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Abstract Given acompact Riemannian manifold M, we consider a warped product manifold
M = I x;,M,where I is an open interval in R. For a positive function y defined on M, we gen-
eralize the arguments in Guan et al. (Commun. Pure Appl. Math. 68(8):1287-1325,2015) and
Ren and Wang (On the curvature estimates for Hessian equations, 2016. arXiv:1602.06535),
to obtain the curvature estimates for Hessian equations oy (k) = ¥ (V, v(V)). We also obtain
some existence results for the starshaped compact hypersurface ¥ satisfying the above equa-

tion with various assumptions.
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1 Introduction

Assume that X" is a hypersurface in a Riemannian manfold M”+!. The Weingarten curvature
equation is given by
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(kX)) =y (X), VX eX,

where X is the position vector field of the hypersurface = in M"*! and oy is the kth elementary
symmetric function.

Finding closed hypersurfaces with prescribed Weingarten curvature in Riemannian man-
ifolds attracts many authors’ interest. Such results were obtained for the case of prescribing
mean curvature by Bakelman and Kantor [10,11] and by Treibergs and Wei [46] in the
Euclidean space, for the case of prescribing Gaussian curvature by Oliker [41], and for
general Weingarten curvatures by Aleksandrov [1-7], Firey [19], Caffarelli et al. [17]. For
Riemannian manifolds, some results have been obtained by Li and Oliker [37] for the unit
sphere, Barbosa et al. [13] for space forms, Jin and Li [34] for the hyperbolic space, Andrade
et al. [8] for warped product manifolds, Li and Sheng [36] for the Riemannain manifold
equipped with a global normal Gaussian coordinate system.

For the hypersurface % in the Euclidean space R"*!, the Weingarten curvature equation
in general form is defined by

ok (k(X)) = ¥ (X, v(X)), VX €X,

where v(X) is the normal vector field along the hypersurface . In many cases, the curvature
estimates are the key part for the above prescribed curvature problems. Let us give a brief
review. When k = 1, curvature estimate comes from the theory of quasilinear PDEs. If
k = n, curvature estimate in this case for general ¥/ (X, v) was due to Caffarelli et al. [15].
Ivochkina [32,33] considered the Dirichlet problem of the above equation on domains in R”,
and obtained C? estimates there under some extra conditions on the dependence of f on
v. C? estimate was also proved for equation of prescribing curvature measures problem in
[25,27]. If the function ¥ is convex with respect to the normal v, it is well known that the
global C? estimate has been obtained by Guan [21]. Recently, Guan et al. [30] obtained global
C? estimates for a closed convex hypersurface & C R"*! and then solved the long standing
problem (1.2). In the same paper [30], they also proved the estimate for starshaped 2-convex
hypersurfaces by introducing some new auxiliary curvature functions. Li et al. [35] substitute
the convex by (k + 1)- convex for any k Hessian equations. In [42], Ren and the third author
completely solved the case k = n — 1, that is the global curvature estimates of n — 1 convex
solutions for n — 1 Hessian equations. In [45], Spruck—Xiao extended 2-curvature equations
in [30] to space forms and gave a simple proof if the hypersurface in the Euclidean space. We
also note the recently important work on the curvature estimates and C2 estimates developed
by Guan [22] and Guan et al. [31].

These type of equations and estimates with generalized right hand sides appear some
new geometric applications recently, which will be mentioned in detail in the following.
Phong et al. [38,39], generalized the Fu—Yau’s equations, which is a complex 2-Hessian
equation depending on gradient term on the right hand side. In [39,40], they obtained their
C? estimates using the idea of [30]. Guan and Lu [28] considered the curvature estimate for
isometric embedding system in general Riemannian manifolds, which is also a 2-Hessian
equation depending on the normal vector field. The estimates in [30] are applied in [14,47]
too.

Let (M", g’) be a compact Riemannian manifold and I be an open interval in R. The
warped product manifold M = I xj, M is endowed with the metric

> =dr* +h*(ng', (1.1)
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where h : I —> R is a positive differential function. Given a differentiable function
z: M — 1, its graph is defined as the hypersurface

Y ={X) = (zu), u)|lu € M}.
For the Weingarten curvature equation in general form

ok(k(V)) = fk(V)) =y (V,v(V)), VV € X, (1.2)

0 _
where V = h — is the position vector field of hypersurface X in M, oy is the kth elementary

symmetric func[tion, v(V) is the inward unit normal vector field along the hypersurface -
and k (V) = (k1, ..., k,) are principal curvatures of hypersurface ¥ at V. Given t_, r; with
t_ < t4, we define the annulus domain MY ={t,u)eMji_ <t < t+}.

In this article, we will generalize the results in [30,42] to the hypersurfaces in warped
product manifolds. The main results of this paper are the followings:

Theorem 1.1 Let M" be a compact Riemannian manifold and M be the warped product
manifold with the metric (1.1). Assume that h is a positive differential function and h’ > 0.
Suppose that  satisfies

(a) Y(t,u,v(w) > CkGc@)* fort <t_,
(b) ¥(t,u,v() < Ckx@)k fort > t4,
(c) d(h*y(V,v)) <0fort_ <t <ty,

where k(t) = h'(t)/ h(t) and C,’j is the combinatorial numbers. Then there exists a unique
differentiable function z : M" — I solve the Eq. (1.2) for k = 2 and k = n — 1 whose graph
S is contained in the interior of the region M.

For the convex hypersurface in any warped product manifolds, we obtain the global cur-
vature estimates.

Theorem 1.2 Suppose & —> M" T is a convex compact hypersurface satisfying curvature
Eq. (1.2) for some positive function v (V, v) € C2(I'), where T is an open neighborhood of
unit normal bundle of M in M"' x S". Then there is a constant C depending only on n, k,
|zlc1, inf ¥ and || || 2, such that
max k;(u) < C. (1.3)
ueM

Since the second fundamental form does not satisfy Codazzi properties for hypersurfaces
in warped product manifolds in general, the constant rank theorem is still unknown. Thus,
the above estimates only can imply the existence results in the sphere.

Theorem 1.3 Let M be the sphere with sectional curvature ). > O which means the metric
g of M is defined by (1.1), where function h is defined by

sin ~/At

h =
(1) 7

(1.4)

Suppose that  satisfies

(a) Y(t,u,v(u)) > k(t) fort <t_,
(b) W(t,u,v(n)) <«k(t)fort > ty,
(¢) (W= V*y; +ay=Vkgi >0, forany v,
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where k(t) = h'(t)/ h(t) = V& cot(v/At) and t+ < 1 /2. Then there exists a differentiable
function z : S* — I solve the Eq. (1.2) for any k whose graph % is a strictly convex
hypersurface and is contained in the interior of the region M.

The paper is organized as follows. In Sect. 2, we fix notations and recall some basic
formulas for geometric and analytic preliminaries, including the detailed description of the
problem. In Sect. 3, the gradient estimates of (1.2) are presented. In Sect. 4, the curvature
estimates are proved for the starshaped 2-convex hypersurfaces. In Sects. 5 and 6, C? estimates
are obtained for convex and (n — 1)-convex hypersurface in the warped product manifold M.
In the last section, we derive the constant rank theorem and existence results .

2 Preliminaries
2.1 Warped product manifold M
Let M" be a compact Riemannian manifold with the metric g’ and I be an open interval

in R. Assuming 2 : [ —> R™ is a positive differential function and &’ > 0, the manifold
M =1 xj, M is called the warped product if it is endowed with the metric

g2 =dr* +h* (g’ 2.1
In the section, we use Latin lower case letters i, j, ... to refer to indices running from 1
ton and a, b, ... to indices from O to n — 1. The Einstein summation convention is used

throughout the paper.

The metric in M is denoted by (-, -). The corresponding Riemannian connection in M will
be denoted by V. The usual connection in M will be denoted V'. The curvature tensors in M
and M will be denoted by R and R, respectively.

Leteq, ..., e,—1 be an orthonormal frame field in M and let 6y, ..., 6, be the associated
dual frame. The connection forms 6;; and curvature forms ©;; in M satisfy the structural
equations

do; 229,'/‘/\9]‘, eij:_ejis 2.2)
J
1
dgij _ Xk:gik A =0y = _E ;Rijklgk A0 2.3)

An orthonormal frame in M may be Qeﬁned bye; =(1/h)ej, 1 <i<n - 1,and ey = d/0t.
The associated dual frame is then 6; = h6; for | < i < n — 1 and 6y = dr. A simple
computation permits to obtain

Lemma 2.1 On the leaf M;, the curvature satisfies

Rijko =0 2.4)
and the principle curvature is given by
K(t) =h'(®)/h(t) (2.5)
where the inward unit normal —eg = —0d/0t is chosen for each leaf M;.
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2.2 Hypersurfaces in the warped product manifold M

Given a differentiable function z : M — [, its graph is defined by the hypersurface
Y ={Xw) = (z(u),u)|lu € M} (2.6)
whose tangent space is spanned at each point by the vectors
X =he; +z; eo, 2.7

where z; are the components of the differential dz = z;0'. The unit vector field

(2.8)

Zz e; —heo>
\/h2 +|V'z|? <¢—1

is an unit inner normal vector field to . Here, |V'z|? = z'z; is the squared norm of V'z =
z'e;. The components of the induced metric in ¥ is given by

gij = (Xi, X;) = %8 + 2z, 2.9)
The second fundamental form of X with components (a;;) is determined by
1
NoEs

where z;; are the components of the Hessian V'?z = V'dz of z in M.

Now we choose the coordinate systems such that {Eg = v, Ey, ..., E,} is an orthonormal
frame field in some open set of ¥ and {wg, wy, ..., ®,} is its associated dual frame. The
connection forms {w;;} and curvature forms {€2;;} in X satisfy the structural equations

ajj = (@xj Xi,v) = — hz;j + 2/’l/Z,‘Z_,' + hzh/&j)

w; — E wij N\ wj =0, wjj + wji =0,
J

1
dw;j — Za)ik Nwgj = Qjj = -3 ZRijklwk A wj.
k k.l
The coefficients g;; of the second fundamental form are given by Weingarten equation
wjo) = Z ajj wj.
J
The covariant derivative of the second fundamental form a;; in X is defined by
> aijkor =daj + Y ag o+ Y aj oy,
k l l
Zaijkl w; = dajji + Zaljk i + Zailk wjj + Zaijl Wik
I l l l
The Codazzi equation is a commutation formula for the first order derivative of a;; given by

Aijk — Qjkj = —ROijk (2.10)

and the Ricci identity is a commutation formula for the second order derivative of a;; given
by
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Lemma 2.2 Let X be a point of ¥ and {Eg = v, EY, e E,} be an adapted frame field
such that each E; is a principal direction and wl]-( = Oat X. Let (a;}) be the second quadratic
form of . Then, at the point X, we have

aii =aiin — aim (Amidil — AmiQii) — ami (Amidi — amiai;)
+ Rojizzt — 2ami Riiir + airRoior + ai Roiio (2.11)
+ Rojit:i — 2ami Rpiir + aii Rojor + ari Rovio.
In particular, we have

) 5 5 5 5 5
ajj11 —anii = anaj; —ayai; +2(a;; —ar) Ririn +arn Rioio —aii Rio1o+ Ritio;1 — Rii0;i-

(2.12)
2.3 Two functions 7 and 7
Define the functions 7 : ¥ — Randn: ¥ — R by
T=—h(v,e9) = —(V,v) and n= —/hdt, (2.13)

- J . . . . .
where V = hey = h@ is the position vector field and v is the inner unit normal. Then we

have
Lemma 2.3 [8] The gradient vector fields of the functions n and t are
Vi n = —h{eo, Ei) E;, (2.14)
VET = — Zijnaij, (2.15)
J

and the second order derivative of T and n are given by
V%,,Ej'? = ta;j — 'gij, (2.16)
V%I_’Ej‘[ = — Zfaikakj + h’aij — ZaiijEkr]
k k
= —t Y apayj +h'aij — Y (aije + Roiji) Vi n- (2.17)
k k

2.4 Basic formulae

Assume that ¥ —> M is the graph defined as the hypersurface ¥ whose points are the
form X(u) = (z(u),u) with u € M. This graph is diffeomorphic with M and may be
globally oriented by an unit normal vector field v for which it holds that (v, 9;) < 0. Let

k = (k1, ..., kn) be the vector whose components «; are the principal curvatures of ¥, that
is, the eigenvalues of the second fundamental form B = ((V; E;, v)) in X.

The elementary symmetric function of order k (1 < k < n)ofk = (k1, ..., kp) is defined
as following

Ok= Y Ki..-Ki. (2.18)
<<y

Let I'x be the connected component of {«x € R"|o;,, > 0,m = 1,...,k} containing the
positive cone {x € R"|ky, ..., k, > 0}.
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Definition 2.4 A positive function z € CZ(M") is said to be admissible for the operator oy
if for the corresponding hypersurface ¥ = {(z(u), u)|u € M"}, at every point of ¥ with the
normal as in (2.8), the principal curvatures x = (x1, ..., k) are in ['k.

Lemma 2.5 ([9,12,16,20,44]) Let F be a C 2 symmetric function defined in some open set

of Sym(n), where Sym(n) is the set of all n x n symmetric matrices. For any symmetric matrix
(bij), there holds

FM by = Z o af biibjj+ ) Ji~ — f’ by,
iz T

where the second term on the right-hand side must be interpreted as a limit whenever k; = k ;.

Lemma 2.6 [25,30] Assume that k > I, W = (w;;) is a Codazzi tensor which is in T'y.

Denote a = ﬁ Then, for h = 1, ..., n, we have the following inequality,
kap 49 PP 99
(W)wpphwqqh + 7(W)wpphwqqh
Ok o1
. ((Uk(W))h B (Uz(W))h> (m B 1)(Gk(W))h @+ 1)(UZ(W))h). (2.19)
ok (W) o1 (W) ok (W) o1 (W)

Furthermore, for any 6 > 0, we have

g) (o (W))3
1)

P (Wyw, w h+(1—
k pp qq Uk(W)

@1 (W) ]2

> o0r(W)(a + 1 —da) |: o (W)

Ok R
- ;l(W)a/"’ M Wywpphwggn.  (2.20)

3 Gradient estimates

In this section, we follow the ideas of [17,27] to derive C I estimates for the height function
z. In other words, we are looking for a lower bound of the support function t. Firstly, we
need the following technical assumption:

%(h(r)kw(v, 1)) <0, where V = h(;)%. 3.1)

Lemma 3.1 Let  be a graph in M = I xj, M satisfying (1.2), (3.1) and let 7 be the height
Sfunction of X. If h has positive lower and upper bounds, then there is a constant C depending
on the minimum and maximum values of z such that

IVz] < C. (3.2)

Proof Set x(z) = —In(r)+y (—n(t)), where y is a single variable function to be determined
later. Assume that x achieve its maximum value at point uo. We claim that V' is parallel to
its normal v at ug if we choose a suitable y. We will prove it by contradiction. If not, we can
choose a local orthonormal basis {E;}7_, such that (V, E1) # 0, and (V, E;) =0, i > 2.
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Obviously, V = (V, E1) E1 + (V, v) v. At point ug, by the maximum principle we have

VEI.‘L'
0= VE,‘X(Z) = _T - V/VE,'U7 (33)
0= Vi gx@
Vi pT  |Vgt|?
Ei Ei ETI
= - S =YV g+ Vel (3.4)

From (2.15), (2.17) and (3.3), we have

2
Ve g T IVET]
T T

0> —y'VE gn+v" Vel

1 -
=-z (—Tana; + W ai; — (@i + Roiym) + (v" + V) nf — v/ (vaii — h'gii) .
(3.5)
By (2.15) and (3.3), we get

an=ty', an=0, i>2. (3.6)

Therefore, it is possible to rotate the coordinate system such that {E;}?_, are the principal
curvature directions of the second fundamental form (g;;), i.e. a;; = a;;8;j, which means

that (a,ij ) is also diagonal. By multiplying alii in the inequality (3.5) both sides and taking
sum on i from 1 to n, one gets from (3.5) and (3.6)

y 1 1. _ y
0>o'aj; — ;h’cf;ﬁ’aii + ;GIQ’ (@it + Roiym + (v + /)*) of'n;

n
— y/ (‘co”aii —n Zalél>
i=1

1 1 3.7
= O'/élaizi + ;U}élaiilﬂl + ;U/él Roi”n] + (y” + ()//)2) O,klln%
- 1
W ik — 'k
+vy ;Uk v Tky . ¥
where F''a;; = ki is used. Differentiating Eq. (1.2) with respect to E| we obtain
aliiaiil =dyy(Vg, V) —andyy(Er). 3.8)

Putting (3.6) and (3.8) into (3.5) yields
i 2, 1 1 is
0= op'aj; + . dyyr(Vg, V) —andyy (Ep) )m + % Roiim
n
y 1,
+ "+ YD ol =y thy - WKy
i=1
y 1 1 .-
=o'a; — ;(kh/‘ﬂ +(V, E0)dv{ (VE, V)) +y'dyy (E1)(V, E) + ;Cf}ﬁl Roi1i(V, E)

n
+ (" + ) oV ED —ky Ty YR Y o 3:9)

i=1
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Since V. = (V, E1)E1 + (V, v)v, we have
dyy(V,v) =(V, E1)dyy(VE, V) + (V. v)dyv ¥ (V, V). (3.10)
Putting (3.10) into (3.9) gets

1 .-
0>ol'al — (khu/, +dvy (V. v) + ¥ dy (EDV, En) + —oi Roini (V. Ev)

+ (V" + ) MV EN? —ky vy + W Z Cdvy (VL)
i=1 (311)

n
U T
>allal + (v + ")) ol (V. EN +y'H ZUF + ;UilRom(V, E})
i=1
+ y'dyy (ED(V, E1) —ky'ty +dyy(V, V),

o
where we use the assumption (3.1). Choosing the function y () = 7 for a positive constant

o, we have
o 200
y'(t) = 3 y'(t) = = (3.12)

By (3.6) and the choice of function y, we have a;; < 0. Thus, the Newton—Maclaurin
inequality implies

ol 2 oy = £ (Chty'T (3.13)
k= = —k+Dk—1) " ‘ '
Therefore by the previous three inequalities, we have
11,2 o 2o /
0>o0p ap + z74+173 (V E)? - h Z"k + Uk "Roi1i (V. E1)
(3.14)

- %duwm)(v, E) + %krw +dy Y (Y, V).

Since V = (V, E1) E1 4+ (V,v) v, one can find that V L Span{E>, ..., E,}. On the other
hand, E;,v L Span{E,, ..., E,}. It is possible to choose coordinate systems such that
e1 L Span{E», ..., E,}, which implies that the pair {V, e;} and {v, E1} lie in the same plane
and

Span{E>, ..., E,} = Span{ea, ..., e,}.
Therefore, we can choose Ey = e3, ..., E, = e,. The vector v and E| can decompose into
V= (0, 80)20 + (v &1)&1 = =0 + (v, 21)20.
E1 =(E1, ep)eo + (E1, e1)ey.
For (2.4)and V = (V, Ey) E1 + (V, v) v, we obtain
Roiti = R(v, E;, E1, Ey)

T o= - - o _ _ = _ - o _
_Z<E1,60)R(eo,€i,€0,e[)+<V,€]>(E1,81)R(e],€i,€],€i)

e o (3.15)
R(ey, e, e, ¢
Er V) (e1,¢ei,e1,e)

(v,e)?
(E1, V)

T _ - _ - - _
_Z<E1,eO)R(eani5607ei) -7

1 o= - _ _
f<_Z(El,eO)R(eanis€07€i)_ R(el,ei,el,ei)).
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The third equality comes from 0 = (V, ). From (3.6), (3.13) and (3.15), (3.14) becomes

2
o
0> 2ol (22 (y))? + =, E1)?) — Craok_1 — Coaldy¥r(en)| — |dy ¥ (V, V)]
> Ca?|V ol — Craol! — Craldy ¥ (e))| — ldy ¥ (V, V)]

where C, Cy, C, depends on k, n, the C 0 bound of 4 and the curvature R. Thus, we have a
contradiction when « is large enough. Hence, V is parallel to the normal v which implies the
lower bound of 7. O

4 C? estimates for o7

In this section, we study the solution of the following normalized equation

(—=1/2) .
F(b) = (Z) o2(c(@)'/? = f (@) = ¥ (V, v). “.1)

Now we can prove the C? estimate for 2-convex hypersurfaces.

Theorem 4.1 With the assumption of Theorem 1.1, there is a constant C depending only on
n,k,t_, tq, the C! bound of z and || 2, such that

max |«; (u)| < C. 4.2)
ueM

Proof Define the function
sy BGE.®)

T—a

Wwu,§)=e 4.3)

where T > 2a and B is a large constant to be chosen, £ is a tangent vector of ¥ and B is
the second fundamental form. Assume that W is achieved at Xo = (z(up), uo) along &, and
we may choose a local orthonormal frame Eq, ..., E, around X( such that § = E; and
a;j(Xo) = k;;j, where k1 > k2 > ... > kK are the principal curvatures of ¥ at u¢. Thus at
ug, InW =1Inaj; —log (tr — a) — Bn has a local maximum. Therefore,

0= i _ Vit

- Bni, 4.4)
all T—a

2 2
artii arli Vit Vit
0> 11ii _< 111) Vi ( i > . (4.5)
alg arl T—a T—a

Multiplying Fi both sides in (4.5) and using (2.14)—(2.17), we have

and

Qs 1 i 2 1 ii ii Ti g ii
0= —Flayi— —ZF (@) — —F'ui+F'\ —— | —BF ni
K1 Ky T—a T—a
1 . 1 . T . ol
= —Flani — — F" (a1)* + ——F'i} -
K1 K9 T—a T—ada
1 p ~ 4.6)
+ > F'"(aji + Roii
r—a (aii1 Olll)r]l

l

+ Y F (%) — BTy + 1By F.

i=1
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The Ricci identity (2.11) yields

Filigin — Flay; = a11F” aHF”a,, +2F " (a;; — a11) Rii
+ay F" RiOiO — F"a;; Rio10
+ F' Ritio;1 — F'' Rijno: 4.7)
> —C1K12 — Caky ZF”,

for sufficiently large ;. Inserting (4.7) into (4.6), one gives

1 1
0> *Fl ajill — KiF” (alll) + F”K2 + — Z F" (aul + Rom)m

1

c 2 4.8)

+ Z Fii (—") — Ciii + (W~ C) Y Fi' = C3(B).
i
Taking covariant derivative with respect to the equation (4.1) yields
Fajjj =Yy (Ve V) — ajip(Ep). (4.9)

Taking covariant derivative with respect to the Eq. (4.9) again yields

Filagn + Fi¥a a0y = Yvy (Ve V, VE V) + 2030y (VE, V, Er)
— ain o (Ep) + akau o (Er, Ep)

> —C(1+«3) — ain ¥ (Ep) (4.10)
=-C(+ K12) — (a1 — Roun) ¥ (Ep)
> —C(1 4«3 + Br1) — aruPv (Ep).

where we have used the Codazzi equation in the last equality, (4.4) and the bound of the
curvature of the ambient manifold in the last inequality.
We also have

%Zanll/_fv(Ez) - Z L F”auz = Zﬂmlﬁv(Ez) -3 r’f
I

l 1

“4.11)
Combining the inequality (4.10) and (4.11), (4.8) gives
1 ij.kl 1 i 2 T i 2
0>— (—FJ‘ aijlakll) — = F'"(an) + ——F";
K1 K1 T—a
(4.12)

+ZFU< 177!) _C1K1+(h/‘3—C2)ZF”_C3(,B)

In the following, we consider two cases.
Case 1 We suppose that x,, < —6«k for some positive constant 6 to be chosen later. In this

case, using the concavity of F', we discard the term — %Fij’klaijlakll.
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By Young’s inequality and (4.4), we have

1 .. _ .. 1+¢€ ..
Fillai? < (1 + e B2 F P + LT gt 2

2 - (t —a)

< Cs(1+ehHp? ZF“ %

4.13)
Filg [

for any € > 0, where we have used |Vn| < C. From (4.12) and (4.13), we obtain

T .. ..
0>—Cik) — C3(8) + (7 - C5€> Flik} + (WB—Cy— Ca(l + e HB?) Y FF
T—da

i

>—C<x1+ﬁ)+C6ZF” P Cop? ZF”

i=1

(4.14)
Since FI! < F22 < ... < F"™ and k,, < —0k;, we get
N 2 k2> 62
i, 2 5 pmn ii
IZ;F K} >F 9 ZF
Hence,
0>—Ck1+B) + <C6%92K12 - C7/32> > F (4.15)
i

Since ) ; F it > 1 for sufficiently large «1, the inequality (4.15) clearly implies the bound of
x1 from above.

Case 2 In this case, we assume that x, > —6«. Hence, k; > «, > —0«. We then group
the indices {1, ..., n} into two sets [ = {j : F/ <4F"}and J = {j : F// > 4F!1}. Using
(4.4), we can infer

1 i _ (I+¢€)
= Y Flani* <C(1+e HB2F! + E— ———S Fll|g? (4.16)
K1 ier t
for any € > 0. Therefore it follows from (4.12) that
0>—Cixk1 — C3(8) — F” Haiapn + ( - CSE) Fii?
' T—a
. 4.17)
+(W'p—C2) ZF” -5 LY F (Vi) Ca(1 4 B,
i KT ey
Using Lemma (2.5) and the Codazzi’s equation, one gets
1 S1—fi Si—fi
Flj kl > __ J . - ] _ R .
T ajjrag = P ZKI_K]' (01]1 Z/q—/c] arj 01]1)
jeJ
(4.18)

1
Following the argument in [34], we may verify that choosing 6 = 3 it holds that for all
jed,
2 . Fii
Nodiy Ji P (4.19)

K K1 —Kj _/clz K12
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Combining (4.17), (4.18) and (4.19), we obtain

1 .. _ T ..
02— Cur = C3(f) -2 > FlayjRoiji + (m - Csé) Fli
I jeJ

+ (0B —Ca) ZFii —Cy(1 4+ e Hp2FN

(4.20)
n
>—Ck1+B)+Coy Fixi+(Wp—C)Y F'—CpF"
i=1 i
>(Cs(h'B — C2) — Ciict + (Cei — C187)F'! — C3(B),
by choosing € small and sufficiently large «1. Here we also used (4.4) and
n .
Y F > Cry.
i=1
For 8 > 0 sufficiently large, we may obtain an upper bound for «; by (4.20). O

Remark 4.2 The similar idea also has been used in [18,23,43].

5 A global C? estimate for convex hypersurfaces in the warped product
space

In this section, following the arguments in [30], we can obtain C 2 estimates of convex
solutions for the curvature Eq. (1.2) in X, namely, proving Theorem 1.2.
Define the following auxiliary function,

1
W= 1InP()~ Nlogr — . (5.1)

where P (k) = K24+ K,% = Zﬁj:l al.zj, and N, B are two constants to be determined
later.

We assume that W achieves its maximum value at Xo € X. By a proper rotation, we may
assume that (g;;) is a diagonal matrix at the point, and aj| > a2 ... > au,.

At xq, covariant differentiate W twice,

cajiapi T Kjay; iiNi
0= = Zl,] Jelji —N*l—,Bni _ Zl 1411 +Nazl7h —Bni = 0, (5.2)
P T P T
and
0>y
2
1 2 2 2 Tii 'L'l-z
z 5 Xl:mazzu-f—z[:am-%;apqi T p2 Xl:’qalli —N7+N72—/37hi
p#q

—_

=7 |:Z K1 (@it — Qim (miGil — Am1aii) — ami (Amian — am1ai;)
1

+Roiit:t — 2ami Rmiit + air Roior + an Roiio
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+Rositzi — 2ami Rt + aii Roor + aii Roio) + Y _ajy; + Y _ a2
l P74

N
—pz (Z Kiap; ) Zaumz 7'61 + Ni? + *K n;
N -
+= > Roiim + B 8ii — i),
T
]
Multiplying oy, I poth sides gives
1 ii ii ii
0 ZF ZKI Ok Qiill — Oy Aim (Ami @il — AmiQii) — Oy Ami (@il — amidi;)
1
+ 03" Roiit:1 — 203" ami Rmiir + 0} air Roior + o' air Roiio + 03" Royit:i
—20}" ami Ryt + o3 aii Roor + U;ﬁ'aliRozio>

ii 2
+Zak i + Z Apqi

P74
2 ? N
~ 3% (Z Kiai ) t7 Zazﬁ’aiizm -
1 1
+ X > of' Roiumi + B | W'Y ot —Tkf
’ i

l

N
11K2 + Gzﬁllfzfl,z

Z/qa,fiam[ + kuKl C(1+ Kl) Z Zok aj; + Z a” ]z)ql
! 1

P#q

2 : N

_ ﬁglil (Z Kjaqg; ) + - Zg]ila”ml + (N — l)glél/d
1 1
+(C1B—CaN) Y "oj' = C(B. N).
i
(5.3)
Now covariant differentiate the Eq. (1.2) twice,
of'aiij = dyy(V;V) +dyy(Vjv) = hdyy(E;) —ajdyy(Ep), (5.4)

and

of aiijj + 0" apgjar;
=dyy (Vi V) +diy(V;V,V;V) + 2dyd, ¥ (V;V, V;v)
+d2y (Vjv, Viv) + dyr (V).
h//
:—mewwp+mmwww+m¥%wwp@)
—2h'ajdyd, W (E;, Ej) + a3;doy (Ej, Ej)
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=Y ajjdy ¥ (Ep) — aj;dyr(v)
[

2
> —C = Cxj— Y ajjdyyr (Ep), (5.5)
1
where the Schwarz inequality is used in the last inequality.
Since
s , .49 2
— Ukpq ”apqgarsl = —Ukpp qqa,,pgaqql + akpp qqapql, (5.6)

it follows from (5.2) and (5.4), and Codazzi equation (2.10) implies
1 N . Nh
5 2Ky (ED == Jojlain; — =3 vy (Epn; + Y njdvir (Ej)
Lj J J J

1 -
= 5 2 KiRojjdyr (.
Lj

5.7
Denote

Ki 2 pP.qq // it 2
A,»=P(K(ak)i Y app,.aqq,.), n =23 ol

P4
o’ 20/
k2 2 k
Ci=2) —aj Di= Z"” ajji» Ei = Z"/“ut
J#
By (5.4) and (5.7), we can infer

1 1,
02; Z/q —C—CKIQ—K(G/(),Z—I—K(Uk),z—o,fI a9 applaqql—l—ZZok ”alzjl
i j#l

+kf ZKI3 + Zak a; +ZZU/?(1Z2”
I

J#
) 2
~ 5301 (Zkzam) + (N = Doj's
]

S ol - _G
+ (C18 — CaN — C3) : o} C(B,N) p
(5.8)

From the Codazzi equation a;;; = a;;j — Ry i and the Cauchy—Schwarz inequality, we have

I, jj —
ZZO’ Klaljl —ZZUk a”j — ROI]I)

J#l J#l
1,jj
>2—9) Z/qak ”alzlj —Cs Za,gj
J#l J
1,jj 1,
=2 -9) Z/qcrk Halzlj —Cs Z/qak I
J#l J#l
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and

22 ; 1211 —220/( azu ROl_]l) >(2—5)ZG” 1211 —C(;Za”,
i

J# J# J#

where § is a small constant to be determined later and Cs is a constant depending on §.
Therefore, we obtain

0>— [Z"l —C — Ck} — K(o0)}) + kf Zxﬁ}
l

1 ” Cy
2
+ (N = Dojix? + <C1ﬁ —C,N —C3 — Cg;) Zi:a,g' —C(B,N) — o
5 5 (5.9)
+<1 - 5) Z(Ai+Bi +Ci + D; —Ei)+§Z(Ai+Di)
1 1

2
2 ..
——0; Z kiayi | .
!

According to the proof of Lemma 4.2, Lemma 4.3 and Corollary 4.4 in [30], we have the
following alternatives. There exist positive numbers &, 83 .. ., §, depending only on k, n,
such that either

ki > 8ik1,¥Y 2 <i <n,
or
Ai+B +C;+D;, —E; >0,V 1<i<n.

Thus, in the following, the proof will be divided into two cases.

Case (A): There exists some 2 < i < k—1,suchthatx; > §;«x1 and kj 1 < 8;4+1k1.Choosing
K sufficiently large, we have A; is positive by Lemma 2.6 . By the above alternatives, we
can infer

Z(Ai+Bi+Ci+Di—Ei)ZO.
i

From (5.2) and Cauchy—Schwarz inequality, we have

2 2
. 1 .. (N . .
o (pz > :K,am) =o' <?K,- —ﬁ) n# < Cs (Nzo,g’;c,? +87) o,§’>. (5.10)
1 i

Inserting (5.10) into (5.9), we get

1
0> P |:;Kl (-C - Ci} — K(ak)lz) +kf;/<13i|

1 N
+ N (5 - CS(SN) U]éle-i— (2 1> a,é’ i©?

1
+ <C1ﬂ—C2N—C3—Ca;—C55/32>ZU —C(B,N)— —
>—l(C(K)+C(K)K3)+C Y1)«
= P 1 6 D) 1
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1 y 1

+ N (5 - C58N> ol + (Clﬂ —CN=C3=Copy = C58;82>
y Cy
i _C(@,N)——=

xZijak B.N) - =

1 1 y
> <§C6N — C(K)) K1+ N (E — C56N> olli?
+(cp-aN - -Gy - csp?) Yol ey -
: P - K1

2

where we have used o' k;

choose N such that

> cok1. Now let us choose these constants carefully. Firstly,

1
C(K)+1< ECSN’ and N > 4.

Secondly, choose 8 such that

Cip—CoN—-C3—-3>0.
Thirdly, choose the constant § satisfying

max{N?, g%} < (2Cs8)"".
At last, take sufficiently large «; satisfying

Sy
p =

Otherwise we are done. Finally, «; has upper bound by (5.11).
Case(B): If the Case(A) does not hold. That means «; > k1. Since x; > 0, we have,

Ok > K1K2 ... K} > 8],(‘_1/4‘.

This implies the bound of k.

6 A global curvature estimate for (n — 1) convex hypersurfaces

For the functions t and 1, we employ the following auxiliary function which is introduced
firstly in [30],

¥ =loglog P — N In(z) — B,

where P = Zl " and {K1}]_, are the eigenvalues of the second fundamental form.

We may assume that the maximum of W is achieved at some point X¢ € X. After rotating
the coordinates, we may assume the matrix (a;;) is diagonal at that point, and we can further
assume that aj; > a»y ... > a,,. Denote k; = a;;.

Covariant differentiating the function W twice at X¢, we have

1
Plog P

~ PlogP

= ¥i

Ti aiinj
N?l—ﬂm': Zek’amﬁ-N%—ﬁ’h, (6.1)
1
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and

0>
_ b P? P? Gi le _p
" PlogP P2logP (PlogP)? T 72 i

1 « efv — e 2 1 1 )
Ly | = P;

aty

N
+— Zattlnl 7/(1 + NK + *K 77, + — ZROzzlrll Btk — zz)

1
Plog P

—2ay1 Rmiit + aii Roior + ai Roiio + Rotiz;i — 2ami Rt + aii Rowor + aii Rovio)

efe — kv 1 1 2
e+ X (5 )

a#V Ka

+? ; @i —

N
o+ Nid + i+ — ZROzzlnl Blrki — h'8ii).

Contract with a,ii 1

0>o0," ¥

!
= PlogP [Ze % 1“””“”_1)1”26 K=o, 1"226 ki

—C(1+k)P ZUH + Za,,,le l“zzi
i l

1 1 -
2 2
+ E ;él 19%yi = (; + PlOgP)G’;LlPi

K
aty

+— Z onaiim — *(n—l)Nh/lﬁ—l-NU,’;"_l/ciz

N
—i-?o' 1K 7’]1 + — ZO' 1R0ul771 (n—l)ﬂ‘[l//-i—hﬂz

Inserting (5.4), (5.5) into (6.2), we obtain

0> o0l W,

>
~ PlogP

1
|:Z a (_C - CKl K (on- 1)1 + K (0, l)I qir apq]a”l)

=Y eajudyy(E)) + (n — I)WZeK’K ol kY etk
l

L

—C(l—i—/q)PZG 1+ZUn A a”
i
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eka — oKy 2 1 1 .. b
+Z o laay1_<F+PlogP>o';;LIPi

ay KT
N , , ,
+— ZG,;’_laiimz + Noj i + 7 kIt + (WB—C)) ol = C(B.N).
l i

(6.3)
By (6.1) and (5.4), and the Codazzi equation (2.10), we have

1 N .
Plog P 2 aud vy (E)) =7 PIEARTT
Lj l

' Roijidy ¥ (E ).

+B Y iV (Ej) =
J

(6.4)
By using (5.6) and (6.3), we get

1 )
> Plog P |:Z P (—C — CK12 — K(anl)lz) + Ze'ﬁ (K((rn,l)i2 — arf)fiqqappiaqqi)
1 1
+ ZZU” e afy + (n— Dy Zelelz —opl K} ZeK]K’
I£i

_C(l—l—Kl)PZO' 1—1—20 e “llz 6.5)
- .

+2Y o e —e 1 n 1 i p2
o, \—ai;; — | = o :
n—1 K| — ki lil P PlOgP n—1%41i
N . C
+ Najl «? +3 Sk 4 (BR = C)Y ol = C(B,N) — —.
- K1
From the Codazzi equation (2.10) and Cauchy—Schwarz inequality, we have
2(@in)* =2(ani — Roin)® = 2 = d)ajy; — C
where § is a small constant to be determined later. Denoting
; . Al
A; = €N K(a,,_l)i2 — Z oP M aypiaggi | Bi =2 Zo” le"’alll,
p#q 1#i

) el—eKl 2 I+logP ;; >
Ci=o0,_ 126 aj; Di —22 o = Vi Ei:iPlogP o, P7,
1#i
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we have, by (6.5),

1 1
0>(1-=s [A B +C; + D; — E] C;
—< 2>PlogP TR GH 2 Plog Z(’+ )

§ 1+logP C
g 17y S Oy,
2(P10gP)2 Plan;e,' PlnPl K| — Ki

I(/ _ eK,

C
+(N—])O” e +70_u 1K nz ﬁh _C Z l_CKl C(ﬂ,N,K)—E-

(6.6)
By Schwarz inequality, we always have
2
= (Z €K’6111i) <P Zek’azzli,
l 1
which implies
s 1 8 logP y
= Ci> = i P2 6.7
2PlogP ' = 2(Plog P2 7m 1 ©.7)
We also have
Za,';’;’lfe"’ <P Za,ii;lll =2P Zo,ii_z =6Po,_3. (6.8)
i

I#i I#i

We divided into several cases to compare with o;,_>.
Case (A) If 0,,—2 > 0,3, by (6.8), we have, forn > 3,

Cs il kg 2 Cs ii
<3 . 1]. 6.9
Plog P IZ n—1€° =N log P Xi:%_l + (6.9)

Case (B) If 0,2 < 0y,—3,1in [',,_1 cone, since |k,| < k1/(n — 1) by the argument in [42], we
have

K1...kn—2 < Coky...Kpn—3,

which implies k,_» < Co. We further divide into two sub-cases to discuss for index [ =
1,...,n.
Subcase (B1) If 2|k;| < k1, we have

< % < ;(Q)H
P~ - “lm=3"\2

The last inequality comes from Taylor expansion. Thus, we have

Cs U”llle’” <C Ca <,
PlogP " K1

-1

for sufficiently large «.
Subcase (B2) For sufficiently large «1, if 2|«;| > x1,byky—2 < Co,wehavel <] <n-—3.
In this case, we have
i1l
0, S CLKL . K= 1KI41 -+ Kn—2 S K1 .. K[—1K[K[4] - . . Kp—2 < Op—2.
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The middle inequality comes from 2«; > «1 > 2C| for sufficiently large «1. Thus, we have

Cs il g
PlogP "~ 1 ~ log P

Combining cases (B1) and (B2), we also have (6.9).
By mean value theorem, we have some & between in «; and «; satisfying

Za 1 e —Za le§<(n—l)PZ(r
1#i k= ki 1#i

Hence, using the discussion in [42], we have

Op-2.

Ai+Bi+Ci+Di—E; >0.
Thus, by (6.6), (7.6), (6.9), (6.10), we have

) 1 1) 1
02— ———>0," 1P12 5 ZAi
2 (Plog P)2 2 PlogP &
N
+(N-1o, lK +—o 1IC nl
Cs - C
hW—-C-— " —C(B,N,K)— —.
+<ﬂ logP>Zi:G"_l (BN —

From (6.1) and the Cauchy—Schwarz inequality, we have

(6.10)

(6.11)

8 i p? 8 N : s i o s y
EG#_IW 5 ,;ll( —,3> ny <CS|N U,l,l_llcl- + 8 Xi:O,l,l_l .

Therefore, by Lemma 2.6, (6.11), (6.12), we obtain

0>(N—1-C8N?) ol |k +<ﬁh’

5 2
P—CBﬂ)

g C
Dol = CB N K) —
i

(6.12)

(6.13)

Since o 1/{ > Ci1k1, we only need to choose the constants N, 8, § carefully. At first, we

take constant N satisfying
(N—-n—-1)C; —C(K) > 1.
Secondly, we choose constant 8 satisfying
Bh —2C —2>Cp—2C—2>0.
Thirdly, we let constant § satisfying
max{CC8N?, Csp>} < 1
At last, we take sufficiently large « satisfying

Cs Cs
<2 <.
logP = k1 —

Finally, by (6.13), we obtain the upper bound of «1.
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7 The existence results

We are in the position to give the proof of the existence Theorems.

Proof of Theorem 1.1 We use continuity method to solve the existence result. For parameter
0 < s <1, according to [8,17], we consider the following family of functions

vV, v) = syt u) + (1 — )e)or(k (1)).

where «(t) = h'/ h and ¢ is a positive function defined on [ satisfying (i) ¢ > 0; (ii) (¢) > 1
fort <it_;(iii) ¢(t) < 1fort > ty;and (iv) ¢’(r) < 0. Itis obvious that there exists a unique
point ty € (¢, t4) such that ¢(tp) = 1. By [8], z = 19 is the unique hypersurface satisfying
problem (1.2) and one can check directly that ¥* also satisfies (a), (b), (c) in Theorem 1.1.
The height estimate can be easily obtained by comparison principle.

The openness and uniqueness are also similar to [17,30]. In view of Evans—Krylov theory,
we only need height, gradient and C? estimates to complete the closeness part which has
been done in Sects. 3, 5 and 6. We complete our proof. O

In what following, we discuss the constant rank theorem in space forms according to
[24,26,29]. We rewrite our Eq. (1.2) to be

F(a) = —o, """ (@) = =y~ % (x, v). (7.1)

Proposition 7.1 Suppose the ambient space (M, ) = (S"T1, g) is the sphere with the metric
defined by (1.1) and h(t) is given by (1.4). Suppose some compact hypersurface ¥ satisfies
(7.1) and its second fundamental form is non-negative definite. Let X, Y be two vector fields
in the ambient space and ¥ be the covariant derivative of the ambient space. If the function
Y locally satisfies

VxVy (V5 4oy ey y >0,

at any (u, z7) € %, then the hypersurface X is of constant rank.

Proof According to [24], suppose Py is the point where the second fundamental form is of
the minimal rank /. Let O be some open neighborhood of Py. If O is sufficiently small, we can
pick some constant A as in [24]. Then we use the auxiliary function ¢ = o741(a) + Aojy2(a)
to establish a differential inequality.

Now we choose a local orthonormal frame {e; ..., e,} in the hypersurface X. Since M is
the sphere with sectional curvature A, we obviously have

Rabed = M8acBbd — Saadbe)-
By Lemma 2.2, we have
0j = (o]} + Aojip)aiij,
vjj = (o1 + Aoiiy)aiij; + (0" + Acf5 Vapgjar;
= (0/4y + Aoio)lajjii — aim(@mjaji — amiajj) — amj(amjaii — amiaij)
=20 M(8mjdij — Smidjj) + ajirdoodji + aii k(=800 ;)
—2ajA(8mjdii — Smidij) + a;jjAdo0dii — aijAdondij] + (G/fl’” + A()'lz_qz’”)aquarsj.
(7.2)
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Thus, we have
o N ) , ,
Flojj = F oy + Aojiy)lajjii + ajajj — ajjaii + raiidjj — rajjdii]

jij . pa.rs pq.rs
FFY (o 4 Aoy Dapgjars

+1
= (o/1y + Ao/ )=y 5)ii = ap VK811 — (ofL + Aol FPI " apgiaysi
+FI (o™ + AolS apgjars;. (7.3)

Since the second fundamental form still satisfies Codazzi property in space forms, the process
of dealing with the third order terms is same as [24], We also have

W0 = @Ry = a VR,

where the comma in the first term means taking covariant derivative with respect to the metric
of the ambient space. Thus, since the index i is a bad index, the third term is useless. We
have our results. ]

Now, we can prove Theorem 1.3.

Proof of Theorem 1.3 The proof also use the degree theory by modifying the proof in [30].
We consider the auxiliary equation

ok k(X)) = ¥ = (sy ™A ) + (1= 97 (7.4)
where ¢ is defined by ¢ = Cﬁ @i (1). We claim that, for the sphere,
(Qil/k),zj + )»(/_Jil/kg’ij > 0. (7.5)

where {eg, . .., €,} is the local orthonormal frame on M . 1f the claim holds, by our condition,
it is obvious that the ¥* satisfies condition (c) for parameter 0 < s < 1. By Proposition 7.1,
the strictly convexity is preserved along the flow °.

Now, let’s discuss Claim (7.5). Define a(t) = (Cﬁ(p)l/k. Since ¢ is some constant on
every slice, we have, fori, j =1,...,n

o (D) + a()' (1)

@8 = @ VO = aij @Oy = —hA 0k @) o0
o Ok +ak@)
= O e B
Thus, in space forms, we have
h”(t)_ 2,0 , _h”(t)_ 2 1
R O T B 0}
Then, we have
/ 1 o 2
Gy = L OO H OO D a) —d OB,

20 (t) ij @2(t)k (1) ol

since o’ < 0.
For the unit (namely, A = 1) sphere, it is easy to see that

P @ H 9@ +ar' () 9 a—asintcost

-—1/k — - _ —
@ a2 ot a2(H)Kk2(t) 9t  o?cos?t
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Thus, we have

-1k 20/ sin?t — " sintcost o — o sinzcost
@ 1t =
a?cos?t a*costt
—2costsin)a’ + 2o’ cos® ¢
[(

20/ sin? ¢ o —a'sintcost

> costsint
a?cos?t a?costt
2acostsint

a?costt
> 0,

if we require o’ < O and o” > 0. Thus, Claim (7.5) holds for unit sphere. Since it is rescaling
invariant, then (7.5) holds for any A > 0.

Now we can give the requirements for functions ¢(¢) to satisfying o’ < 0 and «” > 0. It
is a straightforward calculation that

ka*~lo' = Cr¢' and ko lo” + k(k — D2 (') = Chy”,

which implies that
/ ” k-1 N2
¢ <0 and @@ > T((p) . (7.6)

We further need that (i) ¢ > 0; (ii) () > 1 fort < _; (iii) ¢(¢) < 1 for ¢t > t;. There is a
lot of functions satisfying (i) (ii) (iii) and (7.6), for example

o) = exp(— — 1),

Thus, the initial surfaces satisfy the condition of constant rank theorem and the height estimate
comes from comparison principle. The curvature estimate has been obtained in Sect. 5. The
rest part of this proof is similar to convex case in the Euclidean space, where we only need
to replace the constant rank theorem in [30] by Proposition 8.1 here. O

Remark 7.2 In hyperbolic space, the problem is that the slice spheres do not satisfy the
constant rank theorem: Proposition 7.1. It may be an interesting problem to find some other
nontrivial initial family of hypersurfaces to satisfy Proposition 7.1.
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