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Abstract Taking any p > 1, we consider the asymptotically p-linear problem

—div(a(x, u, Vu)) + A;(x,u, Vu) = A°°|u|1’_2u+g°°(x,u) in ,
u=20 on 02,

where 2 is abounded domaininRY, N > 2, A(x, 1, &)isareal functionon 2 xR x RY which
grows with power p with respect to £ and has partial derivatives A;(x, ¢, &) = %—?(x, t,£),
a(x,1,8) = VeA(x,1,€). If A(x,1,€) — A®(x,1) and g;jﬁﬁ — 0as |t| - +oo,
suitable assumptions, variational methods and either the cohomological index theory or its
related pseudo-index one, allow us to prove the existence of multiple nontrivial bounded
solutions in the non-resonant case, i.e. if 1°° is not an eigenvalue of the operator associated
to Ve A% (x, £). In particular, while in [14] the model problem A(x, ¢, £) = A(x, t)|£]” with
p > N is studied, here our goal is twofold: extending such results not only to a more general
family of functions A(x, t, £), but also to the more difficult case 1 < p < N.
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1 Introduction

Let us consider the nonlinear problem

—div(a(x,u, Vu)) + A;(x,u, Vu) = f(x,u) inQ,
(GP) {u =0 on 082,

where © C R¥ is a bounded domain, N > 2, f(x, t) is a given real function on € x R and
A(x,t, &) is a real function on 2 x R x RV, with Ar(x,t, &) = %(x, t,€),a(x,t,&) =
VeA(x,t,§).

If we set F(x,t) = f(; f(x, s)ds, problem (G P) can be associated to the functional

Ju) = /A(x,u,Vu)dx - / F(x,u)dx. (1.1)
Q Q

If A(x,t, &) depends on z, the derivative d 7 is not defined in the Sobolev space Wé P(Q)

and its natural domain contains X := WO1 () N L*°(2) where it is also continuous (see
Proposition 3.5). Moreover, u is a weak solution of (G P) if

/ (a(x,u,Vu) - Vv + A;(x, u, Vu)v)dx — / fx,u)vdx =0 forallv € X;
Q Q

thus, we prove that u belongs to X and is a critical point of 7. Hence, in order to solve (G P),
we can use variational tools.
Model problems can be written by considering

N
p
Ar(x, 1,8) = Y @i j(x,DEE or Ap(x,t,€) = (Aa(x,1,6)7,
i,j=1
where (a;,j(x, t))1<i, j<n is an elliptic matrix.
An example is given by A(x,1,&) = A(x,t)|€|? with p > 1, so that the equation in
(G P) is reduced to the quasi- p-linear equation

1
—div(AQx, w) [VulP 72 Vu) + — A (x,u) [Vul? = f(x,u) inQ, (P)
p
which is studied in [13,14] if p > N. In this setting, the related functional is

Ja(u) = l / A(x,u) |Vul? dx — / F(x,u)dx. (1.2)
P Ja Q

Roughly speaking, we say that problem (G P) is asymptotically p-linear, if both A(x, ¢, §)
and F(x, t) admit the limit as || — 400, so that, taking

A, &)= lim A(x,t,&) and F(x,t) = —I|t|’ + G=(x,1), (1.3)
lt|—>+00 p

A (x, &) is a positively p-homogeneous function with respect to & equivalent to |£|”, while
G (x, t) is at worst an infinity of lower order with respect to |¢|? (for more details, see
Sect. 3).

Thus, our aim is to investigate the existence of weak solutions of the nonlinear elliptic
problem (G P) when it is asymptotically p-linear but in the non-resonant case, i.e., when A%
in (1.3) is not an eigenvalue of the operator associated to Ve A% (x, £).

For A(x,t,&) = |&|P or, at worst, for A(x,t,&) = A(x)|E|?, ie., for A(x,1) = 1
or A(x,t) = A(x) independent of r, a variational approach was first used for p = 2 in
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the asymptotically linear case (see the seminal papers [1,5]) and then if p # 2 (see, e.g.,
[2,4,6,16,17,20-22,25], or the survey in the book [24]). Furthermore, in the model case (P)
some multiplicity results have already been proved if p > N (see [13,14]).

We want to prove that the multiplicity results in [14] can also be stated in the general case
(G P) and not only if p > N, but also in the complementary condition 1 < p < N (for the
complete statements, see Sect. 5).

We note that if 1 < p < N and A is not an eigenvalue of the operator associated to
Ve A% (x, £), in quite general suitable assumptions, a Palais—Smale sequence of 7 in X can
have subsequences converging in WO1 P(Q), but not in L () (see Example 4.3). Therefore,
the classical Palais—Smale condition does not hold. This is why the geometric conditions are
given by making use of the topology of Wé "7 (Q). As typical of such a problem, we consider

subsets of neighbourhoods of zero and of infinity, but with respect to the norm in W(} P(Q)
and not to that in X. Hence, in both cases we have no information about the L°°-norm for
the elements of such sets.

In any case, we prove the existence of multiple nontrivial solutions according to the
behaviour of F(x, t), both in zero and at infinity, and by considering A0 (x,6) =A(x,0,¢8)
for the geometric conditions in zero and the limit function A°(x, &) for those at infinity (see
Theorems 5.6, 5.7 and 5.8).

Finally, let us point out that no global p-homogeneity assumption on function A(x, ¢, &)
is required, but only that A%(x, £) and A% (x, &) have to be positively p-homogeneous with
respect to €. Moreover, also in the non-resonant case, the proof of the boundedness of the
Palais—Smale sequences is rather hard and our results imply the previous ones obtained when
the term A(x, t, §&) does not depend on z.

This paper is organized as follows. In Sect. 2 we introduce the weak Palais—Smale condition
and prove the related abstract multiplicity results, both with the cohomological index and
the related pseudo-index. In Sect. 3 we introduce the hypotheses for (G P) and prove the
first properties of 7 in X, while the weak Palais—Smale condition is proved in Sect. 4. In
Sect. 5 the main results are stated (see Theorems 5.6, 5.7 and 5.8) and, once the geometric
conditions have been checked, their proofs are given in Sect. 6, for solutions with negative
critical levels via the index theory, and in Sect. 7, for solutions with positive critical levels
via the related pseudo-index.

2 The abstract variational setting

We denote N = {1, 2, ...} and, throughout this section, let us assume that:

e (X, | - |lx) is a Banach space with dual (X', || - ||x/),
e (W, |- |lw) is another Banach space such that X < W continuously, i.e. X C W and a
constant o > 0 exists such that

lullw < oo llullx forallu € X, 2.1
e J/DCW — RandJ e C/(X,R) with X C D.
Furthermore, fixing 8, 1, f» € Rand aset C C X, let us denote

o K/ ={ue X : dJ(u) =0} the set of the critical points of J in X,
° K/g ={ueX: Ju) =B, dJ(u) = 0} the set of the critical points of J in X at level

B,
e JP ={ue X: J(u) < B} the sublevel of J with respect to level A,
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° ngz ={ueX: B <J(u) < B} the closed “strip” between B and B,
e IC={sueX:ueclC,s €]l0,1]} the cone with base C,

while, taking ug € X, r > 0, by pointing out the two different norms || - ||w and || - || x, for
f=Wori= X weput

o Bi(uwo) = {ueX: lu—uols < rl
o Bi(up) = {ueX: |u—uolly < r},
o di(u,C) = inf lu —vly,

veC

o« N(C) = fueX: d:(u,C) < r}.

In any case, in order to avoid any ambiguity and to simplify, where possible, the notations,
from now on we denote by X the space equipped with its given norm while, if a different
norm is involved, we write it down explicitely. Accordingly, we denote by C the closure of a
set C C X with respect to the norm || - || x.

For investigating the number of critical points of a C! functional J in the Banach space
X, let us introduce suitable variational tools.

For simplicity, taking B € R, we say that a sequence (u,), C X is a Palais—Smale
sequence at level B, briefly (P S)g-sequence, if

lim J(u,)=p and lim |dJ(u,)|lx =0. (2.2)
n——+0o0 n——+0oo

Hence, the functional J satisfies the Palais—Smale condition at level 8 in X, briefly (P .S)g,
if every (PS)g-sequence converges in (X, || - || x), up to subsequences (see [23]).

Different versions of the (classical) Palais—Smale condition can be introduced (see, e.g.,
[9,12,15]). In particular, as in [9], we say that the functional J satisfies the Brézis—Coron—
Nirenberg condition at level B, if the following statement holds:

“If a (PS)g-sequence exists, then 8 is a critical value”.

Unfortunately, in order to find multiple solutions to our model problem (P), both the
previous definitions are not useful. In fact, for the Palais—Smale condition, the convergence
of a sequence in the intersection space Wé "P(Q) N L () requires the convergence not only

in the norm of WO1 "7 (), but also in that of L°°(2), which may not hold (see Example 4.3).
However, even if the Brézis—Coron—Nirenberg condition allows us to prove some existence
results (see [9, Theorem 2]), contrary to the classical Palais—Smale it is not sufficient for
finding multiple critical points if they occur at the same critical level.

For this reason, following some ideas developed in [12], in our setting we introduce a new
condition, which considers both the involved norms and is weaker than the Palais—Smale but
stronger than the Brézis—Coron—Nirenberg.

Definition 2.1 The functional J satisfies a weak version of the Palais—Smale condition at
level B (B € R), briefly (wPS)g, if, for every (PS)g-sequence (uy),, u € X exists, such
that

(i) lim |lu, —ullw =0 (up to subsequences),
n—+00
(i) J(w) =g, dJu) =0.
If J satisfies (w P S)g at each level B € I, I real interval, we say that J satisfies (wPS) in 1.
The following lemmas are direct consequences of Definition 2.1.
Lemma 2.2 If J satisfies (wWPS)g at a level B € R, then K é is compact with respect to

Il M-
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Lemma 2.3 If J satisfies (wPS)g at level B € R, then, for each ¢ > 0, some &g, 1y > 0
exist, such that

ue JﬁHg

e dww KD =0 = [dJ@llx = pp

Proof Arguing by contradiction, we assume that ¢ > 0 and a sequence (1), C X exist, so
that (2.2) holds and

dw(un, K3) = @ foralln e N. (2.3)
However, by (wPS)g u € X exists, such that [lu, — u|lw — O (up to subsequences) and
u e Kﬂj, in contradiction with (2.3). O

Now our aim is to generalize the classical Deformation Lemma (see, e.g., [26, Theorem
A.4]or[27, Theorem 3.3.4]), when the Palais—Smale condition is replaced by its weak version
in Definition 2.1.

Proposition 2.4 Let J be a C! functional which satisfies (w P S) in R. Taking B € R, for any
fixed 0 > 0 and gy > 0 a constant e* > 0, 2e* < &, exists, such that for each € € 10, e*] a
homeomorphism V : X — X exists which satisfies the following conditions:

(i) W(u) =uforallu ¢ Jgj;(;’,

(i) WIPTA\NY (KJ) C JP~¢ and W(IFTE) C JPE U N (K)).
Furthermore, V is odd if J is even.

Proof The proof is essentially similar to the classical one in [26, Theorem A.4] but checking
carefully the change of norm when necessary. Thus, here we just outline the differences with
respect to such a proof.

From Lemma 2.3 ¢,, i, > 0 exist, such that

+ @
wel il dww KD =T = Il = k.

Moreover, as J is a C! functional on X, then V : X — X pseudogradient vector field of J
exists, such that V(i) = 0ifu € K’ and

ldJ@lix < IVa)lx <20dJ @y, (dJ @), V) = [dJ @l (24

forall u € X, and V can be chosen odd if J is even (see [27, Chapter II]).
Now, taking ¢* > 0, such that

Qﬂg]

2¢* < min 1 &g, £p, ——
¢ 4oy

with og as in (2.1), for any ¢ € 10, £*], we can define a Lipschitz continuous cut-off function
Xe + X — [0, 1], such that

. 2
Oifug J) 5 ' o)
Lifue J57¢

Xe() = :

On the other hand, taking

Q
NY = Nyjg(Kg), €V ={ueX:dwu Kg) =7},
(both closed also with respect to || - || x) with N W'ncW = @, we can define

dw(u, NV)
dw (u, NW) +dw@u, C")’

P(u) =
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By direct computations and from (2.1) it follows that o : X — [0, 1]is a Lipschitz continuous
function, such that

OifueN"
P = {lifu ecV - 26)
Defining
V) .
— xeW) () ——— ifu ¢ K’
Ve(u) = Ko o) 1V @)llx F ; 2.7
0 ifuek’
for any “initial point” u € X, we consider the Cauchy problem
S(ssu) = Ve(n(s;
a5 (53 e (n(s; u)), 5
{7720; u) =u. 28

By construction, the function V is locally Lipschitz continuous and bounded with respect
to || - || x; hence, for each u € X a unique C ! function n(-; u) : R — X exists which solves
(2.8). Moreover, n(s;-) : X — X is a homeomorphism for each s € R and is odd if J is
even.

We note that, from definitions (2.5) and (2.6), n(s; u) = u notonly if s = Oforallu € X
(initial datum in (2.8)), but also for all s € R, if u ¢ TP oru e NQVZS(Ké). In particular,

B—2¢
ifué¢ .75:900, n(s;u) =uforall s € R.

From (2.4), (2.7) and (2.8) it follows that
s€R +— J(n(s;u)) € R isdecreasing for any fixed u € X, 2.9)
thus, J(n(s; u)) < J(u) foralls > 0.
We point out that, taking any u € X, (2.1) and (2.8) imply that
In(s1;u) —n(s2;wllw = oolln(si:u) —nls2;wllx = oolsy — s2l;
whence
InGs; u) —ullw < ogs foralls >0,

i * — 0
s0, fixing s* = 5, we have that

Q
In(s™s u) —ullw < 5 (2.10)
Now, letu € JB+e Ifu ¢ NgV(Ké), s € [0, s*] exists, such that n(s; u) € JP=¢ then 2.9)
implies 7(s*; u) € J#~¢. On the contrary, if u € Ngv (Kt{)’ either s €]0, s*] exists, such
that n(s; u) € Ng‘/’Z(Kf{), thus (2.10) implies that n(s*; u) € NgV(Kg), or n(s*; u) € JP~.
Hence, we choose W = n(s*; -). O

Now, we assume that J is even and J(0) = 0 and, in order to obtain multiple critical
points, we quote the main tools on the Z;-cohomological index on a Banach space X, as
introduced by Fadell and Rabinowitz in [18].

Firstly, let us recall the definition and some basic properties of the cohomological index
i(-), defined in the Banach space (X, || - ||x)-

Taking

P = {P C X\{0}: P symmetric,ie. —u € P ifu € P}, (2.11)

for P € P we denote by
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= P /Z, the quotient space of P with each u and —u identified,

: P — RP™ the classifying map of P,

* . H*(RP®) — H*(P) the induced homomorphism of the Alexander—Spanier
cohomology rings.

. P
. f
. f

Then the cohomological index of P € P is defined by

(P) sup {m > 1: f¥(@"™" 1) #£0} if P £9,
I3 =
0 if P =0,
where w € HY(RP™) is the generator of the polynomial ring H*(RP*®) = Z,[w].
Here we list the basic properties of the cohomological index (see, e.g., [24, Proposition
2.12]).

Proposition 2.5 Indexi : P — NU {0, 400} has the following properties:

(i1) Definiteness: taking P € P, i(P) = 0 if and only if P = (;

(i2) Monotonicity: let B be a topological space and letn : X — B be an odd continuous
map, then i(P) < i(n(P)) for any P € P. Hence, the equality holds when the map
is an odd homeomorphism. In particular, if Py, P, € P are such that Py C P,, then
i(P1) < i(P);

(i3) Dimension: taking any finite dimensional space Xo C X and P € P, such that
P C Xo, theni(P) < dim Xy,

(i4) Continuity: If P € P is closed, then there is a closed neighbourhood U € P of P, such
that i(U) = i(P). When P is compact, then U may be chosen to be a o-neighbourhood
N} (P);

(is) Subadditivity: If Py, P, € P are closed, then i(P1 U Py) <i(Py) +i(P);

(i¢) Stability: taking P € P, if SP is the suspension of P # (), obtained as the quotient
space of P x [—1, 1] with P x {1} and P x {—1} collapsed at different points, then
SPePandi(SP)=i(P)+1;

(i7) Piercing property: If P, Py, P € P are closed and ¢ : P x [0,1] - PyU Py isa
continuous map, such that ¢(—u, s) = —e(u, s) forall (u,s) € P x[0, 1], (P x [0, 1])
is closed, (P x{0}) C Py, and (P x{1}) C Py, theni(p(P x[0, 1)NPyNPy) > i(P);
(ig) Neighbourhood of zero: If U is a bounded closed symmetric neighbourhood of 0
contained in a finite dimensional subspace Xo C X, then 0U € P and i(0U) = dim X.

Remark 2.6 Since in our setting X is continuously imbedded in W, namely a continuous
map jw : X — W exists, for simplicity we put iw (P) = i(jw(P)) if P € P. Thus, from
the monotonicity property (i2) it follows that

i(P) <iw(P) forall P eP. (2.12)

We point out that our problem deals with a functional J : X — R, which is C! with
respect to || - || x, but cannot satisfy the Palais—Smale condition in the same Banach space,
as such a norm is “too strong”. Hence, the classical multiplicity theorem in [24, Proposition
3.36] cannot be applied and has to be generalized. Here we state an abstract multiplicity
theorem by working with the stronger norm || - || x, but assuming (w P S), so that Proposition
2.4 holds.

To this aim, for any integer k € N let us define

¢ = inf sup J(u), (2.13)

PEPL yep

@ Springer



72 Page 8 of 39 A. M. Candela, G. Palmieri

with
Pr = {P C X\{0} : P symmetric and compact in X with i (P) > k}.
Since Px4+1 C Pk, then
Ck = Ck+1-

Furthermore, for any k-dimensional subspace X of X and § > 0, from (ig) we have d B (g( )N
Xo € P, while from the continuity of J in (X, || - || x) we have

sup J(@) — J(O) ass — 0;
ued B (0)

hence,

c < J@O) = 0. (2.14)

Theorem 2.7 Let J : X — R be an even functional of class C U such that J (0) = 0, which
satisfies (wPS) in R. If h, m € N exist, such that

—oo<cp < - < cCpym—1 <0, (2.15)

then J has at least m distinct pairs of nontrivial critical points in X with a negative critical
level. Furthermore, if

—o00 < cx <0  forall sufficiently large k, (2.16)

then ¢, /' 0and J has infinitely many distinct pairs of nontrivial critical points in X.

Proof The proof can be essentially split into three parts.

Step 1. If k € N is such that —oo < ¢ < 0, then level ¢ is critical. In fact, otherwise
Proposition 2.4, with N QW (K g ) =0, B = ck, yields a contradiction.

Step 2. If (2.15) holds, from Step 1. it is enough to prove that, if k € {h,...,h +m — 2}
and j € Nexist, such that 8 = ¢ = - - - = ¢, then the critical point set K 7 has infinitely
many elements.

From Lemma 2.2, K é € Pis compactin (W, | - |lw), then the continuity property (i4) in
Proposition 2.5 implies the existence of a radious ¢ > 0, such that

iW(NQW(K/g)) = iW(K,,!). 2.17)

Fixing g9 > 0, such that 8 + g9 < 0, from Proposition 2.4 for ¢ €]0, go[ small enough an
odd homeomorphism W : X — X exists, such that (i) and (ii) in Proposition 2.4 hold. Thus,
fromcyyj < B+easet P, € Pryj exists, such that Py C JP*E and from (is) in Proposition
2.5, (2.12) and (2.17) it follows that

k+j

IA

i(Pe) < i(P\NY (K§)) +i(NY (K§))

IA

{(W(PANY (KD +iw (N (Kg) < k—1+iw(Kp),
as B — e < ¢i implies that \II(PS\NgV(Kp{)) is a compact symmetric subset of X\{0} but it
is not in Py. Hence, iw (K /g ) > j+ 1> 2andthen K /f has infinitely many elements.

Step 3. Now, let us assume condition (2.16). Since a large enough k € N can be fixed so that
condition (2.15) holds for all m € N, then Step 2. implies that J has infinitely many distinct
pairs of nontrivial critical points in X. So, we have only to prove that the increasing sequence
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of critical levels (cg)x goes to zero. Arguing by contradiction, we assume that ¢, /' ¢ with

¢ = sup ¢ < 0. By reasoning as in Step 1., it follows that ¢ is also a critical level of J in X;
keN
hence, from Lemma 2.2 and property (i4) in Proposition 2.5, a radious o > 0 exists, such

that (2.17) holds with 8 = c. Fixing &g > 0, such that ¢ 4+ gy < 0, from Proposition 2.4 for
e €]0, go[ small enough an odd homeomorphism W : X — X exists, such that (i) and (ii)
in Proposition 2.4 hold. Moreover, a large enough integer k exists, so that

C—e<c=<cyj<c<c+e<0 foraljeN.
Hence, reasoning as in Step 2. with 8 = ¢, we prove that iW(Kb{) > j+1forall j € N,ie.
iw(K E] ) = +00 in contradiction with Lemma 2.2. O

Remark 2.8 Theorem 2.7 holds also if the assumption of compactness is weakened, i.e., Pk
is the set of symmetric subsets of X\{0}, which are closed in X with i(P) > k.

Since all the critical levels defined as in (2.13), by using the cohomological index, are non-
positive (see (2.14)), in order to deal with positive levels we have to replace the cohomological
index i (-) with the related pseudo-index introduced by Benci in [7]. So, we recall the definition
of the pseudo-index and some of its basic properties (here, we consider the pseudo-index
when X is equipped with || - || x).

Let P* denote the class of symmetric subsets of X, let M € P be closed in X (see (2.11)),
and define

H = {y: X — X : yis an odd homeomorphism, such that
y(u) =uforallu € J).
Then, the pseudo-index of P € P* related to i(-), M and H is defined by

i*(P) = min i(y(P) N M). (2.18)
yeH

Proposition 2.9 The pseudo-index i* : P* — N U {0, 400} has the following properties:

@) if P, P> € P* are such that Py C P, then i*(P1) < i*(P2);
@3) ifn € Hand P € P*, theni*(P) = i*(n(P));
(i) if P € P* and B € P are closed, then i*(P U B) <i*(P) +i(B).

As already pointed out, here we want to apply the pseudo-index theory to our setting and
we have to generalize the classical statement in [24, Proposition 3.42].
For any integer k > 1, such that k < i(M), let

Py = {P C X : P symmetric and compact in X with i*(P) > k}
and set

cp = inf* sup J(u).
PeP; yep

From P} 4 C Py, it follows that ¢} < ¢} -

Theorem 2.10 Let J : X — R be an even functional of class C' which satisfies (wPS) in
R and is such that J(0) = 0. If h, m € N exist, such that

O<cp < o < Chppey < +00,
then J has at least m distinct pairs of nontrivial critical points in X with a positive critical

level.
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Proof Firstly, we claim that each 8 = ¢/, k € {h, ..., h +m — 1}, is a critical level of J in
X. Otherwise, fixing g9 > 0 such that § — g9 > 0, from Proposition 2.4 for small enough
& < gpamap ¥ € H exists, such that W (J B oy cJ £=¢_On the other hand, from definition
P} € Py exists, such that P} € J B+é Hence, the properties of W imply that not only
W(P})) € P, butalso W(P)) C JP=¢ ie. B < sup J(W(P}))) < B — e: acontradiction.

Now, in order to complete the proof, it is sufficient to investigate what happens if k €
{h,...,h+m —2}and j € Nexist,suchthat = ¢ =--- = c,f+j > 0. Accordingly
to these assumptions, by reasoning as in the proof of Theorem 2.7, o > 0 exists, such that
(2.17) holds. Then, fixing g > 0, such that 8 + g9 > 0, from Proposition 2.4 for small
enough ¢ €]0, g9 a map ¥ € H exists, such that (ii) in Proposition 2.4 holds. Thus, from
Proposition 2.9, (2.12) and (2.17) it follows that

IR < PN, (KD) + i (N (K )
< *WIPPANY (K) +iw (N (K3))

< IF(WIPHANY (K)) +iw (Kp),
and, as in Theorem 2.7, it has to be iW(Kg) > 2. O

Remark 2.11 Theorem 2.10 holds also if 7] is the set of the symmetric subsets which are
closed in X with i*(P) > k.

3 Hypotheses and first properties

From now on, we investigate the existence of weak solutions of the nonlinear problem (G P),
where € c RY is a bounded domain, N > 2, so the notations introduced for the abstract
setting at the beginning of Sect. 2 are referred to our problem with (X, || - || x) the Banach
space defined as

1,
X =Wy @NL®®Q), ulx = lulw + |ulco. 3.1
with
1
P
lullw = (/ |Vu|de> | il = ess sup lu(x)|
Q xeQ
(here and in the following, | - | will denote the standard norm on any Euclidean space as the
dimension of the considered vector is clear and no ambiguity arises), while (W, || - |lw) =

(WOI’I’(Q), Il - lw), and J = 7 the functional in (1.1). Moreover, we denote by

(W12 (@), || - 1) the dual space of (Wy'” (), [| - lw),

L4(£2) the Lebesgue space equipped with the canonical norm | - |, forany 1 < g < 400,
meas(-) the usual Lebesgue measure in RN,
Q={xeQ:jux)|>r}ifu:Q—R,r>0,

and let us recall that, from the Sobolev Imbedding Theorem, o, > 0 exists, such that
/ lulPdx < U,,/ |VulPdx forallu € Wol’p(Q) (3.2)
Q Q
and the imbedding Wol’p(Q) — < LP() is compact.
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From definition, X < Wg P(Q) and X < L°(Q) with continuous imbeddings and
(2.1) holds with oy = 1. Moreover, in the stronger assumption p > N, we have

oo < oo llullw  forall u € Wy'”(Q); (3.3)

hence, in this case X = Wol’p(Q) and the two norms || - ||x and || - ||w are equivalent.
Here and in the following, let us consider problem (G P), where

A:(x,1,E) e QxRxRY > A(x,1,8) e R
is a Carathéodory function of class C ! ie. measurable with respect to x in 2 for all (¢, &) €
RxRY and C! withrespectto (¢, &) inRx RN fora.e.x € Q, with A, (x, 1, &) = 34 (x, 1, &),
a(x,t,8) = VeA(x,t,§) = (‘M (x,t,8),... 34 (x,t,&)), which satisfies the following

L EEE > 9EN
conditions:

(Hy) p > 1 exists and some positive continuous functions ®; : R — R, j € {0, 1}, and
¢; : R — R,i € {0, 1, 2}, are such that

|A(x, 2, 8)] < Po(t) + ¢o(1) 17, (3.4)
laCx, 1, )] < ®1(1) + 1 (1) €177 (3.5)
|Ar(x, 1, )] < (1) E17 (3.6)

fora.e.x € Qandall (r, &) € R x RV;
(H») agp > 0 exists, such that

a(x,1,8)-& > aplé|P ae.inQ, forall (¢, &) eR x RY;
(H3) a; > 0 exists, such that
A(x,1,8) > ay|gl? a.e. in 2, for all (t,é)e]Rx]RN;
(Hy) a (Carathéodory) function
A®: (x,E) e QxRN > A®(x,£) eR

exists, which is positively p-homogeneous in & for a.e. x € €2, and satisfies the following
condition: for all ¢ > 0 a constant r, > 0 exists, such that

t] > re = |A(x,1,6) — A®(x,&)| < el£]” forae. x € Q, allé e RY;
(Hs) a (Carathéodory) vector field
a®:(x,8) e QxRY > a™(x. &) = @, §).....ay (x.£) e RY

exists, which satisfies the following condition: for all ¢ > 0 a constant r, > 0 exists,
such that

t] > re = |a(x,1,&) —a™(x,£)| < elg|P~! forae.x € Q, allé e RY;
(Ho) forall &, &* € RN, & £ £%,
[a(x,1,€) —a(x,1,E%)]- [ —£*] >0 ae.inQ, forallz € R.

Remark 3.1 Since a(x,t,-) is continuous for a.e. x € Q and all # € R, hypothesis (H>)
implies that
a(x,t,0) = 0 forae.x € Q, allt e R 3.7
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(it is sufficient to fix any & # 0 and apply (H>) once to s&, then to —s&, and in both passing
to the limit as s — 01).
Moreover, from (3.5), (Hs) and direct computations, it follows that M, M> > 0 exist,
such that
|a®(x,&)| = My + Mz|E|P™" forae.x € Q, allé e RV, (3.8)

On the other hand, (3.4), (H3) and (H4) imply that a» > 0 exists, such that
al|E]P < A®(x,€) < a|é|P forae.x € Q,all £ € RV, (3.9)
If (3.8) holds, we can consider the nonlinear operator associated to a® (x, &), namely,
AR e WyP(Q) 0 ATu e W (@),
such that

(A;’,Ou, v) = /ano(x, Vu)-Vvdx foranyu,v € W(}’p(Q), (3.10)

and denote its spectrum by o (A7).
By definition, A € (I(A;O) if some u € W&’p(Q), u # 0, exist, such that

/aoo(x,Vu)-Vw dx = A/ lulP2up dx forallg € Wol’p(Q).
Q Q

Lemma 3.2 Assume that A(x,t, &) and its gradient with respect to &, namely a(x,t, §),
satisfy the growth estimate (3.5) and the hypotheses (H), (Hs)—(Hg). Then, the nonlinear
operator AC;O defined in (3.10) is:

(i) continuous from the reflexive Banach space Wo1 P (Q) to its dual W_l’p/(Q);

(ii) a potential operator such as a®™(x, &) = Ve A (x, &) fora.e. x € Q, all & € RN;
(iii) (p — 1)-homogeneous and it is odd if A% (x, -) is even for a.e. x € ;
(iv) uniformly positive as

a®(x, &) & > aolél? ae inQ, forallé € RY;
V) of type (S): if (un)n C Wol’p(Q) andu € WOI"p(Q) are such that
u, — u weakly in Wol’p(Q), (Af,oun, up —u) — 0,
then u,, — u strongly in WO1 "P(Q), up to subsequences.

Proof (i) The proof follows from the growth estimate (3.8) of the Carathéodory vector field
a®(x, &) and the properties of the related Nemitskii operator.
(i) Fixingi € {1,...,N}, & € RN K e R, for ae. x € Q, we have that

1
AGe 1, +hel) — A, 1.8) = h/ a1 (%, 1, & + Ohe;)do.
0

for all t € R, where (Hy4) implies
A(x,t,& +he)) — A(x, 1,8) - AP(x, & + he;) — A% (x, &) as|t| - +oo,
while from (Hs) it follows that

ai(x,t,& +0he;) — a°(x, & + Ohe;) as |t| - +o0
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uniformly with respect to 6 € [0, 1], hence,

1 1
/ ai(x,t, & +0he)dd — / a’(x, & +0he;)do as|t| - +oo.
0 0

On the other hand, as A°°(x, -) is p-homogeneous with p > 1, then it is differentiable
and BA (x, &) exists fora.e. x € ©,all§ € RV, while the continuity of ¢ (x, -), (3.8)
and the Lebesgue’s dominated convergence theorem imply

1
/ a®(x,& +0he;)dd — a®(x,&) ash — 0.
0

Hence, "Ag (x,8) = a>®(x, &).
(iii) It follows from (ii) and the properties of homogeneous functions.
(iv) Itis a direct consequence of (H>) and (Hs).

(v) From assumption (Hp), it is a direct consequence of [8, Lemma 5] (see also [10, pp.
27)).

m}

Remark 3.3 From assumptions (Hy), (Hs), (Hs), the properties of homogeneous functions
and direct computations it follows that some constants Mo, M1, M, > 0 exist, such that

[a®(x, &) < Mo|g|P~" forae.x € Q, all& e RV, (3.11)
|A(x, 1, &) < My + M| forae.x € Q, all (1,§) e R x RV, (3.12)
la(x,1,€)] < My + Ma|€|P7! forae.x e, all(1,€) e Rx RY.  (3.13)

Moreover, suppose that
f:i(x, ) eQLXx R f(x,t) eR

is a Carthéodory function, i.e. measurable with respect to x in 2 for all # € R and continuous
with respect to 7 in R for a.e. x € 2, which satisfies the hypotheses:

(hy) for any r > 0 we have

sup | f(-, )] € L= (K);

[t|=<r
(h2) 1*° € R and a (Carathéodory) function g*° : 2 x R — R exist, such that
f ) = A% P2+ g™ (x, 1), (3.14)
where

g>(x, 1)

" W =0 uniformly a.e. in . (3.15)
t|——+o0 -

Now and in the following, we set

'
F(x,t) = / f(x,s)ds.
0

Clearly, from the assumptions on f(x, t), it follows that both the functionals associated to f
and F are continuous in L” ($2).
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Remark 3.4 From (3.14) it follows that

AOO t
F(x,t) = — [t|P + G®(x,1), with G®(x,1) = / g% (x, s)ds. (3.16)
p 0
Furthermore, (1) and (3.14) imply that
sup |g*°(, 1) € L*(R) foranyr > 0; (3.17)
|t|<r

while (3.17), respectively (3.15), implies that

sup |G®°(-,1)| € L*°(R)  foranyr > 0, (3.18)
ltl<r
G®(x,1) . .
im ———— =0 uniformly a.e. in Q (3.19)
|t]—+o00 [t]?
and then
F(x,1) A

im = — uniformly a.e. in Q. (3.20)
lt|l>4o00 |t|P p

Hence, (3.15) and (3.17), respectively (3.18) and (3.19), imply that for any ¢ > 0 a constant
L, > 0 exists, such that

g% (x, )| < £|t|p_1 + L, forae.x e, allt e R, 3.21)
|IG®(x, )| <elt|P + L, forae x €, allt € R; (3.22)

so0 (3.14) and (3.21) imply

Ife,0l < (K] +e)[t|P '+ L, forae x e, alreR, (3.23)
while (3.16) and (3.22) imply
(2]
|[F(x,t)] < | —— +e||t|]P+ L, forae x €, alltr € R. (3.24)
p

Hence, in particular, suitable constants D, D, > 0 exist, such that

|F(x,1)] < Di|t|’ + D> forae. x € Q,allt eR. (3.25)

Firstly, we need to prove that problem (G P) has a variational structure, since, effectively,
its weak solutions are critical points of 7 in the Banach space X.

The following proposition can be stated (the proof is essentially the same as in [11,
Proposition 3.1]).

Proposition 3.5 Let us assume that A(x, t, &) satisfies the growth estimates (3.5), (3.6) and
(3.12), while f(x,t) is such that (h1)—(hy) hold. If (u,), C X, u € X are such that

lun —ullw = 0 then JT(un) = J W) asn — 4oo.
Furthermore, if r > 0 exists so that
lnloc <r foralln e N,
then also

ldT () —dTw)||x — 0 as n — +oo.
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In particular, J is continuous on X equipped with || - ||lw, while C' on X equipped with the
stronger norm || - || x, and its derivative dJ : X — X' is such that

dT (), v) = /(a(x,u,Vu)~Vv+A,(x,u,Vu)v)dx—/ f(x,u)vdx (3.26)
Q Q

foranyu,v € X.

In order to apply variational methods to the study of critical points of 7 in the asymptot-
ically p-linear case, we introduce the following further conditions:

(H7) for all € > 0 a constant r, > 0 exists, such that
[t] > re = |Ai(x,t,E)t] < ¢|€|P forae.x € Q, all€ € RY;
(Hg) a3 > 0, a3 < 1, exists, such that
a(x,t,8) - E+A(x, 1,6t >z a(x,t,§)-& (3.27)
fora.e x € Q,all (r,£) e R x RV,
Remark 3.6 From hypothesis (Hy) it follows that 7o > 0 exists, such that
A(x,t,0) = 0 forae.x € Qif |t] > 1o, (3.28)

while (3.6) implies
Ai(x,1,0) = 0 forae. x € 2, allr € R. (3.29)

Furthermore, (3.6) and (H7) imply that L > 0 exists, such that
|Ai(x,1,8)| < LIEI” forae.x € Q, all (1,§) e R x RV, (3.30)

As useful in the following, taking any r > O we define the truncation function

) t iflf<r
T, : R — R, such that Trt_{rli if |t] > r (3.31)
and its remainder
0 if|t]<r
R’t:t_T’t:{t—r;liflt|>r' (3.32)

Remark 3.7 The properties of 7, and R, and direct computations imply that not only their
Nemitskii operators are continuous from the Lebesgue space (L?(2), | - |,) in itself, but

also 7, R, : WOI’I’(Q) — W()l’p(Q) are continuous with respect to | - ||w; hence, T},
R, : X — X are continuous. Furthermore, if (1), C Wol’p(Q), ue Wol’p(Q) are such that
u, — u weakly in Wg’p(Q), then T,u, — T,u weakly in Wg’p(Q), too.

4 The weak Palais—Smale condition

In hypotheses (3.5), (3.6), (3.12) and (h1)—(h,) we can consider the C! functional J in (1.1)
on the Banach space X defined in (3.1) (see Proposition 3.5). Taking any 8 € R, the aim
of this section is to exploit the properties of the (P S)g-sequences of 7 in X, i.e. sequences
(uy), C X, such that

lim J(u,) =8 and lim ||dJ(un)|x =O. 4.1)
n——+00 n——+00
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Proposition 4.1 Assume that the hypotheses (H1)—(Hg), (h1)—(h2) hold and A°° ¢ a(Aj’,o).

Then, for all B € R, each (PS)g-sequence of J in X is bounded in the WOl "P_norm. Hence,
the critical point set Kg is bounded in W()l’p(Q).

Furthermore, some strictly positive constants R, &, L exist, such that

we JE Julw =R = 1dIWlly = 2. 4.2)

Proof Let (u,), C X be a (PS)g-sequence. Arguing by contradiction, we suppose that

lunllw — 4ooanddefinev, = i MT| .As ||v,|lw = 1foreachn € N, thenv € W(;’p(Q)
Unllw

exists, such that, up to subsequences, we have that v, — v weakly in WO1 P (), v, —> v
strongly in L* (Q2) foreach s € [1, p*[ and v, (x) — v(x) a.e.in 2. Rearranging conveniently
the arguments developed in [14, Proposition 3.5] for the model case (1.2), we prove that

1. v #0;

2. aconstant b > 0 exists, such that for any © > 0 an integer n,, € N exists, such that
/ [V, [Pdx < b max{u, u?} foralln > n,,
a\Qr

with QZ ={xeQ:|v,(x)| > u}k;
3. for all ¢ > 0 an integer n, € N exists, such that for all n > n, we have that

‘/ a®™(x, Vuy,) - Vo dx — )\OO/ lon|? v dx| < el|@l|lx forall ¢ € X;
Q Q

hence, fixing any ¢ € X we obtain
/ a®™(x,Vu,) - Vo dx — Aoo/ [val?2vpp dx — 0 asn — +oo. (4.3)
Q Q

Now, taking any r > 0 and the corresponding truncation function 7, in (3.31), we have
that ||T,v, — T,vllx < 2r + |lv||lw for all n € N; hence, from the previous Step 3 with
¢ = T,v, — T,v, it follows that

/ a®(x, Vuu) - V(Tyv, — Trv) dx — xm/ [V |20 (Trvn — Trv) dx — 0,

Q Q
which implies
/ a®™(x,Vu,) - V(T;v, — T,v) dx — 0,
Q

as T,v, — Tyv strongly in L?(2). On the other hand, we note that

/ a®(x, Vv, - V(T,v, — T,v) dx =/ a®(x, Vv,) - V(v, — T,v) dx
Q Q\Qr

- / a®(x, Vuvy,) - Vv dx,
Qe

where (3.11), Holder inequality and meas(2)'\2?) — 0 imply

/ a®(x,Vv,) -Vvdx — 0;
oney
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hence,
/ a®(x,Vv,) - Vv, — T,v)dx — 0.
Q\2}
Then, as v, = T, v, in Q\Q}, while a* (x, V(T,v,)) = a*(x,0) = 0 in a.a. QF, we have

/ a®(x,V(T,vy)) - V(Tyv, — Tyv)dx — 0 asn — 400,
Q

with T,v, — T,v weakly in Wé "P(Q); whence, T,v, — T,v strongly in WOl P(Q) from
Lemma 3.2(v). From the arbitrariness of r > 0 we have that v, — v strongly in W&’p (2)
too, and passing to the limit as n — 400 in (4.3) we obtain A** € o (A7) in contradiction
with the hypotheses.

Finally, if (4.2) does not hold, a (P S)g-sequence (1), C X exists, such that |lu,||lw —
00, in contradiction with the first part of this proof. O

Proposition 4.2 Assume p > N and that the hypotheses of Proposition 4.1 hold. Then the
functional J satisfies (PS)g in Wol‘p(Q) at each level B € R.

Proof For the proof, it is sufficient to conveniently rearrange the arguments developed in
[14, Proposition 3.6] for the model case (1.2) to our general setting. ]

Unfortunately, if p < N the same statement cannot hold as Palais—Smale sequences of J
exist which converge in || - |y butnotin || - || x.

Example 4.3 Suppose that the hypotheses (H1), (Ha)—(Hs), (H7), (h1)—(hy) are satisfied
and, without loss of generality, assume that the closed unit ball of RV, namely B (0) = {x €
RN : |x| < 1}, is contained in €. Taking u € X, such that dJ(u) = 0, put 8 = J(u) and
consider a smooth function v € Cgo (R™), such that

v(x) > 0in RV, v(x)=0if x| >1, v(0) >0 and f [Vu|Pdx = 1.
Bi1(0)
If p < N, then 0 > 0 exists, such that % —1—6 > 0 and for each n € N we define

N_1-9
vy(x) =nv v(nx) and u,(x) = u(x) + v,(x).

By definition, v, € Wol‘p(Q) and v, (x) = 0 for each x € Q\{0} if n is large enough; hence,
U, € WOI’P(Q) and u,(x) — u(x) and Vu,(x) — Vu(x) for a.e. x € Q. Moreover, direct
computations imply that

lvallw = n~? hence, lup —ullw — 0asn — 4o00.

On the other hand, since the functionals associated to f and F' are continuous in L?(£2),
from (3.12), (3.13) and the Lebesgue’s Dominated Convergence Theorem, it follows that
J(up) — Band |dT (uy)llx — 0,1ie. (u,), is a (PS)g-sequence. In any case,
N _1-9
[y —uloo = |Vploo = n? v(0) — +oo,

so (up ), has no converging subsequence in X.
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As already mentioned, the proof of Proposition 4.2 strongly requires the assumption
p > N,butif p < N we can prove that the weaker condition (wPS)g in Definition 2.1
holds. To this aim, firstly we need to find sufficient conditions for the boundedness of a
W(;’p -function.

Lemmad.4 Let1 < p < N and take u € W(}’p(Q). If bo > 0 and ko € N exist, such that
the inequality

/ [Vu|Pdx < by (r’J meas(§2)) +/ |u|pdx> 4.4)
Qu Qu

r

holds for all r > ko, then u € L°°(S2), with |u|« bounded from above by a positive constant
which can be chosen so that it depends only on meas(L2), N, p, by, ko, ||ullw-.

Proof It is a direct consequence of [19, Theorem 5.1 in Chapter 2] (see
[11, Lemma 4.5]). ]

Proposition 4.5 Let p > 1 and assume that the hypotheses (Hy)—(Hg), (h1)—(h2) hold.
Then, if \*° ¢ a(A;O), Sfunctional J satisfies (wPS)g in X at each level B € R.

Proof Fixing B € R, let (u,), C X be a (PS)g-sequence of J in X, i.e. (4.1) holds. Then,
from Proposition 4.1 a constant L > 0 exists, such that

lupllw < L forall neN. 4.5)

Hence, u € W&’p (R2) exists, such that, up to subsequences, we have

u, — u weakly in Wy'? (%), (4.6)
u, — u strongly in L? (), 4.

therefore,
u, — u a.e.in  and in measure, (4.8)

and a positive function v € L?(Q2) exists, such that
luy(x)| < v(x) forae.x € 2, alln € N. 4.9)
For simplicity, our proof is divided into several steps:
1. u € L®(Q);

2. fixing r > |u|oo + 1, we have that

/ |Vu,|Pdx — 0 asn — +oo, (4.10)
Q)
where, in general, we put QZ ={x e Q:|u,(x)| > u}forany u > 0;
3. taking r > max{|u|eo + 1, ro}, with ro > 0 as in (3.28), as n — +o0 we have
J(Trup) > B and (AT (Trun)llx — 0 4.11)

and
T,u, — u strongly in Wol‘p(Q), 4.12)

with the truncation function 7} as in (3.31);
4. u, — u strongly in W, " (Q) and J(u) = B, d.J (u) = 0.
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For simplicity, here and in the following we use the notation (&,), for any infinitesimal
sequence depending only on (u,),, while (e, ,), for any infinitesimal sequence depending
not only on (u,),, but also on some fixed real number .

Step 1. From the Sobolev Imbedding Theorem, the proof is required only if p < N. So, under
this assumption, taking » > 0, any p > r and considering the truncation function 7, as in
(3.31), and the remainder function R, as in (3.32), define the new sequence of functions
(p;l,p(x) = Tp (R, (un(x))), namely,

0 if lup ()| <r,
o) = {un(x) —r Wl if < Jun ()] < p A+, (4.13)
P e if un (0)] > p + 7.
By definition
0 a.e. in Q\Q!
n _ o’
Vo, ,(x) = { Vita(x) ac.in Q. (4.14)

with Q;"p ={x € Q:r < |u,(x)| < p+r}; hence, from (4.5) and the properties of T, and
R, it follows that ¢! ) € X with

||(P;1,p||X < L+p foralln eN. (4.15)
On the one hand, from (4.1) and (4.15) it follows that
HdT (un), @y )| < en(L+p) foralln e N. (4.16)

On the other hand, from (3.26), (4.13), (4.14), (H>), (Hg) with oz < 1, and direct computa-
tions we prove that

(dT (). @l ,) = /

(1 - | : |> (a(X, up, Vup) - Vuy + Ay (x, up, VMn)un)dx
Q Up

r u
+/ ] a(x,uy, Vuy) - Vu, dx—}—/ A,(x,un,Vu,,)p—n dx
Qn o |Un

o 17

— [ st s
) ,

> o3 /
Q,

~ [ e
Q

a(x,u,, Vuy) - Vuy, dx+/ LAt(x,un,Vu,,)un dx
Q

i |un |

> aoa3/ [Vu,|” dx—/n [A; (x, un, Viy)uy| dx

Qﬁ,/) Qp+r
- [ s et .

Hence, by summing up these last estimates and (4.16), for all p > r and all n € N, we have

that
Qo3 /
Q

[Vu|? dx < e,(L + p) +f [A; (x, up, Vuy)u,| dx
o Fotr 4.17)
+/ f O, un)ey ydx.
Q
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Now, fix any ¢ > O and r > 1. From (H7), a constant p, > r exists, such that for any p > p,
we have

&
|A;(x, up, Vup)u,| < ﬁWunlp forae.x e Q) , alln e N;

hence, from (4.5) it follows

lim sup/ |As(x, uy, Vupy)u,| dx < ¢ forany p > pe. (4.18)
Q

7
n—-+00 o+r

Furthermore, taking any p > pg, from (4.8), (4.9) and the continuity of the involved maps,
the Lebesgue’s Dominated Convergence Theorem applies and we have

n——+00

lim /f(x,u,,)(pf’pdx :/f(x,u)(p,,pdx, (4.19)
Q Q

where ¢ ,(x) = T,(R,(u(x))) and from (3.23) and direct computations a constant by =
bo(A°°) > 0 exists, such that

‘f fl, werpdx| < bof lu|Pdx forall p > r. (4.20)
Q Qv
Finally, (4.6) and the weak lower semicontinuity of the norm || - ||w imply
/ |[Vul? dx < liminf/ [Vu,|? dx, (4.21)
Qr,p n—+00 Q:’p

with Q. , = {x € Q : r < |u(x)| < p + r}. Hence, summing up, as n — 400 in (4.17),
from (4.18)—(4.21) it results that

a0a3/ [Vul? dx < 8+b0/ lu|Pdx forall p > p, (4.22)
Qr.p Qﬁ‘

thus, as ¢ is arbitrary small, (4.4) holds for all » > 1. Then, by applying Lemma 4.4, we have
that u € L°°(2) and |u|s is smaller than a constant which depends only on meas(S2), N, p,
g, a3, A% and |julw.

Step 2. Now, let r > |u|oo + 1 in all the formulae of the proof of Step 1. With this choice the

limit in (4.19) becomes

lim /f(x,un)wzpdx = 0 foranyp > r,
Q

n—+0o

thus for any ¢ > 0 a constant p; > r exists, such that, by passing to the maximum limit as
n — +ooin (4.17), from (4.18) it follows that

a3 lim sup/ |Vu,|P dx < e forall p > p;
n——+00 Q;’_p

hence, (4.10) holds.

Step 3. Asr > |u|~o, Tru = u; hence, from Remark 3.7 and (4.6) we have that

Touty — u weakly in Wy () (4.23)
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and also, from (4.7),

Tyu, — u and Tyu, — u, — 0 strongly in L?(Q), (4.24)
meas(Q2!) — 0,
T,u, - u ae.in Q. (4.25)

Since r > rg, from (3.28) and the definitions (1.1) and (3.31) it follows that

T (Trun) =T (uy) — / A(x, uy, Vuy)dx
QF

—/ (F(x, Trup) — F(x, uy))dx,
@

where (3.12), (4.10) and (4.25) imply that
/ A(x, up, Vuy)dx = Erns
QF

while from the continuity of the functional associated to F in L (£2) and (4.24) we have that
(F(x, Trup) — F(x,uy))dx = Ern-
Q)

Hence,
J(Trup) = JTUp) +&rp

and the first limit in (4.11) follows from (4.1).
Now, taking ¢ € X, from (3.7), (3.29) and direct computations it follows that

(dT (Trun), @) < IIdJ(Mn)IIx'I|§0||xJr/Q la(x, un, Vup)||Veldx

+/ |At(x,un,wn)||<p|dx+/ G Totn) — £, ) gldx.
o Qn

From (3.13), (4.10), (4.25), the Holder inequality and direct computations it follows that

| tate e VuniVeldx < enlvlv.
2
Furthermore, (3.30) and (4.10) imply

/ |A: (x, up, Vuy)llpldx < Ernl®loos
Q&

while from the continuity of the functional associated to f in L”(€2) and (4.24) it follows
that

f G Tottn) = £ ) @ldx < ernl@loc.
Q)

Hence,

KdT (Trun), @)l = (1T wn)llx +ern) ll@llx foralle e X,

and the second limit in (4.11) follows from (4.1).
Finally, (4.12) follows from (4.10), the second limit in (4.11), (4.23), the given set of
hypotheses once we repeat the proof of Step 4 in [11, Proposition 4.6].
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Step 4. Since un = Tpttn + Rettn, with || Ryun |2, = / |Vun|Pdx, then (4.10) and (4.12)
Qn

imply u,, — u strongly in Wé’p(Q). Hence, as |T,u,|oo < r for all n € N, Proposition 3.5
implies

I Trun) = J), NdT(Trun) —d T w)|x — 0.

Then the end of the proof follows from (4.11). ]

Essentially following some of the ideas introduced in the proof of Step I of Proposition
4.5, but replacing the global condition (Hg) with (3.27), only if ¢ is large enough we can
prove a boundedness result similar to [3, Lemma 1.4], but with different hypotheses.

Proposition 4.6 Assume that the hypotheses (H>), (H7), (h1), (hy) hold and that py > 0
exists, such that (3.27) holds for a.e. x € Q, all € € RN if |t| = po. Ifu € WO"P (Q) is such
that

/ a(x,u,Vu) - Vodx +/ Ai(x,u, Vu)pdx — / fx,u)pdx =0 (4.26)
Q Q Q

forall ¢ € X, then a positive constant r, > 0 exists, which depends only on meas(2), N, p,
g, a3, A% and ||u||w, such that |u|eo < ry,. Hence, u € X.

Proof From the Sobolev Imbedding Theorem, the proof is required only if p < N. So, by
fixing r > pg + 1, taking any p > r, using ¢, ,(x) = T,(R,(u(x))) as the test function in
(4.26), and reasoning as in the proof of Step I in Proposition 4.5, we obtain

a0a3/ [Vul? dx < / |A,(x,u,Vu)u|dx+/ [, wer pdx,
Q “ Q

P Qp+r

withQ, , ={x e Q:r <|u(x)| < p+r}, as
a(x,u,Vu) - Vu + A¢(x,u, Vu)u > a(x,u, Vu) - Vu a.e.in Q, ,.

Thus, (4.22) is satisfied, since (4.20) still holds while from (H7) for all ¢ > 0, a constant
pe > r exists, such that

/ |A;(x,u, Vu)u| dx < & forany p > p;.

o+r

Therefore, (4.4) follows and Lemma 4.4 applies. O

Corollary 4.7 In the hypotheses of Proposition 4.1, if 8 € R is such that Kg # 0, then a
constant rg > 0 exists, such that u|s < rg forallu € Kg. Hence, the critical point set Kg

is compact with respect to the WOl "P_norm, while it is bounded with respect to the L™ -norm.

Proof If p > N the statement is a direct consequence of Proposition 4.1 and (3.3). On the
other hand, if p < N, from Proposition 4.6 each u € Kg is bounded by a constant which

depends on ||u||w, while from Proposition 4.1 it follows that K 57 is bounded with respect to
- llw. O
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5 Main results

In addition to the hypotheses (H1)—(Hsg), (h1)—(h3), we assume that:
(Ho) A%(x, &) is positively p-homogeneous in & for a.e. x € 2, with
A%x, ) = A(x, 0, 8);

(Hyg) A(x,t,&)isevenin (t, &) forae. x € Q;
(h3) A e Rand a (Carathéodory) function g0 : 2 x R — R exist, such that

Fo, 0 = 22007721+ g%, ),
with

', 1)
1m
t—0 |t|P~!

(hg) f(x,-)is odd for a.e. x € Q.

= 0 uniformly a.e. in ;

Remark 5.1 Conditions (3.12), (H3) and (Hy) imply that a4 > 0 exists, such that
alE]P < A%x, &) < aylE|P  forae.x € Q, allé e RV, (5.1)
Moreover, from (3.6) it follows that
t
|A(x,1,8) — A%(x, §)| < }/ ¢2(s)ds| |]7 forae.x € Q, all (&) e R x RY;
0
hence, for all ¢ > 0 a constant r, > 0 exists, such that
t| <re = |A(x,1,8) — A%(x, &)| < el£]? forae.x € Q, all§ e RV, (5.2)

Remark 5.2 From (h3) it follows that

A 0 0 0
F(x,t) = — |[t|P + G (x,1), withG"(x,1) = [ g°(x,s)ds, 5.3)
p Q
and 0
G(x,t . .
im x, 1) = 0 uniformly a.e. in €2; 5.4)
t—0  |t|P
thus,
F(x,t 20
im (x, 1) = — uniformly a.e. in Q. (5.5)
=0 |r|P P

Furthermore, from (%), (3.20), (5.5) and direct computations it follows that D > 0 exists,
such that
|F(x,t)| < D|t|’ forae.x € Q, allt € R. (5.6)

Defining aO(x, &) =a(x,0,£), as in (3.10), we introduce the operator
AYiue Wyl (@) > ASu e W@

as
(ASu,v) = /ao(x,Vu)-Vv dx  foranyu,v e Wy (%), (5.7)
Q

and denote its spectrum by o (Ag).
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Remark 5.3 1f the hypotheses (3.5), (H>), (Hg), (H9)—(H10) hold, from direct computations
and [8, Lemma 5] the nonlinear operator Ag in (5.7) has the following properties:

(i) it is continuous from the reflexive Banach space Wé’p (2) to its dual W_l”’/(Q),
(i1) it admits a potential operator, as it is a%(x, &) = Ve A%(x, &) forae. x € Q;
(iii) by assumption, it is (p — 1)-homogeneous and odd;
(iv) itis uniformly positive, as a%(x, &) - & > aplé|? ae.in K, forall € € RY;
(v) itis of type (S): if (u,), C X and u € X are such that
un — u weakly in Wo'”(Q) and (ASu, uy — u) — 0,

then u;,, — u strongly in WO1 "7 (Q), up to subsequences.

For each j > 1 let us define:

Ao(x,Vu)dx
A= inf max & (5.8)
J . 1 ’
QeS; ueQ 7/‘ |u|pdx
pPJo
A% (x, Vu)dx
A% = inf max & — (5.9)
J ) 1 ’
0€eS; ueQ 7/ |u|pdx
rJa

with
S;={0cC sV 0 symmetric and compact in Wol’p(Q), with iy (Q) > j},
where
SV =fue Wy(@) : llullw = 1)

and i (+) is the cohomological index defined on the Banach space WO1 P(Q).
As direct consequence of Lemma 3.2 and Remark 5.3 we have

(A¥u,u) = pA®(x,Vu) and (A%, u) = pA°(x,Vu) ifu e Wy ().
Moreover, [24, Theorem 4.6] applies and the following proposition can be pointed out.

Proposition 5.4 Assume that the hypotheses (3.5), (Hz), (H4)—(Hg) and (H9)—(H1p) hold.
Then, taking § = 0, oo, we have that (k;) j is a nondecreasing sequence of eigenvalues of

the nonlinear operator A’ , such that )»u/- /' 400, as j — 400 and the smallest eigenvalue,
called the first eigenvalue, is '

/A”(x,W)dx
M= mn >0
ueWy " (\(0} 7/ |u|P dx
P Ja

Remark 5.5 Since both if § = oo and if b = 0 the function A%(x, &) is positively p-
homogeneous in & (from (Hy), respectively (Ho)), the eigenvalues (A;) j can be characterized
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as

/A”(x,Vu)dx
,\5 — inf max (5.10)

, 1 :
0eW; ueQ 7[ P dx
P Ja

where

W; = {0 C Wol’p(Q)\{O} : Q symmetric and compact in Wol’p(Q),
with iy (Q) > j}.

In fact, taking j € N, firstly we note that S; C W; implies

/ A¥(x, Vu)dx
inf max < )»5..

. 1 -
QeW; ueQ 7/. |u|pdx
P Ja
On the contrary, since the radial projection

7iue Wel@\O0) > 7u) = —— e sV
llullw

is odd and continuous, property (i) in Proposition 2.5 implies that if @ € W;, then 7 (Q) €
S, with

/A“(x,Vn(u))dx /Aﬂ(x Vu)dx
max £ = max ————

1
ueQ f/ |7 (u)|Pdx ueQ /|u|”dx
pPJQ

hence, (5.10) holds.

Now, we are able to state our main results.

Theorem 5.6 Assume that (H1)—(H1g) and (h1)—(h4) hold for some p > 1. IfA*° ¢ G(A;o)
and k, h € N exist, such that

A <a A® <A, withk>h—1, (5.11)

then problem (G P) has at least k — h + 1 distinct pairs of nontrivial bounded solutions with
strictly negative critical levels.

Theorem 5.7 Assume that (H,)—(Ho) and (h1)—(hy4) hold for some p > 1. IfA°° ¢ O'(AZO)
and k, h € N exist, such that

A <ad, AR <A™, withk <h+1, (5.12)

then problem (G P) has at least h — k + 1 distinct pairs of nontrivial bounded solutions with
strictly positive critical levels.

In the same hypotheses of the previous Theorem 5.6, but replacing conditions (23) and

(5.11) with F super-p-linear at zero, we are able to prove that (G P) has infinitely many
solutions.
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Theorem 5.8 Assume that (Hy)—(Hyo), (h1)—(h2) and (ha) hold for some p > 1. If A*° ¢
a(A;’f) and
F(x, 1)
im
t—0 [t|P

= +oo uniformly a.e. in 2, (5.13)

then problem (G P) has an infinite number of distinct pairs of nontrivial bounded solutions
(ur)r C X, with negative critical levels, such that J(uy) /' O.

Before going on with the proofs of our main theorems, we note that in the definitions of
the eigenvalues ()\(;) j and (kj?o) j (see (5.8), respectively (5.9)) or in their characterization

(5.10), only the space W& "P(Q) is involved. In any case, our natural setting is X, so we need
to characterize them accordingly.

Proposition 5.9 Assume that (3.5), (H2)—(He) and (Ho)—(H10) hold. Taking § = 0, oo, for
each j > 1 we define
An (x, Vu)dx

A= inf max
Qew; 1eQ /|u|pdx

with
={Q € W; : AV subspace of X,dim V < +o0, such that Q C V}.
Then,

PR
)\j_)hj.

Proof Taking any j > 1, by definition it is Wj C W, then (5.10) implies )\i < ii Now,
we have just to prove that
DA (5.14)

To this aim, fixing Q € S; and any ¢ €]0, 1[, we split our proof into two steps:

1. Q. € W; exists, such that O, is a bounded subset of X and

/ Af(x, Vu)dx | / A (x, Vu)dx
Q

max 91 < 3 max = , (5.15)
veee f/ |v|Pdx T e 7/ lu|Pdx
PJo pPJQ

2. Qg € Wj exists, such that

/Aj(x,Vw)dx A”(x Vv)dx
max % & max . (5.16)

~ l b
weds —f w|Pdx vece /|v|de
pJa

Step 1. Firstly we note that, by definition, Q is a subset of WOI’P(Q) contained in $%, so from
the Sobolev Imbedding Theorem, Q is compact in L?(2), with 0 ¢ Q; hence, not only the
minimum of the LP-norm in Q is strictly positive, i.e. b > 0 exists, such that

1
—/ |u|Pdx > b forallu € Q, (5.17)
P Jg
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but also from (3.2) and (5.17) a constant 1 . > 0 exists, such that for any measurable subset
E C Q with meas(E) < 61, we have

f lulPdx < elull forallu € Q. (5.18)
E

On the other hand, from (3.2) we have |u|§ <oy forallu e SW: hence, r, = re(81¢) >0
exists, so that
meas($2)) < 81, foranyu e sV, (5.19)

Thus, from (5.18) and (5.19) it follows that

/ lulPdx < elull forallu € Q,
Qu

re

which implies that

/ |7 ulPdx > (1—8)/ |u|Pdx forallu € Q, (5.20)
Q Q

with 7., as in (3.31).
Now, defining Q. = T,, (Q), by construction it is not only Q. C L°°(£2), but also

[V|oo < re forallv € Qg,

while the properties of T, and property (iz) in Proposition 2.5 also imply that Q. € W;.
On the other hand, since

/A”(x,V(Trgu))dx < /A“(x,Vu)dx,
Q Q
from (5.20) we have that
/A”(x,V(T,.eu))dx /At(x,Vu)dx
Q 1 Q

<
I e |
7/ Ty u|Pdx I—e f/ |u|Pdx
pPJa pPJo

which implies (5.15).

forallu € Q,

Step 2. From Step 1. two constants Ly, L exist, such that
0< Ly <|vllw <Ly forallv e Q.. (5.21)

Moreover, since the map

/ A%(x, Vw)dx
Q

W S
—/|w|”dx
pla

is continuous on WOl P ()\{0} and Q, is compact in the same space, 82 . > 0 exists (without
loss of generality, 82 . < L1), such that forallv € Q,, w € WOI"p(Q)\{O}, we have

/ A¥(x, Vu)dx / Ab(x, Vw)dx
Q Q

1 o
—/ |v|Pdx —/ |lw|Pdx
P Ja PJo

<e iflv—wlw < 82e. (5.22)
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On the other hand, again the compactness of Q. in Wol’p(Q) and Q. C X imply thatvy, ...,
v} € Q. exist, such that

I
0. c By . (5.23)
i=1
Let V be the finite dimensional subspace of X generated by {vy, ..., v;}. From (5.23) it
follows that
dw(,V) <8 <Ly forallv e Q. (5.24)

We claim that for each v € Q,, one and only one w(v) € V\{0} exists, such that ||v —
w)lw =dw, V).
In fact, from (5.24) we can take a sequence (w,), C V, such that
lv —wyllw = dw(v, V) and |lv—wy|lw <&z, foreachn.

Hence, (5.21) implies that (w,), C {w € V : |w|lw < 62, + L2} which is compact in V/,
thus w € V exists, such that
lw, — w|lw — O (up to subsequences) and |[v — w|w = dw (v, V).

The uniqueness follows from the strong convexity of the space WO1 "7 (Q). Furthermore, from
(5.21) and (5.24), |lw()|lw = L1 — &2, > 0.
Then, the map

Qe VE Qe > w(v) e V\{0}

is well defined, odd and continuous with respect to || - ||w. Hence, QS = ¢:(Q¢) is symmetric
and compact both in W(}'p () and in X, with
J < iw(Qe) < iw(Qe)
from the monotonicity of the index; thus, Qs € W; and, by construction, Qg C V.Moreover,
(5.22) implies (5.16).
Finally, (5.14) is a direct consequence of the previous steps for (5.8) and (5.9), respectively,
and the arbitrariness of ¢ and Q € ;. |

6 Looking for negative critical levels

Throughout this section, we assume that (H;)-(Hjo), (h1)—(h2) and (h4) hold. Moreover,
suppose 7 (0) = 0 (true from (Hy) if either (h3) or (5.13) is satisfied).

Remark 6.1 1f .>° < 0, from (H3), (3.2), (3.16) and (3.22) with ¢ small enough, it follows
that

inf 7(X) > —o0.

Since from (Hjg) and (h4) it follows that 7 is an even functional in X, we can use the
cohomological index theory and its related pseudo-index, as stated in Sect. 2. To this aim,
for all j € N, we define

Pj ={P C X\{0} : P symmetric and compactin X with i (P) > j},

where i (-) is the cohomological index on (X, || - || x), and, as in (2.13), but with X asin (3.1),
W= Wol’p(Q) and J = J, we take

c;j = inf max J(u). (6.1)

PeP; ueP
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Remark 6.2 Taking any j € N, firstly let us point out that, if Wj is as in Proposition 5.9,
then
QeW; = Q€P;. (6.2)

In fact, if Q € VVJ-, a finite dimensional subspace V of X exists, such that Q C V; hence,
Q C X\{0} is symmetric and compact in X, with i(Q) = iw(Q) > j.

On the other hand, either if §f = 0 or if § = 0o, from (2.12) it follows that, if P € P;, then
P € W, hence (5.10) implies that

/ A (x, Vu)dx
max 2 > )»5. forany P € P;. (6.3)

1
ueP 7/ |u|”dx
pPJo

Finally, denoting
BBE ={ueX: / A% (x, Vu)dx = 1}, 6.4)
Q

we have that the projection

7' iu e X\{0) > 7)) = u

€ 9B; (6.5)

1

(/ A”(x, Vu)dx)ﬁ
Q

is odd and continuous; then, from property (i2) in Proposition 2.5, it follows that
P ePj = n(P) € P;. (6.6)

In order to prove Theorems 5.6 and 5.8 by applying Theorem 2.7, firstly we have to show
that ¢, > —oo for some 7 € N (here ¢y, is as in (6.1)). To this aim, we note that, fixing
any T > 0 and P € Py, from (3.2) and (3.24), direct computations imply the existence of
a constant c(t) € R, so that, if ug € P exists with ||ug||lw < 7, then max J(P) > c(1).
Thus, the existence of a uniform lower bound has to be proved only for the maxima of J
on sets P, such that ||u|lw > t for all u € P. In order to achieve this, it is quite natural to
approximate A(x, z, &) with A%°(x, &), but such a replacement is allowed only if || > 7 with
7 large enough, while for every u € W(}’p () set {x € Q: |u(x)| < r}is nontrivial for all
r > 0. Hence, we have to split 2 into two parts: the set in which R, (7% (u(x))) # 0 (with
the remainder R, as in (3.32)) and its complementary set. Obviously, taking 7 and a suitable
r > 0, arelated 7 can be fixed, so that |lu||lw > t and [7*°(u(x))| > r imply |u(x)| > 7;
hence, the approximating scheme can be used.

More precisely, even if both assumption (43) and (5.13) do not hold, the following state-
ment can be proved.

Proposition 6.3 If 1 € N is such that A*° < A;°, then

inf max J(u) > —o0. (6.7)
PePy ueP

Proof 1If A°° < 0, then (6.7) follows from Remark 6.1.
Now, we assume that A*° > 0. As 0 < A%® < A}°, fix ¢ > 0, such that

1
& < min {1, (L> ! } , (6.8)
oy Dimeas(£2)
1
A +ep < (1—e) Ay (1—8p (alemws(Q))p) (6.9)
o]
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with @ as in (H3), ap asin (3.9) and D; as in (3.25).
Taking P € P, two cases may occur:

1

(i) uo € P exists, such that |7 (ug)|, < (a;xilul) "
1

e . p

(i) forallu € P: |7 )|, > (JT‘)I) ’

where 7 is as in (6.5).
Case (i) From (H3), (3.9) and (3.25) it follows that

max J (u) > J(up)
ueP

(Z—; — D,|n°°(uo)|§) / A®(x, Vu)dx — Dymeas(Q)
Q

—Domeas(£2).

%

Case (ii) In this case, (6.8) and direct computations imply that
[V|loo > & forallv e z°(P), (6.10)

while, from (3.2) and (3.9) it follows that
/ v|Pdx < dd forallv € 7> (P). (6.11)
Q 23]

Now, since from (6.6) we have 7°(P) € Py, from definition (3.32), Remark 3.7 and the
monotonicity property (i) in Proposition 2.5 it follows that also R, (7 °°(P)) € Pj; hence,
(6.3) implies that

A%®(x, VR, (v))dx

mo%x Ql
ver e~ / |Re(0)|Pdx
pPJQ

Thus, u, € P exists, such that, if v, = 7%°(u,), we have

> A

/Aoo(x,VRg(vs))dx > )\l / |Re (ve)|Pdx. (6.12)
Q P Ja

We note that (H4) and (3.9) imply that a constant r, > 0 exists, such that
1] >re = Alx,1,8) > (1 —&)A®(x, &) forae.x € Q, allg e RV, (6.13)

Moreover, (3.24) holds for a suitable L, > 0, while as |¢|? is a primitive of p |t]? —1z, direct
computations imply that

1P < |Re(D)|” +ep |t|P~" forallr € R. (6.14)

1
For simplicity, we put o, := (fQ A®(x, Vug)dx) 7,80 Uy = gV, and two cases may occur:
(@) €0s < re,
(b) ege > re.
Case (a) Since A(x, t, §) is positive, from (3.25) and (6.11) it follows that

p Diop (re\P
J(e) > —Dylucl) — Dymeas(Q) > — L (—) — Dymeas(Q).

(03] &
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Case (b) Taking Q, = Q¢° = {x € Q: |ve(x)| > &}, from (6.10) we have meas() > 0
and

lug(x)| > r. forallx € Q.

Therefore, since A(x, t, £) is positive, from (3.24), (6.13), and then (Hy), (3.32), and (6.12),
(6.14) we have that

Jueg) > (1 —¢) / A%®(x, Vug)dx — (Eﬁ—s)/ lug|Pdx — Lemeas(2)
Qe P Q

o0

A
=(-¢)of / A®(x, VR (ve))dx — (— + 5) of / |ve|Pdx — Lemeas(2)
Q p Q

A5 A
>(1—e) 2o / |Rs (ve)|Pdx — (—+s)e§ f |ve|Pdx
p Q 14 Q
— Lomeas(L2)

)\IOO
> (1—g) —gf (/ |vg|1’dx—sp/ |v5|P—1dx>
p Q Q
)\400
— <— +8) o? / |ve|Pdx — Lemeas(Q2).
p Q

Summing up, from Holder inequality, condition (ii) and direct computations it follows that

£ 3
J(ue) > Q?e el ((1 — Al (1 —ep <M) ) o +8p))

ol
— Lomeas(2);

hence, (6.9) implies J (u;) > — L.meas(f2).
Thus, the thesis follows. ]

Remark 6.4 The statement in Proposition 6.3 is optimal as, if A>® > Aflo, condition (6.7)
does not hold (for more details, see Remark 7.4).

Proposition 6.5 If (h3) holds and k € N is such that )L,? < A9, then we have

inf max J(u) < 0.
PePy ueP

Proof Firstly, let us point out that from Lagrange’s Theorem and (3.6) it follows that a
constant b; > 0 exists, such that

1] <1 = |A(x,1,8) — A%x, &) < by|t||€]” forae. x € 2, allE e RY.  (6.15)
Now, being Ag < 29, we can choose & > 0 so small that
b\ ;o 0
I+e— ) (A +e)+e <A, (6.16)
ol
with & as in (H3). Then, from (5.4) a constant r, > 0 exists, such that

tl<re = 1G°,0] < & 117 ae.inQ. 6.17)
P
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On the other hand, from Proposition 5.9 a set Qg € W exists, such that

A%(x, Vu)dx
max 2% <A2+8 (6.18)

u€Qo l/ |u|pdx
pPJa

and, since from (6.2) we have Q¢ € Py, Qo is also compact in X and a constant gg > 0
exists, such that |u|s < 0o for all u € Q. Thus, we can define

1
={v=0pueX :ue Qy} with g, = — min{l, e, r.}.
Q0

Since the map u € X — o.u € X is an odd homeomorphism on (X, | - || x), then property
(i) in Proposition 2.5 and (6 2) also imply that P0 € Px.

Taking any v = g.u € P u € Qo, from |v|Oo < min{1, ¢, r.} and (5.3), (6.15), (6.17),
hypotheses (H3), (Hg) and (6 18), it follows that

J(v)

IA

/Ao(x,Vv)dx+b1|v|oof Vv
Q Q

<1+b—s> /Ao(x Vauydx — (° - Qe /|u|de
o1
§<(L+@£)02+@—%W—80g5/|mwm

o1 P Ja

Therefore, since the minimum of the L”-norm in the compact set Qyq is strictly positive,
assumption (6.16) implies that max J(u) < 0 and the thesis is true. ]
ueP;

Proof of Theorem 5.6 The hypotheses imply that 7 is an even functional, such that 7 (0) = 0.
Moreover, from Propositions 3.5 and 4.5 we have that 7 is C Lin (X, || - |lx) and satisfies the
(wPS) condition in R. Then, assumption (5.11) allows us to apply Propositions 6.3 and 6.5,
so definition (6.1) implies that (2.15) holds with m = k — h + 1. Hence, the thesis follows
from the first statement of Theorem 2.7. O

Proof of Theorem 5.8 As in the proof of Theorem 5.6, in order to apply the second statement
of Theorem 2.7, we have just to prove that 7 € N exists, so that —oco < ¢ < O forall k > h,
with ¢ as in (6.1).

To this aim, firstly we note that, taking any k£ € N, if we fix x> A9 from (5.13) a constant
r > 0 exists, such that

lt| <7 = F(x,1) > Alt|? forae.x € Q.

Then, reasoning as in the proof of Proposition 6.5, but with 2 in the place of A® and 7 in the
place of r, we can find a subset PS0 € Pk, such that

cr < max J(u) < 0.
u€P£0

On the other hand, from Proposition 5.4 an integer & € N exists, such that A;’lo > A°°. Hence,
Proposition 6.3 implies that ¢y > ¢, > —oo for all k > h. O
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7 Looking for positive critical levels

Throughout this section, we assume that (H1)—(Hjo) and (/1)—(h4) hold and, in order to find
critical points with positive critical level by applying Theorem 2.10, we require some useful
information for the pseudo-index theory. To this aim, we need to evaluate the maximum of
J in a family of subsets of X, which are part of a neighbourhood of the origin in Wg P (Q),
so that it is quite natural to approximate A(x, f, &) with A%(x, &). Unfortunately, for the L>°-
norm of the elements of such sets no uniform a priori bound is given. So, for a suitable K > 0
we split €2 into two parts: one where we can evaluate the truncation map Tk (defined as in
(3.31)) to apply the approximating scheme and its complementary set, where the remainder
is small enough.
More precisely, the following statement can be proved.

Proposition 7.1 If A2 > A0, then a suitable gy > 0 can be found, such that forall ¢ €10, gol,
a radius T = t(g) > 0 and a constant ¢, > 0 exist, so that

maI)J(J(u) >cg >0 forall P € Py such that P C BBE, (7.1)
ue
with

aB$ = {ueX: /Ao(x,Vu)dx=Tp}.
Q

Proof Fix ¢ €]0, 9] with g9 > 0 and

a A — 20 219 = 10a
"20p a1’ 400 + p) 3 — 10 + 4D o, |

£y < min [1 (7.2)
where « is as in (H3), 0}, as in (3.2), a4 asin (5.1) and D as in (5.6).
Then, we note that from (5.1) and (5.2), respectively (5.4), a constant r, > 0 exists, such
that
t|<re = A@,1,6)>(1-e)Ax, &) and [GO(x, 1) < elt|” (7.3)

forae. x € Q,all€ e RV,
Moreover, from (5.1) the set BB? is bounded in Wo1 P(Q), soitis compact in L?(£2) and
K, > 0 exists, such that

/ v)Pdx <& —1 forallv e dBY. (7.4)
Q];(p 2004 D
Now, put
T = & (1.5)
i :

Taking P € Pj, such that P C BBQ , tWo cases may occur:

1
. . P
(i) uo € P exists such that |7r0(u0)|p < <2§‘$) ,
1

(i) forallu € P: |7°w)|, > (zaoll[));’

where 79 is as in (6.5).
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Case (i) From definitions (6.4) and (6.5) we have 7°%(ug) € BB? with ug = t7%(uyp), then
from (H3), (5.1) and (5.6), assumption (i) implies that

max J (u) > J(up) > ﬂ/ Ao(x,Vuo)dx—D/ lug|Pdx
uepP o4 Jo Q

o o
_— (—1 —D/ |n°(uo)|1’dx> > P 2L
ay Q 204

Case (ii) Firstly, suppose 19 < 0. From (6.4) and (6.5), for each u € 839 we have u = tv
with v = 7%(u) € 9BY. We note that from (5.1) we have
1

/|Vv|1’dx = o (1.7
Q

(7.6)

Moreover, (7.5) implies
lu(x)| < ro forae. x e Q\Q“KS.

From (H3), (5.3), (5.6), then (7.3), and from (3.2), (7.4) we have

Tw) Zou/ IVulpdx—/ Go(x,u)dx—D/ lu|Pdx
Q Q\Qy,

v
Qk,

Zalr”f |Vv|pdx—8rp/ |v|pdx—Dtp/ |v|Pdx
Q \Qy, Q.

o]
> (a1 —eop) TP | |Vu|Pdx —er? —.
Q 2014

Thus, summing up, estimate (7.2) and (7.7) imply
o]

max J(u) > inf Ju) > 7 —. (7.8)
uepP uedB? 204

On the contrary, consider A0 > 0. We point out that from (6.5) and (6.6), it follows that
7%(P) € Py and 7°(P) C BB?. Hence, if we consider the truncation map Tk, as in (3.31),
from Remark 3.7 and property (i) in Proposition 2.5 we also have Tk, (r°(P)) € Py, and
(6.3) implies

A%x, VTk, (v))dx
max < > Ag.
ver0(py |1

— | Tk, (v)|Pdx

pPJQ

Thus, u, € P exists, such that u; = tv, with v, = no(ug), and

0
/Ao(vaTKE(Ue))dx > o / Tk, (ve)|Pdx. (7.9)
Q p Ja

If we define 2, = Q) = {x € Q: [v.(x)| > K.}, from (7.5) it follows that
lug(x)] < re forae. x € Q\Q%.

Furthermore, in case (ii), estimate (7.4) implies

/ e Pdx < & |7 (7.10)

Qe
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Then, since A(x, t, &) is positive, from (5.3), (5.6) and (7.3), assumption (Hog) and (3.31)
imply that

20
Te) = (1— g)f A%(x, Vug)dx — (— +e>/ |ug|Pdx
Q\Q P Q\Q,
— D/ lug|Pdx
Qe
)\‘0
> (11— S)T”/ A%(x, VTk, (ve))dx — (* +8> t”/ | Tk, (ve)|Pdx
Q p Q
— Drp/ lve|Pdx.
We note that, from (7.2), inequality (7.9) implies that

0
- 8)/ A%(x, VT, (ve))dx — (L +8)/ Tk, (ve)|Pdx
Q p Q

349 —20
>
4

/ A%(x, VTx, (ve))dx,
Q

where from (5.1) and also (3.2), (3.31) and the characterization of v,, it follows that
A plrdx
op Jorq,

o
il <|n°<ua)|£—/ |va|f’dx).
Op Qe

Hence, summing up, from (7.2), (7.10) and direct computations, it follows that

%

/ A%(x, VTx, (ve))dx
Q

3ar(A) —A0)

Tue) = ((1—8) 0o
h~=P

- sD) 170 (ue)lh

0 0
» ap(d;, — A7)

|70 (ue) b
0 V4
4khap

hence, condition (ii) implies

af (1) — 29
max Ju) > J(ue) > t7 ——5——. (7.11)
ueP 8(){4)LhDO'p
Thus, taking
2070 0
A — A
¢ = t” min ﬁ,w >0,
204 8ayy Do
(7.1) follows from (7.6), (7.8) and (7.11). O

In order to obtain ‘information at infinity’, we need the following technical lemma (for
more details, see Step (a) in the proof of [14, Lemma 4.3]).

Lemma 7.2 If P is a compact subset of Wol‘p(Q), taking any e > Qacostant p = p(P, €) >
0 exists, such that

/ |Vul?dx <& forallu € P.
o\
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Proposition 7.3 If A7° < A, then a suitable e, > 0 exists, such that for all & € ]0, oo
a constant RY > 0 can be found, such that for each R > R} a suitable subset PR exists, so
that

max J(u) < 0 with PER € Py such that PgR C BBEO, (7.12)

uEPER

where

BY = {ueX: /Aw(x,W)dszP}.
Q

Proof Since 1}° < A°°, then e, > 0 exists, such that
AT +e)d+eMy+ 1) +ep < 2™ forall0 < ¢ < go, (7.13)

with M, > 0 as in (3.12). Fixing any 0 < ¢ < &, from (Hy) and (3.9), a constant r, > 0
exists, such that

t] > re = A(x,1,6) < (1+8)A®(x,&) forae.xeQ, alle eRY.  (7.14)

Moreover, from Proposition 5.9 a set Q. € Wk exists, such that

/ A% (x, Vv)dx
max St <A 4 (7.15)

I
- / v|Pdx
P Ja

From (6.2) we have Q. € Py and, for simplicity, we can define P. = 7°°(Q,) € 9 B{°, with
7% as in (6.5). By definition, we have

/ A% (x, Vv)dx
Q 1

1 -
— / |v|Pdx — / |t () |Pdx
P Ja P Ja

hence, (6.6) and (7.15) imply

1 1
< — / |lw|Pdx forallw € P,, with P, € Py. (7.16)
Q

forallv € Qg;

A +e p

Moreover, since Pg is also compact in Wol’p(Q), from Lemma 7.2 p = p(e) > 0 exists, such
that

/ [Vw|Pdx <& forallw € P,. (7.17)
o\

Then, fixing any R > R, with R, = %, we can define

PR = (u=RweX: weP,). (7.18)

Since the map w € P, + Rw € PR is an odd homeomorphism from X in itself, from (i)
in Proposition 2.5 it follows that PSR € Py, while PSR C 8B§° from (Hy).
Now, we note that, if u = Rw € PER with w € Pg, then

lu(x)| > re ifx e Qg,
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so, (3.12), (3.16), (3.22), (7.14), (H4) and direct computations imply that

Jw) <1+ £)R1’/ A%®(x, Vw)dx + Msz/ |Vw|Pdx
Qv QY

— (A —¢ R? Pdy 4 b
p)p Q|w| X+ D16

with b1 o = (M1 + L¢)meas(2).
As P, C 9B{° and (7.13) imply A*® —ep > 0, from (7.16), (7.17) and the last inequality,
it follows that

Jw) < bye RP +by, forallu e PX, (7.19)
with by s = 1+ &(1 + Mp) — A;;:ff. Thus, since (7.13) implies b> . < 0, a large enough

R} > e can be choosen, so that the second term of (7.19) is negative for all R > R}; hence,
(7.12) holds. O

Remark 7.4 If k € Nis such that A7° < A°°, then

inf max J(u) = —o0.

PePy ueP
In fact, reasoning as in the proof of Proposition 7.3 and taking ¢ < e, as in (7.13), for any
R > R, we can consider PX as in (7.18), so that PX € P and inequality (7.19) hold with
by.¢ < 0; hence,

lim max J(u) = —oo.
R—+0coyepR

Proof of Theorem 5.7 The hypotheses imply that 7 is an even functional such that 7 (0) = 0.
Moreover, from Proposition 3.5 and Theorem 4.5 we have that 7 is C Lin (X, || - Ix) and
satisfies the (w P S) condition in R.

Now, in order to prove Theorem 5.7, let &, k € N be such that (5.12) holds, so we can
fix 0 < ¢ < min{eg, e}, With &9 as in Proposition 7.1 and e, as in Proposition 7.3, and
take T = t(¢) > 0 and 839 as in Proposition 7.1. Then, we consider the pseudo-index i*(-)
related to the cohomological index i (-) on X, the set M = 839 (closed in WO1 "7 (Q2) and then
in X) and

H = {y: X — X : y odd homeomorphism, such that y () = u Yu € J°},

which is defined as in (2.18) on any symmetric subset P C X.
Thus, as in Sect. 2, for all j € N, we define

73;‘ = {P C X: P symmetric and compact in X with i*(P) > j}
and

¢t = inf max J(u).
J PEP* ueP

Firstly, taking any P € P}, since the identity map on X is in 7, from definition (2.18), it
follows thath < i*(P) < i(PNM). Thus, the properties of P and M imply that PN M € Py,
and PN M C BBQ; hence, from Proposition 7.1 we have that

max J(u) > max J(u)>c
uebP ue PNM
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and, from the arbitrariness of P,
¢ >c. > 0. (7.20)

1
R > max [R:, (%>p r} , (7.21)
ai

with R¥ > 0 as in Proposition 7.3 and o as in (H3), a3 as in (3.9), and consider PSR , such
that (7.12) holds. By defining

Now, take

IPR = ju=sveX:sel0,1], vePFy,

the properties of PR imply that I PR is a symmetric compact subset of X.
We claim that
i*(IPRy > k;  hence, IPK e P}. (7.22)

To this aim, let us consider the closed subsets
Po={ueX: / A%(x, u)dx < 7P}, P =X\Po,
Q

and, from (3.9), (5.1), (7.12) and (7.21), it follows that

PR c9BY c Py. (7.23)
Taking any y € H, from (7.12) the restriction of y to PgR is the identity. Thus, the map

@: (v s)ePEx[0,1]1— yGv)e X = PyU Py
is continuous, odd in v, and such that
9(Pf x[0,1]) = y(U P
is closed, while (7.23) implies that
(PR x{0h ={0} c Py, (PR x (1) =y(PF)=PF C P
So, the piercing property (i7) in Proposition 2.5 applies, and then from (7.12) it follows that
k < i(PR)y < i(pPRx[0,1)nPyN P) = i(y(IPFYNDBY).

Thus, (7.22) follows from the arbitrariness of y € H and (2.18). Finally, since (7.22) implies

cf < max J(u) < oo, (7.24)
ueIPER
the thesis follows from (7.20), (7.24) and Theorem 2.10, withm =k + 1 — h. O
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