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Abstract We consider a one-dimensional kinetic model of granular media in the case where
the interaction potential is quadratic. Taking advantage of a simple first integral, we can
use a reformulation (equivalent to the initial kinetic model for classical solutions) which
allows measure solutions. This reformulation has a Wasserstein gradient flow structure (on
a possibly infinite product of spaces of measures) for a convex energy which enables us to
prove global in time well-posedness.
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1 Introduction
Kinetic models for granular media were initiated in the work of Benedetto et al. [4,5] who
considered the following PDE

0 f+v-Vef =divg(f(VW %, [)), (1, x,0) € Ry x RY x RY, flicg = fo,  (1.1)

where fj is an integrable nonnegative function on the phase space and W is a certain convex
and radially symmetric potential capturing the (inelastic) collision rule between particles,
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and the convolution is in velocity only (VW %, f;)(x,v) = fRd VW — u) fi(x, u)du (so
that there is no regularizing effect in the spatial variable). At least formally, (1.1) captures
the limit as the number N of particles tends to 400 of the second-order ODE system:

Xi®)=Vi(t), Vi= _%va(‘/i([) = Vi®)éx,in-x;0, i=1....,N, (1.2)
J#
which describes the motion of N particles of mass % moving freely until collisions occur, and
at collision times, there is some velocity exchange with a loss of kinetic energy depending
on the form of the potential W.

Surprisingly there are very few results on well-posedness for such equations. This is in
contrast with the spatially homogeneous case (i.e. f depending on # and v only) associated
with (1.1) that has been very much studied (see [4,6,11-13,17] and the references therein)
and for which existence, uniqueness and long-time behavior are well understood. In fact,
the spatially homogeneous version of (1.1) can be seen as the Wasserstein gradient flow of
the interaction energy associated to W, and then well-posedness results can be viewed as
a consequence of the powerful theory of Wasserstein gradient flows (see [3]). For the full
kinetic equation (1.1), local existence and uniqueness of a classical solution was proved in
one dimension in [4] for the potential W (v) = [v]? /3 (as observed in [2], the arguments of
[4] extend to dimension d and W (v) = |v|?/p provided p > 3 — d) when the initial datum
fo is a non-negative C! N W12 (R x R) integrable function with compact support. Under an
additional smallness assumption, the authors of [4] also proved a global existence result. In
[1], the first author has extended the local existence result of [4] to more general interaction
potentials W and to any dimension, d > 1. The proof of [1] is based on a splitting of the
kinetic equation (1.1) into a free transport equation in x, and a collision equation in v that is
interpreted as the gradient flow of a convex interaction energy with respect to the quadratic
Wasserstein distance. In [2], various a priori estimates are obtained, in particular a global
entropy bound (which thus rules out concentration in finite time) in dimension 1 when W”
is subquadratic near zero.

Understanding under which conditions one can hope for global existence or on the contrary
expect explosion in finite time is mainly an open question. Let us remark that the weak
formulation of (1.1) means that for any 7 > 0 and any ¢ € C2°([0, T'] x R? x R?) one has

T
/ / 0rp(t, x,v) fr(x,v) + Vi (2, x,v) - vfi(x, v))dxdvdt
0 JRIxRI
= / ¢ (T, x,v) fr(x,v)dxdv —/ ¢ (0, x, v) fo(x, v)dxdv
R4 xR4 R4 xR4

T
+/ / Voo (t, x,v) - VW (v —u) fi (x, v) fr (x, u)dxdudvdt
0 JRIxRIxRI

and for the right hand side to make sense, it is necessary to have a control on nonlinear
quantities like

T
/ / fr(x,v) fr(x, u)dxdudvds
0 RY xR9 x R4

which actually makes it difficult to define measure solutions (this also explains why in [4]
or [1], the authors look for L! N L solutions). Observing that (1.1) can be written in
conservative form as

of+ divx,u(fF(f)) =0, with F(f)(x,v) = (v, —(VW xy, f)(x, v)),
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we see that, at least for smooth solutions, (1.1) can be integrated using the method of char-
acteristics:

ft = St#fo,
where S; is the flow of the vector-field F(f) i.e.
d
So(x,v) = (¥, v), -Si(x,v) = F(fi)(Si(x,v)),

and f; = S;# fo means that
/ @(x, ) fi(x, v)dxdv = / o(Si(x, v)) folx, v)dxdv, Vg € CpR? x RY).
R4 xR4 RY x R4

In the present work, we investigate the one-dimensional case with the quadratic kernel
W) = %|v|2 which is neither covered by the analysis of [4] nor by the entropy estimate of
[2] (actually the entropy cannot be globally bounded in this case, see [2]). In this case the
convolution takes the form

0= fits 0= i = mi o),
where
o1 (x) 1= /]R fi(x,v)dv, m;(x) == /R vf;(x, v)dv, (1.3)
so that the kinetic equation (1.1) rewrites
00 e, 0) + v i, 0) = 00 (i (6, (o (0w = mi () (1.4)

and we supplement (1.4) with the initial condition

fli=o = fo, (L.5)

where fj is a compactly supported probability density:

fo e L'®R?Y x RY), / fodxdv =1 (1.6)
R4 xR4
and
Supp(fo) C Bgr, X Bg, (1.7)

for some positive constants R, and R,. We shall see later on, how to treat more general
measures as initial conditions. Our first contribution is the observation that, thanks to a
special first integral of motion for the characteristics system associated with (1.4), one may
define weak solutions not at the level of measures on the phase space but on a (possibly
infinite) product of measures on the physical space. Our second contribution is to show that
this reformulation has a gradient flow structure for an energy functional with good properties
which will enable us to prove global well-posedness. To the best of our knowledge, even if
the situation we are dealing with is very particular, this is the first global result of this type
for kinetic models of granular media. As pointed out to us by Yann Brenier, our analysis has
some similarities with (but is different from) some models of sticky particles for pressureless
flows (see [8,9]) and Brenier’s formulation of the Darcy—Boussinesq system [7].

The article is organized as follows. In Sect. 2, we show how a certain first integral of motion
can be used to give a reformulation of (1.4) which allows for measure solutions. Section 3
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investigates the gradient flow structure of this reformulation. Section 4 proves global existence
thanks to the celebrated Jordan—Kinderlehrer—Otto (henceforth JKO) implicit Euler scheme
of [16] for a certain energy functional. In Sect. 5, we prove uniqueness and stability and give
some concluding remarks.

2 A first integral and measure solutions
2.1 A first integral for classical solutions

Let us consider a C! compactly supported initial condition fy and a classical solution f, that
is a C! function which solves (1.4) in a pointwise sense on Ry x R? x R?. It is then easy to
show (see [2]) that f remains compactly supported locally in time; more precisely (1.7) and
(1.4) imply that

Supp(f;) C Br,+¢r, X Br,. Vt=>0. 2.1
The characteristics for (1.4) is the flow map for the second-order ODE
X = —pi (X)X +m(X) (2.2)
in the sense that

fr = (X¢, Vo fo,
where (Xo(x, v), Vo(x,v)) = (x, v) and

d d
Ext(xv U) = ‘/t(xv U), avt(xs U) = _pl‘(Xl‘(x7 U))Vl‘(xs U) +mT(XT(x! U))! (23)

with p and m being respectively the spatial marginal and momentum associated to f defined
by (1.3). Integrating (1.4) with respect to v, first gives:

o pr(x)+oymi(x) =0, t>0, xeR 2.4)
so that there is a stream potential G such that
p =0,G, m=—-9,G, (2.5)

and since p is a probability measure, it is natural to choose the integration constant in such
a way that G is the cumulative distribution function of p:

cmmz/ i)y = py((—00. x]). 2.6)
Replacing (2.6) in (2.2) then gives
X=—mcmnk—&Gmm=—£me

so that X 4+ G,(X) is constant along the characteristics. Since G can be deduced from the
initial condition fy by

%mz/ Aﬁmwww,

we have the following explicit first integral of motion for (2.3):

Vi(x,v) + G (Xi(x,v)) = v + Go(x). 2.7
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2.2 Reformulation and equivalence for classical solutions

In view of the first integral (2.7), it is natural to perform a change of variables on the initial
conditions:

a(x,v) :=v+ Gox)), v§(x) = fo(x,a — Go(x))

so that for every ¢ € C(R x R) one has

/ ¢(x, a(x, v))fo(x, v)dxdv = / ¢ (x, a)vg (x)dxda,
RxR RxR

and then to rewrite the characteristics as a family of first-order ODEs parametrized by the
label a:

%Xf(x) =a—G/(X!x), X§x) =x. (2.8)
The flow (2.3) may then be rewritten as:
Xi(x,v) =X (x), Vi(x,v) =a— G,(Xf(x)) fora =a(x,v) = v+ Go(x).
Hence setting
v = X7, (2.9)

the relation f; = (X;, Vy)# fo can be re-expressed as:
/ ¢ (x,v) fr(x, v)dxdv = / ¢(x, a— G,(x))vta(x)dxda (2.10)
R2 R2
for every t > 0 and every test-function ¢ € C (R?). This implies in particular that

i) = [ v da
R
and then also
G (x) :/ G{(x)da with G{(x) := v{((—o00, x]). (2.11)
R

On the other hand, using (2.8), we deduce that for each a € R, v¢ satisfies the continuity
equation:

vy + Ox (v,“(a - Gt(x))) =0, V=0(x) =i (x) = fo(x.a — Go(x)). (2.12)

Note that v/ is a nonnegative measure but not necessarily a probability measure, its total
mass being that of v{ i.e. h(a) := [; fo(x,a — Go(x))dx.

The previous considerations show that any classical solution of (1.4) is related to a solution
of the system of continuity equations (2.11) and (2.12) with initial condition fj via the relation
(2.10). The converse is also true: if v* is a family of classical solutions of (2.12) with G and
G given by (2.11), then the time-dependent family of probability measures f; on R? defined
by (2.10) actually solves (1.4). Indeed, by construction the spatial marginal p of f is 9,G;
as for the momentum, we have

m;(x) ::/va,(x,v)dv:/R(a—G,(x))vf(x)da.
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Then, thanks to (2.12) and Fubini’s theorem, we have

3G(x) = [T [p v (dyda =— [* [ 0, (v,“ (a— G,(y>))dyda
= — [z (@ — G/ () (x)dx = —m; (x).
Then let us take a test-function ¢ € C, Cl (R?), differentiating (2.10) with respect to time, using
0:G = p, ;G = —m, (2.10) and an integration by parts and (2.12), we have
& Je 0 = fo (= #(x.a = Gr(0)0: 0 (@ = G1) + 8up(x, @ — Goomyvf ) dxda

= Jie (36, a = Gi(¥) = 09 (v, @ — G, (@) () ) (@ = G, (¥)vf (¥)dxda

+ g2 0@ (x, V)M (x) f; (x, v)dxdv
= [z (3x @ (x, V)V + 3y (x, V) (1 (x) — pr (X)V) fr (x, v))dxdv.
This proves that, for classical solutions, the kinetic equation (1.4) is actually equivalent

to the system of PDEs (2.12)—(2.11) indexed by the label a.

2.3 Measure solutions
We now take the system (2.11) and (2.12) as a starting point to define measure solutions. We
have to suitably relax the system so as to take into account:

e The fact that shocks may occur i.e. atoms of p may appear in finite time, then the
cumulative distribution G may become discontinuous (in which case it will be convenient
to view G, which is monotone, as a set-valued map),

e The fact that when shocks occur, the velocity may depend on the label a,

e More general initial conditions.

Let us treat first the case of more general initial conditions. What really matters is to be
able perform the change of variables (x, v) — (x, a) := (x, v+ Go(x)), which can be done
as soon as pg is atomless i.e. does not charge points. We shall therefore assume that fj is a
probability measure on R? with compact support and having an atomless spatial marginal:

Supp(fo) C Br, x Bg,, pois atomlessie. fo({x} x R) =0, Vx € R. (2.13)

Defining the spatial marginal po of fy by

/d)(X)dpo(X) = /2¢(X)df0(x, v), V¢ € C(R)
R R
as well as its cumulative distribution function
Go(x) = po((—00, x]) = fo((—00, x] x R), Vx € R,
G is continuous and pg is supported on [—R,, R,]. Since G takes values in [0, 1], then
a(x,v) :=v+Go(x) € [-Ry, Ry+1]for (x, v) € Supp(fo). We then define the probability
measure 7 as the push-forward of fy through (x, v) — (x, a(x, v)) i.e.
no(C) := fo ({(x, v) : (x,v+ Gox)) € C}), for every Borel subset C of R2.
(2.14)

We then fix a o -finite measure p such that the second marginal of g is absolutely continuous
with respect to p; for instance it could be the second marginal of g, but we allow u to be a
more general measure (not necessarily a probability measure; for instance it was the Lebesgue
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measure in the previous Sect. 2.2, and in the discrete example of Sect. 2.4 below, u will be a
discrete measure). Then we can disintegrate 19 as no = vj ® u which means that for every
¢ € C(R?) we have

/ $(x, v+ Go(n))d folx, v) = / ( / b (x, () dua).
R2 R R

Note that v is supported on [—R,, R,] and it is not necessarily a probability measure. We
denote by /(a) its total mass i.e. the Radon—Nikodym density of the second marginal of ng
with respect to u:

/]RZ ¢ (v + Go(x))d fo(x, v) = /Raﬁ(tl)h(a) du(a), Vo € C(R) (2.15)

sothath € L' (w), th(a) du(a) = 1 and h = 0 outside of the interval [—R,, R, + 1].
The rest of the paper will be devoted to study the structure and well-posedness of the
following system which relaxes to a measure-valued setting the system (2.11) and (2.12):

vy + 0 vfvf) =0, v _y =g, (2.16)
subject to the constraint that
v (x) € [a—Gi(x),a -G (0], 2.17)

where
pr = /R vidu(a), Gi(x) = pi((— 00, x]), G; (x) = p((—00,x)). (2.18)

Note that when p is the Lebesgue measure and there are no shocks i.e. when G; is continuous,
we recover the system (2.11) and (2.12) of Sect. 2.2. Denoting by P> (R) the set of Borel
probability measures on R with finite second moment, solutions of (2.16)—(2.18) are then
formally defined by:

Definition 2.1 Fixatime 7 > 0;ameasure solution of the system (2.16)—(2.18) on [0, T] xR
is a family of measures (¢, a) € [0, T] x [-Ry, Ry, 4+ 1] = v{ € h(a)P>(R) which

1. Is measurable in the sense that for every Borel bounded function ¢ on [0, T] x R x R,
the map (¢, a) — fR ¢ (t,a, x)dvi (x) is df ® u measurable,

2. Satisfies the continuity equation (2.16) in the sense of distributions for i u-a.e. a, with a
v ® u ® df-measurable velocity field vf' which satisfies (2.17), v ® pu ® dt a.e, and
with G, and G; defined by (2.18).

Note that since v{ constrained by (2.18) is bounded, ¢ — v{ is actually continuous for
the weak convergence of measures for 2y a.e. a. Note also that the fact that t — v/ satisfies
the continuity equation (2.16) in the sense of distributions is equivalent to the condition that
forevery ¥ € C([—Ry, Ry + 1]) and ¢ € CC1 ([0, T] x R) one has:

Je @ () fa@ . x) + 0.6 1, x)vg () dvg (¥)dr ) dp(a)
= Je @ ( J (T 0)dv§ () = [, (0. 0)dv§ () ) du(a).
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2.4 A discrete example and a system of Burgers equations

The aim of this paragraph, somehow independent from the rest of the paper, is to show, on
a discrete example, that one cannot take for granted that the stream G, remains continuous,
which justifies the necessity to relax the condition v{ (x) = a — G;(x) by (2.17). Consider
indeed the special case

N
1
fo=p0® N Zsai—Go(x)»

i=1
where pg is a smooth compactly supported probability density and a; < --- < ay are the

finitely many values that the label a may take. In this case, we take p as the counting measure
and then
al 1 1
ai
w= Z;‘(Sai’ h(ai) = N? v() - ﬁpO'

Even though G is smooth, we have to expect that shocks may appear in finite time. Let us
relabel the measures v’ := v% and the corresponding cumulative distributions G' := G%,
G = Z;v:l G/ . If G was continuous then all the nondecreasing functions G; would also be
continuous (no shocks), and, then, the system (2.16)—(2.18) would become

N
v+ 8x<vi (a,- - ZGj)) =0, vi|_, = %po, i=1,...,N. (2.19)
=1

Integrating with respect to the spatial variable between —oo and x would then give a system
of Burgers-like equations:

N
. 4 A 4 1 )
8,G' + 3,G (a; —ZIGJ) =0, G0 = NGO, i=1,...,N. (2.20)
j=

We can at least formally rewrite each of these equations in the more familiar form
%G+ 8.6y (G') =0,
where each function ' is implicitly defined in terms of the pseudo inverse H; of G':
Vi@ =a—a-Y Gl (H@).
J#i
Note that wti is decreasing for every ¢ and actually (w,i)’ < —1. In the absence of shocks,

H! simply solves 8, H' = . Let us then take x; < x» belonging to a certain interval
on which pg > v with v > 0 and define y; := iGg(xl), yy = %Go(xz), we then have

Vo—y| = % f;lz p0 =  (x2—x1). Integrating & H' = ! and using the fact that (y') < —1,
we get

t
H{(y2) — H/(y1) = x2 — x1 +/ (I/fﬁ(yz) - ‘/f;()’l)) ds <x2 —x1 —t(y2 — y1).
0
This means that H,i becomes noninjective before a time

Xp — X N
A2TA

2=yt v
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In other words, discontinuities of G' i.e. shocks appear in finite time of order O (N) for any
finite N.

3 A gradient flow structure

In this section, assuming (2.13) we will see how to obtain solutions to the system (2.16)—
(2.18) by a gradient flow approach. Existence of such gradient flows using the JKO implicit
scheme for Wasserstein gradient flows will be detailed in Sect. 4. We denote by M (R?) the
set of Borel measures on RY and P(R9) the set of Borel probability measures on R?. Given
two nonnegative Borel measures on R? with common finite total mass /4 (not necessarily
1) and finite p-moments, v and 6, recall that for p € [1, 400), the p-Wasserstein distance
between v and 6 is by definition:

P
00 | a0
where I1(v, 0) is the set of transport plans between v and 6 i.e. the set of Borel measures on
R? x R? having v and § as marginals (we refer to the textbooks of Villani [18, 19] for a detailed
exposition of optimal transport theory). Wasserstein distances are usually defined between
probability measures such as 2~ 'v and 276 , but of course they extend to measures with the
same total mass and W;,’ w,0)=nh W,‘,7 (h~'v, h=16). We shall mainly use the 2-Wasserstein
distance but the 1-Wasserstein distance will be useful as well in the sequel. We also recall
that the 1-Wasserstein distance can also be defined through the Kantorovich duality formula
(see for instance [18,19]):

Wi(v, ) = Sup{/Rd Fd(w—6) : fl-Lipschitz}. 3.1)

We will see in Sect. 4 that one may obtain solutions to the system (2.16)—(2.18) by a minimiz-
ing scheme for an energy defined on an infinite product of spaces of measures parametrized
by the label a. Wasserstein gradient flows on finite products have recently been investigated
in [10,15]. To our knowledge the case of an infinite product is new in the literature.

3.1 Functional setting
As in section 2.3, starting from fy satisfying (2.13), let us define A := [— Ry, R, + 1], fix

a o-finite measure 4 on R and a measurable family of finite Borel measures a € A — v
such that, for every ¢ € C (Rz):

[ otev+ Gowhasoer ) = [ ([ stxadgo) duc.

R2 R “JR

As already pointed out, neither 1 nor v need to be probability measures, we thus define
h(a) := v§(R)

sothat h € LY(p), Jg h(@)du(a) = [, h(a)du(a) = 1. Let us then denote by X the set
consisting of all v := (vV%),c4, u-measurable families of measures such that

v*(R) = h(a); for u-a.e.a and //xzdv“(x)du(a) < 4o00.
AJR
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Given R > 0 [the precise choice of R will be made later on, see (4.2) below], let us denote
by Xr the subset of X defined by

Xg:={veX : Supp(v’) C[-R,R], forp-ae.ac A} (32)

For v € X, let us define the probability [because fR h(a)du(a) = 1] measure

F::/v“du(a)
R

1 1
J(v) = 7/ x — y|dB(x0)dB(y) +/ / (E - a)xdv”(x)d,u(a). (3.3)
RxR AJR

and the energy

4

Note that J is unbounded from below on the whole of X but it is bounded on each X g. Note
also that the interaction term can be rewritten as:

/R e =y = /R I (b (@) ). (3.4)
We equip X with the distance d given by:
d*(v,0) = /A Wi (v, 0)du(a), (v,8) = ((V)aca, (0“)aea) € Xg x Xg. (3.5

It will also be convenient to work with the weak topology on X g that is the one defined by
the family of semi-norms

pe)i=| [ gdwem | decxi-RRD.
AX[—R,R]

where v ® p is the probability measure defined by

/ $d(v @ p) == / ( / ¢ (@, x)dv" () )du (@)
AX[—R,R] A [—R,R]

and
K := A x [-R, R]

so that convergence for the weak topology is nothing but weak-* convergence of v ® w.
Since for all v € Xg, v ® p is a probability measure on the compact set A x [—R, R], Xg
is compact for the weak topology. Note also that since the weak-* topology is metrizable by
the Wasserstein distance (see [18,19]) on the set of probability measures on a compact set of
RR?, the weak topology is metrizable by the distance d.,:

dL(.0) = Wi @ u.0 ®u), (v,60) € Xg x Xg, (3.6)

so that (X, dy) is a compact metric space. We summarize the basic properties of J, d and
d, in the following.

Lemma 3.1 Ler Xg, J, d and d,, be defined as above then we have:

1. J is Lipschitz continuous for dy,,

2. dy <d,

3. d is lower semicontinous for dy,: if (v,), is a sequence in Xg, (v,0) € Xg x Xr and
lim,, dy, (v, v) = O then lim inf,, d*(v,,, 8) > d*(v, 6).
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Proof Let us recall that if 0 and v are (compactly supported say) probability measures on
R? then by Cauchy—Schwarz inequality,

Wi(v, 0) < Wa(v, 0) 3.7
and, it follows from (3.1) that, if f is M-Lipschitz then
/ fdlv —60) < MWi(v,0). (3.8)
R
Moreover,
Wiv®v,0 ®60) <2W (v, 0). (3.9
1. Let us rewrite J as
1
J(v) = ZJO(") + J1(v),
with
Jo(v) := / , lx — yld(v ® u)(a, x)d(v ® w)(b, y), (3.10)
K
and
1
Ji(v) = / (f - a)xd(u ® W (a, x). 3.11)
Kk \2
The fact that Jp is Lipschitz for d,, directly follows from (3.7), (3.8) and the fact that the

integrand in J; is uniformly Lipschitz in x. As for Jp, using also (3.9) and the fact that
the distance is 1-Lipschitz, we have

Jo() = Jo(0) = Wi(v@u) @ (v @), (0 @u) (0 ®w)
S2Wo(v @ p, 0 ® ) = 2dyy (v, 9).

2. Letv = (v )4ea and 6 = (0%),e4 be two elements of Xk and let ¢ be an optimal
plan between v and ¢ (which can be chosen in a ;.-measurable way, thanks to standard
measurable selection arguments, see [14]). Let us then define the probability measure «
on K2 by

/ ¢((a, x), (b, y))da(a, x, b, y)
KxK

:z/ (/ d)((a’x)v(a? Y))d)/a(x,y))du(a)
A [—R,R]?

forall ¢ € C(K x K). Observing thatw € T1(v ® u, 0§ ® v), we get
£0.0) = [ w-yPaa@xsn = [ ([ - yPare )@
K xK A NJ[=R,RP?
:/ W3 (e, 0%)du(a) = d*(v, 9).
A

3. Let y,/ be an optimal plan (u-measurable with respect to a) between v;, and 6. Again
passing to a subsequence if necessary we may assume that y,; ® u weakly * converges to
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some measure of the form y¢ ® w. Using test-functions of the form ¥ (a)(a(x) + B(y))
we deduce easily that for u-almost every a, y¢ € IT(v?, ) and then

liminf d*(v,, ) = lim inf/ / lx — ylzdy,?(x, y) du(a)
n A JI-R,RP?
=[P e = . 0)
A J[-R,RP
3.2 Subdifferential of the energy and gradient flows as measure solutions

Let us start with some convexity properties of J. Let v = (v*),c4 and @ belong to X g and
let y := (y%)seca be a measurable family of transport plans between v and 6¢ [which we
shall simply denote by y € I1(v, 8)]. For ¢ € [0, 1], then define

ve i = (((1 — &) + em2)yyaea, (3.12)

where 71 and 7, are the canonical projections my(x,y) = x, ma(x,y) = y. Then ¢ €
[0, 1] = v, is a curve which interpolates between v and 0. Similarly if we take transport
plans y¢ induced by maps of the form id +&¢ with & = (§%)4ea € L®(v Q@ u) i.e. 0% =
(id +£9)%v* then v = (id +e£%)4v? and in this case, we shall simply denote & := (§%)4ca
and v, as

ve = (id + €&)zv, 0 = (id + &)av.

Lemma 3.2 Let v and 0 be in Xg, y € I1(v, 0) and v, be given by (3.12). Then
Je) < (1 —e)J(v) +eJ(0), Ve €0, 1].
In particular, the same inequality holds if v, = (id 4 ¢&)uv with & € L (v Q@ w).

Proof This immediately follows from the construction of v, the convexity of the absolute
value in Jy defined by (3.10) and the linearity in x of the integrand in J; defined
by (3.11). O

Remark 3.3 The convexity Lemma 3.2 holds along the interpolation v, given by any trans-
portation plan y“ between v¢ and ©?, it is in particular true when in addition y¢ is a required
to be an optimal plan, in such a case, it is easy to see that the interpolation ¢ € [0, 1] > v,
is a geodesic between v and @, in other words, J is convex along geodesics (but does not
satisfy any strong convexity property along geodesics).

Definition 3.4 Let v € Xg, the subdifferential of J at v, denoted d.J(v), consists of all
w = (W4ea € L'(v ® p) such that for every R” > 0, every § € Xp and every y =
(¥“)aea € T(v, 0), one has

J@O) —J(v) > / w* M (z — »dy*(y, 2)du(a).
[-R.RIX[-R'.R']xA

Remark 3.5 An equivalent way to define d.J (v) (which will turn out to be more convenient
in the sequel to prove stability properties, see Lemma 4.4) is in terms of transition kernels
rather than of transport plans. More precisely, given v € Xg, we define the set 7(v) of
v ® u measurable maps : (a,y) € K — n®Y € P(R) such that there exists an R’ > 0
such that ¥ is supported by [—R’, R'] for v ® u almost every (a, y) € K. We then define
vy = (Vg)aeA by

/w(z)dv,‘,’(Z) :=/ p(@)dn™Y (2)dv(y), VYo € C(R).
R R2
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By construction, y = (y%)sea with y¢ = v ® n®?Y defined by

/w(y,Z)dV“(y,Z) :=/ ¢(y, 2dn™Y (2)dv(y), Ve € C(R?)
R2 R2

belongs to IT(v, v,) and thanks to the disintegration Theorem, it is then easy to check that
w € dJ(v) if and only if, for every € T(v), one has

J(vy) —J(v) = /R3 w(y)(z — y)dn®? (2)dv (y)du(a). (3.13)

Remark 3.6 1f we restrict ourselves to transport maps [i.e. take n*Y = §ga(y) in (3.13)],
we obtain a condition which is weaker than definition 3.4 but somehow easier to handle. If
w:= (W4ea € L'(v @ 1) € 3J(v) then for every & = (§%)4ea € L®(v ® ), one has

1@+ 6w) =10 = [ wgdw e w = [ 0 @E 0Dt Wdp@. 314

Remark 3.7 The subdifferential dJ obviously has the following monotonicity property
(which will be crucial for uniqueness, see Sect. 5): if v and v, belongto Xg and w; € 9J (v1)
and wy € dJ(v2), then for every y € I1(vy, v2), one has

/R3(w?(y) — w3 () (y — dy“(y, 2)du(a) = 0. (3.15)

The connection between the subdifferential [in fact the weak condition (3.14)] of the
energy J given by (3.3) and the condition (2.17) is clarified by the following:

Proposition 3.8 Letv € Xg, if w € dJ(v) then, defining the x-marginal of v ® u by

p = / vidu(a)
A

and its cumulative distribution function by

G(x) == p((—00,x]), G~ (x) = p((—00,x)), Vx€R,
we have

w'(x) € [GT(x) —a,G(x) —a] forv®uae. (a,x). (3.16)
In particular w € L™ (v Q u) with

lwllzewew < Ro + 2. (3.17)

Proof Let & € L°°(v ® u) and define v, := (id + £&)xv for ¢ € [0, 1]. Since w € 3.J (v)
we have in particular

lim l(J(vg)—J(v)) z/ w§d(v®u):/ w? ()& (x)dv® (x)du(a). (3.18)
e—>0t € K K

Defining Jo and J; as in (3.10) and (3.11) and K := A x [—R, R], first we have

: J J =1y := : 4(x)dv?(x)d 3.19
~(N1ve) = 1) = 0-—/K(§—a)$ (0" ()dp (@), (3.19)

We then write

1
g(lo(vg) —Jo(v)) = /K . ne(a, b, x, y)dw @ w)(a, x)d(v @ w)(b,y)  (3.20)
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with
1 a b
ne@.box.y) = —(|x +8°0) = (v + 66" )] — x = ).
Observing that 7, is bounded by 2||&|| . (yg,) and that

sign(x — y) (E°(x) —£2(y)), ifx #y
[£9(x) — &P (), ifx=y,

by Lebesgue’s dominated convergence theorem, we get

lim ng(a,b,x,y) = [
e—01

lim 1(J(l’s) - J(v)) =lh+L+Dh

e—>01 &

with Iy given by (3.19), and

=y [ Lesien =) (5700 = £0)) 40 ® (@, 140 ® (6,
KxK

4
1
[ = - 1_
: 4/K><K =

To compute /; we observe that thanks to Fubini’s theorem

1

1 / Loy (E°(x) — E2(y))d(v @ w)(a, x)d(v ® 1)(b, )
KxK

§0x) — Sb(X)' d(v @ w)(a, x)d(v @ u)(b, y).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

1 1
= 1/ ()G (dv ® pw(a, x) — 1/ E' (1= G ® w(b, y)
K K

1
= Z/KS“(x)(G*(x) + G(x) — Ddv ® w)(a, x).

Treating similarly the integral on {x < y} we thus get

G~ G 1
Il — /K (M — E)SH(X)d(V ® ,u)(a,x).

As for 1>, we have
1
py [ ([ (€@l 1) a0 dutadu).
AxA NJ[-R.R]
then we use Fubini’s theorem to get

L[ e wntaonm w)au@ane)
AxA NJ[=R.R]

= /K E“CONG(x) = G~ (x)d(v ® pu)(a, x).

(3.26)

3.27)

Note that in the previous integral, the integration with respect to x is actually a discrete sum,
because the set of atoms where G > G~ is at most countable since G is nondecreasing; let

us denote this set by

S:={xe[-R.R] : G(x) =G (x) > 0} = {xi}ier,
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where / is at most countable. Similarly for the second term in the right hand side of (3.27)
observing that [£” ()| [, v (x)du(d) < 1€ L weu (G(x) — G~ (x)), we only have to
integrate in x over S which gives

[ e @l (ena)deauu
AxA NJ[=R.R]

:/A A(ZISb(xl')lu”({x,-})pa({x,-}))du(a)d’u(b)

iel

= /A (Z|s”<x,»>|v”({xf}>(c<x,»>—G*(xi))dﬂ(b)

iel
= /K 2| (G ) — G~ ())d(v @ W) (b, %),
so that
1
L < E/K [ECHIG(x) = G~ (x)d(v ® w)(a, x). (3.28)

Putting together (3.18), (3.19), (3.23), (3.26) and (3.28) we arrive at the inequality
1
/ () +a = 3G +G@))§* A & w(a. x)
K
1 _
=< 5/ E(O(G(x) — G (x))d(v ® p)(a, x)
K
which holds for any § € L°°(v ® w) and (3.16) obviously follows. ]
Definition 3.9 A gradient flow of J on the time interval [0, T'] starting from vy is a Lipschitz
continuous (for d) curve t € [0, T] — v(t) = (v()*)gea € X g together with a measurable
mapt € [0, T] +— v(t) € Ll(v®,u) suchthatv(t) € —dJ (v(t)) for almostevery ¢t € [0, T],
and for p-almost every a € A, t — v(¢)? is a solution in the sense of distributions of the
continuity equation (2.16).
It then follows from Proposition 3.8 that gradient flows starting from vy are measure
solutions of the system (2.16)—(2.18). Note also that thanks to the bound (3.17), gradient

flows are not only absolutely continuous but automatically Lipschitz for d and even more is
true: for p-almost every a, the curve ¢ — vf is Lipschitz for W,, more precisely

Wa(v, v9) < |t — s|(Ry 4 2)h(a)"/? hence d(v(1), v(s)) < |t — s|(Ry +2). (3.29)

4 Existence by the JKO scheme
We will prove existence of a gradient flow curve on the time interval [0, 7] starting from

vy = (v(‘)’)aE A by considering the JKO scheme. Given a time step 7 > 0, starting from vy,
we construct inductively a sequence vi by

1
Vi41 € argmin,cy {gdz(v, vi) + J(v)} 4.1

fork =0,---, N with N := [L].
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4.1 Estimates

The first step in proving that this scheme is well-defined consists in showing that one can a
priori bound the support. This is based on the following basic result (which we state in any
dimension d eventhough, in the sequel, we will only apply it when d = 1):

Lemmad.1 Let Ry, R > 0 and t be positive constants, vy be a probability measure on
RY with support in Br,and v € Pr(RY). Let P be the projection onto BRry+:r and define
V := Pyv. Then, for every a € B, one has

1 |

— W3, vo) — r/ a-xdb(x) < =W, vp) —r/ a - xdv(x).

2 R4 2 R4

Proof Fix an optimal transport plan between vy and v i.e. a y € II(vp, v) such that
W3 (v, v0) = [ga,ga |X — y[*dy(x, y). Since the map (x, y) > (x, P(y)) pushes forward
y to a plan having vy and D as marginals, we have

1 R 1
—W2(D, vp) < —/ lx — P(y)[*dy (x, y)
2 2 RdX]Rd

1 2 1 2
=3 5 (v, vo) — 2 Joipa ly = P I|7dy(x, y)
X

+/ O —=P®)- (& —=Py)dy(x,y)
R4 xR4

and then
WD, v0) — T fgaa-xdD(x) — FWF(W, v0) + T [gaa - xdv(x)
< Jpiyge (Y — P(Y) - (x + ta — P(y)dy (x, y).
But since y-a.e. x + ta € Bp,4+rr, We get that the integrand in the right-hand side is
nonpositive by the well-known characterization of the projection onto Bg,4<r. O

Now consider the first step of the JKO scheme. Since v is supported by [— Ry, Ry ], for
everya € Aanda € A = |a| < R, + 1, the previous lemma implies that if one replaces
v = (vV)gea € X by b = (V%) ea defined for every a by v? = Psv? where P is the
projection on [—R, — t(Ry + 3/2), Ry + (R, + 3/2)], one has

1 1 1 1
wa(a“, i) + ‘L'/Rd (5 - a) Sxdb?(x) < EW%(V“, Vi) + I/Rd (5 - a) - xdv®(x).

As for the interaction term, it is also improved by replacing v by v; this is obvious from the
expression (3.4) and the fact that P is 1-Lipschitz. In the first step of the JKO scheme, we
may therefore impose the constraint that v € Xg, y¢(r,+3/2)- After k steps, we may similarly
impose that the minimization is performed on X g, 4 k7 (r,+3/2)» SO simply setting

R =R+ (T +1)(Ry+3/2), (4.2)
we may replace (4.1) with a bound on the support:
. 1
V41 € argming, ey, {Zdz(v, vi) + J(v)}. 4.3)

By a direct application of Lemma 3.1 and the compactness of (Xg, dyy), we then see
that the minimizing scheme (4.3) is well-defined and actually defines a sequence v, k =
0, ..., N 4+ 1. We also extend this sequence by piecewise constant in time interpolation:
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v (t) ==y, fort € (k— D, k], k=1,--- , N+ 1. 4.4)

In the following basic estimates, C will denote a constant (possibly depending on T')

which may vary from one line to the other. By construction, forall k =0, ..., N, we have
1

57O, v < J00) = J Bit), (4.5)

Summing and using the fact that every vy belongs to X g and that J is bounded from below
on Xp we get:

N
1
— D d*rs1,v) < J(vo) = J(wn41) < C. 4.6)
2t
k=0
From (4.6), Cauchy—Schwarz inequality and Lemma 3.1 we classically get a uniform Holder

estimate:

dy (o (1), v:(5)) <d (0:(1), v (5)) < CV/lt —s|+ 7, V(s,0) €[0,TF.  (47)

Since (X, dy) is a compact metric space, it follows from some refined variant of Ascoli-
Arzela theorem (see [3]) that there exists a limit curve

t +— v(t) belonging to CO’% (10, T, (Xg,dy))
and a vanishing sequence of time-steps 7, — 0 as n — +o0 such that

sup dy (v, (), v(t)) = 0 asn — +oo. 4.8)
1e[0,T]

4.2 Discrete Euler-Lagrange equation

Let y, g = (Vka+1)a€A € (v, vi4+1) be such that VISH is an optimal plan for p-almost
every a and let v}/ | be defined by

/ EOVEL )V () = / e L Laye, ()
[—R,R] R]? T

for all & € C([—R, R]), or equivalently, disintegrating y’,; with respect to its second
marginal v/ | asdy, (x,y) = dy,fjryl () ® dvi, 1 ():

a ] a,y
iam=-(v— [ xdyfiw). *9)
T [—R,R]
The Euler-Lagrange equation for (4.1) can then be written as

Lemma 4.2 Let vy be a solution of (4.1), y;y € TI(wg, vky1) and vy be constructed
as above, then:

Vi1 € = (V1) (4.10)
Proof LetR' > 0,0 € Xprand y € [1(vk*1, @), and define for ¢ € [0, 1]

ve = (0)aea with V¥ = (1 — &)1 + em)uy .
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Then by optimality of v and using Lemma 3.2, we have

11
0 < timinf — (5?02, 91) = & Gip1. ) + I 00) = I 41)

e—>0t €

171
< liminf —(—(cﬂ(va, Vi) — d* (i1, Vk)) +J0) = J(vit1).
s—0t & \271

We have already disintegrated the optimal plan ;' | between v} and v{, as

i (dx, dy) =y (dx) @ v, (dy).

Let us also disintegrate the (arbitrary) plan y¢ between v, ; and 6¢ as:
y“(dy, dz) = v, (dy) ® ¥ (dz).
Define then the 3-plan 8 by B = (v} ® y?) @ v, i.e.

[owvaisora = [ ([ owramime @)oo
R3 R R2

for every ¢ € C(R?). Setting

(1 (x,y,2), m2(x,y,2), m3(x,y,2)) = (x,¥,2),
(7T12(X, y’ Z)7 7T23(X, y’ Z)a 7T13(X, y’ Z)) = ((.X, y)7 (y7 Z)’ ()C, Z))7

we have by construction, w248 = y,f+1, m3uB® = y“. By the very definition of v, we
also have (1, (1 — &)z + em3))# B € II(vY, v¢) so that

WROE ) = [ Iy —xPaptx
and
Wa (v, vi) < /3 [(1—g)y+ez—x?dB*(x, y, 2).
R‘

Using Lebesgue’s dominated convergence Theorem and recalling the definition of 8¢ and
vi,; we then get

11
lim inf 7(—(d2(v$, Vi) — dz(vk+1, Vk))
2T

e—0t &

< [ ([ e=»- gy 0)au
A NJR3 T

=/ (/ (/ 2 _xd)/a’y(X))(z — »dy®Y (z)dvf (y))du(a)
ANJR2NJ[-RR] T k+1 k+1

- / o110 =y (. duca).
[=R,R]x[—R',R']xA
This yields

JO) — J(vpsr) = —/

Ui () - (2 = y)dy“(y, 2)dp(a)
[-R,R]X[—R',R'IxA

i.e. Vg1 € —0J (Wi41). m]
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Let us also extend vgy| by piecewise constant interpolation
Vo (1) = vy, 1 € ((kt, (k+ D], £ €10, T], w1 = (0 aca, (4.11)
so that, thanks to the previous Lemma, we have
v.(t) € —aJ(v: (1)), t € [0, T]. (4.12)

< C; we can then

Thanks to Proposition 3.8, note that sup,¢jo 71 vz (D)L, (@)
define the time-dependent-family of signed measures

dg. () = v (t)dv. (1), ie. dg (1) = v (1) dv, (1)".

Denoting by X the one dimensional Lebesgue measure on [0, 7], we may assume, taking a
subsequence if necessary, that the bounded family of measures on g, ® u ® A converges
weakly * to some bounded signed measure on [—R, R] x A x [0, T'] which is necessarily
of the form ¢ ® 1 ® A because marginals (with respect to the a and ¢ variables) are stable
under weak limits. Since |g,, [@ n ® A < Cv,, @ u ® A and vy, ® p converges weakly * to
v u,wehave || ® u @ A < Cv ® u ® A. Hence, for u ® A a.e. (a, t), the limit satisfies
lg(@®)%| < Cv(t)* and therefore can be written in the form dg ()¢ = v(r)*dv?(t) (@ = vv
for short) with [|v(#) || Leo(w(r)gu) < C for A-a.e. t € [0, T]. We thus have

q-, ®M®k=(v,nvfn)®u®)»—*\q®u®)\=(vv)®u®)\asn—> +00.
4.13)
In other words, for every ¢ € C([0, T] x A x [—R, R]) we have
tim, [ [, ( S gy @ (0 @ X)ve, (0 () v, (t)“(x))du(a)dt
= fOT fA (f[iR’R] o(t,a, x)v(t)“(x)du(t)“(x))du(a)dt.

4.3 Existence by passing to the limit

Our task now consists in showing that the limit curve # +— v(¢) is a gradient flow solution
associated to the velocity ¢ +— wv(t) constructed above. Let us first check that it satisfies
the system of continuity equations (2.16). To do so, take test functions ¥ € C(A) and
¢ € C%([0, T] x [—R, R]) and let us consider

Nt

| (] v@aseom o mau@)a
0 K
= [ @( 25 [ @ K + D, x) = ke, a)dvfy, (0)dua(@).

Then, we rewrite

>, f,RR(%(k + 17, %) — gk, 0)dve, | (1)
= 200 SR ¢kt Ao — v, @)
+ R d(NT, 0 () — [R $(0, x)dvd (x).

Using the optimal plans y;! ‘1 as in Lemma 4.2, we then rewrite

R R R
/ ¢ (k. 0)d(f — v, ) () = / ) / (000 = ke, )yt 5. ).

R
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A Taylor expansion gives

¢(kr’ .X) - ¢(kT7 y) = X¢(kr7 Y)(X - Y) + lk(f, a, x, Y),
e (z, @, %, Y)| < [18xxPlloclx — yI*.

Integrating and using the optimality of y’, | gives
R R 5
lk(t, a) :=/ / (T, a, x, YAyt (6, ¥) < 18xxPlloo Wy (W, v )
—RJ-R

and then, recalling (4.6) we have

N-1

/ Y(@) D L(r, a)du(@) < Ctl|dxdlloollV oo (4.14)

k=1

Recalling the definition of the discrete velocity vi41 from Lemma 4.2, we can rewrite

R R R
/ . / BB RT 30— 0y ) = = / Bk v (O )

hence by definition of v, and v,

N-1 R (R
IRz > || bt e =y )aut

T
—/ /W(a)axqﬁ(t,X)vr(f)“dvr(t)“(X)dM(a)df+0(T)~
0o Jk

Now thanks to (4.8), we have

R R
tim [ @ ([ o0vm nagm)au@ = [va( [ s orw)aa
noJa -R A -R
(4.15)

and

R R
tim [ v@( [ s000t0)au@ = [v@( [ s0nagm)aua,
T JA —R A —-R
(4.16)

where we use in the above limits that vy, = v¢ ' (NTy) and v{ = v ' (). Putting the previous
computations together, summing and using (4 15), (4.14), (4.16), We thus obtain

Nt
[ (] v@aswow o maua)a
0 K
T
- [ [ r@ae vorao manaa
R
+[v@( /[ s pnmrw)ua
A —R

R
- / v / § (0, )G (1)) dua) + e,
A —R
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where ¢;, goesto 0 asn — 4o00. Taking T = 1,,, using (4.8) and (4.13) and letting n — +o00
in the previous identity we get

T /R
/ v@( / / @t ) + 0. (1, X)0(1) () (D) (X)) dpa (@)
A 0 —R

R
= / v / ¢ (T, x)dv(T)" (x) — / $ (0, ) (1)) du(a).
A —R R

In other words, we have proved the following:

Lemma 4.3 For p-almost every a, the limit curve t +— v(t)? solves the continuity equation
(2.16) associated to the limit velocity t +— v(t)“.

It remains to check that

Lemma 4.4 Fora.e. t € [0, T], we have v(t) € —3J (v(¢)).

Proof By construction of the curves v; and v, and thanks to Lemma 4.2, we have seen in
(4.12) that

v (t) € —0J (v (2)), YVt €[0,T]

which means that for every T > 0, every ¢ € [0, T] and every n € T (v,(¢)) (as defined in
Remark 3.5), we have

Je(t)y) = J(v: (1)) = —/ , Ve (O (z = »dn®Y (2)dve (1) (y)du(a). (4.17)

AxR
We wish to prove that there exists S C [0, T], A-negligible, such that for every ¢t € [0, T]\ §
and every n € T(v(t)), one has

J0(0)y) — T00) = —/

AxR

, VIO (@ = »dn®Y (@dv()* (y)du(a).  (4.18)

To pass to the limit T = 7,, n — 00 in (4.17) to obtain (4.18), we shall proceed in several
steps. Let us remark that it is enough to prove (4.17) when n* 7 is supported by a fixed compact
interval [—R’, R’] (and then to take an exhaustive sequence of such compact intervals). Let
us also recall that, thanks to Lemma 3.1 and (4.8), J (v, (¢)) converges to J (v(t)) asn — 00
uniformly on [0, T].

Step 1: Let us first consider the case where » is continuous in the sense that (a, y) € K +—
f[fR,.R,] @(z)dn®?Y (z) is continuous forevery ¢ € C(R).Let¢ € C(A xR). Since ¢, defined
by ¢y(a, y) == f ¢ (a, z)dn®”Y(z) belongs to C(K), using the fact that

(@, vz, (Dy @ 1) = {@g, v, (1) @ 1),
(. v()g @ p) = (@g,v(1) 1)

and (4.8), we deduce that lim, dy, (v, (t)5, v(t)y) = O for every ¢ € [0, T']. Hence, thanks to
Lemma 3.1, we have

im{J (ve, (1),) = J (v, ()] = J (e (1)) — J (v (1)), V1 € [0, T]. (4.19)
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Letp € C([0, T]), ¢ > 0. Using (4.17) gives
T
/0 PO (v, (1)) — J (v, (1))]dr
> —/ p(t)vg ()(¥)(z — y)dn®? (2)dvg, (1) (y)dp(a)de
[0,T]x AxR?2
= —/ )Y (a, y)dgr, (1) (y)dpu(a)dr,
[0, T]xK
where

Via.y) = / (2 — V™ (2)

belongs to C(K). We then deduce from (4.13), (4.19) and Lebesgue’s dominated convergence
that

T
/0 POLI (1)) — T ((0)]dr
> / ot (@, y)dg* (y)du(a)ds
[0,T]xK

= —/ POV (1) (y)(z — y)dn™Y (2)dv()* (y)du(a)dt.
[0,T]x AxR2

This implies that there exists a negligible subset Sy of [0, T'] outside which (4.18) holds.

Step 2: For every N € N*, let Ay := {(ap, - -+ , taN—1) € RﬁN : Ziﬁo‘l o; = 1}, Fy be
a countable and dense family in C(K, Ay), and consider

IN-1
Dy = [(a,y) €K Z O[k(a,y)(szll(v, (g, ..., 00N—1) € FN], D := U Dy,
k=0 NeN*

wherefork =0,...,2N—1, lecv denotes the midpoint of the interval [-R’+kR'/N, —R' +
(k+ 1)R’/N1]. Since D is countable and its elements belong to C(K, (P([—R’, R']), W2)),
it follows from Step 1, that (4.18) holds for every n € D and every ¢ € [0, T]\ S where S is
the A-negligible set

s:=J S (4.20)
neD

Step 3: Letr € [0, T]\ S, and € T (v) having its support in [—R’, R’]. Note that now we
are working with a fixed ¢ so that we just have to suitably approximate by a sequence in
D. For N € N*, first define for every (a, y) € K the discrete measure
2N—1
D @ sy flay) =n" ), 4.21)
k=0
where I,fv is the interval [-R’ + kR'/N,—R' + (k + )H)R'/N) if k = 0,...,2N — 2 and
LY, ==[R'(1 = 1/N), R']. We then have

2N—1 R
sup W (n“’y, N, )8 N) < —. (4.22)
(a,y)eK ; k “ N
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.....

C(K, Ay) is dense in Ll(v(t) ® u, Ay), there exist (gév, ce, géVN_l) € C(K, Ay) such
that
2N-1

N N a 1
2 | 1@y - g @ pldvo) ) duta) < . (4.23)
k=0 /K
Since we have chosen F dense in C (K, Ay), there exist o« = (Ol(l)v, R aéVN_l) € Fy such
that
2N—1 1
> s gl @ y) — e (@l = 4 (4.24)
k=0 (a,y)eK

We then define ny € D by

2N—-1
?77\}} = Z a,iv(a, y)(Sz];(v.
k=0

Thanks to Kantorovich duality formula (3.1), it is easy to see that for every « and 8 in Ay,
Wik O‘k‘sz,ﬂ"* > ﬂk‘sz,ﬂ") < R’ >, lax — Bxl. In particular, thanks to (4.23), we have

R/
/K Wi (Zk: 1 (a, y)azlj(\/, Zk:g,iv(a, y)(SZ]/(v) div(t) ® w)(a, y) < N (4.25)

Similarly, (4.24) implies that

2N—1 R
sip Wi(n”s D gl (@ sy = (4.26)
(a,y)eK k=0 k N

We know, from Step 2 that for every N € N*:

J()y,) —J(v() = —/A , V(O (@ = Ydny @dv) (dp(a).  (4.27)

xR

Thanks to (4.22), (4.25) and (4.26) and the triangle inequality, we have

lim /K W™, ") dw(®) ® p)(a, y) = 0. (4.28)

N—o00

Recalling that v(r) € L*°(v(t) ® ) and using (3.8), we have
[ roo([ e - @) a0 o)
K [—R',R]

< Il wmew / Wi(n™, ny") dv () ® p)(a, y)
K
so that the right-hand side of (4.27) converges to
_/ v ) () (@ — y)dn®Y (2)dv()* (y)dp(a)
AxR?
as N — oo. As for the convergence of the right-hand side of (4.27), we have to show that

limy Wy (vy, ® i, vy ®u) = 0. For this, we shall use the Kantorovich-duality formula (3.1)
and observe that if ¢ € C(K) is 1-Lipschitz then
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/K (@, ) (v — o) ® 1) (@ ) < /K Wi %) d (1) ® ) (a. )

which tends to 0 as N — oo thanks to (4.28). Using Lemma 3.1 we then have
limy_ o0 Jw(@)y,) = J(0)y). Passing to the limit N — oo in (4.27) gives the desired
inequality (4.18). This shows that v(¢) € —dJ (v(¢)) for every ¢ € [0, T]\S. O

We deduce from Lemmas 4.3 and 4.4 the following existence result:

Theorem 4.5 If (2.13) holds, then for any T > 0, there exists a gradient flow of J starting
Jrom v on the time interval [0, T']. In particular, there exists measure solutions to the system
(2.16)—(2.18).

5 Uniqueness and concluding remarks
5.1 Uniqueness and stability

Thanks to (3.15), we easily deduce uniqueness and stability:

Theorem 5.1 Let vo and 0¢ be in Xg. If t +— v(t) and t — 6(t) are gradient flows of J
starting respectively from vy and 6, then

d(v(1),0(1)) < d(vo, 0y), Vr € Ry
In particular there is a unique gradient flow of J starting from vy.

Proof By definition there exists velocity fields v and w such that for ae. 7, v(t) =
W)gea € —0J(v(t)) and w(t) = (W({#)*)gea € —3J(0(¢)) and for u-almost every
a, one has

v + 3, (V) = 8,07 + 8, (0“w) =0, v¥|;=0 = v, 0%]1=0 = 6. (5.1)

Since v* and w* are bounded in L°°(v?) and L>°(6¢) respectively, it follows from well-known
arguments (see [3], in particular Theorem 8.4.7 and Lemma 4.3.4) that ¢ +— sz(v,“, 0f)isa
Lipschitz function and that for any family of optimal plans y¢ between v{ and 6¢ for 1] < 1,
one has:

n
WL, 08) < W2(E, 00) + / ( / U 6)() — w @) — DAYy, D) ds.
11 R
Integrating the previous inequality gives

5]
d* (v, ) = (v, 0) + / ( /A LT O~ w @)~ Dy 0 Dduta))ds.

4l

But since v(s) € —aJ(v(s)) and w(s) € —3J(0(s)) for a.e. s, the monotonicity relation
(3.15) gives

/A Rz(v“(S)(y) —w(s)(2)(y — 2)dy; (v, 2)du(a) < 0.

We then obtain the desired contraction estimate. O
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5.2 Concluding remarks
Back to classical solutions, more general initial conditions

Starting from a one-dimensional kinetic model of granular media, we have defined gener-
alized (measure) solutions thanks to a special first-integral and have proven that measure
solutions exist globally in time thanks to a gradient flow approach. For classical solutions, as
explained in section 2.2 there is an equivalence between the initial kinetic formulation and
the system of PDEs (2.12) and (2.11) which enabled us to define weak solutions through
(2.16)—(2.18). We also gave an example in section 2.4 which shows that one cannot expect
that the spatial cumulative function G; remains continuous globally in time even if Gy is
very smooth, but in this example the initial condition is very singular in the velocity variable.
If one starts with a more regular initial condition fj in the phase space, it is not clear to us
whether measure solutions of (2.16)—(2.18) are such that G, remains absolutely continuous
globally in time [a necessary condition to give a meaning to (1.4)]. In other words, we have
defined a notion of generalized solutions to (1.4) and proved a global existence result for the
latter but have a priori no guarantee that these generalized solutions have enough regularity
to be solutions of (1.4).

We would also like to mention here that in our main results of existence and uniqueness of
a gradient flow for J, the assumption that pg is atomless plays no significant role. Actually,
our results hold for any compactly supported initial condition vy (we did not investigate the
extension to the case where this assumption is relaxed to a second moment bound, but this is
probably doable). The assumption that pg is atomless was used only to select unambiguously
the Cauchy datum vj. We suspect that in the case where pg is a discrete measure, there
might be an interesting connection between gradient flows solutions (which typically select
elements of the subgradient with minimal norm) and some solutions of the initial ODE system
(1.2) but a more precise investigation is left for the future.

Higher dimensions, more general functionals

The motivation for the present work comes from kinetic models of granular media. Since
the first integral trick of Sect. 2 is very specific to the quadratic interaction kernel case
in dimension one, all our subsequent analysis has been performed in dimension one only.
However, it is obvious (but we are not aware of any practical examples in kinetic theory) that
our arguments can be used also to study systems of continuity equations in R? for infinitely
many species (labeled by a parameter a) such as

v + div, (va(vxvm, x) +/

VW (@, b x, »dv ()du b)) =0,
AxRd

which (taking for instance W symmetric W (a, b, x, y) = W(b, a, y, x)), can be seen as the
gradient flow of

1
J(v) ::/ Vdlv @ ) + */ / Wdlv @ n) @ d(v @ ).
AxRI 2 Jaxrd JaAxrd

Acknowledgments The authors are grateful to Yann Brenier, Reinhard Illner and Maxime Laborde for
fruitful discussions about this work. M.A. acknowledges the support of NSERC through a Discovery Grant.
G.C. gratefully acknowledges the hospitality of the Mathematics and Statistics Department at UVIC (Victoria,
Canada), and the support from the CNRS, from the ANR, through the project ISOTACE (ANR-12- MONU-
0013) and from INRIA through the action exploratoire MOKAPLAN.

@ Springer



37 Page 26 of 26 M. Agueh, G. Carlier

References

1. Agueh, M.: Local existence of weak solutions to kinetic models of granular media. Arch. Ration. Mech.
Anal. (2016) (in press)

2. Agueh, M., Carlier, G., Illner, R.: Remarks on kinetic models of granular media: asymptotics and entropy
bounds. Kinet. Relat. Models 8(2), 201-214 (2015)

3. Ambrosio, L., Gigli, N., Savaré, G.: Gradient Flows in Metric Spaces and in the Space of Probability
Measures. Lectures in Mathematics. Birkhduser, Basel (2005)

4. Benedetto, D., Caglioti, E., Pulvirenti, M.: A kinetic equation for granular media. RAIRO Model. Math.
Anal. Numer. 31(5), 615-641 (1997)

5. Benedetto, D., Caglioti, E., Pulvirenti, M.: Erratum: A kinetic equation for granular media. M2AN Math.
Model. Numer. Anal. 33, 439-441 (1999)

6. Bertozzi, A.L., Laurent, T., Rosado, J.: L? theory for multidimensional aggregation model. Commun.
Pure Appl. Math. 64, 45-83 (2011)

7. Brenier, Y.: On the Darcy and hydrostatic limits of the convective Navier—Stokes equations. Chin. Ann.
Math. 30, 1-14 (2009)

8. Brenier, Y., Gangbo, W., Savaré, G., Westdickenberg, M.: Sticky particle dynamics with interactions. J.
Math. Pures Appl. 99(9), no. 5, 577-617 (2013)

9. Brenier, Y., Grenier, E.: Sticky particles and scalar conservation laws. SIAM J. Numer. Anal. 35(6),
2317-2328 (1998)

10. Carlier, G., Laborde, M.: On systems of continuity equations with nonlinear diffusion and nonlocal drifts
(2015) (preprint)

11. Carrillo, J.A., McCann, R.J., Villani, C.: Kinetic equilibration rates for granular media and related equa-
tions: entropy dissipation and mass transportation estimates. Rev. Mat. Iberoam. 19, 1-48 (2003)

12. Carrillo, J.A.,McCann, R.J., Villani, C.: Contractions in the 2-Wasserstein length space and thermalization
of granular media. Arch. Ration. Mech. Anal. 179, 217-263 (2006)

13. Carrillo, J.A., DiFrancesco, M., Figalli, A., Laurent, L., Slepcev, D.: Global-in-time weak measure solu-
tions and finite-time aggregation for nonlocal interaction equations. Duke Math. J. 156(2), 229-271
(2011)

14. Castaing, C., Valadier, M.: Convex Analysis and Measurable Multifunctions. Lecture Notes in Mathe-
matics, vol. 580. Springer, Berlin (1977)

15. Di Francesco, M., Fagioli, S.: Measure solutions for nonlocal interaction PDEs with two species. Non-
linearity 26, 2777-2808 (2013)

16. Jordan, R., Kinderlehrer, D., Otto, F.: The variational formulation of the Fokker—Planck equation. SIAM
J. Math. Anal. 29, 1-17 (1998)

17. Laurent, T.: Local and global existence for an aggregation equation. Commun. Part. Diff. Eq. 32, 1941—
1964 (2007)

18. Villani, C.: Topics in Optimal Transportation, Graduate Studies in Mathematics, vol. 58. American Math-
ematical Society, Providence (2003)

19. Villani, C.: Optimal Transport: Old and New. Grundlehren der mathematischen Wissenschaften. Springer,
Heidelberg (2009)

@ Springer



	Generalized solutions of a kinetic granular media equation by a gradient flow approach
	Abstract
	1 Introduction
	2 A first integral and measure solutions
	2.1 A first integral for classical solutions
	2.2 Reformulation and equivalence for classical solutions
	2.3 Measure solutions
	2.4 A discrete example and a system of Burgers equations

	3 A gradient flow structure
	3.1 Functional setting
	3.2 Subdifferential of the energy and gradient flows as measure solutions

	4 Existence by the JKO scheme
	4.1 Estimates
	4.2 Discrete Euler--Lagrange equation
	4.3 Existence by passing to the limit

	5 Uniqueness and concluding remarks
	5.1 Uniqueness and stability
	5.2 Concluding remarks
	Back to classical solutions, more general initial conditions
	Higher dimensions, more general functionals

	Acknowledgments
	References




