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Abstract We study k-radially symmetric solutions corresponding to topological defects of
charge % for integer k # 0 in the Landau-de Gennes model describing liquid crystals in
two-dimensional domains. We show that the solutions whose radial profiles satisfy a natural
sign invariance are stable when |k| = 1 (unlike the case |k| > 1 which we treated before).
The proof crucially uses the monotonicity of the suitable components, obtained by making
use of the cooperative character of the system. A uniqueness result for the radial profiles is
also established.
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1 Introduction

We consider the Landau-de Gennes model describing nematic liquid crystals through func-
tions taking values into the space .#y of the so-called Q-tensors:

Sy = ‘Q eR: 0= 0, uw(Q) =0],

where Q' and tr(Q) are the transpose and the trace of Q.
We study critical points of the following Landau-de Gennes free energy functional:

7@ = [ [JIVOP+ fun(@]dx. 0 € Hb@. ) (1.1
where
Fouk(Q) = —gtr(Qz) - l;—ztr@) - % (r(0%)’
a®>>0,b% ¢* > 0and
Q = Bg C R?
is the disk centered at the origin of radius R € (0, oo] (if R = oo, then Q2 = R?). These
critical points satisfy the Euler-Lagrange system of equations:

AQ = —a*Q — b? [Q2—§|Q|213]+c2|Q|2Q in Q, (1.2)

where % |0 = %tr(Qz) is the Lagrange multiplier associated to the tracelessness constraint.
Recall that every critical point Q of .% is smooth inside €2, see for instance [34].

The main goal of this article is to investigate the profile and energetic stability properties
of certain symmetric solutions, the k-radially symmetric solutions, with & = +1, that are
physically relevant in describing the so-called “point defect” patterns.

Definition 1.1 Let Q = By with R € (0, oc]. For k € Z\{0}, we say that a Lebesgue
measurable map Q : Q — .Y is k-radially symmetric if the following conditions hold for
almost every x = (x1, x2) € Q:

(H1) The vector e3 = (0, 0, 1) is an eigenvector of Q(x).
(H2) The following identity holds

Q(Pz (Rz(W))Z)) = Ri(Y)Q(x)R} (), for almost every ¥ € R,

where ¥ = (x1, x2, 0), P, : R} — R?is the projection given as P»(x1, X2, x3) = (x, x2)
and

0
) cos(5y) o0 (1.3)
1

is the %-winding rotation around the vertical axis e3.

Remark 1.2 In the previous work [26], we showed that if k is an odd integer, then a map
0 € HY(Q, A) satisfying (H2) automatically verifies (H1) (see Proposition 2.1 in [26]).
Therefore for the case |k| = 1 the hypothesis (H2) is sufficient.
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Stability of point defects of degree i% . Page 3 of 33 119

We showed in [26] that when Q2 is aball Bg of radius R € (0, oo] then k-radially symmetric
solutions of (1.2) have a simple structure:

1 3 1
0(x) = u(jx|)v2 (n(X) ®n(x) — 512) + v(lxl)\/; (63 ez — 513) ) (1.4)

where the vector field n is given by
n(rcos g, rsing) = (cos (5¢),sin (5¢),0), r>0,¢ €[0,27), (1.5)

I3 is the 3 x 3 identity matrix, I = I3 — e3 ® e3, and (u, v) satisfies on (0, R) the following
system of ODEs:

u”+“—/—@:h u,v
roor @, v) (1.6)
V' =g(u,v),
with
12
h(u,v):u[—a2+ gbzv—i—cz (u2+v2)], (1.7)
1 1
(u,v) = v[ —a* — —b* v+ (W +° ] + —b*u’. (1.8)
¢ NG ( ) NG

We couple the Eq. (1.2) with the boundary conditions that are physically motivated and
compatible with the k-radial symmetry:

O(x) = Qr(x) :==s4 (n(x) ®nx) — %13) as x € dBg, (1.9)

where the map n : 9B, — S? is given by (1.5) and

b? + Vb* + 24a%c?
= >0

s
+ 4c2

(1.10)

When R = o0, Eq. (1.9) should be understood as

lim [Q(x) — Qk(x)| = 0.
|x]—00
These boundary conditions also carry a topological information by having in a suitable sense
a “% degree” for n, see the next subsection for details. Moreover, the boundary condition
(1.9), together with the singular character of the ODE at the origin lead to the following
boundary conditions for the ODE system:

1 1
—=S84, U(R) = ——F=54+.
V2 V6
(When R = oo we naturally define the boundary conditions in the limiting sense.)

The physical reasons for the study of these solutions are given in the next subsection,
that the mathematically-oriented reader may safely skip to reach the subsection detailing the
main results.

u(0)=0, v(0) =0, u(R) = (1.11)
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1.1 Physical background

The Q-tensors describe the main characteristic feature of the nematic liquid crystal material,
namely the local orientational ordering of the rod-like molecules and can be regarded as a
crude measure of the local alignment (see [14,36] for details).

The simplest predictions are obtained by using Q-tensor valued maps in a free energy,
whose minimizers describe equilibrium states. The type of free energy that we consider here
is the simplest one that still captures fundamental physical aspects. The gradient part of the
free energy density of a Q-tensor map, namely [VQ|? = 3°7_, Zf’ =1 (()a%’ )2 penalises the
spatial variations while the bulk potential fp,ix (Q) captures the specific liquid crystal aspects.
It can be regarded as a Taylor-expansion (around the isotropic state Q = 0) that respects the
physical invariance fp,k(Q) = fruik(RQR") for R € SO(3) (see [14,36] for details). The
regime we consider (by choosing the sign of the coefficient in front of tr(Q)?% in Sfouik) is the
deep nematic regime, in which case the isotropic state Q = 0 is an unstable critical point of
the bulk potential. In general, thanks to suitable scalings [18,26] one can physically think of
the regime when a?, ¢? fixed and b> — 0 as the “low temperature regime”, and we will use
this terminology throughout the paper.

Set

b? — V/b* + 24a2¢?
S_ = < 0. (1.12)
4c2

The bulk potential has two sets of local minima, namely,

1 2 1 2
S_ n®n—§l3 ,n €St and {sy n®n—§l3 ,neSt,

where the former set contains local minimizers while the latter one contains all the global
minimizers.

We choose the boundary conditions that are k-radially symmetric and belong to the set
of global minimizers, as this allows for a direct comparison with the simpler director or
Oseen-Frank theory and most importantly leads to a study of liquid crystal defect profiles.
Furthermore, one notes that the set

1
y*=[s+ (n@n—glg) :ne82] (1.13)

is homeomorphic to R P2 while the smaller set in which we consider boundary conditions,
namely

. 1
Fhim — [s+ (n®n—§l3),n681] (1.14)

is homeomorphic to RP!. Moreover, if we consider Q given by (1.9) as an RP!-valued
map on R2\{0}, then it has degree k/2 about the origin. (For a definition of the degree for
RP!-valued maps, see for instance [8, pp. 685-686]).

This model can be seen as the 2D reduction of the physical situation of a 3D cylindrical
boundary domain, with so-called “homeotropic” lateral boundary conditions where the con-
figurations are invariant in the vertical direction (see for instance [6]). Its main validation at a
physical level is related to its capacity of describing certain patterns which provide the most
striking optical signature of the liquid crystal and the very reason for the “nematic” name
(with nematic being related to a Greek word meaning “thread”). These patterns are referred
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Stability of point defects of degree i% . Page 5 of 33 119

to as “defect” patterns and are characterised by significant and highly localised variations in
the material properties. There are several types of defect patterns, the point defects being the
simplest (see [10,29,30]). Nevertheless, despite their apparent simplicity the analytical inves-
tigation of their structure and profile generates very challenging nonlinear analysis problems
[3-5,9,12,15,17,22,24-27,33].

One can classify topologically the 2D point defects, by the topological degree of the so-
called “optical eigenvector” namely the eigenvector corresponding to the largest eigenvalue
(assuming that this is also restricted to a plane). Thus the symmetric solutions we described
are the prototypical types of defects, the most symmetrical such types of defects.

There is a direct analogy with the Ginzburg—Landau theory of superconductivity, where
the defects are also classified topologically and it is known that only the “lowest degree”
defects are stable, but not the higher degree ones, see [35]. The Ginzburg-Landau system
exhibits a number of analogies with our case, however there are significant differences and
additional difficulties in our case, see for instance the discussion in [24,27]. We would like
to remark that this analogy can be quite misleading in certain circumstances, for example, in
the context of 3D Landau-de Gennes theory, the melting hedgehog which is in a (debatable)
sense the “lowest degree” defect, can be unstable in a certain temperature regime [18,24].

1.2 Main mathematical results

In [26], we constructed solutions (u, v) of (1.6) and (1.11) in (0, R) with R € (0, oo] using
variational methods. These solutions give rise to k-radially symmetric solutions Q of the
Euler-Lagrange equations (1.2) with the boundary conditions (1.9) via (1.4). Furthermore,
these solutions satisfy

u>0 and v <0 in (0, R)

and they are local minimizers of the corresponding energy functional, in the sense that, for
any R" < R and any (£, ) € C°(0, R') satisfying

Inl < min{ = \F |
sup [ <mmny ——, —|S—
(O,R") J6' V3

there holds
Ep(u,v) < Ep(u+§,v+n),
where
R 2
1 N2 N2 k 2
Ep(u, v) = 3 W)+ )+ r—zu + f(u,v) |rdr, (1.15)
0
2 2 2
a c 2 b 2 2
U, v) = —— @ + 05 + — (W® + ) — —v(?* = 3u?). (1.16)
/ 2 4 ( ) 3/6

(Note that

9 9
h(p,q) = %(p, q)and g(p,q) = %(p, q),

and so (1.6) is the Euler—Lagrange equation for &’.)

When R < 0o, we can allow R' = R in the above definition of local minimality. However,
on the infinite domain (0, 0o), the energy &x, (4, v) = 00, and therefore the local minimality
property of (u, v) should be understood as above with any R’ < R = oc.

@ Springer



119 Page 6 of 33 R. Ignat et al.

Our main result is the stability of the critical points Q on Bg for R € (0, oo], defined by
(1.4) corresponding to any stable solutions (u, v) as above, of the Landau-de Gennes energy
% in the case k = £1. For any solution Q of (1.2) subjected to the boundary condition (1.9)
we define the second variation .Z[Q](P) at Q in direction P € C°(Bg/, %) (R’ < R) as
follows:

2

d
Z01P) =

! 2
dlz‘t=0/BR/ {§|V(Q+IP)| +fbulk(Q+tP)}dx

= / {|vp|2 —a*|P* = 2b*tr(P?Q) + ¢ (|Q1*IP* + 2|t (QP) ) }dx.
Br
(1.17)

This definition extends to P € Hj(Bg, %) for R € (0, 00] (recall that Hj (R?, %) =
H'(R?, A)).

A related issue is the stability of the ODE solution (u, v) on (0, R) for R € (0, co]. The
second variation for & atasolution (u, v) of (1.6) and (1.11) indirection (£, n) € C°(0, R'),
(R" < R), is defined similarly as

2

d
BE.m = 15|

/R[|s’|2+k2|s|2+| ’|2+( 2+2b2 + 2 Gu + 2)) i
= — —da —V C u v
0 r? 1 V6

2 2 2
+ (—a2 - %v +2w? + 3v2)) In|? + 4utn (% + czv) ] rdr. (1.18)

This definition extends to (&, ) € X R, Where X r is the completion of C2°(0, R) under the
norm

OgR/(u +t&E,v+1tn)

R
&, 77)||§2-R :/0 |:|§_~/|2 + |n/|2 +@ +r*2)|€_~|2 + |’I|2]rdi’.

In fact,
1

ﬁs, Vrn e L*(0, R),

e if Re (.00, Xg={En:10,R >R |Vrg' Vi,

§(R) = n(R) =0},

B
ﬁ
We refer to Lemma 3.1 below for the behavior of (&, 1) € X R-

We recall our previous result from [26] on the instability of k-radially symmetric solutions
Q in R? for |k| > 1:

o if R=00, Xo = {(5,;7) : [0, 00) — Rz‘ﬁé‘/,ﬁn/, ( +ﬁ)s,ﬁn e L*(0, oo)}.

Theorem 1.3 ([26]) Assume that' a®> > 0, b%, ¢* > Oand |k| > 1. Let (u, v) be any solution
of (1.6) on (0, 0o) under the boundary condition (1.11) (with R = 00) such that u > 0 and
v < 00n (0, 00). Then the solution Q of (1.2) onR? given by (1.4) and satisfying the boundary
condition (1.9) is unstable with respect to %, namely there exists P € C° (R2, ) such
that Z[Q1(P) < O.

! In [26], a? was assumed to be strictly positive. However, an inspection of the arguments therein allows an
easy extension to the case a2 =0.
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We complete the study of k-radially symmetric critical points of .% with the following
stability result for k = =1 in any disk Bg with R € (0, oo].

Theorem 1.4 (Stability) Assume that a*> > 0, b*,¢* > 0 and k = 1. Let R € (0, 00]
and (u, v) be any solution of (1.6) on (0, R) under the boundary condition (1.11) such that
u > 0and v < 0. Assume further that (u, v) is stable with respect to &, i.e.

B&,n) =0 forall (&.n) € Xg. (1.19)

Then the solution Q of (1.2) on Bg given by (1.4) and satisfying the boundary condition
(1.9) is stable with respect to %, i.e. L[Q1(P) > Oforall P € H(} (Bgr, 2).
Furthermore, Z[Q](P) = O for some P € HOl (Br, %) if and only if, for some (&y, no) €

Xr satisfying B(&p, no) = 0 and some constants «, B,

e cither R = o0 and

1 3 1
P(x) = & (x])vV2 |:n(x) ®n(x) — 512] + no(lxl)\/; [63 ®e3 — *13]

3
+aaQ(X)+ﬂaQ(X),
X1 X2

ax1 x>
e or R < oo and

1 3 1
P(x) = &(x)V2 [n(x) ®n(x) — 512} + no(lxl)\/; [63 ®e3 — 513} )
where n(x) is given by (1.5).

Remark 1.5 Loosely speaking, the second part of Theorem 1.4 asserts that the kernel of .Z[ Q]
is generated by the kernel of the second variation B of & at (u, v) and span{dy, Q, dx, Q}.

Two-dimensional point defects in the Landau-de Gennes framework have been studied for
quite some time in the literature; see e.g. [5,9,11,15,17,21,23,26,31,32] (and also [16,28]
in micromagnetics). Our motivation came from the paper [15] which concerns the extreme
low-temperature regime (b> = 0). It was shown therein that there exists a unique global
minimizer of the Landau-de Gennes energy which is k-radially symmetric and provides the
description of the ground state profile of a point defect of index k/2. We followed this up
in [26] with the case 5> > 0 and established the instability of entire k-radially symmetric
solutions when |k| > 1.

Different but related questions were considered on more general domains and for more
general boundary conditions in [5,9,21,23]. To put Theorem 1.4 in perspective, we draw
attention to [5,9,21]. In [5], the Landau-de Gennes energy was investigated for functions
taking values into a restricted three dimensional space of Q-tensors. It was shown that, in the
case of small elastic constant, the minimizers of Landau-de Gennes energy exhibit behavior
similar to those of Ginzburg-Landau energy [7], namely for boundary conditions of degree
k /2 there are exactly k vortices of degree +1/2. In [9,21] the minimizers of the full Landau-de
Gennes energy were studied under non-orientable boundary conditions (which in our setting
amounts to k being odd). It was shown that in the low temperature regime and in the case of
small elastic constant the minimizer has only one vortex.

The proof of Theorem 1.4 uses the type of framework we set up to treat the analogous
problem of stability/instability of the melting hedgehog in three dimensions [24,25,27]. The
first step of the proof entails a careful choice of basis decomposition for .#} so that the problem
reduces, via Fourier decompositions, to an infinite set of partially coupled problems which
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involve functions of only one variable. In a loose sense, this can be viewed as some kind of
partial separation of variables. The reduced problem for each Fourier mode is then treated
using the so-called Hardy decomposition tricks together with certain qualitative properties
of the profile functions u and v. In particular, the following monotonicity result is of special
importance in our proof.

Theorem 1.6 (Monotonicity) Assume that a> > 0, b2, ¢> > 0 and k # 0. Let R € (0, o]
and (u, v) be any solution of (1.6) on (0, R) under the boundary condition (1.11) such that
u>0andv < 0.

o Ifb* < 3a%c2 thenu' > 0and v’ > 0in (0, R).

4 _ .22 7 . ; = _ 5+
e Ifb” =3a“c”, u’ > 0in (0, R) whilev = 7

o Ifb* > 3a%c2, then ' > 0 while v' < 0in (0, R).

Regarding the assumption that (u, v) is stable for & in Theorem 1.4, we note that the
solution (u, v) constructed in [26] (for any given a’>>0,b%c?% > 0) is a local minimizer
and thus stable. In fact, for “small b, we have the following uniqueness and strict stability
result.

Theorem 1.7 (Uniqueness) Assume that a*>,b*>,¢*> > 0, R € (0, 00] and k # 0. If b* <
3a%c?, under the assumption that u > 0 and v < 0, there exists a unique solution of (1.6)
on (0, R) under the boundary condition (1.11). Furthermore such (u, v) is strictly stable in
the sense that B(§&,n) > 0 for all (§,1n) € )A(R, (&,n) # 0. In particular, (u, v) is a local
minimizer of &R.

The results above lead to the following open problem.

Open problem 1.8 Are solutions of (1.6) and (1.11) (with or without the assumption that
u >0, v < 0) unique?

Remark 1.9 The case b* = 3a%c? was proved earlier in [26] using a different method. A
careful mixture of the proof of Theorem 1.7 in Sect. 3 below and various estimates in [26]
shows that Theorem 1.7 continues to hold for b* < ?az ¢2. However, since this can be
shown to be non-sharp and there is a distinctive difference between the case b* > 3a%c? and
the case b* < 3a?c? (e.g. change of the monotone behaviour of v), we have chosen to keep
the statement of the result as above. It remains an open question if uniqueness holds for all
a,b and c.

The rest of paper is structured as follows. In Sect. 2, we prove the monotonicity of « and v
assuming sign constraints # > 0 and v < 0. In Sect . 3, we prove fine properties of functions
&,n) € X R (see Lemma 3.1) and the uniqueness result of Theorem 1.7. Section 4 is devoted
to the proof of the stability result in Theorem 1.4. Finally, in the appendix, we include a
calculus lemma which is needed in the body of the paper.

2 Monotonicity

In this section we prove monotonicity of solutions (u, v) of the system (1.6). Let us fix
some R € (0, +oc] and consider the ODE system (1.6) on (0, R) subjected to the boundary
condition (1.11).

Assume further that?

u>0 and v < O0in (0, R).

2 The existence of such solution was proved in [26].
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We showed in [26, Propositions 3.4, 3.5, 3.7] that

S+ i St 2s_) ( St 2s_) )
O<u<—andmn|——, — ) <v<max|———, — in (0, R), (2.1)
V2 ( V6 V6 V6 6
with equality holding only if b* = 3a?c?, in which case v = —S—+6 = ZSTE.
Furthermore (see Step 3 of the proof of Proposition 3.1 in [26])
V3v+u <0in (0, R). 2.2)
The monotonicity of u and v depends on how big b* is relative to a>c2. When b* = 3a2¢2,
one has v = —% and u is the unique solution of the ODE

’ k2 2
u”—}—u—zu:czu(uz—SJr),u(O)=0,s(R)=
r r 2

S+
2
For other values of b, the monotonicity of u and v will be proved using the theory of coop-

erative systems and the moving plane method (see e.g. [13]).

Proof of Theorem 1.6 When b* = 3a?c? the result is a consequence of [26, Proposition 3.5]
and [25, Lemma 3.7]. We assume for the rest of the proof that b* £ 3a2c2.
Case 1: b* < 3a%c%.

First assume that R < co. We note that (see [26])

2
8h(p.q) = 8,8(p.q) <0 forall0 < p <~ and min (—si L)

V2 VNG
( St 257)
<g<max|{——,— ).
V6 V6
This plays an important role in our argument below.
For 0 < s < R, define

us(r) =u2s —r) and vg(r) = v(2s — r) for max(0,2s — R) <r < s.

Note that 2(u(R), v(R)) = gw(R),v(R)) = 0 and recall that 0 < u < u(R) and
v < v(R) in (0, R) [thanks to (2.1)]. In particular, the function &z = u — u(R) satisfies
1 K.k

Q'+~ — = i = —u(R) + h(u,v) — hu(R), v(R)) = h(u,v) — h(u(R),v) = £ i
r r r

for some function & € C[0, R]. As u(R) = 0 and z < 0 in (0, R), we deduce from
the Hopf lemma (see e.g. [20, Lemma 3.4]) that u’(R) > 0. Likewise, we can show that
v(R) > 0. Consequently, there is some small ¢ > 0 such that uy > u and vy > v in
max(0,2s — R) <r <sforany R —e <s < R.

We define

s =inf {0<s<R tug >uand vy > vin max(0,2s' — R) <r <s' forall s’ € (s, R)},

then s € [0, R).
We claim that s = 0. Assume by contradiction that s > 0, then,

(1) ' >0and v > 0in (s, R),
(ii) and uy > u > O and vy > vinmax(0,2s — R) <r <.
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It follows that

1 2
uy + —uy — — ug < h(ug, vg) < h(ug, v), (2.3)
S r S 1”2 2 8> "S S

1
vy + ;v;. < g(ug, vs) < g(u,vy) in max(0,2s — R) <r <, (2.4)

and so

2
(ug — u)” + %(“z_ u) — I:—z (g —u) < h(ug,v) —h(u,v) = (ug —u)c (r), (2.5)

1
(vs —v)" + ;(Ug —v) < gu,vy) — glu,v) = (v; —v)e2(r), (2.6)

with ¢y, ¢ being two continuous functions on [max(0, 2s — R), s].
Noting that, by (1.11) and (2.1),

ug(max(0, 2s — R)) > u(max(0, 2s — R)),
us(s) = u(s),
we can appeal to the strong maximum principle and the Hopf lemma to conclude that
ug > uin max(0,2s — R) < r < s and uy(s) > u'(s). 2.7)

This implies that the second inequality in (2.4) is strict and so is the inequality in (2.6). We
again apply the strong maximum principle and the Hopf lemma to obtain

vy > vin max(0,2s — R) < r < sand vg(s) > v'(s). (2.8)

Estimates (2.7) and (2.8) contradict the minimality of s. Therefore, s = 0 as claimed. This
proves that u’, v" > 0 on (0, R).
We turn to show that u’, v’ > 0 on (0, R). We have the following equations for (u’, v'):

W E 4D 2K
— - +

r 2 3 u'dyh(u, v) + v dph(u, v),

u/// +

v//

moY L/ _ ’
v+ p 3= v'oyg(u,v)+u d,g(u,v). 2.9)

Noting now that 9, (u, v) = d,8(u, v) < 0, we arrive at

u” (k2 + l)u/

r r2
n v// v/ /
v +7—rjfvav8(uyv)-

u” + < u'd,h(u,v),

Since u’(R) > 0 and v'(R) > 0, the strong maximum principle implies that #’ > 0 and
v/ > 0, as desired.

Next, consider the case R = oo. In order for the above argument to carry through, we
need to show that there is some Ry > 0 such that

' >0 and v > 0in (Rg, 00).
To this end, recall the asymptotics (see [26])

S+

7 +pir 2+ 007, (2.10)

u(r) =
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s
V) =——+qr >+ 00, 2.11)
NG
_ VKR 2P+t _ o JekE bty c ey P
where p; = T Py DT T e and the big ‘O’ notation is

meant for large r. In fact, the argument therein leads to an asymptotic expansion

S
u(r) ==+ pir24pr 4+ pyr N 0N,
V2
i -2 —4 2N _ON-2
v(r):———i—qlr +qrr +---4gnr +0(I’ ),
V6

for any given N > 2 and with explicitly computable coefficients p;, g;’s. In particular, we
obtain that

1 NG ” u k2 —4 -6

;(ru) =u +7:h(u,v)+r—2u:4p1r + O0@r™), (2.12)
1 /

) ="+ ”7 — oG, v) = 4q1 r + 0(0). (2.13)

For b* < 3a2c?, we have p1 < 0 and g1 < 0. Hence, there is some Ry > 0 such that
(ru’) < 0and (rv') < 0in (Rp, 00). Integrating twice, it follows that for any Ry < s < r,
we have

u(s) +su’(s)10g£ >u(r), v(s)+ sv/(s)logg > v(r).

As u and v have a limit as r — oo, this implies that #” > 0 and v > 0 in (R, 00). Since
(ru’) < 0and (rv") < 01in (Rg, 0o) we conclude that #’ > 0 and v > 0 in (R, 00). This
completes the proof when b* < 3a’c?.

Case 2: b* > 3a%¢2. The proof is similar except the following changes:

e 0yh(u,v) = d,g(u,v) > 0for all (u, v) satistying (2.1),
e V(R) <0if R < oo,
e g1 > 0if R = c0.

‘We omit the details. O

3 Uniqueness

In this section, we prove Theorem 1.7.

Strategy. In order to prove the uniqueness of the solution of the ODE system (1.6), (1.11),
for which u > 0 and v < 0, we follow a strategy similar to that in [2]. We show that
any solution of the ODE system with the mentioned signs of the components is a local
minimizer if b* < 3a?c? (see Proposition 3.8). Then the uniqueness will follow by the
mountain pass lemma. Indeed, assuming by contradiction that there exist two such solutions,
we use a mountain pass argument to find another solution on a trajectory connecting the
two given ones. This solution will have to be unstable thus leading to a contradiction and
proving the uniqueness. Many of the complications in our treatment are because of the loss
of compactness due to the infinite domain (i.e. when R = 00).

Some notation. Recall

Rrry .o 2 ko
(?R(u,v):/o [5 ((u) + (v) —I—r—zu )+f(u,v):|rdr,
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where

2
—v(vz — 3u2)

b
3.6

a? 2
Flu,v) = ——@? + %) + — @ +vH?* -
2 4
and

h(u,U)=8uf(M,U), g(u,v)=8vf(u,v).

For 0 < R < o0, if we define

Xg = {(u, ) 1 [0, R] — R2 | /ru!, /r v/, \%u Jrv e L2(0, R), u(R) = % v(R) = —j—%},

then & € C'(Xg, R).

For R = oo, we have a complication as ”72 and r f(u, v) are not integrable over (0, 00).
To fix this issue, it is useful to note that if (11, v) and (u3, vp) are two solutions of (1.6) and
(1.11), then, thanks to the asymptotic estimate (2.10),

1
(55 +7) 1 = € L2000

To accommodate both situations, we let (ug, vg) be a fixed solution of (1.6) and (1.11),
satisfying ug > 0, vp < 0 (then by [26] ug > 0, vg < 0 on (0, R)). Consider instead of &
the modified functional for R € (0, oo]:

R
A 1 . N
Erta, ) = / 5 (10 + )P = gl + [0 + 0P = vpI?) rar
0
R kZ 5 )
— 1?2 —ud)d
—I—/O 2r((uo—i-u) uy) dr
R
+/ [ f o+ i, vo + D) — f(uo, vo)] rdr,
0

where (i1, D) belongs to X g defined by

o if R (0,00), Xg= {(ﬁ, %) [0, R] — RQ} i P Jro e L2(0, R),

N A
Uyﬁ s
ﬁ(R):f)(R):O},

A 1
o if R=00, Xoo= {(ﬁ, 9) : [0, 00) — R? (ﬁﬁ’, Jr i, (7 + ﬁ) G, /ro e L*(0,00) } .
r
It is clear that X g is a Hilbert space with norm

R
N N R I\ .o o .
G, D)% =/ [|u’|2 + 101> + (1 + 72) i+ vz] rdr.
0
It is clear that, for R € (0, 00),
Er(it, D) = Eg(uo + it, vo + D) — Er (o, Vo).

We start with some basic remarks on the space X r and the functional é"R.

Lemma 3.1 There is some constant C > 0 such that for all (i1, ) € )A(oo we have the
following
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(1) Behaviour of it and v at co:

o)

IA

C o0
—ﬁ a')> + |i4*) s ds and
rJ1

2

C * ~72 ~12 1
7/ [IlV'] + |v|°]sds, forr € (5, oo) 3.1
2

In particular, u(r), v(r) — 0 asr — oc.
(2) Behaviour of u in (0, 00):

IA

19(r)|?

r 1
la(r)* < C/O [|i/|2 + S—2|ﬁ|2] sds forr € (0, 00).

In particular, i(r) — O asr — 0.
(3) Behaviour of ¥ at the origin:

00 1
10(r))> < C|Inr| /0 (0> + |02 1sds forr e (o, E)'

Proof (1) See the proof of Strauss’ inequality [37, p. 155].
(2) For 0 < r < ry, we estimate

r r 52 r 1
|ﬁ2(r1)—a2(r>|52/ |ﬁ(s)||ﬁ’<s>|dssz(/ “S(” ) (/ |ﬁ’<s>|2sds)2

This implies that the limit / := lim,_, o #%(r) exists. Since fo i (s) ds < oo we thus

have = 0, i.e. u(r) - Oasr — O. Returnlng to the above estlmate by the Young

inequality we have 2|u(s)||a’'(s)| < [|i 124+ +3 |u| 1 s and we obtain the desired estimate.
(3) For R > 0, consider the minimization problém

a(R) = inf {[[v]l g1 ((r.0o)rar) : v € H' ((R, 00); rdr), v(R) = 1}
It is standard that the infimum is achieved and the minimizer v, is the unique solution of
v + % v, — vy = 01n (0, R), v4(R) = 1, v4(0c0) = 0. In terms of special functions, we
have v, = %, where K is zeroth modified Bessel function of the second kind [1]. It
is then readily seen that
* ©  RIK'(R)]
2 2 2
a(R) :/R [vel® + vel"1r dr = r v vs R = K@)

As a consequence, we have for all v € H'((0, 00); r dr) that

10151 (0,000 ary = VI (R.00):r ary = @(R) [V(R)] for all R € (0, 00).

Now, since K(r) = —Inr + O(1) and K'(r) = —% + O(1) as r — 0 [1], we have
a(r) = \/|llnir\ + O(1)asr — 0, and so, forr < %,

()| = CvInrvlligio.00):rdr-

Lemma 3.2 Assume that R € (0, oo].
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(D) éAaR : )A(R —>RisClon )A(R with the differential given by
. R k2
DéER (i, 0)(€, 1) =/ {ﬁ’€’+ﬁ’ U
0
+ [Df (o + it vo + ) — Df (o, v0) (6, m)| r

where (i, D), (€, 1) € Xg. Furthermore (ii, 0) € X is a critical point for &g if and only
if (u,v) = (ug + 1, vo + 0) is a solution of (1.6) and (1.11).

2) goR is twice Gdteaux differentiable, meaning here that for every (it, v), (§, 1) € )A(R, the
following holds:

A d? .~ .
D8R, 0)E,m) - €)= 5| | Epli+ 18,0+ 1)

R k2
— [P0+ S8 0 o v+ D6 € ) rar

Proof The lemma is standard for R < oo. Let us prove it for the more delicate case R = co.

Step 1: We prove that éso(il, D) < oo for (i1, D) € X - To this end, it suffices to prove the
following three estimates (for some constant C):

/ [upl® + [volP1rdr < C, (3.2)
uo || "2 A2 172 PN

/0 dr<C / 1P+ 1altrdr) " < i, o)y, (33)

/0 | Flwo+it,vo+0) — fwo,w)|rdr < (141G DIY ). G4

Proof of (3.2): By [26, Proposition 2.3], ugp, vo € C2([0, 00)). In addition, by (2.12) and
(2.13), r u6(r) and r v()(r) have limits as r — oo. But as ug(r) and vy (r) remain finite as
r — 00, these limits must be zero, i.e.

lim ruy(r) = lim rvi(r) = 0.
r— 00 r—00
Multiplying (2.12) and (2.13) by r and integrating on (r, 00), we obtain

up(ry = =2p1r >+ 0@ ), (3.5)
v (r) = —2q1 7> + 0(r ™). (3.6)

Therefore, /ru(, and /r v, belong to L2(0, 00) and (3.2) follows.
Proof of (3.3): By the Sobolev embedding theorem in one dimension, we have that & and

0 are continuous on (0, 00). Also, by Step 4 in the proof of [26, Proposition 2.3], ”"(’) is
bounded as r — 0, and so

LIkl

luo(r)| < ﬁ for all € (0, 00). 3.7)

Estimate (3.3) is readily seen from Lemma 3.1:

% o il o > i
dr < C lu|dr + C —d
0 r 0 i
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® a2 a2 2( [3 ® 1
scf [Tua+iarirar (/ Vilmridr+ [ T/zdr).
0 0 P

Proof of (3.4): First, note that (32, —*£) is a (global) minimum of f. Thus there is some

NN
8 > 0 and C > 0 such that for all |[x| < § and |y| < &, there holds
S+ S+ S+ S+ 2 2
0=< —tx,——=+y)—. f,—f)EC(x +y9). (3.8)
f(fz J6 y) f(ﬁ V6 Y

Therefore, in view of (3.1), (2.10) and (2.11), there is some sufficiently large R; > 0 such
that

. R I 5 0.
| f(uo +u, v +v) — f(uo,vo)| < C (74 + % + v2) in (Ry, 00), (3.9)
which implies

/R |f o + ity vo + ) = f o, v)| rdr = € (141G D).
1

On the other hand, since f is a quartic polynomial and u( and vy are bounded, we have
|f (o + i, vo + D) — f (o, v0)| < C(1+it* + %) in (0, c0)

for some constant C which depends only on a, b and c. Thus, by the Sobolev embedding
theorem (in two dimensions H ! (Bg,) C L4(BR1)),

Ry
[ s+ o+ 9) - fwirar < ¢ (14 1@ 01 ).
O o0

which concludes the proof of (3.4).

Step 2: We prove that & is Fréchet differentiable.
Define A : Xoo — R by

©r. . K A .
A ) =/ {u/s/+v’ 0+ 5 @&+ [Df (o + &, vo + ) — DFf (o, v0) €, n)}rdr.
0
Arguing as in the proof of (3.4), we have
. N 1 . A -
IDf (uo + i, vo +v) — Df (uo, vo)| < C (72 + lul + |U|) in(Ry,00), (3.10)

(for possibly a larger constant R1) and
IDf (uo + i, vo + ) — Df (uo, vo)| < C(1+ [af* + [9) in (0,00).  (3.11)

As in Step 1, these estimates imply that A is a well-defined continuous linear functional on

Xoosie, [AG M < ClIGE Mg -
An easy computation shows that

ol + &, 04 1) — énolit, D) — A(E, 1)

e ! ! k2 o ro !
= ; uptE' + r—zuoé + h(ug, vo)é | rdr + A [von + g(uo, vo)n]rdr

+ [ paiemrar+o (1wl ). (3.12)
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where

P, 0,E,n) = flug+ad+E& vo+0+n) — flug+ i, vy + D)
—Df(ug + @i, vo + D) (&, n).

To treat the first two terms on the right hand side of (3.12), recall that ug, vo € C 2([0, 00))
[26, Proposition 2.3] and v(’) (0) = 0. In particular, |v(’) (r)] < Cr for some constant C.
Thus, using Lebesgue’s dominated convergence theorem, (1.6), (3.5), (3.6), (3.7), (1.11) and
Lemma 3.1 (in particular the behavior of £(r) and n(r) as r — 0), we compute

[ee) 2
/ |:u6§/ + %MOS + h(ug, vo)é] rdr= lim ué)(r)f(r) — lin})uf)(r)g(r) =0, (3.13)
0 r—00 r—

[e.¢]
/0 [vbn’ + gCuo. voIn] rdr = lim v(r) n(r) = lim vo(r) n(r) = 0. (3.14)

To treat the remaining integral on the right hand side of (3.12), we note that f is a quartic
polynomial, and so

|P(@, 0, & )| < CE>+ )1+ &>+ 0% + 0% + 0.

Also, in view of Lemma 3.1 and the Sobolev embedding theorem, we have
o
[ uart +iorirar < i ol
O o0
* 4 4 4
| uer - mitirar < cie g,
It follows that
*© 2 2
| e mirar=o (1wl (1160 ). 619

Putting togetper (3.12), (3.13), (3.14) and (3.15), we conclude that cf’oo is Fréchet differ-
entiable and D&, (i1, ) = A. Furthermore, since

R 2
k
/ {”65’ + vy’ + ) up§ + Df (uo, vo)(§, 77)} rdr=0
0
for every (£, n) € X r, we deduce that (i, 9) € Xg is a critical point for &g if and only if
(u,v) = (ug + 11, vy + 0) is a solution of (1.6), (1.11).
Step 3: We prove that & is twice Gateaux differentiable.

Define B : )A(OO — R by

00 k2
B(.n) = / {162+ 10 + 55 62 4+ D? Fuo + it vo + 9)(6.m) - €.} rar
0
The well-definedness of B can be established similarly as in Step 2 using the estimates

|D? f (ug + @i, vo + 9)| < C in some interval (R, 00),
|D? f (uo + &, vo + D) < C(1 + |@]> 4 9[?) in (0, 00).

Since
1

1
2 2 S
/O|ﬁ|2|n|2rdrsc/0 r|1nr|2dr/0 (0’12 + 0?1 r dr,
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by Lemma 3.1, we deduce that B satisfies |B(€, n)| < C||(&, 77)||§A( . The assertion that

2

d A . d PN .
B, n) = Ogoo(u +t5,v+1tn) = o tZOD@@oo(M +t&, v+, n)

d? li=

follows from the estimate (for 0 < ¢t < 1)

IDf (uo + i + t&, vo + 0 + tn) — Df (uo + i, vo + D) — t D f (uo + &, vo + D) (&, )|
< CEUER + DA + il + 19 + 1&] + InD).

‘We omit the details.

Step 4: We prove the continuity of the differential Déx, in (il ) € Xoo.
Indeed, since the continuity is a local property, we may assume that (i, v), (iZ, 0) are in a
finite ball of radius p in X. Then

|Df (uo + i1, vo + 0) — Df (uo + it, vo + )|
< C(lii —i| + D — DD+ @l + 101> + @l + 191%)

with C > 0 independent of i, ¥, iz, v. By Lemma 3.1, we know that ||| 0, |lif]lcc < C, and

1
1)1, 19(r)] scp(|1nr|1/21(O )(r)—i-;l( oo)(r)), r € (0, 00)

1 1
3 2

and therefore,

o0
/ \Df (o + it vo + D) — Df (o + i, vo + D)2 rdlr
0

3 oo |
< Coll@ =, 5 = D) 1+/0 |lnr|4rdr+[ Sdr ).
2

We conclude that for every (£, ) € X 00
‘[Déoo(ﬁ, 9) — Déuo (i, D], n)‘ < Coll@— i, = Dllg_IE Mg,

therefore Déy is locally Lipschitz in X 00- O

Next, we consider coercivity and Palais—Smale properties of Er.
Lemma 3.3 The following statements hold:

e if R € (0, 00), then &g is coercive on Xg;
e if R = oo, then & is coercive on the closed convex set

Moo = {(ii, D) € Xoo 1 ug + 4 > 0,09+ 0 <0}, (3.16)

i.e. there exists some C > 0 such that

A 1
booit, 0) = <@, DG = C forall (i, §) € Mec.

Proof Let (it, 0) € Xg. In the argument below, C denotes various positive constants which
are always independent of (i, v).
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Let u, = % and v, = —‘;—%. Since (i, v4) is a minimum of f, we have f(us, vs) <
f(x,y) forall (x,y) € R2. Also, by (3.8), (2.10) and (2.11) in the case R = oo,

R
/0 | f (o, v0) — f (us, vi)| rdr < C, (3.17)

(if R < oo the above inequality is obvious since ug and vg are bounded) which implies that

R R
/ (f(uo + i, vo + D) — f (uo, vo)) r dr 2/ (f(uo+it,v0+ D) — flus, v))rdr—C
0 0
> —C.

Case 1: R < oo. From the above estimate, estimates on the finite domain analogous to (3.2),
(3.3), and the Poincaré inequality in the disk By for ii, v € HO1 (BR):

R R R R
/ i) rdr < c/ &'\ rdr, / 192 rdr < c/ |02 rdr,
0 0 0 0

we deduce that

r(@. ) = C1ll@. D)%, — Cs,

which entails the coercivity of éA”R on X R.

Case 2: R = 00. Due to the failure of the Pomcare inequality in H (Rz) the above method
does not work for R = co. We conjecture that Poo is not coercive on X ~o and therefore, we
prove coercivity only in Mu. Fix (i1, 9) € M. We would like to improve the estimate on
the integral of | f(ug + @1, vo + 0) — f(ux, v4)|. Let O = {(x,y) € RZ, x > 0, y < 0}
By Lemma 5.1 in the appendix, f(u*,vv*) < f(x,y) for all (x,y) € Q\(uy, vy) and

D? f (1, vs) is positive definite. Also, )f:z(iyyg — 00 as x2 4+ y2 — oo. Thus, there is some

positive constant @ > 0 such that
Fay) =l v) = (e =)’ + (v = v)?)  forall (x, y) € Q.

This implies that

o o0
/ (f (o + it, vo + D) — f(us, ve)) rdr > a/ [1é + uo — usl? + 19 + vo — vel*] r dr.
0 0
(3.18)
Also, in view of (2.10) and (2.11),
o
/ [lo — usl® + |vo — vsl*] rdr < C. (3.19)
0

From (3.17), (3.18) and (3.19), we obtain
/ (f(uo + i, vo+ D) — f(uo, vo)) rdr = —/ [@* +9*1rdr —C.  (3.20)
0

The desired coercivity of é"’oo is now readily seen from (3.20), (3.2) and (3.3). O

We recall that a continuously Fréchet differentiable functional / defined on a Banach
space X (i.e. I € C L(X, R)) is said to satisfy the Palais—Smale condition if every sequence
{un}22, C X satisfying {I(u,)}2, is bounded and D I(u,) — 0 in X’ (dual of X) is
precompact in X, see e.g. [38].
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It is not difficult to prove that @‘A"R satisfies the Palais—Smale condition on X g for finite
R. It is not clear if this is the case for R = o0; note the restricted coercivity we obtain
in Lemma 3.3. We however content ourselves with a milder notion which suffices for our
purpose and will be described in the sequel.

Definition 3.4 ([38, Section II.12]) Let X be a Banach space, I € CY(X,R), and M be a
closed convex subset of X.

(1) We say that x € M is a critical point of [ relative to M if
o(x) = sup DI(x)(x —y)=0.

YEM. |ly—x|x=I
(ii) We say that I satisfies the Palais—Smale condition on M if every sequence {x,};2; C M
satisfying {7 (x,)}32, is bounded and ¢(x,) — 0 is precompact in X.
Lemma 3.5 Let My, be as in (3.16) and define

0@, 0) = sup D b, ) — &, 0 — ). (3.21)
(E,’I)EMom|\(5—ﬁ~77—ﬁ)||)20051

If (lig, Om) € Moo converges weakly in Xoo to (i1, ) and if oy, Uy) — 0 as m — oo,
then (ug + i, vo + 0) satisfies (1.6). In particular, (i, V) € My is a critical point of &xo
relative to M, if and only if (uo + it, vo + 0) satisfies (1.6) and (1.11).

Proof It is enough to show the first assertion. In view of the Sobolev embedding theorem in
one dimension, we can assume without loss of generality that (i, 0,,) converges uniformly
on compact subsets of (0, 0o) to (i, ).

Let 0,y = 0(#in, V). By definition, we have

Do (lim, D) iy — i, Dy — ) < 0 for all (@, B) € Moo, [|(f — i, 5 — D)l g < 1.
(3.22)

In particular, we have
Do (lim, Dm) (&, 0) < om € g forall (5,1) € Xoo: & <0,7 >0 in (0, 00).
Since (#,y,, 0y, ) converges weakly to (i, ) and g, — 0, we deduce that
Déno(it, 0)(E,m) <0 forall (§,7) € Xoo : £ <0,7>0 in (0, 00).

This implies that u := uo + @ and v := vg + 0 satisfy in the weak sense the differential
inequalities

1 k2
/" —
u +-u ——u= h(u,v), (3.23)
r r
1
v 4+ —v' > g(u, v) in (0, 00). (3.24)
r

We claim that if # > 0 in any interval (r1, r2) C (0, oo) then the first equation of (1.6)
[i.e. equality in (3.23)] holds in (r1, r2). Indeed, if £ € CZ°(r1, r2), then in view of the local
uniform convergence of i, to i, there is some €y > 0 such that (i, + 7 &, 0,,) belongs to
M for all |t| < €p and for all sufficiently large m. It thus follows from (3.22) that, there is
some ¢ € (0, €y) such that

Do lim, D) (£18,0) < 0nll (1€, 0)Ig_ -
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As above, this implies that
Déo (@1, 9)(£1£,0) <0,

which implies that Déx, (@i, 9) (£, 0) = 0. Since & is arbitrary, the claim follows.

Similarly, if v < 0 in any interval (r1, r2) C (0, 00), then the second equation of (1.6)
holds in that interval.

Since u is continuous, we can write {r : u(r) > 0} = Ujea (a, B;) of at most countably
many mutually disjoint open intervals. As argued above, the first equation of (1.6) holds on
each interval («, 8;). (Initially, it holds in the weak sense, but since u and v are Holder
continuous (in view of the Sobolev embedding theorem in one dimension), it holds in the
classical sense.) Furthermore, u(e;) = 0 if «; > 0, and u(8;) = 0if B; < oo. Since
h(u, v) = u ¢ for some continuous function ¢, the Hopf lemma implies that

u'(aj)>0ifaj >0 and u'(Bj) <0 if B; < oo. (3.25)

Recall that u’ = 0 a.e. in the set {u = 0}. Now, for any & € C2°(0, 0o) and & > 0, we have
in view of (3.23) that

0< /OO |:u’§-" + izu%‘ + h(u, v)$:| rdr
0 r

Bj
= Z/ |:u’€/ + rizug + h(u, v)g] rdr
jen’%i

=D [Biw (B)EB) —aju' (@) E@))],

JjeA

where in the first equality, we have used & (u, v) = 0 wherever u = 0. By (3.25), if there is
some j such that «; or B; is non-zero and finite, the last sum is negative if £ is chosen to be
positive thereof. We thus conclude that the «j and B;’s are either zero or infinite, i.e. u > 0
in (0, oo). We hence deduce that the first equation of (1.6) holds in (0, c0).

The negativity of v and the validity of the second equation of (1.6) can be demonstrated
similarly, keeping in mind that

1
(u,v) >v (—a2 - —pu+ cz(u2 + vz)) =:vca,
¢ NG
and in particular, g(u, v) > 0 wherever v = 0. We omit the details. O

In the following lemma we prove that & satisfies the Palais—Smale condition.

Lemma 3.6 For R € (0, 00), éA"R satisfies the Palais—Smale condition on X Rr. For R = oo,
Exo satisfies the Palais—Smale condition on the closed convex set M, defined in (3.16).

Proof The result is standard for R < 0o. Consider the case R = 0o. Let (i1, Uy) € Moo be
a Palais—Smale sequence for 6300, ie. é"oo (tm, Op) is bounded and o (i, 0yy) — 0, where @
is defined in (3.21). We need to show that (i,,, 0,,) has a convergent subsequence in X 50~

By Lemma 3.3, the sequence (i, Up,) is bounded in )200 and so we can assume without
loss of generality that (i,,, 0,,) converges weakly in X oo to some (i, 0). By the Sobolev
embedding theorem (in one and two dimensions), we can also assume that (i, , 0, ) converges
to (i1, 0), uniformly on compact subsets of (0, co) and strongly in L”((0, R); r dr) for any
R <ocand 1 < p < oo.
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By Lemma 3.5, u; := ug + i and v; := vg + ¥ is a solution to (1.6), (1.11). By working
with (u1, vy) instead of (ug, vo) and with the sequence (i, — i, 0, — 0) instead of (i, Uy,
we can assume for simplicity that # = v = 0.

Let
Vin := Df (uo + iy, vo + 0m) — Df (ug, vo).
As in the proof of Lemma 3.3, let u, = % and v, = —‘:/—% and note that D? f (i, vy) is

(strictly) positive definite, which implies that there are «, § > 0 such that
[Df(x,y) = Df (X', y)1(x —x',y =)
= af(x = x)? + (= ¥)] V(). (L ¥) € By(u, v

Thus in view of (2.10), (2.11) and Strauss’ inequality (3.1) applied to the bounded sequence
(tim, Op) in X0, there is some large Ry > 0 (independent of m) such that

Vi (i D) = @lliim|* + [0m]*]  in (Ra, 00). (3.26)

On the other hand, note that (¢1i,,, t0,,) € My forall t € [0, 1]. As (#,,, U,,) is bounded
in X, we can select some 79 € (0, 1) independent of m such that

G — toim, Om — to0m)ll g < 1.
Then it follows from (3.21) that
0, Bm) = Déoo(lims ) lom = 10iim, O — 109m),
which together with (3.26) implies that

1

m@(ﬁm» Um) = Déoo(lim, Om) ([l Om)

* A1 2 ~1 2 kz A2 ~ ~
= [ {0 1P 5 V4 Vi 80
0
00 k2
= [ 6P T i+ 0l 4l dr
0
Ry
+/ [—a|am|2—a|am|2+vm(zzm,ﬁm)}rdr.
0

On the other hand, by the strong convergence of (i, Up,) to (0,0) in L?((0, R); r dr)
and the estimate (3.11), we see that

Ry
lim {—a|ﬁm|2—a|ﬁm|2+vm(ﬁ,,,,ﬁm)}rdr:0.
m—00 0
Recalling that g,, — 0, we obtain that (i,,, 0,,) converges in Xooto 0= (u, ). O

The following result is a consequence of the above lemmas and a variant of the mountain
pass theorem [38, Theorem I1.12.8].

Lemma 3.7 (a) Let R € (0, 00). If all critical points in X R Of éADR are strictly stable, then
63;3 has a unique critical point.

(b) Let R € (0, oo]. If all critical points (i1, 0) aféAaR satisfying ug+u > 0andvo+0 < 0 are
strictly stable, then &g has a unique critical point satisfying ug +u > 0 and vo + v < 0.
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In view of the above result, to prove uniqueness in Theorem 1.7, it suffices to establish
(strict) stability at relevant critical points (u, v). It is readily seen that, for R € (0, oo],

D?ég(u — ug, v —v0) (£, 1) - (£, 1) = B(E, ),

where B is given by (1.18).

Proposition 3.8 Ler a2, b%, c? > 0 be such that b* < 3a?c?. Assume that R € (0, o). Let
k € Z\{0} and (u, P) be a solution of (1.6) and (1.11) withu > 0 and v < 0. Then (u,v)is
strictly stable for &g in the sense that B(€, n) > 0 for every nonzero (§,n) € Xg.

Proof We will only prove the case R = 0o. (The case R < oo is simpler since the asymp-
totical behavior at infinity can be dropped.)
Recall from [25, Proposition 2.2], (2.10), (2.11), (3.5), (3.6) and (3.7) that

u(r) = 0", u'(r) = 0", V') = 0(r) asr — 0, (3.27)
W) =000 0) =003 asr— oco. (3.28)
Recalling h = % and g = %, we obtain the estimate
h(u,v) = 0¥, gu,v) = 0(1) asr — 0, (3.29)
h(u,v) = 0%, gu,v) = 0r %) asr — oo. (3.30)

_Fix (§,n) € Xoo. Since u > 0 and v < 0, we can write £ = u and n = vij where
&, ne HZIUC(O, o0). By Lemma 3.1 and (3.27), we have

Er) = o M), 5i(r) = 0(Inr|"?) asr — 0, (3.31)
EM =00, 7 =00""% asr— . (3.32)
We compute, using (1.6),
m k2 m 5 5 k2 B
/ [|5/|2 + 752] rdr :/ |:u2 R B + 7u2$2] rdr
1/m r 1/m r

m
:ru/uéz‘m +/ I:u2|§/|2—h(u,v)u§2]rdr
1/m 1/m
m ~ ~
=o(1) +/ [uz|“;"|2 — h(u, v)uéz]rdr as m — 00,
1/m

where we have used (3.27), (3.28), (3.31) and (3.32) in the last identity. Therefore, by
monotone and dominated convergence theorems, and (3.27), (3.28), (3.29) and (3.30), since

(& 1) € Xoo:
[ee) k2 m k2
/ [|§’|2+—252] rdr= lim / [|g’|2+—252} rdr
0 r M=o J1/m r
o ~ ~
=/ [u2 |§’|2—h(u,v)u$2] rdr.
0
Likewise,

o0 oo
/ ' rdr :/ [v2|ﬁ’|2—g(u,v)vﬁ2]rdr.
0 0
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‘We hence obtain
oo ~
B@,n):/o ‘uzlé’|2+v2|ﬁ/|2

o, 2.2) .2 2 2.2 b? )
+| - (v +M)+2Cl)) —{—Zcuf’-‘ +4u$ (7+CU)]I’dI’.
( v\/E 1 n JE
Note that B(¢, n) > 0 for (&, n) # 0, provided that
2
2( %+ ™) >
NG ( b 5 ) ) 2)
——— " = | ——=0 "+ u’)+2cv
2 /6

2 b? 2 b? 2 2
(:)Zb( +v)+2bv§——(v +u”)
V6c? v
which holds true in (0, co) because the above LHS is negative while the RHS is positive due
to the inequalities v < 0 and b% + /6c%v < 0 for b* < 3a2c? (see (2.1)). O

We conclude the section with the proof of Theorem 1.7.

Proof of Theorem 1.7 The result is a consequence of Lemma 3.7(b) and Proposition 3.8.

4 Stability for k = %1

In this section we provide the proof of Theorem 1.4 regarding the sign of the second variation
Z[Q](P) at k-radially symmetric solutions Q in direction P € HO1 (Bg, 7). Note that for
R = oo, H} (R?, %) = H'(R?, .%). Recall from (1.17) that, for P € H} (Bg, ),

Z101(P) = / {|vp|2 —a?|PI* = 20*w(P?Q) + ¢* (|QP|PI* + 2/ (Q P)I?) }dx.

Br

4.1 Basis decomposition

In order to prove Theorem 1.4 we use, as in [26], the following basis decomposition. We
define {ei}?zl to be the standard basis in R? and denote, for ¢ €[0,2m) and k # 0,

n=n(p) = (cos (%(p) , sin (%(p) , 0) ,m=m(p) = (— sin (%(p) , COS (%(p) , 0) .
We endow the space . of Q-tensors with the Frobenius scalar product
Q-0 =1u(Q0)

and for any ¢ € [0, 27r), we define the following orthonormal basis in .#:

E ,/3 ® 1I
=.=1e e3 — — ,
0 2 3 3 33

1
E; = Ei(p) = fz(n@n— 512), Er = Ex(p) =

_
V2

1
V2
(e2®e3+e3®e2).

mm+mQen),
1

E
’ 72

(e1®e3+e3Qey), B4 =
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Obviously, only E1 and E> depend on ¢ and we have

0E; 0E,
—— =kE, and —= = —kE]. “4.1)
d¢ op

The above basis {Eq, ..., E4} is constructed so that at a point Oy = s4 (n @ n — %13)

with n € S' x {0}, tensor E; is along the direction of the tangent line to Yfm (see (1.14)),
while tensors Ey, E1, E3 and E4 are along the normal directions to the tangent line.
Itis clear that any P € HIL . (R%, %)) can be represented as

4
P(x) =D wi(x)Ei, x=r(cosg,sing)€R?,
i=0
with w; = P - E; fori = 0,...,4. We note although n and m may not be smooth as a
function of x, E; are smooth away from the origin. Then the second variation becomes
S101P) / (iw |2+k2( - 2)+2k( dwn awl)
= wi —(w w —(wi— —wr—
Br LD l r2 2o dp dp
4
+ (—a2 + c2(142 + vz)) Z |w,~|2 +2¢2 (vwo + uw1)2
i=0
2b2 2 2 2
—— (v(wj — w; — w5) — 2uwow
\/6 ( 0 1 2 )
2b% (V3 1
_% ({u(u}% - wf) cos(k(p)+\/§uw3w4 sin(k<p)+§v(w% + wi)) ] dx.

4.2)

We note that components {wg, w1, wa} and {w3, w4} in (4.2) are not mixed and therefore we
can separately study the sign of Z[Q](P) in the spaces

Vi ={P € H}(Bg, %) : P-E3=P-E4=0)},
Va = {P € Hy(Bg, %) : P =w3(x)E3 + wa(x)Es; w3, wy € Hy(BR)}.
It is clear that HO1 (Br, %) = V1 @ V,. Furthermore, if P belongs to HO1 (Bg, %), then so

do its (direct sum) projections onto V; and V.

4.2 Stability in the space V;

We start with the result about stability of .Z[Q] in V.

Proposition 4.1 Let a> >0 b%c% > 0be fixed constants, R € (0,00], and k = +£1.
Let (u, v) be a solution of (1.6) on (0, R) under the boundary condition (1.11) such that
u > 0 and v < 0 and assume that (u, v) is stable with respect to & (i.e. (1.19) holds).
Let Q be k-radially symmetric solution Q of (1.2) (on Br) and (1.9) given by (1.4). Then
ZIOI(P) = 0 forany P € V.

We will use the following lemma whose simple proof we omit.

Lemmad4.2 Let k| =1and P = wo Eg + wy E1 + wy E> € Vy. If we write

o
wi(r @) = > W) +ibpu(r)e™  with 1=0,1,2, (4.3)

m=—0oQ
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Then

W] |+ (Wi D)y V7D | + [ ) € L2O, R) for all (1, m),

1
5wl \—ﬁml,m € L*(0, R) for all (I, m) ¢ {(0,0), (1, £1), (2, £1)},
1 1
ﬁ|kw1,m — mi,ml, ﬁsz,m +miym| € L*(0, R) for |m| = 1.
Furthermore, for each m € Z,
2 .
D (Wi (r) + i W (r)e™ Ep € Vi
=0

Proof of Proposition 4.1 Let us first show that Z[Q](P) > O for all P € Vj. By a standard
density argument, we can assume without loss of generality that P € V| N C2°(Bg\{0}).
(Here we have used the fact that a point has zero Newtonian capacity in two dimensions.)

We write x = re!? = (r cos o, rsing) and P = woEy + w1 E1 + wy E> as in Sect. 4.1.
By (4.2),

R r2n 2 1
zionn = [ [ [Zwrwnz + = (18gwol? + w1 — kwal? + gz + kun P)
0 0 1=0

2
+ (—a2 + c2(142 + vz)) Z |wl|2 +2¢2 (vwo + uw1)2
=0
2b2 2 2 2
—% (v(wo —wi —wj) — 2uw0w1) rdr de.

Now, we Fourier decompose w;’s as in (4.3). By Lemma 4.2,

2

Py =D (i m(r) + i Wrm(r))e™ Ep € Vy. (4.4)
=0

Furthermore, a direct computation shows that

ZI0IP) = D ZI0NPy), (4.5)

m=—0o0

and
R 2 m2
ZL101(Py) = 2n/ [Z[lwi,mﬁ 1] 2]+ 5 [lwoml® + [doml?]
0 U

1
~ 2 ~ 2
5 [l = Kbz P 4wy — i

S miby g + kwa | + Kty + mwa |2]

2 A
+ (—a2 - %bzv +c? (u? + 3v2)) (1woml* + [bo.m[*)

2 «
+ (—612 + %bzv + C2 (3’42 + UZ)) (lwl,m|2 + |w1,m|2)
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2

R . b
+ 4 (W0 W1 + WomW1m) [7 +c*v

NG

2 .
+ (—a2 + b+ W+ vz)) (lwa.m|* + |wz,m|2)]rdr-

NG

Now, observe that if we define

R 2
2 2 2, m 2
Pm(wo,wl,wz)z/ ‘Iw(’)l + Wi 7 4wyl + 5 Jwol
0

1
+ = (|Imhwn = iwa * + [1kwr = s )

2
+ (—a2 — —=b*v+c* (u + 3v2)) [wol?

NG

2 b?
+ (—a2 + b2+ c? (3u2 + vz)) |wq |2 + duwow [— + czvi|

/6

2
+ (—a2 + —=b*v+c* (u? + vz)) |w2|2]r dr,

NG

then

/6

1
EX[Q](Pm) = Pln(Sign(m)WO,nzv Sign(m)wl,ma Sign(k)wlm)

+ P (Sign(m)ﬁ)o,m, Sign(m)wl,m» —sign(k)ws ),

where we use the convention that sign(0) = 1.

From the foregoing analysis, in order to show that . is non-negative on Vj, it is enough
to show that P, (wo, wi, wz) > O for any smooth functions wg, w1, wp € CX(0, R). In
addition, it is clear from the definition of P, that it suffices to consider k = 1 and m > 0.

We consider the cases m > 1 and m = 0 separately.

L Case m > 1: Consider first the case b* * 3a2¢?. In this case, since u’ > 0, v/ # 0 (see
Theorem 1.6)and u > 0, we can write wg = v'n, wy = u'€, wp = uf forn, &, ¢ € C°(0, R)

and use Hardy decomposition trick to obtain

R v 2.2
Pon (wo, wl,wz)=/ [Iv/lzln/|2+(m2—1)( ,)2"
0

1
+1d PIE P+ = (mu's —ut | + [u's — mug|?)

r

2
—2uv'u/ (€ — n)? [b— + czv:|

NG

2 2 1
- 72'”/'2’52 + ﬁuu/sz + a1 — r—2|u|2;2]rdr

= jm + Ima
where

2.2
[v'|*n

R
Jm=/ [Iv’lzln’lz+Iu’I2|§/|2+(m2—1) > —M’u’[
0 r

m?—1 m?

b2
— +c2v

V6

] (& — n)z}rdr,

. 12£2 2,2 2002, 2 g0 4mo,
In = A T|M|5 +r7|u|§ + ul”1¢" +73”M§ —rT”M‘H rdr.

@ Springer



Stability of point defects of degree i% . Page 27 of 33 119

Since v’(f’/—% + ¢*v) < 0in (0, R), itis clear that 7, > 0. As for Z,,,, we compute

Rim*—1 4m—1)
T =/0 ['”rz (P8 + i) — 2D

1 2 4
e + w1+ Suu'E? - —zuu’é'{]rdr
r r r

Rlm—1)? 2(m — 1
= [ e ke + 2D e - ey
i

2uu’ 2
+r73(5—§”)2+r72(§+§/r) ]rdr > 0.

(Here we have used the identity fOR (WPt +uu'c?) dr = %fOR w?c%Y dr = 0.) We conclude
that Py, (wo, wi, wa) > 0 form > 1 and b* #* 3a2c?,
Let us now turn to the case b* = 3a%c2. By [26, Proposition 3.5], v = — £ and u is the

76

unique solution of

r 7'2

1 k2 s2 s
WA —u — u=crulur =), u0) =0,uR) = .
> 0) (R) NG

Furthermore u > 0 and u’ > 0.

The argument above for b* # 3a?c? does not apply directly since v’ = 0 and we cannot
write wg = v’ 7 unless wy = 0. Nevertheless, with the above explicit value of v, the
expression for P,,, for m > 0, simplifies to

R 2
m 1 2 2
Pm<wo,w1,w2>=/ {|w{)|2+|w3|2+|w/2|2+—r2 fwol? + 5 (Jmwi = wal* + i = muws )
0
1 2 2 2 2 1 2 2 2 2 1 202 2 2
+5¢ u” + s3)wol +5¢ (6u” — si)|wi] +5¢ W’ = sPDlwo|"rdr.

It is readily seen that the contribution of wy is non-negative and uncoupled with w; and w;.
Thus, in proving the positivity of P,,, we can assume without loss of generality that wy = 0.
The foregoing analysis now applies yielding P,, (wo, wi, wz) > 0 forall m > 1.

II. Case m = 0: Note that
Po(wo, wi, wa) = B(wy, wo) + F(wy)

where B stands for the second variation of &% (1, v) (see (1.18)) while
= K /2 w% 2 2, 22 2 2
F = — — —b d
(w») /0 [|w2| +r2 +( a +\@ v+c (u +v))|w2| ]r r

R
:/ @H2urdr >0
0

by the computation in the previous case with the Hardy decomposition wy = u¢. One
concludes that Py(wq, wi, wz) > 0 thanks to (1.19). m]

Let us now turn to the study of the kernel of .Z[Q] in V.

Proposition 4.3 Under the hypotheses of Proposition 4.1, £[Q](P) = 0 for some P € V;
if and only if the dichotomy in the second part of Theorem 1.4 holds.
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Proof We will consider only the case k = 1 and omit the very similar proof for k = —1.
Assume that P € V; and Z[Q](P) = 0. Define Py, as in (4.4) so that P = >_ P,,. By
(4.5) and Proposition 4.1, we have that Z[Q](P,,) = 0 for all P,,.
Define

Y = {w S (0, R) — R|VF(w'| + |w]) € L2(0, R), and w(R) = 0if R < oo]. (4.6)

For the functionals P, defined in the proof of Proposition 4.1, we make the following four
claims.

(i) Forallm > 2 and w; € ¥ N L2((0, R); %dr), there holds

Rl 2 )
Pnz(w07wl»w2)2/ = wi*dr.
o "%

(i) For bt #* 3a%c? and for all wg € Y N LZ((O, R); %dr) and wi, wy € Y such that
lwi — wa| € L2((0, R); 1 dr), there holds

Pr(wo, wy, wa)

2 2 /

b 2

2/0 [' l rg)' 1> = 2uu'v' [%Jrczv] (S—ﬂ)2+%($—§r)2]rdr
where n = 52, & = 7+ and ¢ = 2.

111 or = 3a“c” and for all wg € N s ;—~dr) and wi, wy € such that

(iii) For b* = 3a2¢? and for all Y N L*((0, R); 1 dr) and Y such th
lwi — wy| € L2((0, R); L dr), there holds

R
Pl(wo,wl,m)z/o [r—z|wo| B ey 4 2 e <s—;r)]

where § = %1 and ¢ = =2.
(iv) Forall wo, wy € ¥ N L%((0, R); 1 dr) and wy € Y, there holds

R (whu — wy u')?

Po(wo, wi, wa) = B(wi, wp) +/ rdr.
0

U2

When wg, wi, wy € C°(0, R), the above claims were established in the proof of Proposi-

tion 4.1. They continue to hold in this generality, thanks to Fatou’s lemma, since the left hand

sides are quadratic linear forms while the integrands on the right hand sides are non-negative.
Now, we see that Py, (wp, w1, wy) = 0 if and only if one of the following three cases

occurs:

e m>2and wy = w; = wy =0,
e orm = 0and wy, = 0 and B(w;, wy) = 0,
e orm = 1and (wg, wi, wa) = (tv', tu’, %u) for some constant 7.

The conclusion is then readily seen from the above and the fact that

d
90 =v'(r)cos@Ey 4+ u'(r)cospE| — k@ sinpEs,
0x1 r
d
90 =0/ (r)sinpEg+ u'(r)sinpE; + k@ cos pE;.
dxo r
We omit the details. ]
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4.3 Stability in the space V,

Proposition 4.4 Let a2 >0, b%c% > 0be fixed constants, R € (0, 00], and k = %1. Let
(u, v) be a solution of (1.6) on (0, R) under the boundary condition (1.11) such that u > 0
and v < 0 and let Q be k-radially symmetric solution Q of (1.2) (on Bg) and (1.9) given
by (1.4). Then Z[Q]1(P) > 0 for all nonzero P € V>.

Proof We will consider only the case k = 1 and omit the very similar proof for k = —1.
Let P = w3E3 + w4 E4. Then

27 2
ZI01(P) = // ‘ [|8w,|+ |8¢w,|+(—a —jgv+c‘2(u2+v2))|wi|2i|

_[i/z ((w3 U)4) cos(kp) 4+ 2uwzwy sin(k<p)) ] rdrde.

We will represent
w = w3 +iwg

to obtain

f[Q](P)—/R /2” [le|2 + (—a2 - b—zv + W+ vz)) lw|? — l)z—uRe(wze’i‘p) rdrd
B 0 0 «/6 \/E v

Now we can use Fourier decomposition

w= &ue"?.

nez

We note that &, € ¥ N L2((0, R); %dr) forn # 0 and & € Y, where Y is defined by (4.6).
It is clear that

2w 21
/0 e dy = / D g (e ‘“"d¢—4ﬂ25n<r>51 n(r).

n,mez n=1

Therefore

ZI0IP) < 2 2
ZOLD Z/ (1602 + 160+ Sl 4 S

2
+ (—a2 - %ch(»ﬂ + vz)) (& +1E1-n ) — fzbzuRe(snsl_,n} rdr
=J1+ /o,

where J| and J; correspondton = 1 andn > 2.
Estimating J,. We use Hardy decomposition trick &, = un, forn > 2andn < —1 to
obtain

2
b= Z/ [I-‘Enl g+ e+

2
+ (—cﬂ - %v + W + v2>) (&> + 1612 ) — ﬁbzuRe@nsl_n)] rdr
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o R 2 2
n*—1 1-n?—1
=Z/ [|n;,|2+|ni_n|2+ 1l + ———— Il
—y 0 r r

2

3b
—%v(mnﬂ + -l — ﬁquRe(nnm_o} u’rdr

> (R p2 V3 2 2y 2
—=(=V3v = w)(Inul” + Im—nHurdr
> A

v

v

o) R bZ
Z/O 72(—ﬁv — (& + |E1-nDr dr.
n=2

Using the fact that —3v —u > 0in (0, R) (cf. (2.2)), we obtain that J» > 0 for nonzero
modes {&,},x0,1. (Strictly speaking the above estimates are first shown for &, € C2°(0, R)
and then extendto &, € Y N L2((0, R); } dr) by density.)

Estimating J1.For &y, &1 € C2°(0, R), we have by Hardy decomposition trick for &y = vno
and & = uny:

R
1
J =/0 [|s{|2+|éé|2+r—2|sl|2

2
+ (—a2 - %v + W + v2>) (&1 1> + €01®) — ﬁbzuRe(mw] rdr.

R 12,2 /12,2 3 2 b 2 2 2
=/ i P + I P? = Zvler = = leol” = V2P uRe(6i0) | rdr
0 v

= /OR [m’l Pu? + ol 2v* — vijé ‘ﬁvé‘] + u&o‘z] rdr.
As in the proof of Proposition 4.3, this leads to’
KT 2o oo b 2
Ji Z/O [Iml u”+|nolv —%‘\@vél +u§o‘ ]rdr

foréy e Yand & e Y N L2((O, R); %dr). Therefore, J; > 0 for nonzero modes {§,},=0,1-
We conclude that Z[Q](P) > 0. ]

4.4 Proof of Theorem 1.4

The theorem is a consequence of Propositions 4.1, 4.3 and 4.4. O
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CNCS-UEFISCDI, project number PN-II-RU-TE-2014-4-0657. Note added in proof After our paper was
finished, the preprint [19] was brought to our attention.

3 Equality can actually be shown using precise asymptotical behaviors of « and v at the origin and at infinity,
but this weaker form suffices for our purpose here.
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Appendix

Lemma 5.1 Assume that a2 >0,b% ¢ > 0. Let

b
(x, >=— (x )+ S <x +yH? - (v* —3x%).
S,y y y 3ngy
Then
2 2 2
a” 5, 2% 5 ¢y
M S =S T gy S sy

. . . 2 1 1
which is attained at (and only at) (O, %s_,_) and ( + 35+ —%S+)~ Furthermore, the

Hessian of f at all these critical points is positive definite.

Proof We write x =r sing and y = r cos ¢ for some » > 0 and ¢ € [0, 27). Then

Fan ==t S P egaps R S Y g
X,y)=——r —r = r cosd3¢p = ——r —r = ro=: f(r).

2 4 36 2 4 36
It is easy to check that f has three critical points, r = 0 and r = %si where the first one

is a local maximum point and the other two are local minimum points. The global minimum
of f is then verified to be achieved at r = %s.,_. We have thus shown that

7 (2 al, 2 5 gy
f(X,Y)Zf %S-ﬁ— :—?S+—?S+ €S+,
and equality 1s attained 1f and only it r = —“=s4 and ¢ € e first assertion

follows.

Now a computation using —a? Lk

——s+—|— s+_Oleadsto

2 brs 0
D (0, —=sy)=|" .7 :
o) =1" é<3a2+b2s+>]

5 1 02s3_ :I:%(—c2 s_%_ + b2 S4)
D f ( S_;’_7 S+) =
V2 NG £ p(=Pst+bsy)  5(ePst 42075y
from which the last assertion follows. ]
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