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Abstract In this paper we give sharp conditions on K (x) and f(u) for the existence of
strictly convex solutions to the boundary blow-up Monge—Ampere problem

Mlul(x) = K(x)f(u) forx € Q, u(x) > +oo asdist(x, d2) — 0.

Here M[u] = det (uy,x j) is the Monge—Ampere operator, and €2 is a smooth, bounded, strictly
convex domain in RY (N > 2). Further results are obtained for the special case that € is a
ball. Our approach is largely based on the construction of suitable sub- and super-solutions.

Mathematics Subject Classification 34B18 - 34B15 - 34A34

1 Introduction

We consider the boundary blow-up problem for the Monge—Ampere equation

Mlul = K(x)f(u) in 2, u=-+ocoond, (1.1)
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where M[u] = det (u,, x;) is the Monge—Ampere operator, 2 is a smooth, bounded, strictly
convex domain in RY (N > 2), and K (x), f (1) are smooth positive functions. The boundary
blow-up condition # = 4 0o on 92 means

u(x) - 4+ oo asdist(x,02) — 0.

Such problems were studied by Cheng and Yau [4,5] with f(#) an exponential function of
u, due to their applications in geometry. The case f(#) = u” (p > 0) and K (x) is a smooth
positive function over € was considered by Lazer and McKenna [12], and it is proved that
in such a case (1.1) has a strictly convex solution if p > N, and there is no such solution for
0 < p < N. Further results can be found in [7,10,13-15,21,22].

In this paper, we aim to find sharp conditions on K (x) and f(u) for the existence of a
strictly convex solution to (1.1) with K(x) and f(u) chosen from a much larger class of
functions than those considered in [12]. More precisely, we will seek sharp conditions for
the existence problem for functions K (x) and f(«#) which satisfy

(K): K € C*®(Q2) and K (x) > 0in ;
(f) : there exists n € R! U {— oo} such that

(1) f € C*°(n, 00) is positive and strictly increasing in (1, 00),
(ii) if n € R! then additionally f(n) := lims_,., f(s) =0.

To simplify notation, we write 4 0o as 0o. Let us note that a function K (x) satisfying (K)
need not be bounded away from O or co near d2. Examples of functions f (u) satisfying (f)
clearly include

a+eée™@a=>0,b>0),kulk, p>0).

Although various sufficient conditions on K (x) and f(u) satisfying (K) and (f), respec-
tively, have been found for the existence of solutions to (1.1), none of them is known to be
sharp, in the sense that the sufficient condition is also necessary.

For example, suppose that K € C%°(Q) is positive (and hence satisfying (K)), and f
satisfies (f). Then it follows from Matero [13] and Mohammed [14] that

e (1.1) has a strictly convex solution if in addition f satisfies!
o0
/ [F(s)]7YN gy < oo; (1.2)
e (1.1) has no strictly convex solution if
o0
/ f&)Nds = oo, (13)
Here
S N
F(s) = / f(ydtifn e R, F(s) = / f@)dtif n = — oo,
n 0
and [ ®(s)ds < oo (= 00) means that

o
/ D (s)ds < oo (= oo) for all large positive M.
M

I As explained below, when 1 € R! , the condition (1.2) alone is actually not sufficient.
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If we take f(u) satisfying (f) and f(u) = uN(log u)® for all large u, then it is easily
checked that f(u) satisfies neither (1.2) nor (1.3) when o € (N, N + 1].

On the other hand, the known results for (1.1) show a clear similarity to that of the
corresponding semilinear boundary blow-up problem

Au=K(x)f(u) in2, u=o0ondQ. (1.4)

By the arguments of Keller [11] and Osserman [16], it is easily checked (see, for example,
section 6.1 in [8]) that if K € C°(Q) is positive, and f satisfies (f), then (1.4) has a solution
if and only if

/w[F(s)]—‘/zds < 00. (1.5)

It will follow from Theorem 1.1 of this paper that, if K € C*(Q) is positive, and
f satisfies (f), then (1.2) is also a necessary condition for (1.1) to have a strictly convex
solution. Moreover, we will show that, in the case n € R!, (1.2) alone does not guarantee the
existence of a strictly convex solution to (1.1); one needs to require additionally

/+[F(s)]*1/<N“>ds = o0. (1.6)
1
Here f,ﬁ ®(s)ds = oo means that

n+e
/ @ (s)ds = oo for all small positive €.
n

Let us observe that if f(u) = u? with p > 0, then (1.2) is equivalent to p > N, and (1.6) is
equivalentto p > N.

We would like to emphasize that for (1.4), condition (1.5) is sufficient for the existence
problem, whether or not = — oo; but for (1.1), in the case n # — oo, the condition (1.2)
alone is not enough and the extra condition (1.6) is required to guarantee the existence of a
strictly convex solution to (1.1). (See Theorem 1.4 for details on the necessity of (1.6).) This
difference between the two boundary blow-up problems (1.1) and (1.4) seems overlooked in
several previous works, and this paper appears to be the first to notice and demonstrate such
a difference.

The first main result of this paper is the following.

Theorem 1.1 Suppose that K (x) satisfies (K) and K € L (2). Suppose that f (u) satisfies
(), and when 1 € R, it satisfies additionally (1.6). Then (1.1) has a strictly convex solution
if and only if (1.2) holds.

Next we consider more general K (x). Mohammed [14] proved that if K (x) satisfies (K)
and is such that the Dirichlet problem

Mlul = K(x) inS, u=0ond<, (1.7)

has a strictly convex solution, then (1.1) has a strictly convex solution if f satisfies (f) and
(1.2)%.

In [3], Cheng and Yau showed that problem (1.7) has a strictly convex solution if for some
d>0and C > 0,

0 < K(x) <Cdx)* M1 inQ, where d(x) := dist(x, 3%).

2 See footnote 1.
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In [15], Mohammed proved that (1.7) has no strictly convex solution if
K(x) > Cd(x)""" in  for some C > 0.

These results have been improved by Yang and Chang [21] who showed that for K (x)
satisfying (K),

(i) (1.7) has no strictly convex solution if

K(x) > Cd(x)" "~ (~Ind(x))™" near 82 for some C > 0;
(i1) (1.7) has a strictly convex solution if
Kx) < Cd(x)*N’I(— Ind(x))™7 near 92 for some ¢ > N and C > 0.
The second main result of this paper is a correction of the existence result in [14].

Theorem 1.2 Suppose that K (x) satisfies (K) and is such that (1.7) has a strictly convex
solution. Suppose that f(u) satisfies (f), and when n € R!, it satisfies additionally (1.6).
Then (1.1) has a strictly convex solution if (1.2) holds.

Remark 1.3 (i) Let us note that when K satisfies the conditions in Theorem 1.1, by the
above mentioned results, (1.7) always has a strictly convex solution. Hence Theorem
1.2 gives a better existence result than Theorem 1.1.

(i) We suspect that (1.2) is also a necessary condition for (1.1) to have a strictly convex
solution under the conditions of Theorem 1.2, but we have failed to find a proof.

The theorem below indicates that without the extra condition (1.6) in Theorems 1.1 and
1.2 in the case € R!, (1.1) may have no strictly convex solution.

Theorem 1.4 Let Q2 be a smooth, bounded, strictly convex domain in RN, N >2. Suppose
K satisfies (K) and f satisfies (f) with n € R If f satisfies (1.2) but not (1.6), i.e.,

/ [F(s)]" ¥ Tds < 0o and/ [F(s)]" ¥ ds < oo, (1.8)
n+

then, for each K, > O there exists Ry > 0 depending on K, f and N, such that (1.1) has
no strictly convex solution on Q if Qk, = {x € Q : K(x) > K.} contains a ball of radius
R > Ry.

Our next result gives conditions on K (x) guaranteeing existence and non-existence of
strictly convex solutions to (1.7), which are more general than the ones obtained by Yang
and Chang [21] mentioned above.

For a positive function p(¢) in (0, 00) satisfying p’(t) < 0 and lim,_, o+ p(¢) = oo, to
distinguish its behavior near t = 0 we set P(7) = frl p(t)dt. We say such a function p(¢) is
of class Pipnjse if

/ [P(r)]%dr < 00,
0+
and is of class Py if
/ [P(0)]Vdt = o0.
0+
It is easy to check that if p(r) = t~N=1(—1In¢)~7 for small # > 0, then for g > N one

can extend p(¢) to a function of class Py;,ise, while for ¢ < N, one can extend p(¢) to a
function of class Pyo.
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Theorem 1.5 Suppose that K (x) satisfies (K). Then

(i) (1.7) has no strictly convex solution if there exists a function p(t) of class Pso such
that K (x) > p(d(x)) near 092;

(ii) (1.7) has a strictly convex solution if there exists a function p(t) of class Pfinire Such
that K (x) < p(d(x)) near 0€2.

Moreover, in case (ii) above, if we define
t
wo(t) = f (NP(x)¥dt fort € (0, b), (1.9)
0

then (1.7) has a strictly convex solution u € C*®(2) N C(Q) such that
—lpwo(d(x)) <u(x) <0 inQ for somely > 0. (1.10)

Remark 1.6 1t is interesting to know what happens to (1.1) if K(x) is such that (1.7) has
no strictly convex solution. We will examine some such cases for the radially symmetric
situation, and show that (1.1) may have infinitely many strictly convex solutions or no such
solution, depending on the behavior of f; see Theorems 5.3 and 5.4 for details.

Remark 1.7 The blow-up rate and uniqueness of solutions are not considered in this paper,
and will be discussed in future work. Using more recent regularity results on Monge—Ampere
equations in [1,18,20], the smoothness requirements in (K) and (f) can be considerably
relaxed; we leave the details to the interested reader.

The rest of the paper is organized as follows. In Sect. 2 we collect some known results to
be used in the subsequent sections. Section 3 is devoted to the proof of Theorem 1.5, while
Sect. 4 gives the proof of Theorems 1.1 and 1.2. In Sect. 5, we consider radial solutions and
discuss the cases mentioned in Remark 1.6. Section 6 is devoted to the proof of Theorem 1.4.

2 Some preliminary results

In this section, we collect some results for the convenience of later use and reference.

Lemma 2.1 (Lemma 2.1 of [12]) Let 2 be a bounded domain in RN, N > 2, and let
uk e CHQNCEQ) fork =1,2. Let f(x, u) be defined for x € Q and u in some interval
containing the ranges of u' and u* and assume that f (x, u) is strictly increasing in u for all
x € Q. Suppose

(i) the matrix (u}ci Xj) is positive definite in Q,
(ii) Mlu'1(x) = f(x,u'(x)), VxeQ,
(i) M[u?]1(x) < f(x,u?(x)), VxeQ,

(iv) ul(x) < u?(x), Vx €dQ.

Then u'(x) < u?(x) in Q2.
Remark 2.2 From the proof in [12], it is easily seen that the condition “ f (x, u) is strictly
increasing in u for all x € ” in Lemma 2.1 can be relaxed to “ f (x, u) is nondecreasing in

u for all x € Q” provided that one of the inequalities in (ii) and (iii) is replaced by a strict
inequality. This observation will be used later in the paper.
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Lemma 2.3 (Proposition 2.1 of [7]) Let u € C*(Q) be such that the matrix (uy, x;) s

invertible for x € , and let g be a C? function defined on an interval containing the range
of u. Then

Mig)] = Muul|[g' 1" + g @I 'g" @V Bwval, @D

where AT denotes the transpose of the matrix A, B(u) denotes the inverse of the matrix
(tx; x | ), and

T
Vi = Uy, Upyy ooy Uyy)

The following interior estimate for derivatives of smooth solutions of Monge—Ampere
equations is a simple variant of Lemma 2.2 in [12], which follows from [17,19].

Lemma 2.4 Let Q be a bounded domain in RN, N > 2, with 9Q € C™®. Let n €
[— oo,+oo)gnd f e C®(Q x (n,00)) with f(x,u) > 0 for (x,u) € Q x (1, 00).
Let u € C°° () be a solution of the Dirichlet problem

Mlul(x) = f(x,u), xeqQ,
{ u(x) = c = constant, x € 3R, (2.2)

with 1 < u(x) < c in Q. Let Q' be a subdomain of Q with Q' C S and assume that
n<a<u(x)<bforx € Q andlet k > 1 be an integer. Then there exists a constant C
which depends only on k, a, b, bounds for the derivatives of f (x, u) for (x, u) € Q' x la, b],
and dist(2', 92) such that

||M||Ck(§) = C.

The existence result below is a variant of Lemma 2.3 in [12], which is a special case of
Theorem 7.1 in [2].

Lemma 2.5 Let Q be a strictly convex, bﬂunded domain in RN, N > 2, with 92 € C™®.
Let f(x,u) be a positive C function on Q x (n, cl, where ¢ > n > — oo. If there exists a
function u, € C*(RQ), which is convex on Q, such that u, > n and

Mluy](x) > f(x, ux(x)), x €,
us(x) =c, x € 012,

then there exists a solution u of (2.2) with u € C®(Q) and u strictly convex. Moreover,
u(x) > uy(x) on Q.

Let 2 be a smgoth, bounded, strictly convex domain in RV, by Theorem 1.1 of [2], there
exists ug € C*(2) which is the unique strictly convex solution to

Mlupgl =1 in 2, up =1onoQ.
Set z(x) := 1 — up(x). Then z(x) > 0 in €2 and it is the unique strictly concave solution to
(-D¥M[z1=1 inQ, z=00n0Q. (2.3)

Since (zy;x j) is negative definite on Q, its trace is negative, that is Az < 0, and hence one
can apply the Hopf boundary lemma to conclude that |Vz| > 0 for x € 9€2. It follows that
there exist positive constants b1 and by such that

b1d(x) < z(x) < byd(x) forx € Q. 2.4
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3 Proof of Theorem 1.5
3.1 Proof of part (i)

Suppose that there exists a function p(¢) of class P such that K (x) > p(d(x)) near 9.
We want to show that (1.7) has no strictly convex solution.

We first note that by replacing p(t) by cp(t) with ¢ a suitable small positive constant,
we may assume that K(x) > p(d(x)) in Q. Secondly, we may modify p(z) for large ¢ and
assume that p(r) = coe™" for some positive constant cy and all large ¢, say r > M. Thirdly,
with p(¢) modified as above, if we define

P(7) = f ” p()dt,

then we still have

/ [P(D)]Vdt = 0. 3.1)
0t
Moreover,
P(t) =coe™", P(t)/p(t) =1 fort > My, P(t)/p(t) > 0 ast — O. (3.2)
‘We now define ~
o(t) = / (NP(t))Vdr fort > 0. (3.3)
t

By (3.1) we have 1iI(I)1+ o (t) = oo. From (3.3) we obtain
r—

o'(t)y NP

_1\N-1, 7 N—1_un _ _
=DV @V o) = pt), 0= 0

3.4)

Define
v(x) =lo(cz(x))— L, x € Q,

where [, L, c are positive constants and z(x) is the same as in (2.3). By (2.1), (2.3) and (3.4),
we have

Mv) =M Miezl| [0/ )1 + 0" (elo’ IV (Viea)T Bea)Viea))
= (—IC)N{[G’(CZ)]N +co”(c)lo’ (V! (VZ)TB(Z)VZ}

= oV peen | - :N((Z)) (V2" B2)Vz)
= 10" piea| T v Boyve).
plcz)

By (3.2), we see that sup;. NIN’(I)/p(t) = Cy < o0. Hence, since (Vz)T B(z)Vz is
continuous over £2, there exists mg > 0 such that
NP(c2)

— (V)T B(2)Vz < Cy + cmg forx € Q.
p(cz)

Therefore

M[v] < (Co + cmo) ()Y p(cz) in Q.
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Since z(x) > b1d(x) by (2.4) and p(¢) is decreasing, if we choose ¢ = 1/b; then
plcz(x)) < p(d(x)) < K(x) forx € Q.
We may then choose / > 0 sufficiently small to obtain
M[v] < K(x) forx € Q.

Suppose by way of contradiction that (1.7) has a strictly convex solution u. With ¢ and
[ chosen as above, since v(x) — oo as x — 9 and u(x) — 0 as x — 92, we may use
Remark 2.2 (over Q5 := {x € Q2 : d(x) > &} for all small § > 0) to conclude that v > u in
Q. Since L > 0 is arbitrary in the definition of v, this clearly is a contradiction. The proof of
part (i) of Theorem 1.5 is thus complete.

3.2 Proof of part (ii)

We modify p(t) and define Is(t) as in the proof of part (i) above, and analogously we still
have

/ [P(2)]Vdt < oo. (3.5)
O+

Set .
w(t) ::/ (NP(t))Vdr fort > 0. (3.6)
0

For [, ¢ positive constants to be determined, and z(x) as given in (2.3), we define
wx) = —lw(cz(x)) forx € Q.

Then

W) NP®)

o’t)  p)

and by (3.5), w(x) — 0 as d(x) — 0. Moreover, for any § = (§1,...,&n) € R¥ and
X e,

@ )N 1" (1) = —p(),

2

D wyy Eikj = —lczw”(cz)(ZZx,-éi> +lew (c2) Y (=2 Eiks = 00l€l

ij i ij
for some o9 > 0, since @' > 0, ®” < 0 and —z(x) is strictly convex. It follows that w(x) is
strictly convex in €2.

By similar calculations to those for M[v] in the proof of part (i) we obtain
NP(cz)
p(cz)

Miw] = (16)" pea) | — (VT B)Vz}.

Since (zy; x_,.) is negative definite for x € Q, so is its inverse B(z). Since |Vz| > 0 near
0€2, we obtain
—(V2)TB(z)Vz > 0 for x € Q near 9.
For x € Q,
N P(cz(x))
plcz(x))
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and it is bounded away from O for x € Q2 outside any neighborhood of d€2. Hence there exists
8o > 0 depending on ¢ such that
NP(cz)

— (V)T B(z)Vz > 8y forx € Q. (3.7)
p(cz)

It follows that
Mlw] = 8o(lc)Y p(cz) in K.
We may now choose ¢ = 1/b; and use z(x) < byd(x) to deduce
plcz(x)) = p(d(x)) = K(x) in£2.
Therefore, for all large / > 0 we have
M[w] > K(x) forx € Q.
We now fix ¢ and / as above, and for €, > 0 decreasing to 0 define
Q, ={xeQ:wk) < —€,}.
Then consider the problem
M[u] = K(x) in,, u=1o0n0d%Q,. (3.9)

We observe thit 2, is also a level set of z(x) and hence is strictly convex and smooth. Since
K(x) > 0on Q,, and w,(x) := w(x) + 1 + €, satisfies

Mlw,] = M[w] > K(x) in ,, w, = 1o0ndQ,,

and w,, is convex in €2,,, we can apply Lemma 2.5 to conclude that (3.8) has a strictly convex
solution u,, and it satisfies u, (x) > w,(x) > w(x) + 1 in Q,. Since u,, = 1 on 9%, the
strict convexity of u, implies u,(x) < 1 in €2,. Hence, due to ,, C Q2,4 forn > 1, we
have u, =1 > u,41 on 092,. For every € € (0, 1 —maxygq, tn+1), we have

M1 = up] = (1 —)VK(x) < K(x) = Mlupi1] in Q. (I —€)uy > ttyy1 0n 0Ly,
Hence we can use Remark 2.2 to deduce
Up+1(x) < (1 —€)uy(x) forx € Q,, n>1.
Letting € — 0 we obtain
wx)+1 <upp1(x) <wuy(x) forx € Q,, n>1.
It follows that

up(x) := nl;n;o u, (x) exists for x € 2,

and w(x) + 1 < up(x) < 1in Q.
By Lemma 2.4, for positive integers n and k, there exists C = C,  independent of m
such that

lmllcr(g,) < C forallm > n.

k

It follows that the convergence u, — uo also holds in C; .

up € C®(), is strictly convex in €2, and satisfies

(2) for every k > 1, and

Mlugl = K(x) in2, ugp=1ona.
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Clearly u(x) := ug(x) — 1 is a strictly convex solution to (1.7). Moreover,
u(x) = wkx) = —lo(cz(x)) = —lw(d(x)) forx € Q.
It is easily seen that with wo(¢) defined by (1.9), there exists €g > 0 small such that
eow(d(x)) < wp(d(x)) forx € Q.

We thus obtain u(x) > —lp wo(d(x)) in 2 with [p = [/€¢. Since u(x) = 0 on 92 and u(x)
is strictly convex, we have u(x) < 0 in €. Now part (ii) of Theorem 1.5 is also proved.

4 Proof of Theorems 1.1 and 1.2
4.1 Proof of Theorem 1.2 for the case 5 € R!

We will need the following lemma whose proof uses results in Sect. 5.1.

Lemma 4.1 Suppose that D is a bounded domain in RN and K € C* (D) is positive on D.
Suppose that f satisfies (£) with n > — oo, (1.2) and (1.6). Then for any § > 0 there exists
a strictly convex function u € C*°(D) such that

Mul > K(x)fu), n+8 > u(x) >n inD.

Proof By replacing f(¢) with f(z + n) and u with u — n, we may assume that n = 0. Let
K, := max 5 K(x), and for € > 0 define

—1/(N+1)

T, = foo {(N + DKL[F() — F(e)]} dr.

Since

1 ]—]/(N+])

[F(t) — F(e)]fl/(NH) < |:5 F(1) for all large 7,

by (1.2) we see that
oo
/ [N+ DEJF@) — F1) /" Var < oo,
We also have

F(t)— F(e) > f(e)(t —e) fort > e.

It follows that
/ [N+ DKJF@) — F1} " Var < o
et

Hence T is a finite positive number for any € > 0.
On the other hand, due to (1.6) and

[F(t) _ F(é)]_l/(N+l) < [F(t)]—l/(N—H)

fort > e,
we have

o
T, > / [N+ DK FD] Y 5 00 ase — 0.
€
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Therefore we can choose €y > 0 sufficiently small such that
2N
T > RV+T fore € (0, €],
where R > 0 is chosen such that D C Bg := {x € RY : x| < R}.
For € € (0, €9], we define v(r) = ve(r) by

v(r) _
/ [V + DEF@ — F@1) /" Var = R¥r, € 0, R0,

with
_N-1
R :=T,R N+l > R.
It is easily checked that v is smooth in (0, R¢),
v0) =€, V(0)=0, vV(r) >0 forr € (0,R.), v(r) > 0o asr — Re¢
and
YN = RVTIK, f(v) = PV UK, f(v) forr € (0, R].

Moreover, since
v(r)

RNy >/ [N+ DK Fo)) N Var,
€

by (1.6) we deduce
v(r) — O uniformly forr € [0, R] ase — 0. “4.1)

Since v”(0) = o0, to obtain a smooth function u with the required properties we consider
the initial value problem

YN = rNTUK, f(u) forr > 0, u(0) =€/2,u’(0) = 0.

By Lemmas 5.1 and 5.2 we see that u(r) is defined for r € [0, R] and €/2 < u(r) < v(r)
forr € (0, R), u”(r) > O forr € [0, R]. Thus

Mlu(lx)] = K f(u(|x])) in Bg.
In particular, u(]x|) is a strictly convex function in C*(Bg), u(|x|) > €/2 in By and
Mlu(x])] = K f u(jx])) > K (x) f(u(|x])) in D.

By (4.1), for any § > 0 by shrinking € > 0 further we have 0 < u(|x|) < v(|x|) < ¢ for
x € D C Bg. This completes the proof. O

We are now ready to prove the existence of a strictly convex solution to (1.1). We will
follow the ideas in the proof of Theorem 3.1 of Mohammed [14], but will make use of
Lemma 4.1 above to correct the mistakes there.

Without loss of generality, we again assume that n = 0. Due to (1.2), we can use Lemma
2.1 of [9] to obtain

F([)l/(N+l)
e FOUN T
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It follows that
o0
Y1) = —/ [f ()1~ YNds is finite for all # > 0.
t

Moreover, y (¢) is strictly increasing and y (t) — 0 as t — oo.
Let u4(x) be a strictly convex solution of (1.7). Since u,(x) < 0in  and u,(x) = 0 on
0%2, for all large positive integer k, say k > ko,

Qri={x e Q:u,(x) <ylk)}
is a smooth strictly convex subdomain of €2, and
Qk C Qpyq fork > ko, Q= U/?ikoﬂk
Let wy be the strictly convex function obtained in Lemma 4.1 with D = € satisfying

Mwi] = K) f(wi), k > wi(x) >0 in Q.

Set
€x = min wg(x), k > ko.
xeQ
We now let fk(t) be a function satisfying (f) with n = — oo and f(t) = f(t) fort > .
Then we consider the problem
Mu] = K (x) fi(u) in %, u =k on 9. (4.2)

By Theorem 7.1 o:f [2], (4.2) has a unique strictly convex solution z; when K (x) f (u) is
replaced by K (x) f (k). It follows that

Mlzi] = K (%) fir(k) > K(x) fi(zx) in %, zx = k on 9€%.

Therefore we can apply Lemma 2.5 to conclude that (4.2) has a strictly convex solution
up € C%° (). Since wy is strictly convex and

Mlwi] > K (x) f (we) = K (x) fe(we) in Qi, wi < k = ug on 9%,

by Lemma 2.1 we deduce u; > wy in €k and in particular, ux > €; in Q4. Hence fk(uk) =
f(ug) in 2k and

Mlur]l = K(x) f(ux) in Q, up =k on 9<2.
Following [14] we define
ve(x) = y(up(x) + €) for x € Q; and small positive constant €.

This is now well-defined since y (¢) is defined for ¢ > 0 and uy (x) + € > 0in Q. The same
calculation as in [14] yields

Mlvi] < K(x) = M[uy] in 2.
Since u, = y (k) = y(ux) < vg on 92, by Remark 2.2 we obtain
us(x) < vp(x) =y (up(x) +€) in .
Letting € — 0 we obtain

us(x) < y(up(x)) forx e Q. 4.3)
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Although it is unclear whether the inverse function y ~! is defined over the entire range of

iy, by the choice of kg and the convexity of u,(x) we know that ¥ "4 (x)) is defined over
@\ Q,. We thus obtain from (4.3) that

YN (x)) < ug(x) forx € Q\ Q. 4.4)
Since
up =k =y (us) < upqr on 3 for k > ko.
By Lemma 2.1 we obtain
upe1(x) > up(x) forx € Q, k > ko.
Combining this with (4.4), we see that there exists cop > 0 such that
ur(x) > co forx e Q, k> ko.

Fix m > ko. Since K is C* and positive over §m+1, by Lemma 2.2 of [14] there exists
h € C®(2+1) such that u, < hin Q4 foralln > m + 1. Therefore there exists C,,, > 0
such that

u,(x) <C, forx eQ,, n>m+1.
This implies that, for every x € €,
u(x) = nll)ngo U, (x) exists
and
um(x) <u(x) <C, forx e Q,, m> k.
As we also have u, (x) > c¢g > 01in Q,, for n > m + 1, and for such n, 2, C .,
0 < dist(Qu, 02ur1) < dist(2,, 3RQ,) < dist(Qy, ),

we are in a position to apply Lemma 2.4 to conclude that, for any fixed integer k > 1, there
exists a constant C = Cy_,, independent of n such that for all n > m,

||un||ck(§m) <C.

It follows that the convergence u,(x) — u(x) holds in C lko .
u € C*(2). Moreover, for x € €,

MIul(x) = lim Mlu,)(x) = K@) i f(un(x)) = K () f @(x)).

(2) for every k > 1, and

Since each u,, is strictly convex, u(x) is strictly convex in Q. By (4.4) we obtain u(x) >
¥, (x)) on Q\ €24,, which clearly implies u = oo on d€2. Thus u is a strictly convex
solution of (1.1).

4.2 Proof of Theorem 1.2 for the case n = — oo
This case can be proved by a simple modification of the above proof for the case n € R!.

Indeed, it is much simpler; we just follow everything there except that we do not need to
modify f to fi in (4.2), and hence (1.6) and Lemma 4.1 are not required.
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4.3 Proof of Theorem 1.1

The sufficiency part already follows from Theorem 1.2. So only the necessity part requires a
proof. Assume, contrary to the assertion of the theorem, that there exists c¢g > 0 such that

! 1
G(t) = / [(N+1)F(r)] ¥idt — o0 ast — 090,
<)
and (1.1) has a strictly convex solution . We aim to derive a contradiction.
Denote by g(#) the inverse of G (1), i.e.,

(1)
/& (N + )F(0)] ¥ Tdt =1, Vi > 0. (4.5)
&)

Then
g(0) =co, lim g(t) = o0
and
flg®)
[(N + 1) F(g(t))]¥1

g0 _ [N+ DF@E)ITT
g0 f(g®)

Take xg € RV \ Q so there exists dy > 0 such that |x — xo| > do for x € Q. Then define

§'() = [N+ DF ()™, g"(1) =

&N ") = fg0)),

y(x) = %Ix —xol2 for x € Q.
Clearly
[Vy(x)]T = x — x0, (yxzx;) is the identity matrix, and M[y] = 1.
For ¢ > 0 define
wx) = g (y(x)), x € Q.
By (2.1) we obtain, for x € €,
Mlw] = M[cy][[g/(cy)]N + (g’(cy))N‘lg”(cy)(V(cy))TB(cy)V(cy)]

=N eV ey { g ()
8" (cy)
> fw)cNtag,

+C|X—XO|2}

where we have used

g'(cy(x)) -
g"(cy(x))
We thus obtain, in view of K € L*° (),

Mlw] > K(x) f(w) inQ

0, |x —xol >dp forx e Q.

provided that ¢ is chosen large enough.
Fix x; € Q and by further enlarging c if necessary we may assume that

w(xy) > u(x;) and M[w] > K(x) f(w) in Q.
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Since u(x) — oo as d(x) — 0, while w(x) is continuous on £, there exists an open
connected set D such that

x1€D, DCQ, u(x) <w(x) inD and u(x) = w(x) on dD.
On the other hand, since
Mlu]=K(x)f(u) inDandw =uondD,

and the matrix (wy,x j) is positive definite on D (since y(x) is strictly convex in 2 and
g, ¢” > 0), we can apply Lemma 2.1 to conclude that w(x) < u(x) in D. This contradiction
completes our proof.

5 Further results for radial solutions

If K (x) is such that (1.7) has no solution, in general it is difficult to find sharp conditions on
f(u) such that (1.1) has a solution. In this section, we consider such a situation in the special
case that Q2 is a ball and K = K (]x|) is radially symmetric. Our approach in this section is
motivated by ideas in [6].

So we consider the problem

Mlu] = K(|x|) f(u), x€ B,
U = 00, X € 0B,

5.1

where B is a ball in RN (N > 2). For simplicity, and without loss of generality, we assume
that B is the unit ball.

By a direct calculation, it is seen (and well-known) that if v = v(r) (r = |x]) is a radially
symmetric solution of (5.1), then

{ WHYN W = rN-LK () f (), 7 € (0, 1),

v'(0) =0, v(l) = oo. (5.2)

In the radially symmetric setting, the smoothness requirements for K and f can be greatly
relaxed. We assume that K and f satisfy, respectively

(K1): K € C([0,1))and K(r) > 0in [0, 1);
(f1) : for some n € R' U {— o0}, f(s)is locally Lipschitz continuous in (1, 00), positive
and increasing for s > 7.

5.1 The initial value problem and a comparison result

For vy > 7, consider the following initial value problem,
WHYN W = rNTIK () f (), F € (0, 1),
v(0) = vy, v'(0) =0.

Lemma 5.1 Assume that K satisfies (K1) and f satisfies (f1). Then for every vy > n, (5.3)
has a unique solution v(r) over a maximal interval of existence [0, a) C [0, 1). Moreover,
vV >0in(0,a), v >0in[0,a) and v(r) - ocasr — aifa < 1.

(5.3)

Proof We first show that (5.3) has a unique solution defined over [0, §] for § > 0O sufficiently
small. It is easy to see that (5.3) is equivalent to the following integral equation

r K 1/N
v(r):vo+/ U NtN*IK(t)f(v(t))dt] ds. (5.4)
0 0
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Let E = C([0, §]) with § > 0 small to be specified, and define 7 : E — E by

r K 1/N
(Tv)(l’)=v0+/ [/ NtN—lK(r)f(v(z))dt] ds.
0 0

We are going to show that if § > 0 is sufficiently small, then T is a contraction mapping on
a suitable subset of E and hence has a unique fixed point, which gives a unique solution to
(5.3) over [0, 5].
Let K, = max K(r),k, = min K(r)and
rel0,1/2] rel0,1/2]
Bs(vo) ={ve E:|lv—wlE < 3§}

Fix §; € (0, 1/2) such that vg — §; > 7, and let L be the Lipschitz constant of the function
f ) over [vg — 81, vo + &1]:

[f(v) = f(v2)| < Llvy —va| forwy, vy € [vg — 81, vo + 811
Then
m = f(vo—8) < f(v) <M := L8 + f(vo) forv e [vg— 31, v0+31].
Clearly there exists §» € (0, &1) sufficiently small such that
1
E,SZ(K*M)% <5 ford e (0,5

We prove that 7 (Bs(vg)) C Bs(vg) for every § € (0, §2]. Indeed, for such § and any
v € Bs(vg), we have

r s 1/N
|Tv—vo|:/ [/ NthlK(t)f(v(t))dt] ds
0 0

r s 1/N
/ [/ N:N*‘K*Mdt] ds
0 0

1
= 552(1(*1\4)ﬁ <5 forrel0,5].

IA

Hence T (Bs(vg)) C Bs(vg) for every 6 € (0, 82].
Next we show that T is a contraction mapping on Bg(vg) for all small 6 > 0. We first
observe that, by the mean value theorem, for § € (0, §2] and vy, vy € Bs(vp),

s 1/N s 1/N
J(s): [/ NthlK(t)f(vl(t))dt] —U NtN*IK(r)f(uz(z))dt]
0 0

1

! SNl v
v [ fo NVTTR @6 (0) + (1 - G)f(vz)]dt]

/0 CNTRO[f ) — fp]dr,

with & = 0(s) € (0, 1). Therefore, for s € [0, §],

-1
|J(s)| < s SNtN‘lk mdt| - SNtN_lK Ll|vi — va | gdt
=N o * 0 * 1 2IE

1_
=sN " (kem)V 'K L|v) — 02|
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It follows that, for r € [0, §],
,
1
[(Tv)(r) — (Tv)(r)| = |f J(s)ds| < 8*N ™" (kum) V" K Ll|vi — 2.
0
Hence T is a contraction mapping on Bs(vp) if § € (0, §2] is small enough such that

2a7—1 L1
SN~ (kym)V K, L < 1.

We fix such a small § > 0 and have thus proved that (5.3) has a unique solution defined for
r € [0, §]. Moreover, since

YN =N K@) f(v) > 0 forr € (0,8], and v'(0) = 0,

we further have v'(r) > 0, v’ (r) > 0 for r € (0, 8], and v"(0) := lim, g v”(r) > 0.
To extend the solution v(r) to r > § we let v/ = u and

U=(g).

Then we consider the first order ODE system

;L erlK(r) f(E) B _ U/((S)
U_< ) uN1>_.F(r,U), U(a)_(v((S))' (5.5)

By (K1) and (f1), F (r, U) is locally Lipschitz continuous in U in the range # > O and v > 7,
and continuous in » € [0, 1). Hence (5.5) has a unique solution defined for r in a small
neighbourhood of §. Clearly the v component of U satisfies

HYN W =N () f(v) > 0, v(8) > 0,V (8) > 0.

It follows that v'(r) > v'(8), v”(r) > O for r > 8. Hence the solution U (r) of (5.5) can
be extended to » > § until r reaches 1 or until v(r) blows up to co. It follows that (5.3)
has a unique solution v(r) on some maximal interval of existence [0, a) with a < 1, and
v(r) > ooasr — aif a < 1. The proof of the lemma is now complete. O

Lemma 5.2 Assume that K satisfies (K1) and f satisfies (f1). If u; and uy are functions in
CL([0, a)) N C%((0, a)) satisfying uy, u» > n when n € RY,

@OVl < NI GY f ), @)V T = PN TUR () fu) forr € (0, a),
and u’;(0) = u,(0) = 0, u1(0) < uz(0). Then u1(r) < ur(r) forr € [0, a).

Proof 1f uy < uy in [0, a) does not hold, then due to u1(0) < u3(0), there exists ¥ € (0, a)
such that uy(r) = u2(¥) and u1(r) < ua(r) forr € [0, 7). Since u; and u, satisty (5.4) with
the equality sign replaced by inequalities, by the monotonicity of f, we have the following
contradiction:

Frops /N
i () < 1 0) + / [ / NrN”K(r)f(u](r))dr] ds
0 0

FI ops /N
<u2(0)+/ U NrN_lK(r)f(uz(r))dr] ds
< us(r). o

The proof is complete. o
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5.2 Multiplicity and non-existence results for (5.2)

We examine two cases where K is such that (1.7) has no strictly convex solution.
The theorem below looks at a case with such a function K where f does not satisfy (1.2)
and (5.2) has infinitely many solutions.

Theorem 5.3 Suppose that K satisfies (K1), and there exist constants d1,d, > 0 and a
Sunction p(t) of class P such that

dip(l —r) < K@) <dap(l —r)forallr <1 closeto 1.
Suppose that f satisfies (f1) and there exist constants « € (0, N) and cy, co > 0 such that
ciu® < f(u) < cu® foru > 0.
Then (5.2) has infinitely many strictly convex solutions.
Proof Tt is obvious that y(r) = (1 — r?) satisfies

{ (_I)Ny/N—ly// — rN—]’ re (0, 1),
y'(0) =0, y(1) =0.
We modify p(t) as in Sect. 3.1 and define o (¢) by (3.3). Then we set

N/(N—a)

w(r) == c[o(y(r))]

We calculate

for r € [0, 1) and some constant ¢ > 0.

cN

w, = 7N_aa—a/(N7a)o—,y,’
" cN o/(N—a) o 1" N2 o (O‘/)2 )
w _7N—aa oy +o"(y) +7N—a70 O |-
N ’ N2 N2 N2
N—1_ 1 cN No_ N—1 N—1 o o) a ()" ()
(w’) w’ = (N —o[) o N-« (U/) U”(y/) y” [g + y// + N—«a oo’ y// :
Using
, ~
_ _ (1) NP(1)
O‘/tNIO’Nt=—1N1t,O _
(o7 (1) (1) = (=D p@) o7 (1) ()
and

/

y=—ry'=-1,

we can simplify the above expression to obtain

INN—1_ 1 N—« N N o N—1
(w") w’ =c¢ N—a wYp(y)r A(r),

with

NP, a (@),
A(r)‘—|: o) +N_acm/,r]
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We have
d W INP@OI'Y
o (t)  p() [FINP@)/Vdr
(N + D[N PN p(s)ds

t

[T {=ro [T e ac s powporas
3 N

< (N +1).
It follows that
o o' (y)? ) o
0< — < = —(N+1) f 0,1).
SN —aotoy M=y ferreldl
Since
P P
im ﬁ =0and so lim o) =0
=0 p(t) r—1 p(y(r))
the function
NP
Ay e NPOO) |
p(y(r)

is positive and continuous for r € [0, 1) with A;(r) — 1 as r — 1. Therefore we can find

positive constants m| < mj, depending on the function p, such that
my < A1(r) <myp forr €[0,1).
It follows that
my; < A(r) <mpy+ My forr €[0,1).

Therefore

N N
W)V " < N (704) w p)r¥ " my + My) forr €0, 1).

= N

N \V
)N 1w > N« <7) wp(r¥~tmy forr €0, 1).

N -«
Replacing p(t) by ep(2t) with € > O sufficiently small, we may assume that
K@) = p((1 =r)/2) forr e[0,1).
Therefore, due to y(r) > (1 — r)/2, we have
p(y() = p((1 =r)/2) = K(r) forr € [0, 1).
It then follows from (5.6) that

(w/)Nflw// SC_Nﬂ){( N
N —«a

Hence if we take ¢ = ¢; > 0 small enough,

wy () = &[0 (y(r)] 77

N
) w* K ()rN " Yma + My) forr € [0, 1).

(5.6)

(5.7)
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satisfies
N tw] < rNTUK @) f(wy) forr €0, 1).

Next we construct a function wy () that satisfies the reversed inequality. By replacing
p(t) with Mp(t), with M > O sufficiently large, we may assume that

p(l—r)> K@) forr €[0,1).
Then, due to y(r) < 1 — r, we have
p(y(r)) = p(1 —r)= K(r) forr € [0, 1).

Thus by (5.7) (with o (¢) and m determined by this new function p(t)), we have

(w/)Nfle > cNfa
- N —«

N
) w*K (r)rN"'my forr €10, 1),
and if we take ¢ = ¢, large enough,
- N
wa(r) = Calo(y(r))] V=
satisfies
w2(0) > wi(0), (wWH)N'wy = r¥IK (@) f(wy) forr €0, 1).

For any ¢ € (w1(0), w2(0)), let v. denote the unique solution of (5.3) with vy = ¢. By
Lemma 5.2 we have w(r) < v.(r) < wy(r) for r € [0, 1) and such that v.(r) is defined.
Hence we can use Lemma 5.1 to see that v.(r) is defined for r € [0, 1) and v.(r) > O,
v/ (r) > 0in (0, 1). Since w; (r) — oo as r — 1, we have v.(r) — oo as r — 1. Hence v,
is a strictly convex solution to (5.2). By varying ¢ we thus obtain infinitely many solutions
to (5.2). The proof is complete. O

The next theorem gives a case that K is such that (1.7) has no strictly convex solution, f
satisfies (1.2), and (5.2) has no solution.

Theorem 5.4 Suppose that f satisfies (f1) and there exist « > N and b > 0 such that
f(u) > bu® forall large u > 0.
Suppose that K satisfies (K1) and for some B > N + 1, ¢ > 0,
K(r)>c(l — r)_ﬂforallr < 1closeto 1.

Then (5.2) has no solution.

Proof Suppose (5.2) has a solution v(r). Then v'(r) > 0 and v”(r) > 0 in (0, 1). Choose
ro € (%, 1) close to 1 such that

Fr) =bv* (), Kr)=c(l—r)"F for relro, 1).
Then for r € [rg, 1), we have
WHYN T > berV 1A = 1) TP > be(1 — rg) PV Ty,

Set

1
co = [bc(l — ro)NH_ﬂr(I)\’*l] o«
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and
w(r) == cov(ro + (1 —ro)r), r €0, 1).
Then clearly
w(0) = cov(ro) > 0, w'(0) = co(1 — ro)v'(rg) > 0
and with s = ro + (1 — ro)r, r € (0, 1),

)N " = ! (1 = rg) N1/ ()N 1" (s)
> ¢ (1 = ro)NTbe(1 — rg) PsN 1o (s)
> C(I)Vbc(l — ro)NFI=B (ror)N =1y ()
=rN=ly,

Since o > N, by [12], the problem

(W/)N—]W// — rN_IWa, r e (0, %)’
W'(0) =0, W(3) =00

has a positive, strictly convex solution W. We show next that w < W in (0, 1/2). Indeed, the
function z(r) := w(r) — W(r) satisfies z/(0) > 0, z(%) = — 00. Hence the maximum of
z(r) over (0, 1/2) is achieved at some r* € (0, 1/2). It follows that z'(r*) = 0, 7" (r*) < 0,
and so

0<w @ =Wae,0<w' (") <W'e).
We thus obtain
(r*)N_lwa(r*) < (w/(r*))N_lw”(r*) < (W/(r*))N_IW”(r*) — (r*)N_IWa(r*),

which leads to w(r*) < W(r*), and hence w(r) < W(r) in [0, 1/2), as we wanted.
From w(0) < W(0) and the definition of w we obtain

1
v(ro) < [bc(l - rO)N“—ﬂr(l)V—l] = W (0).
Sincew > N, B > N + 1, it follows that
v(ro) < (be)/ W= WN=D/@=N)w ) for all ry € (1/2, 1) close to 1.

Butas a solution to (5.2), we have lim,_, | v(r) = oo. This contradiction completes the proof.
O

6 Proof of Theorem 1.4

Without loss of generality, and for simplicity of notation, we assume that n = 0. Due to
(1.8),

- ;:/ [(N + DK, F(1)]" ¥ dt < 0.
0

We denote

N+1
no(N — 1) | =¥ -
S =|———= , Ry :=mn08y " + So.
0 [ N1 0 1= 109 =+ do
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We then define ug(r) for r € [o, Ro) by
uo(r) 1 N=1
/ [(N + DK F(s)]" ¥ ds =85 (r — 8).
0

It is easily checked that ug(r) satisfies

{(ué)N71u8 =80 K. f(uo), uy(r) >0 forr e (8o, Ro),
uo(8o) = uy(8o) =0, uop(Rp) = 0.

For § € (0, 1), consider the initial value problem

6.1)

)Nl =N=1K, f(v) forr >0,
v(0) =86, v'(0) =0.

By Lemma 5.1, (6.1) has a unique positive solution vs () over a maximal interval of existence
[0, Rs). We prove that Rs < Ry.

If Rs < o, then clearly Rs < Ro. If Rs > 80, we will show that Rs < Rg and ug(r) <
vs(r) forr € (50, Rs).

Since

)N uf = 8 T K fuo) < rN VKL f(ug) forr € (8, Ry),
we have
r N 1/N
uo(r)5/ [ NtN_lK*f(uo(t))dt:I ds forr € (80, Rs). (6.2)
80 80

We also have

r s 1/N
vs(r) = vs(80) + f [(vé(So))N-i- / NtN_lK*f(va(t))dt} ds
b

8o 0

rrops 1/N (6.3)
> / [ NtN_lK*f(v,;(t))dt] ds, r € (8, Rs).

do LJéo

Assume by way of contradiction that there exists 7 € (5, Rs) N (0, Ro) such that uo(r) =
vs (7). By up(80) = 0 < vs(8p) and the continuity we can find a first such 7, i.e., uo(r) = vs(7)
and uo(r) < vs(r) forr € [89, 7). From (6.2), (6.3) and the monotonicity of f we obtain

T s 1/N
ug(r) 5/ [ NZN_lK*f(uo(t))dt] ds
8

e do

r s I/N
< / [ NNk, f(v(g(t))dt] ds
I

o LJdo
< vs(7).

This contradiction shows that ug(r) < vs(r) for r € (8o, Rs) N (80, Rp), which implies
Rs < Ry since ug(Rp) = 0o. We note that necessarily vs(Rs) = oo.

Suppose that Qg contains a ball of radius R > Ry; without loss of generality we may
assume that the ball is Bg (0). We show by a contradiction argument that (1.1) has no strictly
convex solution over €2. So suppose (1.1) has a strictly convex solution # over such a domain
Q. Since Rs < Ry < R, we have Bg, (x¢) C Q, if [xo| < R — Ro. It follows that u(x) is
finite on 9 Bg, (xo). Since vs(]x — xg|) — oo as x — 9 Bp,(xp), and

Mvs(lx —xoD)] = Ky f (vs(Ix — x0)) = K(x) f(vs(lx — xol)) 1in Bgy(xo),
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we may now use Lemma 2.1 to deduce

u(x) < vs(|Jx —xol) in Bg,(xo).

It follows that

u(xp) <vs(0) =4, Vée(,]1).

Letting § — 0, we deduce u(xg) < 0. On the other hand, since n = 0 we also have u(x) > 0
in . Thus we must have

u(x) =0 forall |x| < R— Rp.

This is a contradiction to the assumption that u is strictly convex. The proof is complete. [

Remark 6.1 Let us note that the above proof actually shows that, under the assumptions of
Theorem 1.4, if %K* contains a ball of radius R > Ry, then there exists no strictly convex
function u € C?(Bp) satisfying

Mlu] < K(x) f(u), u(x) >n in Bg.
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