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Abstract We study the uniqueness and nondegeneracy of positive solutions of div (o Vu) +
p(—gu + huP) = 0 in a ball, the entire space, an annulus, or an exterior domain under the
Dirichlet boundary condition.
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1 Introduction

We study the uniqueness and nondegeneracy of positive radial solutions of the problem
div (p(|xDVu(x)) + p(IxD(=g(xDu(x) + h(lxDu(x)”) =0 in Bg (1.1)
under the boundary condition

u(x) =0 for |x| =R inthecaseof 0 < R < o0,
u(x) > 0 as |x] > oo inthe case of R = oco.
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Here,n >2,p>1,Bg ={x e R" : [x] < R} with R € (0, ¢],and p, g,h : (0,R) > R
are appropriate functions. If p(r) = 1, then (1.1) is

Au(x) — g(|lxDu(x) + h(lxDu(x)” =0 in Bg.

These problems include many important equations, like the scalar field equation, and they
were studied by many researchers; see [8,9,11,14,22-26,32,33,36-38,42,44,45,47-49,53—
56] and the references therein. Recently, in [47], we introduced a new generalized PohoZaev
function and we studied the uniqueness of positive solutions of problem (1.1). We showed
the result is applicable to various examples. However, for some examples, in the case when
n = 2, we could not show the uniqueness of positive solutions. For instance, we consider the
problem

Au— O+ xPu+u” =0 inR" and u(x) —> 0 as |x| - oo, (1.2)

wheren € Nwithn > 2,1 > —n,1 < p < oointhecasen =2and1 < p < (n+2)/(n—2)
in the case n > 3. In [47], if n > 2, we could show the uniqueness of positive solutions of
(1.2), but we could not show its uniqueness in the case n = 2.

In this paper, first, we show that if our generalized PohoZaev function is nontrivial and
nonnegative for each positive radial solution of (1.1), then the problem has at most one positive
radial solution. We can see that (B5) (i) (with other assumptions) in Theorem 1, given in [47],
is one of sufficient conditions. We give another sufficient condition (B5) (ii) in Theorem 1.
The new condition seems to be useful in the case of n = 2. Next, we study the existence of a
unique positive radial solution of (1.1). We note that Theorem 1 says nothing on the existence
of a solution. Adding some assumptions to those of Theorem 1 and applying the variational
method, we show the existence of a unique positive radial solution of problem (1.1). One
of the difficulties is to show that the solution obtained by the variational method does not
diverge at the origin. Using a subsolution estimate, we show that the obtained solution is
continuous at the origin. Next, we study the nondegeneracy of the unique positive solution in
aradial function space. Our assumptions for the nondegeneracy result are essentially same as
those for the unique existence result, and our uniqueness theorem plays an important role to
show the nondegeneracy in a radial function space. Moreover, we study the nondegeneracy
of the positive radial solution of (1.1) in a full space (including nonradial functions). Further,
we study the uniqueness of positive radial solutions of

div (p(IxDVu(x)) + p(IxD(=g(xDu(x) + h(lxDu(x)”) =0 in Ag g (1.3)
under the boundary condition

u(x)=0 for |x|]=R if R\ <R < o0,

_ _ /
u(x) =0 for |x|=R" and [u(x)—)O as |x| - oo if R = oo,

where 0 < R < R <oo,p>1l,n>1land Ag g ={x € R" : R < |x| < R}. We also
study the nondegeneracy of the unique positive solution of (1.3) in a radial function space.
We note that our uniqueness and nondegeneracy results cover the results in [8,14,22], in
which the cases p(r) = 1 and h(r) = 1 were studied.

This paper is organized as follows. In the next section, we recall the generalized PohoZaev
identity introduced in [47]. In Sect. 3, we show our uniqueness and nondegeneracy results for
(1.1), and in Sect. 4, we give the proofs of them. In Sect. 5, we study the nondegeneracy in
the case when our PohoZaev function is identically zero. In Sect. 6, we show our uniqueness
and nondegeneracy results for (1.3). In the final section, we show some examples to which
our results are applicable and we give some new uniqueness results.
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Uniqueness and nondegeneracy of positive radial solutions. . . Page 3 0f 42 32

2 Generalized PohoZaev identity

We recall the generalized PohoZaev identity introduced in [47]. Setting f(r) = pil p(r),
we can consider

fr(r)
S
for radial solutions of (1.1). We note that g(r) was used in [47] instead of —g(r).

urr(r) + ur — g(ryu(r) +h(ryu(r)? =0

Proposition 1 Let —oco < R’ < R < 00, g € C'((R', R)) and f,h € C3((R', R)) such
that f, h are positive in (R', R). If p > 1 and u € C*((R', R)) is a positive solution of

fr(r) p_ . ,
upr(r) + u(r) — gm)u@) + h(r)u@)” =0 in (R, R),
fr)
then
d 2 . /
—J(@r;u) = G(ru(r)” in(R, R),
dr
where

J(rsu) = %a(r)ur(r)z +b(r)u, (Hu(r) + %c(r)u(r)2

a(r)h(ryur)Pt,

e + -
2argru(r P

2(p+D) 2
a(r) = f(@r) »73 h(r) 3,

by = —5ar0) + j}((:)) a(r),
) = —br 1)+ L),

f(r)
1 1
G(r) =b(r)g(r) + Ecr(r) - E(a(r)g(r)),(r)

Remark 1 The following are detailed expressions of b(r), c¢(r) and G(r):

b) = (p+37 FOFTRO TS @B f,0) + Fhy ),
)= (p+ 32O TR I (MOS0~ 2+ 3 F0) fr (]
+ (0 +3) () = FOROLP =35 fr Ve () + (p +3) ey (1)]),

1 = IR
G(r)=5(p+3) 7 f(r) r=h@r) »o

x [—[32fr (174 2(p = 0P + 3 (1) f0) frr ) F2(+372 £ () frrr () | Y

= [20 = D + 3 F O F, O = 4(p + 3 ()RR, ()] )
— (P +3f0) g (h(r)?
P =0+ 20O 0 + (PP = 6) = 2D) £ ) frr () [y (1)
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+3(p = D(p + O [ (1) = 2(p + 4 (p +5) £ () he (r)?
—3(p— D(p +3) f)? fr (R hyr (1)
+3(p 3P+ FE R )y () — (p 43 F ) R Ry (r)].

For the reader’s convenience, we show the expressions a(r), b(r), c¢(r) and G (r) for specified
f(r), g(r), h(r) in Appendix 1.

3 Ball or entire space case

In this section, we study the problem

(3.1)
u(R’) €(0,00), u(R) =0,

[ (1) + 50, — g ) +h(Yu(r)? =0, R <r <R,
where —00o < R' < R <00, p > 1 and f, g, h are some functions. In the case of R = oo,
u(R) = 0 means that u(r) — 0as r — oo. We note that u,(R") = 0 is not included in (3.1).
However, we impose conditions that each positive solution in the following sense satisfies it;
see Lemma 1. We say u is a positive solution of (3.1) if

u € C([R', 00)) N C2((R’, 00)) in the case of R = oo,
ueC(R,R)NCE(R',R)) inthecaseof R < oo,

u(r) > 0 foreach r € [R’, R), and u satisfies (3.1). For the sake of completeness, we note
that if u is a positive radial solution of (1.1) then u is a positive solution of (3.1) with R = 0
and f(r) = o). We impose the following conditions on f, g and /.

(Bl)(i) —oo < R' < R <o00,g € C'((R',R)), f,h € C3((R', R)), and f, h are positive
in (R', R).
(i) m f(r) < oo.

(iii) llm W/RI; F(@ g+ h(r))dr = 0.

@iv) There exists R € (R’, R) such that
(@) fg.fheL'(R,R)),
(b) T~ f(r)(lg(r)|+h(r))/ m e L'((R", R)).
(© 1/f ¢ L'"(R", R)).

(v) In the case of R < o0, g € C((R',R]), f,h € C*((R',R]), f(R) > 0 and
h(R) > 0 are also satisfied.

Remark 2 Let g € C'((0, 00)) N C([0, 0)), p, h € C3((0, 00)) N C?([0, 00)), p, h are
positive on [0, o) and n € R withn > 2. Set f(r) = r"~1p(r). Then it is easy to see that
(B1) is satisfied with R" =0 < R < oo.

Now, we state our uniqueness theorem. In the following, a(r), b(r), c(r), G(r) and J (r; u)

are the ones given in Proposition 1. We note that the case (B5) (i) is essentially same as [47,
Theorem 1] and that a similar condition to (BS5) (ii) was studied by Byeon—Oshita [8].
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Theorem 1 Let p > 1. Assume (B1) and the following.

(B2) lim a(r) < oo, lim |b(r)| < oo, lim a(r)g(r) = 0and lim a(r)h(r) = 0.
r—>R' r—>R' r—>R' r—>R'

(B3) lim c¢(r) € [0, co].
r—>R'

(B4) In the case of R = oo, G~ # 0 is satisfied, where G~ (r) = min{G(r), 0} for
r € (R, R).

(B5) One of the following conditions is satisfied.

(1) There exists k € [R’, R] such that
G(r)>0 on(R',k) and G(r) <0 on(k,R).
(i) {R"<r <R : G@u)=0, D(r) > 0} =0, where
D(r) = b(r)* = a(r)(c(r) —a(r)g(r)).
Then in the case of R < oo, problem (3.1) has at most one positive solution, and in the case

of R = oo, problem (3.1) has at most one positive solution u which satisfies J(r; u) — 0 as
r — o0.

Remark 3 If p > 1 and the assumptions in Remark 2 are satisfied, then (B2) and (B3) hold.
See Proposition 2 in the next section.

Remark 4 The following is a detailed expression of D(r):

2p+5)

2 —2(p+D -
D)= (p+3)72f () 75 hr)” 1
X [(p 4327 ORI 80) + (=45, + 200 + 3 f () (1) (1)

— P+ SO+ (p = DO OO () + (p +3) £ Ry ()]

For the reader’s convenience, we show the expressions D(r) for specified f(r), g(r), h(r)
in Appendix 1.

Next, we study the existence of a unique positive solution of (3.1) by the variational
method. We introduce function spaces (&X', || - || x) and (L, || - || 2) such that X" is continuously
imbedded into £, and we define a functional 7 on X by

R /1 1
1(u) =/ (5(|ur(r)|2+g<r)|u<r)|2>——h(rnu(rw“)f(r)dr
/ p+1

1
- p+1 32
p+1||u||£ (3.2)

1

2
“ull? —
5 luli
whose positive critical point corresponds to a positive solution of (3.1). Now, we give them
in detail. We set
=1y

D= [w € C™(IR. R) : suppy C [R'. R). —

(R") =0 foreach k e N].
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We define

1

R 2
lelx = ( / (or(1)? + g(Mp(r)?) £ (r) dr) for each ¢ € D,

):4

R T
lelle = (/ h()p@)|P T f(r) dr) for each ¢ € D,
R/
and we impose the following conditions.

2
L ol »
0eD\0) gl 0eD\O) (R (0, ()2 + 18 (1)l p(r)2) £ () dr

(B6)

We denote by X’ and £ the completion of D with respect to || - || x and || - ||, respectively.
We can see that both inequalities in (B6) hold even if the infimums are taken on X'\ {0}. So,
under these assumptions, the embedding from X into L is continuous, and the norm defined
by

1

R 2
( / (wr<r>2+|g<r>|<p<r>2)f<r>dr) for eachg € X

R/
is equivalent to || - || x on X.

Remark 5 Under these assumptions, we can see that each equivalence class in X is the
standard almost everywhere equivalence class. We can also see that for each u € X, there is

ve LPTY(R', R) such that

loc
R R
/ ug,dr = —/ vodr foreach ¢ € CC(R', R),

and we denote this v by u,. Consequently, we have X C HILC(R’ , R).

Remark 6 Even if we assume (B6) with C§°((R’, R)) instead of D, we can show that the
completion of C§° ((R’, R)) with respect to the norm || - || x is exactly X’ by assumption (B1)
(iv) (c). See Lemma 9 in Appendix 2.

Remark 7 Since we consider the problems not only like the scalar field equation but also like
Matukuma’s equation, see Sect. 7, we do not assume the condition such as

[m(@r (M2 + g(p)) f(r) dr o
eeDVOL [ R(ru(r)2 f (r) dr

Now, we show our existence result. In many applications, the following assumption (B9)
holds.

Theorem 2 Let p > 1. Assume (B1)—(B6) and the following.
(B7) One of the following conditions is satisfied.

(i) The embedding X — L is compact.
(ii) There exists § € C((R’, R)) such that

o el . [ (2 + §rur)®) fr) dr
weX\(0} [|u|% ueX\{0} llul|2

Se =

)

e
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and for each {u,,} C X converging weakly to some u € X, there holds
R
@0 = conlun) ~ utr) e dr 0
R/
(B8) There exist p € [p, o), ¢ € (1, p) and R € (R, R) such that
_ 1
U§@402+g0mvﬂyﬂnd02
(i 1wl +1ny ar)

inf >0, (3.3)

ueX\[0}

1
Pl

R gl
/ (g7 1/h)sThf dr < oo. (3.4)
R/

(B9) In the case of R = oo, each positive solution u € X N C2((R’, o0)) N C([R’, 00)) of
(3.1) satisfies J(r; u) — 0 asr — oo.

Then problem (3.1) has a unique positive solution u in X.

Remark 8 Under assumption (B6), (3.3) holds with p = p. In applications, if p is a so called
subcritical exponent, letting p > p be the critical one, we usually have (3.3).

Remark 9 We need assumption (3.4) to show that the solution given by the variational method
does not diverge at r = R’. We note that each of the following conditions is a sufficient
condition for (3.4).

(i) ¢~ =0.
(ii) f, g, h are continuous at R’ and h(R’) > 0.

Next, we show a nondegeneracy result for the unique positive solution & of (3.1) in the
space X.

Theorem 3 Let p > 1. Assume (B1)—(B8) and the following.
(BY)) In the case of R = 00, for each u € X N C2((R', o0)) N C([R’, 00)) which is
positive on [R’', 00) and satisfies

Jr(r) p_
urr(r) + ——=u(r) — g)u(r) + h(r)u@r)’ =0 foreachr € (R,, 00)

Q)
with some R, € (R’, 00), there holds
lim J(r;u) =0.
r—00
(B10) G #0in (R, R).
Then the unique positive solution u of problem (3.1) is a nondegenerate critical point of the
C2-functional I defined by (3.2) for eachu € X.
Remark 10 In the case of R = oo, (B10) is already assumed in (B4).

Remark 11 Even if G = 0 with R < oo, we have a nondegeneracy result. Since it is a little
bit complicated, we postpone it to Sect. 5.
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Next, we study the nondegeneracy of the unique positive solution of (3.1) in a general
function space. Letn € Nwithn > 2. Weset R = 0 and p(r) = F(r)/r" 1. We define

lolx, = (/B (1902 + g(|x|)|w<x>|2)p<|x|>dx)2 for each ¢ € C°(Bg),
R

1
Iz
lellz, = (/ h(le)I(ﬂ(X)Ip“p(IXI)dX) for each ¢ € C5°(Bg),
Br
where Bg = {x € R" : |x| < R}, and we impose the following conditions.

2
lell, . lell%,

(B6") in > 0, n >
eeC BN llolic, peCF B0} [ (IVeI? + 18l l91?) p dx

As before, we denote by X, and £, the completion of C§°(Bg) with respect to || - || x, and
Il -1z, respectively. We can see that both inequalities in (B6”) hold even if the infimums are
taken on &, \{0}.

Now, we show our nondegeneracy result in X),. In many applications, (B12) and (B13)
below hold by the elliptic regularity.

Theorem 4 Let p > 1 and n € N withn > 2. Assume (B1)~(B5) with R’ = 0, (B6’) with
p(r) = f(r)/r"*I, (B8), (BY') and (B10). Let u be the unique radially symmetric, positive
solution of (3.1). Assume also the following.

(BI11) f, = 0in (0, R),
(logp(r))rr =0, g (r) =0 and hy(r) <0 in (0, R), (3.5
and in the case R = 00, at least one inequality in (3.5) is not identically equal.
(B12) (i) }er%)maX{lfr(r)ﬁr(r)l, Fgm, fr)h(r)} < oc.
(ii) In the case of R = oo,
r@omaX{lfr(r)ﬁr(r)l, FOlgMar), fEh@ar)?, £l )]} < oo.
(B13) For each weak solution w € X, of

VpVw

Aw + —gw + phi?'w =0 in Bg,
ie.,
/ (VwVv + gwv — phﬁp_lwv),o dx =0 foreach v e X,,
Bg

there hold w is in C'(Bg), and in the case of R = 0o,

3
lim wx) =0 and lim “2(x)=0 foreachi=1,...,n.
[x]—o00 [x]—o00 3x,~

Then ii is a nondegenerate critical point of the C?-functional T defined by

1 2 2 1 P+l
Z(u) 2/ §(|VM(X)| + g(xDIu(x)?) = ——h(xD|ux)]| p(lx])dx
Bg p+1

foru e X,.
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Remark 12 For each radially symmetric u € X, there holds Z(u) = |S"= I (), where
|§7~1| is the surface measure of $”~! and [ is the functional defined by (3.2).

4 Proof of Theorems 1-4

First, we give the following.
Proposition 2 Let g € C1((0, 00))NC ([0, 00)), p, h € C*([0, 00)) NC3((0, 00)), p, h are
positive on [0,00), n € Rwithn > 2, and p > 1. Set f(r) = r"~p(r). Then (B1)-(B3)

are satisfied with R =0 < R < oo.

Proof 1t is easy to see that (B1) is satisfied. Under the assumptions, we have

2(p+1) 2
a(r) = (o)1) 7 ()T,
2p+h | 2m=DptDh
p(r) PP = —
b(r) = s (200 = D) + 1o, O+ o)1)
(p+ Dh(r) 75

( ) 2([)4:%1) ) 2(nfl)+(3p+1) )

p(r) rt3 r P

o(r) = s [ 2R (0= DI +2 = (= 2plp()* + 420, ()
(P +3)%h(r) 75

= 1P (P + 37prr () 4+ 260 = D(p = Dpr(1) ) + (p + Hr2p() i (r)?
= roRP[(p + 3oV () + (p = e (1) (rpr () + (1 = Dp ()] ]

We set

b 2m—D(p+1)
B p+3 ’

From v > 1, we can easily see a(r) — 0 and b(r) — 0 as r — 0, which yields (B2). Since
we have v > 2if n > 3 and v < 2if n = 2, we can find

0 if n>3,

ity ) = [oo if n=2.

We consider the case 2 < n < 3. Since v > 2 is equivalentto p > (4 —n)/(n —2), we have

0 if2<n<3andp > @4 —n)/(n—2),
lim c(r) = w if2<n<3andp=(4—n)/(n—2),
00 if2<n<3andp <@ —n)/(n—2).
Hence we have shown (B3). ]

We give the following three lemmas. Although Lemmas 1 and 2 are slightly different from
[47, Lemmas 1 and 2], the proofs of [47, Lemmas 1 and 2] work well. Lemma 3 is same as
[47, Lemma 3].

Lemma 1 Let p > 1. Assume (B1) (i) and a nonnegative functionu € C*((R', R)) satisfies

Sr(r)
f@r)

ur(r)+ u,(r) — g@u@) + h()u@)? =0 foreachr € (R, R). 4.1)
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If (B1) (iii) and (B1) (iv) are satisfied and u is bounded in a neighborhood of R', then
ur(ry — Oasr — R'. If R < oo, (B1) (iii) is satisfied, and u is a positive solution of (3.1),
then u is continuously differentiable at R and u,(R) € (—00, 0).

Lemma 2 Let p > 1. Assume (B1) (i), (B1) (iii) and (B1) (iv). If nonnegative functions
u,v e C(R, R)NC* (R, R)) satisfies (4.1) and u(R’) = v(R’), then they coincide.

Lemma 3 Let p > 1. Assume (B1) (1)-(iv). Let u and v be positive solutions of (3.1). Then

d (vir)y 1 )] 1 -1
E(E) Cu? Jw f(r)h(f) (u()f ()P u(mv(r)dr

foreachr € (R, R).

Proposition 3 Let p > 1. Assume (B1) and (B2). Let u and v be positive solutions of (3.1)
such that u(R") < v(R') and J(r; u) > 0 on (R', R). Then

%(%) <0 foreachr € (R, R).

Proof Assume that the conclusion does not hold. We set w(r) = v(r)/u(r) forr € (R’, R).
Then by Lemma 3, there exists r, € (R’, R) such that w, (ry) = Oand w,(r) < Oon (R, ry).
We note w(r,) < 1. We define

X(r)= w(r)ZJ(r; u) — J(r;v) foreachr e (R', R). 4.2)

Then we have

2 2 2
X(r) = %a(r)(% - vr(r)z) +b(r)(% - vr(r)v(r))

a(Mh(ryv)* (ur)?~" —v@)P™) (4.3)

n 1
p+1
for each r € (R’, R). From (B2) and Lemma 1, we have

lim X(r) = 0. 4.4)
r—R’
From w; (rx) = 0 and w(ry) < 1, we also have
1
X(r) = =g atohrvir)* wr) ™! = vr)"™) > 0.

On the other hand, from w, (r) < 0 on (R’, ry) and J(r; u) > 0 on (R’, R), we have
X, (1) =2w@w, ) J(r;u) <0 on(R', ry),
which contradicts (4.4) and X (r,) > 0. Hence we have shown our assertion. O
Now, we assume all assumptions in Theorem 1.

Proposition 4 Let u be a positive solution of (3.1). Inthe case of R = oo, assume J (r; u) —
Oasr — oo. Then J(-;u) # 0, and J(r; u) > 0 for eachr € (R, R).
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Proof From (B2) and (B3), we have lim,_, o J(r; u) > 0. In the case R < oo, we have
lim, g J(r;u) = (1/2)11(R)ur(R)2 > 0, and hence J(-; u) # 0. In the case of R = oo,
we have lim,_, o J (r; u) = 0 by the assumption, and we can find J(-; u) #0by G~ # 0.

We will show J (r; u) > 0 for each r € (R’, R). Since it is trivial in the case (B5) (i), we
consider the case (B5) (ii). If J(r; u) > 0 does not hold, then there exists ro € (R’, R) such
that

d
J(ro;u) <0 and 0= d—](ro; u) = G(ro)u(ro)>.
r

Then we can find G (rg) = 0, and

2J (ro; u) uy(rg)? u,-(ro)
T > a(r0) G + 2b(r0) > + ¢(ro) — a(ro)g (o).
u(ro) u(ro) u(ro)
So we have D(rg) > 0, which contradicts (B5) (ii). Hence we have shown J (r; u) > 0 for
eachr € (R, R). O

Proof of Theorem 1 Suppose that the conclusion does not hold. Then there exist distinct
positive solutions u, v of (3.1), and in the case of R = oo, they satisfy J(r; u) — 0 and
J(r;v) — 0asr — oo. We may assume u(R’) < v(R’). By Proposition 4, we have
J(r;u) >0, J(r;v) > 0foreachr € (R',R) and J(-;u) % 0, J(-; v) % 0. We define
w and X as in the proof of Proposition 3. From its proof, we have (4.4). We also have
lim,_, g X (r) = 0, which is obtained by (4.3) in the case of R < oo. In the case of R = oo,
it is obtained by (4.2), w,(r) < 0, lim, . J(r; u) = 0 and lim,_, », J (r; v) = 0. However,
we have

X, (r)= (w(r)2),J(r; u) <0 foreach € (R',R) and X,(-) #0,
which is a contradiction. Therefore, we have shown our assertion. O

Remark 13 Assumptions (B3) and (B5) were only used to show Proposition 4. So if there
is another condition which yields the consequence of Proposition 4, we can obtain another
uniqueness theorem. This fact will be used in the proof of Theorem 5.

Remark 14 In the proof of Theorem 1 with R = oo, we used J(r; u) — 0 asr — oo but
we did not use u(r) — 0 asr — oo.

Next, we give a proof of the existence of a unique positive solution of (3.1).

Proposition 5 Under the assumptions of Theorem 2, there exists u € X suchthat ||ul| = 1,
u>0in (R, R) and

Zw) =inf{Z () :ve X, |v|c =1}, 4.5)
where % is a C?-functional defined by
Jlull%
X(u) = 3 for each u € X'\{0}.
llullz

Proof Since we have Z(|u|) = Z(u) for each u € X\{0}, it is enough to show that there
is u € X satisfying |lu|z = 1 and (4.5), which is easily shown in the case (B7) (i). So
we consider the case (B7) (ii). Let {u,,} C X such that ||u,,||z = 1 for each m € N and
E77 ||§( — S,. We may assume that {u,,} converges weakly to u € X'. Noting

. +1 p+1 p+1
Hm (Jlum |27 = |lum — u = |lu
Tim (27 = N = w2 = el
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see [5], we have

S, — S S
ngnumn%ﬁo(l):( . A

litm — ull% + llull% + o(1)
Sz Sg,)

S;—S S, (R .
= 2y —ul + S—g/ (ttmr — s 2+ 8 it — ) £ () dr+ el + 0(1)
A g R/

[
S; — S
> =l =l + Sg(lum — ulZ + lulZ) + o(1)
2
S; — S, | 2
> ZSSiA&”Mm — u||%( + Sg(||um — u||£+ + ||u||2+ )p+1 +o(1)
2
S; — S,
= 28wy, —ul} + Sg +o(1).
Sg
So we obtain ||u,, — u||x — 0, and we can find that u satisfies |u||z = 1 and (4.5). O

Proof of Theorem 2 Letu € X be the function obtained in the previous proposition. Setting
=2/(p—=1)

u = |lully u, we can find u is a nontrivial, nonnegative critical point of /. By the
standard regularity arguments, we can see that u € C%((R’, R)) and

- fr (r) - - = V4 /

uyr(r)+ mur(r) —gu@)+h(@r)u@r)? =0 forr € (R, R),

and that in the case of R < oo, i also belongs to C'((R’, R]). By (B8) and a subsolution
estimate, we can see that # is bounded in a neighborhood of R’; see Proposition 6. So,
from Lemma 1, we can consider that i and iz, are continuous at R” and i, (R") = 0. We
have i(r) > 01in (R’, R). If not, there is ro € (R’, R) with it(ry) = 0. Then we can find
i, (ro) = 0 and hence we have u = 0, which is a contradiction. From Lemma 2, we also
have i(R’") > 0. Hence @ is a positive solution of (3.1). By (B9) and Theorem 1, we can see
that u is a unique positive solution of (3.1) in X. O

Next, we give a proof of Theorem 3 which shows if G # 0 then the unique positive solution
of (3.1) is a nondegenerate critical point of /. For a critical point u of I, we define the Morse
index of 1" (u) by

rnax{dim H : H isasubspace of X such that/” (u)[v, v] < Oforeach v € H\{O}}.

Proof of Theorem 3 From G # 0in (R’, R), we can find a closed interval [r1, r2] C (R’, R)
such that

min |G(r)| > 0.

relry,r]

We choose y € Cgo((R’, R))\{0} such that y > 0 and supp y = [r1, r2]. Let § > 0, which
will be fixed later. We define

gs(r) = g(r) + 8y (Nh(a(r)P =", hs(r) = (1+ 8y (r)h(r) (4.6)

in (R’, R). Using these functions instead of g and k, we define as, bs, cs, G5 and Ds in
(R’, R) as follows:
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2(p+D) - 1 f fr
3 l’l I'Jr2 bs = —— Jr s = —b —b ,
=f 5 %t 7 as, cs s+ b
1 1 )
Gs = bsgs + S~ 5(0585),, Ds = by — as(cs — asgs). 4.7

Since gs = g and hs = h in (R’, R)\[r1, r2], we can easily see
as=a, bs=b, cs=c, Gs=G, Ds=D in (R, R)\[r1, 2].
Now we fix § > 0 small enough such that

min |G5(r)| > 0.

relri,rml
In the case (B5) (i), we can easily see that
Gs(r) >0 in (R',k) and Gs(r) <0 in (k, R). (4.8)
In the case (B5) (ii), we have

{r € (R', R)\[r1,r2]: Gs(r) =0, Ds(r) > 0}
={re R, ,R\[r,mn]:Gr)=0, Dr)>0=0

and
{r €lri.rl:Gs(r) =0, Ds(r) > 0} C {r € [r1.r2]: Gs(r) =0} =
which yields
{re (R, R):Gs(r) =0, Ds(r) > 0} = 0. (4.9)

Since we can easily see i is a positive solution of

fr(r) =
[ urr (1) + e = @OWE) + @) =0, Ri<r <R

u(R") € (0,00), u(R) =0,

from (4.8), (4.9), (B9’) and Theorem 1, we can find that « is its unique positive solution.
Now, we will show that # is a nondegenerate critical point of /. Suppose not, i.e., there
exists ¢ € X\{0} satisfying

I"(@)[g, ¥] =0 foreach ¥ € X, @.11)

which yields

o + J}(())gor()— (D) + ph(a(r)?~'o(r) =0 for R <r < R. (4.12)

We define a C2-functional I by

R
15(u>=/ (1(|ur|2+g5(r)|u|2>— : ha(r>|u|P“)f<r)dr for u € X.
R \2 p+1

We can easily see
R
K@, vl = 1"y, ¢1-8(p—1) /R , y(OREa)? =y (r)? f(r) dr
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for each Y € X, and

R
", u]l = —(p — 1)/ h(r)a(r)P* f(rydr < 0.
R/

Moreover, we have

R
/R Yy Oh@a@)? e fr)dr > 0.

Indeed, if not, we have ¢ = 0 on supp y. Then from (4.12), we have ¢ = O in (R’, R), which
contradicts ¢ € X'\{0}. Using (4.11) and the two inequalities above, we can see

I ()it + B, aii + Bp] < O for each (o, B) € R2\{(0, 0)},

which yields that the Morse index of 5” (n) is at least two. However, since the Morse index
of 1 é’ () is one, we obtain a contradiction. Hence we have shown that u is a nondegenerate
critical point of /.

Although it is well known, for the reader’s convenience, we briefly show that the Morse
index of / é’ (u) is one. Since u is the unique positive solution of (4.10), for each v € X, it
satisfies a(; v) > «(0; v) for each r € R with || < 1, where

IRty + tv, 2 + gs ()i + to]?) f(r) dr

a(t;v) = -
(f,§ hs (r)lit + tvlf’“f(r)d’) "

Since we have «; (0; v) = 0 and a4, (0; v) > 0, we obtain

2
(p = D( [ @rv, +gs(r)av) () dr)

1 (D)lv, v] > —
’ TR 2 + g5 (a2 £ (r) dr

We can consider that

R
(w, 2) — / (wrzr + gs(Mwz) f(r)dr : X x X - R
R/
is an inner product on X', which induces an equivalent norm on X'. For each v € A" which is
orthogonal to u by this inner product, we have I3’ (ir)[v, v] > 0. Since Ij (iu)[u, i] < 0, we

find that the Morse index of I} (i) is one. m}

Next, we give a proof of the nondegeneracy result for the unique positive solution of (3.1)
in the space X),.

Lemma 4 Suppose the assumptions in Theorem 4 and let u be the unique positive solution
which is obtained in Theorem 2. Then there holds u,(r) < 0 for eachr € (0, R).

Proof We set

E(r) = %ﬁr(r)2 - %g(r)ﬁ(r)z + ﬁh(r)zz(r)l’“ for0 <r < R.

@ Springer



Uniqueness and nondegeneracy of positive radial solutions. . . Page 150f 42 32

From f, >0, g > 0 and h, < 0, we have
- - I - - 1 —p+1 =p=
E.(r) = ityilyy — = grit” — gitily + ———h,u?"" + hia’i,
2 p+1

1 1
= —?l}% — Egrl/_lz + ?hrb_llr*»l < 0

for each r € (0, R). We will show E(r) > 0 for each r € (0, R). In the case R < oo, from
E(r) — zZ,(R)Z/Z asr — R, wehave E(r) > 0 for r € (0, R). In the case R = o0, from
fr(r) > 0and f(r) > 0 foreach r € (0, R), we have lim,_, o, f(r) € (0, 0o]. So, from

* *(1 - 2 - 2 1 ~ +1
/ [EM)|f(r)dr S/ 5@ (r)” + g (r)”) + ——h@ur)’™ ) f(r)dr < oo,
0 0 2 P +1

we can infer E(r) — 0 as r — oo, and hence we have E(r) > 0 for r € (0, o0). Next, we
will show i, (r) < 0 for0 < r <« 1. From h,(r) < 0and h(r) > 0 for r € (0, R), we have
lim, o h(r) € (0, o0]. Since u(r) — u(0) € (0,00) and u,(r) - Oasr — 0, E(r) > 0
foreach r € (0, R), and p > 1, we can infer

—g(Mur) +h(r)ur)? >0 for0<r K1,
which yields
1
G
Now, we will show u,(r) < 0 for each r € (0, R). Assume not. Then there is ry € (0, R)

such that i, (ry) = 0 and u, (r) < O for each r € (0, ry). So we have u,,(r9) > 0. On the
other hand, from E (r¢) > 0, we have

itrr (ro) = —(—g(ro)it(ro) + h(ro)ia(ro)*) <0,

which is a contradiction. Hence, we have shown our assertion. O

i (r)y=— /r(—g(s)ﬁ(s) + h(s)u(s)?) f(s)ds <0 for 0 <r < 1.
0

Proof of Theorem 4 Suppose that the conclusion does not hold. Then there exists w € X, \{0}
such that

" (@) [w, v] :/ (VwVv + gwv — phi? 'wv)pdx =0 foreach v e X,. (4.13)
Bgr
That is, w € &, \{0} is a weak solution of

VwV
Aw + P

—gw+ phi?~'w =0 inBp.

We note that such w satisfies the following in the weak sense:

VwV
0=Aw+ p—gw—i—phﬁ"_lw
n—1 1 rnfl o
= Wr + —— W + S Agirw + —— w7 ) = gw o+ philhw
=w —I—ﬁw +iA “w — gw + phit'w
rr f r r2 N .

Let {u} be the eigenvalues of the Laplace-Beltrami operator on S§7~1 and let {e;} be their
corresponding eigenfunctions whose L*(S”~!) norm is one. Then it is well known that

M0=0</L1=~~~=’[,Ln=n—1<un+lS...
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and {ex} is a complete orthogonal basis of L2(S" 1. We put
wi(r) = / w(r, w)ex(w)dw foreach k € NU {0}. (4.14)
Sn—]

From w € X, we can infer wy € X. Since wy satisfies

Wi+ ?wk,r + (—g(r) + ph(ra?~! — %)wk =0 in (0, R)

in the weak sense, it belongs to C 2((0, R)) and it satisfies the differential equation above
in the classical sense in (0, R). In the case R < 0o, we can see that wy is continuously
differentiable at R. By assumption (B13), we can see that wy is continuously differentiable
at 0, and in the case of R = oo, wi(r) — 0 and wi ,(r) — 0 asr — oo. From w # 0,
there is k € N U {0} such that wy # 0. Since o = 0 and wo € X, we have wyg = 0 by
Theorem 3. So we have k € N. From (4.14), we have wy (0) = 0 and wy (0) € R. Let o and
B be consecutive zeros of wy such that 0 < o < 8 < R, and in the case R = oo, at least
one inequality in (3.5) is not identically equal in («, 8). Without loss of generality, we may
assume wi > 0 in («, B). From

Uy + ?ﬁ, —gu+hia? =0 in (0, R),
we have

trrr F f?” - ((f7) -8+ phﬁ”*l)ﬂr + (—grit + h,i?') =0 in (0, R).
. . r
Since we have g, > 0, h, <0 and

r -1 r
0 =< (ogp(r)rr = (%) + nrz < (L) + %

we obtain

B B
0= [t w -+ [ ((?) +%)'rwkfdr+ | e+ by ar

_ _ B
< [f@rwe = awen)]| =£6) - s@
in the case R = 0o, and 0 < £(B) — &(w) in the case R < oo, where
§(r) = fr)upr (Nwi(r) — up(r)wg,,(r))
= —(fr Mty (r) + f(r)gr)a(r) — fFhE)u(r) ) ywe(r) — f )iy (rywg - (r).
From assumption (B12), we can see

&(a) > 0 in the case of o > 0,
&(o) =0 in the case of o =0,

and

&(B) <O ineachcaseof B < R <ooand B < R = o0,
&(B) =0 inthecaseof B = R = oo.

So we have £(8) — £(«) < 0inthe case R = co and £(B) — £(a) < 0 in the case R < oo,
which is a contradiction. Hence we have shown our assertion. ]
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5 Nondegeneracy in the case R < occand G =0

We continue to study the nondegeneracy of the unique positive solution i of (3.1) in the case
G = 0 with R < oo. Although assumption (B10’) seems to be complicated, it works for
some examples; see Remarks 16 and 17.

Theorem 5 Let p > 1. Assume (B1)—(B3) with R < oo, (B6)—(B8) and the following.

(B10") (i) g, h are continuous at R', f is monotone increasing in a neighborhood of R'.
(ii)) G =0in (R, R).
(iii) For each {0,,}(C (0, 00)) with 8,, — oo and {r,,}(C [R’, R)) withr,, — R/,
there exist a subsequence {m;} of {m} and f e C1((0, 00)) N C([0, 00)) such that
f is positive in (0, 00),

ot 7
mﬁﬂ%ifﬂmmzﬁf in Cioe((0, 50))

. p—1
1—>00

f(enz-it + rm,-)

and the problem

wy (1) + %wz(t) +h(R)w®)|P w() =0, 1€ (0,00),
w(0) =1, 6.1
O0<w@) <1, te(,o00)

does not admit a solution in C2((0, 00)) N C([0, 00)).

Then the unique positive solution u of problem (3.1) is a nondegenerate critical point of the
C?-functional I defined by (3.2).

Theorem 6 Assume the assumptions of Theorem 4 with R < oo and (B10') instead of (B10).
Then the conclusion of Theorem 4 holds.

Remark 15 In (B10') (iii), f may depend on {6,,}, {r;,} and {m;}.

Remark 16 Let R = 0 and let f(r) = r"~'p(r) such that n > 1, p € C*([0,00)) N
C3((0, 00)) and p > 0in [0, 00). In this case, the function f defined by

Fay = (t + )" ! in the case when 9,(,11;71)/2%,- — C € [0, 00),
1 in the case when 9,(,1{.)_1)/2%,- — 0

satisfies the properties in (B10') (iii).

Remark 17 The following are examples which satisfy G(r) = 0 and (B1)—(B3).

() n>5/2, f(r) =r""1, h(r) = r@= 2Pt ~4and g (r) = C1r2" with C; € R.
(i) n > 5/2, f(r) = r"lexp(r?/4), h(r) = r"=2P+1=4 anqd

pi_lrz)rZ(n—?})_ (n_z)p+f’l+2_ p+1 r2
2Ap+3) 2(p+3) 2(p+3)7

glr)=C exp(—

with C; € R.

These examples can be found through the next remark. See also Appendix 1.
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Remark 18 By direct calculations, it holds that
d _ _
S (fO72D() = =2f (%G ()

and that f(r)_zD(r) = () € Ris equivalent to
1

(p+3)2f(r)h(r)?

= fh) 2P +3) frr(DR(r) + (p — 1) fr (r)h, (1))

+ L0 (P + DR = (p+ DRI () )

3() = (€1 +32 77RO 757 4477002

Once Theorem 5 is given, we can obtain Theorem 6 by the same proof of Theorem 4. So we
give a proof of Theorem 5 only. We assume its assumptions. For each § > 0, we define gs,
hs, as, bs, cs by (4.6) and (4.7) with y = 1, and we define
1 1
Js(rs ) = Zas(ryup (r)? + by (Mur () + S es(ryu(r)? (5.2)

as(r)hs(ryu(r)? .

1
- Eas(r)gs(r)u(r)z o

We also define Ss as the set of all positive solutions of

(5.3)
u(R') € (0,00), u(R)=0.

[urr(r) + 5w, — gs(Mu+hs(ru? =0, R <r <R,
We can see that i is a positive solution of (5.3) for each § > 0.
Lemma 5 It holds that

inf inf ||u > 0.
0<d<1uess ” ”X

Proof Let 4/Cj be the infimum value of the left hand side inequality in (B6). For each

6 €(0,1) and u € S, we have

R R
a +5)/ u(r)P X h@r) f(rydr =/ u(r)? P hs(r) f (rdr
R’ R’

R

R
= /R (e () + gs(ryu()?) f(r)dr = /R () + 8(ru()?) £ (r)dr

R P
e ( / u(r)f’“h(r)f(r)dr) ,
R/

which yields

p—=1

R P
(/ u(r)l’“h(r)f(r)dr) . G G
R’ 2

1+6

Thus we have shown our assertion. O

Lemma 6 There exist 8o € (0, 1) such that

sup sup max u(r) < oo. 5.4
0<8<8pueSs R'<r<R
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Proof Suppose that the conclusion does not hold. Then there exist {§,,} C (0, 1) with§,, — 0
and {u,,} € C'([R’, R]) N C*((R', R)) such that u,, € Ss, for each m € N and 6,, =
maxg/<,<g Uy (r) — 00 as m — oo. For each m € N, we choose r,, € (R, R) with
O = Uy (ry) and we define

1 _p-l _
v (t) = e—um(Hm 2 t+ry,) foreachtelL,,
m

p=l p-l
where L,, = (9m2 (R —rp).6,% (R — rm)). Without loss of generality, we may assume
rm —> r« € [R’, R]. We set

_pr-l __
Bn(@) =06, > t+r, formeNandt e L,.

Without loss of generality, we may assume that lim,,, _, o 9,(,,‘” —b/2 (R —ry,) existsin [—oo0, 0]

and limyy— 00 67 V/2(R — 1,,) exists in [0, 0o]. Let L(C R) be the limit closed interval of
{L,,}. Then we have

L D (—o00, 0] in the case ry > R/,
L D [0,00) inthecaser, =R’

For each m € N, we have v,,,(0) = 1, v, ,(0) = 0 and

U1t (2) + %UWMU) + {1+ (Sm)h(ﬂm(t))vm(t)p

~0 " [g (B (1)) + 81 (B (1)ii (B (1) Jom (1) = 0 (55

for each t € L,,, and hence we have
t
Ut (8) f (B (1)) =/0 f(ﬂm(S))[—(l + 8 (B (5))vm (5)?
+[8(Bn(5)) + S B DA B ()7 100 () |ds (5.6)

foreacht € L,,.Inthe case of r, > R’, from (5.5) and (5.6), we can see that for eacha > 0,

lim  sup |um,(t) <oco and Lim  sup |up.(?)] < oo.
m—>00 te[—a,0] m—o0 te[—a,0]

Taking a subsequence {v,,,} of {v,}, we can infer that there exists v € C 2((—00, 0]) such
that ||v,,, — v||CI1 (—a.0]) 0, v is nonnegative on (—o0, 0], and

Vi (1) + h(r) v@) [P~ v(t) = 0 for eacht € (—o0, 0],
v(0) =1, v;(0)=0.

However, such v never exists. So, we can find that the case r. > R’ does not occur. Next, we
consider the case r, = R’. From (B10') (i), (5.5) and (5.6), for each « > 0 and ¢ € (0, @),
we have

lim  sup |vn ()| <oo and lim sup |v.. ()] < co.
m—00te[0,u] m—00 tee, o]

Using assumption (B10") (iii) and taking a subsequence {v,, i } of {v,, }, we can infer that there
exist f € C([0, 00)) NC'((0, 00)) and w € C2((0, 00)) N C([0, 00)) such that f is positive
in (0, 00), lvm; — wllCie0,000) = 0, lom; — wIICILC((O’OO)) — 0, and w satisfies (5.1). By
(B10) (iii), such w does not exist. So we have shown our assertion. ]
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Lemma 7 It holds that
sup  sup ”M”CI([R/,R]) < o0 (57)
§€(0,80) ueSs
and

lim sup ||u - I’_{”Cl([R/,R]) =0.
§—>0uess

Proof For each 6 € (0, §p) and u € S5, we have
fu,(r) = / f(s)(—g,g(s)u(s) + hg(s)u(s)”) ds foreachr € (R', R).
R/

Since f, g, h,u € C([R’, R]), f is monotone increasing in a neighborhood of R’ and f is
positive on (R’, R], we can infer (5.7). From (5.3) and (5.7), we have

sup sup |lullc2grte gy < o0 foreach e > 0. (5.8)
8€(0,80) ueSs '

Let {8,n} C (0, 89) and {u,n} € CY([R’, R NCZ((R’, R)) such that §,, — 0asm — oo and
upm € Ss, foreachm e N. Since we have (5.7) and (5.8), taking a subsequence if necessary,
we may assume that there exists v € C([R’, R]) N C2((R’, R)) such that Y is nonnegative
on [R’, R], {u,,} converges to ¥ in C([R’, R]) and Clloc((R’, R)), and v satisfies ¥ (R) = 0
and

fr(r)

f@r)

Since ¥ # 0 by Lemma 5, ¥ must be positive on [R’, R). Since (3.1) has the unique positive
solution u, we have ¥ = u. From (B1) (iii) and

Y (r) + U (r) — g (@) + ()Y @) =0, R <r <R.

|um,r(r) — iy (r)|
= |75 [ £ (=8, ()t (5) + s, (Dt ()P + g$)i(5) — h(s)iA(s)?) s
< % Sz F©OUgS| + h(s))ds - (||Mm —illcqr gy + lum — @ lcqr gy
+8mll@?Vumllcqrr R + Smllub ||C([R’,R]))
for each r € [R’, R], we can infer that our assertion holds. O
Proof of Theorem 5 From (d/dr)J (r;u) = G(r)i(r)? = 0 foreach r € (R', R), we have
1
J(r;u) = Ea(R)b't,(R)2 > 0 foreachr e [R, R].
So we have ¢(R') = lim,_, g ¢(r) € (0, co) and
/.= . - 1 / N2
J(R;u)= lim J(r;u) = —c(R)u(R)~".
r—R’ 2

Noting

as(r) = =22 ps(r) = 20 e5(r) = —<0,
(1+8) P+3 (148) 73 (148) PF3

Jo(riuy = —HE— 4 (— %a(r)h(r)ﬁ(r)ﬂ*lu(n%ﬁa(r)h(r)u(r)/’“),
(14:8) P+3 (1+8) P43

(5.9)
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and using the previous lemma, we have

lim sup sup |Js(r;u) — J(r;u)| =0.
8—>0ueSs re[R',R]

Then we can choose 0 < § < 1 satisfying

inf inf Js(r;u) > 0.
uesSs re[R',R]

By Remark 13, we can see that u is the unique positive solution of (5.3). As in the proof of
Theorem 3, we can show that if & is a degenerate critical point of 7, then the Morse index
1 é’ (u) is at least two, which is a contradiction. Hence, u# is a nondegenerate critical point
of I. ]

6 Annulus or exterior domain case

In this section, we study the problem

ur(r) —|—];£((rr))ur —g(Mu+h(@ru? =0, R <r <R, ©.1)
u(R) =0, u(R)=0,
where —00 < R’ < R <00, p > 1 and f, g, h are some functions. In the case of R = 0o,

u(R) = 0 means that u(r) — 0 as r — oo. We say u is a positive solution of (6.1) if

u € C([R',00)) N CE((R’, 00)) in the case of R = 0o,
ueC(R,R)NC2(R,R)) inthecaseof R < oo,

u(r) > 0 foreach r € (R, R), and u satisfies (6.1). We impose the following conditions on
f,gandh.
(A1) (i) —00o < R < R < 00,8 € C(IR,R)NCY(R',R)), f.h € C>([R',R) N
C3((R’, R)), and f, h are positive on [R', R).
(ii) In the case of R < 00, g € C(IR’,R]), f,h € C>(R",R]), f(R) > 0 and
h(R) > 0.
In the following, a(r), b(r), c(r), G(r) and J(r; u) are the ones given in Proposition 1. By
similar arguments as in the proof of Theorem 1, we can prove the next theorem. So we omit
its proof.
Theorem 7 Let p > 1. Assume (A1) and the following.

(A2) One of the following conditions is satisfied.
(i) There exists k € [R', R) such that
G(r) > 0in (R, k) and G(r) <0in (x, R).
(i) {R"<r<R:G@u)=0, D(r) >0} =0.

Then in the case of R < 0o, problem (6.1) has at most one positive solution, and in the case
of R = oo, problem (6.1) has at most one positive solution u which satisfies J(r; u) — 0 as
r— Q.

Remark 19 In the case of R = oo, G~ # 0 is not assumed as in Theorem 1. However,
if (6.1) has a positive solution u such that J(r; u) — 0 asr — oo, it must be G~ # 0.
Indeed, we have J(R'; u) = (1/2)a(R)i,(R)* > 0 and J(r;u) — 0 as r — oo. From
(d/dr)J (r;u) = G(r)u(r)?, we have G~ # 0.
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As in Sect. 3, we define

1

2
lollx = (f,f/ (@r (r)? + g()e(r)?) f(r) dr) for each ¢ € CG°(R', R),

s
lolc = (f;f h(r)e(r) [P f(r) dr) " foreach ¢ € C°(R', R),

and we impose the following conditions.

2
lellx _ i, ol

in > 0, i 7 > 0.
0eCE (R R\O) 1@l 9eCT (RO} [ (92 + |glg?) f dr

(A3)

We denote by X and £ the completion of C§°((R’, R)) with respect to || - [|x and || - |z,
respectively. We can see that both inequalities in (A3) hold even if the infimums are taken
on X'\{0}.

Theorem 8 Let p > 1 and assume (A1)—(A3). Assume also the following.

(AS5) The embedding X — L is compact.
(A6) In the case of R = oo, for eachu € X N CE((R', 00)) N C([R', 00)) which is positive
in (R', 00) and satisfies
fr(r)
fr)

with some R, € (R’, 00), there holds

up (r) +

ur(ry —g)u(r) + h(r)u(@r)? =0 foreach r € (R, 00)

lim J(r;u) =0.
r— 00

Then problem (6.1) has a unique positive solution in X and it is a nondegenerate critical
point of C%-functional I defined by

R 1

I(u) =/ (f<|ur<r)|2 +g(u()?) — —h(r>|u(r>|”“)f(r)dr forueX.
R 2 P +1

Remark 20 In the case R = oo and G~ = 0, if (A1)—(A3) are satisfied, then (AS5) or (A6)

must not hold; see Remark 19.

By similar arguments as in the proof of Theorem 2, we can show that there exists a unique
positive solution u of (6.1). If G # 0in (R’, R), as in the proof of Theorem 3, we can show
that i is a nondegenerate critical point of 7. Even if G = 0 in (R’, R), by similar arguments
as in the proof of Theorem 5, we can show that i is a nondegenerate critical point of 7.
However, for the reader’s convenience, in Appendix 3, we show the nondegeneracy in the
case G =0in (R, R).

7 Applications
For a given function space, by adding subscript “rad”, we denote its restriction to radial

functions. If ¢ > 1 and a function « is given, we denote by L&, the space consists of
functions such that the integral of |u(-)|9c(-) is finite.
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7.1 The scalar field equation

Although the results in this subsection are well known, for the reader’s convenience, we
consider the problem

Au(x) —ux)+u(x)? =0 in R", u(x) > 0 as|x| — oo, (7.1)

wheren € Nwithn > 2and 1 < p < (n+2)/(n—2). The uniqueness of a positive solution
(7.1) up to translation was established by Kwong [25]. Setting R’ = 0, R = o0, p(r) = 1,
fr)= L g(r) = 1and h(r) = 1, we apply our results. Since we have

n—1 20-boptn 45
_—r p+3
(p+3)3
><(2((n —Dp4+n—Hn+2—-mn—-2)p) —(p— l)(p+3)2r2>,

Gr) =

we can see that in the case of n = 2, G(r) < 0 in (0, 00), and in the case of n > 3,
there is ¥ € (0, 0o0) such that G(r) > 0 in (0,«) and G(r) < 0 in (k, 00). Each radially
symmetric, positive solution u of (7.1) decays exponentially and so does u,, which implies
J(r;u) — 0 asr — oo and u belongs to Hrlad (R™). Moreover, it is well known that the
embedding Hrlad (R") < LPHI(R") is compact. Hence by our theorems, there is a unique
radially symmetric, positive solution & of (7.1) and it is a nondegenerate critical point of
7| H @) where 7 is defined by

Z(u) =/ (%(Wu(x)lz—i— lu(x)?) — |u(x)|ﬁ+1)dx for u € H'(R").
Rll

p+1

Since (log p(r)),r = 0, g-(r) = 0 and h,(r) = 0, we can not apply Theorem 4. Actually,
we know that the kernel of Z”(it) is spanned by dit/dx1, ..., dit/dxy, see [39, Lemma 4.2],
and u is a degenerate critical point of Z.

7.2 Matukuma’s equation

Letn e Nwithn >3 and 1 < p < (n +2)/(n — 2). We study

u(x)?

71
ue H (R") and Au(x)+ [FAE

=0 inR" (7.2)

Here, H!(R") is the completion of C§°(R") with respect to the norm defined by

1

2

||u||=(/ |Vu|2dx) .
Rll

For the problem, we refer to [27-31,40,41,47,52,53]. Since Hl (R™) is continuously embed-
ded into L2/ =2 (R"), we can easily see that there is C; > 0 such that

Ju| P! 7T .
/ dx < Cq||lu|| foreach u € H (R").
R 1 + |x|2

So we can define a C2-functional Z on H'! (R™) by

1 L Ju)lPt! 21
I(u) = —|V 2 T )dx f H'®"Y).
(u) /Rn(2| u(x)| 1 1+ x forue H (R")
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We apply our results with R = 0,R = oo, p(r) = 1, f(r) = "}, g(r) = 0 and
h(r) = 1/(1 + r?). Since we have

2—n
2

oo 00 % .
lu(r)] S/ lus (1) dt < (/ |ut(t)|2ln_1 dl)
r - P

foreachr > 0and u € Cgo (R™), we can see that there exists C, > 0 which satisfies

1 2—n 3
/ = 2|u(S)|P+1SVl—1dS < C2||u”P+l/ 5 (p+1)4n—3 s
N
,

r

and

' 1 r 2—n
/ 5 lu(s)|” Flgn=lgs < CzHu”erl/ (D=1 o
o 1+s = A

foreachr > Oand u € Hld(R”). Noting

ra

2—n 2—n n+2
—p@+D4+n-3<-1ep>1, —@pPp+H)+n—-1>—-1&p< ,
2 2 n—2
we can find that the embedding I-‘Irlad(R”) — L /’: + (R™) is compact.
Next, we will show (B9’). Let u be a positive solution of
. n—1
u€ Hgg®") and (" lup())y + {mu()’ =0 for 1= R (73)
r

where R, > 0. Without loss of generality, we may assume u € C([R;, 00)) N C2((Ry, 00)).
We know u(r) = O(r? /%) as r — oo, and we will show u(r) = OF*™") and u,(r) =
O(r'=") as r — oo. Let & > 0 be any number satisfying n —2 < (n — 2 — &) p. Assume
u(ry = 0@r %) asr — oo with (n —2)/2 < o < n—2 —¢. Setting v(r) = r—* with
0<s<n—2ands < ap, we can see

-1

r

(u —Cv)(R,) <0 and (u—Cv)rr—l—n (u—Cv), >0 for r >R,

with some C > 0, which yields u(r) = O(r %) as r — oo. Applying this procedure several
times, we can infer u(r) = O(rz_”'”) as r — oo. Since we can take any small ¢ > 0,
from (7.3), we can easily see that ) > B € Rasr — oo. By I’'Hoptail’s rule,
we have r"2u(r) — —B/(n — 2) as r — 00. So we have shown u(r) = O@r* ™) and
u,(r) = O@r'™") as r — oo. On the other hand, by Appendix 1, we can see

air) = 0@"), b(r)=0@¢""" and c(r) = 0@ %) asr — oo,

where v =2(n — 1)(p + 1)/(p + 3). Hence we have shown (B9’).

In [47, Section 5.2], we have shown that there is ¥ € (0, 00) such that G(r) > 0in (0, )
and G(r) < 0in (x, 00). Hence there is a unique positive solution u € I-'Irgd(R”) of (7.2).
From i(r) = 02 ") and it (r) = O(r'~") as r — o0, we have (B12) (ii). By the elliptic
regularity, we can infer that (B13) holds. Since it is easy to see that other assumptions are
satisfied, i is a nondegenerate critical point of Z. Summing up, we have shown the following.

Theorem 9 Letn € Nwithn >3 and 1 < p < (n+2)/(n —2). Then there exists a unique
positive radial solution of (7.2) and it is a nondegenerate critical point of I.
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Remark 21 In the argument above, we can show 8 < 0. Indeed, from (ru,(r) + (n —
2u(r)), < 0 forr > R,, we can see ru,(r) + (n — 2)u(r) > 0 for r > R,. Since
" 2u(r), = "3 ru-(r) + (n — 2)u(r)), we have limy_, oo "~ 2u(r) > 0, which yields
B <O.

Remark 22 The existence of a unique positive solution of (7.2) was obtained by Yanagida [52,
53]. He showed the problem has a unique positive radial solution u# with finite total mass,
ie., fpn u(x)?/(1+]x|?)dx < oo.

7.3 Nonlinear Schrodinger equation with harmonic potential

We study the problem
Au—G+xPu+u”?=0 inR" and u(x) - 0 as |x| > oo, (7.4)

wheren € Nwithn > 2,1 > —n,1 < p < oointhecasen =2and1 < p < (n+2)/(n—2)
in the case n > 3. For the problem, we refer to [15,16,19-21,47]. We know that each positive
solution u of (7.4) is radially symmetric, and # and u, decay exponentially; sowehaveu € %,
where

Y ={ueH'®R":|xluel*®R"}.

We set
2 2012 2
||u||):=(/ (\Vul|* + |x|"|u| )dx) for each u € 2.
Rn
It is well known that the embedding (Z, || - [|x) — L2(R") is compact,
o Jon (IVu? + |x]?[u]*) dx
T uex\(0) Jgn 14l dx ’

and the infimum is attained by x > exp(—|x|?/2). Since A > —n, the norm defined by

1

2 2012 2
||M||=(/ (IVul” + (& + |x]7)|ul )dx) forueXx
Rn

is equivalent to || - ||x. We define

T(u) =/ (1(|W|2 + A+ XD u?) - LW’“) dx forueX.
re \ 2 p+1
We note that 7 € C 2(2, R) by the Sobolev embedding theorem. Setting R’ = 0, R = oo,
F) =r""1, g(r) = A+ r? and h(r) = 1, we apply our results. In the case of n > 3, we
have shown in [47, Section 5.4] that there is « € [0, co) such that G(r) > 0in (0, ) and
G(r) < 0in (k, 00). In the case of n = 2, we have

p+7
s
- _ _ 2.2 2 3 4
G0 =~ 35 (P = DG +377 04+ (p +3)° +16),
2
D(r) i ((p+3)%r* (A +r?) —4),

T (p+3)7

which yields {r € (0,00) : G(r) = 0, D(r) > 0} = . So we have shown (B5). By the
compactness of ¥ < L2(R™), in the subcritical case, it is easy to see that (B7) (i) holds. In
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the critical case, assuming A < Ointhe casen > 4 and A < —1 inthe case n = 3, and setting
g(r) = r2, we have Sg < S;; see [15, Section 5]. Using the compactness of ¥ < L2(R"Y)
again, we can see that (B7) (ii) holds. Since it is easy to see that other assumptions hold, we
can obtain the following.

Theorem 10 Letn € Nwithn > 2, p > landr > —n. If p < (n+2)/(n — 2), or

n+2

n—

and < 0 z:nthecaseofnz4, (7.5)
—1 inthe case of n =3,

p:

then problem (7.4) has a unique positive solution, it is radially symmetric, and it is a nonde-
generate critical point of T.

Remark 23 1In the critical case, if A does not satisfy the inequality in (7.5), problem (7.4)
does not have a positive solution. See [16] and [47, Theorem 7].

Remark 24 1In the subcritical case with n > 2, the uniqueness of a positive solution was
studied by Hirose—Ohta [19-21]. In [47, Section 5.4], we studied the uniqueness of a positive
solution including the critical case, but we could not treat the case n = 2. Here, applying the
condition (B5) (ii), we show its uniqueness even in the case n = 2.

7.4 The Haraux—Weissler equation
We study the problem
ueH)R") and Au(x)+ %x S Vu(x) + 2u(x) +u(x)” =0 in R™. (7.6)
Here,n e Nwithn >2, A <n/2,1 < p <m+2)/(n—2),and
H)(R") = [u e H'R") : /R |Vul>p(x)dx < oo,

where p(x) = exp(|x |2/4) and H ; (R™) is endowed with the norm

1

2 .
lull oy = (/R |Vu(x)|2p(x)dx) foreach u € H}(R").

For th(_e problem, we refer to [1,12,13,17,18,43,47,50,51]. It is well known that the embed-
ding H; (R") — L%(]R”) is compact,

fRn [Vox)2p(x)dx n

veH\®NO) Jpn V@) Pp(x)dx 2

and the infimum is attained by x — exp(—|x|2/4) € H; (R™). We define

1

llul| = (/ (Vux) > — Alu(x)lz)p(x)dx)2 foreach u € H)(R").
Rll

Since A < n/2, the norm is equivalent to || - ”H[]} ®n)- We define
1 1 )
T(u) :/ —(\Vul> = Mu®) = ——u|? ) p(x)dx for u € H ®R).
R7 2 P + 1 p
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Setting R' = 0, R = oo, p(r) = exp(r?/4), f(r) = r" Lexp(r?/4), g(r) = —x and
h(r) = 1, we apply our results. In the case of n > 3, we have shown in [47, Section 5.5]
that there is k¥ € [0, 00) such that G(r) > 0in (0, x) and G(r) < 0 in (k, 00). In the case of
n = 2, we have

2(p+1)

( %ﬁ p+3
e r
Gr) = —W((ﬁ — Dré 42(5p? + 6p — 3)r* + 12(p? — D)r? + 64

20(p — D(p+3)202 + 2)),

4(p+D)
2\ P
(e :
D(r) = 50 ((p+ Dr* +2Gp +5)r? — 8 = 2x(p + 3)*r?).

Since

(p* = Dr® +2(5p + 6p = 3)r* +12(p> = Dr* + 64 = 24(p — D(p +3)*(r? +2)
—(p = DE*+2) ((p+ Dr* +2Gp = 5)r* —8 — 2x(p + 3)*r?)
=2(p+3) ((p+ Dr* +38),
we can see {r € (0,00) : G(r) = 0, D(r) > 0} = @, which yields (BS5) (ii). We know
thatif 2 < g < 2n/(n — 2), the embedding H; (R") — Lz (R™) is compact, and if n > 3,

the embedding H ; (R") — le,"/ ("=2) (R") is continuous. So in the subcritical case, we have
(B7) (i). In the critical case, assuming A > max{l, n/4} and setting g(r) = 0, we have
Sg < §;; see [13, Theorem 4.10]. So we can see (B7) (ii). Next, we will show (B9’). Let u
be a positive solution of

ue H;md(w),
" Vexp(r?/u, (r), + r*Vexp(r?/4)(Au(r) +u(r)?) =0 for r > R,,

where R, is some positive real number. By [47, (5.26)], we can find
u(r) = O (r** "exp(=r?/4)) and u,(r) = O(* " exp(=r?/4)) as r — cc.
On the other hand, by Appendix 1, we have
a(r) = 0(a(r)), b(r)=O0@a@r) and c(r) = O a(r)) as r — oo,

where a(r) = (" 'exp(r?/4))>P+1D/(P+3) S0 we can see that (B9’) holds. Hence there
is a unique radially symmetric, positive solution of (7.6). Since we have f,(r) = (r2/2 +
n—1)r—2 exp(r2/4), (logp(r))sr =1/2, g-(r) =0and h,(r) = 0, we can see that (B11)
holds. By [34, Proposition A.1] and [35, Proposition A.1], we can see that (B13) holds. Hence
by our theorems, we can obtain the following.

Theorem 11 Letn € Nwithn > 2, p > land A < n/2. If p < n+2)/(n —2), or
p=m+2)/(n—2)and ) > max{1, n/4}, then problem (7.6) has a unique positive radial
solution and it is a nondegenerate critical point of T.

Remark 25 Inthecaseofn > 3and1 < p < (n+2)/(n—2), with an additional assumption
A > 0, Hirose [18, Theorem 1.1] obtained the uniqueness of a positive radial solution of (7.6).
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7.5 The Brezis—Nirenberg problem on a spherical cap and a spherical band

Letn € Nwithn > 2 and let Ag» be the Laplace—Beltrami operator on S”, where $"” = {X =
X1,y Xy Xuy1) € R*H . |X| = 1}. Let p > 1 and we consider the Brezis—Nirenberg
problem on a spherical cap

(7.7)

Agru+Aiu+u? =0 in Qg
u =0 on 0%,

where Qp, = {X € §" : X411 > cos6q} with 61 € (0, 7) and A < Aj. Here, 1 is the
first eigenvalue of —Agn on g, with the Dirichlet boundary condition. For the problem, we
refer to [2-4,7,10,47]. Let P : S"\{(0,...,0, —1)} — R” be the stereographic projection
defined by

1
PXi, oo, Xp, Xpp) = o——— (X1, ..., Xp), X € S\{(O,...,0,-D}. (7.8
Xn+l+1

We set
01 n
R = tan > and Br ={x € R" : |x| < R}. (7.9

We can easily see Br = P(£2,). We consider the problem

(n—=2)p—(n+2) .
2 vP = in Bg,

v=>0 on 0Bg.

(1+[x[%)?

n(n—2)+4x 2
[Av+v+4(1+|x|) 710)

Then we can see that u is a positive solution of (7.7) if and only if the function v defined by

u(P~'x) = (1 + x) T v(x) forx € Bg (7.11)

is a positive solution of (7.10). Setting f(r) = r"~!,

nn—2)4+4r 5. (1=Dp—(n+42)
g(r)=—w and h(r)=4(1+r ) 2 . (712)
we have
p—1
2 pF3 — 1) 20-Hp+h _ n+2—(n-2)p _
G(r) = 2Hn-1) - R e A4 0 = (A £ B 4 A),
(p+3)
where

A=n+2-—n-2)p)((n—2)p+n—4)
=(p+3)Bn> —6n— (> —4n+4)p]—8n —1)>2,
B=(p+3)[—6n+12n+ 2n®> + 4% —4)p +22p*> — 61 — 12] + 16(n — 1)°.

We note that A < O for n = 2, and that for n > 3,

2 2 2
A>0<:>p<i, A:O@p:i, A<O¢>p>n+ .
n—2 n—2 n—2
We set
6+ (6—4n)p

" 3 —1)
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Then we can easily see
A>Ap©2A+B>0, A=X,,©2A+B=0, A<l)p2A+B<0,
and forn > 3,

nn—2)

Anp < 0 and An,(n+2)/(n—2) = — 2

For the reader’s convenience, we give the following.
Lemma 8 There hold the following.
(i) In the case of A > 0,

(a) if2A+ B > 0, G(r) changes its sign only at r = 1 from plus to minus,
(b) if2A + B < 0, then there exists unique v € (0, 1) with G(r) = 0 and G(r) changes
its sign as follows:

(i) In the case of A =0,
(@) if B > 0, then G(r) changes its sign only at r = 1 from plus to minus,
) if B=0, then G(r) =0,
(¢) if B <O, then G(r) changes its sign only at r = 1 from minus to plus.

(iii) In the case of A < 0,

(@) if2A+ B <0, then G(r) changes its sign only at r = 1 from minus to plus,
(b) if2A + B > 0, then there exists unique v € (0, 1) with G(r) = 0 and G(r) changes
its sign as follows:

Proof We set z(r) = Ar* + Br? + A for r € (0, 00). We note that the sign of G(r) equals
to the sign of (1 — r)z(r) and that z(r) = A(r> — 1)+ 2A+ B)r? and z(1) = 2A + B. We
consider the case A > 0. If 2A 4+ B > 0, we have z(r) > 0in (0, 1) U (1, 00), which yields
(i) (a). If 2A + B < 0, there is unique 7 € (0, 1) with z(¥) = 0. Since we have z(r) > 0 in
0,7r)U (1/r,00) and z(r) < O01in (r, 1/r), we can see that the conclusion of (i) (b) holds.
We can show other cases, similarly. O

Now, we apply our results to problem (7.7) for the subcritical and critical cases. We note that
in the case of n = 3 and p = 5, Bandle and Benguria [4] studied the existence of a positive
radial solution of (7.7) and its uniqueness, and that the uniqueness results except for the case
n = 2 was also studied in [47]. In the following, recall that P, R, Bg, g and & are the ones
given in (7.8), (7.9) and (7.12).

Theorem 12 Letn € Nwithn > 2 and 6, € (0, ). Assume one of the following conditions.
i) n>31<p < (+2)/(n—2)and one of the following holds:

(a) 6y <m/2and A € (—00, A1),
(b) 01 > /2 and & € [Ay,p, A1).

(i) n>=4,p=m+2)/(n—=2)and » € An,(n+2)/(n—2)> *1)-
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(i) n =3, p =5andr € (1, A1), where py = (72 —460%)/(407) and i = (72> —6})/67.
(iv) n =2, p > 1 and one of the following holds:

(@) 0, <m/2and k € (—00, A1),
(b) 61 > /2 and % € [=2/(p +3), A1).

Then problem (7.7) has a unique positive radial solution u. Moreover, let v be the posi-
tive radial solution to (7.10) defined by (7.11). Then v is a nondegenerate critical point of
I|H0]_;ad(BR) on HOI,rad(BR)’ and if . > —n(n — 2)/4 is additionally assumed, then v is a

nondegenerate critical point of T on HO1 (BR), where T is defined by

I(w) =/ (3(|Vw|2 + g (lxhw?) — #h<|x|)|w|f’+‘) dx for w € Hy(Bg).
Br \2 p+1
Proof of Theorem 12 For the case of n > 3 and 1 < p < (n + 2)/(n — 2) and for the case
of n = 2 and p > 1, we know that the embedding H& (Br) = LP(Bp) is compact, and
hence (B7) (i) holds. Even for the case of n > 4 and p = (n + 2)/(n — 2), it can be shown
by similar arguments in [6], we can see that (B7) (ii) holds with ¢ = 0. For the case n = 3
and p = 5, from [4, Proof of Lemma 1], we can find that (B7) (ii) holds with

nn —2) +4u
(1+7r2)2
Hence, for the cases (i)—(iii), we can find that the problem has a unique positive solution by

using Theorem 2 and Lemma 8. We consider the case n = 2 and p > 1. In this case, we
have

80 =—

2(p=1

D(r) : T )T (2124 (D (43R

rN=———\—— re— .
p+32\1+r2 P P '

If6; € (O,mr)and —2/(p+3) < A < Aj,wecaneasilysee {r € (0O, R) : G(r) =0, D(r) >

0} = @,andif 6 < w/2 and A < A2 p, we have G(r) < 0 in (0, R) from Lemma 8.

Noting A2, > —2/(p + 3) and using Theorem 2 and Lemma 8, we can show that the

problem has a unique positive solution as written in (iv). Finally, noting g, (r) > 0 in the case
A > —n(n—2)/4and h,(r) < 0, we can obtain the nondegeneracy results from Theorems 3,
4 and 5. O

Next, we consider the problem on a spherical band

[AS,,u+Au+up =0 in Qg 13

u =0 on 899{’91,

where n € Nwithn > 2, p > 1, 529]/’91 ={X e S: COSG{ > X,4+1 > cosfi} with
0< 0{ < 0; < mw,and A < Aj. Here, Aj is the first eigenvalue of —Ag» on 99,’,91 with the
Dirichlet boundary condition. As before, u is a positive radial solution to (7.13) if and only
if the function v defined by (7.11) is a positive solution of

n=2p—n2)

P =0 i
APy Vi =0 inAg g,

(7.14)
v =0 OnaAR"R,

[ Av+ M= g )

where R’ =tan6]/2, R =tan6; /2 and Ap g = P(Qg 6))-
First, we study the subcritical and critical cases for (7.13).
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Theorem 13 Letn € Nwithn > 2 and 0 < 9{ < 01 < 7. Assume one of the following
conditions.

1) n>31<p<(m+2)/(n—2) and one of the following holds:

(a) /2 ¢ (9], 01) and } € (—00, A1),
(b) /2 € (01,61) and & € [An,p, A1)

(1) n =2, p > 1 and one of the following holds:

(a) m/2 ¢ (9{, 01) and A € (—o0, A1).
(b) 7/2 € (By,61) and h € [-2/(p + 3), A1),
Then problem (7.13) has a unique positive radial solution u, and the positive radial solution

v to (7.14) defined by (7.11) is a nondegenerate critical point of I on Hol,rad(AR’,R)’ where
1 is defined by

1(w)=/ (3<|Vw|2+g(|x|)w2)—#h(|x|>|w|f’“) dx (7.15)
Agp \2 p+1

forw € Hy ,q(Ag: g).

Remark 26 For the sake of completeness, under assumption 0 < 6] < 6; < 7w, 7/2 ¢
(61, 61) is equivalent to 0 < 0] < 6; <m/20rm/2 < 0] <6 <.

Proof of Theorem 13 We note that the embedding HO1 ad(AR.R) = LP (AR g) is compact.
So we can show that the problem has a unique positive solution by Theorem 8 and Lemma 8§,
and we can show its nondegeneracy by Theorem 8. O

Remark 27 Inthe case whenn >3, p = (n+2)/(n—2)and A = A, , = —n(n —2)/4, we
have G (r) = 0, and this case is not excluded in the theorem above.

Next, we study the supercritical case. Even in this case, since the embedding H(} ad (AR R)
< LP(Apgs g) is compact, we can obtain the following as before.

Theorem 14 Letn € Nwithn > 3and p > (n +2)/(n — 2). Let 0 < 01/ < 60 < mand
A € R which satisfy one of the following conditions

(i) 07,01) N[O, 7 —6] =@ and ) € (—o0, A1),

(i) [6],61]1 C [6r,w —Orland A € (hn,p, 11),

where 0, is defined by

0 unique 6 € (0, r/2) satisfying G(tan(6/2)) =0 for A > A, p,
L= T

2 for A < Ay p.

Then problem (7.13) has a unique positive radial solution u, and the positive radial solution
v to (7.14) defined by (7.11) is a nondegenerate critical point of I on H()l,rad(AquR)’ where
1 is defined by (7.15).

Remark 28 For the sake of completeness, under assumption 0 < 6] < 61 < 7, (61,61) N
[6x, m — 6,1 =Pisequivalentto 0 < 0] <6 <G orm — 6, <0 <0 <.

Remark 29 In Theorem 13, we can choose any n > 2, any p > 1 which is subcritical or
critical, and any 67, 0; € (0, ) with 0{ < 01. Once they are chosen, A is determined by
9{ , 01, and we can obtain a subinterval of (—oo, A1) in which problem (7.13) has a unique
positive solution. However, in Theorem 14, after we choosen > 3 and p > (n+2)/(n —2),
in order to obtain an interval in which there exists at most one positive solution of (7.13),
we also need to choose 0 < 9{ < 01 < m and A € R which satisfy one of the conditions in
Theorem 14.
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Appendix 1: The functions a(r), b(r), c¢(r), G(r) and D(r)

In this appendix, we give detailed expressions of a(r), b(r), c(r), G(r) and D(r) for some
specified f(r), g(r) and h(r). In the case f(r) = pil (g and h are any functions), we have

Z(nfl)(p+l)7l
p+3

2n=D(p+1) = r
a(ry=r"75 " h(r)PS,  b(r) = ————7z (201 = Dh() + 1k, (r)),
(P +Hh() P
rZ(n—pli(éH»])_z
c) =~ (200 = D[+ 2= (0 = D] + (p + R ()

(P +3)?h(r) r¥5
= (1= D(p = Hrh)h () = (p + 32, (1),

2=D(p+D 3
r p+3

2(p + 3)3h(r) 7t
— [200 = D = D + 320D = 4p + 370 he (1) |3 ()
—(p+3)F g ()} + (n — D[@2n = 3)p(6 — p) + 6n — 33|rh(r)*h, (r)
+30 = D(p — D(p+5)r*h(r)he(r)* = 2(p + 4 (p + Hrhe(r)

—3(n = 1)(p = D(p + 3)rh(r)hy(r)

G(r) = (4(n— D[n+2—@m—-2)p][n -4+ @ —-2)plht)?

+3(p+3)(p + ) h)h (e () — (p + 3P h() by (r)),

4(n=D(p+1D _2
r p+3

D(r) = ————,75 (2<n — D[ —2)p +n—41h()* + (p +3)*r*g () (r)*
(p +3)2h(r) 7

— (PP he (0 4 (p+ DR () + (1= D(p = Drh(Ih,(1)).

In the case f(r) = r"~Land h(r) = 1, we have

2= (p+1) 2(n — 1) 2(11—1)(p+1)_1

a(r)y=r 53, b@r) = roorH ,
p+3
) = 2(n —D[n+2 —2(n - 2)p]r2<n—p1>+(f+1>_2,
(r+3)
2(n—=D(p+1) -3
r p+3
Gr)=——=(4n - D[n -2 —4 2—(n—-2
() =537 (400 = DI = 2p 0 —4lin +2 = (1= 2)p]

=200 = D(p = D(p +32740) = (p+37r (),
4(!1—1_)*—(3[7-%—]) )

r
D(r) =

W(Z(n -Dln=2)p+n—-41+(p+ 3)2r2g(r)).
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In the case f(r) = "~} exp(r2/4) and h(r) = 1, we have

2p+1)
oo 2(pp++3]) , (2n +r2- 2) (6%1"’_1) e
= 4 —

) (e ' ) P »+3)r ’

2p+1)
2 p+3
(e%r”’l)
c(r) = W(m —Dn+2—(n—2)p]
—22n(p—1)— p+5)r2—(p— 1)r4),
2p+1)
2 p+3
(eTr”’l)

G(r)= W(S(ﬂ —Dn—=2)p+n—-4]n+2—-@n—2)p]
—12(n — D*(p* = Dr? —4(n — D(p — D(p +3)*r?g(r)
—2(p+3rg.(r) —2(p — D(p +3)*r'g(r)
~2r*GBn(p? = 1) = (p—6)p+3) - (p* - 1)r6),

4ptD)
r2 p+3
(efrn—l)
. _ _ _ _ 2
D) = 5 (4(n DI —2)p +n—4]1+2Qn(p+1) — p+ Dr

£ 2(p+3)2280) + (p+ l)r4).

Next, we study the case G (r) = 0. Letting f(r) = "~V h(r) = r? with g € Rand

2041 5 4Crtptgth) o
g =——=(Cip+3% " —Qn+q-2r"[(n—-p+n—4—q]
(p+3)
with C; € R, we have
2A(@=D(p+1—g) 2n+4q —2 @=3@p+h-2+D
a(ry=r =, br)=——Frr o ;
p+3
Cn+qg—-2D[n+2—m—2)p+2q] Ae=2ptn—4-q
c(r) = 5 r p+3 ,
(p+3)

G(r)=0, D(r)=Cyr™ 2
Letting f(r) = r"*~'exp(r?/4), h(r) = r? with g € R and

— Dr?\ 2c0-De-b+2) 1
g(r)zclexp(—u)r prse P g

201 3) 2(p+372
(~4n(p+ D= (p—D@=2) 2@n+q—2n—2)p+n—4—g]
20 +3)° 200 132 ’
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we have

IRETES IR
a(r) = (exp(r /A7) P T

) |y 2z 1
(exp(r /A ) EENNE P“

b(r) = r+2n+q—2),
(r) = = ( )
2 1 _ 2(p+q+3)
(exp(r?/4)r"~ ) (G P
c(r) = TEEEE (2en+q -2 +2- 0 -2)p+2q]

—@n(p—D+(p—5(q— 2))7‘2 —(p— 1)}”4),
G(I") = 0, D(r) = Cl exp(rz/z)r2n—2.

Appendix 2: Some properties of X’

In this appendix, we assume p > 1, (B1) and (B6), and we understand that D, X and L are
the spaces defined in Sect. 3.

Lemma 9 The space X coincides with the completion of C§°((R', R)) with respect to the
norm || - || x.

Proof Since Cgo((R/, R)) C D, itis enough to show that each element in D is approximated
by an element in C(C)’O((R’, R)).Letu € Dandlete > 0. We set C = maxp/<, g |u(r)|. We
define n € W-°(R', R) by n(r) = 0for R <r <8,n(r) = 1fors <r < R, and

d
fr f(i)
f f(S)

where 3, §e(R,R) with § < & are chosen to be

nr) = for<§§r§8,

b dr  C?

> .
fry e

s
2/ (lur|* + Igllul*) fdr <& and
Y

Then we obtain
R 2 2
/ (Iqu)r — ur|” + 1glinu — ul”) f dr
R!

. R
- Z/R/ In() = 17 (ur P+ lgllul®) £ ) dr +2/R, I, () Pl £ () dr

8 -2 8
58+C2( dr) r o,
§ ) Q)
By the standard argument with mollifiers, we can infer that our assertion holds. O

Lemma 10 Letu € X. Thenu™, u~, |u| € X.

Proof Since u € HILC(R’, R), we have

(u+)r = Uy - 1{u>0} and (U ), =u, - 1{u<0}y
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where 1 is the characteristic function. Let u € X. By the previous lemma, there exists
{ur} C Cgo((R/, R)) such that u; — u in X. We choose K € C°°(R) such that

t f t>1,
K(t) = =N 0< k@) <t and 0<K,(1) <2 fort €R.
0 fort <O,

Let k, m € N. We claim

R
A

2 2

f)dr

1
(*K(muk(r))) — "),
m

r

< 2/ WH2frydr + 4/
{r:0<ur(ry<l/m}

R

+4 / Lm0y — 1Puy (2 £ () dr + 4 / Lugs0ytty (2 £ ()
{u>0}

{u<0}

R 1
f(r)dr+/ Ig(r)l‘—K(muk)—bﬁr
R’ m

R
lug,, — ur > f(r)dr

R

12 / g ue()> f () dr +2 / ()] ux — w2 F () dir-
{r:0<uy(r)<1l/mj} R’

Once the claim was shown, choosing a suitable sequence {m}, we can obtain { K (myuy(r))
/my} C Cgo((R/, R)) which converges to u in X'. We will show the claim. We have

K1
/ (—K(muw) - ™),
’ m r
R R
<2 /R K (g (r) ui)r = @) f(r) dr +2 /R @) = @O, P o) dr

=2 / W7 f(rydr
{r:O<uy(r)<1/mj}

R
+ 2/ |(uk,r - ur)l{uk>0} + ur(l{uk>0} - 1{u>0})|2f(r) dr

/

2
f@rydr

R
<2 / WH2F(r) dr + 4 / gy — 2 () dr
{r:0<uy(r)<1/mj} R’

+4 / o0y — 1Py (2 F () dr + 4 / Loyt (2 () .
{u>0} 0

{u<0}

Here, we used f{u:O} ur(r)zf(r) dr = 0. On the other hand, we have

R 1 2
/ Ig(r)llK(muk) —ut| f(rydr
R’ m

R 1 2
+
< 2/ Ig(r)l‘*K(muk) —uy
R’ m

R
Frydr+ 2/ g I} —utPf () dr
R/

R

< 2/ lg () lur(r)* £ (r) dr +2/ g lux — ul* £ (r) dr.
{r:0<uy(r)<1/m} R’
Hence we have shown the claim, and we finish our proof.

Now, we also assume (B8). We give the following subsolution estimate.
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Proposition 6 Let u € X satisfy

R R
/ (urer + gue) fdr < / lulP~Yuphf dr foreachg € Xwithg > 0.
R R

Then sup, ¢ g/ (r/+k))2] ut(r) < oc.

Lemma 11 Let u € X and let z be a measurable function such that

R g
/ lzT[FThf dr < oo

/

with some B € (1, p). Assume

R R
/ (uror + gue) fdr < / zuphf dr foreach ¢ € X with ¢ > 0.
R R
Then sup, gr (gr4fy/z U™ (r) < 00.

Proof We follow the argument in [46, Theorem 2.26]. Let 1/4/C; be the infimum value in
(3.3), and set

|g7| R'42t y+1 v
y =max{B,q}, z=z"+ and C; = (/ |z| 7T hfdr) .
R/

Set also

o= w and Cj =max[
2(p—v)

We claim that for each ! > 0, s > 0 and r{, r» with (R' 4+ R)/2 < r| < r» < R, there holds

2
r _ 511 1 rn
(/ }u|u,|3|”“hfdr)p 5c3(7s+ > +(s+1)"+1)/ |ulwsl*|*hf dr,
R’ (r2 —r1) R
(7.16)

44C
max  ———1 (12C,Cy)° L
R'+i<r<R'+2t h(r)

where
u;(r) = max{0, min{u(r), [}}.

We will show the claim. Let/ > 0, s > 0 and (R’ + Ié)/2 <rp<nrc=< R.Let n € D. Since
we can show n’ulu;|* € X by a similar proof of the previous lemma, we have

R
[ wrPetulns ar
R/
R 2%, 2 2 2252 22,2
Z/ (wr Qonpulug|™ 4+ 07w lug) ™ + 2507 ulug | “ugug,) + gnulug|**) f dr
R/

R
1
= / (§U2|Mr|2|u1|2x = 2P+ 250 g Pl +gn2u2|uz|2‘)fdr,

R’
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which yields
R 1 2 2 2 2 2 2 2.2 2
/ (En iy Plur?* + 2502 lugr Plua?* + g 0Pl S)fdr
R/
R
< / @Ine Pl £ + 202l P hf) dr.
R/
Noting

s\ |2 22012 2 2,12 2.2 2,12
G e L i T e T 17 R P el e R R T

and nu|u;|* € X, we have

2

R i 2 R
(/R |nu|u1|"!p+1hfdr)p+ scl/ (| (relaa*), |* + g [nulua* ) £

R/
R 2
< 6(s + DG, / Glne Pl £ + 2 nulurl* Phf) dr.
R/

For each ¢ > 0, we have

R 7
/ (3|nr|2u2|ul|23f +Z|7]M|ul|s|2hf) dr < 3/ |nr|2u2|ul|25fdr
R’ R

R ) 2 &
+C282(/ |nu|ul|‘?|p+lhfdr)p +C28_2“/ Inulus|*|*hf dr.
R’ R’

Choosing e72 =12(s + 1)C1C, and using two inequalities above, we obtain
K p+1 % R
(/ |mualug || hfdr) <36(s + 1)C) / 0 PP |y f dr
R R’

R
+ (12(s + DC1Co)° ! / |nuluy|*|*hf dr.
R/

Now, letting 7 satisfy

1 forR' <r<ry,
n(r) = and |n,(r)| = ,
0 forr > ry, r—ri
we can infer that claim (7.16) holds. We set
p+ 1 R—FR
_rT- + and 1 = .
2 2

Applying (7.16) withm € N,s = x" —1,r; = R'+(14+2"")tandr, = R'+(14+27"F 1),
and using the Lebesgue convergence theorem, we can infer

RA(14+27) - ST
(/ " hfdr) g

/

_1 / —m+1 _1
4y )m 25 R4(1427m+ 1y m 5
|:C3(( ;(2) +Xm(a+1))] x (/ |u+|2x hfdr) X
R/

1 / —m+1 1
1 5o R'+(14+27m+) " 7
o] (f T werwa) ™

IA

IA

@ Springer



32 Page 38 of 42 N. Shioji, K. Watanabe

where C4 = max{4y, x°*'}. So we have
1

R'+(1427")t il Som¥T
(/ lut 2" hfdr) g

/

1 m 1 : ,
1 2y Ziml T S L R ~
()
R/

LR i
- (C3 (tlz N 1)) 20x 1)C42(X7|)2 (/ |u+|ﬁ+]hf dr) p+1.
R/

Letting m — oo, we can find that our assertion holds. O

Proof of Proposition 6 First, we note that
R R
/ lul”tuphf dr < / WP Yuphf dr foreach ¢ € X with ¢ > 0.
R R

In the case of p < p, applying Lemma 11 with z = (u*)?~! and 8 = p, we can see that our
assertion holds. So we consider the case p = p. We sets = (p — 1)/2. Let/ > 0. Using the

. . . R —
notations is Lemma 11 and noting [, [ulu;|*|”*'hf dr < oo, we have

R p+1 7 R 2 +,2.2) 12
(/R, |l |*| ) fCl/R (|(nulusl®),|” + g n?u?ug|**) f dr

/

R I3
< 18(s—|—1)C1/ |n,|2u2|u,|2ffdr+6(s+1)c1/ 2t u | hf dr
R’ R’

R
< 18(s + 1)01/ |y 1w ug|® f dr
R!

p—1 5 2

R 5 5y R P 7
+6(s+1)C1(/ Izlﬁflhfdr) (/ ez | | hfdr) )
R’ R’

We choose § > 0 satisfying

RI428 54 za) 1
6(s+1)C1(/ |E|ﬁ—1hfdr) <§.

R’

Then we have
2

R/ 426 5l 75T R'+28 5 5 )
(/ |rulug || ) 536(s+1)c1/ e 1wy | f dr
R/

R’

72(H ne R'+28 _
< max w/ |u+|p+lhfdr.
nsr<ry  §2h(r)

Letting [ — oo, we obtain

R’

R'+$ .

(p+1)
/ lut|" 7 hfdr < oco.
R/

. . . R (12 .
Since A, f and u are continuous in (R’, R), we have flf, lu*|" 2 hfdr < oo. Choosing

B € (1, p) such that

= 2
ﬂ+15(p+1)

(=D =5
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recalling p = p, and applying Lemma 11 with z = (u*)?~!, we can infer that our assertion
holds. O

Appendix 3: Proof of Theorem 8

It is enough to show that the unique positive solution # is a nondegenerate critical point of /
in the case R < oo and G = 0in (R, R); see Remark 19. For each § > 0, we define gs, hs,
as, bs, cs and Js by (4.6), (4.7) and (5.2) with y = 1; see also (5.9). We also define Ss as the
set of all positive solutions of

Upy (r) +ff’((rr)) ur + gs(ru+hs(r)u? =0, R <r <R, (7.17)
u(Ry =0, u(R)=0. ’
We can see that i is a positive solution of (7.17) for each § > 0.
Since we can prove the next lemma as in Lemma 5, we omit its proof.
Lemma 12 [t holds that
inf inf [ju|lx > O.
0<é<1 ueSs
Lemma 13 There exist 6¢ € (0, 1) such that
sup sup max u(r) < oo. (7.18)

0<8<dpueSs R'<r<R

Proof Suppose that the conclusion does not hold. Then there exist {§,,} C (0, 1) with§,, — 0
and {u,} € C([R’, R]) N C>((R’, R)) such that u,, € S, for each m € N and 6,, =
Maxg <y <g Um(r) — 0o as m — oo. For each m € N, we choose r,, € (R, R) with
Om = uy, (ry) and we define {v,,}, {L,} and {B,,} as in the proof of Lemma 6. Without loss
of generality, we may assume that r,, — r, € [R’, R], lim,,_ oo 9,(np_l)/2(R/ — Fp) exists
in [—o0, 0] and lim,;, _, oo Q,ZP_I)/Z(R — ) exists in [0, oo]. Let L(C R) be the limit closed
interval of {L,,}. We can see that L is unbounded and 0 € L. For each m € N, we have
v (0) = 1, vy ;(0) = 0 and

U 1 (1) + %vm,t(t) + (14 8m)h(Bu () vm (1)”

— 00" [§ B () + Suh (B ()i (B (1))" Jum (1) = 0

for each t € L,,, and hence we have
t
Ut (8) f (B (1)) =/0 f(ﬁm(S))[—(l + 8 (B (5))vm (5)P

+ [ (B () + 8 (B ()i (B ()~ [0 v (o) |ds

for each t € L,,. Werecall R < oo, f,h € C*([R’,R]), g € C(R’,R]) and f > 0 on
[R’, R]. From

(f (Bm (1))
S (B (1))

max / r (=D
- .re[R,R]|fr( )|‘9m 0 asm o oo,
min,¢(g gy f(r)

teLy,
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and the two equalities above, we can see

lim sup v, ()| <oo and lim sup |vm.(t)] < 00
m—o0 teK m—>o0teK

for each bounded closed interval K C L with 0 € K. Taking a subsequence {vy,;} of {v;,},
we can infer that there exists v € C2(L) such that lvm; — vll¢1(xy — O for each bounded
closed interval K C L with 0 € K, v is nonnegative on L, and

v (1) + h(r*)|v(z)|”_1v(t) =0 foreachr e L,
v(0)=1, v,(0)=0.

However, since L is unbounded, v must be negative somewhere, which is a contradiction.
Thus we have shown our assertion. ]

Lemma 14 It holds that

lim sup [lu — ullci g, gy =0
§—>0uess

Proof Foreach § € (0, 8p), u € Ss and r,, € (R, R) with u, (r,) = 0, we have

FO)ur(r)] =

/r (hs()u(s)? + Igs()it(s)P " u(s)) f(s)ds| foreach r € (R, R),
So we have

sup sup lullcir gy < 00,
§€(0,80) ueSs

and hence

sup sup ||14||C2([R’,R]) < 00
3€(0,80) uesSs

Hence by similar arguments as in the proof of Lemma 7, we can infer that our assertion
holds. O

Proof of Theorem 8 As already said, it is enough to show that in the case of R < oo and
G = 0, u is a nondegenerate critical point of /. From (d/dr)J (r; u) = G(r)i(r)? = 0 for
eachr € (R, R), we have

1
J(r;u) = Ea(R)L?,(R)2 >0 foreach r € [R, R].

Letting § € (0, &p) be sufficiently small, we have

inf inf Js(r;u) >0
ueSs re[R’,R]

by the previous lemma. By a similar proof of that of Theorem 1, we can see that u is the
unique positive solution of (7.17). Hence, by a similar proof of that of Theorem 3, we can
find that z is a nondegenerate critical point of /. O
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