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Abstract Let G = (V, E) be a finite or locally finite connected weighted graph, A be the
usual graph Laplacian. Using heat kernel estimates, we prove the existence and nonexistence
of global solutions for the following semilinear heat equation on G

up = Au+u' in (0, +00) x V,

u(0, x) = a(x) inV.
We conclude that, for a graph satisfying curvature dimension condition CDE'(n, 0) and
V(x,r) ~r™,if0 < ma < 2, then the non-negative solution u is not global, and if ma > 2,

then there is a non-negative global solution u provided that the initial value is small enough.
In particular, these results apply to the lattice Z".
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1 Introduction
The existence or nonexistence of global solutions to a simple system

— 1+a m
{u,_Au—l—u (t > 0,x e R™), (L)

u(0,x) =a(x) (x e R™)
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has been extensively studied since the 1960s. One of the most important results about it is
from Fujita [5]. Fujita showed that, if 0 < ma < 2, then there does not exist a non-negative
global solution for any non-trivial non-negative initial data. On the other hand, if ma > 2,
then there exists a global solution for a sufficiently small initial data. It is clear that Fujita’s
results do not include the critical exponent o = % The nonexistence of global solutions for
the critical exponent was proved in [10,12].

Recently, the study of equations on graphs has attracted attention from many researchers
in various fields (see [2,6-8, 14,16] and references therein). Grigoryan et al. [6—8] established
existence results for Yamabe type equations and some nonlinear elliptic equations on graphs.
The solutions of the heat equation and its variations on graphs have also been investigated by
many authors due to its wide range of applications ranging from modelling of energy flows
through a network to image processing [3,4]. Chung et al. [2] considered the extinction and
positivity of the solutions of the Dirichlet boundary value problem for u; = Au — u? with
g > 0 on a network.

In [16], Xin et al. studied the blow-up properties of the Dirichlet boundary value problem
for u; = Au + u? with ¢ > 0 on a finite graph. They concluded that if ¢ < 1, every solution
is global, and if ¢ > 1 and under some suitable conditions, the nontrivial solutions blow
up in finite time. Different from [16], in this paper we consider the sufficient conditions for
existence or nonexistence of global solutions of the Cauchy problem for u;, = Au + u'*®
with @ > 0 on a finite or locally finite graph.

From another perspective, the problem discussed in this paper can be regarded as a discrete
analogue of the problem (1.1), that is,

_ 14ao
{u, =Au-+u in (0, +00) x V, (1.2)

u(0,x) =a(x) inV.

Motivated by [5], we find that the key technical point to proving the existence of global
solutions is to estimate the heat kernel. In [1], Bauer et al. obtained the Gaussian upper
bound for a graph satisfying CDE(n,0). Based on the results in [1], Horn et al. [11]
derived the Gaussian lower bound for a graph satisfying CDE'(n, 0). In addition, Lin et
al. [13] used the volume growth condition to obtain a weaker on-diagonal lower estimate of
heat kernel on graphs for large time. Using these heat kernel estimates, we can prove the
existence and nonexistence of global solutions for problem (1.2) on finite or locally finite
graphs.

The results of Fujita [5] reveal that the dimension of the space and the degree of non-
linearity of the equation have a combined effect on deciding whether a solution of (1.1)
exists globally in Euclidean space. It is worth noting that the main results of this paper
exactly show that, for a finite or locally finite graph satisfying D,,, D, < 00, CDE'(n, 0)
and V(x, r) >~ r™, the behaviors of the solutions for problem (1.2) strongly depend on m and
a. In particular, for the lattice Z™, we have similar results as Fujita [5] in Euclidean space
R™.

The rest of the paper is organized as follows. In Sect. 2, we introduce some concepts,
notations and known results which are essential to prove the main results of this paper. In
Sect. 3, we formally state our main results. In Sects. 4 and 5, we respectively prove the
nonexistence and existence of global solutions for problem (1.2). In Sect. 6, we study the
behaviors of the solutions for problem (1.2) under the curvature condition CDE’. In Sect. 7,
we give an example to explain our conclusions intuitively. Meanwhile, we also provide a
numerical experiment to demonstrate the example.
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2 Preliminaries

Throughout the paper, we assume that G = (V, E) is a finite or locally finite connected
graph and contains neither loops nor multiple edges, where V denotes the vertex set and £
denotes the edge set. We write y ~ x if y is adjacent to x, or equivalently Xy € E. For each
vertex x, its degree is defined by

deg(x) =#{y e V:y ~x}.

Let u : V — (0, 00) be a positive measure on the vertices of G and satisfy g :=
infyey pu(x) > 0. Letw : V x V — [0, 0o) be an (edge) weight function satisfying wy, =
wyy and wyy > 0if and only if x ~ y. Furthermore, we assume wpy := infxyeg wyy > 0.

Given a weight and a measure, we define

D, = Mmax
@Wmin
and
m(x
D, = sup Q,
xev M(x)

where (max := sup,cy p(x) and m(x) := Zy~x Wyy.

In this paper, all the graphs in our concern are assumed to satisfy
D, < oo.

2.1 The Laplacian on graphs

Let C(V) be the set of real functions on V. For any 1 < p < oo, we denote by

eV, p) = {f eC(V): Y pmIfmlP < 00}

xeV
the set of £7 integrable functions on V with respect to the measure u. For p = oo, let

0V, 1) = [f e C(V):sup|f(x)| < oo}

xeV

For any function f € C(V), the u-Laplacian A of f is defined by

1
Af(x) = prey ;wxymy) — f).

Itcan be checked that D,, < ooisequivalent to the -Laplacian A being bounded on£7(V/, 1)
forall p € [1, oo] (see [9]). The special case of u-Laplacian are the case where i = 1, which
is the standard graph Laplacian, and the case where pu(x) = yx Wxy = m(x), which yields
the normalized graph Laplacian.

The gradient form I" associated with a p-Laplacian is defined by

L(f, 9)x) = Yo (f() = FENEL) — g(x).

y~x

o
2u(x)
We write I'(f) = T'(f, f).
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The iterated gradient form I'; is defined by

We write ['>(f) = a2 (f, /).
Besides, the integral of a function f € £!(V, p) is defined by

/ fduw ="y nx)fx).
v xeV

The connected graph can be endowed with its graph distance d(x, y), i.e., the smallest
number of edges of a path between two vertices x and y, then we define balls B(x,r) = {y €
V 1 d(x,y) < r} for any r > 0. The volume of a subset U of V can be written as V (U)
and V(U) = ), oy u(x), for convenience, we usually abbreviate V(B(x, r)) by V(x,r).In
addition, a graph G satisfies a uniform volume growth of positive degree m, if forallx € V,
r >0,

Vix,r) ~r",
that is, there exists a constant ¢’ > 1, such that %r’" <Vx,r) <crm.

2.2 The heat kernel on graphs

Consider a function u : [0, +00) x V — R, where u(z, x) represents the potential energy
given at vertex x € V and time ¢t € [0, +00). Assume that the energy flows from x to its
adjacent vertex y through their edge. If we give a very general assumption that the flow rate
from x to y is proportional to (i) the difference of potential energy in vertices x and y and
(ii) the conductivity wyy, then it is easy to see that the function u satisfies the equation

Wyy

(1, x) = ; (u(t,y) — u(t, x)) e (t>0,xeV),

which is the homogeneous heat equation u; = Au.
We say that a function p : (0, +00) x V x V — R is a fundamental solution of the heat
equation

Uy = Au
on G, if for any bounded initial condition u¢ : V — R, the function
u(t,x) =Y p()plt.x. Nuo(y) (>0, xeV)
yev

is differentiable in ¢, satisfies the heat equation, and for any x € V, lim,_, o+ u(t, x) = ug(x)
holds.

For completeness, we recall some important properties of the heat kernel p(z, x, y) as
follows:

Proposition 2.1 (see [11,15]) Fort,s > 0 and any x,y € V, we have

(@) p(t,x,y) = pt,y, x),
(i) p(, x,y) >0,
(111) Zygv lu“(y)p(taxv )’) E l!
(IV) atp(tax! )’) = Axp([’)@ y) = A}’p(t7xa y),
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V) Y.ey n@pt,x,2)p(s,z,y) = plt +5,x, y).

In [1], Bauer et al. introduced two slightly different curvature conditions which are called
CDE and CDE'. Let us now recall the two definitions.

Definition 2.1 A graph G satisfies the exponential curvature dimension inequality CDE(x, n,
K), if for any positive function f : V — R¥ such that Af (x) < 0, we have

r'(f) 1 2
Ca(f)x) =T\ f, N (x) = ;(Af)(x) + KT'(f)(x).

We say that CDE(n, K) is satisfied if CDE(x, n, K) is satisfied forall x € V.

Definition 2.2 A graph G satisfies the exponential curvature dimension inequality CDE' (x, n,
K), if for any positive function f : V — R, we have

L'(f) 1 2 2
Da(f)(x) =T f, T () = — f(x)"(Alog f)(x)” + KT'(f)(x).

We say that CDE'(n, K) is satisfied if CDE'(x, n, K) is satisfied for all x € V.
The relation between CDE(n, K) and CDE'(n, K) is the following:
Remark 2.1 (see [1,11]) CDE'(n, K) implies CDE(n, K).

Under the curvature condition CDE(n, 0), Bauer etal. [1] established a discrete analogue of
the Li-Yau inequality in Theorem 4.20 and a Harnack-type inequality in Theorem 5.2. Using
these results, Bauer et al. derived a heat kernel estimate on unweighted graphs (see Theorem
7.6 in [1]). According to Remark 5.1 in [1], for the heat kernel estimate on weighted graphs,
we shall assume D,, < oo instead of max,cy deg(x) < oco. Here, we show the relevant result
on weighted graphs as follows:

Proposition 2.2 (see [1]) Suppose G satisfies D,, < oo and CDE(n, 0). Then there exists a
positive constant Cy such that, for any x,y € V andt > 0,

Cy
pt,x,y) < V(T\/E)’ 2.1

where Cy depends onn, D, D,, and is denoted by Cy = Ci(n, Dy, D,). Furthermore, for
any t > 1, there exist positive constants Co and C3 such that

dz(x,y)>
t—1 )’

1
p(t,x,y) > C2,7 exp <—C3 (2.2)
where Cy depends on D, D, and is denoted by C; = C(D, D,), C3 depends on
n, Dy, D, and is denoted by C3 = C3(n, Dy,, D).

Although the upper bound from Bauer et al. [1] is formulated with Gaussian form, the
lower bound is not quite Gaussian form. Based on this, Horn et al. [11] improved some results
in [1] and derived the Gaussian type lower bound via introducing the curvature condition
CDE'(n, 0) in Theorem 5.1 of [11]. We transcribe it below.
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Proposition 2.3 (see [11]) Suppose G satisfies D,, < oo and CDE'(n,0). Then for any
to > 0, there exist positive constants C and c¢ such that
C d*(x, y))
tLx,y) > ————exp| —c————=
PXN = 50T p( :

forallx,y € V andt > to, where C depends on n and is denoted by C = C(n), ¢ depends
onn, Dy, D, and is denoted by ¢ = c(n, Dy, D,,). In particular, for any ty > 0, we have

C(n)
V(x, V1)

forallx € V andt > ty, where C(n) is positive.

p(t,x,x) > 2.3)

Without the use of the curvature condition CDE’, Lin et al. only utilized the volume growth
condition to obtain a on-diagonal lower estimate of heat kernel on graphs for large time (see
Theorem 3.2 in [13]). In fact, this estimate is enough to prove the nonexistence of global
solutions for problem (3.1) stated in Sect. 3. Let us now recall the on-diagonal lower estimate.

Proposition 2.4 (see [13]) Assume that, for all x € V and r > rg,
V(x,r) < cor™,

where 1y, co, m are positive constants. Then, for all large enough t,

1

) L — 2.4
P2 X) 2 ot Tog D) 24)

where Co > 2D e.

3 Main results

In this paper, we study whether or not there exist global solutions to the initial value problem
for the semilinear heat equation

_ 1+a
{u, =Au-+u in (0, +00) x V, 3.1

u(0,x) =a(x) inV,

where « is a positive parameter, a(x) is bounded, non-negative and not trivial in V. Without
loss of generality, we may assume a(v) > 0 with v € V. Throughout the present paper we
shall only deal with non-negative solutions so that there is no ambiguity in the meaning of
u'T* . We shall also fix the vertex v.

For convenience, we state the relevant definitions first.

Definition 3.1 Assume that 7 > 0. A non-negative function u = u(¢, x) satistying (3.1)
in [0, 7] x V is called a solution of (3.1) in [0, T'], if u is bounded and continuous with
respect to ¢ in [0, T] x V. Furthermore, a solution u« of (3.1) in [0, 4-00) is a function whose
restriction to [0, T] x V is a solution of (3.1) in [0, 7] for any 7" > 0. A solution u of (3.1)
in [0, 4-00) is also called a global solution of (3.1) in [0, 4-00).

Definition 3.2 F[0, +00) is the set of all non-negative continuous (with respect to ¢) func-
tions u = u(t, x) defined in [0, +00) x V satisfying

0<u(t,x) <Mp(it+y,v x)
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with some constants M > 0 and y > 0, where v is the vertex at which the function a is
positive. Furthermore, if u is a solution of (3.1) in [0, +00) and u € F[0, +00), then u is
called a global solution of (3.1) in F[0, 4+00).

Definition 3.3 A is a set of numbers defined by
A={s:0<s<1,85(1+0%)" <1, Co <1,
(I+a)(8 +851 +3%)1+“)“5 < 1},

where

2y
mo — 2

C=

o mo
(Cl(n, D, Du)cl_1> Yz

and the constant Cy(n, D, D,) appearing in the definition of Cis actually the same as the
one in Proposition 2.2.

Remark 3.1 The set A defined in Definition 3.3 is nonempty in terms of the constraint
conditions of A. In fact, by

lim 5% (14+6%)'™ =0, 1imCs% =0, lim(I+a)(5+8""5(1+06%)+*)*C =0,
§—0 §—0 §—0

we can conclude that there exists a 6o (0 < 89 < 1) such that the conditions given in .4 hold
for all § € (0, §p).

Our main results are stated in the following theorems.

Theorem 3.1 Assume that, for all x € V and r > ry, the volume growth V (x,r) < cor™
holds, where rg, co, m are positive constants. If 0 < ma < 1, then there is no non-negative
global solution of (3.1) in [0, 400) for any bounded, non-negative and non-trivial initial
value.

Theorem 3.2 Assume that G satisfies D,, < 0o, CDE(n, 0) and V (x,r) > c1r"™ for some
c1 >0, m>0andallr >0, x € V. Suppose fory > 0and § € A, the initial value
satisfies

0=<a(x) <dply,v,x) (3.2)

forall x € V. If ma > 2, then (3.1) has a global solution u = u(t, x) in F[0, +00),
which satisfies 0 < u(t,x) < M()p(t + y, v, x) for any (t,x) € [0, 400) x V, where
M) =58+08"5(1458%) 7

Theorem 3.3 Suppose G satisfies D, < oo, CDE'(n, 0) and V (x,r) >~ r™ for some m > 0
andallr >0, x € V.

(1) If 0 < ma < 2, then there is no non-negative global solution of (3.1) in [0, +00) for
any bounded, non-negative and non-trivial initial value.

(i1) If ma > 2, then there exists a global solution of (3.1) in F[0, +00) for a sufficiently
small initial value.
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4 Proof of Theorem 3.1

We first introduce a lemma which will be used in the proof of Theorem 3.1.

Lemmad4.l Let T > 0, ifu = u(t, x) is a non-negative solution of (3.1) in [0, T, then we
have

Jo ¥ —ut,v)y™* =at (0<r=<T),
where

Jo = Jo) = Y u(x)p(t, v, )a(x),

xeV
Proof Let ¢ be a positive constant and for any fixed ¢ € (0, T'], we put
ve(s,x) =pt —s+¢ev,x) 0<s=<t,xeV)

and
Je(s) = ) n@)ve(s. Ouls, x) (0 <5 <1).
xeV
(i) We prove that J; is positive for all s € [0, ¢].
Since u(s, v) is non-negative in [0, ¢], it follows that forall 0 < s <1,

d
2 (5, v) = Auls, v) = 0. 4.1)
as
Note that 1
Au(s,v) = —— wyy (u(s, y) —u(s,v)
) ; ol )
1
> - wyyu(s, v)
v ; N
Z _DMM(S, U)a
then the inequality (4.1) gives

ou
as
which, together with a(v) = u(0, v) > 0, yields

(s,v) > =Dyu(s,v),

u(s,v) > u(0,v)exp(—=D,s) >0, s e]l0,¢].

Hence, forall 0 < s < ¢, we have
Z u(s, x) > 0.
xeV

In view of the fact that v, (s, x) is positive in [0, #] x V, we obtain J;(s) > 01in [0, ¢].
(ii) We prove that J; is differentiable with respect to s and satisfies the following equation

%Jg(s) = > e s, Vuls, )T

xeV

Case 1 We consider the case where G is a finite connected graph.
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Since wyy = wyy, according to the definition of A, for any function f, g € C(V), we
have

Y HE@AF()) =Y ) f(x)Ag (). 4.2)
xeV xeV

From the property of the heat kernel, we know that

— v = —Avg.
as
Thus
iJ()—Z () e (5, (s, ) + 10 5, X) (s, )
RS _XEV(ansvs s, 0)u(s, x) + n(x)ve(s, x asus,x>
= Z (—M(x)Avg(s, xX)u(s, x) + pnx)ve (s, x)(Au(s, x) 4+ u(s, x)”"‘))
xeV
== ) ) Ave(s, uls.0) + Y px)ve(s. 1) Au(s, x) 4.3)
xeV xeV
+ ) r)ve(s, Xuls, x)' e
xeV
=Z,u(x)v5(s,x)u(s,x)l+a.
xeV

Case 2 We consider the case where G is a locally finite connected graph.

Firstly, we claim that J, exists if G is locally finite.

Since u is bounded, we can assume that there exists a constant B > 0 such that for any
(s,x) e[0,t] x V,

lu(s, x)| = B.

Hence, from the property of the heat kernel, we have

Je =

<B Zu(x)vg(s,x) < B < .

xeV

D ) ve(s, D)uls, x)
xeV

Secondly, we observe that, if G is locally finite, the exchange between summation and
derivation in the first step of (4.3) is allowed because J, (s) and ;TJS (s) both are uniformly
convergent.

Indeed, when A is a bounded operator, we have

+m>tkAk
Pu(x) = e'Pu0) = 3 —-u) = 3 p)pt, x, yul). (4.4)
k=0 yev

Furthermore, we can prove that the summation (4.4) has a nice convergency when u(x)
is a bounded function. The details are as follows:
Assuming that |u(x)| < B in V, then

1

[Au(x)| = ‘m

D oxy () — u(x))‘ <2D,B.

y~x
By iteration, we obtain for any k € Nand x € V,

|A*u(x)| < 2* D} B.
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Thus forany r € (0, T]and x € V,

N - T* Ak - T"ZkaB
7 ulx)| < T u(x) = B
In view of
+o0 Tk
> F2"D{‘LB = Be*PrT < o0,
k=0 "

we deduce that Zer n(y)p(t, x, y)u(y) converges uniformly in (0, 7] when u(x) is
bounded in V.

Since u(s, x) and u (s, x)! 7% both are bounded, we obtain that J, (s) and % Je(s) converge
uniformly in [0, ¢].

Thirdly, we show that if G is locally finite, the equation

D uMAP@E, x, yuly) = Y w(y)pt, x, y)Auly) (4.5)

yev yeVv

holds for any bounded function u.
A direct computation yields

D nMApEx, uy) =YY @y (plt, x, Duly) = plt, x, y)u(y))

yeV yevV zeV

= Z Zwyzp(t, X, Z)M(y) - Z Zwyzp(t’ * y)u(y)
yev zeV yeV zev

=3 wppx u@ = DY oy plt . yu(y)
eV yeV yevV zeV

=2 D oep(tx @) = 30 3 wyeplt, %, yu(y)
yevV zeV yeVzev

= Z/L(y)p(t,)m Y)Au(y).
yev

Note that the above summation can be exchanged, since

Y lwept x, u@] < Y n()ptx, y) (Z :)(yyz) |u<z)|>

yeV zeV yev zeV
< D,B.

Finally, we need to show that if G is locally finite, the interchange of sums in the third
step of (4.3) holds because the sums are convergent.
Noting that | Au(s, x)| < 2D, B, |u(s,x)'**| < B!™® and

D ) Ave(s, uls, x) = Y p(x)ve(s, x) Au(s, x),

xeV xeV

we deduce that for any (s, x) € [0, f]xV, erv m(x)ve (s, x)Au(s, x), erv U(xX)ve (s, x)
u(s, x)1+ and erv w(x)Avg (s, x)u(s, x) all are convergent.
(iii) Since v, > 0 and
D n@vels, x) <1,

xeV
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1+o

applying Jensen’s inequality to x '+ and owing to the convexity of x'* (a > 0), we obtain

er\/ M(X)US(S7 X)M(S, x)1+(1 > (ZXEV ,LL(X)UE(S, X)M(S, x) ) I
erv (XY Ve (s, X) B erV m(x)ve (s, x) ’

that is,

1+o
(Z O)e (s, Xuls, x))

xeV

< (Z () e (s, x)u(s,x)”“) (Z (e s, x))

xeV xeV

< Y r)vels, uls, x)'

xeV

It follows that

d
Sode= Jite
Using the Mean-value theorem, we have
Je(0) ™ — J.(t)™% > at. 4.6)

According to (4.4), we assert that for any bounded function u,

lim Pru(x) = lim, ZV npt, x, Mu(y) = u(x),
;

from which we get
Jeo(t) = u(t,v) (e — 0™). (€%))
Moreover, it is not difficult to find that
Jo(0) > Jo (e — 0F). (4.8)

In fact, if G is a finite connected graph, then (4.8) is obvious. If G is a locally finite connected
graph, we can exchange limitation with summation because J,(0) is uniformly convergent.
This leads to (4.8).

Applying (4.7) and (4.8) to (4.6), for any ¢ € (0, T'], we have

Jo ¥ —u(t,v)™% = at.

This completes the proof of Lemma 4.1. O

Proof of Theorem 3.1 With the help of Lemma 4.1 we can now prove Theorem 3.1 by con-
tradiction.
Suppose that there exists a non-negative global solution # = u(t, x) of (3.1) in [0, +00).
By Lemma 4.1, we have for any 7 > 0,

Jo ¥ =z u(t,v)™ +at > at.

From Proposition 2.4 and the given condition V (x, r) < cor™ (r > rg), we have for all
large enough ¢,

p(t,v,v) > (tlogt)™ (Co > 2Dye).

4coCYy'
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Hence, for all sufficiently large 7,

Jo ="y nx)p(t, v, xax)

xeV
> u@a®)p(t, v, v)
> C(tlogt)™,

where C = “‘f:gg(gf) > 0and Co > 2De.

Combining J,* > at and Jy > C (tlogt)™™, for all large enough ¢, we get
(tlog )™ > aC”t. (4.9)

However, if 0 < ma < 1, the inequality (4.9) is invalid for sufficiently large 7. This leads
to a contradiction.
This completes the Proof of Theorem 3.1. O

5 Proof of Theorem 3.2

Before proving Theorem 3.2, we consider the following integral equations (5.1) associated
with (3.1) and discuss its solution u(¢, x) in F(0, +00).

t
u(t, x) = uy(t, x) +/ Z uypt —s,x, y)u(s, y)1+°‘ds in (0, +00) x V,
0

yev

uo(t, x) = Y p(y)p(t, x, y)a(y) in (0, +00) x V,
yeV
5.1
where @ > 0, a(y) is bounded, non-negative and not trivial in V. Moreover, we assume
0 <a(y) <ép(y,v,y)inV fory > 0and§ € A. It should be noted that v is the vertex, as
stated previously, at which the function a is positive. Furthermore, the set .4 satisfies

A=fs0<s <1 6%(148%)" <1, 8oF <1,
(14 a)(8+8F2(1+87)149)C < 1] ,

mo

~ o
where C = % (Cl(n, D,, DM)cl_l) y—2 >0.

For any function v(¢, x) with |v| € F(0, +00), we can define its norm

[v(, x)|

[lv|| = ,
t>0,xeV p(t, x)

5.2)
where p(t,x) = p(t + y, v, x).

Let
t
(<I>u)(t,x):/0 3 WP — 5.5, yyuts, y) *ds.

yeV

We first prove some lemmas which are essential to prove Theorem 3.2.
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Lemma 5.1 Let G satisfy D,, < 0o, CDE(n,0) and V(x,r) > cir'™ (¢; > 0,m > 0,r >
0)forallx € V. If ma > 2, then

®p € F(0,4+00) and ||®p|| < C,

~ o mo
where C = —2. (Clcl_l) y~ 7 > 0.

mo—2

Proof For any (¢, x) € (0, +00) x V, we have

t
(Pp)(t, %) = / Y wpt —s,x, »)pls, y)' s

yev
t
= [ 3 up =52 20pGs 4 v 3)pls v s,
yeVv

Obviously, ®p is non-negative and continuous with respect to ¢ in (0, +00) x V.
According to Proposition 2.2, for any s > 0, there exists a positive constant C such that

pis+vy.v,y) = V(\)C\/;Ty)
Since
Vi Vs +y) zc+n?,
we obtain
P+ 7y, ) <Cieil s +y)7 7. (5.3)
Hence,

t o mo
(<I>;f>)(t,x)§/O Y P =5, %, 3)pls + 7. v, ) (Clcl_1> (s+y)” 2ds
yeV

o ! ma
< (Clcf1> /O (5 +71)77 D upt—s,x, y)p(s +y,v, y)ds

yeVv
-1\* ! _ma
= (ciei) p<r+y,v,x)/(s+y) * ds.
0
Furthermore,

4 mao +w mao
/ (s+y) 2ds 5[ (s+y) 2ds
0 0

5.4
—2y e

T2 _ma
itis worth noting that the existence of the integral in (5.4) is based on the assumption mao > 2.
Thus for any (¢, x) € (0, +00) x V,
(@p)(1,x) < Cp(t +y, v, %), (5.5)

mo

~_ 2V 1 o _
where C = Cic, y—2 >0.

mo—2

It follows that
®p € F(0, +00) and |[|Pp|| < C.

This completes the proof of Lemma 5.1.
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Lemma 5.2 Under the conditions of Lemma 5.1 and u € F(0, +00), we have
Qu € F(O, +o0) and ||Du||l < 6||u||1+“.

Proof Since u € F(0, +00), we can define its norm and then we have u(t, x) < ||u]|p(t, x)
for any (¢, x) € (0, +00) x V.
A simple calculation shows that

t
0< (@u)(t,m:/o Y wp = s, x, yuls, y)'ds

yeV

t
<l [ kpte —soxps o as GO

yev
= [ul] ¥ (®p) (2, x).
Combining (5.6) with (5.5), we get
du € F(0,400) and ||®ul| < C|lul'**.
This completes the proof of Lemma 5.2. O

Lemma 5.3 Under the conditions of Lemma 5.1, we suppose that u and v are in F (0, +00)
and satisfy ||u|| < M and ||v|| < M with a positive number M. Then we have

|Du — ®v|| < (1 +a)M*Cllu — vl|.
Proof Since u, v € F(0, +00), for any (¢, x) € [0, 00) x V, we get
lu(t, x) — v, x)| < |u(t, x)| + v, x)| < 2Mp(1, x),
which implies |u — v| € F(0, +00).
By using the elementary inequality
P ¢ < A+ a)lp — glmax{p®.¢"} (g =0.p=0).
we have
Ju(s, ) = v, )] < (L @)luls, y) = vls, y) max{us, )% v(s, )%
< (1+a)M®p(s, »)*|uls, y) — v(s, y)|
= +a)Mp(s, »)*[lu —vllp(s, )
= (L+a)Mp(s, )"+ Ju = vll.
Case 1 When G is a finite connected graph, for any (¢, x) € (0, +00) x V, we find that
|Du(t, x) — du(r, x)|
/Ol > wIp(r = s, ) (s, = (s, ) )ds

yeVv

t
s/ > uypa —s,x,y)]u(s,yﬂ“' —u(s, )" \ds
0 I (5.7)

t
< (Ml =il [ 30 upte = s.x, 3005, )" s
yeVv

= (1 + Q)M |u — v||(Dp)(1, x)
< (I +a)M®|ju — v||Cp(t, x),
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thus
|| Pu — dvl| < (1 4+ a)M*Cllu — v]|. (5.8)

Case 2 When G is a locally finite connected graph, we have the same inequality as (5.8)
above. In fact, the inequality (5.8) will be obtained if we can show that the first equation of
(5.7) is true. The details are as follows:

Since u € F(0, +00) and ||u|| < M, we have

O0<u(t,x) <Mp(t+y,v x).
By (5.3), we know that

m
2

pt+y,v,x) <Cieyly™2,
hence for any (z, x) € (0, +00) x V, we deduce that
0<u(tx)<B,

where B = MCic;'y™2.
Similarly, v also satisfies 0 < v(¢, x) < B.

Hence, Y oy n(y)p(t—s, x, yu(s, ) T and Y° oy nu(y) p(t —s, x, y)v(s, )T both
are convergent, which shows that

D P =5, x, yuls, N =D p()pt = s, x, yois, '

yeVv yeVv

= Y 1t = s, ) (uls, )1 = v, '),

yeV

Based on the above discussion, we verify the validity of inequalities (5.7) and (5.8) under
the condition that G is locally finite.
The proof of Lemma 5.3 is complete. O

Proof of Theorem 3.2 (i) We construct the solution of (5.1) in F(0, 4+00).
Set a iteration relation

Upy1 = uo + du, n=0,1,...) 5.9)

with ug given by (5.1) and u,, € F(0, +00) (n =1,2,...).
Recall the definition of the set A:

e 1, Cs% <1,

A={s:0<s<1,6%(1+5%)
(+a)(3+8' 751 +85)) C < 1.
On account of the assumption of Theorem 3.2 that the initial value satisfies
0 <a(y) =dp(y,v,y),

where § € A, we have for any (¢, x) € (0, 400) x V,

0 < ug(t, ) <8 ) u(y)pt, x, Npy, v, y)
yeV

=dop(t+vy,v,x),

which shows ug € F(0, +00) and ||up|| < §, where § € A.
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According to Lemma 5.2, we obtain the inequalities
etng11] < Huoll + [|@unll < [luol| + Cllunll" T,
that is,
luwirll <8+ Cllual|™™  (n=0,1,...). (5.10)
From recurrent inequalities (5.10), we have for any § € A,
[luoll <8,
llurll <8 + Clluoll'** < 5 +68'4C <5 +58'77,
llual| < 8 + Clluy ||
<5+ (5+8'+5)*C
<8485 (1455) 1
<8+8"F3(1408%)",
llusl| < 8 + Cllua]|"**
< 8+[5+61+%(1 +8%)1+a]1+a5
<5481 485 (148%) 1)
<8+8"F3(14+8%)1

Nunll < 8485 (145%)"+,

It follows that [Ju,|| < M(8) = § + 875 (1+8%) ™ (n=0,1,...) with § € A.
Note that

Upio — Upp1 = Puyyr — Duy,.
From Lemma 5.3, we deduce that
Nunt2 — up1ll < kllupsr —unll (m=0,1,..)), (5.11)

where k = (1 + a)M (8)°C.
Since § € A, we have

K=(1+a)M@®)*C=0+a)(8+85(1+5%)7)C < 1.

In view of ¥ < 1, the inequality (5.11) implies the convergence of ZZOZO [lupnsr1 — unll.
Thus {u,} is a Cauchy sequence in F(0, +00), that is, for any € > 0, we may choose a
constant N (€) such that, for any m,n > N (€),

[t (t, X) — un(t, x)|
ty — unll = sup
t>0,xeV ,O(t, )C)

Hence, forany r € (0, +o0) andx € V,

Uy (, X) . u(, x)
p(t, x) p(t, x)

<€ foranym,n > N(€). (5.12)
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On the other hand, the inequality (5.3) shows that p(¢, x) is uniformly bounded with
respect to ¢ and x. Thus for any ¢ € (0, 400) and x € V, we have
[t (t, x) — uy(t, x)| < B'e forany m,n > N(e), (5.13)

where B’ = Clcl_lyf%.

It follows from (5.13) that the sequence {u,} is a Cauchy sequence in R. Thus we assume
lim;,— 400 un (¢, x) = u(t, x). Taking the limit m — +o001in (5.12), we get forany n > N(€),
u(t,x)  un(t, x)
p(t,x)  p(t,x)

from which we deduce that “ converges uniformly to % in (0, +00) x V. So u, converges
with respect to the norm || - ||.
In addition,

w0l (

1=0xev P, X) 7 is0xev

u(t,x) up(t,x) un(t, x)
pt,x)  p(t,x) p(t, x)
that is, u (¢, x) € F(0, +00). Furthermore, letting € — 0, we have ||u|| < M (6).

In conclusion, there exists a function # which satisfies 0 < u(t, x) < M(8)p(t, x), such
that

><6+M(8),

[y —ull - 0 (n — 400). (5.14)

Utilizing (5.9) and (5.14) leads us to the assertion that u is a solution of (5.1) in F(0, +00)
and satisfies 0 < u(t, x) < M(8)p(t + y, v, x), where M(8) = 8 + 8" 75 (1 +8%)' .

(i1) We prove that the solution u (¢, x) of (5.1) constructed above satisfies (3.1).

Forany T > 0, since u € F(0, T], we derive from (5.3) that u is bounded and continuous
with respect to ¢ in (0, T] x V.

Taking a small positive number &, we put

r—¢
@) = [ 30 upe = s.x, yyuts. s

yeVv

where0 <e <t <Tandx e V.

Obviously, ®.u tends to ®u in [, T] x V as & — 0T, here o is an arbitrary positive
number and o > ¢.

Case 1 If G is a finite connected graph, recalling an important property of the heat kernel:

PI(I7X7Y):AxP(t»XaY):Ayp(fs%)’), (515)
we have 5
5 (@e) =3 ) ple,x, yulr — e,y

yeVv
t—¢e
+/ Z w)pi(t — s, x, Vuls, y)' T%ds
0 yeV
=" u)ple.x. ult —e. ' (5.16)
yev
r—¢
+/ Z wWAgp(t — s, x, yyu(s, y)' Tds
0 yeVv
=L + .
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Since u!*? is bounded and continuous with respect to ¢ in (0, T] x V, it follows imme-
diately from (4.4) that /; tends to u(t, )% in [0, T] x V as ¢ — 0%. On the other hand,
when ¢ — 07T, I converges in [0, T'] x V to a function

t
000 = [ 3 w0IAp( =5 s, ) s
yeV

Letting ¢ — 07 in (5.16), we obtain for any (¢, x) € [0, T] x V,

ﬁ _ 1+a
3, (P X) = ult, 0 + (1, x) (5.17)

=ut, )T + A (Pu)(, x).

Since u = ugy + du and %uo = Auy, for any (¢, x) € [0, T] x V, we conclude that

0
u; = Aug + acbu
_ Auo—i—A(d)u)—i-uH“ (5.18)
= Au+u'te.

Because o is arbitrary, (5.18) is true for all (¢, x) € (0, T] x V.
Furthermore, we can prove that the initial-value condition is satisfied in the sense that

u(t,x) - alx) (t— 0+),

from which we can extend u(z, x) tot = 0 and set u(0, x) = a(x).

By the arbitrariness of 7', we deduce that the solution u(z, x) of (5.1) constructed above
is the required global solution of (3.1) in F[0, +00).

Case 2 If G is alocally finite connected graph, as before, the following assertions need to
be verified.

(a)

9
o [ 20 0P = s x s, ) = 3G pie = s, x, us, )T
yev yev

(b)
t
/0 Y APt =5, x, Yuls, y)' Tds

yev
! 1
=A f > u)pt —s.x, yuls, y)'+ds
0
yev

Noting that u is bounded and D,, < oo, we deduce that Ault is bounded too.
Following (4.5) and (5.15), we find that

D o npit = s, x, yuls, )T =" w(A P —s, x, yuls, )
yeV yeVv
= > upt =5, x, ) Auls, ',
yeV
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thus Zer w) pit—s, x, Yu(s, y)ite converges uniformly, from which we conclude that
the assertion (a) is valid.

Similar to the proof of (4.5), the validity of assertion (b) can be proved due to the absolute
convergence of sums.

In view of the assertions (a) and (b), for a locally finite graph we have the same conclusion
as for a finite graph.

This completes the Proof of Theorem 3.2. O

6 Proof of Theorem 3.3

Proof of the assertion (i) of Theorem 3.3 We proceed as in the Proof of Theorem 3.1, instead
of using the heat kernel estimate in Proposition 2.4, we use the one in Proposition 2.3.
Actually, by Proposition 2.3, for any #p > 0, we have

cn)
Vv, V1)

for all t > #g. Taking 1o = % and combining (6.1) with V (v, t) >~ " (m > 0), we obtain

p(t,v,v) > (6.1)

C
p(t,v,v) > %t

_m
2

forall r > %
Hence, for any t > %, we have

Jo ="y wx)p(t, v, x)alx)

xeV
= u(wa)p(t, v, v)

—._m
>C't 7,

(6.2)

where C’ = M > 0 and the definition of Jj is the same as in Lemma 4.1.
Let us now prove the assertion (i) of Theorem 3.3 by contradiction. Suppose that there
exists a non-negative global solution of (3.1) in [0, +00), then by Lemma 4.1 we have

I = at 6.3)

for any > 0.
Combining (6.2) and (6.3), for any ¢ > %, we have

mo

1" > aC’"t. (6.4)

However, if 0 < ma < 2, the above inequality (6.4) is distinctly not true for a sufficiently
large ¢. This proves the assertion (i) of Theorem 3.3. O

Proof of the assertion (ii) of Theorem 3.3 From Remark 2.1 we conclude that CDE'(n, 0)

implies CDE(n, 0), thus the assertion of Theorem 3.2 implies the assertion (ii) of Theorem 3.3.
This proves the assertion (ii) of Theorem 3.3. ]
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Fig.1 Cg X

2

7 Example and numerical experiments

In this section, we give an example to illustrate our result asserted in Theorem 3.3.

It is well known that the integer grid Z™ admits the uniform volume growth of pos-
itive degree m. Moreover, Bauer et al. [1] proved that Z™ satisfies CDE(2m, 0) and
CDE'(4.53m, 0) for the normalized graph Laplacian, which, along with Theorem 3.3 enable
us to deduce the existence and non-existence of global solutions to problem (3.1) in Z with
the normalized graph Laplacian, i.e., we have the following result:

Proposition 7.1 Let G be Z™ with u(x) = m(x) and D, < oo.
(1) If0 < ma < 2, then there is no non-negative global solution of (3.1) in [0, +00) for
any bounded, non-negative and non-trivial initial value.
(i) If ma > 2, then there exists a global solution of (3.1) in F[0, +00) for a sufficiently
small initial value.

For example, we consider a circle Cg (as shown in Fig. 1) which satisfies CDE'(4.53, 0).
And then the problem (3.1) can be written as

ue(t, x1) = 5 (ut, x6) + ult, x2)) — u(t, x1) + ut, x)'+,
u(t, x2) = 3(ut, x1) +ut, x3)) — u(t, x2) + u(t, x)',
ue(t, x3) = 3 (u(t, x2) + u(t, x4)) — u(t, x3) + u(t, x3)'+,
w(t, x4) = 5 (u(t, x3) + ut, x5)) — u(t, x4) + ut, xg)' 4,
u(t, xs) = 5 (u(t, x4) + u(t, x6)) — u(t, xs) + u(t, xs)'+,
ur(t, x6) = 3(u(t, xs) +u(t, x1)) — u(t, x6) + u(t, x6)' 7, 7D

u(0, x1) = a(xy),
u(0, x2) = a(xz),
u(0, x3) = a(x3),
u(0, x4) = a(xq),
u(0, x5) = a(xs),
u(0, x6) = a(xe),
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Fig. 2 Non-existence of global solutions to the equations (7.1)
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Fig. 3 Existence of global solutions to the equations (7.1)

where we take wyy = 1 forany x ~ y and u(x) = m(x) =2 forallx € V.

If wechoose o = 1,a(xy) = 1,a(x2) =2,a(x3) = 3,a(xq) =4, a(xs) =5, a(xg) =6,
respectively. It is easy to verify that the above choices satisfy the condition of non-existence
of global solutions to the equations (7.1). The numerical experiment result is shown in Fig. 2.

Besides, if we choose @ = 3,a(x;) = 1 x 107%, a(x2) = 2 x 1074, a(x3) = 3 x
1074, a(xs) = 4 x 1074, a(xs) = 5 x 107%, a(xg) = 6 x 1074, respectively, then the
above choices satisfy the condition of existence of global solutions to the equations (7.1).
The numerical experiment result is shown in Fig. 3.
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