
A 2% v (.1—.1:1-) ' P
257 2vjtj 257
(C m(l + ||Vf||Lh(BR))> < (C m(l + ||Vf||Lh(BR))> ,

since the quantity inside the parenthesis is larger than 1 (here, we use again that s < 1). In
view of (5.20), this implies

vj Tj

5; p /
. 2 . Yj—1
/ Widp < | (€ =50+ IV fllna) (/ e dp,>
B (s —1) B
171’./‘
X (/ Uridu + 1) .

By Young’s inequality,

/ Uidp < (1—r1j) (/ U’/f'du+1>
B, By
vi

257 g ’ 7=
+f/ Cm(l"’”Vf”Lh(BR)) (/B[u j—1 dM)

<(-» [ Uidn
B
5B S

+C I IV ) ([ wrtan) T 4
(s —1)2B L"(Bg) By “w ,

where C = C(N, p, h,8) > 1 as usual. By applying again Lemma 2.5, this times with the
choices

Z(t):/ Uidw, ag=28, and ¥ =1-1,
By

we finally obtain
»

/uyfd o 2 A+ 1V Fllprpe)? /“y""d Tll% (5.22)
B, = (R—r)2b L!(Br) Br o - -

Step 3: Moser’s iteration Estimate (5.22) is the analogue of (5.9), except that the Lebesgue
measure dx is now replaced by the measure d i, and the index j is assumed to be larger than
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some jo+ 1, instead of j > 0 asin (5.9). Following the same iteration argument and starting
from j = jo + 1, we are led to

1

1+ IV £l F o
||u||Lw(B,.,du>sc(—" Sl <BR>) ( / mfodwrl)”"’, (523)
R—r Br

for some C = C(N, p,h,8) > 1,8 =B (N, p,h) > 0.
Step 4 L>° — L” estimate We now want to replace the norm LYo (Bg, du) of U in the
right-hand side of (5.23) by its norm L?(Bg, dx). Let q| := 2711 _ 1 where

. . . Lo V.
Jj1 ::mln{] Z]()Z]—I—IZlng(l—l—ﬁ)}
Then yj, < 2* g1 and thus, by using that
Urio < 22" 01—vj L{z*ql, whenever U > %
we have
Z*q]
o
WA i By, iy = € WA 2001 g gy (5:24)
We rely on (5.14) withg = g to getforevery 0 <r <t <s < R
2q ¢ 2q1+p
WA 00, 5, gy = <G-m (L+ 1Vl ae) (llullLQEqIH),,/(BS) + 1), (5.25)

for some new constant C = C(N, p, h, ) > 1.
Since j; > jo, wehave p < 2q1 +2)h' < 2q1 + p)%, and thus, by interpolation in
Lebesgue spaces

Il 2o 5,y < 1UA1° A1 7 a, (5.26)

* g 28
L2 91+ p(B

where 6 € (0, 1) is determined as usual by scale invariance. As in the proof of (5.15), we
have

_2q1
N 2q1+p
L L L A I &
Inserting this last estimate into (5.26), we obtain
2q1+p 2910 (1-0) 2q1+p) 1-0) 2q1+p)
i I|L2<q1+1>,,/(3) < CIUI, 2+, (Bs,dﬂ)llu”L”(Bs) + C UL, ,

up to changing the constant C = C(N, p, h, §) > 1. In view of (5.25), this gives

2q1 ¢
10,20 g, = =g (1 IV )
2416 1-0) 2q1+ 1-6) 2q1+
% (”uHL;{:ql (By.dp) 10z 7+ Wy ™+ 1)'
By Young’s inequality, we get
2q1 2q1
”u”LT*ql (B, dp) — =4 ”U”Lz*ql(Bs,du)
1
2q1+
+(1-6) ( oot ||Vf||Lh(BR>>) el ity

¢ (1-6) 2q1+p)
oo 19 Iam) (ML +1).
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By Lemma 2.5, this implies

1
2 1 Qaq1+p)
IIUIILgiq,(B aw = <C ((R )2(1 + IVl sy ))) (IIUIIU?};J + 1),

after some standard manipulations. Coming back to (5.23) and taking into account (5.24),
we obtain

LIV Flliney) \ ™
Il pg. am = € | —p— = (”“”LP(BR>+1)’

where C = C(N, p,h,8) > 1 and o; = 0;(N, p,h) > 0, fori = 1, 2. By definition of U,
we have

[Vu| <28VNU < /N |Vul.
Since ||u||L00(Br0’ ap t+ 1> ||u||L30(Br0), it follows that
LIV fllznse )\
IValloes,,) < C (R_ (1Valigh gy +1)
possibly for a different constant C = C(N, p, h, §) > 1. This completes the proof. O
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Appendix: Lipschitz regularity with a nonlinear lower order term

In this section, we consider the functional
G5 (u, Q)_Z/ gi(uyx,) + G(x, u)]dx Q e, uer P,

The lower order term f u of the functional §s is thus replaced by a more general term G (x, u).
We assume that G is a Carathéodory function and that for almost every x € €2, the map

E—> G, &) is C' and convex.

We denote f(x, &) := Gg(x, §) and we assume that f € W] (Q x R), for some h > N /2.
Finally, we assume that G (x, &) satisfies the inequality

|G(x, &) < b(x) ul” +a(x) (A1)

where 1 < p <y < p* and a, b are two non-negative functions belonging respectively to
Ly () and L7 () withs > N/p and o > p*/(p* — y).
Under assumption (A.1), all the local minimizers of &s are locally bounded, see [11,
Theorem 7.5] and moreover, for every such minimizer u, for every B,, € Bg, € €,

lullz(s,,) < M,
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where M depends on ||u||W1<p(BRO), 0, Ro, 16| Le (Ry)» and ||a||Lx(3R0).
Then we have:

Theorem A.1 Let p > 2 and let U € WIL’CP (R2) be a local minimizer of the functional &s.
Then U is locally Lipschitz in Q.

Proof We only explain the main differences with respect to the proof of Theorem 1.1. Since
G is convex with respect to the second variable, the functional & is still convex. This implies
that Lemma 2.3 remains true with the same proof. We then introduce the approximation of
G:

G, £) =/ Gl — v, & = 0) ) Pe(O)dy de.,
RN xR

where p, is the same regularization kernel as before, while p is a regularization kernel on
R.

Given a local minimizer U € WIL’CP (Q)andaball B C 2 B € R, there exists a unique C 2
solution u, to the regularized problem

min [@,(v; B) 1 v—Ue € Wy (B)}

where

N
e (v; B)ZZ/gi,a(UX[)dx-F/ Ge(x,v)dx
i=1"B B

and U, = U % p,. Moreover, by [11, Remark 7.6] we have u, € L°°(B), with a bound on
the L° norm uniform in ¢ > 0. In order to simplify the notation, we simply write as usual
u and f instead of u, and f;. The Euler equation is now

N
Z/g;,g(ux,.mi dx +/f(x, wedx =0, ¢eWyP(B).
i=1

When we differentiate the Euler equation with respect to some direction x j, we obtain

N
Z/gl{jg(ux,-)ux,'x/- fo dx+/(f)€j(x!u)+f$(x7u) uxj‘) ‘/fdx :Os w € W(;’p(B)
i=1

We can then repeat the proof of Proposition 5.1 with this additional term fz (x, u)u,; which
leads to the following analogue of (5.12):

2
2
2 5

2*
1 Tp *
/(u—f) U4 dx c 1 2/u2q+de
B; 2/, (s —1)" Jp,

7 2g+2
c Uit g
(s_t)zs/& !

+Cq | Va Sl (/ Uatbi’ dx)
By
1

, W
+C@ | fellpn (/B YGatnn dx) )

IA

-
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Using again Holder’s inequality for the first three terms, we obtain inequality (5.14) where
IV f1l now represents the full gradient of f with respect to both x and &. The rest of the

proof is the same and leads to a uniform Lipschitz estimate, as desired. O
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