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Abstract We study some properties of solutions to a quasistatic evolution problem for per-
fectly plastic plates, that has been recently derived from three-dimensional Prandtl-Reuss
plasticity. We prove that the stress tensor has locally square-integrable first derivatives with
respect to the space variables. We also exhibit an example showing that the model under
consideration has in general a genuinely three-dimensional nature and cannot be reduced to
a two-dimensional setting.
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1 Introduction

In this paper we continue the study of the quasistatic evolution model for perfectly plastic
plates, that has been derived in [5] starting from three-dimensional Prandtl-Reuss plasticity.
Under suitable regularity assumptions for the applied body forces, we prove Wllo’c2 regularity
of the stress with respect to the space variables.

Let w be abounded domain in R? with a C2 boundary. The set £2 := wx (— % , %) represents
the reference configuration of a three-dimensional plate. The current configuration of the
plate at time ¢ is described by a triple (u(t), e(t), p(t)), where u(t) is the displacement,
e(t) is the elastic strain tensor, and p(t) is the plastic strain tensor, satisfying the following
conditions:
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(sfl) kinematic admissibility: Eu(t) = e(t) + p(t) in 2, u(t) = w(t) on I'y, and ¢;3(t) =
piz(t) =0in 2 fori =1, 2, 3.

Here Eu(t) denotes the infinitesimal strain tensor, given by the symmetric part of Du(t),
while w(¢) is a prescribed boundary condition on I'; := ydx(—%, %), y4 being a subset
of dw. These conditions imply that u(#) is a Kirchhoff-Love displacement, that is, the ver-
tical displacement u3(¢) is independent of the out-of-plane variable x3 and the horizontal
displacement takes the form

Ug(t, x) = il (t, x') — x304u3(t,x’) forx = (', x3) e 2, a=1,2. (1.1)
In particular, foro, 8 = 1,2
(Eu)ap(t, x) = (Eu)qp(t, x’) - X3802[ﬁu3(t,x/) forx = (x/, x3) € §2.

From a mechanical point of view this structure guarantees that straight fibers that are normal
to the mid-surface of the plate in the reference configuration, stay straight and normal after
the deformation, within the first order (see, e.g. [3]).

Condition (sfl) does not imply, in general, that e(¢) and p(¢) are affine with respect
to x3. However, one can prove (see Proposition 1) that e(¢) and p(#) admit the following
decomposition:

e(t,x) =e(t,x") +x3et,x") + e (t,x), pt,x)=p@t,x")+x3p(t,x')—eyi(t, x),
where the zero-th order moments e(¢) and p(¢) satisfy
Ei(t) = é(t) + p(t) inw
while the first order moments e(¢) and p(¢) are such that
—Duz(t) = é(t) + p(1) inw.

In the above identities and in the following we identify e(¢), p(¢), and their moments with
functions taking values in M?VX"%, since their third row and column are zero by condition (sf1).

The strong formulation of the quasistatic evolution problem on a time interval [0, T']
consists in finding u(¢), e(¢), and p(¢) such that for every t € [0, T] equation (sfl) is

satisfied, together with the following conditions:

(sf2) constitutive equation: o (t) = C,e(t) in §2, where C, is the elasticity tensor;

(sf3) equilibrium: —div,&(r) = f(¢t) and —divydivye6(r) = g(f) in w, together with
suitable Neumann boundary conditions on dw \ yy;

(sf4) stress constraint: o (t) € K,, where K, is a given convex and compact set, representing
the set of admissible stresses;

(sf5) flow rule: p(t) = 0if o(¢) € int K,, while p(t) belongs to the normal cone to K, at
o(t)ifo(t) € 0K, .

Here f(r) : @ — R? and g(r) : @ — R represent the applied body forces at time ¢, while
6(t) := Cre(t) and 6 (1) := C,e(r) are the stretching and bending components of the stress,
respectively. Condition (sf5) can also be written in the equivalent form:

(sf5") maximum dissipation principle: H,(p(t)) = o (t): p(t), where H, is the support
function of K, i.e., H-(p) :=sup{o:p : 0 € K},

or alternatively,

(sf5”) maximum plastic work condition: (0 — o (t)): p(t) < 0 forevery 0 € K,.

@ Springer



Stress regularity for a new quasistatic evolution model. . . 2583

In [5] this model has been rigorously justified via I"-convergence techniques, starting from
the three-dimensional Prandtl-Reuss quasistatic evolution model. In other words the system
(sf1)—(sf5) describes (up to a suitable scaling) the asymptotic behaviour of the quasistatic
evolutions in a three-dimensional plate, when the plate thickness approaches zero.

We note that the equilibrium conditions are purely two-dimensional, while the stress
constraint and the flow rule (which are the main ingredients of the plastic response) involve
the whole stress o (), whose dependence on the thickness variable x3 may be not trivial
(because of the component o (t) := C,e (t)). Thus, the problem has in general a genuinely
three-dimensional nature and differs from the classical two-dimensional plastic plate model
that has been extensively studied in the literature [2,6,9, 10]. This comparison is discussed in
the last section of the paper, where an explicit solution to (sf1)—(sf5) is shown for a specific
choice of data.

Existence of a solution to (sf1)—(sf5) can be proved by setting the problem within the
variational framework for rate-independent processes, developed in [14]. This accounts to
approximating the problem by time discretization: the interval [0, T'] is subdivided into k
subintervals by means of points

0=t,?<tk1 <-~-<tf:_l <t,f=T,
and the approximate solution u}'(, e;;, p,i at time t,i is defined by induction as a minimizer of
the energy functional

1 . .
7/ (Cre:edx—i—/ Hr(p—p,’(_l)dx— (L), u) (1.2)
2 )a 7]

among all triples (u, e, p) that are kinematically admissible at time t,i, where

(L(t), u) :=/ f(t)~ﬁa’x’—1—12/g(t)u3 dx'.

Because of the linear growth of H,, the energy functional in (1.2) is not coercive in any
Sobolev norm. The natural setting for a weak formulation is the space B D(£2) of functions
with bounded deformation in £2 for the displacement u(¢) and the space M, (£2 U I'y; M%VX,,%)
of bounded Borel measures on §2 U I'; for the plastic strain p(¢). This is also natural from
a mechanical point of view, because it is well known that in the absence of hardening dis-
placements may develop jump discontinuities along so-called slip surfaces, on which plastic
strain concentrates.
Since p(t) € My(§2 U Iy; M2X2), the functional

sym

/ H,(p(1))dx
2

has to be interpreted according to the theory of convex functions of measures, developed in

[12,15] (see also Sect. 2), as
dp(1) )
H|——)d ,
(d|p(r)| POl

where dp(t)/d|p(t)| is the Radon—-Nikodym derivative of p(¢) with respect to its total vari-
ation | p(¢)|. Moreover, the boundary condition is relaxed by requiring that

p(1) = (w(t) — u(t)) © vyoH> on Iy, (1.3)

H(p(1) ;:/

QUIy

where the symbol © denotes the symmetrized tensor product and 2 is the two-dimensional
Hausdorff measure. The mechanical interpretation of (1.3) is that u(¢) may not attain the

@ Springer



2584 E. Davoli, M. G. Mora

boundary condition: in this case a plastic slip is developed along I';, whose amount is
proportional to the difference between the prescribed boundary value and the actual value.

Combining these remarks with the kinematic admissibility condition (sf1), we see that
u(t) is a Kirchhoff-Love displacement in B D(S2), that is, u3(¢) belongs to the space B H (w)
of functions with bounded Hessian in @ and the averaged tangential displacement () in
(1.1) belongs to B D(w). Therefore, i(¢) may exhibit jump discontinuities, while, because
of the embedding of B H (w) into C (w), the normal displacement u3(¢) is continuous, but its
gradient may have jump discontinuities. Since the dependence of u on x3 is affine, we can
conclude that slip surfaces are vertical surfaces whose projection on w is the union of the
jump set of # and the jump set of Vus.

Moreover, writing condition (1.3) in terms of moments yields

pt) = () — (1)) © vouH!  onyg,
uz(t) = w3(t),  p@t) = (Vusz(t) — Vws(t)) © vpoH'  on y,.

In this setting the flow rule is proved to hold in the form

Hr(p(1)) = (o (1), p(1)),

where the product at the right-hand side is meant in the sense of the stress—strain duality
introduced in [5] (see also Sect. 3).

In this paper we focus on the spatial regularity of the stress component o (¢) for solutions
of the quasistatic evolution problem (sf1)—(sf5) in its weak formulation. We restrict to the
case where the yield criterion in the fully three-dimensional Prandtl-Reuss problem is that
of von Mises, often used for metals (see [13]). In other words, the set of admissible stresses
for the fully three-dimensional Prandtl-Reuss problem is a cylinder By, +RI3x3, where By,
is a ball of radius «( in the space of trace-free M?f,f, matrices and /343 is the identity matrix

in MEVX,S By the characterization in [5] this implies that the set K- is an ellipsoid of the form

K, ={§ e M2 [E], < o),

sym

where

1 1 1
&2 = cEn+ ) + 5 En - ) + 287, = |&* — g(trsf.

Our main result is that for the solutions of the quasistatic evolution problem under con-
sideration the stress component is locally W12 with respect to space variables (Theorem 2).
More precisely, we show that for every open set o’ compactly contained in w there exists a
positive constant Cy (") such that

/
[:[g,pT] ”DO(O'(t)HLZ(w/X(_%’%);M?ﬁ%) <Ci(e) fora=1,2 (1.4
and for every open set £2” compactly contained in §2 there exists a positive constant C(£2”)
such that

sup_ D30 ()l 2. 22y < C2(82). (15)

t€(0,T]
This implies in particular that the stretching component o and the bending component 6 are
bothin L®(0, T; W, (w; M22)), while the component oy isin L>(0, T; W,> (£2; M22)).
Local regularity of stresses in the fully three-dimensional Prandtl-Reuss plasticity has
been proved in [1,8], see also [11] for a recent global regularity result for the stress velocity.

For the classical two-dimensional plastic plate model local regularity has been established
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in [10], using different techniques and assuming K, to be a ball, C, to be the identity tensor,
and y; = dw.

The strategy of our proof is inspired by that of [1]. We consider an equivalent formulation
of problem (sf1)—(sf5) in terms of a parabolic variational inequality for the stress variable
and we construct some approximating problems of Norton—Hoff type, where the constraint
(sf4) is replaced by a penalization term. These approximating problems involve a monotone
differential equation in the stress variable; the displacement and the plastic strain are then
indirectly recovered a posteriori. We first establish regularity for the approximating prob-
lems with uniform estimates with respect to the approximation parameter and then prove
convergence to the parabolic variational inequality formulation.

The main novelty with respect to [1] is that in the approximating model the equilibrium
equations are expressed in terms of the moments o and &, while the nonlinearity in the
monotone operator involves the whole stress o. For this reason we obtain a slightly better
regularity of the stress with respect to the in-plane variables: the regularity estimate (1.4)
is indeed global in the out-of-plane direction x3, whereas (1.5) is local with respect to both
in-plane and out-of-plane variables. In particular, we observe that (1.4) cannot be deduced
from the regularity estimates in [1] for the fully three-dimensional Prandtl-Reuss problem,
using the convergence result of [5]; indeed, the estimates of [1] (whose dependence on the
domain should be explicited if one wished to pass to the limit as the thickness of the plate
tends to zero) are local in all directions.

The plan of the paper is as follows. In Sect. 2 we recall some mathematical preliminaries.
The setting of the problem is detailed in Sect. 3. The existence and regularity results are the
subject of Sect. 4. In Sect. 5 an explicit example is discussed.

2 Mathematical preliminaries

In this section we recall some notions from measure theory that we will use throughout the
article.

Measures. Given a Borel set B C R" and a finite dimensional Hilbert space X, M;(B; X)
denotes the space of all bounded Borel measures on B with values in X, endowed with the
norm |||y, = |n|(B), where || € Mp(B;R) is the variation of the measure p. If p is
absolutely continuous with respect to the Lebesgue measure £", we always identify u with
its density with respect to £", which is a function in L! (B; X).

If the relative topology of B is locally compact, by the Riesz representation Theorem
the space My (B; X) can be identified with the dual of Cy(B; X), which is the space of all
continuous functions ¢ : B — X such that the set {|¢| > §} is compact for every § > 0. The
weak* topology on My (B; X) is defined using this duality.

Convex functions of measures. For every u € My(B; X) let diu/d|u| be the Radon—
Nikodym derivative of u with respect to its variation |u|. Let H : X — [0, 4-00) be a convex
and positively one-homogeneous function such that

aplsl < H(E) < Bulé| forevery§ € X,

where oy and By are two constants, with 0 < ey < Bg. According to the theory of convex
functions of measures, developed in [12], we introduce the nonnegative Radon measure
H () € Mp(B) defined by
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d
H(u)(A) :=/ H (—“) d\ul
A dlp

for every Borel set A C B. We also consider the functional H : Mp(B; X) — [0, +00)
defined by

d
H(w) == H(u)(B) =/ H (—“) d\u
B dlp

for every u € Mp(B; X). One can prove that H(u) coincides with the measure studied in
[15, Chapter II, Sect. 4]. Hence,

H(w) = sup [/ @:dp ¢ € Co(B; X), ¢(x) € K forevery x € B], 2.1)
B

where K := 9 H(0) is the subdifferential of H at 0. Moreover, H is lower semicontinuous
on Mp(B; X) with respect to weak* convergence.

Functions with bounded deformation. Let U be an open set of R". The space BD(U)
of functions with bounded deformation is the space of all functions u € L'(U; R") whose
symmetric gradient Eu := sym Du (in the sense of distributions) belongs to My, (U; M ").
It is easy to see that BD(U) is a Banach space endowed with the norm '

lullp == llullLr + I Eullp,-

We say that a sequence (uX) converges to u weakly* in BD(U) if u¥ — u weakly in
LY(U;R") and Euf — Eu weakly* in M, (U; M *"). Every bounded sequence in BD(U)
has a weakly* converging subsequence. If U is bounded and has a Lipschitz boundary,
BD(U) can be embedded into L"/*~D(U; R") and every function u € BD(U) has a trace,
still denoted by u, which belongs to L' (dU; R"). Moreover, if I is a nonempty open subset

of aU, there exists a constant C > 0, depending on U and I", such that
Il g1y < Cllulliory + CllEullu, 2.2)

(see [15, Chapter II, Proposition 2.4 and Remark 2.5]). For the general properties of the space
BD(U) we refer to [15].

Functions with bounded Hessian. The space BH (U) of functions with bounded Hessian
is the space of all functions u € W' (U) whose Hessian D?u (in the sense of distributions)
belongs to M;(U; Mg’;ﬁ,’f). It is easy to see that BH (U) is a Banach space endowed with the
norm

. 2
lullpr = llullgr + IVullpr + 1D%ullp, -

If U has the cone property, then BH (U) coincides with the space of functions in L'(U)
whose Hessian belongs to My, (U; M?yx,;’ . If U is bounded and has a Lipschitz boundary,
BH (U) can be embedded into W'/*=D (). If U is bounded and has a C? boundary, then
for every function u € BH (U) one can define the traces of u and of Vu, still denoted by u
and Vu; they satisfy u € whl@u), Vu e L' (9U; R"), and g—’ﬁ = Vu-tin L'(3U), where
T is any tangent vector to dU . If, in addition, n = 2, then B H (U) embeds into C (U), which
is the space of all continuous functions on U. For the general properties of the space BH (U)
we refer to [7].

Notation. The symmetrized tensor product a © b of two vectors a, b € R”" is the symmetric

matrix with entries (a;b; + a;b;)/2. The symbol I, denotes the identity matrix in Mg’ﬁ%’
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The brackets (-, -) denote the duality pairing between conjugate L spaces, as well as between
other pairs of spaces, according to the context.

3 Setting of the problem

Throughout the paper £2 is an open subset of R of the form 2 = w x (—%, %), where
w is a bounded and connected open set of R? with a C2 boundary. We suppose that the
boundary dw is partitioned into two disjoint open subsets y,, ¥, and their common boundary
d9wYd = 0law¥n (topological notions refer here to the relative topology of dw). We assume
that y; # ¢ and that 9|5, Y4 is made of two points in dw. The outer unit normal to dw is
denoted by vy, and the outer unit normal to 3 §2 by vy 2. Moreover, we set Iy 1= yg X (—%, %).

The elasticity tensor and its inverse. Let C, be the elasticity tensor, considered as a sym-

metric positive definite linear operator C, : M2 — M3 and let A, : M3 — M2 be

its inverse A, := C; !. Tt follows that there exist two constants a5 and B4, with 0 < ap < fa,
such that

anlé? < 1AE:E < ulEl® forevery & € MI2. 3.
These inequalities imply

|AE| < 2Bal€| forevery & € M2X2 (3.2)

sym:*

The set of admissible stresses. Let K, be a closed convex set of M[gyx,f such that there exist
two constants oy and By, with 0 < oy < By, such that

[ e M22: |E| <ay} C K, C {6 e ME2: |&] < Bu).

sym sym

The boundary of K, is interpreted as the yield surface. We define the set

Kr(2) :={o € L>(£2; M2X?) : o(x) € K, forae. x € 2}.

sym

The plastic dissipation potential is given by the support function H, : Mf)xnf — [0, 400) of
K, , defined as

H, (&) := sup o :£ forevery & € M2X?2

oek, e
It follows that H, is a convex and positively one-homogeneous function such that
anlé| < Hy(§) < Bulé| forevery & € M3, (33)

In particular, H, satisfies the triangle inequality

Hy (& +¢) < Hy(§) + H(¢) forevery &, ¢ € My, (3.4)
In [5] it is proved that, if K C Mf;fj is the convex set of admissible stresses for the three-
dimensional Prandtl-Reuss plasticity problem, then K, can be characterized as follows:
n 2 0 1
€K, < &2 &2 0)—zWréh3ek. (3.5)
o o o 3
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o

Thus, in particular, if

K= [S €M ’S - %(tré) B3x3

for some «p > 0, then (3.5) implies that

K, ={& e M o[£l < o} (3.6)
and
H, (&) = g [€ + (tr) lhxal, forevery & € M),
where
1 1 1
617 = 21 +82)" + S (61 — )7 + 28] = |7 - S (). 3.7)
Zero-th and first order moments. For f € L2>(£; M?yxn%) we denote by f,
f e L¥(w; Mfyxn%) and by f1 € L*(£2; M%yxn%) the following orthogonal components (in
the sense of L2(£2; M2X2)) of f:

sym

1

1 1
o= [ e, fo =12 [ s an
—2 —2

for a.e. x’ € w, and
fLe) == f(x) — F&) = x3f(x)

for a.e. x € £2. The component f is called the zero-th order moment of f, while f is called
the first order moment of f. The coefficient 12 in the definition of f is a normalization factor,
coming from the computation
1

7, 1
/_ ) x3dx; = o
It guarantees that, if f is of the form f(x) = x3g(x’) for some g € L*(w; Mfyx,,%), then
f = g. Moreover, it ensures the orthogonality of the decomposition of f in terms of the
moments f, f and f.

Analogously, if ¢ € Mp(2 U Iy; M?VX,,%), the zero-th order moment of g is the measure
G € Mp(w U yg; M2X2) defined by

sym
/ @:dq :=/ ¢:dq
wUyy Ul

for every ¢ € Colw U yg; M%yx,,%), while the first order moment of g is the measure

G € Mp(w U yg; M2X2) defined by

sym
/ @:dq = 12/ x3¢:dq
wUyy QUIy

for every ¢ € Co(w U yy; ngx,%). We also define g € Mp(£2 U I'y; M?vxnf) as the measure
given by

gL =q—qQL' —§®x3L,

where the symbol ® denotes the usual product of measures.
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Kirchhoff-Love admissible triples. We introduce the set of Kirchhoff~Love displacements,
defined as

KL(2) :={u € BD(2): (Eu);3=0 fori =1,2,3}.
We note that u € K L(£2) if and only if u3 € B H(w) and there exists # € B D(w) such that
Uy = Uy — X30qu3, o =1,2. 3.8)

In particular, if u € K L(§2), then Eu can be identified with a 2 x 2 matrix and (Eu)eg =
(Eit)op —x38§ﬂu3 fora, B =1, 2.1f, in addition, u € WP (§2; R?), then it € WP (w; R?)
and u3 € WP (w). We call i, u3 the Kirchhoff-Love components of u.

For every w € wh2(@2:RHn K L(£2) we define the class Ak (w) of Kirchhoff-Love
admissible triples for the boundary datum w as the set of all triples (u, e, p) € KL($2) %
L2(£2; Mz’yxnf) X Mp($2 U Iy; Mf.yxn?) satisfying

Eu=e+p inf2, p=(w—u)®vag’)-t2 on Iy,

ei3=0 in2, p3=0 nL2UIly, i=1,23, (3.9)

where H? is the two-dimensional Hausdorff measure. Note that the space

(EeMX3: g3 =0fori=1,2,3}

sym
is canonically isomorphic to M?fnf Therefore, in the following, given a triple (u, e, p) €
Ak (w) we will always identify e with a function in L*(£2; MZ7) and p with a measure in
Mp(£2 U I'y; M?yx,,%). Note also that the class Ag (w) is always nonempty as it contains the
triple (w, Ew, 0).

Let (u,e, p) € Agr(w). By definition u is a Kirchhoff-Love displacement, hence
u3 € BH(w) and uy, @ = 1,2, is affine in the x3 variable (see (3.8)). In general, one
cannot conclude that e and p are affine in x3, too. However, some conditions on the structure
of e and p can be deduced.

Proposition 1 Lerw € W'2(2; R*) N KL(2) and (u, e, p) € KL(£2) x L*(2; M2)2) x
My (2 U Ty; M2X2). Let it € BD(w), uz € BH(w), and € Wi-2(w; R?), w3 € W22 (w)

sym
be the Kirchhoff-Love components of u and w, respectively. Finally, leté, é € L*(w; M?VX”%),

el € LA, M), p.p € Myp(w U yas MESD), and py € Myp(22 U Ty MEST) be the
moments of e and p. Then (u, e, p) € Axr(w) if and only if the following three conditions

are satisfied:

() Ei=é+ pinwand p = (0 — it) © vy H' on ya;

(i) D’uz = —(¢+ p)inw, us =wsonya, and p = (Vuz — Vws) © vgwH' on ya;
(i) pyp = —ey in 2 and py =0on Iy,

where H' is the one-dimensional Hausdorff measure.

Proof The statement easily follows from the definition of moments and from the formula
(Eu)op = (Eit)ap — x38§ﬁu3 fora, f=1,2. O

Spaces of stresses. We will also use the set
$(2):={o € L*(2: M) : divys € L} (0; R?), divydivyé € L (o)),

2x2

where 6,0 € Lz(a); Msym) are the zero-th and first order moments of o .
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For every o € X' (§2) we can define the trace [ovy,] € H_% (dw; R?) of its zero-th order
moment o through the formula

([6 V], @) ::/divx/é-wdx’—i-/&:E(pdx’ (3.10)

w w
for every ¢ € W!'"2(w;R?). Note that, if 0 € X(£22) N L“(Q;Mf;j), then
& € L®(w; M2%2) and Eq. (3.10) makes sense for every ¢ € W (w; R?) (since by Sobolev

sym
embedding any}such ¢ belongs to L?(w; R?)), so that [6vj,] can be identified in this case
with an element of L™ (dw; R?).

We can also give a meaning to the traces of the first order moments of elements in X' (£2).
More precisely, for every o € X' (£2) there exist by(G) € H3 (0w) and by (5) € H™1 (0w)
such that

oy
ava

—(b0(6),1/f)+<b1(6), >=/6:D21/fdx’—/wdivx/divx/6dx’ (3.11)

for every ¥ € W22(w). Moreover, if 6 € C%(@; Mfyxn%), then

. N .
bO(U) = lex’a “Vgw + — (O Vs - 7—'3(4))»
37:3(4)
bl(a) = 5vaw *Vow,

where 73, is the tangent vector to dw (see, e.g. [6, Théoreme 2.1]). Note that, if o € X'(£2)N
L>®(82; M?yxﬂf), then 6 € L™($2; M?yx,g) and the right-hand side of (3.11) makes sense
for every ¥ € W21l(w), so that bg(6) can be identified in this case with an element of
(T (W2 (w)))', the dual of the space of traces of W2!(w) functions, and b;(6) with an
element of L (dw) (see [6, Théorem 2.3]).

Using these notions of trace we can give a meaning to (non-homogeneous) Neumann
boundary conditions on y;, for stresses in X' (§2), according to the following definition. We
recall that dw is partitioned into the two disjoint open subsets y,, ), and their common
boundary.

Definition 1 Let h € H™2(dw; R?) and let m = (mo,m1) € H™2(dw) x H™Z(dw). We
define ® (y,, h, m) as the class of all 0 € X' (§2) such that
([ovyw] —h, @) =0 (3.12)
forevery ¢ € H? (dw; R?) satisfying ¢ = 0 on y,, and
(bo(6) — mo, Yo) = (b1(6) —my, Y1) =0 (3.13)

for every ¥ € H? (dw) satisfying o = 0 on y; and every | € H? (dw) satistying ¢r; = 0
on yy.

In the next proposition we prove that the class @ (y,,, i, m) is closed with respect to weak
convergence.

Proposition 2 Let h € H™ 2 (dw; R?) and let m = (mg, m1) € H™3(dw) x H™? (dw).
Let (%) be a sequence in ©(y,, h,m) such that of ~ o weakly in L2(82; M?yxn%),
divy 6k — f weakly in L% (w; R?), and divydiv,y 6% — g weakly in L*(w), ask — oo. Then

0 € OWn, h,m)and divyo = f, divydivpyo = g in w.
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Proof 1t is immediate to see that o € X' (§2) and divy'6 = f, divydivyy6 = g in w. Passing
to the limit in (3.10), we deduce that [65v50] = [6V90] weakly in H_% (Qw; ]Rz). Therefore,
(3.12) is satisfied.

For every v € H? (dw) we can construct v € W>?(w) such that ¥ = ¥ on dw and
0¥ /9dvy, = 0 on dw. Passing to the limit in (3.11) with this choice of ¥, we obtain

(bo(6©). o) — (bo(6). Vo)
forevery Yo € H 3 (dw). Arguing analogously, we can prove that
(b16%). 1) — (b1(6), ¥n)
forevery ¥y € H 3 (dw). Therefore, (3.13) is satisfied. ]
We also have the following characterization.

Proposition 3 Let o € L?(§2; M222). Then

sym

/ o:Evdx =0 (3.14)
Q

forevery v € WL2(2: R3) N KL() such thatv =0o0n Iy if and only if o € O (yy, 0,0)
and divy o =0, divydivy o = 0 in w.

Proof Since
1
/o:Evdx:/6:Eﬁdx/——/6:D2v3dx/
2 w 12 w

for every v € W2(2;R3) N K L($2), condition (3.14) is equivalent to the two following
conditions:

(a) forevery ¢ € W'2(w; R?) with ¢ = 0 on yy

/&:Equx’:O;
w

(b) for every ¥ € W22 (w) with ¢y = 0 and Vi = 0 on yy
/ 6:D*ydx =0.

By (3.10) condition (a) is equivalent to divyye = 0 in w and ([ovy,], ) = 0 for every
p€eH 3 (dw; R?) satisfying ¢ = 0 on y,. Similarly, by (3.11) condition (b) is equivalent to
div,sdivyy6 = 0 in w and

d
<bo<&),w>—<b1<&), f >=o 3.15)

83w

for every ¢ € W22(w) with ¥ = 0 and Vi = 0 on yg. Since for every Yo € H (dw) there

exists ¥ € W22(w) such that ¥ = Yo and 9y /dva,, = 0 on de and for every ¥, € HZ (do)
there exists ¥ € W22(w) such that ¢/ = 0 and 3 /vy, = Y1 on dw, condition (3.15) is in
turn equivalent to

(bo(6), Yo) = (b1(6), Y1) =0
forevery ¥ € H? (dw) satisfying Yo = 0 on y,; and every Y| € H? (dw) satistying Y1 = 0

on y,. O
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Remark 1 Leto € @(y,, 0,0) N LP(£2; M2X2) for some 2 < p < 0o. Then

sym
1
/ o:Evdx = —/ divyo - vdx' + 7/ v3 divydivy 6 dx’ (3.16)
2 w 12 w

for every v € whr' (§2; R3) N KL(£2) such that v = 0 on Iy, where p’ is the conjugate
exponent of p. Note that the right-hand side is well defined for such a regularity of v, since
v € L?(w; R?) and v3 € W' 2(w) by Sobolev embedding.

Equation (3.16) clearly holds for every v € WL2(£2;R3) N KL(£) such that v = 0 on
I; by the definition of @ (y,, 0, 0) and can be extended to functions v of W1-» ' regularity by
approximation (see, e.g. [5, Lemma 7.10]).

Stress—strain duality. In the following we will consider the space ITr;, (£2) of admissible
plastic strains, defined as the class of all p € M (2 U I'y; M?vxnf) for which there exist u €

BD(£2),e € L?(§2; M222), andw € W12(§2; R3)NK L($2) suchthat (u, e, p) € Agp(w).

sym
Following [5, Sect. 7.1], for every p € I1r,(2) and 0 € X (§2) N L*°(2; M?VX,,%) we can
give a meaning to the product [o : p] as a measure in My, (§2 U Iy). We refer to [5, Sect. 7.1]
for the precise definition and the main properties of this duality product. Here we just note
that, if o € X(£2) N L™(§2; M2%2) is such that &, & € C(w; M2X2), then

sym Ssym

_oo_ 1 A aa
/ (pd[a:p]:/ @o:dp+ — gao:dp—i—/ 9o iplLdx
Qury Uy 12 Jwuy, Q

for every ¢ € C(w). The last integral makes sense since p; € LZ(Q;M?},X”%) by
Proposition 1-(iii).

For every p € ITr,(2) and 0 € $(2) N L*(£2; M3) the duality product (o, p) is
defined as

(o, p) :=1[o:pl(2U Iy).

Using this notion of duality, a variant of equality (2.1) can be proved. More precisely, by [5,
Proposition 7.8] we have that for every p € I, (£2)

H,(p) =sup{(o, p) : 0 € X(£2) NK,(£2)}. (3.17)
Moreover, the following integration by parts formula holds.

Proposition4 Let 0 € X(£2) N LOO(Q;ME;I%)’ w e WY2(2:R?) N KL(Q), and
(u, e, p) € Axr(w). Then

/ god[o:p]—i—/(pa:(e—Ew)dx
QRUIy 2

:—/6:(V<p®(12—121))dx’—/divx/&-w(zi—lb)dx’

w

] - Lol
+ [ 16val- @ @ — D) dH" + 7/ & (s — ws) D2 dx’
Yn 12 w

1/ 1
+8/ 6: (Vo O (Vuz — Vwz))dx' — D / (u3 — w3)p divdivyé dx’
d(p(uz — w3))

dH! (3.18)
al)aw

1 . 1 N
+§(b0(0), puz —w3)) — E/y,, b1(o)
for every ¢ € C*(@).
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Proof Note that the duality product on the right-hand side of (3.18) is well defined since
T(Wz’l(w)) = T(BH(w)) (see, e.g. [7, Sect. 2]). For the proof we refer to [5, Proposi-
tions 7.2 and 7.6]. ]

4 The quasistatic evolution problem: regularity

In this section we describe the quasistatic evolution problem and prove local regularity
of the stress. The data of the problem are the prescribed boundary displacement and the
applied forces. More precisely, for every ¢ € [0, T'] we prescribe a boundary displacement
w(t) € KL(2) N WH2(82;: R3) on Iy;. We assume that ¢ — w(r) is a Wl'z—map from
[0, T] into W!2(£2: R?). For every t € [0, T] we consider a body force (f(t), g(t)) €
L?(w; R?) x L*(w) and surface forces h(t) € L>(dw; R?) and m(t) = (mo(t), m (1)) €
(T(W>H () x L®(dw). We assume that 1 — (f(1), g(t)), t — h(t), and t — m(r) are
W'-2-maps from [0, T] into their respective spaces. Moreover, the following uniform safe-
load condition is assumed: there exist a map o € w20, T; L%°(2; ngxnf)) and a constant
a1 > 0 such that for every ¢ € [0, T]

—divea() = f(1), —divydived(n) = g(t) ino,

0(t) € O (. h(2). m(1)), @)

and
o(t,x)+ & € K, 4.2)

fora.e. x € 2 and every £ € Mfyx,,f with |£|, < «;. Conditions (4.1)—(4.2) ensure that the
applied body and surface loads are compatible with the stress admissibility constraint, in the
sense that there exists a stress distribution () balancing the loads and strictly below the

yield threshold.

Definition 2 Let ¢t +— (u(?), e(t), p(t)) be a function from [0, T] into BD(£2) x
L2(2; M2X2) x Mp(22 U Ty; M2X2) and let o(r) = Cre(r). We say that r +>

sym sym
(u(t), e(t), p(t)) is a quasistatic evolution if the following three conditions are satisfied:

(qsl) regularity: t — (u(t), e(t), p(t)) is absolutely continuous;
(qs2) equilibrium: for every t € [0, T] we have (u(t), e(t), p(t)) € Axr(w(z)),

o(t) € K (£2) N O (yu, (1), m(1)),
—divpyo(t) = f(t), —divpydivyo(t) = g@) in w;

(qs3) flow rule: for a.e. t € [0, T] there holds
Hr(p(1)) = (o @), p(1)).

In the previous definition ® (y,,, h(t), m(t)) is the set of stresses satisfying the Neumann
boundary condition (see Definition 1), while the duality pairing at the right-hand side of the
flow rule is intended in the sense of the stress—strain duality defined in Sect. 3. We observe
that by (3.17) the flow rule is equivalent to the following maximum plastic work condition:
forae.r €[0,T]

(@ —o@),p(0)) <0 (4.3)
for every ¥ € K, (£2) N X (£2).
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In [5] existence of a quasistatic evolution is proved assuming the body and surface forces to
be zero. Under the assumptions (4.1)—(4.2), existence of a quasistatic evolution in presence of
applied forces can be proved by applying the abstract method for rate-independent processes
[14], namely by discretizing time and by solving suitable incremental minimum problems.
This method leads to a weaker notion of quasistatic evolution, which can be proved to be
equivalent to that of Definition 2 arguing as in [4, Sect. 5 and 6]. The safe-load condition
(4.1)—(4.2), which is trivially satisfied for zero applied forces, is a crucial assumption in
proving the existence of quasistatic evolutions: it guarantees coercivity of the energy in the
variational formulation.

In this paper we focus on the spatial regularity for quasistatic evolutions in case of smooth
applied forces, under the additional assumption that the set K, of admissible stresses is of

the form (3.6)—(3.7). We note that | - |, is an anisotropic norm on M%)X,,% satisfying
1

V3

We also consider the inner product associated with this norm:

& < |&], < |&] forevery & € M2y 4.4)

sym*

&,0):=6:¢C— %trétr{ forevery &,¢ € M?;n%

We now introduce some approximating problems of (qs1)—(qs3). Let N € N, N > 4 be a
fixed parameter. We consider the function ¢y : Mfyxnf — [0, 4+-00) defined by
1
ON(E) = —— &Y forevery & € M7 )s,
Na,
where « is the radius of K (see (3.6)). The function ¢y is clearly convex and continuously
differentiable with differential

1 _ 1
Doy (&) = —— €1 2 (s — g(tré)lzxz) for every £ € M.
)
Moreover, we have that

1
Don(E) 1§ = ﬁlé‘lﬁv for every & € M?yx,,%. 4.5)
)

Through ¢ we define an approximating problem of Norton—Hoff type, for which exis-
tence of solutions is proved in the following theorem. In this auxiliary problem the flow rule
and the stress constraint are replaced by an ordinary differential equation in time for the stress
variable o (¢). The term D¢y (o (¢)) in the equation acts as a penalization term and will lead
to the stress constraint o () € K, when passing to the limit as N — oo.

Theorem 1 Let K, be of the form (3.6)—(3.7). Let
we WH2(0, T; Wh2(2; R%) N KL(R)),
[ eWhO0,T; L@ RY), g€ W0, T; L*()),
he Wh2(0,T; L®@w; R?), m e W20, T; (T(W*! (@) x L®(0w)).
Assume conditions (4.1) and (42) with @ € W0, T; L®(2; M;;7). Let
o0 € L2(82; M35 be such that
—divyog = f(0), —divydivyog =g(0) inw,
00 € K (£2) N O (yn, h(0), m(0)).
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Then for every N € N, N > 4, the problem

Ao (t) + Don(o (1)) = Ev(t) in £2,
—divya(t) = f(t), —divydivya(t) = g(t) ino, 4.6)
o(t) € O(yn, h(1), m(1)), '
v(t) = w(t) on Iy,
has one and only one solution (o™, vV) with
o e WhA0, T; L2(82; M) N L0, T: LN (2: M),
Noe LNTIN=Do, 7y whY VD (2 R?) N K L(R2))
and satisfying o™ (0) = oy.
Moreover; the following estimates hold:
T
sup [loV (@)l 2 < C, / s @)7,dr < C. 4.7)
1€[0,T] 0
sup / loN ()Y dx < CNa)' ™ / / oV ()N dxdt < Ca) ™!, (4.8)
1€[0,T1J$2
and
o™l 20,7 B(2)) < C (4.9)

where C is a constant independent of N.

Proof Letus fix N € N, N > 4. To prove existence of solutions to problem (4.6), we first
consider an auxiliary problem where the penalization term is given in terms of a regularization
Y, of ¢ . Since D, is Lipschitz continuous, the auxiliary problem can be solved by applying
the Cauchy-Lipschitz Theorem. To conclude, we will then prove uniform estimates of these
auxiliary solutions with respect to the regularization parameter A.

For every A > 0 we introduce the functions ¥, : M2%2 s [0, +00) defined by

sym
1 1
Y () = ——— (EIN AN+ — AV 2 (g7 - aD)T
Na @ 20, 0

for every § € Mszf”% Note that Wx is strictly convex and C'. Moreover, we have that

1
Dy (&) = 1(|‘§|N AN (s— ;9 szz)
0‘0
for every & € Mg\xn%, hence
1
DYi®):8 = (EN AN € 0, (4.10)
0
1
| Dy, (8)|N/ VD < 5 DUzt (4.11)

2x2
sym*

forevery &, e M

2x2
on Msym with

Finally, we observe that the functions D, are Lipschitz continuous

+
Dy (8)] < N—A (4.12)
)
forae. & € M?yxnf
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In view of the regularity of D, we can apply Lemma 1 below with ¥ = D,. This
guarantees that for every A > 0 there exists a unique pair

(o™, v*) € Wh2(0, T: L?(2; M2X2)) x L?(0, T; W"2(2; R N KL(2))

sym
satisfying
A6* (1) + DYy (07 (1)) = Evi(r) in £2,
—divya* () = f@1), —divpdivyé*(t) =g(t) inw,
o (1) € O(yn, h(1), m(1)), (4.13)
V(1) = w(r) on Iy,
o*(0) = oy.

We now want to pass to the limit in (4.13), as . — +o00. This will provide us with a solution
to problem (4.6). In the following estimates we will stress the dependence of the involved
constants on the parameters A and N. Unless otherwise stated, C denotes a positive constant
independent of A and N.

Multiplying the first equation in (4.13) by o*(¢) — o(t) and integrating over £2 yield

(Ar67(1), 0 (1) — 0(1)) + (DY (0" (1)), 67 (1) — 0(1))
= (Ew(t), 0™ (1) — 0(1)), (4.14)
where the brackets (-, -) denote the scalar product in L%(£2; Mf;,,%) and we used that

(Ev*(1), 0™ (1) — 0(1)) = (Ew (1), o™ (1) — 0(1))

by Proposition 3 (with the choices v = v*(r) — W (f) and 0 = o*(¢) — o(¢)), taking into
account (4.1) and (4.13). Integrating with respect to time, (4.14) implies that

1 t
§<Ar<ax(r> —o(1), o™ (t) — o(t)) + /0 (DYr.(a™(5)), o™ (s) — 0(s)) ds

1 t
= E(Ar(o—o —0(0)), 00 — 0(0)) +/0 (Ew(s) — Aro(s), o™ (s) — o(s)) ds.  (4.15)
Since 1, is convex, we have

(DY) — DY) : (€ — ) = 0 forevery &, ¢ € My, (4.16)
Therefore, we infer
S U0 0) — 00)), (1) — 0(1) = 3 (Ay0p — (0)), 30 ~ 0(0)
+ /0 Es) — Arb(s) — DY (0(6), 0 (5) — 0(s)) ds.
Note that, by (4.2), the term D, (o(s)) is uniformly bounded independently of A and N for

A > «ag. Thus, by the Cauchy inequality, (3.1), and the regularity assumptions on g, ¢, and
w, we deduce

T
sup [lo*(®)]l2 <C and / (DY (0™ (1)), 0" (1) —o())dt < C.  (4.17)
tel0,T] 0
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From the second estimate above and (4.10), it follows

17 - -

ﬁ/ /(W(tw LAt @01 (1ot Ol = le®)]y) dxdr < C. (4.18)
o 0 J

where we also used the inequality

(@*(1), o™ (1) — 0(1)r > o) |2 — |0 ()|, 0 (t)],-

Letnow Ay (¢) := {x € 2 : |o*(t, x)|, > ag}. Condition (4.2) guarantees that lo* (), —
lo(t)|, = a1 on A, (t): indeed, choosing & = «10(t)/|o(?)|, in (4.2), we have

aq
le()lr

Thus, since the integrand in (4.18) is uniformly bounded from below on §2 \ A, (¢), we have

lo@®)lr + a1 = lo(t) + oMy < ap < [ (1)],.

o T
ﬁ/ / (o (@) NP AAN2 162 (0)),) dx dr < C. (4.19)
ay - Jo Jaso

Combining this inequality with (4.18) and the fact that |o(¢)|, < «g, we obtain

1 T
ﬁ/ / (o™ O AN @)} dx dt < C.
o 0 JAn®

By definition of A, (¢) the integrand is clearly bounded on the complement of A, (¢); thus,
we conclude that

T

%/ / (@) N AAN216*(1)?) dx dr < C. (4.20)
@ 0 Je

We now derive a bound on 6*. We test the first equation in (4.13) with the map 6* (r)— o (¢):
(Ar6™ (1), 6M(1) = 6()) + (DY (0™ (1)), 67 (1) — 6(1)) = (Ew(t), 67 (1) — o(1)).

Integrating with respect to time, we obtain

t
/O (A (A (5) — 0(s)), 7 (5) — 6(5)) ds + /Q V(0 (1)) dx

t
0

:/szx(oo)dx—k/ (DY(7(5)), 6(s)) ds

t
+/ (Ei(s) — ArO(s), 67 (s) — 0(s)) ds. 4.21)
0

Note that, since op € K, a.e. in §2, for A > o« the first term on the right-hand side is
uniformly bounded independently of A and N. Moreover, from (4.10) and (4.11) it follows
immediately that

[ 1w oM ax < = [ gt ol a2t @R a
2 O[O 2

so that (4.20) implies that the sequence (D, (o)) is uniformly bounded with respect to
A in LN/(N_I)(O, T; LN/(N_I)(SZ; szz)). This fact, together with the assumption that

sym

0 € L*®(0,T) x £; M2%2), guarantees that the second term on the right-hand side of

sym
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(4.21) is uniformly bounded, as well. Thus, by the Cauchy inequality and the regularity
assumptions on w and o, we have

T
/ ||d’\(t)||i2 dt <C and  sup / Vi (ot () dx < C. 4.22)
0 1€[0,T]

By the Ascoli-Arzela Theorem we deduce from the first estimates in (4.17) and (4.22) that
there exists a subsequence (not relabelled) and a function oV € W-2(0, T; L2(£2; M252))
such that

o™ (t) = oN(r) weakly in L?(£2; M2%2), (4.23)

sym

as A — +oo, forevery t € [0, T'] and

o* — o weaklyin W"2(0, T; L*(2; M), (4.24)
as A — 4o00. By (4.23) it is clear that o™ (0) = g and, in view of Proposition 2, that
—divyaN () = f(@), —divediveéV (1) = g(t) in w, and oV (t) € O (yu, h(t), m(1)) for
everyt € [0, T].

We set t/(¢) 1= X{|al(;)|,.5,\}0)\(f), where (4% ()|, <2} 18 the characteristic function of the
set {x € 2 : |o(t, x)|, < A}. The second estimate in (4.22) yields

sup / l*(0)|Y dx < CNea)' ™, (4.25)
t€(0,T]
while by (4.20) we have
/T/ lo* (1) — T @) 2 dx < caév_l. (4.26)
0 o r — )LN72

Therefore, o* — t* — 0 strongly in L2(0, T; L%(£2; M232)), as A — +o0. Together with

sym

(4.25) and (4.24), this implies that oV € L>®(0, T; LN (£2; M2X?2)), the first inequality in

sym
(4.8) is satisfied, and
o — o weakly*in L®(0, T; LN (2: M), (4.27)

as A — +o0. Moreover, by (4.20) we deduce the second inequality in (4.8).
Finally, since (DY () is uniformly bounded, with respect to A, in the space
LN/WN=D, T; LN/N=1(2: M2%2)), we have that, up to subsequences,

sym

Dy (0*) = yN weaklyin LN/ V=D, 7 LN/ NVD (@i MR, (428)

sym

as . — oo, for some functlony e LN/IN=Do, T7; LN/WN=-D(g; M2 )

We now want to prove that YV = D¢y (oV). To this purpose we proceed as follows. We
multiply the first equation in (4.13) by oV (1) — o(r). Integration in space and time, together
with Proposition 3, yields

T T
/0 (e (1), 0 (1) — o(0) dt + /0 (DY@ (1), o™ (1) = o)) dr
T
:/ (Ew(t), N (1) — o(1)) dt
0
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Passing to the limit as A — 400, we deduce

T

T
/ (6N (1), 0N (1) — o)) dt + / N 1), oM (@) = o)) dt
0 0

T
= / (Ew(), oV () — o(1)) dr. (4.29)
0

We now go back to identity (4.15) for r = T and observe that by (4.24) the right-hand side
of (4.15) converges, as A — 400, to

1 T
E(Ar(aﬂ —0(0)), 00 — 0(0)) +/0 (Eib(s) — Aro(s), o™ (s) — 0(s)) ds.

Thus, we deduce

T
Jim sup / (DY (0*(5)), o™ (s) — 0(s)) ds
0

A—+00

1 A A
(Ar(a™(T) — o(T)), 0™ (T) — o(T))

1
< ={Ar(00 — 0(0)), 00 — 0(0)) — liminf
A—+00 2

=2
T
+ / (Ei(s) — Aro(s). o (s) — o(s)) dis.
0
On the other hand, by (4.23) we obtain

— lim inf 1(Ax,(ak(r) —o(T)), o™(T) — o(T))

A—>—400 2

1
< —5<Ar<oN(T> —o(T)), oN(T) — o(T))

1 T
= =5 (A0 = 0(0)), 00 — 0(0)) — /0 (Ar (N (5) = 0(5)), N (5) — 0(s)) ds.

Combining the two previous inequalities with (4.29), we conclude that

T
lim sup / (DY (0" (s)), a™(s) — 0(s)) ds

A——+00 JO
T

T
<- / (a6 (5), 0V () — o(s)) ds + / (Eirs), o (s) — o(s)) di
0 0

T
= /0 (YN (), oM () — 0(s)) ds. (4.30)

Letnow r € L®((0, T) x §2; M2x2). By (4.16) we have

sym
T
/0 (DY (0 (1)) — DY (t (1)), o™ (1) — T(1)) dt > 0,
hence, using the fact that D, (t(¢)) = Doy (T (1)) for A > ||| e,

T
lim inf/ (DY (™ (1)), 7 (1)) dt

A—>+00 Jo

T T
2/0 (VN(t),f(t))dtvL/O (Do (T (1)), 0N (1) — (1)) dt.
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Combining this inequality with (4.30), we conclude that

T
/0 (yN(t) — Doy (t (1)), o™ (1) — (1)) dt > 0

forevery T € L®((0, T) x §2; M2X2), hence y (1) = Doy (N (1)).

sym

Finally, we establish some compactness for the sequence (v*). From the first equation
in (4.13), combined with (4.22) and (4.28), it follows that the sequence (v*) is uniformly
bounded in LN/(N_U(O, T, WI’N/(N_I)(Q; R3)), hence

vt — N weakly in LN/(N_I)(O, T, Wl’N/(N_l)(.Q; R3)),

for some vV € LN/WN=Do, 7; WhN/ V=D (2. R} N KL(2)). It is easy to check that vV
satisfies the boundary condition on ;. This allows us to pass to the limit in the first equation
of (4.13) and thus establish the existence of a solution to (4.6).

It remains to prove (4.9). This will follow from the first equation in (4.6) and from (4.7),
once we show that the sequence (D¢y (o)) is bounded in L2(0, T; L' (£2; M2X2)). Mul-

sym
tiplying the first equation in (4.6) by oV (t) — o(t), integrating over £2, and using the first
estimate in (4.7) yield

(DN (N (1)), oM (1) — 0(1)) < CUEW@) 12 + I6Y (1)1l 12)

for a.e. t € [0, T]. On the other hand, setting Ay (t) := {x € 2 : lo™N (1, x)|, > g} and
arguing as in the proof of (4.19), we obtain

/ Doy (0N (1) : (N (1) — 0(t)) dx
An(t)

1
> ﬁ/ MO (oM O = le@)r) dx
AN (1)

)

23] _
Z—Nﬂ/ loN ()N dx
o An (1)

> a / D¢ (o (1)) dx,
An(t)
where we used the expression of D¢y and (4.2). Moreover, we have

/ Doy (@™ (1) : (6N (1) — 0(t)) dx
2\An (1)

> / Do (@ )] lo®)] dx = —Ca.
2\AN (@)
Therefore, combining the previous estimates, we deduce that
ay / |Dgn (o ()] dx < CUEW®) |2 + 67N @) 2 + 1.
AN (1)
Since [Den (o™ (1))] < 10n 2 \ Ay (r), we conclude that
/Q IDgn (o (1) dx < CIEw@)] 12 + 16V )12 + D),

thus, the second inequality in (4.7) implies that the sequence (D¢y (o)) is bounded in
L2(0, T; L'(£2; M2%2)), as claimed.

sym
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We now prove uniqueness of solutions. Let (@™, vNyand (¥, u™) be solutions of (4.6)
with the same initial datum o™V (0) = tV(0) = o¢. We test the first equation in (4.6) for
(o™, vNyand (zV, u™) with ¥ — vV and take the difference:

A&V =tV @), oMy — V@)
+(Dgn (0N (1)) = Doy (TN (1)). o™ (1) — TV (1))
= (EvN — EuV, oV @) — V).
Integrating by parts the right-hand side and using the convexity of ¢ yield
ANy =tV @), oV — V@) <o.

Owing to the initial condition, this implies
1
S =), oM 0 VW) <0,

hence o™ (t) = N (¢) for every t € [0, T]. From the first equation in (4.6) we deduce that
EvN(t) = Eu (1), hence by the boundary condition on I'; we conclude that V(@) = ulN @)
forevery t € [0, T]. O

We now prove two lemmas, that were used in the proof of Theorem 1.

Lemma 1 Let
we Wh20, T; Wh2(2: R} N KL(2)),
feWh20,T; L*(@;R?), ge W'(0,T; L*(w)),
heW'20,T: H 2 (0;RY), me W20, T; H™2(w) x H™? ().

Assume (4.1) with ¢ € Wh2(0, T; L2(2; M232)). Let oo € O (v, h(0), m(0)) be such that

—dive69 = £(0), —divdivy&o = g(0) in w. Finally, let W : My — MZ%% be a Lipschitz
continuous function. Then the problem

Aro(t) +W(o(t)) = Ev(t) in $2,

—divyo(t) = f(t), —divedivyo(@) =g(t) inw,

o(t) € Oy, h(t), m(1)), (4.31)
v(t) = w(t) on Iy,

o(0) = oy

has a unique solution

(o,v) € W20, T; L2(£2; M2X2)) x L*(0, T; W'2(2: R N KL(£2)).

sym

Proof On L?(£2; M?;,,%) we consider the scalar product

(0,7)a, := (Ayo, ) foreveryo,t € LZ(.Q; MZXZ), (4.32)

sym

which is topologically equivalent to the standard scalar product, owing to (3.1). We introduce
the set

X*:={0 € O(y,0,0): divyo =0, divydivyo = 0in o},

which is a closed subspace of L?(£2; M?yxnf), and we denote the projection onto X* with

respect to the scalar product (4.32) by P.
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We consider the following problem: to find € W12(0, T; £*) such that

00 + AT WO +00) = P (A7 B0 —50) X7,
0(0) = oo — 0(0). '
Let
A0, T]x X* = X% :(t,0) — P*(A;IW(Q +0(1))) — P*(A;lEtb(t) —o(1)).

Since A(t, -) is Lipschitz continuous for a.e. t € [0, T] and A(-,60) € L0, T; £*) for
every 0 € X*, existence and uniqueness of solutions to problem (4.33) follow from the
Cauchy-Lipschitz Theorem. Now, the first equation in (4.33) implies that

O@), Tha, + (AT O@) + 0(1), T)a, = (AT Ew(t) — 0(1), T)a,
for every T € X*, that is,
(A0(1), T) + (W (O) + 0(t)), T) = (Er (1) — A0(1), T)

for every 7 € X*. By Lemma 2 below for a.e. r € [0, T] there exists z(r) € Wh2(£2; R} N
K L(£2) such that z(t) = 0 on I'; and

AO() + W O0) + o) — Eb (1) + A0(1) = EZ(0).

We set o(t) := 6(t) + o(t) and v(r) := z(¢t) + w(r). We observe that v € L2(O, T;
W12(£2; R3) N K L(£2)) by construction. Thus, we have found a pair (o, v) satisfying (4.31).

On the other hand, if (o, v) is a solution to (4.31), then 8(¢) := o (¢) — o(¢) satisfies (4.33)
and is therefore uniquely determined. Uniqueness of v follows from Lemma 2. O

Lemma 2 Leto € L2(£2; M2X2) be such that

sym
/ o:1dx =0 foreveryt € X*, (4.34)
2

where X* = {t € @(¥,,0,0) : divyT = 0, divydivyT = 0in w)}. Then there exists a
unique function u € Wh2(2: R3) N KL(2) such thatu = 0 on I’y and o = Eu in £2.

Proof We consider the set
Eo:={Ev: ve W' (2; R NKL(R), v=0on Iy},

which is a closed subspace of L2(£2; M?yxrf), owing to the Korn—Poincaré inequality. Let Py

be the orthogonal projection onto Eg and let Eu := Py(c). By definition u satisfies

/Eu:Evdx:/a:Evdx (4.35)
Q Q

for every v € WL2(2: R} N KL($2) withv = 0 on I}.
We now set 6 := o — Eu. From (4.35) it follows that

/G:Evdxzo
Q

for every v € WL2(2: R3) N KL(2) with v = 0 on Iy. By Proposition 3 we deduce that
0 € X*. On the other hand, since u = 0 on I, integration by parts yields

/Eu:rdx:O
Q
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for every t € X*. Therefore, we have by (4.34) that
/ 0:17dx =0 foreveryt e X%
Q

We conclude that = 0, hence 0 = Eu.
Uniqueness of u is straightforward. O

We now prove additional regularity of .

2><2)

Proposition 5 In addition to the assumptions of Theorem 1, suppose that oy € W2 (§2; M2 e

and that
divyg € L2, T; W>2(£2; R?), divpdiveo € L0, T; WH2(2)).  (4.36)

Forevery N € N, N > 4, let o be the stress component of the solution of (4.6). Then the
following estimates are satisfied:

e for every open set @ compactly contained in w there exists a constant C1(w') > 0,
depending on o' but independent of N, such that fora = 1,2

sup [|Daa™ (1)1l 2
te[0,T]

2x2y < Cy; 4.37)

(@' x (=5, Dy M

e for every open set 2’ compactly contained in $2 there exists a constant Co(2") > 0,
depending on 2’ but independent of N, such that

sup | D30 ™ (1)l 20 w22y < Co- 4.38)
t€(0,T] )

Proof Let N € N, N > 4. We first prove higher regularity for o*, where o* is the solution
to the auxiliary problem (4.13), constructed in the proof of Theorem 1.
Fori =1,2,3let Dl.h be the difference quotient operator defined by

1
Dlt(x) = ST+ hen) = T(x)
for every function 7 : R? — ngx”%

Leta = 1,2 and let ¢ € C2°(w). Multiplying the first equation in (4.13) by the term
D" (¢* Do (1)), we obtain

(974, D™ (1), Do (D) + (¢* Dy (DY (0™ (1)), Dyo™ (1))
= (p?DLEV* (1), Do (1)).

Integrating this equation with respect to time and using (3.1), we deduce
ar | Il wF dx = pu | ¢DbonP dx
Q Q
' 1

—|—/ / / <p2D2w,\(a)‘(s) + thga)‘(s)) Dga)‘(s) : Dﬁax(s) drdxds
0 JeJo
t

< / (9> DI Ev*(s), Do (s)) ds. (4.39)
0

Note that in the third integral on the left-hand side we used the chain rule, which holds since
D1, is a composition of smooth functions with a truncation.
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Let us focus on the right-hand side of (4.39). We express it in terms of the Kirchhoff—
Love components of v* and use integration by parts, together with the fact that div,/5*(s) =
div, o (s) and div,divy6*(s) = divedivy 0 (s) in . In this way for the zero-th order moment
&*(s) and the horizontal displacement v*(s) we obtain the following chain of equalities:

(9> DLEv*(5), D45 ()

1
=—Z// Dyg*(x) Doy (s, x' + rhey) DAGL, (s, x') dr dx’
By @ 0

=" (9* DLy (s). DiDpopy (5))
By
1
=-2 Z/ / Dﬂg02(x/) (E0")ay (s, X" + rhegy) Dg&é‘y (s, x"ydrdx’'
wJ0
By

1
+Z//0 D,ggaz(x/) D, vk (s, x' + rhey) Dg&éy(s,x’)drdx’
By

+ D (D" 0} (5). DEDpogy () + D (970} (5). D" DiDdgy (5))
By By

for a.e. s € [0, T]. Integrating by parts again, we can further write
(> DLED(s), DEG™(s))

1
:—22// Dgg*(x') (E0")ay (s, x' + rheq) DG (s, x') dr dx’
By’ 0
1
—2//0 Dpgg*(x') 0} (s, x' + rheq) DD, o}, (s, x') dr dx'
By ¢

1
—Z// D3, @ (x') 0}y (s. x" + rheq) DG, (s, x") dr dx'
By @ 0

+ DD 9?0 (5), DEDpopy () + D (0T (5). Dy" Dl Doy (5))
By By

for a.e. s € [0, T]. Arguing analogously for the first order moment 6 (s) and the vertical
displacement v%‘ (s), and using the first equation in (4.13), we deduce that for a.e. t € [0, T']
there holds

(¢* Dy EvA(1), Dyo™ (1))

1
= _QZ/ / Dp*(x") (Ar6M)ay (1, x + rhey) Dhof (&, x) dr dx
2 J0
By
1
—22// Dpg*(x") DY (0™)ay (1. x + rhey) Dio (1. x) dr dx
2J0
By

1
+Z/Q/0 vt x +rhea)D;hD§y(pz(x,) Ué\y(t,x)drdx
B.y
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1 p1
+Z/ // (Ar6 M (1. x + (r = P)heq) Df, 0> (') o, (t. x) dF dr dx
By $2J0J0
1 pl
+Z/// DY, (0Maa(t, x + (r — F)hey) Dy, > (x') 04, (1, x) dF dr dx
By 2J0J0
1
—Z// X1, X' + rhey) Dgg*(x") DD, 8, (t, x') dr dx’
By @ 0

1 1
_EZ// Dov5(t, x' + rhey) 9*(x') DADG 0y (t, X)) dr dx’'
B.y wJO

+ D (D9 5(1), Dl Dpopy (D) + (90} (1), D" Dl Dpapy, (). (4.40)
By By

We now combine (4.39) and (4.40). From the definition of v, we deduce the following
estimate:

Nl_l (6N 2 ANl (4.41)
%

DXy (&) ¢ >

fora.e.& € M?;j,% andevery ¢ € M?yxn% In particular, this implies that the third term on the left-

hand side of (4.39) is non negative. Moreover, using the inequality | Dy, (§)] < a,\,l,l N2 g
0

for every & € M%}X,f we obtain

aA/ ¢2|D£ok<r)|2dx—m/ G| Dloo? dx
22 2

t . )\N—Z
< c/0 (lg DLa™(s)ll 2 + ||oA(s>||Lz>(||a*<s)||L2 + O[Nlna%s)uu) ds
0

t
+C /0 * )2 (le* ()l 2 + 1) ds,

where we used (4.36). Since we have o € W1'2(0, T; Lz(.Q; R3)) and v* € L2(0, T;
W22 R3)), the previous inequality implies that Dyo?(¢) € L? (o % —%, %]; M2%2)

loc sym
for @ = 1, 2. Therefore, we can pass to the limit in (4.39)—(4.40), as h — 0, and, using also
(4.41), we obtain

an [ PIDuc P dx - i [ G IDoool dx
2 2
1 t
+—— / / 9> (0 OIN 2 AN Do ()1} dx ds
ag 0 Jg
t
<-2)° / / Dpg” (A6 (5) + DY (0™ ())ay Da0f, () dx ds
By 0 J
t
+> /0 /Q (A,67(5) + DY (0" (5)aa Dj, ¢° 05, (5) dx ds
By

t
+Z/O /SZUQ(S)D;ﬁyq)zogy(s)dxds
By
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t
—Z/ /ﬁg(s) Dpg* D2, 0py (s)dx ds
By 0 Jo

1 ! R
_EZ/O /Davg\(s) ©* D}y, 0py (s) dx ds
By @

+ D (Da@® 05(1), Daglpy (D) + D (9> 05 (1), DYuplpy (1)) (4.42)
By By

From this inequality we will deduce a uniform bound for (Dyo?) with respect to 1. We
consider the first term on the right-hand side of (4.42). Using the expression of D, we
have

t
| [ 100600+ Do 6y Do 0 dds
13
<c /0 I Dac™ ()l 2116 ()] 2 ds

(o ! _ _
+—N,1/ /(|crk(s>|£v AN oM ), l9 Do (5)| dx ds
A 0 J2

! X 2 1
< C( A lgDeo” ()52 ds)2

1

C 4 _ 0\ 1/2 2
+ ( /O 1 (1IN 2 ARY2) T pDuo @)1 ds) ,
2

y

where we have used (4.22) and (4.20).
Analogously, the second term on the right-hand side of (4.42) can be estimated as follows:

t
/ / IDF,¢* (457 (5) + DY (0™ (5))aw 0, (5)| dx ds
0 2
t
<c /0 lo™ )l 2 167 (5) 2 ds
c ! A N-2 N-=-2 A 2
+ﬁ/ / (Io*IN 2 AN T2) o ()]} dx ds,
ay Mo Je

where the right-hand side is uniformly bounded with respect to A, owing to (4.17), (4.22),
and (4.20).

As for the remaining terms on the right-hand side of (4.42), we recall that ")
is uniformly bounded in LN/(N_U(O, T; WLN/(N_U(.Q; R3)), with respect to A. Since
v* is a Kirchhoff-Love displacement for every A, this implies that (%) is uniformly
bounded in LN/N=D 0, 7; WEN/(N=D(0; R?)), while (v}) is uniformly bounded in
LN/WN=D T w2N/N=D(4)). By Sobolev embedding (v%) is thus uniformly bounded
in LN/N=D(0, T; L?(w; R?)) and (v}) in LN/N=D(0, T; W12 (w)). Therefore, by (4.17)

t
‘/ / D;ﬁygpzvé(s)aéy(s)dxds‘
0 J
t t
sc/0 15 ()l 22 167 ()l .2 ds+c/0 I Do v} ()12 16™(5)ll 2 ds < C,
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where the last constant depends on N via the Sobolev embedding constants. The remaining
terms in (4.42) can be estimated in a similar way, using the assumptions (4.36) on o.

Combining all these estimates with (4.42), we conclude that for every open set @’ com-
pactly contained in w and for @ = 1,2 the sequence (Dyo™) is uniformly bounded in
L0, T; L* (o' x (=%, 5); M2x2)), with respect to A. By (4.24) this implies that Dyo
belongs to L>(0, T; L (o x (—%, %); Mfyxng)) fora =1, 2.

To conclude the proof of (4.37), it remains to show that the norm of Do in the space
L, T; L? (o' x (— %, %); Mszyxn%)) is uniformly bounded with respect to N. To this purpose,
arguing exactly as in the proof of (4.42), we obtain

an | G0 @ dx~ pu | ¢Duonl d
2 2
!
+/ / @’ D*pn (0N (5)) Duo™N (s): Duo™ (s) dx ds
0 J2
13
<-2> / / Dgg* (46" (5) + Dpn (0™ (9)))ay Du0f), (5) dx ds
By 0 J
t
+> / / (A6 (5) + Dpn (0N ()))aa D, 9° 0y, () dx ds
By 0 J
t
+Z/ / vév(s)Dgﬂygazaé\;(s)dxds
By 0 Jg
1
—Z/ /55@) Dgg* DL, 0py (s)dx ds
By 0 Jo

1 t X
12 Z/O / Da”év(s) €02 DgﬂyQﬂy(s) dx ds
B.y @

+ > (Da® ) (1), Dglpy (D) + D (9700 (1), Dloplpy (1)) (4.43)
By By

We note that the third term on the left-hand side of (4.43) satisfies the following coercivity
inequality:

D*pn (0N (5)) Duo™ (s): Do ™ (5) >

N N-=2 N 2
= LA Ol Ol

0

As for the right-hand side of (4.43), using the expression of D¢y, we have

t
/ / 1Dpp” (A6 (5) + Do (0" (5)))ay Daop), ()| dx ds
0 J
13
<C [ 1o DurV©lz 167 )12 ds

C t _
+—N_1/ / lo¥ ()Y | Dyo™ (5)| dx ds
O[O 0 2
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t 2
sc(/ ||<pDaaN<s)||izds)
0
C ! N=2 2
P (/ o™ s)1, 2 soDaoN<s>||§zds) ,
aoz 0

where we have used (4.7) and (4.8). Analogously, the second term on the right-hand side of
(4.43) can be estimated as follows:

t
/ / D5, 9" (8r5™ (5) + D (@™ () 05 (5)] dx dis
0 J

t C t
sc/ o™ ()12 ||c'rN<s)||L2ds+ﬁ/ / o™ ()1 dx ds,
0 a 0 J2

where the right-hand side is uniformly bounded with respect to N, owing to (4.7) and (4.8).
As for the remaining terms on the right-hand side of (4.43), we observe that, in view of (4.9),
the sequence (v") is uniformly bounded in L2(0, T; BD(£2)). Since v" is a Kirchhoff-Love
displacement, this implies that @) is uniformly bounded in L%(0, T; BD(w)) and (vgV ) is
uniformly bounded in L%(0, T; BH(w)). By Sobolev embedding (%) is thus uniformly
bounded in L2(0, T; L%(w; R?)) and (vév) in L2(0, T; W'2(w)). Therefore, we have

t t
/ / |D3 g, 0% vl () o, ()| dx ds < c/ N )2 o™ ()12 ds,
0 Jg 0

which is uniformly bounded with respect to N by (4.7) and (4.9). The remaining terms in
(4.43) can be estimated similarly.

Combining these estimates with (4.43), we conclude that (4.37) is satisfied.

We now prove higher regularity with respect to x3. Let ¢ € C2°(£2). Multiplying the first
equation in (4.6) by D3’ h (szé’oN (1)), we obtain

(@*A,DAGN (1), DA™ (1)) + (9* DY (Dpn (o™ (1)), DA™ (1))
= — (¢’ D%y (1), Dia ™ ().

Integrating this equation with respect to time and using (3.1), we deduce
ar | Dk @ dx~ pu [ ¢DbonP dx
Q2 2
' 1
+/ / / ¢’ D*pn (0N (s) + rhDioN (s)) Do (s): Do (s) dr dx ds
0 JeJo
t
<- / (@*D*vd (s), Dia N (s)) ds. (4.44)
0
By integration by parts the right-hand side can be written as
1 t
- / (9> D*vY (s), Do (5)) ds = — / (D37 (9% Vi (5), diveo™ (s)) ds
0 0

t
+ / (D;"(Vep?) © Vol (), 0N (5)) ds.
0

Combining the first estimate in (4.7), (4.37), and the uniform bound of (vév ) in the space
L%(0, T; W2(w)), we deduce that the right-hand side of (4.44) is uniformly bounded with
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respect to 4 and N. Moreover, since ¢y is convex, the last term on the left-hand side of (4.44)
is non-negative. Therefore, we have

ozA/ DN (1) dx < ﬁA/ ¢*|Dioo)? dx + C, (4.45)
2 2

where the constant C is independent of /2 and N. Using the assumptions on oy, this inequality
implies that D3o¥ € L>(0, T; leoc(-Q? Mfyx,,%)) for every N. Therefore, we can pass to the
limit in (4.45), as h — 0, and we obtain

aA/ @*|D3o N (1)) dx S,BA/ ¢*|D300|* dx + C,
2 2

where the constant C is independent of N. This completes the proof of (4.38) and of the
proposition. O

We are now in a position to prove the main result of the paper, namely higher regularity
for the stress component of the quasistatic evolutions. This will be established by showing
convergence of the solutions to the Norton—Hoff problems (4.6) to a solution of the quasistatic
evolution problem. As a by-product, we also prove existence of solutions to (qs1)—(gs3), under
the assumptions (3.6)—(3.7) on the set K, of admissible stresses.

Theorem 2 Let the assumptions of Theorem 1 be satisfied with o9 = C,eg, where
(uo, €0, po) € Agxr(w(0)). Then there exists a solution

(u, e, p) € WH2(0, T3 BD(£2)x L*(82; M223) x M (2 U Ty; MZX2))

sym sym
of the quasistatic evolution problem (gs1)—(qs3) satisfying (u(0), e(0), p(0)) = (ug, eo, po)-
The stress component o (t) := C,e(t) is unique and, under the assumptions of Proposition 5,
it satisfies the following estimates:

e for every open set ' compactly contained in w there exists a constant Cy(w') > 0 such
that foroo = 1,2

sup ”Daa(t)”LZ(w/X(,l l)‘MZXZ) < Cl; (446)
1€[0,T] 20 sm

e for every open set 2' compactly contained in S2 there exists a constant C»(£2') > 0 such
that

sup (| D30 (D)l 2. pex2y < Ca. (4.47)
te[0,7T] »sym

Proof By applying the Ascoli-Arzela Theorem we deduce from (4.7) that there exists
o€ WI’Q(O, T, Lz(.Q; MZXZ)) such that, up to subsequences,

sym
oN(t) = o(t) weakly in L*(£2: M), (4.48)

as N — oo, forevery ¢t € [0, T] and
o — o weakly in W(0, T; L*(2: M), (4.49)

as N — oo. By (4.48) it is clear that 0(0) = o9 and, in view of Proposition 2, that
—divyo(t) = f(t), —divydivy o (r) = g(t) in w, and o (t) € O (y,, h(t), m(¢)) for every
t € [0, T]. From Proposition 5 and (4.49) it follows that (4.46) and (4.47) are satisfied.
Passing to the limit in the first inequality of (4.8), as N — oo, we deduce that o (1) € K, (£2)
for every ¢ € [0, T].
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We now set
t
u (1) == ug —I—/ vN(s)ds for every t € [0, T].
0

By (4.9) the sequences (") and (") are bounded in L2(0, T; BD(£2)). Thus, there exists
u € W2(0, T; BD(£2)) such that, up to subsequences, u™ — u and u" — i weakly* in
L%(0, T; BD(£2)), as N — oo. In particular, using the Kirchhoff-Love structure,

oV =N —~ i weakly in L2(0, T; L*(w; R?)),

vy =u — i3 weakly in L2(0, T; W' (w)), (4-50)

as N — oo.

We define e(t) := A,o(t)and p(t) := Eu(t)—e(t)in 2, p(t) := (w(t) —u(t)) OvyoH?
on Iy. Itis thus clear that (u(t), e(t), p(t)) € Agr(w(t)).

It remains to prove that the flow rule is satisfied. To this purpose, we will show that (4.3)
holds. Let ¢ € C?(@) with ¢ > 0 and let

1,2 .72 . 2x2 . . 2x2
0 € Wh2(0, T: L*(2: M) N L0, T: LN (2: M ).
Multiplying the first equation in (4.6) by ¢ (6(¢) — o™ (1)), we obtain
(AN (1) + Doy (o™ (1)) — EvN (1), ¢ (0(t) — o™ (1)) = 0.

Using the convexity of ¢y, this equality can be interpreted as the following minimality
condition:

(AN (1) — EVV (1), o N (1)) + / @ on (0™ (1)) dx
2
< (AN @) — EVV (1), 0(0)) + / PPN (@) dx. (4.51)
2

We now choose & = o and ¢ = 1, and integrate the inequality with respect to time on a time
interval [0, #1]. Using the equilibrium equations for o™ (t) and o (r) and Remark 1 (note that
vN(@r) e WEN/IN=D (2. R3) fora.e. t € [0, T], so we cannot apply Proposition 3), we have

/Otl (N (@) —o(r), EvN (1)) dt = /Otl (0N (1) — o (1), Ew(r))dt.
Thus, since ¢y > 0, we obtain

%mr(oN(n)—a(n)),oN(n)—o(n»

5/0” @6 — o), Ew(t)—Aré(t»dtJr/O“/Qd)zv(a(t))dxdt,

hence, by the coercivity (3.1) of A, we deduce

1
aplloe™ (1) — o ()17 5/0 (0N (1) — o), Edb(t) — A6 (1)) dt

t
+/1/ ¢on(o(t))dxdt.
0 2
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Since o () € K,(£2) for every ¢ € [0, T], the last term in the previous expression tends to
zero, as N — oo. Together with (4.48) and the first estimate in (4.7), this implies that
oV — o strongly in L®(0, T; L?(52; M2X2)), (4.52)

sym
as N — oo.

We now go back to Eq. (4.51), where we choose 6 € IC,-(£2) N X' (£2) independent of time
and ¢ € C*(@), ¢ > 0, with ¢ = 0 in a neighbourhood of y,. Since p(v" (1) — (1)) = 0
on dw X (—%, %), integration by parts yields

(EVN (@), ¢ (0N (1) - 0))

= (Ew(1), ¢ (™ (1) — 0)) +/ @ (N (1) — w(®)) - (f(1) + divy0) dx’
—/ Voo @V @) —w@): @V @) —0)dx’
+é @ (W (1) — 3(1))(g(t) + divdiv,0) dx’
1 ~
- / WY (1) — i3 D¢ (™ (1) — ) dx’
1 N H ~N A /
+6/ Vo © (V3 (1) — Vws (1)) : (67 (t) — 0) dx’.

We use this expression in (4.51), integrate with respect to time on an arbitrary time interval
[t1, 12], and observe that the established convergences (4.49), (4.50), and (4.52) are enough
to pass to the limit, as N — oo. In this way we deduce

1
/Z(Ard(t) — Ew(t), ¢ (o(t) — 0))dt
f
b5
= /2/</?(lj(l) — (1) - (f(t) 4+ divy0) dx' dt
131 [0}
15
—/2/ Vo O (i(t) —w(t)): (6 (1) — ) dx’ dt
t [0
1l n .
+§/ /<ﬂ(ﬂ3(t)—ti)z(t))(g(t)+divx/divx/9)dx’dt
11 [0}
15
+%/2/(ﬂ3(f)—w3(1))02¢2(5(1)—é)dx’dt
151 [0}

1 [ A
+6/ / Vo O (Vis(t) — Vi) : (6 () —0)dx'dt.

131 ]

By the integration by parts formula (3.18) this is equivalent to
5]
/ / ed[(@ —o()): p(t)]dt <0 (4.53)
t JRUIy,

forevery 6 € IC-(£2) N X' (§2) and every ¢ € C(@), ¢ > 0, with ¢ = 0 in a neighbourhood
of y,. For every § > 0 let now @5 € C%(@) be such that 0 < @5 < 1, s = 0 on the set

{x' e w: dist(x', y,) < 8}, and p5 = 1 on the set {x’ € @ : dist(x’, y,) > 28}. Using ¢s as
test function in (4.53) and sending § to zero, we obtain
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15
/2<9 —o@), p(1))dr <0.
n

Since the time interval [¢1, f;] is arbitrary, this is equivalent to the flow rule in the form (4.3).
O

5 An example

In this section we show an explicit example of quasistatic evolution where the stress compo-
nent o is different from zero.
We assume that the three-dimensional elasticity tensor C is isotropic, that is, of the form

C& :=2ué + A(tré) 343

for some A, u satisfying u > 0, A + p > 0, and every & € ngx,g From the results of [5,
Sect. 3.2] it follows that the elasticity tensor of the reduced problem takes the form

201
A+2u

C&E=2nE+ (tr&) hx2

for every & € M?yxnf We also assume that K, is of the form (3.6)—(3.7). Finally we consider

the boundary condition
—1X1X3
w(t, x) = —1X2Xx3 ,
b+
fort € [0, T], prescribed on the whole lateral boundary dw x (—%, %); hence, y; = dw and

¥n = . We assume the body forces to be zero, thatis, f(t) = 0 and g(t) = 0. We consider
as initial datum (uq, eg, po) = (0, 0, 0).

Let now
\F A2u
)=, =-—a
2 u@Br+2w)

(T is chosen large enough so that 7y < T'). We define
u(t,x) .= w(t,x)
foreveryt € [0, T]and x € §2. Fort <ty and x € §2 we define
e(t,x) = —tx3lhxa, p(t,x) =0,
while for t > ty and x € £2 we define
%"szz for x3 < —%,

e(t,x) =1 —tx3lhxy for |x3] < %, p(t,x) = Ew(t, x) —e(t, x).

1 1
_7012><2 for X3 > 2%,

We claim that r — (u(¢), e(t), p(t)) is a quasistatic evolution, that is, it satisfies conditions
(gs1)—(gs3) in Definition 2.

It is easy to see that t — (u(t), e(t), p(t)) is absolutely continuous, that is, condition
(gs1) holds. Clearly (u(t), e(t), p(t)) belongs to Ax (w(t)) for every ¢t € [0, T]. Setting
o(t, x) := C,e(t, x), we have that
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o(t,x) = —2#%”3&&
for t < tg, while
M%mbxz for x3 < —2%,
o(t,x) = _ZM%IXBbXZ for |x3| < 5,
—M%mhxz for x3 > %

fort > ty. Using this expression and the definition of p, itis easy to check that also conditions
(gs2) and (qs3) are satisfied. Thus, ¢ +— (u(?), e(t), p()) is a quasistatic evolution.

Note that 6 (1) = 0 for every t € [0, T]. For t < typ we have o () = x36 (¢), while for
t > to wehave o (r) = x36(¢t) + o (t) with o (t) # 0. Since the stress component is unique
by Theorem 2, this is the expression of the stress for any solution to the quasistatic evolution
problem with this choice of the data.

This example shows that the problem has a genuinely three-dimensional nature. Since
the location of the plastic zone (that is, the region where the stress is on the yield surface)
depends on the thickness variable x3, reducing the problem to a two-dimensional setting is
not possible. In particular, applying the classical plastic plate model to this set of data would
mean to look for a solution that is linear with respect to x3 both on e and p, and thus would
lead to a wrong description of the plastic response.

We also point out that this example is a counterexample to the result of [5, Proposi-
tion 7.17], which is therefore false. It is in fact not true, in general, that if ¢ € K, a.e. in £2,
then 6 € K, a.e. in w.
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