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1 Introduction

In the field of geometric analysis, one of the fundamental results is the following Li—Yau’s
local gradient estimate for solutions of the heat equation on a complete Riemannian manifold.

Theorem 1.1 (Li—Yau [34]) Let (M", g) be an n-dimensional complete Riemannian man-
ifold, and let Bar be a geodesic ball of radius 2R centered at O € M". Assume that
Ric(M"™) > —k with k > 0. If u(x, t) is a smooth positive solution of the heat equation
Au = 0;u on Byg x (0, 00), then for any a > 1, we have the following gradient estimate in
Bg:

2
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where [ :=Inu and C is a constant depending only on n.
By letting R — oo in (1.1), one gets a global gradient estimate, for any o > 1, that

F< na’k n no?
T 2(a—1) 2t

There is a rich literature on extensions and improvements of the Li—Yau inequality, both
the local version (1.1) and the global version (1.2), to diverse settings and evolution equations,
for example, in the setting of Riemannian manifolds with Ricci curvature bounded below
[9,15,32,33,47], in the setting of weighted Riemannian manifolds with Bakry—Emery Ricci
curvature bounded below [7,12,35,43] and some non-smooth setting [10,44], and so on.

Let (X,d, ) be a complete, proper metric measure space with supp(n) = X. The
curvature-dimension condition on (X, d, i) has been introduced by Sturm [48] and Lott and
Villani [36]. Given K € R and N € [1, oo], the curvature-dimension condition CD(K, N)
is a synthetic notion for “generalized Ricci curvature >K and dimension <N” on (X, d, i).
Bacher and Sturm [6] introduced the reduced curvature-dimension condition CD*(K, N),
which satisfies a local-to-global property. On the other hand, to rule out Finsler geometry,
Ambrosio et al. [1] introduced the Riemannian curvature-dimension condition RC D (K, 00),
which assumes that the heat flow on L2(X) is linear. Remarkably, Erbar et al. [16] and Ambro-
sio et al. [5] introduced a dimensional version of Riemannian curvature-dimension condition
RCD*(K, N) and proved that it is equivalent to a Bakry—Emery’s Bochner inequality via
an abstract I'>-calculus for semigroups. In the case of Riemannian geometry, the notion
RCD*(K, N) coincides with the original Ricci curvature >K and dimension <N, and for
the case of the weighted manifolds (M", g, e? . voly), the notion RCD*(K, N) coincides
with the corresponding Bakry—Emery’s curvature-dimension condition [36,48]. In the setting
of Alexandrov geometry, it is implied by generalized (sectional) curvature bounded below
in the sense of Alexandrov [42,52].

Based on the I'-calculus for the heat flow (H; f);>0 on L*(X ), many important results
in geometric analysis have been obtained on a metric measure space (X, d, ) satisfy-
ing RCD*(K, N) condition. For instance, Li—Yau—Hamilton estimates for the heat flow
(H; f)i>0117,28,30] and spectral gaps [31,37,44] for the infinitesimal generator of (H; f);>0.

In this paper, we will study the locally weak solutions of the heat equation on a metric
measure space (X, d, ). Let 2 C X be anopen set. The RC D*(K, N) condition implies that
the Sobolev space WL2(Q) is a Hilbert space. Given an interval / C R, a function u(x, 1) €
WL2(Q x 1) is called a locally weak solution for the heat equation on 2 x [ if it satisfies

—//(Vu,V(/))dudt://a—u - pdudt (1.3)
1Ja 1Jq ot

IVF? —a-d (1.2)
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for all Lipschitz functions ¢ with compact support in 2 x 7, where the inner product (Vu, V)
is given by polarization in W12 ().

Notice that the locally weak solutions u(x, t) do not form a semi-group in general. The
method of I'>-calculus for the heat flow in the previous works [17,28,31] is no longer be
suitable for the problems on locally weak solutions of the heat equation.

To seek an appropriate method to deal with the locally weak solutions for the heat equation,
let us recall what is the proof of Theorem 1.1 in the smooth context. There are two main
ingredients: the Bochner formula and a maximum principle. The Bochner formula states that

2
%ﬂw, VAF) + K|V f|? (1.4)

ANV =

> =
for any C3-function f on M” with Ricci curvature Ric(M") > K for some K € R. The
maximum principle states that if f(x) is of C> on M” and if it achieves its a local maximal
value at point xo € M", then we have

Vf(xo) =0 and Af(xp) <O. (1.5)

For simplification, we only consider the special case that u(x, ¢) is a smooth positive solution
for heat equation on a compact manifold M" with Ric(M") > 0. By using the Bochner
formula to In u, one deduces a differential inequality

A-2YFs 2(VfVF)+2F2 F
ot - 7 nt t’

where f = Inu and F = t(|V fI> = f ) Then by using the maximum principle to F at
one of its maximum points (xg, 7o), one gets the desired Li—Yau’s estimate

max F = F(xg, ty) < %

In this paper, we want to extend these two main ingredients to non-smooth metric measure
spaces. Firstly, let us consider the Bochner formula in non-smooth context. Let (X, d, ) be a
metric measure space with RC D*(K, N). Erbaretal. [16] and Ambrosio et al. [5] proved that
RCD*(K, N) condition is equivalent to a Bakry—Emery’s Bochner inequality for the heat
flow (H; f):>0 on X. This provides a global version of Bochner formula for the infinitesimal
generator of the heat flow (H; f);>0 (see Lemma 2.3). On the other hand, a good cut-off
function has been obtained in [5,24,40]. By combining these two facts and an argument in
[24], one can localize the global version of Bochner formula in [5,16] to a local one.

To state the local version of Bochner formula, it is more convenient to work with a notion
of the weak Laplacian, which is a slight modification from [18,20]. Let 2 C X be an open
set. Denote by H'(R) := W'2(Q) and H} (Q) := W% (). The weak Laplacian on Q is an
operator . on H 1(Q) defined by: for each function f € H 1(Q), 2 f is a functional acting
on Hj () N L>(Q) given by

Lf(@) =~ /Q (VS Vo)du ¥ ¢ e HH ()N LE(Q).
In the case when it holds

i’f(qb)z/h-dwlu YO0 <¢eHH(QNLXEK)
Q
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for some function & € LIIOC(Q), then it is well-known [23] that the weak Laplacian . f can

be extended to a signed Radon measure on 2. In this case, we denote by
Lfzh-n

on €2 in the sense of distributions.
Now, the local version of Bochner formula is given as follows.

Theorem 1.2 ([5,24]) Let (X, d, j1) be a metric measure space with RC D*(K, N) for some
K e Rand N > 1. Assume that f € HY(BR) such that £ f is a signed measure on Bg with
the density g € H'(Bg) N L>®(Bg). Then we have |V f|*> € H'(Bg2) N L>(Bg/2) and
that f(|Vf|2) is a signed Radon measure on B> such that

1 g2
AR [ﬁ +(Vf,Ve) + KIVfIQ} ~u
on Bg> in the sense of distributions.

Next, we consider to extend the maximum principle (1.5) from smooth Riemannian man-
ifolds to non-smooth metric measure spaces (X, d, u). A simple observation is that the
maximum principle (1.5) on a smooth manifold M" has the following equivalent form:

Suppose that f(x) is of C* on M"™ and that it achieves its a local maximal value at point
X0 € M". Given any w € C'(U) for some neighborhood U of xo. Then we have

Af(xo) +(Vf, Vw)(xo) = 0.

In the following result, we will extend the observation to the non-smooth context. Technically,
it is our main effort in the paper.

Theorem 1.3 Let Q be a bounded domain in a metric measure space (X,d, n) with
RCD*(K, N) for some K € Rand N > 1. Let f(x) € H' () N Ly (2) such that
Z f is a signed Radon measure with "¢ f > 0, where LS8 f is the singular part with
respect to . Suppose that f achieves one of its strict maximum in 2 in the sense that: there
exists a neighborhood U CC 2 such that

sup f > sup f.
U Q\U

Then, given any w € H'(2) N L® (), there exists a sequence of points {xj}jen C U such
that they are the approximate continuity points of £ f and (V f, Vw), and that

f(xj)=sup f—1/j and 2% f(x;) +(Vf, Vw)(x;j) < 1/j.
Q
Here and in the sequel of this paper, supy; f means esssupy; f.

This result is close to the spirit of the Omori—Yau maximum principle [41,51]. It has
also some similarity with the approximate versions of the maximum principle developed, for
instance by Jensen [26], in the theory of second order viscosity solutions.

A similar parabolic version of the maximum principle, Theorem 4.4, will be given in Sect.
4.

After obtaining the above Bochner formula and the maximum principle (Theorems 1.2,
4.4), we will show the following Li—Yau type gradient estimates for locally weak solutions
of the heat equation, which is our main purpose in this paper.
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Theorem 1.4 Let K > 0 and N € [1, o), and let (X, d, 1) be a metric measure space
satisfying RCD*(—K, N). Let T, € (0, 00] and let Byg be a geodesic ball of radius 2R
centeredat p € X, and letu(x,t) € Wl'z(BzR x (0, T*)) be a positive locally weak solution
of the heat equation on Bog x (0, Ty). Then, given any T € (0, Ty), we have the following
local gradient estimate

1 KT Ne? 1
SUPB R x(B-T,T] (|Vf|2 —a- %f) (x,1) < max[ls 5+ m} ST e
R (=g TN g VR T re
forany a > 1 and any B € (0, 1), where f = Inu, and Cy is a constant depending only on
N. Here and in the sequel of this paper, SUp g, 4 p] § Me€Ans €ss sUPg. . 14 p) & for a function

g(x,1).

The local boundedness and the Harnack inequality for locally weak solutions of the heat
equation have been established by Sturm [49,50] in the setting of abstract local Dirichlet
form and by Marola and Masson [39] in the setting of metric measure with a standard
volume doubling property and supporting a L>-Poincare inequality. Of course, they are
available on metric measure spaces (X, d, u) satisfying RC D*(K, N) for some K € R and
N € [1, 00). In particular, any locally weak solutions for the heat equation must be locally
Hélder continuous.

As a consequence of Theorem 1.4, letting R — oo and B — 1, we get the following
global gradient estimates.

(1.6)
_|_

Corollary 1.5 Let (X, d, ) and K, N, Ty be as in the Theorem 1.4. Let u(x, t) is a positive
solution of the heat equation on X x (0, Ty). Then, for almost all T € (0, T), the following
gradient estimate holds

5 3 1 KT | No? KT '\ No?
sup (VAP —a- —f) @, T) <max {1, -+— - — <1+ )=
reX at 2 2a-1] 2r 2a—1)) 2T

forany o > 1, where f = Inu.

As another application of the maximum principle, Theorem 1.3, and the Bochner formula,
we will deduce a sharp Yau’s gradient estimate for harmonic functions on metric measure
spaces satisfying RCD*(—K, N) for K > 0and N > 1.

Let us recall the classical local Yau’s gradient estimate in geometric analysis (see [14,
38,51]). Let M" be an n(> 2)-dimensional complete non-compact Riemannian manifold
with Ric(M™) > —k for some k > 0. The local Yau’s gradient estimate asserts that for any
positive harmonic function # on Bsg, then

c
sup [VInul < /(n — Dk + I(:).

Bg

(1.7)

In particular, if u is positive harmonic on M" and Ric > —(n — 1) on M" then it follows
that |V 1ogu| < n—1on M". This result is sharp, in fact the equality case was characterized
in [38]. This means that for k = n — 1 in (1.7) the factor /n — 1 on the right hand side is
sharp.

Let (X, d, i) be a metric measure space satisfying RC D*(—K, N) for some K > 0 and
N € (1, 00). It was proved in [27] the following form of Yau’s gradient estimate that, for
any positive harmonic function # on Bog C X, it holds

sup |VInu| < C(N, K, R). (1.8)
Br
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93 Page 6 of 30 H. Zhang, X. Zhu

In the setting of Alexandrov spaces, by using a Bochner formula and an argument of Nash—
Moser iteration, it was proved in [25,53] the following form of Yau’s gradient estimate
holds: given an n-dimensional Alexandrov space M and a positive harmonic function # on
Byr C M, if the generalized Ricci curvature on Bog C M has a lower bound Ric > —k,
k > 0, in the sense of [52], then

Ca(n)

sup |[VInu| < Cy(n)vVk + .
Br R

Indeed, by applying Theorem 1.2, the same argument in [25,53] implies this estimate still
holds for harmonic function # on a metric measure space (X, d, u) with RC D*(—k, n).
However, it seems hopeless to improve the fact C(n) to the sharp +/n — 1 in (1.7) via a
Nash—Moser iteration argument.

The last result in this paper is to establish a sharp local Yau’s gradient estimate on metric
measure spaces with Riemannian curvature-dimension condition.

Theorem 1.6 Let K > 0 and N € (1,00), and let (X, d, ) be a metric measure space
satisfying RCD*(—K, N). Let Byg be a geodesic ball of radius 2R centered at p € X, and
let u(x) be a positive harmonic function on Bygr. Then the following local Yau’s gradient

estimate holds
148 C(N)
s;1£|Vlnu|§ 71—;3.(N_1)K+7/3(1—/3)-R (1.9)

forany g € (0, 1).

2 Preliminaries

Let (X, d) be a complete metric space and . be a Radon measure on X with supp(u) =
X. Denote by B,(x) the open ball centered at x and radius r. Throughout the paper, we
assume that X is proper (i.e., closed balls of finite radius are compact). Denote by L?(Q2) :=
LP(€2, ) for any open set 2 C X and any p € [1, oo].

2.1 Reduced and Riemannian curvature-dimension conditions

Let 2,(X, d) be the L2-Wasserstein space over (X, d), i.e., the set of all Borel probability
measures v satisfying

/ d?(xo, x)dv(x) < 00
X

for some (hence for all) xg € X. Given two measures v1, vy € 25(X, d), the L2-Wasserstein
distance between them is given by

Wz(vo, vp) = inf/

X x

d*(x, y)dq(x, y)
X

where the infimum is taken over all couplings g of v and vy, i.e., Borel probability measures
g on X x X with marginals vo and v;. Such a coupling ¢ realizes the L>-Wasserstein distance
is called an optimal coupling of vg and v;. Let 2>(X,d, n) C P»(X, d) be the subspace
of all measures absolutely continuous w.r.t. . Denote by P (X, d, n) C 22(X,d, ) the
set of measures in %, (X, d, ) with bounded support.
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Local Li—Yau’s estimates... Page 7 of 30 93

Definition 2.1 Let K € Rand N € [1, 00). A metric measure space (X, d, u) is called to
satisfy the reduced curvature-dimension condition C D*(K, N) if any only if for each pair
Vo = po- U,V = p1 - U € Poo(X,d, 1) there exist an optimal coupling ¢ of them and a
geodesic (V; 1= p; - U)re[0,1] I Poo(X, d, u) connecting them such that for all € [0, 1]
and all N/ > N:

Jort™au = [ [apieoxn ™ oo+ oy @oxner Y o]
X XxX

dq(xo, x1),

where the function

sin(v/k-10) 2 2
TR 0 < kb <m~,
2
0) t, ko< =0,
% (0) = 1 Gun/Ta0) k0% <0
sinh(v/—k-0) ’ ’
00, k6% > 72

Given a function f € C(X), the pointwise Lipschitz constant [13] of f at x is defined by

Lipf () = limsup L0 =S O s sup LD =S

y—x d(x, y) r—0 d(x,y)<r r
where we put Lip f (x) = 0 if x is isolated. Clearly, Lip f is a u-measurable function on X.
The Cheeger energy, denoted by Ch : L%(X) — [0, co], is defined [4] by

Ch(f) := inf[nminfl / (Lip fj)%m],
J—0o0 2 X

where the infimum is taken over all sequences of Lipschitz functions ( f;) jen converging to
fin L3(X).In general, Ch is a convex and lower semi-continuous functional on L2(X).

Definition 2.2 A metric measure space (X, d, u) is called infinitesimally Hilbertian if the
associated Cheeger energy is quadratic. Moreover, (X, d, ) is said to satisfy Riemannian
curvature-dimension condition RCD*(K, N),for K € Rand N € [1, 00), if it is infinitesi-
mally Hilbertian and satisfies the C D*(K, N) condition.

Let (X, d, ) be a metric measure space satisfying RC D*(K, N). For each f € D(Ch),
ie., f € L*(X) and Ch(f) < oo, it has

1 2
Ch(f) = E/XIVfI dn,

where |V f| is the so-called minimal relaxed gradient of f (see §4 in [4]). It was proved,
according to [4, Lemma 4.3] and Mazur’s lemma, that Lipschitz functions are dense in
D(Ch), i.e., foreach f € D(Ch), there exist a sequence of Lipschitz functions (f;) jen such
that f; — f in L>(X) and [V(f; — f)| — 0in L?(X). Since the Cheeger energy Ch is
a quadratic form, the minimal relaxed gradients bring an inner product as following: given
f, g € D(Ch), it was proved [18] that the limit

. 2 _ 2
(Vf.Vg) = lim IV(f+e-9I" —IVSfI
e—0 2¢

exists in L!(X). The inner product is bi-linear and satisfies Cauchy—Schwarz inequality,
Chain rule and Leibniz rule (see Gigli [18]).
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93 Page 8 of 30 H. Zhang, X. Zhu

2.2 Canonical Dirichlet form and a global version of Bochner formula

Given an infinitesimally Hilbertian metric measure space (X, d, ), the energy & := 2Ch
gives a canonical Dirichlet form on L2(X) with the domain V := D(Ch). Let K € R and
N € [1,00), and let (X, d, ) be a metric measure space satisfying RCD*(K, N). It has
been shown [1,3] that the canonical Dirichlet form (&, V) is strongly local and admits a
Carré du champ I" with ['(f) = |V f|*> of f € V. Namely, the energy measure of f € V
is absolutely continuous w.r.t. i with the density |V f |2. Moreover, the intrinsic distance d
induced by (&', V) coincides with the original distance d on X.

It is worth noticing that if a metric measure space (X, d, u) satisfying RCD*(K, N)
then its associated Dirichlet form (&£, V) satisfies the standard assumptions: the local volume
doubling property and supporting a local L2-Poincare inequality (see [45,48)).

Let (Ag, D(Ag)) and (H; f);>0 denote the infinitesimal generator and the heat flow
induced from (&, V). Let us recall the Bochner formula (also called the Bakry—Emery con-
dition) in [16] as following.

Lemma 2.3 Let (X, d, ) be ametric measure space satisfying RC D*(K, N) for K € Rand
N € [1,00), and let (&, V) be the associated canonical Dirichlet form. Then the following
properties hold.

(i) [16, Theorem 4.8]1 If f € D(Ag) with Agf € Vand if ¢ € D(Ag) N L*®(X) with
¢ > 0and Ag¢p € L*°(X), then we have the Bochner formula:

1 1
! / As¢- |V fPdp > — / $(Ae f)dp + / $(V(As ).V f)dp
2 X N X X

+K/ SV fdu. 2.1)
X

(ii) [5, Theorem 5.51If f € D(Ag) with Ag f € L*(X)NL*(X) and if ¢ € V with ¢ > 0,
then we have |V f|? € V and the modified Bochner formula:

1
/X (—5<V|Vf|2, Vo) +Asf - (V. V) + - (Agf)z) dp
1
> / (KIVf|2+ﬁ(A£f)2)-¢>du. 22)
X

We need the following result on the existence of good cut-off functions on RC D*(K, N)-
spaces from [40, Lemma3.1]; see also [5,19,24].

Lemma 2.4 Let (X, d, 1) be a metric measure space satisfying RCD*(K, N) for K € R
and N € [1, 00). Then for every xo € X and R > 0 there exists a Lipschitz cut-off function
x : X — [0, 1] satisfying:

(i) x = 1on Byry3(xo) and supp(x) C Br(xp);
(ii)) x € D(Ag) and Agy € VN L®(X), moreover |Agx|+|Vyx| < C(N,K,R).

2.3 Sobolev spaces
Several different notions of Sobolev spaces on metric measure space (X, d, ;) have been

established in [13,21,22,46]. They are equivalent to each other on RC D*(K, N) metric
measure spaces (see, for example [2]).
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Let (X, d, ) be a metric measure space satisfying RC D*(K, N) for some K € R and
N € [1, 00). Fix an open set 2 in X. We denote by Lipjoc(£2) the set of locally Lipschitz
continuous functions on €2, and by Lip(2) (resp. Lipo(£2)) the set of Lipschitz continuous
functions on €2 (resp, with compact support in €2).

Let @ C X be an open set. Forany 1 < p < +ooand f € Lipjoc(£2), its WLP(Q)-norm
is defined by

I lwire) = I1f e + ILipfllLr()-
The Sobolev spaces W!7(R) is defined by the closure of the set

{/ € Lipoc(@)] 1 1) < +00}

under the W17 (Q)-norm. Remark that W17 () is reflexive for any 1 < p < oo (see [13,
Theorem 4.48]). Spaces Wol’p(Q) is defined by the closure of Lipo(£2) under the wkp(Q)-

norm. We say a function f € WIL’CP(Q) if f e WhP() for every open subset ' CC .
The following two facts are well-known for experts. For the convenience of readers, we
include a proof here.

Lemma 2.5 (i) Forany1 < p < 00, we have WP (X) = WOI’P(X).
(i) WL2(X) = D(Ch).

Proof Given a function f € Lip(X) N WP (X), in order to prove (i), it suffices to find a
sequence (f;)jen of Lipschitz functions with compact supports in X such that f; — f in
whr(x).

Consider a family of Lipschitz cut-off x; with, foreach j € N, x;(x) = 1forx € B;(xo)
and x;j(x) = Oforx ¢ Bj;1(xp), and 0 < x;(x) < 1,|Vx;|(x) < 1forall x € X.
Now f - x; € Lipo(X) and f - x;j(x) — f(x) for u-almost all x € X. Notice that
[f-x;jl <1f] € LP(X)forall j, the dominated convergence theorem implies that f-x; — f
in L?(X) as j — o0. On the other hand, since

VO XL IV x5 + LTIV X< IV T+ 1 fT e LP(X)

for all j € N, we obtain that the sequence (f - x;) jen is bounded in WP (X). By noticing
that W17 (X) is reflexive (see [13, Theorem 4.48]), we can see that S+ xj converges weakly
to f in Wh?(X) as j — oo. Hence, by Mazurs lemma, we conclude that there exists a
convex combination of f - x; converges strongly to f in WLP(X) as j — oo. The proof of
(i) is completed.

Let us prove (ii). It is obvious that W'2(X) c D(Ch), since Lip(X)NW'2(X) C D(Ch)
and |V f,,| < Lip(f,). We need only to show D(Ch) ¢ W12(X). This follows immediately
from the fact that Lipschitz functions are dense in D (Ch). The proof of (ii) is completed. O

3 The weak Laplacian and a local version of Bochner formula

Let (X, d, t) be a metric measure space satisfying RCD*(K, N) for some K € Rand N €
[1, 00). Fix any open set 2 C X. We will denote by the Sobolev spaces HO1 (Q) = W(}’z(Q),

HY(Q) == WIA(Q) and H] (Q) := W-2(Q).

Definition 3.1 (Weak Laplacian). Let Q2 C X be an open set, the Laplacian on € is an
operator . on H' () defined as the follows. For each function f € H'(), its Laplacian

@ Springer



93 Page 10 of 30 H. Zhang, X. Zhu

& f is a functional acting on H{ () N L> () given by
ZLf(@) = —/Q(Vf’ Ve)du V¢ € Hy () NL®(KQ).

Forany g € H'(Q)NL> (L), the distribution g-.Z f is a functional acting on HOl ()NL®(R)
defined by
g ZLf(p):=2Lf(gp) Y¢eHj(Q)NLOQ). (3.1

This Laplacian (on €2) is linear due to that the inner product (V f, Vg) is linear. The
strongly local property of the inner product | x(Vf,Vg)du implies thatif f € H 1(X) and
f = constant on Q then £ f (¢) = 0 for any ¢ € H} (Q) N L®(RQ).

If, given f € H (), there exists a function u € LIIOC(Q) such that

L) = /Q up-gdp ¥ e HY(Q)NLE(SQ), (32)

then we say that “.Z f is a function in LIIOC(Q)” and write as “.Z f = uy in the sense of
distributions™. It is similar to say that “. f is a function in L () or WIL‘CP () for any
p € [1,00]”, and so on.

The operator . satisfies the following Chain rule and Leibniz rule, which is essentially
due to Gigli [18].

Lemma 3.2 Let Q be an open domain of a metric measure space (X,d, |1) satisfying
RCD*(K, N) for some K € Rand N € [1, 00).

(i) (Chainrule) Let f € HY () N L®() and n € C*(R). Then we have

LI =u'(f)-ZLf+n"(f)-IVfP. (33)
(i) (Leibnizrule) Let f, g € H'(2) N L%°(Q). Then we have
L(f-Q=f ZLg+g Lf+2VS, Vg) (3.4)

Proof The proof is given essentially in [18]. For the completeness, we sketch it. We prove
only the Chain rule (3.3). The proof of Leibniz rule (3.4) is similar.
Given any ¢ € HO1 () N L*®(R), we have

Zn(NHe) = —/Q(V[n(f)], Vo)du = —/er/(f) (VS Ve)dpu,

where we have used that (see [18, §3.3]) the inner product (V f, V¢) satisfies the Chain rule,

ie, (V[n(NH], Vo) =n'(f) - (Vf, Vo).
On the other hand, by (3.1), we obtain

W' () -Zf+0" () - IVPI@) = ZLf W () -¢) + Jon" () - IVfI? - pdu
== [(VE VU () - @di+ [on" () - IV - pdp
— JoV. Vo) -0 (fHdu,

where we have used that n'(f) - ¢ € HO1 () N L*°(2) and that (see [18, §3.3]) the inner
product (V f, Vg) satisfies the Chain rule and Leibniz rule, i.e.,

(VE V@' () -8)) = (V. Vo' () +(VF, V(' ()¢
= (VL. VeI () + (VL. V) -n"(NHg.

The combination of the above two equations implies the Chain rule (3.3). The proof is
completed. O
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To compare the above Laplace operator . on X with the generator A g of the canonical
Dirichlet form (&, V), it was shown [18] that the following compatibility result holds.

Lemma 3.3 (Proposition 4.24 in [18]) The following two statements are equivalent:

i) f e HY(X) and £ f is a function in L*(X),
ii) /e D(Ag).

In each of these cases, we have L f = Ag f.

The following regularity result for the Poisson equation has been proved under a Bakry—
Emery type heat semigroup curvature condition, which is implied by the Riemannian
curvature-dimension condition RC D*(K, N) (see [16, Theorem 7] and [5, Theorem 7.5]).

Lemma 3.4 ([27,29]) Let (X, d, 1) be a metric measure space satisfying RC D*(K, N) for
K € Rand N € [1,00). Let g € L°°(Bg), where B is a geodesic ball with radius R
and centered at a fixed point xq. Assume f € H'(Bg) and £ f = g on By in the sense of
distributions. Then we have |V f| € L2 (Bg), and

loc

IV flllLoc(Bg) < C(N, K, R) - ( I 1lLse) + ||g||L°°(BR))

1
(BRr)
Proof In the case of g = 0, i.e., f is harmonic on Bg, the assertion is proved in [27,
Theorem 1.2] (see also [19, Theorem 3.9]). In the general case g € L% (S2), this is proved
in [29, Theorem 3.1]. The assertion of the constant C (N, K, R) depending only on N, K, R
comes from the fact that both the doubling constant and L2-Poincare constant on a ball Bg
of a RCD*(K, N)-space depend on N, K and R. ]

Now we will give a local version of the Bochner formula, Theorem 1.2, by combining the
modified Bochner formula (2.2) and a similar argument in [24,28].

Theorem 3.5 ([5,24]) Let (X, d, i) be a metric measure space satisfying RC D*(K, N) for

K e Rand N € [1, 00). Let Bg be a geodesic ball with radius R and centered at a point x.
Assume that f € H'(Bg) satisfies £ f = g on By in the sense of distributions with the

function g € H'(Bg) N L®(BR). Then we have |V f|*> € H' (Bg/2) N L>(Bg2) and

1 2
Ef(lvflz) > [gﬁ +(Vf.,Vg)+ K|Vf|2] “ion Bgrp (3.5)

in the sense of distributions, i.e.,

1 2
—5/ (VIVFP, Vo)du >/ ¢ - (% +(VF, V) +K|Vf|2)d
BR/2 BR/Z
forany 0 < ¢ € Hi(Brj2) N L®(Bg)2).

Proof From Lemma 3.4 and that g € L°°(Bg), we know |V f| € LIOC(BR)'
We take a cut-off x satisfying (i) and (ii) in Lemma 2.4. Let
f-x if xeBg

Fe) = [0 if x e X\Bg.

Then we have f € Lipo(Bg). It is easy to check supp(.¥ f) C Bg. In fact, given any
v oe Ho (X) with ¢y = 0on Bg, the strongly local property implies that fx Vf Virydu = 0.
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Now we want to calculate .ff on Bg. By the Leibniz rule (3.4), we have, on Bg,

Lf=L(f 0 =x-ZLf+[ - Lx+2Vf,Vx)
=x-8+f - Asx+2(Vf,Vx)e L (Br),

where we haveused g € L (Bg)and |V f]| € Li> (BR), andthat x, Vx|, Agx € L*(X)in
Lemma 2.4. Combmlng with supp(i”f) C Bpg,wehave ff € L2(X)NL>®(X). Therefore,
by Lemma 3.3, we get f € D(Ag) and

X -8+ [ -Aex+2(Vf.Vx) if xe€Bg

0 if x € X\Bg.
(3.6)

According to Lemma 2.3(ii) and 0 < ¢ € HO1 (Bry2) C 'V, we conclude that |Vf|2 € Vand

that

LZ(X)ﬂLw(X)aAgf=ff=’

1 - — - -
/X (—5<V|Vf|2, Vo) +Asf - (VF.VP) +6- (Agf)z) dp
1 ~ -
> N/ </>-(Agf)2du+1</ $IV FPdp.

Since f fon Bg/z, we have |V f| = |Vf| for /L a.e. on Bgr/>. Notice that |Vf|2 eV
implies that |Vf|2 e H! (Bry2). Then IVfI? e H! (Bry2), and |V|Vf| | = |V|Vf| | in
LZ(BR/Z) By (3.6) and that [Vx| = Agx = 0 on Bg2 (since x = 1 on Bg/3), we have
Ag’f = g on Bg/>. Hence, we obtain

1
/B (—E(Vlvflz, Vo) +g- (V. Vo) +¢- gz) d
R/2

1

>5[ o-fdurk [ evride (3.)
Bg)2 Br2

Noticing thatg-¢ € HO1 (Brj2)NL*(Bgs2) and £ f = g on By, in the sense of distributions,

we have

/ g-gpdu = 2L f(gp) = —/ (Vf,V(gg)du
Bgp2 Bg)2

= [ v£.e) 0du- [ (V7. V0) gau.
Bgr)2 Brp2
By combining this and (3.7), we get the desired inequality (3.5). The proof is finished. O

By using the same argument of [8], one can get an improvement of the above Bochner
formula. One can also consult a detailed argument given in [31, Lemma 2.3].

Corollary 3.6 Let (X, d, i) be a metric measure space satisfying RCD*(K, N) for K € R
and N € [1, 00). Let Bg be a geodesic ball with radius R and centered at a fixed point x.

Assume that f € H'(Bg) satisfies £ f = g on Bg in the sense of distributions with
the function g € H'(Bg) N L*°(BR). Then we have |V f|*> € H'(Bg2) N L*®(Bg2) and
that the distribution £ (|V f|?) is a signed Radon measure on B 2. If its Radon—Nikodym
decomposition w.r.t. |u is denoted by

LAV = LV - n+ 2V f1P),
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then we have .,S”Si“g(|Vf|2) > 0 and, for u-a.e. x € Bgya,

L gy 25 8 L VF Ve 4 KIV S
3 { f|)_ﬁ+(f7 g+ KI|VfI-.

Furthermore, if N > 1, for p-a.e. x € Brjy N {y V)| # 0},

2

d 2
N .(<Vf,V|Vf| ) _5) 6s)
N -1 2V FI2 N

1 2
SLENVSP) = % +(VF, V) + KIVFP+

4 The maximum principle

Let K € Rand N € [1,00) and let (X, d, ;) be a metric measure space satisfying
RCD*(K, N). In this section, we will study the maximum principle on (X, d, u). Let us
begin from the Kato’s inequality for weighted measures.

4.1 The Kato’s inequality

Let 2 be a bounded open set of (X, d, ). Fix any w € H'(9) N L®(Q), we consider the
weighted measure

M =e” - on Q.

Since, the density e~ 1¥li*@ < ¢¥ < el?lio@ on Q, we know that the associated the
Lebesgue space L?(S2, ) and the Sobolev spaces Whr(Q, uy) are equivalent to the
original L? (€2) and W17 (Q), respectively, forall p > 1. Both the measure doubling property
and the L2-Poincare inequality still hold with respect to this measure ji,, (the constants, of
course, depend on ||w||z=(g))-

For this measure p,,, we defined the associated Laplacian .%,, on f € H L) by

Luf (@) = — /Q (VF. V)i (=— /Q <Vf,w>>ewcm)

for any ¢ € HOI(Q) N L%°(2). It is easy to check that
Lof=e"-ZLf+e" - (Vw,Vf)

in the sense of distributions, i.e., £, f(¢) = L f(e” - ¢) + fQ(Vw, Vie" - ¢du.

When 2 be a domain of the Euclidean space RN with dimension N > 1, the classical
Kato’s inequality states that given any function f € LIIOC(Q) such that Af € L}OC(Q), then
Afy is a signed Radon measure and the following holds:

Afy =z xLf z0]- Af

in the sense of distributions, where f := max{ f, 0}. Here, x[f > 0](x) = 1 for x such that
f(x) > 0and x[f > 0](x) = 0 for x such that f(x) < 0. In [11], the result was extended
to the case when Af is a signed Radon measure.

In the following, we will extend the Kato’s inequality to the metric measure spaces
(X,d, ny), under assumption f € HY(Q).
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Proposition 4.1 (Kato’s inequality) Let Q2 be a bounded open set of (X, d, ) and let w €
H'(Q)NL®(Q). Assume that f € H'(Q) such that %, f is a signed Radon measure. Then
L f+ is a signed Radon measure and the following holds:

Lwfe =z xXIf 201 L5 f - pw on Q, 4.1)
in the sense of distributions. In the sequel, we denote the Radon—Nikodym decomposition
Lof=Lof + L0
Proof It suffices to prove the following equivalent property:

Zwl [z sgn(f) - L f. 4.2)

where sgn(z) = 1 for ¢t > 0, sgn(¢) = —1 for¢ < 0, and sgn(z) = 0 fort = 0.
Fix any € > 0 and let

fe@) =P+ ze
We have ff = f2 4 €2,

IV fel = '7{'|Vf| <IVf (4.3)
and
2 Lofe + 2V = Lufl=Luf* =2f Luf +2AV I
Thus,
Lo fe > % L f- 4.4)

Notice that |V f.| < |V f|and f. — |f]in L?(2) implies that f, is bounded in H'(£2) and,
hence, there exists a subsequence f¢; converging weakly to | f'|in H 1(Q). Thus, the measures
L (fe j) converges weakly to .Z,| f|. On the other hand, notice that f.(x) — |f(x)| for
each x € @ and that | f/f| < 1 on Q. Letting € := ¢; — 0 in (4.4), we conclude that

f
L > L
(If|)>|f| I

This is (4.2), and the proof is completed. O

4.2 Maximum principles

The above Kato’s inequality implies the maximum principle Theorem 1.3. Precisely, we have
the following.

Theorem 4.2 Let Q2 be a bounded domain. Let f(x) € H! () NLX(RQ) suchthat £ f is a

. loc
signed Radon measure with ™8 f > 0. Suppose that f achieves one of its strict maximum

in 2 in the sense that: there exists a neighborhood U CC 2 such that

sup f > sup f. 4.5)
U Q\U

Here and in the sequel of the paper, the notion supy; f means always ess supy; f. Then, given
any w € H' () N L®(Q), for any ¢ > 0, we have

wix: f(x)>supf —e and L*f(x)+(Vf,Vw)(x) <et > 0. (4.6)
Q
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In particular, there exists a sequence of points {x j} jen C U suchthat they are the approximate
continuity points of £* f and (V f, Vw), and that

fxj) = Sgpf —1/j and Z2*f(x;) +(Vf, Vw)(x;) < 1/].

Proof Suppose the first assertion (4.6) fails for some sufficiently small &9 > 0. Then we
have (f — (supg f — €0)), € Hy () (by the maximal property (4.5)) and

wix: f(x)=supf —¢g and L*f + (Vf,Vw) <eg =0.
Q

Then for almost x € {y : f(y) > supg f — €0} we have
L f @) = " (LS (VL V) @) > e ey > 0.

The assumption %" f > 0 implies that D%s,ing f > 0. By applying the Proposition 4.1 to
the function f — (supg —&0), we have

ZLo(f — (sgp f—e)+ = xIlf = sgpf —e0l - L5 f mw =0

on €2, in the sense of distributions. Recall that the metric measure space (X, d, ) satisfies a
doubling property and supports a L?-Poincare inequality. Now the weak maximum principle
[13, Theorem 7.17] implies that ( f —(supg f—¢0))+ = Oon Q2. Thus, supg f < supgy f—¢&o
on . This is a contradiction, and proves the first assertion (4.6).

The second assertion follows from the first one by taking ¢ = 1/;. O

Next, let us consider the parabolic version of the maximum principle. We need the fol-
lowing parabolic weak maximum principle.

Lemma 4.3 Let Q be a bounded open subset and let T > 0. Let w € H'(Q7) N L®(Qr)
with d;w(x,t) < C for some constant C > 0, for almost all (x,t) € Q. Suppose that
fx, 1) € HA(Qr)NL®(Qr) withlim,_o || f (-, D2 @) = 0and, foralmostallt € (0, T),
that the functions f(-,t) € HOI(Q). Assume that, for almost every t € (0, T), the function
f(, t) satisfies

0
Lo [ 1) — gf('y £ pwe,n =0 on Q @7
Then we have

sup f(x,t) <0.
Qx(0,T)

Proof The proof is standard via a Gaffney—Davies’ method (see also [49, Lemma 1.7]). We
include a proof here for the completeness. Since f meets all of conditions in this lemma,
by replacing f by f4, we can assume that f > 0.

Put

£(1) = /Q 2 0d -

Since e =€ - pu < elwle . oand f € HY(Q27), we have, for almost all 7 € (0, T),

5/(0 fg 3t(f2)d//«w(-,t) + fg f2 - orw - d//«w(-,t)
=2 [ IV fPdpwen +C @) < C-£@),

IA
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where we have used d,w < C and that the functions f(-,¢) € HO1 () N L*°(R2) for almost
all 1 € (0,T). By using lim;g&(r) = 0 (since (1) < el - | £ (-, 1)||;2(q) and the
assumption lim;— || f (-, £) |l 12(g) = 0), one can obtain that §(¢) < 0. This implies f = 0
almost all in Q7. The proof is finished. O

By using the same argument as in Theorem 4.2, the combination of the Kato’s inequality
and Lemma 4.3 implies the following parabolic maximum principle.

Theorem 4.4 Let Q be a bounded domain andlet T > 0. Let f(x,t) € HY(Qr)NL®(Qr)
and suppose that [ achieves one of its strict maximum in Q x (0, T'] in the sense that: there
exists a neighborhood U CC 2 and an interval (§, T] C (0, T] for some § > 0 such that

sup f > sup I
Ux(8,T] Qr\(Ux(3,T])

Here supy s 1 f means esssupy s 1 f. Assume that, for almost every t € (0,T),
ZLf(, 1) is a signed Radon measure with L8 f(-,1) > 0. Let w € H'(Q7) N L®(Qr)
with o;w(x,t) < C for some constant C > 0, for almost all (x,t) € Q7. Then, for any
& > 0, we have

(n x [,l)l(x,t): fx,0)=sup f—e and L*f(x,1) +(Vf,Vw)(x, 1) — %f(x,t)

Qr
< s] > 0,
where L' is the I-dimensional Lebesgue’s measure on (8, T].

In particular, there exists a sequence of points {(xj,t;)} jen C U x (8, T] such that every
X is an approximate continuity point of £ f (-, t;) and (V f, Vw) (-, t;), and that

d
flxj, tj) = Sslzlpf —1/j and 2 f(xj, 1)) +(Vf,Vw)(x;, 1;) — af(xjazj) <1/j.
T

Proof We will argue by contradiction, which is similar to the proof of Theorem 4.2. Suppose
the assertion fails for some small g9 > 0. Then, for almost all (x, 1) € {(y,s) : f(y,s) >
supg, J — €0}, we have

d
L f(x,t) +(VFf,Vw)(x,t) — Ef(x, 1) > gp.

Thus, at such (x, t),
0
[glicf(-xvt) - gf(xst)] o
> [,Zacf(x,t)—i—(Vf,Vw)(x,t)—%f(x,t)]-ew-uZSO-ew~MZO.

The strictly maximal property of f gives that f;, = ( f = (supg, f — 80)) L €H LQr)
with lim; ¢ || fe, (-, l)||L2(sz) = 0 and, for almost all 7 € (0, T'), that the functions fe,(-, 1) €

H& (€2). Notice that ptine f(, 1) > 0by £5¢ £ (. 1) > 0. By using the Kato’s inequality,

w(-,1)
we have that, for almost every ¢t € (0, T),

Zo(f~ (upg, f — o))y = xIf > (Supg, f — )] - L2 f
> xLf = (supg, f — )] & pw = Z(f — (upg, f — €0))+ - Huw.
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Then Lemma 4.3 implies that (f — (supg, f — €0))+ = 0 for almost all (x, 7) € Q7. This
is a contradiction. O

5 Local Li-Yau’s gradient estimates

Let K € Rand N € [l,00) and let (X, d, u) be a metric measure space satisfying
RCD*(K, N).Inthis section, we will prove the local Li—Yau’s gradient estimates—Theorem
1.3.

Let 2 C X be a domain. Given T > 0, let us still denote

Qr =Qx(0,T]
the space-time domain, with lateral boundary ¥ and parabolic boundary dp Q7 :
Y2:=0Q2x (0,7) and 9pQ27 := X U (2 x {0}).
We adapt the following precise definition of locally weak solution for the heat equation.

Definition 5.1 Let 7 € (0, oo] and let 2 be a domain. A function u(x, t) is called a locally
weak solution of the heat equation on Q7 if u(x, ) € H'(Q7) (= WH2(Q7)) and if for any
subinterval [z1, 2] C (0, T') and any geodesic ball Bg CC €, it holds

15
/2 (it - + (Vu, Vo)) dudt = 0 (5.1)
1 Bg

for all test functions ¢ (x, t) € Lipo(Bg x (t1, tz)). Here and in the sequel, we denote always

Remark 1 The test functions ¢ in this definition can be chosen such that it has to vanish only
on the lateral boundary d Bg x (0, T'). Thatis, ¢ € Lip(Bg ) with ¢ (-, t) € Lipo(Bg) for
allr € (0, 7).

The local boundedness and the Harnack inequality for locally weak solutions of the heat
equation have been established by Sturm [49,50] and Marola and Masson [39]. In particular,
any locally weak solutions for the heat equation in Definition 5.1 must be locally Holder
continuous.

Let u(x, t) be a locally weak solution of the heat equation on 2 x (0, 7"). Fubini Theorem
implies, for a.e. r € [0, T], that the function u(-, t) € HY(Q) and d,u € L%(). Hence, for
a.e.t € (0, T), the function u(-, r) satisfies, in the distributional sense,

ZLu = 0du on Q. 5.2)

Conversely, if a function u(x, t) € H! (QT) and (5.2) holds for a.e. t € [0, T'], then it was
shown [54, Lemma 6.12] that u(x, t) is a locally weak solution of the heat equation on Q7.

In the case that u(x, t) is a (globally) weak solution of heat equation on X x (0, c0)
with initial value in L?(X), the theory of analytic semigroups asserts that the function ¢
lullwi2(x) is analytic. However, for a locally weak solution of the heat equation on 27, we
have not sufficient regularity for the time derivative du: in general, d,u is only in L. This is
not enough to use Bochner formula in Theorem 3.5 to (5.2). For overcoming this difficulty,
we recall the so-called Steklov average.
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Definition 5.2 Given a geodesic ball Bg and a function u(x, t) € L! (BRr.T), where Br 1 :=
Bgr x (0, T), the Steklov average of u is defined, for every ¢ € (0, T) and any & € (0, €), by

h
up(x,t) := %/0 ux,t+1t)dr, te 0, T—e¢] (5.3)

From the general theory of L? spaces, we know that if u € L?(Bg ), then the Steklov
average uy converges to u in L”(Bgr 7—¢) ash — 0, forevery ¢ € (0, T).

Lemma 5.3 Ifu € Hl(BR,T) N L°°(BR.T), then we have, for every ¢ € (0, T), that
wp € H'(Brr—) N L®(Brr—¢) and dup € H' (Brr—e) N L™(Br.7—)

oreveryh € (0, ), and that ||up|| i is bounded uniformly with respectto h € (0, ¢).
H'(BR,7—¢)

Proof Since u € HI(BR,T), according to [22], there exists a function g(x, ) € LZ(BR,T)
such that

|u(x, t) - M(ys S)| = dP((xv t)v (ya S)) : (g(-x5 t) +g(y5 S)) s

for almost all (x, #), (y, s) € Bgr,r with respect to the product measure du x dt, where dp
is the product metric on B 7 defined by

dp((x, 1), (v,5)) :=d*(x, y) + |t —s|*.

Such a function g is called a Hajlasz-gradient of u on Br 7 (see [21, §8]). By the definition
of the Steklov average uj,, we have

A

1 h
e, 1) — un(y, )| < E/o (@0, 1+ 1)+ 80 s +0) - dp (6,1 + 1), (v, s + D)d7

1 h
ﬁ/o (gx. 14+ 1)+ gy, s +1))dr -dp((x.1), (. 9))

(gn(x, 1)+ gn(y, ) -dp((x, 1), (v, 5))

for almost all (x,t), (y,s) € Bg,r. The fact g(x,t) € L2(BR,T) implies that g5 (x,t) €
L2(BR,T_8) for each i € (0, €) and that the functions g; converges to g in Lz(BRYT_S) as
h — 0. Then the previous inequality implies that g is a Hajlasz-gradient of uj, on Bg 7,
forall i € (0, &) (see [21]). According to [21, Theorem 8.6], 2g, is a 2-weak upper gradient
of uy,. Thus we conclude that u;, € WI'Z(BR,T,E) and

lim sup/ (Vunl?® + |8,un?)dudt < lim Sup/ (gn)dudt < 4/ g>dudt.
h—0 Br7—¢ h—0 Br1-¢ Br.1—s¢

Therefore, we get that ||up || ;1 ) is bounded uniformly with respect to i € (0, ) (by

(BR,17—¢
combining with u, — u in L2(BR7T_£) as h — 0).
Lastly, the assertion uy € L°°(Bg r—¢) follows directly from the definition of u; and

u € L°°(Bg.1). The assertion of d,u follows from that

ulx,t+h) —u(x,t)
p .
The proof is completed. O

Orup =

For a locally weak solution u for the heat equation, we have the following property of u,.
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Lemma 5.4 Letu € Hl(BR,T)ﬂLOO(BR,T) be alocally weak solution for the heat equation,
and fix any two constants €, h such that ¢ € (0, T) and h € (0, ¢). Then for almost all
te 0, T—e¢)

Luy = ouy,
on Bp, in the sense of distributions.

Proof The proof is standard. In fact, one can show the assertion for locally Lipschitz function
u, and then use an approximating argument to prove the lemma. O

With the aid of the above two lemmas, we will consider firstly the case when a locally
weak solution u € H'(Bg.7) N L*®(Bg.7) with d,u € H' (Bg.7) N L (Bg.T).

Lemma 5.5 Given K € Rand N € [1,00), let (X,d, ;1) be a metric measure space
satisfying RCD*(K, N). Letu(x, t) € Hl(BzR,T) N L (Bagr.1) be a locally weak solution
of the heat equation on Byg 1. Assume that d;u € Hl(BZR,T) N L°°(Bagr, ). Then we have
|Vul* € H'(Br,1) N L™(Bg.1).

Proof Notice that, foralmostallr € (0, T), wehave u(-, t), d;u(-, t) € H'(B:g)NL>®(Bag)
and that Zu = d,u on Brg. By Lemma 3.4, we get

VU, OlllizeeBsgn) < CN, K, R) - (Ju(, 1)|Loo(Byg) + 10:u (-, D) 100(Byg))-
This implies |Vu|? € L (B3g/2,7) and
IVuc, ’)|||L°°(B3R/2,T) = CN, K, R) - (lulL=(Byg 1) + 19| L0 (Bog 1)) := Cs.

On the other hand, for almost all # € (0, T'), by applying the Bochner formula (3.5) to
Zu = d;u on Byg, we conclude that |Vu(-, 1) € HI(B3R/2) N L (B3g/2) and

2(Vu?) [2% +2(Vu, Vau) + 2K|Vu|2] "

>
> =2|Vul - [Vou| - p+2K|Vul* - = =2[Cs - |VOu| + 2|K|CE] - 1,

on B3g/> in the sense of distributions. By using the Caccioppoli inequality, we conclude that,
for almost allr € (0, T),

VIVl G Olllz280) < CnkR - (2Ck - IVl 28y, + 21K C 4 1IVEPl L2 (o)) -
The integration on (0, 7') implies that
IVIVuP 2y 1y < Co - (V2 L2y o1y + NVUIP I 228300 + 1)

for the constants Cy, depending on N, K, R, T and C,. Thus, |V|Vu|*| € L?(Bg.1).
Lastly, noting that, for almost all (x, t) € Bg,r,

19,1 Vul*1? = 18, (Vu, Vu)|* = 12(Vdu, Vu)* < 4|Vdul* - [Vul®.

Then, by using |Vul> € L®(Bsgpr) and du € H'(Bryr), we get |3|Vul?’| e
L?(B3gy2,7). By combining with |V|Vu|?| € L?(Bg 1), we conclude |Vu|> € H'(Bg ).
Now we finish the proof. 0

Lemma 5.6 Given K > 0and N € [1, 00), let (X, d, ) be a metric measure space satis-
fying RCD*(—K, N). Let u(x,t) € Hl(BZR,T) N L*°(Bar,T) be the locally weak solution
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of the heat equation on Bag 1. Assume thatu > § > 0 and d;u € Hl(BzR,T) N L*®(Bag.7).
We put

F,t)=t-[|[Vf*—a -8 fl,

where f =logu and a > 1. Then, we have

F 1 o0

- € H (Br,r) N L™(BR,1),
and that, for almost every t € (0, T), the function F (-, t) satisfies

_ _ _F 1 2 2 2
LF—0F-n>=-2Vf,VF)-u ; 2t N(IVfI O f)T—KIVfIT[-n 54

on B, in the sense of distributions.

Proof From Lemma 5.5, we have |Vu|2 € HI(B3R/2,T) N L% (B3g/2,7). By combining
with that 9,u € L (Bar.7) N H! (Bag,7) and that u > § > 0, we get that

[Vul? oru

IVIP =adf =75 —a==€H (Bip.r) N L¥(Bir/21)-

This implies F/t = [|Vf|2 —ad fly € HI(B3R/2,T) N L% (B3ry2,r) and proves the first
assertion.
By o;u € Hl(BzR’T), we see that d,u € LZ(BQR,T) and that, for almost all r € (0, T),

f(atu) = anu

in the sense of distributions. Since u, d,;u € Hl(BzR,T) N L*®(Bag.r) andu > § > 0, by
using the chain rule in Lemma 3.2(i) to both « and 9d;u, we have, for almost all ¢ € (0, T),
that the functions f(-, 1), 8, f (-, 1) € H'(Bag) and

Lf=80f— IV LGf)=0uf—2Vf, Vo, f) (5.5

on Byg in the sense of distributions.
Consider Fy(x,t) :=t - d; f. We have, for almost all # € (0, T'), the function F;(-,t) €
H'(Byg) with

LE=1tL0 f =10 f —2(Vf, V0 f).
Noting that
0F1=0,f+10yf and (Vf,VF)=1(Vf, Vo [f),

we conclude that P
LF — 8 F = —2(Vf,VF) — 71 (5.6)

on Bjp in the sense of distributions.
Consider F, = t|Vf|2. Recall that, for almost all t € (0, T), the function f(-,¢) €
H'(Byg) and

du  |Vul?
Wf—IVfIF= tT ——1 € L>(B3gs2) N H' (B3g)2).
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Recalling that (X, d, u) satisfies RCD*(—K, N), we can apply the Bochner formula (3.5)
toLf=0f— |Vf|2 to conclude that |Vf|2 € H'(Bg) and

2 1 _ 2,2 _ 20y 2
f(IVfI)EZ[N(E)zf IV + (V. V@ f=IVFID) KWfI]'M

on Bg, in the sense of distributions. Therefore, for almost all € (0, T'), we get the function
F> (-, t) satisfies

1 242 2 F
LF — 0 F - pu>2t- N(arf—lvfl) — K|V f] 'M—2<Vf,VF2)'M—7'M
5.7

on Bg, in the sense of distributions. By combining (5.6) and (5.7), we conclude, for almost
allr € (0, T), that we have, for F := F, —«a - F,

~ |

~ ~ ~ 1

LF—F -u>-2Vf VF) p—— u+2t [N(Wfﬁ — 0, f)* - KIVfIZ} L
Now, by using the Kato’s inequality to F = f”;, we have the desired estimate (5.4). The
proof of this lemma is finished. O

We are ready to prove the following local Li—Yau’s estimate under some additional assump-
tions.

Lemma 5.7 Given K > 0 and N € [1,00), let (X,d, i) be a metric measure space
satisfying RCD*(—K, N). Let T € (0,00) and let u(x,t) € Hl(BzR,T) N L°°(Bar.T)
be a locally weak solution of the heat equation on Bag 1. Assume that u > § > 0 and
du € H'(Bar,1) N L®(Bag.1).

Then, for any a > 1 and any B, y € (0, 1), the following local gradient estimate holds

KT } Na? 1

2_q. 2 1 er 1
sup — (IVfI" —«a alf)(x,t)imax{l, + T U= p)y

Brx(y-T.T] 2 2(@-1

+CN~014 . 1 N ﬁ+1 .CN-(xz
R*(a—1) (1-pB)By (1=pBy’

R R
where f = 1Inu, and Cy is a constant depending only on N.

(5.8)

Proof From the previous Lemma 5.6, we have F :=¢ - [|Vf|2 —a -0 fly € L®(B3r/2,7)-
Put

M :=sup F and Mjp:= sup F.

Br.1T B3rp2.1

We can assume M > 0. If not, we are done.
Now let us choose ¢ (x) = ¢ (r(x)) to be a function of the distance r to the fixed point xq
with the following property that
M <1 onB 6=1on Bp, ¢= 1 Bir)2\B
— on , =1 on , =—— on ,
o, =0 3R/2 R M, 3R/2\D5R/4

and

—%cﬁ% <¢'(r) <0 and [¢"(r)| < % Vre(0,3R/2)
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for some universal constant C (which is independent of N, K, R). Then we have

Vo> l¢'PIVr> _C*  C
b =g gp::R—; on Bigja, (5.9)

and, by the Laplacian comparison theorem [18, Corollary 5.15] for RCD*(—K, N) with
N > 1and K > 0, that

Lo =¢' Lr+¢"|Vr2 > —S («/(N “ DK coth (r %)) -£
2 -G (VIV=DR+ 2 - G2 -0 (4

on Bsg/2, in the sense of distributions, where we have used that

[ K [ K 1

We claim that the estimate (5.10) still holds for RCD*(—K, N) with N > 1 and K > 0.
Indeed, in the case when K = 0 and N > 1, the Laplacian comparison theorem states
ZLr < (N — 1)/r. Then (5.10) still holds. In the case when N = 1, since that (X, d, u)
satisfies RC D*(— K, N) implies that it satisfies RC D*(— K, N+1), we can use the Laplacian
comparison theorem for RCD*(—K, N + 1) to conclude that (5.10) still holds in this case.
Therefore, the claim is proved.

Here and in the sequel of this proof, we denote C1, C;, Cs, . .. the various constants which
depend only on N. (5.10) implies that the distribution .Z¢ is a signed Radon measure (since
ZL¢ + C2(VK /R + 1/R?) is a positive distribution). Then its absolutely continuous part
(ZP)° > —Cr(VK/R+1/R¥ ae.x € B3R /2 and its singular part (ZL)sing > 0.

Put G(x,t) := ¢F. According to Lemma 5.6 and the Lebiniz rule 3.2(ii), we have
G e H! (B3grs2,1) and, for almost every ¢ € (0, T), that the function G (-, t) satisfies that

LG =F%¢+¢LF +2(V$, VF)

in the sense of distributions. Fix arbitrarily a such ¢ € (0, 7). Then .ZG is a signed Radon
measure on B3g,> with

(LG8 = F(L$)"™ + p(LF)*"e > 0 (5.11)

and (ZG)* = F(LP)* +¢(LF)+2(Vp, VF) ae. x € B3gs. We have, for almost all
X € B3g)2,

(ZG)* —9,G+2(Vf,VG) = ((LF)* —0,F+2(Vf,VF))

+F (L) +2(Vp,VF) +2(V f,V@)F. (5.12)

@ Springer



Local Li—Yau’s estimates... Page 23 of 30 93

By (5.4) and G = ¢ F, we have, for almost all x € B3g,>, that, for any fixed € > 0,

RHS of (5.12) 2 4 [—g 12 (% (|Vf|2 - atf)2 - K|vf|2)}

L) G
¢ 2TEV(G/9) + 2 V0T
G 1 2 2 2
> ——+2t¢>[ﬁ (192 —anr) —KIVfI]
ﬁ 20, V|
[ (R ) e :|+2V¢VG/¢ 2|Vf|7 G
1 2
> —7+2r¢>[— (192 =arr) —K|Vf|2]
G(VK 1 G? ¢ 51
_C3¢(R+122)+2(V¢VG)/¢_6¢122_|Vf| g, (5.13)
where we have used (5.9), (5.10) and that, for any € > 0, the following
Vol Vel G G .
2|V.f|-G7§ e +|Vf| < ¢ -F~I—|Vf| .
If we put
_ IV £I?
- F

then we get |V f|?> = F - v and
F=t(VfP—a & f)=t(F-v—a-df).

So

Ft—1)
at

atf =

Therefore we obtain

—g + 206 [i(Wﬂ2 — ) - KIVfIQ] —e VP

G 2F?
=_7+¢N (@ — Dvr + 1)> = 2tK¢vF — e 'wF
G 2G? 2tKvG G
> T T (@ Do+ )= TR 1T (5.14)
t¢p  Naltp ] ¢
where we have used that 0 < ¢ < 1 and KvG > 0. Denoting by
2Kt 4 ¢!
= (¢ —Dvt and A.:= 7_{_; )
o —

we have

1 G? 2 G
RHS of (5.14) = . (T(z +1)° - 7(1 + Agz)).
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Finally z > 0 implies that

14+ Az 1 A 1 Kt e!
< max 1,5—1-— <max 1, - + +

(1+2)?2~ 4 Q-1  4@-1"
Denote by
B | 1 n KT
i=max{l, - + ———
0 27 2@ —1)
we have (ILAG)% < By + 4(a 1), (since K > 0andt < T) so

1 G 2G el
RHS of 5.14) > — - = (=2 — o — ). z4 1)
of ( )_¢ p (Naz 0 4(a_1)) (z+1)

By combining this with (5.12), (5.13) and (5.14), we obtain that

(ZG)* —,G+2(Vf,VG)—2(Vp,VG)/¢p

—1
>l-9-(£-30 ; ).(Z+1)2_C3G(ﬁ+1)

~¢ t \Na? 4o — 1) o\ R R2

2
_ GG (5.15)
¢ R?

From the definition of ¢ and F/t € L°(B3gs2,r) (by Lemma 5.6), we see that G
achieves one of its strict maximum in B3g2,7 in the sense of Theorem 4.4. By (5.11),
we know that #S"G > 0. Notice also 3; f € L*®(Bag,1) since u > § > 0 and
o € HI(BZR,T) N L*°(Byg,7) Hence, by using Theorem 4.4 with w := 2f —2In¢ €
Hl(B3R/2,T) N L% (B3g/2,1), and combining with (5.15), we conclude that there exit a
sequence {x;, #;}jen such that, for each j € N,

Gj:=G(xj,tj) > sup G—1/j (5.16)
B3,

and that
Gj (2G; e ! ) VK 1 , C
— \—5 —-By——— ) - i)+ D) —CGj | —+ = |-G - —
y (Na2 O da—n) G EDTEGE | Tt g ) €GT

1 1

§¢(Xj,tj)~7§f. (5.17)

We consider firstly the case when

G Ll
= Su > — _— .
p 2 \"Tia-1

B3rj2.1

In this case, the Eq. (5.16) tells us G; > N— (Bo + 4(a 1)) for all sufficiently large j.
Thus, from (5.17), we have

Gi (2G; -1 K 1 C
j~(]—Bo—E)—C3Gj-(f+)—€G5~ L < -

tj Na? 4(a—1) R R?
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Letting j — oo, we have

G (2G e! - (VK 1 -, Ci
T By - ) <6 Y ) e 2L
T (Na2 0 4(a—1))— 3 (R +R2)+€ R?

where we have used t; < T for all j € N. Thus, we have

—1
. Bot gy T GT (% + %)
G < 5 e . (5.18)
Vo Tl R
In the case when G < NT“Z (Bo + 4&%1)>, it is clear that (5.18) still holds.
Fix any 8 € (0, 1). By choosing € = 2B8R?/(Cy - Na?T). Then we conclude, by (5.18),
that

2
Bo+8CI'N7"'T+C3T-($+%)

G_ (<>t—1)-ﬂR22
21— B)
No? 1 Ci-N%* T VK 1\ No? 1
= By - . + ! 2+C3T. 74_72 — ) —
2 1-8 16(ax — 1) - BR R R 2 1-8
No? 1 Cy-a*-T 1 VK 1 o?
< By —— - + 22 +osT | S+ — ) :
2 1-8 (@—1D)R> (1-8)-8 R R 1-8
(5.19)
Therefore, we have
sup F <supF < sup G
Brx(y-T,T] Br.1 B3grpa, 1
No? 1 Cy-a*- T 1 VK 1 o?
By — - . CGT | —+—=) —.
= b0 1—,B+(a—l)R2 (1—,3)-,3+ > (R TR 1-8

By recalling F = t(|V f|> —a - 3 f)+ and By = max {1, § + %}, we conclude that the
local gradient estimate (5.8) holds, since ¢ > y - T. This completes the proof. O

Now, let us remove the additional assumption d;u € H ! (Bar.7) N L>®(Bag, ) and prove
Theorem 1.4.

Proof of Theorem 1.4. Proof of Theorem Let « > 1 and 8 € (0, 1). Without loss of gen-
erality, we can assume that 7, < oo. Given any 6 > 0, from [50, Theorem 2.2], we have
u+d e Lﬁfc(BZR,T*). Without loss the generality, we can assume thatu +68 € L°°(Bagr.1,),
since the desired result is a local estimate.

Given any ¢ > 0, according to Lemmas 5.3 and 5.4, we can use Lemma 5.7 to the Steklov
averages (u + 8);,. Then, by an approximating argument (and taking y = 1 — ), we have

|Vu|? du 1 KT Na? 1
sup 7 —a- (x,t) <max{l,=+—-—} —— - 5
Brx((1—-p)T,T] (u+9) u+48 2 2(a — 1) 2T (1 -p8)

Cy -a* 1 (ﬁ 1) Cy -o?

"Re-n a-p \ R TR) a-_p
Letting §(€ Q) tend to 0T and replacing 1 — B by B, we have the desired (1.6). By combining
with the arbitrariness of &, we complete the proof of Theorem 1.4. O

@ Springer



93 Page 26 of 30 H. Zhang, X. Zhu

6 A sharp local Yau’s gradient estimate

Let K > 0, N € (1,00) and let (X,d, u) be a metric measure space satisfying
RCD*(—K, N). Suppose that €2 is adomain in X. In this section, we will prove a sharp local
Yau’s gradient estimate—Theorem 1.6.

Proof of Theorem 1.4. Fix B € (0, 1). Let u be a positive harmonic function on Byg =
Bor(p) and let f = logu. Without loss of generality, we can assume that u > § for some
6 > 0. By the chain rule 3.2(ii), a direct computation shows that

Zf=~|VfI* on Bag.

Since |V f| € Lix.(Bag), by setting g := |Vf|2 and using Corollary 3.6, (noticing that
N > 1) we know that g € HI(B3R/2) N L°°(B3r/2) and fsmgg > 0 and, for u-a.e.
x €{y: g(y) #0} N Bsgp,

e, 8 N (V. Vg g)
5_2” gzﬁ—(Vg,Vﬂ—Kg—i—N_l ( +N)
2 2
N ~ N Vf Vg) 2<Vf Vo) 8 (8)?
=N Ve Vi-Ket gy {( ) N+(N):|
2
g N -2
ZN_I_ﬁng’Vf)_Kg' 6.1)

Since g € L>°(B3g/2), we define

M| :=supg and M, := sup g.
Bg B3gr)2

We assume that M; > 0 (otherwise, we are done). Now let us choose ¢ (x) = ¢ (r(x)) as
above. That is, ¢ (x) is a function of the distance r to the fixed point xo with the following
property that

M,

M,
—<¢p<1 B3g/2, =1 Bg, = — B Bsgy4,
M, = ¢ <1 on B3gp, ¢ on Bg, ¢ A on B3r/2\Bsg/4

and

——¢2 <¢'(r) <0 and |¢"(r)| < % Vre(0,3R/2)

for some universal constant C (which is independent of N, K, R). Then we have, from (5.9)

to (5.10), that
VK 1 )

and Z¢ > —C2( + = (6.2)

2
Vo _C1
¢ - R2
on B3g /2. Then the distribution £ ¢ is a signed Radon measure and its absolutely continuous
part (£¢)* > —C2(~K/R + 1/R?) ae. x € Bsgja, and its singular part (£¢)*"¢ > 0.
Here and in the sequel of this proof, we denote Cy, C3, C3, ... the various constants which

depend only on N.
Put G(x) := ¢ - g. According to the Lebiniz rule 3.2(ii), we have G € H! (B3g,2) and

R R?

LG =gLp+¢pLg+2(Vp,Vg)
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in the sense of distributions. Then, by #Sn2e > () and £5"p > 0, we get PsineG > 0.
The combination of (6.1) and (6.2) implies that

(Z¢)*

L%G = 9L g +2(Vp,V(G/$)) + G
2

z2¢>( 8 —N—_2-<Vg,Vf>—Kg)
N —1 N —1

+2(V$, VG) /9 + g |:—C2 (f + Rlz) ZRC;}
zz.NGjl_Z(IiI\’__f) (VG,Vf)—G(V$,Vf)/p) —2KG

12(V$,VG)/p — Cs - g(‘/f + Rlz)

+2(V,VG)/§ — Cs - g(f + Rlz) ©63)

for any € > 0, where we have used g = IVfI> = G/¢,2KG < 2KG /¢ and that, for any
€ > 0, the following

c1Vo!l Vo2 G C
G(Vo. V/)/9 <2VS|- G = <G> +|Vf| =e s e

From the definition of ¢, we know that G achieves one of its strict maximum in B3g/ in
the sense of Theorem 4.2. Notice that #*"¢G > 0. Hence, according to Theorem 4.2 for
w =282 —2In¢ € H'(Bsgs2) N L®(Bsgy2) (since u > 8 > 0), and by combining
with (6. 3) we conclude that there exit a sequence {x;}jen such that, for each j € N,

1
+|VfIA-.
€

Gj:=G(xj) > sup G—-1/j (6.4)
B3gr2

and that (noticing that ¢ € (0, 1])

G:  aN-2 C 1 K 1
NJ _ )~(6G2 —1+G )—ZKGj—C3~Gj £+—

J R R2

(6.5)

for any € > 0. Letting j — oo and denoting G := SUPB . G =lim; G, we obtain

( | _(N—z)e.cl)_GSKJFMJrC*(*FJFI) (6.6)

N—-1 (N-DR? (N — De R ' R?

for any € > 0.
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In the case when N > 2, by choosing € =

2
(Nfi%, we obtain from (6.6) that

1-8 - Ci-(N=22 CifVK 1
— .G <K - - — | — R
N -1 =R+ BR? o9\ r TR
Cy - (N —2)? C3
<K+ - = ,
=Rt BR? +AK +16/3R2 2R?
where we have used
3 VK C3 1 C?
—2VK- 2 < pK 45—
2 R 4R ~ B (4R)?’
Then, we get
- 1+B N—1 1 C: B
G<—S(N-DK N-=-2 =34 =F
—1—5( ) t15 —5 ﬂRZ( -( )+16+ >
1+ C
SV SRS S 5
1-p B —-B)-R

where we have used 8 < 1.
In the case when N € (1, 2], from (6.6), we have

1 - G (VK 1 C? C3
——  G<K+—{ — K K —.
N-—1 - +2(R +R2) +h +16,3R2+2R2
Thus, the estimate (6.7) still holds in this case.
Therefore, the Eq. (6.7) shows that, for any 8 € (0, 1),
1 C
supg<iﬂ(N— )K—i—i“z.
Br 1-p p—p)-R
Now the proof is finished. O
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