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Abstract We study O (d)-equivariant biharmonic maps in the critical dimension. A major
consequence of our study concerns the corresponding heat flow. More precisely, we prove
that blowup occurs in the biharmonic map heat flow from B*(0, 1) into S*. To our knowledge,
this was the first example of blowup for the biharmonic map heat flow. Such results have
been hard to prove, due to the inapplicability of the maximum principle in the biharmonic
case. Furthermore, we classify the possible O (4)-equivariant biharmonic maps from R* into
S*4, and we show that there exists, in contrast to the harmonic map analogue, equivariant
biharmonic maps from B*(0, 1) into $* that wind around $* as many times as we wish. We
believe that the ideas developed herein could be useful in the study of other higher-order
parabolic equations.

Mathematics Subject Classification 35J40 - 35J55 - 35J60 - 35J65 - S8E20 - 35K35 -
35K55 - 35B40 - 34C11 - 34C30

1 Introduction

In this work we study (extrinsic) biharmonic maps in the critical dimension. Some of our
results have applications to the corresponding heat flow. Therefore, we first describe the
biharmonic maps and their corresponding heat flow.

Let 2 C R? be open and bounded, and A" a smooth compact Riemannian manifold
without boundary which is isometrically embedded in R* for some ¥ € N. Consider the
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bi-energy
E>(u; 2) =/Q |Au)? dx foru € H>($2; N), 1)
where
H"(2;N)={uec H"(2;R") : u(x) e N forae.x € 2},
for m € Npy.

Critical points of this bi-energy are called biharmonic maps. The Euler-Lagrange equation
associated to (1) is

A%u(x) L TN 2,
[ u(x) ) on @

D% = D% ondf2 for|a| <1,

where g is boundary data, and the above is interpreted in the distributional sense for u €
H?*(£2; N).
The Lz—gradient flow, or heat flow, of (1) is

du(t, x) + A%u(t, x) L TyqoN onRY x 2, 3)
D%u = D%g on 'Rt x 2) forl|o| <1,

where g is initial-boundary data, and I"(U) denotes the parabolic boundary of U ¢ R!*9,

We may replace §2 with a Riemannian manifold M. However, for concreteness, and since

our study does not need this generality, our presentation will only consider flat domains.
The bi-energy (1) is a higher-order analogue of the Dirichlet energy

Ei(u; 2) :/ |Dul* dx,
2

foru € H! (£2; N), where Du is the Jacobian of u. Therefore, one can view biharmonic
maps as a higher-order analogue of harmonic maps. Different higher-order energies have
been proposed. For example, the intrinsic bi-energy

Ha(u: 2) = / (Au()T P dx. 4
2

where (Au(x))T is the orthogonal projection of Au(x) onto T, (x)N. The intrinsic energy
does not depend on the embedding of A into Euclidean space, whereas the extrinsic energy,
that is, the energy given by (1), does. This makes the intrinsic energy more natural from
a geometric perspective. However, the intrinsic energy lacks coercivity, in contrast to the
extrinsic energy, which makes it difficult to work with from an analytic perspective. In this
work we focus solely on the extrinsic energy.

Before we state our main results we need to introduce the notion of O (d)-equivariance
that we use. Throughout this paper O (d) refers to the standard group of orthogonal transfor-
mations acting on R?. We suppose that u : 2 — S, where £2 C R? is invariant under the
action of O(d), and ¢ is embeddeded in RY*!:

§ = (x e R4 x| =1}

Forx € R? and R € O(d), we let Rx denote the standard group action of O(d) on R4, For
y = (3, yar1) € R4 weset Re y = (RY, Ya+1). We say that u is O (d)-equivariant, or
simply equivariant, it R e u(x) = u(Rx), forall R € O(d) and x € £2.
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We will prove in Lemma 3 that, if u € C m(ﬁ; 59y is equivariant then there exists a
k € N such that there exists a unique ¥ € C*([0, 1]; R), called the longitudinal distance,
where ¥ (0) = kmr and

ux) =YW (x) = [(}CL sin ¢ (|x|), cos xﬁ(lxl)) forx € B4(0, 1) \ {0}, )

+iea+1 ifx =0,

where

+ if k is even,
+p =
— if k is odd.

Remark 1 The condition ¥ (0) = km ensures continuity of u at the origin, if ¥ is itself
continuous at zero.

Remark 2 From (5) it is clear that, if we set ¥o(r) = ¥ (r) + 2xl, for r € [0, 1] and
| € Z, then T (y9) = T (). Therefore, without loss of generality, we may assume that

¥ (0) € {0, 7}.

Remark 3 Suppose that ¥ (0) = m and u = T (¥). If we set Yo(r) = m — Y (r) and
ug = 7 (o) then ug(x) = Ru(x), where R is the reflection through the {x;+1 = 0} C R4+
hyperplane.

In this paper we globally assume that ¥ (0) = 0. This is without loss of any generality,
because of remarks 2 and 3. For clarity, we will occasionally remind the reader that we are
assuming ¥ (0) = 0.

Next, we describe our primary result. For an equivariant map from B4(0, 1) into 4, if the
normal derivative at the boundary vanishes then there is a limit on the number of times an
equivariant biharmonic map from B#4(0, 1) into $* satisfying the same boundary condition
can wind around S*.

Theorem 1 There exists a K > 0 such that if
u="@) ec®(BH0,D; "),
with ¢ (0) =0, | (1)| = K, and 9, (1) = O, then u cannot be a biharmonic map.

This implies that the critical equivariant biharmonic map heat flow starting from such initial
data must blowup in finite time or at infinity, since it cannot sub-converge to a biharmonic
map. To our knowledge, this was the first blowup result for the biharmonic map heat flow.

Recently in [6], an example of finite-time blowup for the harmonic map heat flow due to
topological reasons was given. Their argument is based on a no-neck theorem, and builds
upon earlier observations in [28]. In [22], Liu and Yin prove a no-neck theorem for the blowup
of a sequence of extrinsic and intrinsic biharmonic maps with bounded energy. Motivated by
the arguments in [6], Liu and Yin [23], have used their no-neck theorem to show finite-time
blowup for the biharmonic map heat flow in the critical dimension. More precisely, they
prove the following:

Theorem 2 [23, Theorem 1.1] Suppose that N is any closed manifold of dimension n' > 4
with nontrivial T4(N”"), and let N' = N" # T" be the connected sum of N with the torus of
the same dimension. For any Riemannian metric g on N, there exists (infinitely many) initial
maps uy : S* — N such that the biharmonic map heat flow starting from ug develops a
singularity in finite time.
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It must be emphasized that the question of finite-time blowup for the biharmonic, and
other higher-order polyharmonic, heat flows into spheres is still open. It is in this latter case
that we expect symmetric/equivariant solutions to play an important role.

With our second result we show that non-constant equivariant biharmonic maps from
R* into §* are unique, modulo dilation, reflection through the origin in the domain, and
reflection through the plane {x5 = 0} in the codomain (see Remark 3). More precisely, these
transformations are, respectively, u > (x > u(Ax)), for A € R™, u > (x > u(—x)), and
u — (x — Ru(x)), where R is the reflection through the plane {xs = 0}.

Theorem 3 If u = Y () € C®R*; %) is a non-constant equivariant biharmonic map
with Y (0) = 0 then, up to dilation, ¥ (r) = £2 arctanr.

This is interesting, because in an upcoming paper the author shows that in the critical
equivariant biharmonic map heat flow blowup coincides with a bubble separating at the
origin. Furthermore, this bubble is a non-constant equivariant biharmonic map from R* into
§*, hence Theorem 3 gives a complete description of these bubbles. By computing the energy
of this bubble, we know that if our equivariant initial data has bi-energy less than or equal
to 12 vol(S3) then the resulting flow exists globally in time and sub-converges to a smooth
equivariant biharmonic map from B*(0, 1) into S*.

With our final result we show that, in contrast to the harmonic case, there are equivariant
biharmonic maps from B*(0, 1) into S* that wind around $* as many times as we wish.

Theorem 4 Let a € R. Then there exists a biharmonic map
u=7@) e (BH0,D; ),
such that ¥ (0) = 0 and (1) = a.

There is a growing volume of literature concerning biharmonic maps, and more generally
higher-order polyharmonic maps, and their heat flows. We will not attempt to survey this
literature here, but the reader could start with [1,5,7,10-13,15,17,19-21,23-26,30,32-38,
40], and the references therein.

Symmetric and equivariant biharmonic maps have already been studied in [12,24,38,40].
In [38], Wang, Ou, and Yang study rotationally symmetric intrinsic biharmonic maps from
$? into S2. Similar to this work, they compute the corresponding symmetry reduction, and
classify their class of symmetric intrinsic biharmonic maps. In [24], Montaldo and Ratto
examine a more general class of equivariant intrinsic biharmonic maps. They consider maps
that are equivariant with respect to Riemannian submersions. They setup machinery to com-
pute the corresponding symmetry reductions, and use this to explicitly compute the symmetry
reduction in some concrete cases. As applications they prove the stability of specific proper,
that is, non-harmonic, intrinsic biharmonic maps from 72 into S> among a certain class of
equivariant maps. Moreover, they construct a counter-example to a generalization to intrinsic
biharmonic maps of Sampson’s maximum principle for harmonic maps, see [31]. In [40],
Zorn studies G-equivariant biharmonic maps, where G is a compact Lie group. Among other
results, he proves that G-minimizers of the bi-energy are stationary biharmonic, and improves
estimates on the Hausdorff dimension of the singular sets of appropriate G-equivariant bihar-
monic maps.

Biharmonic maps are related to interesting problems in four dimensional conformal geom-
etry, for example see [4,39]. A further motivation for the study of biharmonic maps and their
heat flows is that they are good model equations for other interesting higher-order elliptic
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and parabolic PDE. Therefore, one would hope that the insights generated for biharmonic
maps and their heat flows to be useful elsewhere. As an example of the parallels between the
biharmonic map, and more generally polyharmonic map, heat flow and other higher-order
parabolic equations, one may compare the work on the Willmore flow by Kuwert and Schiit-
zle, see [18], and the work on the polyharmonic map heat flow and biharmonic map heat flow
respectively by Gastel, see [10], and Wang, see [36].

In [3] Chang, Ding, and Ye showed that finite-time blowup was possible for the critical
harmonic map heat flow. Chang, Ding, and Ye worked with the equivariant ansatz (5). More
precisely, Chang, Ding, and Ye’s result says that if ¥ (0, 0) = 0 and | (0, 1)| > = then the
corresponding solution to the critical harmonic map heat flow blows up in finite time. Prior
to this, Chang and Ding [2], show that if ¥(0, 0) = 0 and sup, (9 11 [¥ (0, r)| < 7 then the
corresponding local in time classical solution to the critical harmonic map heat flow is in
fact global in time. Only when | (0, 1)| < 7 do we have sub-convergence to a harmonic
map, see [16] for further details. These proofs rely heavily on the comparison/maximum
principle.

Our main motivation for this study is to try to extend the work in [2,3] to the biharmonic
case. The inapplicability of the maximum principle in the biharmonic case makes this task
difficult. Looking to the future the following ideas may be useful. In [8] Galaktionov and
Pohozaev use the technique of majorizing operators in order to obtain a comparison principle
for the bi-heat equation. These ideas may allow us to construct barriers in order to prove global
existence in a similar way as in [2]. However, this will not allow a proof of finite-time blowup
using barriers. In [29] Raphagl and Schweyer look at finite-time blowup of the 1-corotational
critical harmonic map heat flow while avoiding the maximum principle. Instead they rely on
energy methods and modulation theory.

Recently in [12] Gastel and Zorn studied a fourth-order ODE very similar to our symmetry
reduction for the equivariant biharmonic map equation (10) (with 9;4 = 0). Their ODE
arises when trying to construct biharmonic maps of cohomonogeneity one between spheres
using joins of two harmonic eigenmaps. In contrast to this work, they use purely variational
methods. Their stated reason for this choice being that purely ODE methods would cause
difficulties due to their ODE being fourth-order and having ill-posed boundary conditions.
Although the questions studied in [12] are quite different than the ones studied here, we
have found success in using ODE methods to study our similar fourth-order ODE. To us,
this demonstrates that ODE methods can be useful in exploring such questions. It may be
of interest in future work to see if a synthesis of the ideas in [12] and here can yield deeper
insights.

We will now outline the structure of the rest of this paper. In Sect. 2, we first prove that
the smooth flow of (3) preserves O (d)-equivariance. In [2, Lemma 2.2], the authors study
the harmonic map heat flow using the equivariant ansatz (5), and they prove the analogue of
this result in their situation using the maximum principle, see also [14, Lemma 4.2] where a
similar argument using the maximum principle is used for the axially symmetric harmonic
map heat flow. Unfortunately, the maximum principle is not available in the biharmonic map
heat flow. Therefore, in our setting a different method which avoids the maximum principle
must be used. Next, we show the equivalence of maps which are O (d)-equivariant and those
which satisfy (5). After this, we present Mathematica code for computing our symmetry
reduction of the biharmonic map heat flow. This is then used to explicitly compute our
symmetry reduction in the critical dimension.

In Sect. 3, we prepare for, and outline our approach to, our deeper study of equivariant
biharmonic maps in the critical dimension. This study is carried out in Sects. 4 and 5, and
it is here that the theorems mentioned above are proven. The paper ends with an appendix
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which contains a couple of technical proofs which, in the author’s opinion, do not yield much
conceptual insight.

Notation. Throughout this paper C denotes a positive universal constant. Two different occur-
rences of C are liable to be different. If our constant depends on some parameter, say €, then
we denote this by writing C(¢).

2 The equivariant ansatz

In this section we show that O(d)-equivariance is preserved by the smooth biharmonic
map heat flow, and O (d)-equivariance is equivalent to the ansatz given by (5). After this,
Mathematica code for computing the symmetry reduction is presented, and then used to
explicitly compute the symmetry reduction for the biharmonic map heat flow in the critical
dimension.

First we show that O (d)-equivariance is preserved by the smooth biharmonic map heat
flow.

Lemma 1 Suppose thatd € N=o, T > 0, Q = [0, T] x B4(0, 1), and u € C®(Q; §9) isa
solution to (3) with g as O (d)-equivariant initial-boundary data. Then, for each t € [0, T],
u(t, -) is O(d)-equivariant.

Proof We let R € O(d) be arbitrary, and set
vr(t,x) = Reu(t, R™'x) for (t,x) € Q.
From (3), we have
du = —A%u+ (A%u - wu,
hence
dvr(t, x) = —A2vg(t, r) + (A%vg(t, r) - vr(t, F)VR(L, 1),

where we have used properties of orthogonal matrices. Since g is O (d)-equivariant, we have
D%vg = D%g on I' Q for |«| < 1. Therefore, vg solves (3) with the same initial-boundary
data. Since we are working in the smooth category, uniqueness of solutions is standard, hence
vg=uandu(t,x) = Reu(r, R'x) forall (s, x) € Qand R € O(d). O

Remark 4 With the obvious modifications the above proof works for polyharmonic maps of
any order.

Next, we have two lemmas that demonstrate the equivalence between O (d)-equivariance
and the ansatz given by (5).

Lemma 2 Suppose that k € Z, d € N>y, u € C(B4(0, 1); ) satisfies (5). Then u is
O(d)-equivariant.

Proof We let R € O(d) be arbitrary. Using (5), we compute that
Reu(R™'x)=u(x) forx #0.
For x = 0, we have

Reu(R7'0) = Reu(0) = R e (Fré441) = t1éqr1 = u(0).
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Finally, we show that if a map is O (d)-equivariant at each time then it satisfies (5) at each
time.

Lemma3 Letd € N>y, k € Z, and T > 0. Suppose that u € C*([0, T'] x B4(0, 1); Sd),
u(t, ) is O(d)-equivariant and u(t,0) = *yeqy1 for each t € [0, T]. Then there exists a
unique ¥ € C*°([0, T] x [0, 1]) such that ¥ (t,0) = kx and u(t, ) = T (¥ (¢, -)) for each
tel0,T]

Proof Let Ry € O(d) be the reflection through the ¢ axis, that is,

N é1 ifi =1,
Roe; =1 ) (6)
—é; otherwise.
For r € [0, 1], we have
u(t,réy) = Ry e u(t, Ry 'ré1) = Ry e u(t, réy). @)

Therefore, u’(t,ré1) = 0 fori € {2,3,...,d}, and
', réy), u? (@, réy)) e S'.

Since u € C*®([0, T] x B4(0, 1); $%) and u(r,0) = +réq+1, there exists a unique ¥ €
C°([0, T] x [0, 1]) such that ¥ (¢, 0) = kx and

ul(e,ré)) =sinv(t,r), utl(t, ré)) =cosy(t,r). ®)

Next, we work in spherical coordinates. We fix an x € S9=1 and let R; € O(d) be amap
such that R;éy = x. Then for r > 0 we calculate, keeping in mind (7) and (8),

u(t,rx) = R; e ul(t, rR;l)E)
= R; eult,reéy)
= R; e (siny(t,r) €1 +cosy(t,r) éqt1)
=T, )(rX).

Since X was arbitrary, we are done. O

Next, we compute the symmetry reduction. For a function f : R? — R such that f(x) =

f(x]) = f(r), we have

d—1
Af) =2 0) + ——0f () =t (L1f)(r)  forx 0.
We also compute:

d

X

-1
3 f(r)) = — (Lo f)(r).
r x|

A (ifm) _x (8,2f(r) + 4 re -
| x| r

|x|
For appropriate go, g1 : [0, 1] — R, we write
{80, g1}e(t, x) = (Xgo(t, Ix]), g1(2, x])). )
We observe that, for x # 0,
Afgo, &1}z = {Logo, L181}s

9:{g0, g1}s = {980, 9 g1}z, and
{80, g1} - {ho, h1}z = goho + g1h1.
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For A\ a unit sphere, (3) can be written as
|0;u + A%y — (A2u . u) u|2 =0.

When u is O (d)-equivariant this reduces to a PDE for .
The following Mathematica code computes this symmetry reduction in the critical dimen-
sion.

1 (x Functions to calculate the Laplacian x)

> L1[expr_] := D[expr, {r, 2}] + (d—1)/r D[expr, r]
3 LO[expr_] := L1[expr] — (d—1)/r*2 expr

+ Lapl[expr_] := {LO[expr[[1]1]], L1[expr[2]]]}

o (x Calculate the symmetry reduction in the critical dimension x)
7 CriticalSymmReduction =

s FullSimplify[

9 ReplaceAll[

10 With[{u = {Sin[\[Psi][t, r]], Cos[\[Psil[t,r]]}},

1 With[{v = Nest[Lapl, u, 2]},

12 With[{expr = D[u, t] + v — (v . u) u},

13 expr . expr == 0] ]],

14 d—>4]]

Exporting the result of this computation to IATEX, and rearranging, we obtain
Oy = =0ty — 203y + 6(3,9)02 + 5 cos)FY + 2(9,9)°
—35in2yY) (3 9)2 + 3 (cosy) +2) 8P — 5% sin2y). (10)

Of course, we could have calculated (10) by hand, but we prefer to delegate repetitive and
elementary calculations to the computer.
Recall that we are assuming ¥ (0) = 0, and hence u(0) = €441, see Remarks 2 and 3.
Due to the boundary conditions in (3), we have
oy (1, 1) = ai,

fort € [0, T]and i € {0, 1}, where a; € R.

Due to symmetry, ¥ must satisfy conditions at the origin. Let Rg be the same as in (6).
Arguing similarly as in Lemma 3, we see that there exists a § € C*°([0, T] x [—1, 1]; R)
such that £(¢, 0) = 0 and

u(t, x181) = &1 sin&(t, x1) + éq41 cos£(t, x1),
for x; € [—1, 1]. We also have
u(t,x161) = (—Ro) e u(t, —xiép).
This implies that
(sin(§(z, x1)), cos(§(z, x1))) = (sin(—=&(t, —x1)), cos(—§ (1, —x1))),

hence £(t, -) is odd.
Observe that if u € C¥([0, T] x B4(0, 1); $9) then £ € C*([0, T] x [—1, 1]; R). In this
case, we have Bfl’é(t,O) = 0 whenever 2i < k. Since ¥ = &|x¢[0,1], ¥ € ck([0, T x

[0,1]; R) and 8,2i1ﬁ(t, 0) = 0 whenever 2i < k.
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3 Critical equivariant biharmonic maps

Now we start to delve deeper into O (d)-equivariant biharmonic maps in the critical dimen-
sion.

After setting d,% = 0 in (10) and making the change of variables ¥/ () = ¢ (s(r)), where
s(r) = logr, (10) becomes the the fourth-order autonomous ODE

9
8;‘¢ =-3 sin(2¢) + (7+3 cos(2¢>))8s2¢ + 3(8s¢)2(2332¢ — sin(2¢)). an
Recall that we assume ¥ (0) = 0. This boundary condition becomes

Tim_¢(5) = 0. (12)

We rewrite this as a first-order system by setting @; = 8‘5_1¢ fori € {1, 2, 3, 4}:

%)
D3
9D = o, , (13)

Fi (1, @3) + @5 F2 (D1, P3)
where
Fi (D, D3) = —g sin(2®1) + (7 + 3 cos(2®1))P3, and
F (@1, @3) = 32P3 — sin(2Py)).
The boundary condition (12) becomes

lim @(s) =0. (14)
§—>—0Q0

Observe that (13) and (14) are invariant under the transformation @ +— —@.

An so € R and initial data ®%(sg) € R* generate a unique solution to (13), denoted by
@9 : [s, Smax) —> R*, where either spmax = 00 or lim; ASmax |q§0(s)| = 00. The next lemma
shows the equivalence between a solution of (13) satisfying (14) and it being an orbit in the
unstable manifold of the origin of (13), denoted from now on by W*(0).

Lemma 4 Suppose that ®° : (—00, smax) — R* solves (13). Then the following are equiv-
alent:

: 0 —0-
I lim_@{(s) =0,

2. lim @%s) =0.
§—>—00

For the proof see the Appendix.

Observe that y(s) = 2arctan(e®) is a heteroclinic orbit of (11), and 7" (2 arctan(-)), for
d > 2, is the inverse of the stereographic projection of S¢~!\ {—¢,} onto RY~!. We set
Y, =iy fori € {1,2,3,4).

The first result we will focus on concerning (13) states that this heteroclinic orbit gives
rise to the only non-constant equivariant biharmonic map from R* into $* modulo dilation,
reflection through the origin in the domain, and reflection through the plane {xs = 0} in the
codomain (see Remark 3).

Theorem 5 Suppose that @Y : (=00, Smax) = R* is a non-trivial orbit in W* (0). Then the
following dichotomy holds:
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1. up to s-translation ®°(s) = Y (s) or ®(s) = —Y (s), hence smax = 00; or
2. @9 blows up in finite time, that is, smax < 00 and

lim |@%(s)| = oo.

S /" Smax

Theorem 3 is a corollary of this. Next, we outline our strategy for the study of (13).

Strategy Our arguments are in part motivated by the harmonic map case. The analogue of
(11) in the critical harmonic map case is

2 L 1 2
0y bn = 5 sin(2¢p) = —0y, 3 cos“ ¢y |, (15)
lim_ () = 0.

This ODE is a pendulum equation. One can think of it as describing the dynamics of a ball
rolling without friction in coordinate space on the potential energy surface V (¢) = % cos? g.
After some consideration it is clear that if limg;_, o ¢5(s) = 0 and ¢, is non-constant
then up to s-translation there are only two possibilities for ¢j. These possibilities being
the heteroclinic orbits between (¢y, d5¢5) = (0, 0) and (¢y, d5¢n) = (, 0), and between
(én, 9s¢n) = (0, 0) and (¢, 95¢pn) = (—m, 0). These orbits happen to be, up to s-translation,
+y(s).

We see that if ¢, is an s-translation of £y(s) then |¢;,| < m. Therefore, if we have
equivariant initial data ug = 7" (¥) for the harmonic map heat flow from B%(0, 1) into S2
such that ¥(0) = 0 and |o(1)| > 7 then the flow must blowup either in finite time or at
infinity, because it cannot sub-converge to a harmonic map. Theorem 1 is the analogue of
this observation for the biharmonic map case.

Our situation is more complicated than the one encountered when studying (15), because
instead of a one-dimensional coordinate space we now have a two-dimensional coordinate
space. This adds complexity to the possible dynamics. Moreover, unlike (15), the dynamics
of (11) seem not to be related to a simple dynamical system from which we can gain intuition.
In spite of this, the author found it fruitful to consider (11) as the following coupled system
of second-order ODE:

33‘1)1 = @3
32D = Fi(®1, D3) + (3,D1)* Fo (D1, P3),

and to think about the ‘forces’ acting on the system in the coordinate space (@1, @3), see
Fig. 1.

Our arguments are also inspired by the ideas in [9]. There the shooting method along with
a pendulum equation interpretation was used to show the existence of singularities of the first
kind in the harmonic map and Yang-Mills heat flows.

Much of our analysis revolves around finding positive invariant sets on which we approx-
imate (13) by systems of simpler ordinary differential inequalities that still give us enough
control over the orbits in W*(0). We found it convenient to divide the life of each orbit in
W (0) into three stages:

Early life This is when the orbit is still close to the origin and its dynamics are well
approximated by the linearization of (13) at the origin.

Mid life This is the most delicate stage to analyze, because when |@3] is not so large we
must deal with difficulties caused by the variation of the “forces” acting on @ with respect
to @1, see Fig. 1.
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Fig. 1 This represents the portion of the coordinate space that is of interest for mid life orbits in W*(0). We
do not display the whole left half of the region, because this can be deduced, via symmetry, from the right half.
Note that there is an additional force acting in the vertical direction with a magnitude of (d; @1 )2 Fr) (@1, P3).

This force acts to repulse solutions away from the graph of @3 = % sin(291) in the coordinate space. Observe
that Y3 = J sin(2¥1)

Late life This is when |@3| > 1. In this case the variation of the “forces” with respect to
@1 can be ignored. This simplifies the situation, and one can prove finite-time blowup of an
orbit in W*(0) once it reaches late life.

4 Finite-time blowup or heteroclinic orbit

The aim of this section is to prove Theorem 5, and to collect some facts along the way which
will be used in our later arguments. We let

Wi ={x eR* : (x1,x3), (x2, x4) € A1} and

W_ ={x e R* : (x1,x3), (x2, 14) € A_},
where

Ay ={x eR? : x; >0,x > 2x;} and

A_={xeR?>: x; <0,x <2x}.
The following sets will also be useful:

W*=W.n{xeR*: x3#0}and
W:=W_n{xeR*: x3 #£0}.

Now we consider the different life stages of orbits in W (0).
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Early life The next lemma gives sufficient control over the orbits in W*(0) early in their life
when their dynamics are still well approximated by the linearization of (13) at the origin.

Lemma 5 Suppose that @0 : (—00, Smax) is a non-trivial orbit in W*(0) and o > 0. Then
there exists an sg € (—00, Smax) and an s-translation of Y, denoted by Y 0 such that either:

@ (s0) = ¥{(s0).

1.1 @°%so) — Y%(s0) € WU W*, and

[ 193 (s0) = ¥3'(s0)] < o

— ®Y(s0) = ¥{ (s0),

2. 1 — @%s) — Y%s0) € WX UW?*, and

|9 (s0) + ¥{(s0)| < o
3. @Y%sg) = YO(sp); or
4. &%s) = —Y%sp).

Proof Via the Stable Manifold theorem, see [27, Sect. 2.7] for a proof, W*(0) is a smooth
2-manifold embedded in R*.
The linearization of (13) at @ = 0 is

0 1 0 O
0O 0 1 O
05 Plin = 0 0 0 1 Plin =: ADjip. (16)
-9 0 0

—_

0

The eigenvalues of A are —3, —1, 1, and 3 with the corresponding eigenvectors

1 1 | |
-3 —1 1 3

o [l [
—27) \-1 | 27

Therefore, the tangent plane of W*(0) at the origin coincides with the linear subspace spanned
by (1, 1,1, DT and (1, 3,9, 27)T, hence W*(0) may be locally written as a graph over the
@1-P3 plane:

3 1
Dr(P1, P3) = 1451 + Z(b3 + G2(P1, P3),

9 13 a7
Dy(P1, P3) = —1931 + Z% + G4(D1, D3),
where
(G2, G
u(o’ 0) = 0.
(P, P3)

Observe that, since ®° is not the trivial orbit, the dynamics of (13) give, for any so €
(—00, Smax), an s € (—oo, o] such that (D?(s) # 0. Therefore, we may find an sp sufficiently
negative so that <D?(s0) # 0 and |<1>0(so)| is as small as we wish.

Next, we assume that 45?(50) > 0 and s is sufficiently negative. We take Y9 to be an
s-translation of the heteroclinic orbit ¥ such that Y 10 (s0) = @?(so). Note that Y is also an
orbit in W*(0) and may be parameterized by @;. If <Dg (s0) = Y30 (s0) then @°(sp) = Y%(so),
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since locally around the origin W*(0) is a graph over the @ — @3 plane. This is Case 3 from
the statement of this lemma.
From (17), we have

1
09, D2(P1, P3) = 7 + 0@,,03)—-0(1),
13 (18)
00, P4(P1, P3) = T + o), 03)—0(1).

If @9(s9) > Y{(s0) then @°(s9) — Y%(s9) € W. On the other hand, if ®(so) < Y3 (s0)
then @°(so) — Y%(s0) € W*.

Since we can choose sq sufficiently negative so that |®g (s0)| and |YO(sp)| are as small as
we like, we can arrange for |<D_g (s0) — Y30 (s0)| < o.Thisis Case 1 from the statement of this
lemma.

Recall that (13) is invariant under the transformation @ +— —@. Therefore, if 4’10(50) <0
then we may argue the same as above but with —®? instead of ®°. This leads to cases 2
and 4 from the statement of this lemma. There are no more cases to consider. O

Due to symmetry, it suffices to only consider the cases 1 and 3 of Lemma 5.

Mid life. Now that we have ®° — Y? € W, U W_, we can approximate (13) by a system of
simpler ordinary differential inequalities.

Let @0 : (—o0, Smax) —> R*, Y9, and s be the same as in Lemma 5 with @9 — Y0 ¢
Wi U W_. We set X(s) = ®%s) — YO(s) for s € [s0, Smax). Note that 9, X; = X, for
ief{l,2,3}.

Before we prove our next result, we need an estimate.

Lemma 6 Let

f(y) = = sin(2y)(3cos(2y) — 2)

1
2
and

2f(y) + 9sin(2x)

OWx; f(y) = 14 + 6.cos(2x)

for x,y € R. Then there exists a co € (0, 1) such that 0 Q(x; f(y)) < coforallx,y € R.
For the proof see the Appendix.

Lemma7 If X € W, then 0;X4 > 4(X3 — coX1), and if X € W_ then 9;X4 < 4(X3 —
c0X1), where co € (0, 1) is taken from Lemma 6.

Proof Recall that Y3 = 1 sin(2Y). We have

9 Xa = F1(Y{ + X1, Y9 + X3) — Fi(¥{, ¥9)
+ (X2 + YR (Y + X1, Y3 + X3),

since F>(YY, YY) = 0.
If X € Wy then Fo(Y + X1, Y + X3) > 0, hence

X4 > Fy(Y) + X1, Y) + X3) — Fi(¥{, ¥9).
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On the other hand, if X € W_ then Fz(Yl0 + X1, Y30 + X3) <0, hence
9 Xa < Fr(Y)+ X1, Y+ X3) — Fi(y), vd).
Next, we study Fi (YY) + X1, YY) + X3) — F1 (¥, Y?). Note that

1.
P, Y =F (Ylo, 3 s1n(2Y10)) = F1(Y)).

We are interested in the curve in the @1-@3 plane such that F1 (D1, @3) = F (Ylo) for given
values of Ylo € (0, m).

This curve can be written as a graph over @1, namely:
2F (YD) + 9sin(2dy)

14 + 6cos(2Py)

Q(@y; Fi(Y)) =

Therefore,
AP+ X1, Y+ X3) — A, v
= Fi(Y) + X1, Y§ + X3) — Fi(Y{ + X1, Q¥ + X15 Fi(Y)))).

Lemma 6 yields dg, Q(®1; F1(Y1)) < cp. Therefore, if X € W, then

QY + X1; Fi (YY) < Y9 + co X1,
and if X € W_ then

QY + X1: Fi(Y()) = Y9 + coXi.
Therefore, for X € W,.:

9 Xy = Fi(Y) + X1, Y9 4+ X3) — Fi(Y? + X1, Y9 + coX))

Y)+X3
= / 3oy F1 (Y + X1, ®3) d D3
Y30+C()X1

> 4(X3 —coX1),
and for X € W_:

3 Xy < Fi(Y) + Xy, Y3O—|—X3) - Fl(Y10+X1,Y30+CoX1)

Y30+60X1

= / 5, F1 (Y} + X1, @3) d b3
Y)+X3

< 4(X3 —coXy).

The following lemma tells us that W} and W* are positive invariant sets for X.

Lemma 8 If X(so) € W (resp. X(so) € WX) then X(s) € W] (resp. X(s) € WZ) for
s > so while X exists.

Proof This follows easily from Taylor’s theorem, (13), and Lemma 7. O

We now show that the non-trivial orbits in W*(0) that are not s-translations of &Y must
exit the region |@3| < 1 in finite time.
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Lemma 9 Suppose that:

(i) ®°: [s0, smax) — R* solves (13);
(ii) @0(s0) —Y9%sg) € Wi (resp. ®O(sp) — Yo(so) € W*), where YO is an s-translation
of Y; and
(iii) 1®3(s0)| < 1.

Then there exists an s1 € (5o, Smax) Such that (Dg(sl) =1 (resp. @2 (s1) = —1).

Remark 5 Observe that 51 < smax, because while |¢>§)| < 1 we can control the growth of
|®9).

Proof We set X = @Y — Y. Firstly, assume that X (s9) € Wi. Lemmas 7 and 8 give
82X3 > 2X3(s0), hence

1
@50 +5) = Y(s0 + ) + X3(s0)s% > -5+ X3(s0)s%.

1
. 3 2
Therefore, there exists such an 51 € (so, so + (W) ]
The argument for X (sg) € W* is exactly the same. ]

Late life. The nextlemma shows that once an orbit @0 : (—00, Smax) in W (0) has exited the
region |@3| < 1 then it blows up in finite time, and in the process |<D?| diverges to infinity.

Lemma 10 Suppose that ¢ € R* such that Dy.3 > 1 and Pp.4 > 0. Let @0 : [0, smax) —
R* be the solution to (13) such that ®°(0) = ®g. Then ®° blows up in finite time, that is,
Smax < 00 and

lim |2%(s)| = 0.
S /'Smax

Moreover, Cb?(s) —o00ass /" Smax-

Proof Let o > 0 be arbitrary. First we consider the case where cbg 0) >o.
Observe that the set

Si={@eR: ;20,032 1,04 >0} (19)
is positive invariant under the flow described by (13). For @0 € S, we have
2
3,00 = F(2%) (29)” &9, (20)

where F(®) € [cg, c1] C (0, 0), co = co(0), and c; = c1(0).
Observe thatin (20) <D? does not play a significant role. Now we consider rescaled versions
of ® and ¢9:
0 0
@ D3

rand zp = o
(@3 (@3

1 =

We differentiate:

L F(@°
dz1 = (09)° 22 (1 - (3 )z?) and

! 2F (@Y @D
e = (@) (1- 52 33).

3

@ Springer



2910 M. K. Cooper

Now (20) becomes
4
3,®) = F(®Nz3z ()7 .

Problems arise with z;(0) and z,(0), if @2 (0) = 0. In this case we would like to examine
z1(s) and z2(s) for 0 < s < 1. We have @°(0) € Sy, hence @) (s) > 0 for all s € (0, Smax)-
Therefore, z1 and z are well defined for s € (0, smax), and z1(s), z2(s) — oo ass \( 0. On
the other hand, if ®J(0) > 0 then z1(0), 22(0) > 0.

Therefore, there exists an 5 € [0, Smax) such that ®°GF) € S, 052(5) > 0, and
21(5), z2(s) > 0. We s-translate so that s = 0, and set

Z = [Zl;a’ 21:b] X [22:45 22:0] C (0, 00) x (0, 00),

where
1 1

. 1/3\3 31\3
g =min1z1(0), = | — , 21;p = max 1 21(0), 2 — ,
2 \ ¢y o
1/3)\? 3\?
: 1 -1
22;¢ = Min [Zz(O), 5 (E) Zl;b] , 22;p = Max [zz(O), 2 (270) zl;a].

Observe that Z is a positive invariant set for (21), and (z1(0), z2(0)) € Z. Therefore, for
s € [0, smax), we have

and

021,220 (PF)° < 0,®Y < c121.200 (05)°

4

Therefore, <P£ controls |<P0|. We have 9, @2 >C (<P£) 3 and 952 (0) > 0, hence qﬁff diverges
to infinity in finite time, that is, @Y blows up in finite time.

Next, we turn our attention to showing that cb(l) — oo ass / Smax- We letip € N be such
that 20 > @2 (0). Fori € Ny, we let s; be defined via (Dg(si) = 2+ Since @8 is monotone

. . . . . . 4
increasing and diverges to infinity, these times are well-defined. Because 9; <th) <C (432)?,

we have that ;4 — s; > C27300+) For s € [s;, 5111, we have 3,®0(s) > €250+,
Therefore, ®V(si+1) > ®%(s;) + C which implies ®)(s) — 00 as's /7 smax, since @Y is
monotone increasing.

Finally, we consider the case in which @,(0) < 0. Observe that the set

S, ={®eR*: &3>1,04 >0} (22)

is positive invariant under the flow described by (13). Therefore, while cpg < 0 we have
|®9] < —®9(0) and

19,29] < CAI(1 + |DY(0)[%).

Therefore, there exists an s € (0, smax) such that @g (5) > 0. Now by autonomy we may
s-translate, and then apply the previous argument to the new initial data ®°(5). O

Now we are ready to prove Theorem 5.
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Proof (Theorem 5) If &y = Y9 or —®? = Y where Y0 is an s-translation of Y then we are
done. Otherwise Lemma 5 tells us that at some sg € (—00, Smax) We have @0(s0) —Yo(s0) €
WiIUW? or —®O(s50) —Y%s0) € W3 UW?X. Since (13) is invariant under the transformation
@ > —, it suffices to only consider the case where ®%(sg) — Y%(so) € Wi U W Now
Lemma 9 shows that there exists an 51 € (—00, Smax) such that chg(s])l = 1. Again due to
the invariance of (13) under @ — —@&, we may assume that @g (s1) = 1. Finally, Lemma
10 shows that @9 must blowup in finite time. O

5 Further properties of the unstable manifold

In this section we continue our study of W*(0). This leads to the proofs of theorems 1 and 4.

Our first result concerns non-trivial orbits ®° in W*(0) which are not s-translations of
+Y. We know that these orbits must exit the region |@3| < 1 in finite time. The next lemma
tells us that (@9, @g) stays within a bounded region of R? up until and including this exit
time.

Lemma 11 Let ®° : (—00, smax) — R* be an orbit in W"(0) such that |®I()| = 1 for
some s € (—00, Smax). Moreover, let's be the first such time in which |¢§)(§)| = 1. Then
|(¢’(1)(S), cbé’(s))l < Cforalls € (—00,5].

Proof Since @Y is non-trivial and not an s-translation of Y, we are in either Case 1 or
Case 2 of Lemma 5.

For now we assume that we are in Case 1. This means we have an 5o € (—00, Smax), @
Y9 which is an s-translation of ¥, and an X = ®° — Y? such that X (s) € Wi UWZ* and
X3(s9) # 0 is as small as we like, in particular |X3(so)| < le' Due to autonomy we may
assume that so = 0. Observe that (18) gives

1X2(0)] = C[X3(0)[ and | X4(0)| = C[X3(0)]. (23)

On intervals on which we have uniform control of X3 we also have uniform control of
@3. Therefore, blowup may not happen on such intervals. In what follows we study X3 for
[X3] <2.

We let i be the largest integer such that 2-H0+l 5 |X3(0)]. We set so = 0 and | X3(s;)| =
270+ forj € N. For s € [s;, si+1], we have 95| X4| > 2790% hence |X3(s)| > |X3(s;)| +
2-lo+i—1(g | — ;) which implies that s;1; —s; < C.

For s € [si, si4+1], we have 85| X»| < 270+ +1 hence

i—1
X2(5)] = 1X2(0)] 4+ € D 2708 < € (1X3(0) +2705%1)  fors € [so, i1,
Jj=0

where we have used (23). Observe thats € [0, s;,+11], hence | X2(s)| < C foralls € (—o0,5].
This implies that, for all s € (—00, 5], |<Dg(s)| < C. Moreover, since X (s) € Wy U W_, we
have |9Y(s)] < C.

Finally, we look at what happens if we are in Case 2. Because of the invariance of (13)
under the transformation @ — —®, we may use the above argument on —®? yielding the
same conclusion of |(<P?(s), @g(s))l < Cforalls € (—o00,5]. O

Using this result, we show that, for an equivariant map from B4(0, 1) into S*, if the
normal derivative at the boundary vanishes then there is a limit on the number of times an
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equivariant biharmonic map from B#(0, 1) into S* satisfying the same boundary condition
can wind around $*.

Lemma 12 Let @ € W*(0). Then there exists a K > 0 such that if @, = 0 then |®1| < K.

Proof Let @Y (—00, Smax) — R* be an orbit in wWH4(0). If @Y s trivial or an s-translation
of £Y then |<D?(s)| < 7 for all s € (—00, smax), hence if we take K > 7 then these cases
cause us no issues.

Otherwise, we find ourselves in Case 1 or Case 2 of Lemma 5. In these cases Lemma 9
gives atime's € (—00, Smax) such that ICDg(E)l = 1. We may assume that 5 is the first such
time. Lemma 11 shows that |((D?(s), <I>§(s))| < Cforall s € (—00,5].

Let us assume that <P§)(§) = 1. If @7 (5) > 0 then it will be positive for all s € [5, Smax),
since S1 from (19) is a positive invariant set. Therefore, if q)g (s) = Othens < § and
|@?(s)| < C.On the other hand, if #9(5) < 0then 3, P (s) > 1foralls € [, smax), since S»
from (22) is a positive invariant set. Therefore, while QDg (s) < 0 we have |¢g ) < |¢g ®)|
for s € [, Smax). If q)g (s) < Oforall s €[5, smax) then there is nothing more to consider.
On the other hand, there is a unique s9 € [5, Smax) such that (Dg (so) = 0. Observe that
so—9S < |d>g(s')| < C, hence

120 (50)| < [D)E)| + (s0 — HIPIE)| < C. (24)

Therefore, if we take K > 0 sufficiently large, these cases also do not cause us any problems.
Finally, we consider the case in which @g(E) = —1. Due to the invariance of (13) under
the transformation & — —&, we may apply the above argument to —®°. O

Theorem 1 is a corollary of this.

Next, we show the existence of smooth equivariant biharmonic maps from B*(0, 1) into
§* that can wind around $* as many times as we wish. Before we do this we need some
preparatory lemmas. Our arguments are influenced by the ideas in [12]. Recall that given
an orbit ®° : (—o00, 0] — R*in W*(0), ¥ (r) = @%(logr) solves (10) (with 3, = 0) on
(0, 1]. Note that ¥ (0) = 0. We first wish to verify that given such a ¢, u = 7 () is weakly
biharmonic.

The next lemma obtains estimates on the derivatives of our solutions ¥ and the corre-
sponding equivariant maps.

Lemma 13 Ler v € C([0, 1]; R) N C*°((0, 1]; R), with ¥ (0) = 0, be a solution to (10)
(with ;¢ = 0) and

u="T) e C(BHO.1); $HNC®(B0, 1)\ {0}; .
Then, forr > 0,
W ()| < Cr, [8,9(")| < C, and |379(r)| < Cr.

Furthermore, Du € L>®(B*(0, 1)) and |D*u(x)| < Cl|x|~! for x € B4(0, 1) \ {0}. In the
above inequalities C = C({).

Proof Weset¢(s) = ¥ (e) and @ = di~ !¢ fori € {1, 2,3, 4}. Recall that #° solves (13).
We rewrite (13) as

3,0° = A0 + G(@"), (25)
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where A is the same as in (16) and |G (@°)| < C|®°)3 for sufficiently small °. We set

—1

11 1 1
Vo) = i g _11 _93 @%(—s5) = P10 (—s). (26)
1 27 -1 =27
We substitute this into (25):
-1 0 0 0
A V0 = 8 _03 (1) g vO— PGPV = DV + G(V9), 27
0 0 0 3

where |5(V)| < C|V]? for sufficiently small V. Since we reversed s in (26), we are now
interested in the stable manifold at the origin of (27). This manifold is tangent to the V| — V;
plane at the origin, and can be locally written as a graph over this plane with V3 = V3(Vy, V»)
and V4 = V4(Vy, V3) such that

0(Vsz, V.
M(O, 0) = 0.
a(Vy, V)
Our first aim is to show that
[(V3(V1, V2), Va(Vi, V2))| < CI(V1, Vo) I, (28)

for sufficiently small [(Vy, V2)].
We let ¢ > 0, and (Vy, V») € R? such that |(V}, V2)| < &. We setup the iteration:

3,V = DV with v(0) = (v, 1»,0,0),
and fori € N:
3, Vitl = pyi+l 4 G(Vi)’
[ VIFL0) = (Vi, Va, Vaigt, Vaiig).

where

oo
V3iit1 = —/ e *G3(V'(s)) ds, and
o (29)
Viivl = —/ e 3G4(Vi(s)) ds.
0

This iteration is used in [27, Sect. 2.7] as part of the proof of the Stable Manifold theorem.
In this proof it is shown that, for sufficiently small ¢,

V3(Vi, Vo) = lim V3,; and  V4(Vq, Vo) = lim V.
i—00 =00
Furthermore, it is shown that
Vi) < CI(V1, Va)le ™, (30)

for any —a > —1, as long as ¢ is sufficiently small. We substitute (30) into (29), and take
the limit i — oo to obtain (28).
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If @Y is an orbit in W*(0) then V? is an orbit in the stable manifold of the origin of (27).
For sufficiently large s, (27) and (28) give

V()| < Ce™, [VR(s)| < Ce™, [VR(s)| < Ce™, and |VQ(s)| < Ce . (31)
For r > 0, we have

0 0 0
vy = BUBD g gy - 22000 - Paoer)

Using this, along with (26) and (31), gives us
()| < CWr, 13 ¥ ()| < C), and |97 (r)] < CW)r. (32)

Next, we turn our attention towards the estimates on u. First we focus on | Du|. Recalling the
notation from (9), for x # 0, we have

d—1
D({fo. fi}e) : D(go. g1}2) = 0, fo 080 + 0, f1 dr81 + —7— fo go.

This, (32), and u = T () yield Du € L®(B*(0, 1)). For d = 4, we have
Do, el = 5 (943 = 18/ fo + (960 fo)” + 30,11
+ 72 (020 + G2 1?) ).
This, (32), and u = Y (¢) yield | D%u| < C(¥)|x|~L. O

Now we wish to show that our solutions ¥ to (10) (with d;¢ = 0), with ¥ (0) = 0, give
rise to equivariant maps u € H>.

Lemma 14 Let v € C([0, 1]; R) N C*°((0, 11; R), with ¥ (0) = 0, be a solution to (10)
(with 0;¢r = 0) and

u="@) e CB0,1);$HNC®B40, 1)\ {0}; $*).
Thenu € HX(B*(0, 1); S*).

Proof Using the growth estimates from Lemma 13, it can be shown that u has weak derivatives
in L? up to order two which are equal a.e. to their respective classical derivatives. m}

Next, we show that our solutions i give rise to weakly biharmonic maps. See [12] for a
different approach in a slightly different situation.

Lemma 15 Let v € C([0, 1]; R) N C*°((0, 1]; R), with ¥ (0) = 0, be a solution to (10)
(with ;¢ = 0) and

u="7®) e C(B*0,1); $HNC®B4O0, 1)\ {0}; $H.
Then u is weakly biharmonic.
Proof Weletn € C°(B*(0, 1); R3) be arbitrary. We wish to show that
Orli=0E2(IT(u + 10)) = 0,
where IT(x) = ‘ﬁ—l is defined on R\ {0}.
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From [32, (2.1) and (2.2)], we have

5

3 i—0 E2(IT(u + 1)) =2/ Au-Ap—> Au'A(u-n) | dx.
B4(O,l) _
y=1

We let w € C?O(B4(O, 1); [0, 1]) be such that w = 1 on B4 (0, %) For R > 0, we set
wr(x) = w(x/R). We have

O lr=0 E2(IT(u + 1)) = 8;1=0 E2(IT(u + 1 (wg1n)))
+ ¢ li=0 E2(IT(u + 1((1 — wr)n)))-

Lemma 13, gives us
Orli=0 E2(IT(u + t(wgn))) = or~o(1).

Next, we turn our attention towards 9; |,—o E2(I1(u + t (1 — wg)n))). Since the support of
(1 —wg)n is bounded away from the origin, and u is smooth and satisfies the Euler-Lagrange
equation (2) away from the origin, we have 9;|;=o E>(IT(u +t((1 —wgr)n))) = 0. Therefore,
Otli=0 E2(IT(u+1n)) = or~(1) which gives the desired result after taking the limit R ~\ 0.

O

Finally, we prove Theorem 4.

Proof (Theorem 4) Due to the invariance of (13) under the transformation @ +— —@, it
suffices to prove the result for a > 0. The a = 0 case is taken care of by the trivial solution.
Therefore, we let a > 0 be arbitrary. There exists a non-trivial orbit

@0 - (—00, Smax) — R*

in W¥(0) which is not an s-translation of =Y. Lemma 9 tells us that ®° must exit the region
|@3] < 1in finite time. Due to the invariance of (13) under the transformation @ +— —@®, we
may assume that there exists some sg € (—00, Smax) such that Cbg (so) = 1. Lemma 10 tells us
that @?(s) — oo ass " Smax- Since @9 is an orbit in W*(0), we also know that <D?(s) — 0
as s — —oo. Therefore, we may s-translate ®° so that <;b?(0) = a. This corresponds to
a solution of (11) with ¢(0) = a, which after undoing the change of coordinates r = &*,
corresponds to a solution of (10) (with 9,4 = 0) such that /(1) = a.
Lemmas 14 and 15, tell us that

u="7®) e C®(B40, 1)\ {0}; S N H* (B0, 1); $Y),

is a weakly biharmonic map. Standard higher interior regularity arguments, see for example
[5], yield smoothness of u on all of B4(0, 1). ]
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6 Appendix

Proof (Lemma 4) (2) = (1): This direction is trivial.
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(1) = (2): Weset &0(s) = (—1)'*1@0(—s) fori € {1, 2, 3, 4}. Observe that @° solving
(13) is equivalent to @0 solving (13). Therefore, after relabeling @9 as @ our statement is
equivalent to showing that if 5o € R, @0 : [s, o) — R* solves (13), and

lim @%(s) =0,
§—>00
then

lim @%(s) = 0.
S—>00

It is easy to show thatif x € C%([s9, 00): R), x(s) = O as s — oo, and |8§x(s)| < C forall
s € [s9, 00) then d;x(s) — 0 ass — oco. We use this fact, which we call (P1), repeatedly in
what follows.

First observe that there cannot exist an s; € [sg, 00) such that |d53 (s)] = 1 for all
s € [sl, o0). Indeed, if there were such an s then eventually o 4 (5) would be the same sign
as <;D3 after which we could apply Lemma 10 and obtain a contradiction.

Therefore, if there is an s; € [sg, o0) such that cho(sl )| > 1 then there must be an s, > s
such that |<1§3 (s)] < 1foralls € [s2,00), or else we could apply Lemma 10 and obtain a
contradiction. Therefore, <I>3 is bounded on [sg, 00).

Now we proceed to show, one by one, that lim;_, » 45 (s) =0fori € {2, 3, 4}. First we
look at @2 The fact that <DO — 0 ass — oo, the boundedness of <15g , and (P1) yield

lim @2 (s)=0.
§—> 00

Next, we look at @2 . Hoping for a contradiction, we assume that <D§) (s) - O0ass — oo.From
(P1) we know that @2 is unbounded, that is, there exists a monotone increasing sequence
{si}ieNn C [s0, 00) diverging to infinity such that |<152 (s;)| = oo. From (13) and the fact that
[(@Y(s), @I(s), PI(s))| < C on[sg, 00), we have that [;@] (s)| < C on[sg, 00). Therefore,
|<Dg (s)| = %|¢>f‘)(si)| fors € [s,-, si + % |¢g(si)|]. Observe that over this interval @2 is non-
vanishing. Therefore, there exists an s € [sg, 0c0) such that |<D§) (s)] > 1 and @g(s) has the
same sign as 452 (s) # 0. Lemma 10 then yields a contradiction, hence

lim ®J(s) = 0.
§—> 00
Finally, we look at @2. Since
lim (&) (s), @3 (s), P3(s)) =0,
§—>00
from (13), we have 0d; ®£(s) — 0 as s — oo. Now (P1) gives us
lim ®(s) = 0.
S—>00
O

Remark 6 Observe that in the above proof we make use of Lemma 10. Our argument would
be circular if Lemma 10 depended upon Lemma 4. By closely examining the proof of Lemma
10, it is clear that this is not the case.

Proof (Lemma 6) We prove this lemma for ¢y = 100 It is elementary to compute

1
min f (x) = 169 + 38+/19.
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Since f is an odd function, we have

If()] < —=1/169 +38v/19 <2 forall y € R.

We differentiate:

3(9 4 21 cos(2x) + 2.£ (y) sin(2x))
(7 + 3 cos(2x))?

0 Qx; f(¥) =

By periodicity, what we wish to prove is that 9, Q(x; f(y)) < co forall x € (=%, %] and
yeR.

Firstly, o, O ( i f (y)) < 0 which means we may restrict our attention to x € ( %, %)
We use Weierstrass’ substitution:
2

2t
sin(2x) — —— and cos(2x) +— fort € R.

14172 1+12
This transforms the problem into showing that
3(15+2(f =300 (1 +1?)
2(5+22)°
forall 7 € Rand f € [—2,2]. It suffices to show

=< co,

— 45 4 50co + (—27 4 40co)t> + (18 + 8co)t* — 12(t +13) > 0, (33)

for all + € R. Next we prove this.
We substitute ¢y = 100 into (33) and let p be the polynomial on the left hand side of the
resulting expression, that is,

648 4 63 9
)= —1* 1283+ =2 12t + =
P =73 *s *3

2 43
P’ (g) <0, p (1—00) >0, and p’(t) >0,

for t € R. Therefore, p is convex with its unique global minimum occurring somewhere in

[%, %]. We use this to estimate:

648 (2\* 43\ 63 [2)\? 43 9
2Z) —2 (=) +2(2) -2 Z
mip p(0) = 53 (5) (100) *3 (5) (100)+2

This is what we wished to show. m]

We calculate:
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