Calc. Var. (2018) 57:9

https://doi.org/10.1007/500526-017-1282-x Calculus of Variations

@ CrossMark

Finite time blowup of the n-harmonic flow on z-manifolds

Leslie Hon-Nam Cheung! . Min-Chun Hong!

Received: 28 August 2017 / Accepted: 8 December 2017 / Published online: 20 December 2017
© Springer-Verlag GmbH Germany, part of Springer Nature 2017

Abstract In this paper, we generalize the no-neck result of Qing and Tian (in Commun
Pure Appl Math 50:295-310, 1997) to show that there is no neck during blowing up for the
n-harmonic flow as ¢t — oco. As an application of the no-neck result, we settle a conjecture
of Hungerbiihler (in Ann Scuola Norm Sup Pisa CI Sci 4:593-631, 1997) by constructing an
example to show that the n-harmonic map flow on an n-dimensional Riemannian manifold
blows up in finite time for n > 3.
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1 Introduction

Let M be an n-dimensional Riemannian manifold without boundary, and let N be another
m-dimensional compact Riemannian manifold without boundary (isometrically embedded
into R). In local coordinates, a smooth Riemannian metric g of M can be represented by

g = gijdx; ®dxj,

where (g;;) is a positive definitive symmetric n x n matrix. The volume element of (M; g)
is defined by

dv =/|gldx with |g| = det (g;;).
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Foramapu : M — N C RL, the n-energy functional of  is defined by

1
En(u;M):f/‘ |Vul" dv,
nJm

where |Vu| is the gradient norm given by

VP = 3 g (o 2 2

0x; Ox;

a,i,j

with (g¥) = (g,-j)_1 the inverse matrix of (g;;). A C'-map u from M to N is said to be an
n-harmonic map if u is a critical point of the n-energy functional; i.e. it satisfies

1 0
Vgl 0xi
where A is the second fundamental form of N.

In 1964, Eells and Sampson [9] investigated the existence problem of harmonic maps in a
homotopic class; i.e. “Given a smooth map ug : M — N, is there a harmonic map u, which
is homotopic to uy?” (see [8]).

For the target manifold N with non-positive sectional curvature, Eells and Sampson [9]
proved the first existence result of harmonic maps in a homotopic class by introducing the
“heat flow method”. The heat flow method transforms the existence problem to an evolution
problem. Since then, questions on existence and regularity of harmonic maps and their flows
have been attracted a great attention (see [8]). One of the key components of the heat flow
method for answering the Eells—Sampson question is to prove existence of a global solution
to the harmonic map flow. In 1975, Hamilton [11] proved local existence of the heat flow
of harmonic map; i.e. the solutions of the heat flow of harmonic map exists locally. If the
solution exists only in a finite interval [0, 7,4, ) With T;,,x < 00 and cannot be extended any
further, then we say that the solution blows up in finite time 7}, . In the two dimensional case
(i.e. n = 2), Struwe [26] proved global existence of a unique weak solution to the harmonic
map flow, where the solution is smooth except for a finite set of point singularities. In 1989,
Coron and Ghidaglia [4] constructed the first example to show that for n > 3, the harmonic
map heat flow from S” into S” blows up in finite time. However, when n = 2, the Dirichlet
energy E» on the 2-dimensional manifold is conformally invariant on its critical dimension.
In addition, Hélein [12] proved that any weak harmonic map from surfaces is smooth. Thus,
it was widely believed during the time that the harmonic map heat flow would not blow up
in finite time on the 2-dimension manifold. In 1992, Chang et al. [1] made a breakthrough
by constructing a counter-example that harmonic map heat flow on S can blow up in finite
time.

In higher dimensions (i.e. n > 2), E,, is also conformally invariant on the n-dimensional
manifold M. Motivated by the Eells—Sampson question on harmonic maps, one can ask
whether a given map from an n-dimensional manifold to another manifold can be deformed
into an n-harmonic map. Related to this question, Hungerbiihler [17] studied the n-harmonic
flow in the following setting:

%”; = J%aix, [|Vu|"_2gljmzfrju] + |Vu|" 2 A(u)(Vu, Vu) (1.2)
and generalized the result of Struwe [26] by proving that there exists a global weak solution
u: M x[0, +00) — N of (1.2) with initial value ug such that u € C*(M x (0, +00)\{Zk x
Tk},le) for a finite number of times {Tk},f:1 and a finite number of singular closed sets

y 9
[|Vu|"‘2g”\/|g|§u]+|W|"—2A<u)<w,vm=o in M, (LD
J
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Y C M fork =1,..., L with an integer L, depending only M and uo. However, it is still
unknown whether the singular set X of the flow (1.2) at the singular 7} is finite. In order to
sort out this issue, the second author [13] introduced a rectified n-harmonic map flow from
an n-dimensional from M to N and proved existence of a global solution, which is regular
except for a finite number of points, of the rectified n-harmonic map flow.

Based on the fundamental result of Chang et al. [1] for n = 2, it is an interesting question
whether the n-harmonic flow (1.2) blows up in finite time for n > 3. Supported by some
numerical evidence, Hungerbiihler ([16, 17]) conjectured the phenomenon of finite time blow-
up of the n-harmonic flow for n > 3. Later, Chen et al. [2] followed the method of Chang—
Ding—Ye to construct an example that the n-harmonic flow (1.2) blows up in finite time for
n = 3. However, due to the nonlinearity and degeneracy of the n-harmonic maps, they [2]
also pointed out that their proofs could not be applied to the cases when n > 3. Therefore,
the conjecture of Hungerbiihler for n > 3 has remained open since then.

On the other hand, Qing and Tian [24] suggested a program to prove the finite time blow-
up of the harmonic map flow for n = 2 through an application of the no-neck result for the
harmonic map flow as ¢t — oo and constructing a special target manifold N with a proper
topology. Recently, Chen and Li [3] verified the Qing-Tian program by constructing a special
target manifold N with a proper topology to show that the harmonic map flow blows up at
finite time for n = 2. Later, Liu and Yin [20] successfully applied this idea to construct a
proper manifold N to show that the bi-harmonic maps flow on 4-manifolds blows up at finite
time.

In this paper, we apply the Qing-Tian program to confirm the conjecture of Hungerbiihler
on the n-harmonic map flow. Firstly, we define:

Definition 1.1 u is said to be aregular solution to the n-harmonic map flow (1.2) in M x (0, T]
ifu e COM x (0, T]; N) with T < oo is a solution of (1.2) satisfying

T n—2 2 2,
/ / ’v (|Vu|TVu)‘ + |Vu* dvdt < C(T).
0 M

We generalize the no-neck result of Qing and Tian [24] to the n-harmonic map flow as
follow:

Theorem 1 Let u be a regular solution to the flow (1.2) in M x [0, 00) with initial value
ug € CI(M, N). For a sequence t; — oo, there is a sub-sequence, still denoted by t;, such

that as t; — oo, u(x, t;) converges to an n-harmonic map u, in Cllo’g (M\{x], Lxby, N)

for some positive a < 1, where u, can be extended to Cl2(M, N). Moreover, we have

i. (Energy identity) There are a finite number of n-harmonic maps wy ; (also called bubbles)
onS"fork=1,...,Landl =1, ..., J such that

L Jr

Jim By . 0): M) = En(uoo: M) + DO En(wrs; SY.
! k=11=1

ii. (No-neck result) There is no neck between the limiting map and bubbles;
i.e. the image

oo (M) U | Jeor s (8™
k.l

is a connected set.
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One of the fundamental rules for bubble blowing is the bubble-neck decomposition. During
the bubbling procedure, the energy identity implies that the energy is conserved. This means
that the loss of energy under the limiting process can be recovered by the energy of a finite
number of bubbles. Readers can refer to the pioneering work on the energy identity by Jost
[18], Parker [22] regarding the harmonic maps from surfaces and by Ding and Tian [6] for
the harmonic map flow. For n-harmonic maps with n > 3, the isolated singularities are
removable due to Duzaar and Fuchs [7] and the energy identity was provided by Wang and
Wei [27] for a sequence of approximate n-harmonic maps. In particular, one can use the
standard blow-up argument as in Ding and Tian [6] to reduce the multiple bubble problem to
the single bubble case. See more details for the bubble-neck decomposition of n-harmonic
maps in [13]. These results allow us to construct the bubbling argument in the setting of the
n-harmonic maps.

In order to provide an example to show that the n-harmonic flow can blow up in finite
time, the key step is to generalize the no-neck result of Qing and Tian [24]. However, those
no-neck results in [19] and [24] heavily rely on a key estimate in Ding—Tian’s work (Lemma
2.1, [6]) which only works for the case of harmonic maps. To settle this open problem, we
generalize the Ding—Tian estimate to the context of n-harmonic maps (Lemma 3.1) and then
apply it to prove the no-neck property for the n-harmonic map flow.

Secondly, we apply Theorem 1 to prove the main result of this paper:

Theorem 2 Let X be any closed manifold of dimension m > n with nontrivial , (X), and
let N = X #T™ be the connected sum of X with the torus T™. Then there are infinitely many
initial maps ug : 8" — N such that the n-harmonic map flow (1.2) with initial value ug
blows up in finite time.

Besides the finite time blow-up result on the harmonic map flow by Chen and Li [3],
another related evolution problem to the n-harmonic map flow is the bi-harmonic map flow
on 4-dimensional manifolds. Liu and Yin in [21] established the no-neck result of a sequence
of biharmonic maps. Later, Liu and Yin [20] generalized the no-neck result to a sequence
of approximate biharmonic maps. By combining the no-neck result with a construction of
a proper target manifold, they introduced a concept of width of bi-harmonic maps in the
covering space to show that the bi-harmonic map flow blows up in finite time. These results
provide a skeleton for the proof of Theorem 2.

This paper is organized as follows. In Sect. 2, we show asymptotical behavior of the
solution of the n-harmonic flow as t — oo. In Sect. 3, we generalize Ding—Tian’s estimate
and apply it to prove the no-neck result for the n-harmonic flow. In Sect. 4, we construct an
example to prove Theorem 2 and settle the Hungerbiihler conjecture.

2 some estimates and asymptotic behavior of the n-harmonic map flow

In order to study asymptotic behavior of the n-harmonic map flow, we begin with some basic
estimates. We recall some results from [17] on the n-harmonic map flow.

Lemma 2.1 Let u(t) be a regular solution to the n-harmonic map flow (1.2) in M x [0, T]
with initial value u(0) = ug. Then for each s with 0 < s < T, we have

1
/1|Vu(s)|”dv+//
Mn 0 Jm

du |? 1 .
—| dvdt < —|Vuo|" dv.
at Mn
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Lemma 2.2 Let u be a regular solution to the n-harmonic map flow (1.2). Let  be a cut-off

function in B, such thatn = 1 in B%, [Vn| < % and |n| < 1in B,. Then we have

/ [Vul*'n" dv
B,

2
gc( |Vu|”dv> / (IV2ul? [Vul =4 9" + |Vu|"|Vn|") dv.
Br Br
and

/ |V2M|2|Vu|2n_477n dU
B,

<C | |[Vul"y" + |Vul"()" + V") dv.
Br

Proof By using the Holder and Sobolev inequalities, we have

/|Vu|2”n"dv:/ \Vu| (V™ ~'5") dv
B, B,
n—1

1
5( |Vu|"dv) (/ (IVu>=tymy T dv)
B, B,

1

sc( |vu|"dv)" IV (Va1 du
B, B,

1
gc( |Vu|”dv) / (IV2ul [V 72 0" + V"V ") dv.
B, B,

By Young’s inequality, we have

1
< |Vu|"dv> f IV2ul [Vu|? "2 " dv
B, B,

2
n 1
5([ |Vu|"dv> /|V2u|2|Vu|2"_4n"dv+f/ [Vul* n'dv.
B, B, 2 JB,

Similarly, we have

’ IVMIZ”’IIVnIn"’lde/B \Vu|"|Vul"~ V| "~ dv

<C | |Vul"\VyI"" tav+C | |VulPn ! do.
B, B,

Combining (2.3), (2.4) with (2.5), we have

/ [Vul*'n" dv
Br

2
§C</ |Vu|”dv) / (IV2ul* [V 0" + |Vu|"|Vn|") dv.
B, B,

Using the Ricci identity, we have

VeV (IVul""2Vu) = Vi Vi (IVul" V) + Ry# (|Vul" "> Vu)

(2.1)

(2.2)

2.3)

2.4)

2.5)

(2.6)
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9 Page 6 of 24 L. H.-N. Cheung, M.-C. Hong

with the Riemannian curvature Rj. Integrations by parts twice yield that
/ (Vi(IVu|" V), Vi (|Vul" "> Vyu)) 0" dv
= —/B (ViVk (V"2 Vi), |Vul" "2 Vu) n" dv
—/ (Ve V"2 Vi), [Vul""2Vu) Vin" dv
/ (Vi(Vul" 2 Viu), Vi (V"> Vyu)) 0" dv
/ (Ru#(IVul" "2 Vi), [Vu|" 2 V,u) n" dv
/ (Vi V"2 Vw), |Vul""2Vu) Vin" dv
f (Ve Va2V, |Vul""2Vu) Vi dv.
Note that
/ (Vi(Vul" V), Vi (V"> Vyu)) 0" dv
= [ ST ISP T o+ (YTl Vo, G (5l Vi)
+2fB (Vi V") Veu, |Vu|" "2 Viqu) n" dv
> fB (Va1 V2ul> + Vi (I Vu ") Veu| 0" dv
+2(n—2) ’ IVul" =V |Vu|>y" dv. 2.7
Combining (2.6) with (2.7), this implies
/ IV2u | Vu "4y dv
B,
< /B IV - (IVu|"Vu) *n" dv + C /B IVul 20" 2 + |Vnl?) dv
<C [ IVulPn" +|Vul* (" + |Vn|") dv. (2.8)

B,

We finish the proof by combining (2.6) with (2.8). ]

Lemma 2.3 There exists a sufficiently small constant 1 > 0 such that if u is a regular
solution of (1.2) on Bag, (x0) X [to — 2Ry, to] satisfying

sup / [Vu(x,)|"dv < &1,
Bagy (x0)

t072R8 <t<ty
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we have

10
2
/ / |V2u|” |Vu|*~* + | Vu|* dvdt
10—2Rg J B, (x0)

<C  sup / [Vu(x, )" dv
Bogy (x0)

10—2Ry <t <ty

for some constant C > Q.

Proof Lemma 2.3 was proved by Hungerbiihler by using an extension of the Ladyzhenskaya—

Solonnikov—Nikolaevna inequality (see Lemma 5 of [12]). Herewith, we would like to give
a slightly different approach by using Lemma 2.2.

Multiplying (1.2) by ¢" V- (|Vu ["~2Vu) and using Lemma 2.2 by choosing a sufficiently
small €] in above inequalities yields that

/ |V - (IVul"? W)|2¢" dv
Bar (x0)

1 9
2/ |V.(|Vu|”_2Vu)|2¢"dv+C/ ( 3
Bapg (x0) Bapg (x0)

IA

2
+ |Vu|2”) " dv

3
< / |V-(|Vu|”72Vu)|2¢"dv+C<1+—) [Vul|" dv
4 Bagy (x0) Bary (x0)
/’ du |
+C —
Bary (x0) ot

Together with Lemma 2.2, we obtain

f \Vul" + |V2ul*|Vu*** dv
Bpy (x0)

—n n au :
<C (Ry" + DIVul" + | —| dv
Bag (x0) ot
_n du |?
< C(Ry" + 1)Eu(ug) +C —1| dv. 2.9
Bary (x0) ot
O

Lemma 2.4 Let u be a regular solution to (1.2). Then there exists a positive constant €1 such
that if for some Ry > 0 the inequality

sup / [Vu(x, )" dv < &
10—2Ry <t=<to ¥ Bar, (x0)

holds, we have

sup |Vul"dv < CR;",
[to— Ry, 101X BRyy (x0)

where C depending on M is a constant independent of Ry.

Proof The proof is due to Hungerbiihler in [17] for Ry = 1. If Ry # 1, one can prove it by

a re-scaling argument. o
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9 Page 8 of 24 L. H.-N. Cheung, M.-C. Hong

Lemma 2.5 Let u : M — N be a regular solution to the Eq. (1.2). Then there is a small
constant €1 > 0 such that if the inequality

sup / [Vu(x, )" < &1,
to— Ry <t=to J BaR, (x0)

holds for some positive Ro, then ||ul| -1« (o is bounded by a constant depend-

— 3 RU.10]% Bry (x0))

ing on E(ug) and Ry.

Proof As pointed out by Hungerbiihler in [17], we can apply the result of DiBenedetto-

Friedman [5] to obtain a bound of ”””Clﬂ([zof%Rg 101 Br. (x0))" ]
’ 0

Lemma 2.6 (Local energy inequality under small condition) Let u be a regular solution of
(1.2) on Bag, (x0) x [0, T1. There exists a sufficiently small constant e1 > 0 such that if

sup / [Vu(x, )" < &1,
Bogy (x0)

to—T =<t=fy

then we have for every x € Bg (xo), any R < Ro and any two constants t and s in (to — T, to]
T
/ [Vu|" (-, s)dv < / |Vu|”(-,1:)dv+C/ / |8tu|2dvdt
Br(x0) Bar (x0) s JBar(xo)

— T 1/2
+ c(“ ~5) |Vu|”dv/ / |a,u|2dvdt>
R"  JBap(xo) s I Bar(xo)

for some constant C.

Proof Let ¢ be a cut-off function with support in Byg,(xo) such that ¢ = 1 in Bg,(xo),
[Vo| < CRO_l and |[¢| < 1 in Byg,(xo). Multiplying (1.2) by ¢" 0;u, we have

0 d
/ 1222 dv = f <V - (IVu|"*Vu), —”>¢” dv
Bary (x0) ot Bapg (x0) ot

v 3
_ _/ <|Vu|"*2w, S 4 —”¢"*1v¢> dv
By (x0) ot ot

1d bl
>——— |Vu|"¢"dv—C/ Vul" NS¢ V| dv.
n dt Bagg (x0) Bagy (xo0) a1
Note
n—1 du n—1
[Vu| B ¢" Vel dv
Bag (x0) 4
ou 2 12 12
S / l ¢Vl dv / |Vu|2n—2 ¢Vl—2 |V¢|2 dv
Bap, (x0) ot Bag, (x0)
since
/ |Vul*"2¢" % Vo[> dv < c/ IVul¢" + [Vul*|Vo|" dv.
Bag (x0) Bary (x0)
Therefore, the claim is proved. O
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Proposition 2.1 Let u be a regular solution to (1.2) in M x [0, 00). For a sequence t; — 00,
there is a sub-sequence, still denoted by t; — o0, such that u(-,t;) converges to an n-
harmonic maps u, locally in Cl’“(M\{xl, R xj}; N) with some positive a < 1, where
Uso can be extended regularly on M.

Proof By Lemma 2.1, we know that [;° [,, |d;u|>dvdt is finite, so we may choose
a sub-sequence {#;} such that as #; — oo, du(-, %) — O strongly in L*(M) and
t:i—l fM |0;u (-, t)|2 dvdt — 0. Moreover, there is a constant &g > 0 such that the singular
points {x!, ..., x’} are defined by the condition
lim sup E,, (u(t); Br(x*)) > &9

ti—>00

for any R € (0, 2Rp] with some fixed Ry > 0.
For each x¢ € M\{xl, o, xJ}, there is a sufficiently small Ry > O such that By, (xo) C
M\{x', ..., x’} and for all i,
€1
/ [Vu(x, t;)|"dv < g9 < —,
By (x0) 2

where ¢ is the constant defined in Lemma 2.6.
By Lemma 2.6, we have for any s € [t; — 2Ry}, ;] and for sufficiently large i

t
/ |[Vu|" (-, s)dv < / |Vu|”(',z,-)dv+C/ / |0,u)? dv dt
By (x0) Bary (x0) ti—1 J Bap, (x0)

12
t — 4

ol ns) |Vu|”dv/ / \0,u|? dv dt
Ry JBigy(x0) ti—1 J Bog, (x0)

< €1.

By Lemma 2.4, we have

sup [Vul"(x,t)dv < CR,".

telti—Ry.1i], x€Bpy (x0)

Then using Lemma 2.5, there is a uniform bound of |lu(-, #;)cle(g, = (xy))» SO 4(X, #;) con-
2ko

vergence to Uy, in Cl’ﬂ(B%Ro) and hence in Cll(;f(M\{x‘, ...,x7}) with B < «, where
Uso € Cllo‘f (M\{x', ..., x”7}) is an n-harmonic map. By the removable singularities of an
n-harmonic map, u, can be extended to C La (M). ]

3 No neck result between the limiting map and bubbles as t — oo

In this section, we generalize the no-neck result of Qing and Tian [24] to the case of the
n-harmonic flow. As suggested by Struwe [26] and Qing [23], the existence of solutions of
the heat flow for harmonic maps can be proved by a method of “Palais-Smale sequences”
with tension fields 7 () € L2. In the context of n-harmonic maps, the tension field 7 (u) of
u is defined as follows:

W) = 1 9

where A is the second fundamental form of N.

. P
[|W|”‘2g'u/|g|8—u} +|Vul" 2 A(u)(Vu, Vu), (3.1
Xj
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9 Page 10 of 24 L. H.-N. Cheung, M.-C. Hong

If t(u) = 0, u is an n-harmonic map. When t(u) € L?(M) and u satisfies an extra
smoothness assumption in (3.1), we define u to be a regular approximated n-harmonic map
as follow (see [27] for details):

Definition 3.1 We defineamapu € WL (M; N)NC%(M; N) to be a regular approximated
n-harmonic map if it satisfies the following conditions:

1. v (|Vu|%w) € LA(M);
2. There exist e > 0, @ € (0, 1) and C > 0 depending only on M, N and ||t (u)| ;2 such
that for any By, € M and E, (u; By, ) < ¢, then

ue Ca(Br; N) and [M]C“(Br(x)) <C.

Let {u;} be a sequence of regular approximated n-harmonic maps with uniform bounds of
Ey(ui) and [T (i) || 2 (pr)- Wang and Wei [27] proved that {u;} converges to an n-harmonic
map Uso strongly in Wllo’cq (M\{x', ..., xL}) for any ¢ < 2n, where us, can be extended to
C1%(M). By reducing multi bubbles into a single bubble, they proved that there are a finite
number of n-harmonic maps wy; on " withk =1,..., L and/ =1, ... J; such that

L J
Jim s M) = Enlutoo: M)+ 33 Ent@ir, ).
! k=1 I=1

Then we have

Theorem 3 Let {u;} be the sequence of regular approximated n-harmonic maps with uniform
bounds of Ey(u;) and ||t (u;) || 2 (ar), and let o | be the above bubbles. Then there is no neck
between the limiting map us, and bubbles wy ;;

i.e. the image

Uoo(M) U | Jor s (8™
k,l

is a connected set.

We begin with the following e-regularity estimate for approximated n-harmonic maps. In
particular, we generalize the Ding—Tian estimate (see [6], Lemma 2.1), which is a crucial
estimate to the proof of no-neck result.

Lemma 3.1 Forn > 2, letu € WH(M, N) N CO(M, N) be an approximated n-harmonic
map. Then there exists a small constant € > 0 such that if E,,(u, B,) < € then

L\ i L\
||u||m(B%)§c / |Vul" dv +Cro / It () dv . G2

Proof Let ¢ be a cut-off function in C§°(B,) with ¢ = 1 in By and |Vo| < Cr~! and
setu = ﬁ fB? u dv. For a sufficient small a > 0, we apply Theorem 7.17 in [10] with
KV ZII'

_ 2n(n—1)
p= n—24a

>n,y=1-— %, and the Poincaré inequality to obtain

@ Springer



Finite time blowup of the n-harmonic flow on n-manifolds Page 11 of 24 9

lullose(sy) = sup |u(x) —u(y)l =2 sup |(u(x) —u) p(x)|
x)GBr XEBér
py
n—2+
2n(n—1) I)

17n—2+u
<o TS Viw—m el TE du
B3

n—2+a
2n(n—1)

n—a 2n(n—1)
< Cr2s-1 [Vu(x)| 2+ dv
B3

n—2+a
2n(n—1)
n—a _ 2n(n—1)
+ Cr2-D [(u(x) —u)Ve|n—2+a dv
Bir
7
n—2+a
2n(n—1)
_n—a_ 2n(n—1)
< Craen \Vu| =37 dv
B3
ar
n=2+4a 1
2n (n—1)
n—a 2 L
= Cr2=n f || Vul"=>Vu| = dv . 3.3)
B3

ar

By using the Sobolev—Poincaré inequality on B (page 174 in [10]), we have for p < n

. 1/p* P
(/ |f = fB,1” dv) sC(/ |Vf|f’dv> .
By B

Choosing p = +a < 2 such that g = '1722”% = n"fp = p* and re-scaling from Bj to B,
and using Holder’s inequality, we have

1

(n—1)g q
(r : / | V"2 vu| dv)
r B,
r2n
< c( / MO W)| dv)

By the Holder inequality, we have

172

C
+ 7/ [Vul"! dv. (3.4)
r B,

I = g
(7/ |Vu|"—1dv> <C / |Vul* dv
r JB, B3
Ir

Then substituting (3.4) into (3.3), we obtain

_n—a_
lllosecag) < Croe / |19ul2 Vul* dv
2 B

1
n—a n _1 n _2 2 2(”7_1)
< Cr2e=Dpqw=D""p2n-0 | V(IVul"™? Vu)|” dv
B,

1
o -1 1 n—1 n=T
+ Cr2n-D Ty anh - [Vul dv
r
;
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1
2(n—T1) 1
STy n—2 2 1 n—1 ol
= Cr2n-1 |V(IVu|""* Vu)|” dv +C(-= | Vul"'dv
B3 r JB,
1’
1 1
2n—-1)
<cC r”/ IV(Vul" 2 Vu)|* dv +C f |Vul" dv 3.5)
B3, B3,
7 7
by noting that % + ﬁ — 1 =0withg = n_22"+u.
Multiplying (3.1) by V - (IVu|"~2Vu) n", we have
/ V- (IVul"?Vu) Py dv < / V- (IVul"Va)|(x (@) + C|Vul )" dv.
B, B,
Now, using Young’s inequality, we have
n—2 2. n 2 2ny,.n
V- (Vul"“Vu)|I"n"dv < C | (Ix@)|” + [Vul")n" dv.
r B,
Using Lemma 2.2 again, it yields that
f IVul?" + [V2ulP|Vul 4 dv < C | A +rVul" + |tw)|* dv.
B%)‘ BV‘
Therefore
1
2(n—1)
r”/ IVul® + |V2ul*|Vu >~ dv
B3
Ir
1
2 2n—1)
<C ( [Vu|" + r"|7(u)| dv)
B,
1 1
2(n—1) n ) 2(n—1)
<C (/ |[Vul" dv) + Cr2a-D </ |T(u)] dv)
B, B,
We finish the proof by putting these estimates together. O

To analyze the behavior of approximated n-harmonic maps on the neck region, we need

the following Pohozaev type inequality, which was proved in [27]:

Lemma 3.2 Forn > 2, letu € Wh(M, N) N CLH%(M, N) to be a regular approximated
n-harmonic map with tension field t(u) € L>(M). Then, for any ball B, C M, we have

/ |Vul" ds < C(n) </ |VTu|"ds+/ |t(u)||Vu|dv>,
aB, 3B, B,

where VTu is the tangential gradient on the boundary 0 B,.

(3.6)

Proof For completeness, we sketch the proof here. Multiplying (3.1) by x - Vu and integrating

over B,, we have
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/ (t(u), x - Vu) dv

r

1
- 7/ (x, V(Vuh") dv+/ |Vu|”dv—r/ |Vu|"2
n.Jg, B, 3B,

2
-
= / |Vu|”ds—r/ [Vu|" 2
n JaB, 9B,

ds,
where we use the fact that

/ (x, V(VuD")dv :r/ |Vul" ds —n/ [Vu|" dv
B, 3B, B,

2
ds

or

or

and [Vul? = |24 > 4+ |Vrul?.
Rearranging the inequality and by adding (n — 1) faB, [Vu|"~2 |Vru|? ds to the both sides

we have

(n— 1)/ |Vul" ds §n/ |r(u)||Vu|dv+n/ IVul"% (IVrul?) ds.
0B,

B, B,

Then the claim follows from using Young’s inequality. O
Now we prove Theorem 3.

Proof By using the standard bubbling arguments as in [6] and [27], one can reduce multiple
bubbles to a single bubble. We assume that 0 is the single blowing up point of {u;} and there
is only one bubble in B;. Then, we follow the approach of [24] and [19] to extend the no-neck
result to the case of the n-harmonic map flow.

Suppose r, R = 2=Jn and § = 270 for any jo < j < jn. Then, we denote

Lj =min{j — jo, ju —j} and Pj;, = By-j\B,~-; for t € (0, L;].

For sufficiently large i, we assume that

En(ui, By-j\By-j) < &2~V forany jo < j < ju. 3.7
Let
; 1 .
+r—j\ _ mEt—
and i i i ln(27t+j r)
hi,j,l(r) = hi,j,l(z ]) + (hi,j,[(z j) - hj,j,[(z ])> W (38)

Note that the tangential derivative of &; ;j ,(r) is zero in n-dimensional spherical coordinates.

Therefore, the Laplace operator can be reduced to the following form:

d? hije n n—1dh;;j,
d?r r dr

’

Ahi’j![ =
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which yields that
dhij. " (d*hij,  n—1dh;
. =2 N ij.t i,j,t 1, ).t
div(|Vh; | Vhij) _’ yp ( 7y + p ar )
n—2 dh[’j,t n—4 dhl"j,t d dh,',j’t 2
2 dr dr dr| dr
1) dhiji|""" (d”hiji N Ldhij.
dr d?r r dr

=0.

This implies that /; j ,(r) is also a symmetric n-harmonic map for r € [27//, 2!=/]. By the
well-know result of the n-Laplace operator, we note that

/ IV(ui —hij)l"dv
P

Jit

< C/ (VU2 Vu; — |Vhi j "2 Vhi .0, Vg — hi j.p)) dv.
P.

it

for some constant C > 0.
By integration by parts, we have

/ ((IVui "2 Vug — |Vhi "2 Vhi o). Vi = hij0)) dv.
P,
= —/ (div(Vu; "2 Vup), (u; — hi ) dv
Pjy
+ f ((IVui "2 i) — (VR j "2 i j.)r)s (i — hij0)) dv
P,
= / (A (V u;, Vi) | Vul"2 + t(), (i — hijp))dv
P
+ / (IVui "2 i)y = IVhi jo "2 (i j)r) s (i = hij.0)) dv.
P,
By Lemma 3.1, we obtain

llui — hi,j,t”co(Pjv,) < llui — hi,j,z(zjit)”CO(Pj‘,) + llui — hi,j,t(zijit)”CO(Pj,r)

< 2lluilloscp; )

1
-1
<C / [Vul"
Pj_1tUP;UPj 11,

1
" 2(n—1)
+C @ / HOl
Byi—j+1

n(t+1)

5c<8+5m> < ce. (3.9)

@ Springer



Finite time blowup of the n-harmonic flow on n-manifolds Page 150f24 9

By (3.9), we have

/ IV(ui —hij)l"dv
P

< C/ (IVui "2 Vu; — |Vhi j "2 Vhi ja, Vg — hi j) dv
P,

it

< C/ ((A@)(V ui, Vi) [Vu"2 + 1)), i — hij0)) dv
P.

it

+ C/ (Vi "2 i)y, (i — hijo)) ds
dPjr

cefof,

Jst

IVuil" dv + ellell2p,,) 2“—1‘)2)

e / Va2 )y i — hi | ds
Pj.,

=Ce(h +2"7)%) + I,

where we set

I = f;(1) =f [Vu;j|"dv and I I=/ IVai "% [(ui)r| i — hi il ds.

Pj; P; ¢

Using the fact that % = In2(2%), this implies

f;(t) =1n2 <2t_j / ‘ \Vu;|"ds +27"7/ / ‘ IVuiI"ds) )
(21— )xsn—1 (2-t—iyx sn—1

By the Poincaré inequality and Holder’s inequality, we have

I =f (Vui"2 i) lui = hijil ds
aP;,

—1 -1
< / . [Vui " ui — hi jilds +/ . [Vui "™ ui — hi jlds
{2t—/]><sn—l [2—t—j}xsn—l
n—1 1

< (/ (IVu; ["~ 1yt dS) (/ luj — hij " dS)
{Zf_j}XS"_l {2'_j}XS”_1

n—1 1

+ (/ (Va1 ds) (/ i — h,-,,-,t|"ds)
(2-1=i}xsn—1 {2-1=Jyxsn-1
n=1 1
< ( / (Vs )" ds) ( / i — hi " ds)
{zt—j}xsn—l {zt—j}xsn—l

1

n—1 1
+ < / (1Vus )" ds) < f i — h, ,-,A”ds)
{z—t—j}xsn—l {Z—I—j}xsn—l

< Cf0). (3.10)
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Note that /; ;. is the average of u; over S"~!. Then we can estimate the tangential energy

by
,

J.t

V7 il dv 5/ (1 — hi e+ 197 wiP)E do
Pj.,

:/ IV (ui — hij)l" dv
P

< C(ely +24D7% 4 ). (3.11)

By Lemma 3.2, given a regular approximated n-harmonic map u;, for all r € [A, R, §], we
have
f |Vu;|"ds < C(n) (/ |Vru;|"ds +/ [T (u;)| |Vu,~|dv> . (3.12)
0B, 9B, B,

Integrating (3.12) in r from r = 27~/ to r = 2!/, using Holder’s inequality and (3.11),
we obtain

£ = / Vur " dv

P,

Jit

2=
<C (/ IVr u;|" dv +/ . Iz il 2B,y ||Vu,~||L2(B,_)dr>
P 2-1=J

21=J
N n=2
< Ce(h +2"7 D7) + b)) + C/ It @i)llp2ep,) 1VuillLnsyr 2 dr
0

< Cely +27D% 4 1) < Clef;(1) + 277 70) + Cfl). (3.13)
Let A, = ﬁ In 2. Choosing ¢ sufficiently small in (3.13), we have
/ 1 D= )
0< f/)— Efj(t)—i-Ce w0
Now, assuming that A, > é for a sufficiently large C, it implies
/ .
0= (7€) + e et (3.14)
Integrating (3.14) in t over [2, L], this gives
—Lj . _1 .
f’(z) < C (eTl fj(Lj) + e*)mj e()tn C)L/>
L iz
<CleT fiLp+e™lec |, (3.15)
where we note that

Pj = Byi-j\B,y-j, Pj_1UP;U Pjy1 = By-j\By-1-; and f;(2) :/ [Vu;|" dv.

Pj,2
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Applying Lemma 3.1 on P;, we have

2(71'—1)
luillosep) < C / |Vu;[" dv
’ Pj_1UPjUP; 4}

J

. n ﬁ
+ (2‘f)z<n1>c</ Ir(ui)lzdv)
Boa

22-J
1

<C(f/" " @ +e). (3.16)

For j > L, under the assumption (3.7) at the beginning of the proof, we can choose a
small 8 such that f;(L;) < &>~ and (3.15) yields that

1
1 —L; X 1 A\ 2—D)
7@ =c (eT’ L+ e ol C>Lf)
“Lj =i
§C(ec s+eC>. (3.17)
Substituting (3.17) into (3.16) and summing over jy < j < j,, we have

j}’l
i loseBas\Baryr) < D Ntillosecry)
J=Jo

J=Jo
o0 o0
i —J

<C e CTe+ Z e’C

i=0 j=Jo
<C (e + a%)

Since
uillosc(Bs\Bar, ) = sup  fui(x) —u;(y)|

x,¥€Bs\Bor, R
is controlled by §, this implies that
u(B1) U o1 (R")
is a connected set. Thus, there is no neck between the limiting map and the bubbles for regular
approximated n-harmonic maps with tension fields bounded in L2. O

Now we complete the proof of Theorem 1.

Proof of Theorem 1 We briefly describe the procedure of “bubble blowing” by following
the idea from Ding and Tian [6]. First, we recall that the removable singularity theorem of
n-harmonic maps [7]. Moreover, recall the the gap theorem: there is a constant £, > 0 such
that if u is an n-harmonic map on §” satisfying [, [Vu|" < &, then u is a constant on S".
Let u(x, t) be a regular solution of the n-harmonic flow in M x [0, 00). As t; — 00, it
was showed in Proposition 2.1 that a subsequence of u; := u(t;) converges to an n-harmonic
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map uso locally in C*(M\{x!, ..., xL}). Furthermore, there is a constant &9 > 0 such that
the singular points (energy concentration points) {x*} are defined by the condition

lim sup E, (u(5;); Br(x*)) > &9

1i—>00

for any R € (0, Ro], with some fixed Rg > 0.
1

Let x! be a singular point. Then we find sequences x; — x! such that

1
N _ . 11—~
[Vute] = max VuG )l rl = 1o = 0

In the neighborhood Bg, (x1) of the singularity x!, we define the rescaled map
wl (0) = ux} +rlx, 1), (3.18)

Then the rescaled map ul.1 satisfies

o = #iD a2 Tgl ]+|Vu|” AWV w). (319
ot «/|g| axi X
Now, ull converge to U] « locally in R” as i — o0, and u,  can be extended to a nontrivial

n-harmonic map on S” (see [7]). We call it] o to be the first bubble, which satisfies

En(u100; R = hm l1m E, (u Br(0)) = hm lim E,,(ui;BRr; (xl)). (3.20)

R—ooti— —00 li—>

At each singular point x¥, there are finitely many blow-up points xl.k’l and bubbles {wy s }lji |
on R” (see details in [13]); i.e. at each k, there are sequences x({’l

kl
kl — 0 with lim; _, o k, = 00 such that passing to a subsequence, u (x) = u; (x +

— p"’l for some pk’land

k X) converges to k! where wk 1 is an n-harmonic map in R”. These mean that there are

ﬁmte numbers 7; k, finite points x s posmve constants Ry ;, 8¢, and finitely many number
of non-trivial n-harmonic maps wy ; on R” such that

‘lim E,(uj; M)
Jk
= En (oot MG}y ) + 33 Eators )
k=1 I=1
t 2 lim tim, lim, B B \By i) (32D

Moreover, at each neck region ngv,\BRk ey (x:"l) in (3.21), for all i sufficiently large, we
have o

/ \ k])|vuk,l,,-|"duga (3.22)
Bor\ B (x,

k/l’

forall r € ( , 28k.1), where ¢ is a fixed constant to be chosen sufficiently small. In fact,
3.22)isa crumal observation by Ding and Tian [6]. This implies that the neck energy can be
controlled during bubbling procedure by reducing multiple bubbles to a single bubble case,
which leads to the proof of the energy identity for harmonic maps in [6]. For the case of
n-harmonic maps, we complete the proof of the energy identity by using a result of Wang
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and Wei (see Theorem B of [27]) . Now, we can choose a subsequence of time #; — 0o such
that lim; , « a = t,)H L2(M) is bounded. This completes a proof of Theorem 1 by using
Theorem 3. m]

4 Finite-time blow-up of the n-harmonic map flow

As an application of the “no-neck” result, we will construct an example that the n-harmonic
flow with initial value uo blows up in finite time. The proof here is to use similar ideas in
[20]. Due to that there are several modifications for the case of n-harmonic maps, we give a
proof for completeness here.

4.1 Width of n-harmonic maps in the covering space

We follow the geometric setting as in Sections 3—4 of [20] to construct an example of finite
time blowup of the n-harmonic flow. The idea is to construct a proper target manifold N such
that we can find infinitely many initial maps ug : S — N such that the n-harmonic flow
blows up in finite time.

Form > n, let the target manifold N = X # T"™ be the connected sum of X with the torus
T™. Here X is a closed m-dimensional manifold with nontrivial 7, (X). Thus, there exists a
smooth map & : S — X such that it is not homotopic to a constant map. Note that N can
be separated into N1 and N> by an embedding sphere S”~! ¢ N. In particular, N\N; and
N\ N, are homeomorphic to X and 7" respectively. For each/ = 0, 1, 2, .. ., let U; denote
a small neighborhood of p;, which is diffeomorphic to a m-dimensional ball and V C X
denotes an open set which is diffeomorphic to a ball.

R™ is the universal cover of 7" with G = Z™ as the covering transformations group. Now,
for any point py € R™, its orbit under the transformation group G is the set { p;}7°, C R™.
Let Uy be a small ball in R” and its orbit under the transformation group G is a family of balls
{U;}fio C R™. Now, we can find a cover of N by modifying R™. For each/ = 0, ..., 0o,
we remove the small ball U; from R™ for/ = 1,2, ... by adding a copy of X\V, which we
identify dU; by the boundary of X\ V. We denote by X; the copy of X\ V through dU;. This
new complete and non-compact manifold is denoted by N and the transformation group G
act naturally on N. Let N to be a cover of N and § be the corresponding lift metric.

For a continuous map u : $" — N, we define its “width” of u in a set S C §”~! through
its lift map 7 in the covering space (N, g) by

W(u; S) := sup d(ﬁ’g) (u(x), u(y)). “4.1)

x,yeS

We begin with the following lemma that gives an upper bound for the width.

Lemma 4.1 (Boundedwidthlemma)Ifu : R" — N is an n-harmonic map with E,,(u) < Ci
for a constant Cy > 0, there exists a constant Co, depending only on C1 and N such that the
W(u; ") < Cs.

Proof We prove this by contradiction. Suppose that the statement is not true. Then we can
find a sequence of n-harmonic maps {u;}{°, with their energy bounded by the constant C;
such that their width W(u;; S™) can not be bounded as i — oco.

According the above bubble-neck decomposition, as #; — oo, it was showed in
Proposition 2.1 that a subsequence of u; converges to an n-harmonic map u locally in
chem\{xt, ... xt).
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At each singular point x, there are sequences x-/ — p*! for some pk*land r.k’[ -0

A 1
with lim;_;, oo k, r = oo such that passing to a subsequence, u (x) = u; (x rl.k’lx)
converges to *!, where w1 is an n-harmonic map in R”. These mean that there are finite
numbers 7; x, finite points xik ’l, positive constants Ry ;, 8k and finitely many number of

non-trivial n-harmonic maps wy ; on R". Moreover, at each neck region Bs, ,\ B Rigr! (xk [)
in (3.21), for all i sufficiently large, we have
/ |Vuk,/,,~|"dv <e (4.2)
Bo\Br (1)

k.l
kl,

for all r € (—5%—, 28k 1), where ¢ is a fixed constant to be chosen sufficiently small. Then

lim W(u;; $") = lim sup d(N g)(u x), ui(y))

i—00 l%OOX ES"
< lim lim W (ul, S™\ Uk | B,g(xk))
§—>0i—o00
L Jk L
k. k,j
+fim Jim D03 W B O\ Ui By i)
k=1 j—1
L
+ >3 lim lim_lim Wb Baky,\BRkvlrik,l(fo)), (4.3)

k=1 I=1 Rk |—> 00 5k [—>01—>OO

where we note that {xk I}IJ" = UJ" { k.j } | 18 the set of totally blowing points and that
L, j may not exist (This corresponds to the case of a single bubble).

Now we will estimate the width of the above region of bubbling, the neck domain
and the base separately. Let ﬁf’l denote the lift of uf[ Since uf’l — wy, locally in

Cl’“(R”\{pk,Q,}JJ.’:]), the lift ﬁf’l convergence to the lift &y ; in the covering space with
lift metric g as well, so

lim lim sup dg g (@ dra)) =

Sk, 1—~>0i—o00 J il
xeRMUE By ()

By the triangle inequality, we have

L Ji L J
lim lim Y S w <uf”; R\ U | B, (x,.’"l)) <3 Wiws RY.
k=1 I=1

Ska=0i=o0i
Similarly, we have
lim sup sup dy, 5 Wi(x), ui(y)) = Wlteo).

i=00 x yeR"\U_, Bs(xk)
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By the no-neck result in Theorem 1, we have

. . . k.l k,l
lim lim lim W(u."; Bs, ,\B (x) =0
Ry,;—00 5k1[—>0i—>00 ( ! 8"’]\ Rk,lri ( ! ))

These imply that
L Ji
1' L. Qn . Qn . n
Jim W (i §") <W (uoo; ") + 30D Wien s R"),
k=1 I=1
which is contradicted with the assumption. This proves the claim. O

As a consequence, we have

Lemma 4.2 Let u be a regular solutionto (1.2) in M x [0, o0) with initial value ug satisfying
E,(uog) < Ci for a constant C1 > 0. Then there is a sequence t; — 00 such that u(-, t;)
converges to an n-harmonic maps us in Cllo’g (M\{x", ..., xL}). Moreover, there exists a

constant C3, depending only on C1, such that the
lim sup W(u(-, t;); ™) < Cs.
i—00
Proof By using Theorem 1, there exists a sequence #; — oo such that u(#;) converges to an
n-harmonic map uno in C*(M\{x', ..., x}) for some positive @ < 1. Moreover, there are
a finite number of n-harmonic maps wx; on S” withk = 1,...,Landl = 1,..., J;. By
applying Lemma 4.1, we have

L J
lim sup Wi(ui; $") < Witoo: ) + Y > Wian; S") < C3,
=00 k=1 I=1

where C3 depends on C; and total numbers of bubbles. ]

With this bounded width lemma, we are now ready to construct the example of the n-
harmonic map flow with initial map ug : " — N which blows up in finite time. The basic
idea is as follows: We construct an initial ug : S — N which has finite energy. Then we see
if a map u’, which is homotopic to ug, could have a large width.

4.2 Proof of Theorem 2

Since X is a closed manifold of dimension m > n with nontrivial m;,(X), we can find a
smooth map & : " — X such that
(a) h is non-subjective;
(b) h is not homgtopic to any constant map;
(c) h(S™) C X\V;
(d) h maps the southern hemisphere of S” to a pointg € X\V.
Foreach! =0, 1, ..., we denote h; : " — X; C N as acopy of 4 and g; € X as a copy
of g, and also denote by S, the south pole of S".
For any large constant K > 0, there is a sufficiently large / such that

d(ﬁ, 2 (XO, Xl) > K.

Letgo € Xp and g; € X; be copies of g. Let ¥ and @ be two stereographic projections from
S" to R” given by

@ Springer



9 Page 22 of 24 L. H.-N. Cheung, M.-C. Hong

1 n

1 n o _n+ly _ X X
S, ..., x"x )_<1—x"+1"”’1—x”+1>’ 4.4)

1 n

1 n _n+ly __ X X
Wx',...,x", x )_<1—|—x”+1""’1+x"+1)’ 4.5)

which map the north pole NV, and the south pole S, of S” to the infinity respectively.
In order to construct an initial map ug : S" — N, we define a map iig : S" — N by

ho(x), for x € S"\By (S,):
do =17 o0 (BZgE) | forx € Bo(S,)\By2(S)); 4.6)
hjo® 'o (;“2(7;) for x € B,2(Sp).

Here y : [0, 1] — N is the shortest geodesics connecting o to ¢; in N, and ¢ is a smooth
cut-off function on [0, 1] that satisfies:

(1) ¢’ is non-negative and |¢| < 1;
2) p(x) =0, forx € [0, %] and ¢(x) = 1forx € [%, 1];
(3) |¢'| < C, where C is a constant.

Under the definition of g, we can see iy, (s ,) = qo. Moreover, for small o, the metric
was flattened out which gives |y B (S, = dI-
Given that we have g as the pullback metric for the covering of (N, g), there exists an

isometric projection map # : N — N. For sufficiently small o, we can find a smooth
up : S" — N defined by

T oho(x), for x € "\ B, (S));
wo={moyoe (%) for x € By (Sp)\By2(S)):; “.7)
T ohod o (2’2(;‘2)), for x € B,2(Sp).

Now we claim that there is a constant C; depending on /¢ such that
Ey(uo) < En(hy) + En(ho) + 1= Cy. (4.8)
Due to the fact that E, (u) is conformally invariant, the energy E, (o) over S"\ B, (S,) and
B,2(S)) for small o can be bounded by
1
/ |Vuo|" dv+/ [Vuol" dv < Ey(ho) + En(h1) + . 4.9)
S"\By (Sp) B 2(Sp) 2

Now we have to check if the condition (4.8) is satisfied. We do this by estimating the
energy over B; (Sp)\B,2(Sp), then compare it with (4.9).

Let L be the shortest distance between go and ¢;. Since y is the shortest geodesics con-
necting g to ¢; in N, there is a parametrization § such that

1
/0 |(7'r o y)/| d§=d(1\7_é;)(qo,q1) =L, |(7T ° V)/| =L.

Therefore, we have

_ CL
r(—logo) ~— r(—logo)

19, uol < 1(m o ¥)'|1¢|
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which gives us to estimate the energy of 1o on the annulus domain; i.e.

e

/ |Vuo|" dx < c/ 10, uo|™ ¥ dr
Bs\B > o2

cL" /G 1 cL"
<—— | —dr<—"F"—.
~ (=logo) Joor T (—logo)r-]

Therefore, the energy on the annulus domain B, \ B2 can be controlled for any L with a
sufficiently small o. Together with (4.9), we obtained an upper bound C; for E (ug).

Now, for any u’ (with a lift #’) which is homotopic to ug, we claim that &’ intercepts with
Xo and X;, which implies

W' S") = d iy o (Xo. X1) = K > Cs.

We prove this claim by contradiction. Assume that #’ does not intercept with X(. Set a
continuous map7 : N — X so that 7 maps N\ X to a single point p € X. Since u’NXo = @,
itfollows that 77 o 1/ maps to p which is a constant map. However, consider 7 o &’ is homotopic
to T o ip which is homotopic to hg as well. This contradicts with the property (b) of the
definition of Ag. This shows that &’ must intercept with X(. By a similar argument, i’ must
intercept with X;.

Assume that the n-harmonic map flow with initial value uo does not blow up in finite
time. Let u(x, tr) be a regular solution to the flow (1.2) in M x [0, co) with initial value
up € CH(M, N). By Theorem 1, there is a sub-sequence #; such that as t; — oo, u(x, t;)

converges to an n-harmonic map us in Cllo‘f (M\{x"', ..., xL}) for some positive o < 1.
Since u; := u(x, t;) is homotopic to ug, we have

W(u;; S") > K > Cs.

On the other hand, by Lemma 4.2, lim sup;_, ., W(u;; $") < Cs. This is a contradiction.
Therefore, we have constructed initial maps ug : S — N such that the n-harmonic map
flow with initial value uo must blow up in finite time. This completes a proof of Theorem 2.

O

Remark 1t is an interesting question whether the the heat flow for H-systems ([14]) on
n-manifolds blows up in finite time for n > 3.
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