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Abstract We consider a fully nonlinear partial differential equation associated to the inter-
mediate L” Christoffel-Minkowski problem in the case 1 < p < k 4 1. We establish
the existence of convex body with prescribed k-th even p-area measure on S”, under an
appropriate assumption on the prescribed function. We construct examples to indicate cer-
tain geometric condition on the prescribed function is needed for the existence of smooth
strictly convex body. We also obtain C!! regularity estimates for admissible solutions of the
equation when p > %

Mathematics Subject Classification 58J05 - 52A39 - 53C45

1 Introduction

Convex geometry plays important role in the development of fully nonlinear partial differ-
ential equations. The classical Minkowski problem and the Christoffel-Minkowski problem
in general, are beautiful examples of such interactions (e.g., [1,3,5,10,19-21]). The core of
convex geometry is the Brunn—Minkowski theory, the Minkowski sum, the mixed volumes,
curvature and area measures are fundamental concepts. The notion of the Minkowski sum
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was extended by Firey [6], he introduced the so-called p-sum (p > 1) for convex bod-
ies. Lutwak [16] further developed a corresponding Brunn—Minkowski—Firey theory based
on Firey’s p-sums. Lutwak initiated the study of the Minkowski problem for p-sums and
established the uniqueness of the problem, along with the existence in the even case. The
regularity of the solution in the even case was proved subsequently by Lutwak—Oliker [17].
Chou—Wang [4] and Guan—Lin [9] studied this problem from the PDE point of view, exten-
sive study was carried out by Lutwak—Yang—Zhang in a series of papers, we refer [2, 18] for
further references in this direction.

This paper concerns the intermediate Christoffel-Minkowski problem related to p-sums,
which we call it the L?-Christoffel-Minkowski problem. While the L”-Minkwoski problem
corresponds to a Monge—Ampere type equations, the L?-Christoffel-Minkowski problem
corresponds to a fully nonlinear partial differential equation of Hessian type.

For a convex body K in R"*!, we denote by 4(K, -) its support function. For any p > 1,
the p-sum of two convex bodies K and L, K +, L, is defined through its support function,

h? (MK +p ML, =MhP(K, )+ kP (L), A, A€ R;.
The mixed p-quermassintegrals for K and L are defined by

— Wi (K +p eL) — Wi(K
pr,k(K,L)=limo (K +p el) = Wi(K)
€—

p>11<k<n.

€

Here Wi (K) is the usual quermassintegral for K. It was shown by Lutwak [16] that
Wy, k (K, L) has the following integral representation:

1
Wpi(K, L) = —— | h(L, x)"h(K,x)'"PdSc(K, x),
n -+ 1 §n
where d Sy (K, -) is the k-th surface area measure of K. Thus h(K, x)! ~PdSi(K, x) is the
local version of the mixed p-quermassintegral. We call it k-th p-area measure. When p = 1,
it reduces to the usual k-th area measures.
If K is a convex body with C? boundary and support function 4, then

dSk(K, ) = on_i(V2h + hgsn)d .

Here V21 is the Hessian on S”, 6,,_y is the (n — k)-th elementary symmetric function. There-
fore, to solve the Minkowski problem for p-sum is equivalent to solve the following PDE:

0n(V2u + ugs) = uP~' f on S". (1.1)

After the development of LP-Minkowski problem, it is natural to consider the LP?-
Christoffel-Minkowski problem, i.e., the problem of prescribing the k-th p-area measure
for general 1 < k < n—1and p > 1. As before, this problem can be reduced to the
following nonlinear PDE:

ok (V2u 4+ ugs) = uP~' fonS". (1.2)

A solution u to (1.2) is called admissible if (V2u+ugs:) € T'x and u is (strictly) spherically
convex if (V2u+ugs) > 0 (> 0). Fork < nand p = 1, the above is exactly the equation for
the intermediate Christoffel-Minkowski problem of prescribing k-th area measures. Note that
admissible solutions to equation (1.2) is not necessary a geometric solution to L?-Christoffel—
Minkowski problem if & < n. As in the classical Christoffel-Minkowski problem [10], one
needs to deal with the convexity of the solutions of (1.2). Under a sufficient condition on the
prescribed function, Guan—Ma [ 10] proved the existence of a unique convex solution. The key
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tool to handle the convexity is the constant rank theorem for fully nonlinear partial differential
equations. Equation (1.2) has been studied by Hu et al. [13] in the case p > k4 1. In this case,
there is a uniform lower bound for solutions if f > 0 and they proved the existence of convex
solutions to (1.2) under some appropriate sufficient condition. The case 1 < p < k+ 1 is
different, Eq. (1.2) is degenerate even for f > 0 as there is no uniform lower bound for
solutions in general.
The focus of this paper is to address two questions regarding equation (1.2) when 1 <

p<k+1.

(1) When does there exist a smooth convex solution?

(2) Regularity of general admissible solutions of Eq. (1.2).

Our first result is the following.

Theorem 1.1 Let | <k <n — 1 be aninteger and 1 < p < k + 1 be a real number. For
any positive even function f € C'(S") (I = 2) satisfying

1 1
(V2R T 4 f T gg) > 0, (1.3)

there is a unique even, strictly spherically convex solution u of the Eq. (1.2). Moreover, for
each o € (0, 1), there is some constant C, depending on n, k, p, 1, o, min f and ||f||C1(Sn),
such that

lullgr+tagny < C. (1.4)

An immediate consequence of the previous theorem is the following existence result for
the L? Christoffel-Minkowski problem for the case 1 < p < k + 1.

Corollary 1.1 Let 1 <k <n — 1 be aninteger and 1 < p < k + 1 be a real number. For
any positive even function f € C'(S") (I > 2) satisfying (1.3). Then there is a unique closed
strictly convex hypersurface M in Rt of class C!1% (for all 0 < « < 1) such that the
(n — k)-th p-area measure of M is fdugn.

This is an analogue result of Lutwak—Oliker [17]. We use method of continuity to prove
Theorem 1.1. The strictly convexity can be preserved along the continuity method by the
constant rank theorem as in [10, 13]. Unlike the case p > k + 1, the lower bound of u is not
true in general if p < k + 1. The crucial step is to show a uniform positive lower bound for
u under evenness assumption. In contrast to the L”-Minkowski problem [17], the evenness
assumption does not directly yield the lower bound of # when k < n as we do not have direct
control of the volume of the associated convex body. The most technical part in this paper
is to obtain a refined gradient estimate Proposition 3.1 and to use it to prove Proposition 4.1
with the assumption of evenness and spherical convexity of u. One would like to ask that
would condition (1.3) guarantee the positivity of u? We will exhibit some examples in section
5 to indicate that condition (1.3) is not sufficient (see Proposition 5.1).

As in the case of the LP-Minkowski problem [9], one has C? estimate if p=> %

Theorem 1.2 Let 1 < k <n — 1 be an integer and k%l < p < k + 1 be a real number. For
any positive function f € CX(S") there exists a solution u to (1.2) with (V2 u + ugsn) € .
Moreover,

||u||C1.l(Sn) < C.

where C dependsonn, k, p, || f ||C2(Slz) and ming» f. Furthermore, solution is C? continuous

. 2 . . . k41
(i.e., VZu is continuous) if p > ~5—.

From next section on, the range for p is 1 < p < k + 1 unless otherwise specified.
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2 Preliminaries

We recall the basic notations.
Let 0% (A) be the k-th elementary symmetric function defined on the set M, of symmetric

n x n matrices and o (A1, ..., Ax) be the complete polarization of oy for A; € M,,,i =
1,...,k, ie.
1 " o
_ i1...0k
or(Ay, ..., Ap) = T E 8j1---jkA1iljl "'Akikjk'
D ipeir=1
Jlseen jie=1

Let I'; be Garding’s cone
I'y={AeM,:0i(A)>0fori=1,...,k}.

Let (S", gsn) be the unit round n-sphere and V be the covariant derivative on S". For a
function u € C*(S"), we denote by W, the matrix

W, = Viu + ugsn.

In the case W, is positive definite, the eigenvalue of W, represents the principal radii of a
strictly convex hypersurface with support function u.
Letu' € C3(S"),i=1,...,n+ 1. Set

V', u?, " ::/ ulo,(Wa, ..., Wae)dusn,

n

Vk+1(u1,u2,...,uk+l) = V(ul,uz,...,ukﬂ, 1,...,1).

We collect the following properties which have been proved in [12].

Lemma 2.1 ([12]) (1) Viut, u?, ..., ub)isa symmetric multilinear form on (C2(SMy)rH.
In particular,
Vigr1u, ...,u) = Vigo (L, u, ..., u).
—— N —
k+1 k+1

Therefore, the Minkowski’s integral formula holds:

k+1
/ wor(Wo)dugr = - / ot (Wadd g 2.1
sSn n — k sn

Q) Letu' € C*(S"),i =1,2,...,kbesuchthatu’ > 0and W, € Tyfori =1,2,...,k,
Then for any v € C*(S"),the Alexandrov—Fenchel inequality holds:

Vi o,u'y o uR) > Vi, vai?, iR Vi @tout u? b, 22)

the equality holds if and only if v = au' + Z?:ll ajx; for some constants a, ay, ..., dp4+1.
In particular, there are some sharp constant C,, i such that

1
k+T 3
(/s Gk+1(Wu)dMS") <Cnx <é Uk(Wu)dMS"> . (2.3)

Inequality (2.3) in Lemma 2.1 follows from Alexandrov—Fenchel’s inequality (2.2) and
Minkowski’s formula (2.1) via an iteration argument.

We remark that in Lemma 2.1 (2), it is sufficient to assume W, € I'; instead that W, is
positive definite which is the classical assumption from convex geometry.
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We list some other known results which will be used in the rest of the sections.
The following theorem was proved for (1.2) by Hu-Ma—Shen in [13], a generalization of
the constant rank theorem in [10].

Theorem 2.1 ([13]) Let p > 1. Let u be a positive solution to (1.2) such that W, is positive
1

semi-definite. Then if f p=1%% is spherically convex, then Wy, is positive definite.

The following lemma is a special case of Lemma 1 in [8], we state it for W, € C Lsm.

Lemma 2.2 Let ey, ..., e, be a local orthonormal frame on S", denote Vi = V, ,Vs =
1,...,n then VW =W, e T, N CY(S"), k > 2,

i Vo Vo
_U]ijylmvswijvswlm Z(fk|: kD 1]

O o1
1 Vso’k 1 stfl

—1 - 1 . 2.4

[(k—l ) ot (k—1+) ol} @4

3 A priori estimate for admissible solutions

In this section we establish C! a priori estimates for the admissible solutions of (1.2).

3.1 A gradient estimate

Proposition 3.1 Let u be a positive admissible solution to (1.2). Set m, = minu and
M, = maxu. Then there exist some positive constants A and 0 < y < 1, depending
onn,k, p,min f and || f | c1, such that

Vu|? _
A <A M,% v
lu — my,|”
2
Proof Let ® = %, where 0 < y < 1 is to be determined. First we claim & is well-
2
defined, in other words, ® can be defined at the minimum points. Consider &, = %

for € > 0. Then at a maximum point of ®., we have

\v4 2
(Vzu—}—ul)Vu=<Z [Vul

7+u>Vu.
2u—my +€

Hence
2 .
O < —(u—my,+e€)7 msakaax(Wu),
y n

where A,qx (W),) is the largest eigenvalue of W,,. Thus when y < 1, we have ®(y) — 0 for
u(y) = m, as € — 0. Therefore, it make sense to define ® = 0 at the minimum point of u.

Assume & attains its maximum at xo. Then u(xo) > m,. By using the orthonormal frame
and rotating the coordinate, we can assume g;; (xo) = &;;, u1(xo) = [Vul(xo) and u; (xo) = 0
fori =2, ..., n.Inthe following we compute at xo. By the critical condition,

2uquy;

u; )
> =7 ' for each i.
|Vu| u — my,
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Thus u; =0fori =2,...,nand

2
wy =L 3.1)
2u—my

By rotating the remaining n — 1 coordinates, we can assume (u;;) is diagonal. Consequently,
Fii = "v‘{," is also diagonal.

We may assume ¢ > AM,,_", where A is a large constant to be determined. Then

u = = > — *AM 32
1 2u— -2 " ( )

Since u < M, for § > 0, we may choose A with A >> % such that

Wii=up+u<{1+8uy. (3.3)

As W;; > u;;, by the maximal condition and (3.1),

0 > Fi'(log ®);;
| 2u?, + 2uguy; Fiiu,',' Fiiu.z
— Fll 113 _ 1_ I
[Vul|? yu—m v y)( —my)?
_ 2FUuE 2F Ty (Wi — uid1;)
= ) + 5
1 1
Fll Fiiui2
— l—y)— 1
Yz PTG
ii 2 -1
_ 2Py R Y 1f+2u” fi L pn
”1 uj
Fiiy,. Fii 2
ety -y s
u—my (u —my)
2F” 2 F“u2 2Ltp71f1 F“W"
> 7” + — 1 JL _opll _ ii
z 14¢! y)( " p L — p—
2F 2, Fl 2up—1 W
= T -y Nt ppit gy W)
uj u—my uj u—my
2F 2, Flluy  2uP='p
=) Tt -y —
i#1 1 u 1
2
w
p2p!t (M) gy ) (3.4)
uy u — my
By (3.1) and (3.2), if A > %
2 2
u M,
%-12%1& “__1>0. (3.5)
uy u—my
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Using the definition of ®, we have

2uP~!
2N Ji > —Cup_lfb_%(u —my)” 2
uy
C Y Y
>—— M " N —m,)" 2
- JX u
C
> ——uP Y —my)™!
VA !
C a(W)
«/X“ _mu.

For N > 1 to be determined later, denote
K ={i:ujj > Nuy}.
When A is large enough, by (3.3),
uij = Wi —u>W;; —ouyg > Wy; —du;;, VieKk.
Hence

2Fiy2 ONFilyuy Fiiy;
T 21 — N ii
PR Z*uz y I

u—m
iek 1 ieK u

5 T
_1+8 u—my

Combining (3.1)-(3.6)

Z F'Wii 20 = y) FlIW
_1—|—6 u—mu 1+6 u—my
_g o) ey oW
JAu—my, yu—mu'
Let’s denote Wy, = max{W;;|i = 1,...,n}. We have

ok (W) = o1 (W[m)Wipm + or(Wim).
If op (W|m) < 0, then
Ok—1(W|m)Wpm = or(W).

(3.6)

3.7

Let’s assume oy (W|m) > 0, that implies (W|m) € T'y. In turn, ox_1 (W|mi) > 0,Vi # m

and

kor(Wim) =Y Wiior1(Wlmi) < Wy Y o 1(Wimi) = (2 — k) Wm0y —1 (W|m).

i#m i#m
Combining the above inequalities, we have
k
k=1t (Wm)Wm = 0k (W).

If K # @, thenm € K, and
FiWi _ F™ W _ k 0u(W)

u—m,;  u—m,  nU—ny

iekK

(3.8)

(3.9)
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If K =%, then 0 < Wi| < Wy < NWyy, as FI1 > prm,

F“W]] . L F"™ Wy . Lak(w)

> = > . (3.10)
u—my N u—my Nnu—my
Combining (3.7), (3.9) and (3.10),
Nk 2k(1 — C w
0> | min y kd=pl_ <€ ey G.11)
n(l14+8)" Nn(l+96) A u—my

if we pick N = n(l 4+ 26), y = N%H and A sufficiently large (for any § > O fixed, e.g,
5= 10%). This is a contradiction. Thus for our choice of y and A, we must have ® < AM,f v
at its maximum. ]

When k = n, similar result was proved in [14,15] where upper bound of u was readily
available. We note the proof of Proposition 3.1 also works for certain range of p < 1.

3.2 Upper bound of u
We now use raw C! estimate in Proposition 3.1 to get an upper bound of u.

Proposition 3.2 Let u be a positive admissible solution to (1.2). Then there exist some
positive constants cy and Cy, depending on n, k, p, min f and fS” f, such that

0 < co <maxu < Cy.

Proof Let xo be a maximum point of u. Then V2u(xg) < 0. It follows that

(Z)Mk(xo) > (W) (x0) = uP ! (x0) f (x0),

and in turn we have

(3.12)

1
ming» f ) F=pHt
() '

From Proposition 3.1, we know IVu|?(x) < AM,f = Au(xg)? for any x € S", we have

néaxu = u(xg) > (

1 1
u(x) > —u(xg) ifdist(x, xg) < ——. (3.13)
S 4xo 0 i
Thus
/ ul f = f u? f
/! {xeS”:dist(x,xo)gﬁ}
1 1
> 27141)()6()) né’ilnf {x € S" :dist(x, xp) < m} . (3.14)
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On the other hand, using Minkowski’s integral formula (2.1), Alexandrov—Fenchel’s inequal-
ity (2.3), Holder’s inequality and (1.2), we have

k+1
fgl u? f :/ uor(Wy) = i/ o1 (Wa)
kkil
< c( m(wu) ( up‘lf)
Sn
o gl
<C (/ upf)

7
</ f) . (3.15)
Since p < k + 1, it follows from (3.15) that

/ u"fsC(/ f)m. (3.16)

Combining (3.14) and (3.16), we obtain u < u(xg) < C. ]

Combining Propositions 3.1 and 3.2 we get full C! estimate.

Proposition 3.3 Let u be an admissible solution to (1.2). Set m,, = min u. Then there exist
some positive constants 0 < y < 1 and C, depending on n,k, p — 1, min f and | fl c1,
such that

|Vul|?
| —my | —

4 Convex solutions

So far, we have been dealing with general admissible solutions of equation (1.2). In order to
solve the LP”-Christoffel-Minkowski problem, we need to establish the existence of convex
solutions, i.e., solutions to (1.2) with W,, > 0. As in the case of the classical Christoffel—
Minkowski problem [10], one needs some sufficient conditions on the prescribed function f
in equation (1.2) when k < n. Unlike the classical Christoffel-Minkowski problem, Eq. (1.2)
may degenerate when p > 1 in general. We first derive lower bound of convex solutions.

4.1 Lower bound for u

To get a uniform positive lower bound, we need to impose evenness assumption together with
W, > 0. We remark that such estimate was straightforward when k = n since the equation
implies a positive lower bound of volume. For k < n, a lower bound on quermassintegral
Vi+1 does not guarantee the non-degeneracy of the convex body. We need some extra effort.

Proposition 4.1 Let u be a positive, even, spherically convex solution to (1.2). Then there
exists some positive constant C, such that

u>C>0.

Proof Since u is even, we can assume without loss of generality that u(x;) = maxu =: M
andu(x2) = minu and dist(x1, x2) =:2d < 5.Sod < T .Lety : [—d,d] — S" be the arc-
length parametrized geodesic such that y(—d) = x; and y(d) = x3. Letu : [-d,d] - R
be the function u(t) = u(y (¢)) and denote
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u” (1) +u(t) = g(). 4.1)
It follows from the critical condition of u at x| and x, that
W (—=d)=u'(d)=0, u(—d)=M. 4.2)

Let us explore the boundary value problem for the ODE, (4.1) and (4.2). It is easy to check
that A cost + B sint is the general solutions to homogeneuous ODE
u' +u=0
and a special solution to (4.1) is given by cos ¢ fid ﬁ ffd g(s) cos sdsdt, which can be

obtained by writing u = cos(¢)v(¢) and solving first order ODE for v Also, by Fubini’s
theorem, one sees this special solution is equal to f i 4 8in(@ —s)g(s)ds. Combining with the
boundary condition (4.2), we see all the solutions to (4.1) and (4.2) are

t 1 T
u(t) = Cost/ 5 / g(s) cossdsdt + M cos(d + t). 4.3)
_4cos?t J_4
For simplicity, we denote by G(7) = ffd g(s) cos sds. It follows from (4.3) that
e
M@zcmd/i (?dr+MumM. (4.4)
_d4 COS* T

Our aim is to derive a positive lower bound of minu = u(d). We divide the proof into
two cases.

Case1.2d < 7.

Note that g(r) > 0 as W,, > 0, hence G(t) > 0, V1 € [—d, d]. One see from (4.4) that
u(d) > 2M.

Case 2.2d > %.

From the definition of G (7), by performing integration by parts, we have
T
G(r) = / g(s)cossds
—d
T 4
= / (u (s) 4+ u(s))cossds
—d

T
=u’(s)coss|id+/ u'(s) sins + u(s) cos sds
—d

=u'(r)cos T + u(s)sins|”,
=u'(t)cos T + u(r)sint — M sin(—d), 4.5)

where facts u’(—d) = 0, u(—d) = M are used. In particular, as u'(d) = 0,
G(d) = (u(d) + M) sind.
Since sind > sin % and u > 0, we see
a@sz%>a (4.6)

By Proposition 3.3, such that for t € [—d, d],

IR

W ()] = Clu(r) —u(d)? < Cmax |Vl |t —d|* < Clr —d|
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Therefore, G(7) is continuous as a function of t from (4.5), and

G(t) > Gd) — C*|t —d|%, vVt e [—d, d], 4.7)

2
for some C* > 0 under control. Take § = min{d, (g(c‘i))? }. It follows from (4.3), (4.6),
(4.7)and d € [0, 7] that

d
G
u(d) = cosd/ (t) dt + M cos2d

_gcostt

d
21
> cosd/ G(t)dt > vz ~G(d)s.
d—s 2 2

4.2 Higher regularity

Proposition 4.2 Let u be a positive, even, spherically convex solution to (1.2). Foranyl € R
and 0 < o < 1, there exists some positive constant C, depending on n, k, p, [, min f and
| fllct, such that (1.4) holds.

Proof of Proposition 4.2 From Proposition 3.2 and 4.1, we see u is bounded from above and
below by uniform positive constants. When k = 1, as we already have C! bounds for u,
higher regularity follows from elliptic linear PDE. We may assume k > 2. Let

~ 1 1
F(Wo) = o)f (W) = "™ P)F.
Differentiating the equation twice, we have

A(”pf)% = F” Wiiss + Fij’lmwijswlms
= Fii(Wssii — Wi + I’lWii) + I':ij’lmWijszms

IA

- - 1
F'(o1)ii — Z F'oy +no}}

i
= Fll(oii =Y Flloy +n@?™' ft. (4.8)
i

where we used the concavity of F.
k _ 1 1

~ 1- —

Note that [A(uP )f| < Coy and Y, Fi' = 26, F 041 > Cpzo, "o '. Applying
the maximum principle on (4.8), we see that o1 < C. Thus |[ul|2 < C. Since W, > 0,
we see that the equation is uniformly elliptic. Our assertion follows now from the standard
Evans—Krylov and Schauder estimates. O

Remark 4.1 The conditions that u is even and W,, > 0 have been only used in Proposition4.1.

4.3 Existence

In the following we use the continuity method to prove the existence and uniqueness of
strictly convex solutions.
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Proof of Theorem 1.1.

We first show that the solution is unique. The uniqueness of strictly spherically convex
solution was showed by Lutwak [16]. For convenience of readers, we give a proof on the
uniqueness of admissible solutions.

Assume u, v are two admissible solutions to (1.2). Then we have

k(W) =uP™ f, o (Wy) = vl 1. (4.9)

Multiplying v to the first equation in (4.9) and integrating over S”, we have by using the
Alexandrov-Fenchel inequality (2.2)

/ vupflf _ /S vor(Wy) = Vir1 (v, u, ..., 1)

_k_ 1
> Vk+1 (M, u,..., u)k+1 Vk-‘rl(va U, ..., U)k+l
1

(L) ()™ @10

On the other hand, using Holder’s inequality,

p—1

/”vup—lf§</nvl’f>’l’(/nupf) " @.11)

Combining (4.10) and (4.11), in view of 1 < p < k + 1, we obtain

/nu”fS/S”vpf.

Similar argument by interchanging the role of u and v gives

/nvpfsfnupf.

Thus all the above inequalities are equalities. In particular, equality holds in (4.10). That is,
equality holds in (2.3). In view of (4.9), we must have u = v.
We now prove the existence. Denote

- 1l+k o
1 P
fi = <tf_pl+k_|_(]_[)<’]:) ) fort € [0, 1].

Then f; is even and satisfies (1.3). Consider the equation

o1 (V2u + ugsn) = uP~ f;. (4.12)
Let
S =1t

m

[0, 1]](4.12) has a positive, even solution u, with W,,, > 0}.

It is clear that ug = 1 is a positive, even solution of (4.12) with W,,, > 0 for# = 0. Thus §
is non-empty.
Next we show S is open. The linearized operator at u is given by

L,(v) := 0! (W)(Wy)ij — (p — D~ "o fy = o/ (W) (Wy)ij — (p — D vor (W,).
Suppose L, (v) = 0. Then
o (W) (W)ij — (p — Du" wa (W) = 0. (4.13)
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Multiplying (4.13) with u and integrating over S”, we have
k/s, vor(Wa) = /S uoy (W) (Wo)ij = (p = 1>[§ vor (W)

Since k # p — 1, we have fS,, vor (W,) = 0. On the other hand, Multiplying (4.13) with v
and integrating over S”, we have

kV(v,v,u,...,u):/ va,ﬁf(wu)(wv),-,-:(p—l)f u V2o (W)
Sn N

Since V(v, u,...,u) = fSn vor(W,) = 0, by using the Alexandrov—Fenchel inequality
(2.2), we see

Vw,v,u,...,u) <0.

Thanks to p > 1, we have fS" u_lvzak(Wu) < 0, which implies v = 0. Hence the kernel of
the linearized operator of the equation is trivial. By the implicit function theorem, for each
to € S, there exists a neighborhood N of #y such that there exists a positive solution u, of
(4.12) with W,,, > 0 for t € N. Since f; is even, it follows from the uniqueness result that
u; must be even. Hence, N’ C S and S is open.

We now prove the closedness of S. Let {t,-}fi1 C S be a sequence such that t; — 79 and
u;, be a positive even solution to (4.12) with W, > 0 for ¢t = t;. By virtue of the a priori
estimate in Theorem 4.2, there exists a subsequer'lce, still denote by u,, converges to some
function u in C'*! norm. In particular, « is an even solution to (4.12) for r = fy. Suppose
W, is not positive definite, then W, is positive semi-definite and det(W,,)(xg) = 0 for some
xp € S". Since f;, satisfies (1.3), we know from the constant rank theorem that W,, must be
positive definite. A contradiction. Therefore, 7y € S and S is closed.

We conclude that § = [0, 1] and (4.12) with t = 1, which is (1.2), has a positive even
solution u# with W,, > 0. The proof is completed. O

5 Examples

For the Minkowski problem for p-sum with 1 < p < n + 1, a C? convex hypersurface to
the L? Minkowski problem does not always exist even if f is a smooth positive function. A
series of counterexamples have been constructed in [9]. The arguments in [9] can be extended
to construct similar examples for equation (1.2).

Leta = k. Setu(x) = (I — xp)® where x = (x1, ..o, X, X1) =1 (8, Xn41) €
S" ¢ R"*!. We view the open hemisphere ', centered at the north pole, as a graph over
{x" € R" : |x'|? < 1}. The metric g and its inverse g~ ! on S are

xixj s
8ij = (Sij + ma glj

= (Si j T XiXj
and the Christoffel symbol is

1
rij = gijXI.
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In this local coordinates, u(x) = (1 — m)“. By a direct computation, we have
&'V +usij = g" (901 — T 0pu) + udij
= (1 =VI= WP (@ = DVT= WP +1) 3
el = D1 = V1P i,
Using (¢ — 1)k = a(p — 1), we see
Uk(gilez»lu +udij) =ul"lf

where

f=ak|:((oz—1) 1—|x’|2+1>8,~j+a(a—1)1x;xj||2:|.
—J1 =%

25y are 1 with multiplicity n — 1 and

It is clear that the eigenvalues of the matrix (8;; + bW

1 + b with multiplicity 1. Thus

f=(@-y/i-wp 1)

5 (—v+<m4)l+ ale — D'
k) Nkl (= VT= P (@ = DYT= WP +1)

k
i
. _ /2 -
+(n jfﬁgj&ﬂf(m_D¢waﬁ+gk3

k=1)1- 11—
Since
B =1 b = L oy,
2 8
we have

f= (Z) (ak = %kozk_l(oe = 1)|x’|2>
+ 2a( — 1)(2 : i) (1 - %Ix/|2>
P“Méw—nﬁﬂm—mﬂﬂ+mWﬁ
(") 42— (") |k
AV * k—1) ¢

1 —1
—Eozk_l(ot -1 [k(Z) + (Z B 1)(a + 2k — (e — 1))]
"1+ o(Ix']?).
Since o > 1, it is direct to see that

f(x') > 0and f”(|x'|) < 0 near x’ = 0. (5.1
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Hence sz_m + f_m I > 0 is satisfied near the north pole. As in [9], using a lemma
in [7], one may patch a global convex solution to Eq. (1.2) with some positive function f
such that solution is equal to (1 — x,,+1)* near the north pole. That is # = O at the north pole
and condition (1.3) is satisfied near the north pole.

Next, we will construct a solution to (1.2) for some positive smooth function f satisfying
condition (1.3) everywhere but u touches 0. This shows that, a C? convex hypersuface to the
k-th Christoffel-Minkowski problem for p-sum with 1 < p < k + 1 does not always exist
even if f is a smooth positive function such that (1.3) holds. Hence, the evenness assumption
on f cannot be dropped in Theorem 1.1.

Proposition 5.1 There exists some 0 < p < k, such that for 0 < p — 1 < p, there is
some positive function f € C*®(S") satisfying (1.3) and a solution u to (1.2) such that
(Vzu 4 ugsn) > 0 and u = 0 at some point. Moreover, u is not c3.

Proof Choose an orthonormal basis {e;}7_;, on S". For coordinate functions x;,/ =

1,2,...,n + 1, we know vl.?,.x, + x;8;j = 0. Since |Vx;|*> + x7 = |Vx; > + xj. for any
j # [ and IVx]? + x| = Z?:l leil2 + x> = n+ 1, we get |Vx;|? —l—xlz = 1 for any
[=1,2,....n+ 1.

Let u(x) = (1 — x,4+1)“. By direct computations,

Viu = —a(l = x4 ' Vixnsr,
Viu = ale — DA = x01)* 7 Vixng1 Vixag
—a(l = x0T V
= (@ — D = x41)* 2 Vixp1 ViXnt1

Fa(l = X ) X 18

Thus
Viu+usiy = ol — D1 = X041 Vi1 ViXng
+(1 = X)L+ (@ = Dxns1)8i)
= (1 = XD (1 + (@ = Dxpg1)
|:(3 ala — 1)Vixn—ij)Cn+l i|
ij T .
(1 = xps ) (1 + (@ — Dxyg1)
Therefore

e (VAU +udij) = (1= xp ) @ V(1 + (@ = Dy

n—1 n—1 (e — )| Vxygr? )}
1
X[( k >+(k—1>< * (1 = xp:0)d + (@ — Dxpyr)

k(a—1)

=u o (1+(@— Dxpp)*!

"a 1 n—1 e
X|:<k>( + (o — )xn+1)+<k_1>a(a_ )( +xn+1):|

— 1) a—
=$%t%ﬂ“”a+m—DMH%*

x [n+ka(e — 1) + (n + ko) (@ — Dxpp1].

2

In the second equality we used the fact [Vx,41|2 = 1 — Xii1
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Let £(x) = g5 (1 + (@ = Dy 1)~ [ + koo = 1) + (1 + ke) (o = 1)x,11] and

o= k—ﬁﬁ' Then u(x) = (1 — x,41)* witha = k—kﬁ is a solution to
Uk(Vizju + udij) = up_lf on S".

Now let us analyze the function f on S”. First, f is smooth. Second it is direct to check
that when o < 2,ie. p— 1 < %,f > 0.
We claim that when 0 < o — 1 lies in certain range, i.e., p — 1 < p, f satisfies the

1 1
convexity condition (V2 f~FrT 4 f7 1) > (.
1

Letg = f ®rT, where

<~ kl(n—k)! kel
f= Wf =1+ (a@—Dx ) [n+ka(@ = 1) + (n + ka) (@ — Dxpyr] .
V23§
We need to show ( gg + 6 j) > 0. To simplify the notation, we denote y = x,. Direct

computations give
Vig a-—1 |: k—1 n+ ko ]
= iy

= = — +
g k+p—1[14+@—-1y ntka(a—1)+n+ka)(a—1)y

ViE  VigV;g a—1 [ k—1 n + ka ]2
- = 18 — 4 2y
g g2 k+p—1|1+@—-1)y n+ka(a—1)+@n+ka)a—1y| Y
a—1 [(k=D@—1 (n + ka) (@ — 1)
5 5 V,'yv_,‘y.
ktp—1l0+@—Dy2 " [n+kale—1)+ @+ ka)a— 1)yl

Using Vizjy = —yd;j, we have

Vid s _ [ el k-1 n + ka s

A ”_{k—l—p—l[l+(a—1)y+n—l—ka(a—1)+(n+koz)(oz—1)y:|))+ } i
a—1 k—D@—1) (n +ka)? (@ — 1)

{k+p—1[(1+(a—1)y)2 [n+koz(oz—1)+(n+koz)(a—1)y]2]

oa—1 2 k—1 n + ka 2
+ + ViyV;y.
k+p—1 l+@—=1y ntka(a—1)+ @n+ka)la—1y

Notice that the coefficient of V;yV;y on the RHS of above equation is always positive. To

g
above equation is positive, i.e.,

vig
ensure < i8 + &; j) is positive definite, we only need the coefficient of §;; on the RHS of

oa—1 |: k—1 n+ka

k+p—1 1+(a—1)y+n+kot(oc—1)+(n+ka)(oc—1)y]y+1>0' (5-2)

Notek+p—1=k+ @ = kz"‘w—_1 and the denominator is always positive when
a < 2. Inequality (5.2) is equivalent to say the quadratic form

0(y) = ala — D{tk = Dln + ka(@ — 1) + (n + k) (@ — Dyl + (n + ke)[1 + (@ — Dyl}y
+kQa — D[l + (¢ — Dylln + ka(e — 1) + (n + ko) (o — 1)y] > 0.
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By regrouping,
Q) = kBa — D(e = D> (n + ka)y?
+ k(e — Dialn + (k — Da(e — 1) + a] + Qa — 1)(2n + ka?)}y
+kQa — Dn + ka(ax — 1)].
By computation, we see that when 0 < o — 1 is close to 0, i.e., p is sufficiently small,
Q(—1) > 0and Q'(—1) > 0and Q”(y) > Ofory € [—1, 1].
Therefore when p — 1 < p, we have Q(y) is positive for y € [—1, 1].
In conclusion, for 0 < p — 1 small, we construct a globally defined function u which is a
1
solution of oy (Vl.zju +ud;j) = uP~1 f with a smooth, positive function f with (V2 f~ &= 4
1
f®r-T]) > 0. However, u has a zero. O
In this example, (V2u + ugsn) is not of full rank at some point. This implies that for
such f, the Gauss map fails to be regular and the convex body with support function u is

not C2. However, in the next section we will show that the solution to the PDE (1.2) for
% < p < k+ 1is always C? when f is C2.

6 C2 estimate for p = %

To prove Theorem 1.2, we consider the following perturbed equation
ok (Viu + (u+e)gsn) = ul~' f, (6.1)

fore > 0.
First of all, we prove the following existence for an auxilliary equation below.

Proposition 6.1 For any v € C*S") withv > 0 and f € C*(S"), there exists a unique
solutionu € C>%(S") (0 < a < 1) with (VZu + vgsn) € ', which we denote by Ty (v), to

ox(V2u + vgsn) = uP~' f. (6.2)

Moreover, there exists some constant C, depending onn, k, p — 1, a, ||[v|c4, || fllc4, min v,
min f, such that

lullcsa < C.
Proof Step 1 A priori estimate for (6.2).
Let u(xg) = min u. Then

(Z)vk(m < ok (V2u + vgsn) (x0) = u(x0)” " f (x0).

It follows that u > u(xp) > ¢ > 0. Similarly, we have u < C.

Denote w;; = u;j + vd;;. Note that wijss = Wyyii + 2w;; — 2wgy — v;; + vy for any
i, s. For C? estimate, we can apply the same argument as in the proof of Proposition 4.2 to
tr(w) = Au + nv. Once we get the C? estimate and the positive lower bound of u, (6.2)
is uniformly elliptic. By the Evans—Krylov and the Schauder theory, we have higher order
estimate.

Step 2 Existence and uniqueness for (6.2).
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To prove the uniqueness, let # and & be two solutions. Then the difference h = u — i
satisfies a;; (x)h;; + c(x)h = 0, where a;;(x) is an elliptic operator and c¢(x) < 0. Thus
h = 0 by strong maximum principle.

We use continuity method to prove the existence. We set fj := 5 pl_l 0% (V2v 4 vgg) and
fir = (1—=1) fo+1tf.Consider (6.2) with f = f;.Itiseasy tosee g = v is the unique solution
to (6.2) for f = fo. Next, the kernel of the linearized operator L,, is trivial and self-adjoint.
Thus the openness follows from standard implicit function theorem. The closeness follows
from the a priori estimates in Step 1. Therefore, we have the existence of (6.2) via continuity
method. O

Next we show the existence for the perturbed Eq. (6.1).

Proposition 6.2 Let € > 0 and % < p < k + 1. There exists a solution u € C*(S") with
(V2u + (u+ €)gsn) € 'y to (6.1). Moreover, there exist some positive constants ce and Ce,
depending onn,k, p — 1, || flc+, min f and €, such that

u>ceand ||ullcse < Ce.

Proof Step I A priori estimate for (6.1).
From the equation, # > 0 automatically. Let u(xop) = min u, then

(Z)ek < 0k (V2u + (u + €)gsn) (x0) = u(x0)? " f(x0).

A positive lower bound u > ¢, follows. One may follow the same argument in the previous
section to prove the C! and the C? estimate depending on c.. We remark that for these
arguments one needs only assume (V2u+ (u+e€) gsn) € 'k, see Remark 4.1.

Step 2 Existence for (6.1).

We use the degree theory to prove the existence. Denote by f; = (1 — t)(Z) (A+ek+1f
fort € [0, 1]. Forany w € C*(S") and ft we consider

ok (VU + (€ + €)gsn) = uP~! fi(x). (6.3)

From Proposition 6.1, there exists a unique positive solution 7', (e + €) to (6.3). Define an
operator

T,:C* - 5
w > log Ty, (e” +¢€).

It follows from the a priori estimate in Proposition 6.1 that T, is compact.

It is easy to see that w is a fixed point of T;,ie, w = f,(a)), if and only if u = e® is a
solution to (6.1) with (VZu + (u + €)ggn) € I'x. Therefore, by using the a priori estimates in
Proposition 6.2, we see that any fixed point of T, is not on the boundary of

Sk ={we C*: o) < K)

when K is sufficient large, depending on €.

By the degree theory, deg(/ — T;, Sk, 0) is well defined and independent of 7.

Claim For r = 0, ug = 1 is the unique solution to (6.1) with f = fj and the linearized
operator L, at ug = 1 is injective.

To show this claim, we need the a priori estimate from Propositions 6.3 and 6.4 below,
where we assume p > %
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First, there is no other solutions of (6.1) near ug = 1. The linearized operator for the
Eq. (6.1) at ug = 1 is given by

Lupp = 0 (1 +€)gs)(Vip + pgij) — (p — 1) fop

—1(n—1 n k
=(l+¢) (k _ 1>(Ap +np)— (p— 1)<k>(1 +e)p.
Since the first eigenvalue of A on S" is n, we see that the kernel of L, is trivial, namely,
L, is injective. Thus the assertion follows by the implicit function theorem.

Second, for € > 0 small, there exist no other solutions than uo = 1. Suppose there are
€; — 0 and non-constant solutions u; for each ¢;. By the a priori estimate independent of €
by Propsitions 6.3 and 6.4, there is a subsequence, still denote by {u;}, with u; — & in C Le
where i € C1(S") is a solution of the un-perturbed Eq. (1.2) with f = fo. It follows from
the previous step that u; is uniformly away from uo = 1, so & is not the constant 1, which
contradicts to the uniqueness of (1.2).

Third, for any € > 0 such that u > 0 solves (6.1) with f = fo, the uniqueness is true.
This follow immediately from previous two steps. We finish the proof of the claim.

We turn back to the proof of the existence. Since L, is injective, the derivative fo/ inC%is
injective. The degree can be computed as deg(I — Tp, Sk, 0) = (—1)# where B is the number
of eigenvalues of 7:0/ greater than one. In any case deg(/ — T3, Sk, 0) = deg(I —Tp, Sk, 0) =
(=1)? is not equal to zero. Therefore we have the existence for (6.1) for any ¢ € [0, 1], in
particular for # = 1. The assertion follows. O

We now show the a priori estimate independent of €. The arguments in the proof for C!
estimate in previous section yield the C! estimate for solutions to (6.1).

Proposition 6.3 Let € > 0. Let u be a solution to (6.1) with V3u + (u + €)gsn) € Tg.
Then there exists some positive constant C, depending on n,k, p, min f and | f||c1, but
independent of €, such that

lullcr < C.

Next, we show that, in the case % < p < k+ 1, Eq. (6.1) admits a C? estimate
independent of €.

Proposition 6.4 Let € > 0. Assume % < p < k+ 1. Let u be a solution to (6.1) with

(V2u + (u + €)gsn) € k. Then there exists a nonnegative constant « = o(p — 1,k,n)
depending only on p,k,n witha(p — 1,k,n) > 0 if % < p, and there is some positive
constant C depending on n,k, p — 1, min f and || f| 2, but independent of €, such that

VZu

u%

<C.
CO

Proof For k = 1, the standard theory of linear elliptic PDE gives us the C? estimate. Hence
we consider k > 2. In the following proof we denote by W = V2u + (u+e€) 1. Itis sufficient

to prove the upper bound of % since WS € I'z.

2
Let yo € S" be a maximum point of ‘uvl'ﬁa . Then

\%
VIVul?(yo) = (1 +a>|w|27“(yo).

@ Springer



69 Page 20 of 23 P. Guan, C. Xia

It follows that
Vu+@w+e)l) A+)|Vul> w+e
————— - Vu(y) = a

Vu(yo).

u 2ulte

2 2
Thus (w + (”uif)> (yo) is an eigenvalue of Wif“)”(yo). Since W € I'p, we

2ulta
have
(I+a)|Vul®> (14 a)|Vul?
2ulte = 2ulte (o)
(I+a)|Vul®>  (u+e)
= < 2ulta + ue ( 0)
we we
< W) () < max 1), 64)
u® u®
Let xo be a maximum point of 257w ) and by a choice of local frame and a rotation of

coordinates we assume g;; = §;; and W6 is diagonal at xo. By the maximal condition, at xo,

Vu Vie Vo
VO’[ = oo —,
u

<0.

o1 u%

In the following we compute at xg. Assuming 0 < « < 1, and using Ricci’s identity,

2
0> 0 [(01)11 ol —ala— 1)712]
(o8] u u
(W + WS —nWS
> O_Iil( iiss ) _ Olk% +m+1—-k)aor_
o] u
Im
Aoy — o WE W — nkoy
_ ijs " lms _ ak% —+ (n +1-— k)(l + Ol)O'k—]- (65)
[en] u

From the Eq. (6.1), we have
Aoy = (p— DuP "> Auf + (p — D(p — 2u? 3 |Vul* f
+2(p — DuP2VuV f +uP~'Af
= (p— Dul o1 f +(p— D(p —2u?3|Vul* f
+2(p — DuP2VuVf + (1 —n(p — )P~ Af. (6.6)

Since Vo = a0y %, oy = uP~ f and Vor = (p — DuP~2fVu + uP~'V f, we deduce
from (2.4) in Lemma 2.2 that

o1 IVFI2

ol WE W = —Bul T 2|Vl £+ el VY f + couP” —— ©D
where c1, ¢ are constants under control and
k=2)(p—1) +ka
B=(p-1—) . (6.8)

k—1
It follows from (6.6) and (6.7) that

l] Im x,e
Aoy — les Wlms

> (p— 1>u" 201f +1(p— D(p—2) — Blul 3| Vu* f
+cuPAvuv f — cuP™! (6.9)
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where C depends on k, p, n, || f|lc2 and min f.
By (6.5) and (6.9),
0> (p—1—ka)u’ "' f+mn+1—k(1+a)og_

L =D =2 -4l uP=3|\Vul? f + (c1 +2(p — D)uP2VuV f — Cupgél_m)

o1

Note that from (6.4) we have

o1 (We) ol (WS (1 +a)|Vul?
70{ max >

(x0) = a2 aira X0 (6.11)

As u is bounded from above, we deduce from (6.10) and (6.11) that

OZmin{(p—l—kot)—i—2((p_1)(p_2)_ﬂ),p—l—ka}up_zf
14+ «o
ub=3? ub—1
~CT e CT L= R o, 6.12)

In view of (6.8), if p > k%l, we may choose @ > 0 such that p — 1 — ko > 0 and

2p—DH(p—2)—B)
14+«

1 2 )
(*(p—l) -(p-D+

2k
= a’) >0,
4o \k—1 k—1
k+1

Moreover, if p > *5—, a can be picked positive. By the Newton-Maclaurin inequality

(p—1—ka)+

k—5
k_la(p—l)—koz(l—i—a)-i-

=~
(S}

1 ke
ok—1 = Cupof o,

e

it follows from (6.12),
0> 0+1-k+a)oios s — CuP=3 Jo — CuP~!

1+ k= ;
> Co, P! )T — Cul=3 oy — Cul . (6.13)
Since p > kizl, we can choose @ > 0 such that (p — 1)% <p— % — (ﬁ + %)a. Moreover,
if p> %, « can be picked positive. By virtue of the uniform upper bound of u, we obtain

2L < C. The proof is completed. ]

u%

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2 For € > 0, let u, be the solution of (6.1) with (V2u¢ + (ue +€)gsn) €
I't. From the a priori C? estimate independent of e, there is a subsequence Ue, —> uin
C1¢ for any @ < 1. The bound gives u € CY1(S") and 0% (V2u + ugsn) = uP~' f with
(Vu + ugsn) € Ty

We note that solution u is C? continuous if p > % This follows from Proposition 6.4,
IVZu(x)| < Cu®(x), Vx € S", because u € C*® away from the null set {u = 0} and V2u is
continuous at every point of {# = 0} when o > 0. O

We discuss a special case of equation (1.2) when k = 1. This is the equation corresponding
to the L?-Christoffel problem. In this case, equation is semilinear:

Au(x) +nu(x) =u? ') f(x), xeS". (6.14)
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From the C! estimate established for admissible solutions of Eq. (6.1) in the previous section
and standard semilinear elliptic theory, we immediately have

Theorem 6.1 For any positive function f € C*(S") there exists a nonnegative solution u to
(6.14) with

||M||c2va(sn <C,
Jor some 0 <« < 1 and C depending onn, k, p, a, || f|lc2(sr) and mingn f.

If condition (1.3) is imposed, one may obtain a sperically convex solution u. Thoughu € C>¢,
the corresponding hypersurface with u as its support function may not be in C!-! as W, may
degenerate on the null set of u. Equation (6.14) has variational structure, it is of interest to
develop corresponding potential theory as in the classical Christoffel problem [1,5].

To end this paper, we would like to raise the following two questions.

1. Using compactness argument as in [11], together with the a priori estimates in Proposi-
tion 4.2 and the Constant Rank Theorem 2.1, one can prove thatif || | -2 +|| % lco <M
and (1.3) holds, there exists a uniform positive constant C depending only on n, M such
that

W, > Cgsn.

Is there a direct effective estimate of W, from below under the same convexity condi-
tions, without use of the constant rank theorem?

2. Under the condition of evenness, a positive lower bound of u in Proposition 4.1 has
been derived via an ODE argument and a bound on Vu which depends on V f. In the
case of LP-Minkowski problem (i.e., k = n), one may obtain a bound of volume of
the associated convex body €2, from below if f is positive. Is it possible to derive such
a priori a positive lower bound of Vol(€2,) for solutions of Eq. (1.2) in general? This
would give a positive lower bound of u.
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