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Abstract We establish exponential bounds on the Ginzburg-Landau order parameter away
from the curve where the applied magnetic field vanishes. In the units used in this paper,
the estimates are valid when the parameter measuring the strength of the applied magnetic
field is comparable with the Ginzburg—Landau parameter. This completes a previous work
by the authors analyzing the case when this strength was much higher. Our results display
the distribution of surface and bulk superconductivity and are valid under the assumption
that the magnetic field is Holder continuous.
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1 Introduction
1.1 The functional

In non-dimensional units, the Ginzburg—Landau functional is defined as follows,

2
5<w,A)=/ <|<V—iKHA)w|2—K2|1/f|2+%|x/f|4+<xH>2|cur1A—Bo|2 dx,
Q
(1.1)
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where:

e Q C R? is an open, bounded and simply connected set with a C> boundary;
e (Y,A) € HY(Q;C) x H'(€; R?);

e k> 0and H > 0 are two parameters;

e By is areal-valued function in L2(2).

The superconducting sample is supposed to occupy a long cylinder with vertical axis and
horizontal cross section 2. The parameter « is the Ginzburg—Landau parameter that expresses
the properties of the superconducting material. The applied magnetic field is x H Bye, where
¢ = (0,0, 1). The configuration pair (v, A) describes the state of superconductivity as
follows: |y|> measures the density of the superconducting Cooper pairs, curl A measures
the induced magnetic field in the sample and j := (i, Vi — ik HAY) measures the
induced super-current. Here (-, -) denotes the inner product in C defined as follows, (u, v) =
u1v] + upvy where u = uy + iup and v = vy + ivo.

At equilibrium, the state of the superconductor is described by the (minimizing) configu-
rations (v, A) that realize the following ground state energy

Eo(k, H) = inf [E(Y, A) : (y,A) € H'(2:C) x H' (% RY)}. (1.2)

Such configurations are critical points of the functional introduced in (1.1), that is they
solve the following system of Euler-Lagrange equations (v is the unit inward normal on the
boundary)

—(V—ikHA) Yy =21 — [y Py in Q,

—Vt(curl A — By) = (kH) "' Im(Y(V — ik HA)Y') in Q, (1.3)
v-(V—ikHA)Y =0 on 92,

curlA = By on 092.

Once a choice of (li, H) is fixed, the notation (v, A) p stands for a solution of (1.3). When
Bp belongs to C 0(Q), we introduce two constants By and B that will play a central role in
this paper:

Bo := sup |Bo(x)| and B := sup |Bo(x)l|. (1.4)
xeQ xX€dQ

1.2 The case with a constant magnetic field

A huge mathematical literature is devoted to the analysis of the functional in (1.1) when the
magnetic field is constant. This corresponds to taking By = 1 in (1.1). The two monographs
[15,40] and the references therein are mainly devoted to this subject. One important situation
is the transition from bulk to surface superconductivity. This happens when the parameter H
increases between two critical values Hc, and Hc, called the second and third critical fields
respectively.

In this analysis the de Gennes constant plays a central role. This constant is universal and
defined as follows

. . o0 ’ 2 2 2
©o=inf { inf_ (/0 (I OF + (¢ = £2luwP)ar) | (15)
Furthermore, it is known (cf. [15]) that

1
3 <0 < 1. (1.6)
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The de Gennes constant appears indeed in the asymptotics of Hc, for k large
He, ~ 0y ',
while we have for the second critical field
He, ~«.

To be more specific, if b > 0 is a constant and (v, A), g is a minimizer of the functional in
(1.1) for H = bk (and By = 1), the concentration of ¥ in the limit x — oo depends strongly
onb.

If 0 < b < 1, then ¥ is uniformly distributed in the domain 2 (cf. [28,41]). If 1 < b <
0, 1 , then ¥ is concentrated on the surface and decays exponentially in the bulk (cf. [12,35]).
Ifb > 651, then ¥ = 0 (cf. [25,32]). The critical cases when b is close to 1 or ®51 are
thoroughly analyzed in [14,16].

1.3 The case with a non-vanishing magnetic field

The case of a non-constant magnetic field By satisfying the assumptions

By e C°(Q) and inf By(x) > 0,
xeR
is qualitatively similar to the constant magnetic field case. This situation is reviewed in [22,
Sec. 2.2]. Surface superconductivity is studied in [15], while the transition to the normal
solution is discussed in [37].

1.4 The case with a vanishing magnetic field

The results in this paper are valid for a large class of applied magnetic fields, see Assump-

tion 1.2 below. However, one interesting situation covered by our results is the case where the

applied magnetic field has a non-trivial zero set. In the presence of such an applied magnetic

field, we will study the concentration of the minimizers (¥, A), m of (1.1) in the asymp-

totic limit k — +o00 and H = k. Unlike the results in [15,37] that only investigate surface

superconductivity, the situation discussed here includes bulk superconductivity as well.
The discussion in this subsection is focusing on magnetic fields that satisfy:

Assumption 1.1 (On the applied magnetic field)

(1) The function By is in C' ().

(2) ThesetI™ :={x € Q : By(x) = 0} is non-empty and consists of a finite disjoint union
of simple smooth curves.

(3) T N o is either empty or a finite set.

(4) Forall x € @, |By(x)| + |VBy(x)| # 0.

(5) The set I' is allowed to intersect €2 transversely. More precisely, if I' N 92 # (4, then
on this set, v x VB # 0, where v is the normal vector field along 9€2.

A much weaker assumption will be described later (cf. Assumption 1.2). Under Assump-
tion 1.1, we may introduce the following two non-empty open sets

Qr={xeQ : By(x) >0} and Q_={x € Q : By(x) <0}. (1.7)
The boundaries of Q24 are given as follows

02y =T"U (§:|: No2).
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Magnetic fields satisfying Assumption 1.1 are discussed in many contexts:

e In geometry, the magnetic Laplacian arises naturally as a natural Laplacian associated
with a given connection on a U(1)-bundle (cf. [30]). Magnetic fields with a non-trivial
zero set appear in [33] under the appealing question: can we hear the zero locus of a
magnetic field?

e In the semi-classical analysis of the spectrum of Schrodinger operators with magnetic
fields satisfying Assumption 1.1 (and I' C 2). These operators are extensively studied
in [13,20,24].

e In the study of the time-dependent Ginzburg-Landau equations [4,5], applied magnetic
fields as in Assumption 1.1 naturally appear in the presence of applied electric currents.
Actually, for specific samples, there are electrical currents that produce sign-changing
induced magnetic fields.

e For superconducting surfaces submitted to constant magnetic fields [11], the constant
magnetic field may induce a smooth sign-changing magnetic field on the surface.

e In the transition from normal to superconducting configurations [36], one meets the
problem of determining H such that the ground state energy in (1.2) vanishes on a curve
meeting transversally the boundary. The results in [36] are sharpened in [9,34].

e The asymptotics of the ground state energy in (1.2) and the concentration of the corre-
sponding minimizers for large values of x and H is analyzed in [7,8,22,23].

Of particular importance to us are the results of Attarin [7]. These results hold under Assump-
tion 1.1, for H = bk with b > 0 constant. One of the results in [7] is that the ground state
energy in (1.2) satisfies, as k — +00,

Eg (i, H) = K /Q g(b|Bo(x)))dx + o(k?). (1.8)

Here the function g(-), which was introduced by Sandier—Serfaty in [41], is a continuous non-

decreasing function defined on [0, co) and vanishes on [1, co) (cf. (2.5) for more details).
K. Attar also obtained an interesting formula displaying the local distribution of the min-

imizing order parameter . If (¥, A),  is a minimizer of the functional in (1.1) for

H = bk,

and if D is an open set in 2 with a smooth boundary, then, as k — 400,
/ [ (x)*dx = —2/ g(|Bo(x))dx + o(1). (1.9)
D D

The interest for an L* control of the order parameter dates back to Y. Almog (see [2] and the
discussion in the book [15, Ch. 12, Sec. 12.6]). Using the Ginzburg—Landau equations, the
L*-norm of the order parameter is directly connected with the Ginzburg—Landau energy of
the corresponding minimizer.
The formula in (1.9) shows that i is weakly localized in the neighborhood of I, V (%),
where:
V(€)= {er,|Bo(x)|§e}. (1.10)

For taking account of the boundary effects (the surface superconductivity should play a
role like in the constant magnetic field case) we also introduce in d€2 the subset

VP () := {x € 3, ©g|By(x)| < €}. (1.11)

@ Springer



Decay of superconductivity Page 5 of 35 130

Fig. 1 Illustration of Regime I
for H=bk and b = 1/¢:
Superconductivity is destroyed in
the dark regions and survived on

the entire boundary >

We would like to measure the strength of the (exponential) decay of the minimizing order

parameter v in the domains
1 1
— ) =Q\V|-). 1.12
o) =2 (5) (12

Note the role played by the two constants introduced in (1.4). If % > fo, then V(é) = Q.
For this reason we will focus on the values of b above ! We also observe that, if % > Opp1,
then Vb"d(%) = dQ2. Hence, boundary effects are expected to appear when b < ﬁﬂ]

Loosely speaking, we would like to prove that, for all values of b > 8y ! the density |y |?
is exponentially small (in the L2-sense) outside the set V(%) U Vb“d(%). This will lead us to
two distinct regimes:

Regime I: For By L= p < (G)oﬂl)_], Vb“d(%) = 02 and 0%2 carries surface supercon-
ductivity everywhere. This is illustrated in Fig. 1.

Regime II: For b > (©9p1)~", we will get that v is exponentially small outside the set
Vb“d(%). Here we have two cases:

e As b increases, surface superconductivity shrinks to the points of {x € 92, By(x) = 0},
provided that this set is non-empty (cf. Fig. 2).

e If {Bp(x) = 0} N a2 = @, then, for sufficiently large values of b, no surface supercon-
ductivity is left (cf. Fig. 3).

Regime II is consistent with the results of [22, Thm. 3.6] devoted to the complementary
regime where b > 1 as k — +o00.
The results in this paper confirm the behavior described in these two regimes and are valid
under a much weaker assumption than Assumption 1.1 (cf. Assumption 1.2 below).

The transition to the normal state is studied in [9,34,36]. This happens, when « is large,
for H ~ c4k? (equivalently b ~ cy«), where ¢, > 0 is a constant explicitly defined by the
domain €2 and the function By.

1.5 Main results

In this paper, we will first work under the following assumption:
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Fig. 2 Illustration of Regime II
for H=bk and b = 1/e¢:
Superconductivity is also
destroyed on the boundary parts
{80l Bo(x)| > £} N30

Fig. 3 Illustration of Regime II
when {B) =0}NIQ =9, H =
bk,b = 1/¢ and ¢ is small:
Superconductivity is destroyed
on the entire boundary and is
concentrated in the set {| Bg| < ¢}

Assumption 1.2

e The function By is in C*% () for some & € (0, 1);
e The constants By and §; in (1.4) satisfy 81 > Bo > 0.

Note that this assumption is much weaker than Assumption 1.1. With the previous notation
our main theorem is:

Theorem 1.3 (Exponential decay outside the superconductivity region) Suppose that
Assumption 1.2 holds, that b > B Vand let O be an open set such that O C a)(%), where

a)(%) is the domain introduced in (1.12)
There exist kg > 0, C > 0 and ag > O such that, if k > ko and (Y, A), u is a solution of
(1.3) for H = bk, then the following inequality holds

1V 1) < Ce ™0 . (1.13)

Furthermore, ifb > (©gB1)~", then the estimate in (1.13) holds when the open set O satisfies

b b

The proof of Theorem 1.3 follows from the stronger conclusion of Theorem 3.1, estab-
lishing Agmon like estimates.

0 cC {x € 92, Og|Bo(x)| > 1} Ua)(l).
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Remark 1.4 (Sign-changing magnetic fields) In addition to Assumption 1.2, suppose that
Q4 and Q_ are non-empty. The constant Sy in (1.4) can be expressed as follows

Bo = max (B, By) where By = sup |Bo(x)].
xeQy

We will discuss the conclusion of Theorem 1.3 when ,BJ < B, . We have:

o If (B0)~! < b < (B!, then a)(%) N Q4 = @. Consequently, the exponential decay
occurs in a)(%) NQ_.
o If (;30+)_1 < b, then the exponential decay occurs in both a)(%) N Q4 and w(%) NneQe_.

The situation when 8, < ,BSF can be discussed similarly. Next, we suppose that the two sets
(0RQ2)+ :={x €9, Bo(x) >0} and (Q)_ :={x € 92, Bp(x) < 0}
are non-empty, and we express the constant 81 in (1.4) as follows

B1 = max(B;", B;) where Bf = sup |Bo(x)|.
xe(@Q)+

According to Theorem 1.3, when /3?' < B, and (,31)_1 <b< (ﬁf)_],then the exponential
decay occurs on {x € 92, Ogb|Bo(x)| > 1} N (IQ)_, since {x € IN, Opb|Bo(x)| >
1}N0RQ)+ =0.

Our next result discusses the optimality of Theorem 1.3. This theorem determines a part
of the boundary where the order parameter (the first component ¥ of the minimizer) is
exponentially small. Outside this part of the boundary, we will prove that the L* norm of the
order parameter is not exponentially small. In physical terms, superconductivity is present
there.

The statement of Theorem 1.5 involves the following notation:

e Forall7 > 0,Q() = {x € R? : dist(x, 0Q) < 1}.

e By smoothness of 92, there exists a geometric constant fy such that, for all x € ?2([0),
we may assign a unique point p(x) € 9<2 such that dist(p(x), x) = dist(x, 9€2).

e If b > 0, we define the open subset in R2

Ot b) = {x e Q) : 1< b|Bo(p(x))| < @g‘} . (1.14)
o Eqf : [1,0, l) — (—00, 0) is the surface energy function which will be defined in

(4.2) later. This function is continuous and non-decreasing.N
e If Q(t9, b) # ¥, we define the following distribution in D' (2(to, b)):

~ [
C(Qt0, b Tp(p) = -2 ——— Equ(b|B ds(x),
(R0, b)) 3 ¢ = Tp(p) /ﬁ(ro,b)masz bl BoCo)] £(b1Bo(x)[) g (x)ds (x)

(1.15)
where dss is the surface measure on 9€2.
o If D C 2, we introduce the local Ginzburg—Landau energy in D as follows

2
8<w,A;D)=/ (|<V—i/<HA)w|2—x2|w|2+%|w<x)|4)dx. (1.16)
D

e 1 denotes the characteristic function of the set 2.
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Theorem 1.5 (Existence of surface superconductivity) Suppose that Assumption 1.2 holds,
thatb > /3(;1 and that fl(to, b) # U, where By is the constant introduced in (1.4). If (Y, A) . v
is a minimizer of the functional in (1.1) for H = bk, then as k — 00, we have the following
weak convergence'

Klo|Ve nl* = T, inD' (R, b)). (1.17)

Remark 1.6 Theorem 1.5 demonstrates the existence of surface superconductivity. We can
interpret the assumption in Theorem 1.5 in two different ways.

o If H =bk,b > 0is fixed and xo € 0€2, then to find superconductivity near xo, this point
should satisfy 1 < b|Bo(xp)| < @61.

e If xg € 99 is fixed and |By(xp)| is small, then to find superconductivity near xo, the
intensity of the applied magnetic field should be increased in such a manner that H = bk
and 1 < b|Boy(xo)| < Oy .

Our last result confirms that the region {Bo(x) < 7} carries superconductivity every-
where. To state it, we will use the following notation:

o If p,q € 99, distye(p, ¢) denotes the (arc-length) distance in 92 between p and g.

e For xp € R? and r > 0, we denote by O, (x0) = xo + (—r/2, 1’/2)2 the interior of the
square of center xo and side r. When xg = 0, we write O, = Q,(0).

e For (x, ) € Q x (0, to/2), we will use the following notation:

{x € Q : distao(p(x), x0) < £ and dist(x, Q) < 2¢} if xg € IR,

Q2¢(x0) if xg € Q.
(1.18)

Wi(xo, ) = {

Theorem 1.7 (The bulk superconductivity region) Suppose that Assumption 1.2 holds for

some a € (0,1),b > 0 and ﬁ < p < 1 be two constants. Let xo € Q such that

|Bo(xo)l < -
There exist kg > 0, a functionr : [kg, +00) — Ry such that lim,_, 1 5 1(k) = 0 and, for
all k > ko and for all critical point (Y, A). u of the functional in (1.1) with H = bk, the

Sollowing two inequalities hold,

[ (x)[*dx + 2g (b1 Bo(x0)])

‘ 1
<r()

W (xo. €)1 Sy )

and
€ (v, AW, 7)) = e (blBor))| = kro).

Here g(-) is the continuous function appearing in (1.8) and (1.9) (see Sect. 2.1 for its definition
and properties).

The result in Theorem 1.7 is a variant of the formula in (1.9) valid for applied magnetic
fields which are only Holder continuous, thereby generalizing the results by Attar [7] and
Sandier—Serfaty [41]. This will be clarified further in Remark 1.9.

In the bulk superconductivity region displayed in Theorem 1.7, vortices are expected to
exist, since the energy of minimizers is strictly lower that that of the normal or perfectly
superconducting states. Even in the case of a uniform magnetic field, their detection remains
an open problem (cf. [41]). However, if the magnetic field is not constant, the vortices will

1 A distribution T, converges weakly to a distribution T in D’ (U) if, for all ¢ € CX W), T (p) — T(p).
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not arrange on a lattice and will have a non-uniform distribution. We refer to [7] for existing
results about the non-uniform distributions of vortices, but for a different regime of the applied
magnetic field.

Remark 1.8 Letuschoose fixed constants y and p such that ﬁ <p<land0 <y < 1—p.
Our proof of Theorem 1.7 yields that the constant ko and the function r(«) in Theorem 1.7
can be selected independently of the point xo provided that

o k% < b|By(xo)| < I;

e xo € 3Q or dist(xg, 92) > 4k P,
The condition dist(xg, Q) > 4« " ensures that Q,,—» (xo) C 2, which is needed in the
proof of Theorem 1.7.

Remark 1.9 Lety € (0 ). If we assume furthermore the following geometric condition

 Tta
[x €@, [Bon)l <k} =o(1) (c — o0), (1.19)

then Theorem 1.7 implies the weak convergence

Ve O = =2g(b1Bo()]) in D'(Q).

In (1.19), we have used the following notation. If £ C R2, | E| denotes the Lebesgue (area)
measure of E. Note that the condition in (1.19) holds under Assumption 1.1 considered in

(71.

The rest of the paper is organized as follows. In Sect. 2, we collect various results that will
be used throughout the paper. Section 3 is devoted to the proof of Theorem 1.3. In Sect. 4,
we present the proof of Theorem 1.5. Finally, we prove Theorem 1.7 in Sect. 5.

In the proofs, we avoid the use of the a priori elliptic L°°-estimates, whose derivation is
quite complicated (cf. [15, Ch. 11]), thereby providing new proofs for the results in [35,41].
To our knowledge, these L°°-estimates have not been established when the magnetic field
By is only Holder continuous.

2 Preliminaries
2.1 The bulk energy function
The energy function g(-), hereafter called the bulk energy, has been constructed in [41]. We
will recall its construction here. It plays a central role in the study of ‘bulk’ superconductivity,
both for two and three dimensional problems (cf. [17,19]). Furthermore, it is related to the
periodic solutions of (1.3) and the Abrikosov energy (cf. [1,16]).
Forb € (0, +00),r > 0,and Q, = (—r/2,r/2) x (—r/2,r/2), we define the functional,
. 2 LAY 1
Fy 0, () = b|(V —iAog)u|” — |ul” + 5'“' dx, forue H (Q;). 2.1
Or
Here, the magnetic potential A is expressed using the symmetric gauge,
1
Ao(x) = S(=x2,x1),  forx = (x1,x2) € R, 2.2)

and gives rise to the unit constant magnetic field.
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We define the Dirichlet and Neumann ground state energies by
ep(b,r) =inf{Fp o, (u) : ue H(;(Q,)}, (2.3)
en(b,r) =inf {Fy o, ) : ue H'(Q)}. (2.4)

We can define g(-) as follows (cf. [7,17,41])
ep(b,r) _ . en(b,r)

Vb>0, gb)= lim im , (2.5)
ST EN T T e 10
where |Q,| = r? denotes the area of Q,.
Furthermore, there exists a universal constant C > 0 such that
b, b, C 2C
Vb>0, Vr>1, gy <2&n v O ) 2C (2.6)
[ O] 10| r r
One can show that the function g(-) is a non decreasing continuous function such that
1
g(0)=—=, gb)<Owhenb <1, and g(b)=0whenb > 1. 2.7

2

2.2 The magnetic Laplacian

We need two results about the magnetic Laplacian. The first result concerns the Dirichlet
magnetic Laplace operator in a bounded set €2 with a strong constant magnetic field B, that
is

—(V —iBAy)? in L%(R),
with the Dirichlet condition
u=0ondQ.

Here Ay is the vector field introduced in (2.2), with curl Ay = 1. It is based on the elementary
spectral inequality (cf. [15, Lem. 1.4.1]):

Lemma 2.1 Forall B € Rand ¢ € H} (), it holds

/ |(V — iBAg)¢|*dx > IBI/ |¢p (x)|*dx.
Q Q

The second result concerns the Neumann magnetic Laplace operator in a bounded set 2 with
a strong constant magnetic field B, that is

—(V —iBA)? inL*(Q),
with the (magnetic) Neumann condition
v-(V—iBAy)u =0on oQ.

Here v is the unit inward normal vector on d€2. The asymptotic behavior of the groundstate
energy as | B| — oo is well known (cf. [21,31] and [15, Prop. 8.2.2]):

Lemma 2.2 There exist By > 0 and C > 0 such that, if |B| > Bo and ¢ € H'(Q),

/|(V—iBAo>¢>|2dxz(®O|B|—C|B|3/“)/ 16 2dx.
Q Q
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2.3 Universal bound on the order parameter

If (¥, A) is a solution of (1.3), then  satisfies in Q2 (cf. [15, Prop. 10.3.1])
[Pl < 1. (2.8)

2.4 The magnetic energy

Let us introduce the space of vector fields
Hi () ={Aec H'(Q:R?) : divA=0inQ and v-A =0ondf}. (2.9)

The functional in (1.1) is invariant under the gauge transformations (y, A) — @y, A +
V¢). Consequently, if (, A) solves (1.3), we may apply a gauge transformation such that
the new configuration (1# =Py, A=A+ V¢) is a solution of (1.3) and furthermore Ac
H! 4iv (§2). Having this in hand, we always assume that every critical/minimizing configuration
(¢, A) satisfies A € Hdliv(Q) which simply amounts to a gauge transformation.

Since 2 For given By € L?(2), there exists a unique vector field satisfying

F e H},(Q) and curlF = Bj. (2.10)

Actually, F = V=L f where f € HYX Q)N HO1 (2) is the unique solution of —Af = By. The
uniqueness of F is a consequence of the simple connectedness of €.

Remark 2.3 By the elliptic Schauder Holder estimates (see for example Appendix E.3 in
[15]), if in addition By € C 0.2 (Q) for some o > 0, then the vector field F is smooth of class
Ccl(Q).

We recall the following result from [7]:

Proposition 2.4 Let y € (0,1) and 0 < ¢y < c3 be fixed constants. Suppose that By €
LZ(Q). There exist ko > 0 and C > 0 such that, if « > ko,c1k < H < crk and if
(. A)e.n € H(Q) x H}, () is a minimizer of (1.2), then

A - F“CO,y(ﬁ) < —

The proof of Proposition 2.4 given in [7] is made under the assumption By € C*® (), but
it still holds under the weaker assumption By € L3(Q).

The next result gives the existence of a useful gauge transformation that allows us to
approximate the vector field F locally by a vector field generating a constant magnetic field.
It is similar to the result in [7, Lem. A.3], but the difference here is that we only assume
F € C1%(Q) instead of C2.

Lemma 25 Leta € (0,1),r9 > 0 and By € C%¥(Q). There exists C > 0 and for any
a € Q a function g, € C**(R?) such that, if r € (0, rol and B(a,r) N Q # @, then

VxeBla,rNQ, [Fx)—By@Agx—a)— Ve, (x)| < Crite.
Here F is the vector field satisfying (2.10).

Proof of Lemma 2.5 Since the boundary of Q is smooth and F € C'*(Q; Rz) the vector
field F admits an extension F in C1%(R2; R2). We get in this way an extension By = curl F
of By in C%*(R?). We now define in RZ, the two vector fields

~ -~ ~ 1 —~
F(y) =F@a+y), AQy) = </0 sBo(a + sy)dS> (=2, y1).
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Clearly, curl lN‘N‘ = Eurlx = By(a + y). Consequently, by integrating the closed 1-form
associated with F' — A, there exists a function ¢ € C 2.#(R2) such that

F—VG=A,¢0)=0.
Since By € CO*(R?), A(y) = Bo(a)(—y2, y1) + O@1) in B(0, r). We then define the
function ¢, by ¢,(x) = ¢(x —a) + By (a)(a2x1 — alxz). This implies
VxeBar), [Fx)—By@Agx —a)— Vg,(x)| < Cr'te,

and the lemma by restriction to 2. O

2.5 Lower bound of the kinetic energy term

The main result in this subsection is:
Proposition 2.6 Let 0 < ¢i < ¢ be fixed constants. Suppose that o € (0, 1] and By €
CO%(Q). There exist kg > 0 and C > 0 such that the following is true, with

200

. 2.11
34+« ( )

o(x) =

(1) For

e Kk > kg, Clk < H <crk;
o (Y, A), nu asolution of (1.3); -
o ¢ € HY(Q) satisfies suppp C {x € Q, |Bo(x)| > 0},

we have
f [(V — ik HA)$ (x)|*dx > Ok H f (IBo(x)| — Cx ™) | (x)[*dx.
Q Q
(2) Ifin addition ¢ = 0 on 02, then

/ (V= ik HA)$(x)|*dx = cH f (1Bo)| = Ck=7@) | () Pdx.
Q Q

The estimates in Items (1) and (2) in this proposition are known when the vector field A
is C2, independent of («, H), curl A # 0 and By is replaced by curl A (cf. Lemma 2.2 and
(20D).

For o = 1 (i.e. By is Lipschitz) the errors in Proposition 2.6 and Lemma 2.2 are of the
same order.

Proof of Proposition 2.6 Let us choose an arbitrary ¢ € H'(S2). All constants below are
independent of ¢. For the sake of simplicity, we will work under the additional assumption
that supp¢ C {Bo > 0}.

Step 1. Decomposition of the energy via a partition of unity.
For ¢ > 0 we consider the partition of unity in R?

Y oxj=1, Y |Vx;P <Ce7* inR* and suppx; C B(a’, o).
- ,

J

Here the construction is first done for £ = 1 and then for general £ > 0 by dilation. Hence
the constant C is independent of £. Although the points (af) depend on ¢, we omit below the

reference to ¢ and write a; for af:.
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In what follows, we will use this partition of unity with
L=x"", 0<p<1 and « large enough.

Using this partition of unity, we may estimate from below the kinetic energy term as
follows

/ [(V — ik HA)Yp|*dx = ) (/ I(V — ik HA) (x ;)2 dx — ce—Z/ |Xj¢|2dx) )
Q ; Q Q

(2.12)
Letoj(x) = (x —aj)- (A(aj) - F(aj)), where F is the vector field in (2.10). Note the useful
decomposition

A(x) — Va; =F(x) + (Ax) — F(x)) — (A(a)) — F(a))).
By Proposition 2.4, we have in B(a;, £) N L,
(V= ik HA)(x;¢)* = [(V — ik H(A — Va ;) (e “H% y;¢)*
> (1 = )|V — ik HF)e 7 Hei y ;02
— CCH T |A = FIIgy, g 61
> (1= )V — ik HF) (e "1 y ;) [* — CH? (=D |y 9.
(2.13)

Here § > 0 and y € (0, 1) are two parameters to be chosen later.
By Lemma 2.5, we may define a smooth function ¢; in B(a;, £) N 2 such that,

[F(x) — Vo (x) — [Bo(a))|Ao(x —aj)| < Ce'*,

where C > 0 is independent of j.
Consequently, there exists C > 0 such that, for all j,

|(V — ik HF) (e 7% x ;) |* > (1 — €2)|(V — i H|Bo(a;)
X |A()(.x _ aj))efl'KH(pjefl'KHajXj¢|2

— CkPH2 270 002 (2.14)

Step 2. The case suppg C {x € Q, By(x) > 0} and ¢ = 0 on 9%.
The assumption on the support of ¢ yields that x ;¢ € HOI(Q). Collecting (2.13), (2.14)
and the spectral inequality in Lemma 2.1, we get the existence of C > 0 such that for all j

|1 —icrarGyoPdr = 1 =20t [ 1BoaplizoPax
. CH2(£2V_5 + K2Z2+20[—5)/;2 Ixj¢|2dx.
Since By is in C%%($2), we have By(x) = By(aj) + O(*) in B(aj, £). Thus
/Qw — ik HA)(x;)*dx > KH/Q | Bo(x)|Ixj¢ (x)]dx

—CH?(t* + 00 + 6> + K%M“*‘S)/ X (0)2dx.
Q
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After summation and using that ) ; Xf =1, we get
/ |(V — ik HA)$|?dx
Q
>kH (/ [Bo ()| (x)|2dx — C(€*+£° + eZV—“+xzz2+2“—5+K—Qe—2)/ |¢|2dx> )
Q Q

Hence the goal is to choose, when x — +o00 and with £ = k~*, the parameters p, §, y and
« in order to minimize the sum

Solk, £) = 0% + 05 4 g2 =8 4 2gPH2ed 4 =22, (2.15)

If we take § = y, which corresponds to give the same order for the second and the third
terms in X, we obtain with £ = x—*

/ (V — ik HA)$|?dx > KH/ <|Bo(x)| — C(k P 4 PV 4 27 CH2a=y)p
Q Q

+ KZH) 16 (x) Pdx.
In the remainder, to minimize the error for the two last terms, we select p such that

2—R2420—y)p=2p-2,

p=4/4+2a —y).

Getting the condition 0 < p < 1 satisfied leads to the condition« > y /2. We select y = %a.
This choice is optimal since

(@) = ( ) = 2a _ 2a
olo)i= (I, 0 V) =00\ & T ) = 3y

where

4o 4y 2Qa —y) )

O—O(Ol7y):m1n<4+2a_y74—|—2a—]/74+2(¥_y

This finishes the proof of Item (2) in Proposition 2.6.

Step 3. The case supp$ C {x € Q, Bo(x) > 0}.

We continue with the choice § = y = %a and p = 4/(4+2a —y). We collect the inequalities
in (2.13), (2.14) and Lemma 2.2 and write

[ (V — ik HA)(x;¢)*dx > (1 —2z2“/3)xH/ (©01Bota] = Clct) ™) 13,9 Pdx

Q Q
—CH* @ / Ix;p*dx.
Q

Since By € C%% (), we can replace By(a;) by By(x) on the support of x; modulo an error
O(£%). We insert the resulting estimate into (2.12) and use that ) | j ij =1 to get,

/ (V — ik HA)$|*dx > KH/ <®O|Bo(x)| —C(k @ 4 Kfl/z))|¢(x)|2dx.
Q Q

Observing that o (a) < 1 we have achieved the proof of Item (1) in Proposition 2.6. O
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3 Exponential decay
3.1 Main statements
We recall the definition of the de Gennes constant ® in (1.5), and the two constants Sy, f1
in (1.4). For all A € (0, Bp), we introduce the two functions on w (A):

5.(x) = dist(x, dw(2)) and g (x) = dist(x, 2 N dw (1)), 3.1
where w(+) is the domain introduced in (1.12).

Theorem 3.1 (Exponential decay outside the superconductivity region) Let ¢1 and ¢y be two
constants such that 8, l<el <en Suppose that Assumption 1.2 holds for some o € (0, 1).
There exists jo > 0 and for all i € (0, wo), there exist ko > 0, C > 0 and & > 0 such that,

if
kK = ko, cik = H <,
and (Y, A) ., u is a solution of (1.3), then the following inequalities hold:

(1) Decay in the interior:

= |0

)

/ (|w()c)|2 + - i/cHA)w(x)|2) exp (2&\/KHtA(x))dx <
0Nz 712) KH

where A = X + w;
(2) Decay up to the boundary:

s

1
<|1ﬁ(x)|2 + IV - iKHA)lﬁ(x)|2) exp (2&¢xﬂgﬂ(x)>dx <

= |0

/w(ﬁm{c,s(x)zﬁ}

K
here p = © ! (— )
where B o \z +u
Remark 3.2 Theorem 3.1 says that, for £ > 0 sufficiently small, bulk superconductivity
breaks down in the region {x € 2, |Bo(x)| > % + pu} and that surface superconductivity
breaks down in the region {x € 92, ®¢|Bo(x)| > %+,u}. This is illustrated in Figs. 1 and 2.

Remark 3.3 In the constant magnetic field case, By = 1, Theorem 3.1 is proved by Pan [35],
in response to a conjecture by Rubinstein [38, p. 182]. Our proof of Theorem 3.1 is simpler
than the one in [35] since we do not use the a priori elliptic L°-estimates, whose derivation
is not easy (cf. [15, Ch. 11]).

Remark 3.4 On a technical level, one can still avoid to use the L°°-elliptic estimates in
the proof of Theorem 3.1 when the magnetic field is constant, by establishing a weak
decay estimate on the order parameter (namely ||{|2 = O(x~Y/*)). This has been done
by Bonnaillie-Noé¢l and Fournais in [10] and then generalized by Fournais—Helffer to non-
vanishing continuous magnetic fields in [15, Cor. 12.3.2]. However, in the sign-changing
field case and the regime considered in Theorem 3.1, the weak decay estimate as in [10] does
not hold.

The substitute of the weak decay estimate in our proof is the use of a (local) gauge
transformation. This has been used earlier to estimate the Ginzburg-Landau energy (cf.
[9,29]), and the exponential decay of the order parameter for non-smooth magnetic fields
(cf. [6]). We will extend this method for obtaining local estimates in Theorems 4.7 and 4.8.
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Remark 3.5 The conclusion in Theorem 1.3 is a simple consequence of Theorem 3.1 and
the estimate in Proposition 2.4. Actually, if O is an open set independent of « such that
O C w(k/H), then

0co(r+r)
w(gtu
for p sufficiently small, and
dist(x, Jw (% + /,L)) >cy in O,

for a constant ¢, > 0.
Similarly, when O is an open set independent of « and

O Cwk/H)YU{x €3Q, Oy|By(x)| < «/H},
then
0c w(®g‘<% +u))

for u sufficiently small, and

ais (.90 (05 (5 + 1)) ) 2 6 im0,
for a constant ¢, > 0.

The rest of this section is devoted to the proof of Theorem 3.1, which follows the scheme
of the proof of the semi-classical Agmon estimates (cf. [15, Ch. 12] and references therein).
Suppose that the parameters « and H have the same order, i.e.

Kk >ko and cik < H < ¢k,

where ko > 1 is supposed sufficiently large (this condition will appear in the proof below).
Suppose also that

2 >cp > By h
where ¢y, ¢ are fixed constants and Sy was introduced in (1.4).

3.2 Useful inequalities

For all y > 0, we extend to Q the definitions of t, and ¢, givenin (3.1) as follows

_ [ dist(x, 00 (p)) if x € w(y)
ty (x) = { if x € Q\w(y)) (3:2)
and ( )
dist(x, QN dw(y)) if x € w(y)
&y (x) = { ifx e Quo(y) (3-3)

In the sequel, we will add conditions on y to ensure that w(y) # @.
Let x € C*°(R) be a non negative function satisfying

1
X = 0on (—o0, 5], x = lon[l, o0).
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Define the functions x,, n,, f, and g, on € as follows:

Xy (¥) = X (Vi Hty (x)), 1, (x) = x (VK HEy (x)),
fy () = xy (x)exp (@vVkHt, (x)) and gy, (x) = ny(x) exp (Vi HEy(x)), (3.4)

where & is a positive number whose value will be fixed later. o
Let h € {f,, g, }. We multiply both sides of the first equation in (1.3) by h%y and then
integrate by parts over @ (y). We get

/( ) (\(v - iKHA)(/’H//)|2 — K2Ry — |Vh|2|1//|2)dx <0. (3.5)
oy

In the computations below, the constant C is independent of &, v, k and H. We estimate the
term involving V1 as follows

fwm IVRIP|YPdx < 28°c H IR 172, ) + CHT (),

where
/ [ () Pdx if h = f,,
o()N{ViHt, (x)<1}
T(h) = (3.6)

/ [y (0)Pdx ifh=g,.
o()NViHE, (@)<1)

In this way we infer from (3.5) the following estimate

/ (|(V—iKHA)(hl//)(x)|2—K2h(x)2|1/f(x)|2—2&2KHh(x)2|1/f(x)|2>dx < CxkHT(h).
o(y)
(3.7)

3.3 Decay in the interior

Now we choose
LK
y=A= + .

Here 0 < v < po and po is sufficiently small such that o + clT < Bo. This ensures that
w(A) £ 0.

We choose in (3.7) the function & = f, where f; is the function introduced in (3.4). Note
that fAy € HO1 (w(X)). We may apply the result in Proposition 2.6 to ¢ := f, ¢ and infer
from (3.7)

[ (= @mer -2 - ) iukar < c ¥ (0.
o) H WNViIHG, () <1}

We then use that |By(x)| > A in w()\) and that A = % + . Consequently, for 0 < p <
1o, 0 < a < ag, k > Ko, @ sufficiently small (for example &8 < wu/4) and kg sufficiently
large

(1 — Ck™@)|By(x)| — 26* —

=

T =
N.\?
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Consequently, there exists a constant C;, > 0 such that

/ S ()P < c,:‘f () P
w() wMN{VKH, (x) <1}
< \/fiH by (2.8).

Inserting this into (3.7) [with &4 = f; and T (f3) defined in (3.6)] achieves the proof of
Item (1) in Theorem 3.1.

3.4 Decay up to the boundary

Now we prove Item (2) in Theorem 3.1. Here we choose

y=8=0;' (5 +n).

Note that the estimate in Item (2) of Theorem 3.1 is trivially true if w (8) = . So, we assume
in the sequel that w(B) # @. This holds if

H>cik, ¢ > (@oﬂl)_l,

and p is sufficiently small.
We write (3.7) for h = gg, where gg is introduced in (3.4) and T (gg) in (3.6). We apply
Proposition 2.6 to ¢ := gg and get

/ (1= k=700 Bo(x)| = €& = = ) g (1)1 () Pdx
o(B) H

<cC | (x)|*dx. (3.8)
(ﬁ)ﬂ{ﬂfﬂ(X)il}

We decompose the integral over w(f) as follows

/ / / '
() @int (B) @bnd (B)
where

wint(B)=w(B) N {VkHdist(x, 32) > 1} and wpna(B)=w(B) N {Vk Hdist(x, 9Q)<1}.

From (3.2), we see that {g(x) = tg(x) and fg(x) = gg(x) in win(B). Furthermore, from the
definition of w(-) in (1.12), we see that w(8) C w(A) and 15(x) < £;(x) on w(B) if B > A.
Hence, by the first item in Theorem 3.1 [which is already proved for all & € (0, &)1,

C
[ = cer@enisi - 287 - 4 lgpwivwPi < T 69
o (B) H K

Thus, we infer from (3.8) (and the bound || < 1),

/ (1= G001 Bo()] = 28% = g7 W (0P <
Wbnd

But, in wpnd (B), Og|Bo(x)| > % + w, by definition of w(f) and B = ®0_1(% + w). Thus,
as long as & is selected sufficiently small, we have

(1= Ck 7@ | By(x)| — 282 — — > %

K
H
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and consequently, for some constant Cu > 0,

C
f g ()Y () Pdx < £,
@pbnd (B) K

We insert this estimate and the one in (3.9) into (3.8) to get
C,+C
/ s [Y (0)Pdx < ———.
»(B) Kk

Finally, by inserting this estimate into (3.7) [with & = gg and T (gg) defined in (3.6)], we
finish the proof of Item (2) in Theorem 3.1.

4 Surface energy

The analysis of surface superconductivity starts with the work of St. James—de Gennes [39],
who studied this phenomenon on the ball. In the last two decades, many papers adressed the
boundary concentration of the Ginzburg-Landau order parameter for general 2D and 3D
samples in the presence of a constant magnetic field. We refer the reader to [3,12,14,16,18,
19,32,35].

In this section, we study surface superconductivity in non-uniform magnetic fields. Our
presentation not only generalizes the results known for the constant field case, but also
provides local estimates and new proofs, see Theorems 4.7 and 4.8. The most notable novelty
in the proofs is that we do not use the L elliptic estimates.

4.1 The surface energy function

In this subsection, we give the definition of the continuous function Egys : [1, © l] —
(—o00, 0] introduced by Pan in [35] and which appeared after (1.14) and in Theorem 1.5. ®
is as before the de Gennes constant introduced in (1.5) with property (1.6).

Forb € [1, 0, l] and R > 0, we consider the reduced Ginzburg—Landau functional,

VUR) 5 ¢ > Epr(@) = /

Ur

<b|<vm> +ithel* —¢* + %w) dodt,  (4.1)

where f = (1, 0) and Uy is the domain,
Ur = (=R, R) x (0, +00), “4.2)

and
V(Ug) = {u € L*(Ug) : (Vor) +ithu € L*(Ug) , u(£R,) =0}.  (4.3)

We introduce the following ground state energy,
d(b, R) = inf{& r(¢) : ¢ € V(Up)}. (4.4)

In [35], it is proved that, for all b € [1, @6]], there exists Eqyf(b) € (—o0, 0] such that

. d(®,R)
Equf(b) = Rhﬁmoo R

4.5)

The surface energy function Egyr(-) can be described by a simplified 1D problem as well
(cf. [3,18] and finally [12] for the optimal result). We collect some properties of Egyf(+):
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e Egur(+) is a continuous and increasing function (cf. [19]);
o Eqi(©y") =0and Equ(b) < 0forallb e [1,05") (cf. [14]).

The next theorem gives the existence of some minimizer with good properties (cf. [35,
Theorems 4.4 & 5.3)):

Theorem 4.1 There exist positive constants Ry and M such that, for all b € [1, @61) and
R > Ry

(1) The functional (4.1) has a minimizer ug in V(URg) with the following properties:

(@) ur #0;
®) llurlleo < 1;
(©
1 2
— ——— (I(Ve.+ithug*+lug (o, D>+ |ur (0, 1)|*) dodt < M.
R Jugniz=3) (In1)
(2) The surface energy function Eqyt(b) satisfies
d(b, R)
2R
The upper bound in Item (2) above results from a property of superadditivity of d(b, R),
see [35, Eq. (5.4)]. The lower bound in Item (2) above is not explicitly mentioned in [35],
but its derivation is easy [17, Proof of Thm 2.1, Step 2, p. 351] and can be sketched in the
following way. Let R > Oandn € N. Letug € HO1 (Ug) be a minimizer of the functional in
(4.1). We extend u g to a function in HO1 (Uan+1)r) by periodicity as follows

M
Esurf(b) =< = Esurf(b) + f

ur(x1+ 2R, x2) = ugr(x1, x2).
Consequently,
d(b, 2n+ DR) < & an+nrUr) = 2n+ Dd(b, R).
Dividing both sides of the preceding inequality by 2(2n + 1) R and sending n to 400, we get

- (b)<d(b,R)
surf = 2R

4.2 Boundary coordinates

The analysis of the boundary effects is performed in specific coordinates valid in a tubular
neighborhood of 9€2. We call these coordinates boundary coordinates. For more details on
these coordinates, see for instance [15, Appendix FJ.

For a sufficiently small 7y > 0, we introduce the open set

Qo) = {x € R? : dist(x, 9) < fo}.

In the sequel, let xo € 92 be a fixed point. Let s — yy,(s) be the parametrization of 92 by
arc-length such that y,,(0) = xq. Also, let v(s) be the unit inward normal of 32 at yy,(s).
The orientation of yy, is selected in the counter clock-wise direction, hence

det(y;o(s), v(s)) —1.

Define the transformation

[0 [0€2]
Dy - [—T, T) x (0,170) 3 (s, 1) = yxo (s) +1v(s) € Q(tp). (4.6)
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We may choose 1y sufficiently small (independently from the choice of the point xo € 9€2)
such that the transformation in (4.6) is a diffeomorphism. The Jacobian of this transformation
is [D®y,| = 1 — tk(s), where k denotes the curvature of 2. For x € Q(#y), we put

() = (s(x), £ (x)).
In particular, we get the explicit formulae
t(x) = dist(x, 9R2) and s(xp) = 0. 4.7)

Using ®,,, we may associate to any function u € L2(2), a function & = T<I>x0 u defined

in [— 152, 122 x (0, 10) by.
(s, t) = u(Py, (s, 1)). 4.8)

Also, for every vector field A € H 1 (£2), we assign the vector field

AGs, 1) = (Al(s, 1), Aa(s, r))

with ~
Ry, 1) = als, DA( @1 (5,10 ) - 74, 9), wo)
Rats,1) = APy (s.0) - 00, |
and
a(s,t) =1 —tk(s).
The following change of variable formulas hold.
Proposition 4.2 Foru € H'(Q) and A € H'(Q; R?), we have:
PR
0 2 ~
/ |V — A dx = f f [tats, 017210, — iApar
Q(19) 0o J-g
1@ — iAQ)mZ] as, t)dsdt, (4.10)
and
fo @
/ lu(x)|?dx = / / © s, o) *acs, Hydsdt. 4.11)
Q1) o J-1

Recall the vector field Ag introduced in (2.2). Up to a gauge transformation, the vector
field Ag admits a useful (local) representation in the coordinate system (s, 7).
For xg € 3R and £ € (0, tp), we introduce the set Vy,(£) C Q(t) as follows:

Vig(0) = @y, (6.0 x (0, 0)). 4.12)

Lemma 4.3 There exists ro > 0 such that, for any xo in 0%, there exists gy, in
C®((=2rg, 2rg) x (0, rg)) such that

2
Ao(s, 1) — Vg (s, 1) = (—r + k(s)%, 0) in (=2rg, 2ro) x (0, ro).

Here Ay is the vector field associated with Ag by the formulas in (4.9) and one can take

ro = min(ro, %),
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For the proof of Lemma 4.3, we refer to [15, Proof of Lem. F.1.1]. Note that Lemma F.1.1
in [15] is announced for a more general setting.
We will use Lemma 4.3 to estimate the following Ginzburg—Landau energy of u,

6o, Aoi Vi) = [ o (7 = e onu? = Plu? + 5 |u|) (4.13)
X0

Lemma 4.4 There exist constants C > 0,89 > 0 and ko > 0 such that, for all xo €
3R, € € (0, o),k > ko, k2 < hex < Oy k%, and u € H} (Vyy () N L®(Vyy (0)) satisfying
lulloo < 1, the following two inequalities hold:

Go(u, Ag; Vg (0)) = 2—— Ly f<h ) cfcz(z+x3e4+xz ) (4.14)
’ s VX0 = \/@ sur’ .
and
Go(u. Ag: Vig(D) = (1+CO)1— she je e @+ Cret (3 ). (415

where E. . is the functional introduced in (4.1) and

o T o T
(o, T) = exp <—ih g ( , )) ﬁ( , )
TN e Vhe! ) \hex Ve
Here U is the function associated with u by (4.8) and gy, is introduced in Lemma 4.3.

Proof Using Proposition 4.2 and the assumptions on u, we may write, for two positive
constants Cyp, C and for all 0 < £ < min (%C&l, to),

L pt 2
Go(u, Ag; Viy (0))=(1 — coe)/ / (|(v — ihex Ao > —2|T|* + %|ﬁ|4)dsdt—cfcze3.
0 —l

Let g := gy, be the function defined in Lemma 4.3 and (s, t) = e thex8 DT (g 1),
Using the Cauchy-Schwarz inequality, we get the existence of C > 0 such that

e pt 2
Go(u, Ag; Viy () = (1 — 2005)/ f (|(v +ihextt)W? — k2B + %|E|4>dsdt
0 J—t
—Cic* S — Ci*e.
Here f = (1, 0). We apply the change of variables (o, T) = (v/hexS, vVhext) and ¥(o, ) =

w(s, t) to get

2
Go(u, Ao,vxo(e))>(1—2coa shex/KzR(“) Cic* > — 03,

where R = hgx(f and Shex/szR is the functional introduced in (4.1) for b = hex/Kz.
Note that we extended v by 0, which is possible because u € HOI(VX0 (€)). Using the
second Item in Theorem 4.1 and the assumption Col < % we get

K2 h
Golu, Ag; Ve, (£)) = 2(1 — 2coe> (h30) Bt ( ) Cic*e® — C?0.
C
This proves the lower bound (4.14) in Lemma 4.4.
Similarly, using Lemma 4.3, the Cauchy-Schwarz inequality on the kinetic term and a change
of variables, we get the upper bound (4.15) of Lemma 4.4. O
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4.3 Existence of surface superconductivity

The proof of Theorem 1.5 follows from the exponential decay stated in Theorem 3.1 and the
following result:

Theorem 4.5 Suppose that Assumption 1.2 holds and that b > B ! where Bo is the constant
introduced in (1.4). There exists p € (0, 1) such that the following is true.

Let xo € 02 such that % < |Bop(xp)| < @Loh If (W, A) 1 is a minimizer of the functional
in (1.1) for H = bk, then

lim | 2c'*7 / x| = =2 [ e (bl BoGio)]) > 0, (4.16)
Koo Vi (k) b Bo(xo)]

and
. _ _ / 1
KETOO (2’<p IS(W»A; Vi (K p))) = mEsurf(blBo(m)l) <0. 4.17)

The proof of Theorem 4.5 will follow from the upper bound in Theorems 4.7 and 4.8
below.

Remark 4.6 Lete € (1,0, - 1). The convergence in (4.16) and (4.17) is uniform with
respect to xg € {1l +€ < b|By| < @61} M 0€2. This is precisely stated in Theorems 4.7
and 4.8.

4.4 Sharp upper bound on the L*-norm

In this subsection, we will prove:
Theorem 4.7 Suppose that By € C% () for somea € (0,1), p € (3'4—%’ 1) and

b > By, with o := sup | Bo(x)| > 0.
xeQ
There exist kg > 0, a function r : [kg, +00) — Ry such that limy_, ;5 (k) = 0 and, for
all k > ko, for all critical point (Y, A) u of the functional in (1.1) with H = bk, and all
X0 € OS2 satisfying
1 < b|Bo(xo)| < O,

the inequality

! 4 —1 1 .
J— d < —2 7E u b B 7
20 Vo ® [ (0)"dx < K bl Bo(x0)| 8 rf( | O(JC())|) + k1K)

holds with
L=x""and Vy,(£) is defined in (4.12).

Proof The proof is reminiscent of the method used by the second author in [26, Sec. 4] (see
also [27]). We assume that By(xg) > 0. The case where By(xp) < O can be treated in the
same manner by applying the transformation u +— u.
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Leto € (0, 1) and £ = k™~ as in the statement of Theorem 4.7. Let f € CL‘?O(VXO((I +

o)E)) be a smooth function satisfying,

C
f=1 inVy), 0<f<Tland|Vf|+ol|Af]|< ] in VXO((I +a)£). (4.18)
o

The function f depends on the parameters xo, £, o but the constant C is independent of these
parameters. We will estimate the following local energy

ELfY, A) = EL (Y, A Vi (1 +0)0)), (4.19)

where, for an open set V C €2,
K2
Elu,A; V) = f <|(v — ik HA)u® — ?|u> + 7|u|4> dx,
v
K2
E(u, A V) = / <|(v — ik HA)u? — 2 |ul® + 7|u|4> dx (4.20)
%
+ (KH)zf |curl A — Bo|?dx.
Q

Since (¥, A) is a solution of (1.3), an integration by parts yields (cf. [16, Eq. (6.2)]),

E(fy, A) =«? /

Vig (140)0)

1
2= wtars [ wpPea,
Vi (+0)0)

(4.21)
Since f = lin Vi, (€) and —1 + 3 f2 < —1 in Vi ((1 + 0)€), we may write

1 1
/ f? (—1 + ff2> [ |tdx < —f/ [y |*dx.
Vip (140)0) 2 2 Jvy

We estimate the integral in (4.21) involving |V f| using (4.18) and |suppV f | < Co 2, where
|suppV f | denotes the area of the support of V f. In this way, we infer from (4.21),

2
e == [ witdrco. “422)
2 Jvy

Now we write a lower bound for this energy. We may find a real-valued function w €
€% (V4o (T + 0)0) such that

E(fY,A) = / ((1 = CENT = ixcH By(x)Ag) e ™ f1) 2
Vip (140)0)
2
— Uyl + Sl )
—CK2(€2V“3 +K2€2+2a—8)/ Lfyl?,
Vip (140)0)

where y € (0, 1) is a constant whose choice will be specified later and § > 0.
The details of these computations are given in (2.13) and (2.14).
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From now on we choose § = «, use the lower bound in Lemma 4.4 and the assumption
that H = b« to write

o 1
EVFUA) 2 201 = CEW + 008, |3 Eur (b Bo (o) )

— CKb(l + k3% + 162y — CKz(z“ Lre g K2€2+a) / |fyl%.
Vg ((140)0)

Using the bound || f¥||co < 1, we get further

o 1
E1(fY,A) > 2(1 = CL%Hc(1 + J)K” mEsurf(mBo(xO)D

- sz(e Tl gy K3e3+“). (4.23)
To optimize the remainder, we choose y = «. Our assumption
¢=k"" with 1+a) ' <3@+a)'<p<l
yields that the function
(i, £) i= €% 4 0+ k01T 4 (3t

tends, with £ = x~°,to 0 as k — +o00.
Now, coming back to (4.22), we find

1 K2
2k(1 4+ 0), | ——— Egut (b|Bo(x0)|) — CxlX(k, £) < ——/ | |4dx+Ca_l.
\ b1 Bo(xo)| sut (b1 Bo o) 2 Jv, 0 v

1
We rearrange the terms in this inequality, divide by %€, and choose o = k2= In this
way, we get the upper bound in Theorem 4.7 with, for some constant C > 0,

r(k) = C(E(K, kP + K%(p_l)).

4.5 Sharp Lower bound on the L*-norm

In this subsection, we will prove the asymptotic optimality of the upper bound established
in Theorem 4.7 by giving a lower bound with the same asymptotics.

‘We remind the reader of the definition of the domain V,(¢) in (4.12) and the local energy
(v, A; V) introduced in (4.20).

Theorem 4.8 Let1 <€ < @51 -1, 3_%& <p<landl—p <8 < 1be constants. Under
the assumptions of Theorem 4.7, there exist kg > 0, a function® : [kg, +00) — Ry such
that limy_, 1 5o @(k) = 0 and, for all k > ko, for all minimizer (Y, A) g of the functional in

(1.1) with H = bk, and all xo € 02 satisfying

14 € < b|By(xo)| < ©;1,
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the two inequalities

1
W Ooldx > 2 o B (b1Bo (o)) — 7 000),

26 Jv, 0 b|Bo(xo)]
8 (0 A V(4 0)0) — | B (blBo o)) | < w006)
202 blBo(xo)l " -

hold, with £ = k=P and o = «°.

Remark 4.9 Let co > ¢1 > 0 be fixed constants. The conclusion in Theorem 4.8 remains
true if £ satisfies

Clk TP <l <P

Proof of Theorem 4.8 In the sequel, o € (0, 1) will be selected as a negative power of
k, o = k% for a suitable constant § € (0, 1). As the proof of Theorem 4.7, we can assume
that Bo(xg) > 0. The proof of the lower bound in Theorem 4.8 will be done in four steps.

Step 1: Construction of a trial function.
The construction of the trial function here is reminiscent of that by Sandier—Serfaty in the
study of bulk superconductivity (cf. [41]). Define the function

000 = 1y (5 ) exp (i Hu o Jor o @30+ me0v ) G5 e 9.

(4.24)
Here V,,(-) is introduced in (4.12), t (x) = dist(x, 9S2), P, is the coordinate transformation
defined in (4.6),

vR(s,t) = exp (i/cHgX0 (s, t))uR(s\/Bo(xo)KH, t\/Bo(xo)/cH), (4.25)
R = (1 +0)¢/Bo(xo) H, (4.26)
and [cf. (4.1)]
ug(-) is a minimizer of the reduced functional &, p,(x), 7 ().

The function gy, (s, t) satisfies the following identity in ( — 24, 22) x (0, £) (cf. Lemma 4.3),

2
Ao(s, 1) — Vg, (s, 1) = ( —r+ %k(s), 0).

The function y € C*°([0, 00)) satisfies
x=1in[0,1/2], x =0in[l,00), and0 < x < 1.
The function 7, is a smooth function satisfying
ne(x) = 0in Vi, (1 +0)0), ne(x) =1in &\Vy, (1 +20)¢), 0 =ne(x) = 1in £,
and
Ve ()| +otlAn] < Co™ e inQ,

for some constant C > 0.
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Finally, the function w is the sum of two real-valued C22_functions w; and w» in Vi (14
0){) and satisfying the following estimates

C
IA(x) = F(x) = Vwi(x)] < —¢* and [F(x) — Bo(xo)Ao(x) — Vwa(x)| < C¢'T*
K
in Vy, ((1 + 0)0). 4.27)
By Proposition 2.4, we simply define w (x) = (x — xo) - (A(x0) — F(x0)). The fact that the
vector field Ag(x) is gauge equivalent to Ag(x — xp) and Lemma 2.5 ensure the existence of

wy.
We decompose the energy € (u, A) as follows

£, A) = E1(u, A) + E(u, A). 4.28)
where
E1(u, A) = & (u, A Ve, (1 + o)E)) and &, A) = & (u, A; Q\ Vi (1 + J)Z))
4.29)

are introduced in (4.20).

Step 2: Estimating & (u, A).
Using the Cauchy-Schwarz inequality and the estimates in (4.27), we get

Sl A) < (1 4+ 098, (e*"“"wu, Bo(xo)Ao) n c(xze““ n K4e4+“).
For estimating the term &; (e_“( Hwy, B, (xo)A()), we write

&1 (e u, Bo(x0)A0) = Go(e " u, hexAo: Vg D)

where
{= (14+0)¢, hex =xkHBy(xg) and Gy isintroduced in (4.13).
We apply Lemma 4.4 and get
1
Sl A) < (1+Ct*)y———¢ 3 c e( 3g3+a z“ﬂ"),
1w, A) <1+ )bBo(xo) bBo(xo), R (XeUR) + Crl(K + kK
where
T -
Xe(r) = <7>,b=H k, and R = /hexl,
Xt X E\/K? / ex

in conformity with (4.26).
Note that supp(1 — X2) C [~k H/2, +00) and suppX, C [€v/k H/2, €x/k H]. Using the
decay of up established in Theorem 4.1, we get

[ In(¢v/xc H) |2
Nk H ’
Since &,y (xy),R(UR) = d(bBo(xp), R) and R = (1 + 0)€s/Bo(xo)kx H, Theorem 4.1 yields

1
E1(u, A) < 2kt Bl Equr (bBo(x0))

+ c;cz(z“ L3 Lt Lo )

EvBo(xo). R(Xe UR) < EbBy(xo) R (uR) + C

| In(¢v/xc H)|?

So). (430)
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Step 3: Esti~mating Er(u, 1§).
Let Vi, (€) C._ Q\Vy,(£) and u = ngy. By a straight forward computation, we obtain

fv oo |(V — ik HA) ey |> dx
X0

=/ ) Iﬂe(V—iKHA)¢|2dX—/ 1WA dx
Vig (D) o

Vip (D

=/ . |<V—iKHA>w|2dx—/ . WIznzAnzdx—/ [0 Ane dx
VXOUZ)U {z(x)fci}ﬂVXO(l)G {t(x)>0}

5/ (V — ik HA)Y|? dx + C.
Vi (D ©

Here we used the properties of the function ¢, namely that 0 < 5, < 1, |Ane| = O(0~2£72)
and |{z(x) < o€} N supp(Vne)| = O(026?).

For the integral over {¢(x) > o £}, we use that b|By(xp)| > 1 + €, which in turn allows us to
use Theorem 1.3 and prove that the integral of || is exponentially small as x — +o0.

Now we use that | Vi, (7)€ N supp(1 — W)‘ — O(c£2) to write

—KZ/ ) IerIzdx:—Kz[ ) |w|2dx+:c2/ U=y Pdx
Vi (O C Vi Vi (O C

NOL

< —Kzf |y dx + Cklol?
Vi (D8

This yields

2
A = [ (1= ieHAWE — P+ ) dx

Q\Vio (D)
+ C(l + x%ﬁ) + KZHZ/ | curl A — Bol|? dx.
Q
Remembering the definition of & (¥, A) in (4.29), we obtain

&, A) < EW,A) + C (1 n Kzoez). 431)
Step 4: Upper bound of the local Ginzburg-Landau energy.
Since (1, A) is a minimizer of the functional £(-, -),
EW,A) <E,A) =E1(u, A) + E(u, A).

By (4.29), we may write the simple identity £(¥, A) = E1 (Y, A) + E2(¥, A). Using (4.31),
we get

E1(Y, A) < E1(u, A) + c(l + K%eZ).

Now, we use the estimate in (4.30) to write

1
(U, A) < 2kt m Esurf(bBO(XO))

+ Clcz(z“ L3 Lt o ) i

/ 2
ol + M) (4.32)

2k2
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Step 5: Lower bound of the L*-norm.
We select

L=k"" and o =«"9,

with
1
<
14+« 3+«

<p<l and 1—p<é<1.

In this way, we get that, the restriction f](/(, KP, /c_‘s) of

In(¢v/x H)|?
GHIn( K H)|

S, €, 0) =8 + 1303 et p o+ ) i 722 ,
K

(4.33)

tends to 0 as k — —+o0.
Consequently, we infer from (4.32),

|1 _
—p -5
E(Y,A) <2t BBl Esurs (bBo(x0)) + Ckl Z(kc, kP, k7). (4.34)

Now, let f be the smooth function satisfying (4.18). Again, using the properties of f and a
straightforward computation as in Step 3, we have

gl(flp,A)551(1//,A)+C<1+K2052>,
2( _ Loy, 4 _1/‘ 4, 5 (4.35)
/vm(e‘)f ( t+37 )W" dx = —3 [y |*dx — Co b2,

Vip (O)

Using the lower bound of £ (f; A) in (4.23), we get from (4.34) and (4.35),

1
E (W, A) — 2kl | ——— Egur(bB
1(¥, A) — 2k ‘,bIBo(xo)l £ (bBo(x0))

Remembering the definition of £ (¥, A) = &1 (¥, A; Vi, (1 + 0)0)), we get the statement
concerning the local energy in Theorem 4.8.
Now we return back to (4.21). Using (4.35), we write

< Crkl Tk, k", /c_‘s).

2

E1(, A) + c(l +K20Z2) >

/ W dx — Co k>,
2 Jvy®

Rearranging the terms, then using (4.34) and (4.33), we arrive at the following upper bound

x2 W)t dx > =2« _ Esurt (bBo(x0)) + Ck £ E(k, kP, k7).
2 Jv,® b|Bo(xo)|

Using the remark around (4.33), this finishes the proof of Theorem 4.8. O

5 The superconductivity region: Proof of Theorem 1.7

In this section, we present the proof of Theorem 1.7 devoted to the distribution of the super-
conductivity in the region

{x € Q, b|By(x)| < 1} for the applied magnetic field H = bx.
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The proof follows by an analysis similar to the one in Sect. 4, so our presentation will be
shorter here.

Remark 5.1 As ¢ — 0, the area of W(xg, £) as introduced in (1.18) is
W(xo, )] = 4€* if xp € Q,
and
IW(xo, )] = 4€% + 0(£?) if xg € IK2.

The proof of Theorem 1.7 is presented in five steps. In the sequel, p € (2%‘, 1) and

o > ¢ > 0 are fixed,
_ _ p—1
ik P <l <ck® and o=k Z . (5.1)

We will refer to the condition on £ by writing £ &~ «~°.

Step 1. Useful estimates.
Let f € CX° (W(xo, (1+ 0)6)) be a smooth function such that

C
f=1 inWkxo,0, 0<f<land|Vf|< p” in W(xo, (1 +0)¢). (5.2)
o

As in the proof of (4.22), we have

2
a(rvawonavmo) <=5 [ weordcrce 63
2 Jwx.0

Here &) is introduced in (4.20). Furthermore, by Cauchy’s inequality, we have the following
two estimates:

(£ AW, (1 +0)0) = (1 4+ (¥, A Wixo, (1+0)0)
+Ci2 P (0 K (k)2 + o + k), (5.4)

and [cf. (4.21)]

(v AW 1 +000) =2 [

W(xg,(140))

1
r? (—1 + §f2> [ dx
o (5.5)
> —— [ (x)[*dx — Co P,
2 W0

where ¢ € (0, 1) is a constant to be chosen later.
Step 2. The case By(xg) = 0.
The upper bound for the integral of |1p|4 in Theorem 1.7 is trivial since || < 1 and

g(0) = —5.
We have the obvious inequalities

%

2 2, K2 4
/ (= 1rwP + 517wl dx
Wi(xo,(1+0)¢)

K2

> —— dx.
2 IWixo,(140)0)

&1 (1. A Wi, (1 +0)0)
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Inserting this into (5.4) and selecting ¢ = FTP, we get

& (w, A W(xo, (1 + a)e)) > —Ck22 (0K k)2 + o+ 1 78) = 0(242),

since o =K%4,E ~ kP and 2%{ <p<l
Now we prove an upper bound for &; (fw, A; W(xg, (1 + U)Z)). Let 1, be a smooth
function satisfying

ne(x) = 0in W(xg, (14+0)€), ne(x) = 1in Q\W(xp, (1+20)¢), 0 <ne(x) <1in £,
(5.6)

and
|Vie(x)] < Co~ ™! inQ, (5.7)

for some constant C > 0. We define the function

u(x) = exp (ik Hw(x)) f (x) + ne()¥ (x),

where the function w is the sum of two functions w; and w; such that the two inequalities
in (4.27) are satisfied in W(xq, (1 + 0)f)).
We have the obvious decomposition

Ew,A) = & (exp (i Hw(x)) £ (x), A; Wixo, (1 + U)E))

+€2(nz(X)¢(X), A; Q\W(xo, (1 + U)ﬁ)),

where &1 and &, are introduced in (4.20).
We estimate &, (7][ )Y (x), A; Q\W(xo, (1 +U)€)) as we did in the proof of Theorem 4.8
[cf. Step 3 and (4.31)]. In this way we get

& (ne ) (), A W0, (1+0)0) = & (), A (o, (1+0)0)
+C(o~ " + ox2e?). (5.8)

For the term & (exp (ik Hw(x)) f(x), A; W(xo, (1 + o)E)), we argue as in the proof of
Theorem 4.8 (Step 2) and write

Sl(exp (ik Hw(x)) f (x), A; W(xo, (1 + a)z))
< (1+€9& (f(x>, Bo(x0)Ag; W(xo, (1 + o)@) + C(k22H 4 ety
Note that

&1 (£ @), BoGco) Ao Wexo, (1+0)0) = &1 (£ (), 0: Wixo, (1 +0)0) )

fZ
§CO'71+K2/ fz(—l—i-f)dx
W(xo,(140)0) 2

1 K2 2,2
<Co = — 7|W()€0, (I1+0)0)|+Cok“e-.

Therefore, we get the estimate

2
& (exp (ik Hw(x)) £ (x), A; Wixo, (1 + a)z)) <+ E"‘)%IW(xo, (1 +0)0)|

+ O + 12 + o (k)7 4 0),
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and consequently

2
£, A) < —%|w<xo, 1+ )0 + & (¥, A QW (o, (1 + o)E))

+Ck2 (% + k20 4 o7 k)T 4 0).

Using that £y, A) < E(Y, A), we get

K2
&1 (v AW, (14+0)0)) = =5 Wixo. (1 + )0

+CPCPU + 2P o7 )2+ 0). (5.9)

We insert this into (5.4), then we substitute the resulting inequality into (5.5). In this way we
get

1
f [y |tdx > ~W(xo, (1 +0)0)| — Clo + 0 (1) 72 + k22T 4 £%).
W(x0,6) 2

The assumption on o and £ in (5.1) yield that the term on the right hand side above is o(1),
hence we get the lower bound for the integral of | [* in Theorem 1.7. Now, the estimate of
the energy follows by collecting the estimates in (5.9) and (5.5).

Step 3. The case |By(xo)| > 0: Upper bound.
We use (2.13) and (2.14) with y = § = . We obtain, for some C>? real-valued function
w,

&1 (£ AW, (1+0)0) = (1= 9 (77 1, Ag: Wixo, (1 +0)0) )
— CK202 (0% + 1202He). (5.10)
If xo € 2, we get by re-scaling and (2.6) that
&1 (e 1y, A Wi, (1 +0)0)) = 43 (1 + 0028 (b Bo(xo) ).

Ifxp € 992, then we may write alower bound for £; (fxp, Ag; W(xo, (1+U)Z)) by converting
to boundary coordinates as in Lemma 4.4 and get

& (7 £, Ao; Wixo, (1+0)0))

el
> U=CO v (b1Bo0)1, 21 + )6/ [BoGro)lH ) = Ce (¢ + k26%)
b|Bo(xo)|
> 4ic*(1 4 0)*02g(b| By (x0)|) — Ck2 €2 (€ 4 126 + () ™1).
Thus, we infer from (5.10), for xo € Q,
&1 (£ A Wo, (1 +0)0) = 431 +0)2 g bl Boxo)))
— CKPC( + k2T + (k) 7).

Inserting this into (5.3), we get

1 4 2,2
2/ [ ()" dx < 4(1 +0)7€"g(b|Bo(xo)|)
W(xo,0)

+ OO + 12 + k) + ()20,

@ Springer



Decay of superconductivity Page 33 of 35 130

Our choice of o and £ in (5.1) guarantees that the term on the right side above is 0(¢2) . Using
Remark 5.1, we get the upper bound in Theorem 1.7.

Remark 5.2 The proof in step 3 is still valid if |Bo(xg)] = «~2¥,0 < y < 1 — p and
Q4/(*/7 ()C()) C Q.

Step 4. The case |By(xo)| > 0 and x¢ € 92 : Lower bound.

For the sake of simplicity, we treat the case Bo(xp) > 0. The case Bp(xg) < 0 can be
treated similarly by taking complex conjugation.
We define the function

U(x) = Iyy(xy. (140)0) () exp (ik Hw(x))wg o D' (x) + ne(x) ¥ (x),

where the function ny satisfies (5.6) and (5.7). Similarly as in (4.24), the function w is the sum
of two functions w; and w», defined in W(xq, (1 + ¢)€)) and satisfying the two inequalities
in (4.27). Finally

—ik Hst

wg(s,t) = exp (iKngO(S, t)) exp ( ) uR(s\/Bo(xo)KH, t\/Bo(xo)/cH),

and g,, is the function satisfying (4.25) in W(xo, £) (by Lemma 4.3). The function ug €
H(} (Qr) is a minimizer of the energy eD(bBo(xo), R) for R = 2(1 + o)~/ Bo(xg)x H (cf.
(2.3)). We can estimate £(u, A) similarly as we did in the proof of Theorem 4.8 and get
E,A) < 4(1 + 0)* k> (bBo(x0)) + E2(¥, A)
+Ci2C( + kT f o + o k) 7?).
&S, A) = /

2
(1V =i HAW R = Ply 2+ Syl dx
QW (x0.(140)0) 2

—I—K2H2/ |curl A — Bo|? dx.
Q
Now we use that £(i/, A) < min(0, £(u, A)) to write

& (w, A; Wixo, (1 + a)e)) < 4(1 + 0)20%?g(bBo(x0))
+CPC (" + k2Tt o+ 07 k) ). (5.11)

Now we use (5.4) and (5.5) to obtain

P

- Y (0)|* dx + Cot?k? < 4(1 + 0)* ¢ g(bBo(x0))
2 Jwx.0

+CRPP (0 + k2T + o + o7 k) 7P).
Remembering thato = « e and £ ~ k" (cf. (5.1)), we get the lower bound for the integral
of |1//|4 as in Theorem 1.7.

For the estimate of the local energy &1 (¥, A; W(xo, (14+0)¢)), we collect the inequalities
in (5.11), (5.4), (5.5) and the lower and upper bounds for the integral of |i/|*.

Remark 5.3 Remark 5.2 holds for Step 4 as well.
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Step 5. The case |By(xg)| > 0 and xo € 2: Lower bound.
In this case Wy, ((1 4+ 0)£) = Q2(140)¢(x0). We define the following trial state

u(x) = Iyy(xg, (14016 (X) exp (ik Hw (x) ) wg (x) + ne ()9 (x),
where the functions w and 7, are as in Step 4,

ur(v/Bo(xo)x H (x — xq)) if Bo(xo) > 0,

wgr(s, 1) =

ur(v/Bo(xo)x H (x — xq)) if Bo(xp) <0,

and ug € HJ(Qg) is a minimizer of the energy e”(bBo(x), R) for R = 2(1 +

o)/ Bo(xo)k H [cf. (2.3)].
We argue as in Step 4 and obtain the lower bound for the integral of |1/|* in Theorem 1.7.
The details are omitted.
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