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Abstract In this paper, we study the blow-up phenomena on the «x-harmonic map sequences
with bounded uniformly oj-energy, denoted by {uq, : ax > 1 and o N\ 1}, from a
compact Riemann surface into a compact Riemannian manifold. If the Ricci curvature of the
target manifold has a positive lower bound and the indices of the «x-harmonic map sequence
with respect to the corresponding o -energy are bounded, then we can conclude that, if the
blow-up phenomena occurs in the convergence of {uq, } as ax \ 1, the limiting necks of
the convergence of the sequence consist of finite length geodesics, hence the energy identity
holds true. For a harmonic map sequence uy : (X, hy) — N, where the conformal class
defined by Ay diverges, we also prove some similar results.
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1 Introduction

Let (X, g) be a compact Riemann surface and (N, &) be an n-dimensional smooth compact
Riemannian manifold which is embedded in RX isometrically. Usually, we denote the space
of Sobolev maps from ¥ into N by Wk-P(, N), which is defined by

WEP(S,N) = {u e WhP(2,R¥) 1 u(x) € N forae. x € T}.
Foru € WH2(Z, N), we define locally the energy density e(u) of u at x € X by

u® ub
axi dxJ/

The energy of u on X, denoted by E(u) or E(u, X), is defined by

e(w)(x) = [Voul* = g (x)hap(u(x))

E(u) = %/Ee(u)dV ,

and the critical points of E are called harmonic maps.

‘We know that the energy functional E does not satisfy the Palais—Smale condition. In order
to overcome this difficulty, Sacks and Uhlenbeck [16] introduced the so called a-energy E,
of u : ¥ — N as the following

Eq(u) = %/2{<1+ [Vul?)* — 1}dVy,

where o > 1. The critical points of E, in W2 (% N) are called as the ¢-harmonic maps
from ¥ into N. It is well-known that this «-energy functional E, satisfies the Palais—Smale
condition and therefore there always exists an o-harmonic maps in each homotopy class of
map from X into N.

The strategy of Sacks and Uhlenbeck is to employ such a sequence of «x-harmonic maps
to approximate a harmonic map as «j tends decreasingly to 1. If the convergence of the
sequence of ax-harmonic map is smooth, the limiting map is just a harmonic map from X
into N.

The energy of a map u from a closed Riemann surface ¥ is conformally invariance, it
means that, if we let g’ = e g be another conformal metric of ¥, then

/|vgu|2dug:/ \Vouldig.
X X

Let C, denote the conformal class induced by a metric g, then, the following definition

1
E(u,Cq) = E/ |Voul*dug
z

does make sense. Moreover, it is well-known that the critical points of E(u, Cy) are some
branched minimal immersions (see [16,17]). Hence, in order to get a branched minimal
surface, we also need to study the convergence behavior of a sequence of harmonic maps
uy : (X, hg) — N with uniformly bounded energy E (u,) < C.

No doubt, it is very important to study the convergence of a sequence of «x-harmonic maps
from a fixed Riemann surface (X, g) and a sequence of harmonic maps from (X, i) into N,
where hy is the metric with constant curvature. In fact, these problems on the convergence
of harmonic map or approximate harmonic map sequences have been studied extensively by
many mathematicians. Although these sequences converge smoothly to harmonic maps under
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some suitable geometric and topological conditions, generally one found that the convergence
of such two classes of sequences might blow up.

First, let’s recall the convergence behavior of «;-harmonic map sequences. Suppose that
{1, } be a sequence of ag-harmonic maps from (X, g) with bounded uniformly oy -energy,
i.e. Eg (1te,) < ©. By the theory of Sacks-Uhlenbeck, there exists a subsequence of {u, },
still denoted by {u4,}, and a finite set S C X such that the subsequence converges to a
harmonic map ug in Cf,.(X\S). We know that, at each point p; € S, the energy of the
subsequence concentrates and the blow-up phenomena occur. Moreover, there exist point
sequences {xfk }in X with kEToo xfk = p; and scaling constant number sequences {Aék } with

lim AL -0, I=1,...,no,
k—+o00 Uk

such that
Ugy (xfk + kﬁkx) - in CZ{)C (RZ\Ai>,

where all v’ are non-trivial harmonic maps from S? into N, and A’ C R? is a finite set. In
order to explore and describe the asymptotic behavior of {uy,} at each blow-up point, the
following two problems were raised naturally.

One is whether or not the energy identity, which states that all the concentrated energy
can be accounted for by harmonic bubbles, holds true, i.e.,

no
lim Eo, (e B (p0) = E (0. By (p) + Y EQ).

of—> =

Here, Br% (pi) is a geodesic ball in ¥ which contains only one blow-up point p;.

The other is whether or not the limiting necks connecting bubbles are some geodesics in
N of finite length?

For a harmonic map sequence {uy} from (X, hg) into (N, k), one also encountered the
same problems as above.

Up to now, for both cases one has made considerably great progress in these two problems
[1,3-11,13-15,18,19].

In particular, in [9] it is proven that if energy concentration does occur, then a generalized
energy identity holds. Moreover, from the view point of analysis some sufficient and necessary
conditions were given such that the energy identity holds true. On the other hand, a relation
between the blowup radii and the values of « was discovered to ensure the “no neck property”.
If necks do occur, however, they must converge to geodesics and an example was given to
show that there are even some limiting necks (geodesics) of infinite length.

Generally, the energy identity does not hold true. For the case of harmonic map sequence
ug : (X, hg) — (N, h) one has found a counter-example for the energy identity in [13].
Very recently, in [10] a counter-example for the energy identity was given for the case of
ak-harmonic map sequence.

Furthermore, from the study in [9,10] we can see that except for «, the topology and
geometry of the target manifold (N, &) also play an important role in the convergence of «-
harmonic map sequence from a compact surface. From the viewpoint of differential geometry,
it is therefore natural and interesting to find some reasonable geometric and topological
conditions on the domain or target manifold such that the energy identity holds. In particular,
anatural question is whether or not we can exploit some geometric and topological conditions
to ensure the limiting necks are some geodesics of finite length, which implies that the energy
identity holds true? For this goal, in this paper we obtain the following two theorems:
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Theorem 1.1 Let (2, g) be a closed Riemann surface and (N, h) be a closed Riemannian
manifold with Ricy > A > 0. Let o — 1 and {uy, } be a sequence of maps from (X, g) —
(N, h) such that each uy is an og-harmonic map, the indices and energy satisfy respectively

Index(Ey, (uq,)) < C, Ey (uy) < C.
If {uw, } blows up, then the limiting necks consist of some finite length geodesics.

Theorem 1.2 Let ¥ be a closed Riemann surface with genus g(X) > 1. In the case g(X) >
2, ¥ is equipped a sequence of smooth metrics hy with curvature —1. In the case g(X) = 1,
Y is equipped a sequence of smooth metrics hy with curvature 0 and the area A(Z, hy) = 1.
Let (N, h) be a Riemannian manifold with the Ricci curvature Ricy > A > 0. Suppose that
(X, hy) diverges in the moduli space and {uy} is a harmonic map sequence from (X, hy) into
(N, h) with bounded index and energy. If the set of the limiting necks of uy is not empty, then
it consists of finite length geodesics.

Remark 1.3 By the results in [1] or [9], the fact the limiting necks are of finite length implies
that the energy identity is true. We should also mention that, when each ug, in {u, } is the
minimizer of the corresponding E,, in a fixed homotopy class, Chen and Tian [1] have proved
that the necks are just some geodesics of finite length in N.

Remark 1.4 The curvature condition in Theorem 1.1 and 1.2 is used to ensure that any
geodesic of infinite length lying on N is not stable. In fact, we will prove in this paper that,
if the necks contain an unstable geodesic of infinite length, then the indices of the harmonic
(or a-harmonic) map sequence can not be bounded from the above.

2 The Proofs of Theorem 1.1

Our strategy is to show that the indices of the sequence {ug, } in Theorem 1.1 are not bounded
if there exists a infinite length geodesic in the set of the limiting necks {u, }. For this goal, first
we need to recall the definition of the index of a «-harmonic map and the second variational
formula of «-energy functional.

2.1 The index of a «-harmonic map

Letu : (¥,g8) — (N, h) be an a-harmonic map. L = u~'(T'N) is a smooth pull-back
bundle over X. Let V be a section of L and

ur (x) = expyux) (V).
Obviously, ug = u. Then, the formula of the second variation of E, reads
2

S Eq(u)(V, V) = %anmzzo
= 20[/2(1 + 1du|>) @D (VV, VV) — R(V, Vu, Vu, V) du
+4da(a — 1)/2(1 + [dul»)* " (du, VV)2du. 2.1)
For more details we refer to [12].

Let I'(L) denotes the linear space of the smooth sections of L. Then, the index of u is the
maximal dimension of the linear subspaces of I'(L) on which the (2.1) is negative definite.
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2.2 The index of the necks

We have known the limiting necks of {u, } are some geodesics in N, a natural question is
there exists some relations between the indices of these geodesics and the indices of the necks
of {ug, }. In this subsection we need to analyse the asymptotic behavior of the necks of {u, }
and try to establish the desired relations.

Letay — 1and each ug, of the map sequence {uy, : k = 1,2, ...} be a oy harmonic map
from (X, g) into (N, h). For convenience we always embed (N, &) into RK isometrically
and set ux = uy,. Assume that {u;} blows up only at a point p € X. Then, for any €, we
have

lim ||Vu = +o0.
Jim [ Vikllcos. )

1

Choose an isothermal coordinate chart (D; x ", xz) centered at p, such that

g=e¥dx' ®dx' +dx*> ®dx*), and ¢(0) =0.
For simplicity, we assume u; has only one blowup point in D. Put

1

Vel
“(2,)
2

Then, we have that x; — 0, r — 0 and there exists a bubble v, which can be considered
as a harmonic map from $2 into N, such that u k(xx + rrx) converges to v. Without loss of
generality, we may assume x; = 0.

By the arguments in [9], we only need to prove Theorem 1.1 for the case there exists one
bubble in the convergence of {uy}. So, we always assume that only one bubble appears in the
convergence of {u;} in this section.

Now, we consider the case that the limiting necks contain a geodesic of infinite length. In
fact, the present paper is a follow up of the papers [9] and [2], first of all, we need to recall
some results proved in [9].

,and  [Vug(xp)| = [[Vugll .
c'(ny)

Lemma 2.1 Let oy — 1 and {uy} be a map sequence such that each uy, is an ay-harmonic
map from (X2, g) into (N, h). If there is a positive constant © such that Eq, (uy) < © for any
oy, then, there exists a positive constant C such that, neglecting a subsequence, there holds

—1
Vel g, < C.

For the proof of this Lemma and more details we refer to Remark 1.2 in [9]. Moreover, for
the convergence radii and «; we have following relations:

Lemma 2.2 Let {uy} satisfy the same conditions as in Lemma 2.1. If there exists only one
bubble in the convergence of {uy} and the limiting neck is of infinite length, then, the following
hold true

0< —(ax —Dlogry < C, and \/oﬁlogrk — —00.
Here, ry, is defined as before.

—20t

Proof From Remark 1.21in [9], we have 4 = liminf,, 1 r,f € [1, imax] where pmax >

1 is a positive constant. Therefore, it follows that there holds

0< —(a —Dlogry < C.
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Since the limiting neck is of infinite length, from Theorem 1.3 in [9] we known that
Jop—1

v =liminfr — 00.
ag—1

It follows that

voag — llogry — —oo.

Thus we complete the proof. O
As a direct corollary of the Proposition 4.3 in [9], we have

Lemma 2.3 Let oy — 1 and {uy} be a map sequence such that each uy is an oy-harmonic
map from (X, g) into (N, h) C RX. Suppose that there is a positive constant © such that
Eq (ur) < O for any oy and there exists only one bubble in the convergence of {uy}. Then,
forany tp — t € (0, 1), there exist a vector & € RX and a subsequence of {uy} such that

L Oug ¢y ﬁe)
k(L V=T0Y g 2.2)
Jap —1 06 (k
and
rlik dur ( n /1o
——— (rfeV T ) > & 2.3)
Jop —1 dr ( k )
as k — oo. Moreover,
g1 =t 22
b1
where | is defined by
2—2ap

= lim r
H k—+00 k

Now we define the approximate curve of uy, denoted by uj (r), by

1 2

up(r) = —/ Uy (reﬁe) do.
2 0

Since the target manifold (N, &) is embedded in RK, u}:(r) is a space curve of RX and we

denote the arc-length parametrization of u} by s such that s(r,i') = 0, where t; € (0, 1).
Then, by Proposition 4.6 in [9], we have

Lemma 2.4 Let {uy} satisfy the same conditions as in Lemma 2.3. Suppose that the limiting
neck of {uy} is a geodesic of infinite length. Then, there exists a subsequence of {u} (s)} which
converges smoothly on [0, a] to a geodesic y for any fixed a > 0.

Without loss of generality, from now on, we assume that u; (s) converges smoothly to y
on any [0, a]. As a corollary, we have

Corollary 2.5 Let {uy} satisfy the same conditions as in Lemma 2.3. Suppose that the limiting
neck of {uy} is a geodesic of infinite length. Then, for any given a > 0 and any fixed 0,
Ui (seﬁe) converges to y in C0, al. Moreover, we have

) "y [E®
Jagp — 1

as

ar

0. 2.4)
0 (10.a))
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Proof Let

By Lemma 2.3, we have

i

- [;

On the other hand, Lemma 2.2 (see Theorem 1.3 in [9]) tells us
\/oﬁ logry — —o0,

since the limiting neck (geodesic) is of infinite length. Hence, from (2.5) and the above fact,
we have

duy(r)
dr

1
[ / —1
dr > c/,g akfdr = —C(f —t)oy — llogry.  (2.5)
T

w—1n—->0 a k— +oo. (2.6)

We assume that u; (se¥ ~1?) does not converge to y in C 1[0, a]. Then there exists Sk, €
[0, a], such that

>e > 0.

ds

ouy ( eﬁg) B duj 51)

I, . .
Let sy, = rkk'. Obviously, #; € [t1, [1?,']' Thus 7, — ;. By Lemma 2.3, after passing to a
subsequence, we have

I,

. r, ' Buk 1. \/T]G dl/tk* th.
lim |5 (™) = ()] ~o
koo g — 1| ar VK€ ar )| 7

Therefore, noting

du(si,e¥ ™) duf(se) | |dr| |dux  dug(r)
as ds T |ds ar dr r=rl
and
dr Cr,iki
ds|._k ~ Vo =1
we have
auk(skieﬁg) duj (sx;) Cr,ii dur 1. dug”
- < —(re )— ——(r) = 0.
as ds Vo — 1] 0or dr r=rl

Thus, we get a contradiction. Hence, it follows

8uk(seﬁ9) duj (s)
as ds

— 0.

€910, a]

From the arguments in the above and [9] we conclude that for any fixed 6
lui(se¥=1%) = uf ()l 110,01 = 0.

By the same way, we can prove (2.4). O
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Lemma 2.6 Suppose that {uy} satisfies the same conditions as in Lemma 2.3. Then, for any
fixed R > 0and 0 < t; < tp < 1, we have

i o, P =0
1.12] %k DR,‘;(\D%,;(
where
—1 uy
TR
Proof Assume this is not true. After passing to a subsequence, we can find ty — t € [#1, 2],
such that

ukﬁ =r

1
|uk,9|2dx > €.
ak—1Jp ,\p
Rrk

1%
Rk

However, by Proposition 4.2 in [9],

) 1
lim / |uk,9|2dx =0.
k—>+<>0(¥k—] D 4\D; 4
R ®%
This is a contradiction, Thus we complete the proof of the lemma. O

Now, let’s recall the definition of stability of a geodesic on a Riemannian manifold (N, k).
A geodesic y is called unstable if and only if the second variation formula of its length satisfies

a
I, (Vo, Vo) = /0 ((Vy Vo, Vi Vo) = R(Vo, v, v, Vo)ds < =6 < 0.

Here R is the curvature operator of N. We have

Lemma 2.7 Suppose that {uy} satisfies the same conditions as in Lemma 2.3. If the limiting

neck of {ur} is a unstable geodesic which is parameterized on [0, a] by arc length, then, for

sufficiently large k, there exists a section Vi ofuk_1 (T'N), whichis supportedin D 1 \D @ (xx),
k s

such that
82Eq, (Vi, Vi) < 0.

Proof Since the limiting neck of {uy}, denoted by y : [0, a] — N, is not a stable geodesic,
there exists a vector field Vp on y with Vg, 0y = 0 and Vpl, (o) = O such that

I,(Vo, Vo) < 0.
Let P be projection from TRX to TN. We define

Vi (t(s)eﬁg + xk> =P, sev=10y (V0 (),

Uk

where s is the arc-length parametrization of uj (t) with s(r]il ) = 0. Then, V} is smooth section
of u,?l (T N) which is supported in Drrl \D i@ (xx). By Corollary 2.5, for any fixed 6, we have
k Ty

that Vi (ux (se¥ ~1?)) converges to Vo (y (s)) in C'[0, a]. Then
2 2 (ap—1)
82Eq (Vi, Vi) = 2ak/ » (1 + |duy | ) (VVi, VVi) — R(Vi, Vg, Vg, Vi) dx
I 1
Tk rk

ap—2
+ Aoy (g — 1)/ 1+ |duk|2) (dug, VVi)2dx. (2.7)
Dy \D
Tk rkk
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Next, we will show that

) 1 E(v)
lim ————8%Eq, (Vi, Vi) = 4y ——1, (Vo, Vo). 2.8
k_ll}rloom ae Vi, Vi) T y Vo, Vo) (2.8)

We compute
82 Eqy (Vie, Vi)

1
P (1 dug )V (Ve YV = R(VL. Vg, Vg, Vio)rdrdd
=20y t;g + |dug| V'V, VVy) Vi, Vug, Vug, Vi))rdr

ap—2
T4y (o — 1)/ (1 n \duk|2) (dug, VVi)2dx

D tl
’k

2 r1
k (o —1) dup ou
zzak/ f,a <1+|duk|2) <<vauk Ve, Vg vk> (vk, Dk Otk k))rdrde
0 Jrf T T ar = or

t
2t ! 5\ @1
+ 20 | k (1+|duk| ) (Vigo Vie: Vig o Vi) = RV, g g, g g, Vi)rdrdd

ap—2
+ Aoy (g — 1)/ (1+ \duk|2) K g, V) dx

Dtl\D

= 20 I + 20411 + 4o I11.

Firstly, we calculate I:

I—/Zﬂ/a(l—l—m’l/t |2)("k‘”((v. Vi, V. v)
o1 ‘ o

duy Jduy %s’
R (vk, Bug duk, vk>> ol gap,
s’ 0s a —

By Lemma 2.3 we can see easily that

2 (ax—=1)
rli(s) - o — 1 uh
1 2(s) )
O 1 rk
It follows from the fact & > 1 (see [9]) and the above
o) 2 (=1
(ax—1) T o — 1 '
(1 + |duk|2) =1+ duy 2 — u't.
— 1(s)
Jop — 1 e

Hence, we infer from the above and Corollary 2.5

li ! 2 E 1 Vo, Vo
im — =27, — , Vo).
k—-+oo /o — 1 " T 7 070

Next, we calculate the term II. By the definition we have

Vi d
Va{;‘j Vie= uk(seFH) <¥> = Puk(se‘/j“’) (39 ( Mk(YeF6)> (VO)> ’
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where % is the derivative in R". This leads to

ouy

a0

[V Vi| < C(a)
a0

Hence, we have

1 (ax—1)
1I 2 e (1 + |du 2
—_— a % ((VM vk, Vu Vk)
Ve I A CN S
—R(Vi, g9, ur,0, Vi) rdrdo

C 2 r;l 5
< — a lug gl rdrdo.
Vo — 1 /0 /rkk

For a given R > 0, set

n—tf
I logr, 41
k log R ’

It is easy to see that
Duy\D g CUX D «\D ).
T rkk = Rirkk R[*Irkk

By (2.5), we have

Vo — 1Img < C(R).

Then

I C 2 ril
< / /,ak Iuk,glzrdrdG
Vo =17 Ja—1Jo  Jik

C / 5
e — luk,ol"dx
ar — 1 Uiy (D g \D 1‘,’>
k k
- CmpJop —1 1 /
B urk <D

2
) luk.ol"dx
o — 1 mp

C(R 1
< LB / g
my Ok — 1 U;”:kl (D o ga \D ,u>
Rlr,

kR

It follows from Lemma 2.6 and the above inequality that there holds

. 1
Iim ——II =0.

k=00 yJag — 1

Lastly, we consider the term III. It is easy to check that
[{dug, VVi)| < Cldug|*.
So, there exists a constant C such that

(1 + ldue )™ > (dug, VVi)? < (1 + ldu )™ < C.
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This leads to

11 o
——_<cC ak_1/ 1+ |dug|?)™* dx — 0.
T =V D,l( )

Tk

Thus, we obtain the desired estimate and finish the proof. O

Since that (N, h) is a complete Riemannian manifold with Ricy > A > 0, then, the
well-known Myers theorem tells us that the diameter of (N, h) satisfies

diam(N, h) <

T
N

and any geodesic y lying on (N, h) is unstable if its length /() satisfies

g
I(y) 2z —==Iv.
Vam— 1)1
Hence, for any given positive number a such that a > Iy 4 2¢ and any geodesic y lying
on (N, h) which is parameterized by arc-length in [0, a], there always exists a vector field
Vo(s), which is smooth on y, and 0 on y|[0, ¢} and ¥ |[a—e, 1> Such that the second variation
of the length of y satisfies

a
1, (Vo, Vo) = f ((Vy Vo, Vy Vo) = R(Vo, v, v, Vo))ds < =8 < 0. (2.9)
0

Lemma 2.8 Let (N, h) be a closed Riemannian manifold with Ric(N) > A > 0. Suppose
that {uy} satisfies the same conditions as in Lemma 2.3. If the limiting neck of {uy} is a
geodesic of infinite length, then the indices of {uy} with respect to the corresponding E, can
not be bounded from above.

Proof Since the limiting neck of {u;} is a geodesic of infinite length, then, for given 7, the
above arguments in Lemma 2.7 tell us that we can always choose a suitable positive constant
€1 such that, as k is large enough, the arc length a of u}(s) on Dy \Drt1+e (xg) satisfies

k k

T

JAm— 1)1

Therefore, there exists a section Vk1 of uk_l (T N), which is 0 outside Dy \Dr11+e (xg), satis-
k k

fying

a>lIly=

82Eq (VL V) <.

By the same method, for #, = #; + 2€1, we can also pick e, > 0 and construct a section sz,
which is O outside Drtz \Dr,2+ez (xx), such that
k k

82Eq (V2 VP) <O.

Since the limiting neck is a geodesic of infinite length, then, when k is sufficiently large,
there exists iy with iy — oo such that we can construct by the same way as above a series of
sections {V, Vk4 Yoy V,;k} satisfying that for any 1 < i < i} there holds true

8B, (Vi Vi) <0.
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Obviously, Vkl, sz, . V,j" are linearly independent. This means that
Index(Eq, (1)) > ix.
Therefore, we get
Index(Eq, (ur)) — 400, as k — +oo.
Thus, we complete the proof of the lemma. O

The proof of Theorem 1.1 Obviously, Theorem 1.1 is just a direct corollary of the above
lemma. O

3 The Proofs of Theorem 1.2

From the arguments and the Appendix in [2] we know that one only need to consider the con-
vergence behavior of harmonic map sequences from two dimensional flat cylinders, although
the original harmonic map sequence is from a sequence of hyperbolic or flat closed Riemann
surfaces respectively. First, we recall some fundamental notions such as the index of a har-
monic map with respect to the energy functional.

Let T, — oo be a series of positive numbers and u : (—Ty, Ty) X S — (N,h) be a
harmonic map. L = u~N(T'N) is the pull-back bundle over (—T7k, Ty) % S!. Let V be a
section of L which is 0 near {#7}} x S! and

ur(x) = expy)(tV).

It is well-known that the second variational formula of energy functional E is the following:
SEu)(V,V) = 2/ (VV,VV) - R(V,Vu,Vu, V))dtdo.
=

Let I (L) denote the linear space of the smooth sections of L. Then, the index of u is just the
maximal dimension of a linear subspace of I'(L) on which the above is negative definite.

Let uj; be an harmonic map from (—Tk, Ty) x S Uinto (N, h). We assume that, for any
ty € (=Tk, Tp),

[Vur 9, t)| — 0, as k — oo.

Moreover, we assume that u; ((—Ty, Ty) x S1) converges to an infinite length geodesic.
By the arguments in [2], we can see easily that Theorem 1.2 in this paper can be deduced
from the following lemma:

Proposition 3.1 Let {uy : (=T, Ty) X S > N k=1,2,.. .} be a harmonic map sequence
such that for any ty, € (—Tx, Ty), there holds true |Vuy (0, ty)| — 0. If Ricy > X > 0 and
up (=T, Ti) x SY) converges to an infinite length geodesic, then the index of uy tends to

infinity.

In order to prove Proposition 3.1, we need to recall some known results which were
established in [2]. We first recall a useful observation in [19].

Lemma 3.2 Let u be a harmonic map from (=T, T)xS' — N. Then, the following function
defined by

Blu) = / (sl = lug P — 2ius - ug) d8
(1} x5!
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is independent of t € (=T, T).

Next, we recall some known results proved in [2], which are used in the following argu-
ments.

Lemma 3.3 Let {uy : (=T, Tt) x S! = N, k =1,2,..) bea sequence of harmonic
maps such that for any t, € (—Ti, Ty), there holds true |Vuy (0, ty)| — 0. Assume that
ur((=Ty, Ty) % sh converges to an infinite length geodesic. Then, as k — 0, we have

k]im v |Re B(up)| Ty = oo.
—00

Lemma 3.4 Let {uy} satisfy the same conditions as in Lemma 3.3. Then, for any A < 1 and
ty € [=ATx, ATy], there exists a vector € € RX and a subsequence of

{ 1 ouy

VIRe(B(uk))| ot

such that the subsequence converges to &. Moreover, we have
1

€=

(t, 0) : k=1,2,3,...}

By Lemma 2.6 in [2], we also have

Lemma 3.5 Let {uy} satisfy the same conditions as in Lemma 3.3. Then, for any fixed 0 <
A<landT > 0, we have
duy

00

1 2
lim sup dtdf = 0.

k=00 se[—aTy, 2T 1R B J—T, 1417 8!

As in [2], we introduce the following sequence of curves in RX defined by

. 1 2
i) = E/o i (2, 0)do).

Obviously, these curves are smooth. Now, for each k, let s be the arc-length parametrization
of the the curve u; (¢) with 5(0) = 0. By the arguments in [2], we have

Lemma 3.6 Under the same conditions as Lemma 3.3, we have that uj(s) converges
smoothly on [0, a] to a geodesic y on N for any fixed a > 0.

From now on, we assume u; (s) converges to y on [0, a] forany fixeda > 0. Sets (1) = a.
Similar to Corollary 2.5, we have

Corollary 3.7 Let {uy} satisfy the same conditions as in Lemma 3.3. Then, for any fixed 0,
ui (s, 0) converges to y in CY0, a). Moreover, we have

e — 0o, |Re B(up)ltf < C(a),

and
as

1 1
” JIRe(BGun)] | ot (S)l N

Here C(a) is a positive constant which depends on a.

— 0. 3.1
C0([0,al)
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Now we turn to the discussions on the asymptotic behavior of the index and the second
variation of the energy of uy. Since Ricy > A > 0, by the well-known Myers theorem we
know that, if

b4
a> ———— + 2¢,

T V= 1)

then there exists a tangent vector field Vo(s) on N, which is smooth on y, and 0 on y |o,¢]
and ¥ |[a—e,q], Such that the second variational of length of y satisfies

I, (Vo, Vo) = /0 (Vyp Vo, Vi Vo) = R(Vo, v, v, Vo)ds < =8 < 0. (3.2)

Following the arguments in Sect. 2, we can see easily that the conclusions in Proposition 3.1
are implied by the following Lemma.

Lemma 3.8 Let {uy} satisfy the same conditions as in Lemma 3.3. Then, for sufficiently large
k, there exists a section Vi of u (T N), which is supported in [0, t}!], such that

8% E (i) (V. Vi) < 0.
Proof Let P be projection from TRX to TN. We define
Vi(t,0) = Puy(s.0)(Vo(s)),

where s is the arc-length parametrization of u} () with s (0) = 0. Then, V} is a smooth section
of u,?l (T N) which is supported in [0, #] x S'. By Corollary 3.7, for any fixed 6, we have

Vi (uk(se‘/je)> = Vo(s) in C'[0, al.

Next, we will show
lim —————82Eup)(Vi, Vi) = 2327 1, (Vo, Vo). 33
A Re B (i) Vi, Vi) y Vo, Vo) (3.3)

Since

2w t,f
52E (u) (Ve Vi) = 2 / f (VVe, Vi) = R(Vi, Vg, Vatg, Vi))dtdo
0 0

21 t;: P 9
- 2/ / (vauk Vi, Vi, Vk> — R (v, 22y ) drae
0 0 ar T ot ot

2 t,? 9 9
+2/ / <vauk Vi, Viug Vk> — R v, 2 2 y) ) drae
o Jo 0 B0 a6 = 00

=21+ 2IL.

Noting

! —/zn/a (Voue Vi, Vi Vi) R (v, 2ok 2y,
JReBwnl Jo o L s as 0k

as

En
X ——————dsd0,
v/ IRe B(ug)l

we infer from Corollary 3.7
) I
lim ———
k-too o/IRe Blup)]

=2rx1,(Vy, Vo).
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On the other hand, we have

1
IRe B (uk)]

_ 1 /'2”./5? <V- Vo v V> (v duy Jduy v dtdo
T VIReBanl Jo Jo \VUEETEET “ 0 900

2

9
Yl dide.

90

C 2 t;:
vIRe B(uk)| /0 fo

For any given T > 0, we set

By Corollary 3.7, there holds

VIRe B(up)|mi < C(T).

Hence, it follows

11

C
< / |uk.o|*dtdo
VIRe Bl ~ IRe Bu)| JUk T, i+1)71x5s!

CmiA/|R 1
< mig | eﬂ(“k)'f/ |uk’9|2dl‘d9
[Re Bui)|  mi JU™ LT, i+1)T1xs!
Cc(T 1
< (1) / lur.0>drdo | .
my \ [Re Bui)| JU it i+1)T1xs!

In view of Lemma 3.5, we concludes
li ! I
im ——————
k—oo /|Re B(ug)|

Immediately, it follows

lim ——— §%F Vi, Vi) = 232 L, (Vy, Vo).
k_:TOO Repa)| (i) (Vi, Vi) I, (Vo, Vo)

Hence, for k large enough, we have the desired inequality
8% E (ux) (Ve, Vi) < 0.
Thus, we complete the proof of this lemma. O
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