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Abstract In the present paper we prove a multiplicity theorem for a quasi-linear elliptic
problem with dependence on the gradient ensuring the existence of a positive solution and
of a negative solution. In addition, we show the existence of the extremal constant-sign
solutions: the smallest positive solution and the biggest negative solution. Our approach
relies on extremal solutions for an auxiliary parametric problem. Other basic tools used in
our paper are sub-supersolution techniques, Schaefer’s fixed point theorem, regularity results
and strong maximum principle. In our hypotheses we only require a general growth condition
with respect to the solution and its gradient, and an assumption near zero involving the first
eigenvalue of the negative p-Laplacian operator.

Mathematics Subject Classification 35J60 - 35J92

1 Introduction and statement of main results

There is a wide literature on semilinear and quasilinear elliptic equations with gradient
dependence on the nonlinear term of the following type

—Apu = f(x,u,Vu) in Q
(P) lu:O on 09%2,
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where € is a smooth bounded domain in RV, 1 < p < N, A, is the p-Laplacian operator
and f : @ x R x RY — R is a Carathéodory function.

In this setting, the classical variational methods cannot be applied. This kind of problems
are usually studied by means of topological degree, method of sub-supersolutions, fixed point
theory and approximation techniques. For instance, in [2] the authors, assuming that f is a
C! function with growth given by

If (x5, 6)] < a(s)(1+ &%),

for some increasing function a, obtain a solution of (P) in an ordered interval of sub-
supersolutions. In this respect, we also mention [14] where existence results for (P), when
p = 2, are obtained via sub-supersolutions in the Sobolev space W24 (2) with ¢ > N, pro-
vided f'(x, s, &) is Lipschitzian with respect to £. For the general theory of sub-supersolutions
for nonlinear elliptic problems depending on the gradient we refer to [4]. In [15], by com-
bining Krasnoselskii’s fixed point theorem in cones with blow up techniques, the existence
of a positive solution of (P) is proved when f(x, s, £) is a non negative function and has a
suitable growth with respect to s and &. Recently, in [5] and [16], under different growth in
the gradient, the existence of a positive solution is achieved via an approximation on finite
dimensional subspaces. An approximation approach in a general functional setting with a
p-sublinear growth condition in the gradient can be found in [3]. A different approach is
proposed in [7] where the authors prove the existence of a positive and a negative solution for
(P), when p = 2, through an iterative method involving Mountain Pass technique assuming
that f(x, s, &) satisfies Lipschitz conditions on s and £ in a neighborhood of zero and has a
growth like

[ f(x,s,€)| <a(l+]s|?), with 1 <g<2*—1.

It is shown in [1 L Theorem 4.3] that if there exist a subsolution u and a supersolution u
belonging to C' () with u < u, then the growth condition of Bernstein-Nagumo type

| f(x,s,8)| <a(x)+blE|’, with aeLﬁ(Q) and b > 0,

foraa. x € Q,all s € [u(x),w(x)], all & € RY, implies the existence of a solution u €
WO1 P () of (P) satisfying u < u < u. Different other results based on the sub- supersolution
method can be found in [6].

In the present paper, we will prove the existence of a positive and a negative solution for
problem (P) by combining sub-supersolution techniques with Schaefer’s fixed point theorem.
More precisely, we will consider an auxiliary problem which can be studied through operator
theory and sub-supersolutions method and we will obtain solutions of extremal type. This
allows us to construct a map whose fixed points are exactly the solutions of our problem
(P). Finally, we will show the existence of a fixed point for the constructed map. Moreover,
under the same assumptions, we will prove the existence of the smallest positive and of the
biggest negative solution of (P). Notice that our assumptions imply that zero is a solution of
our problem.

We believe that our result gives a natural approach to the theory of quasilinear elliptic
problems with gradient dependence. Furthermore, the hypotheses we assume on the nonlinear
reaction term are general and verifiable. An example is provided at the end of our work.

Let us introduce our main results. In the sequel f : 2 x R x RY — R s a Carathéodory
function that is, f(-, s, £) is measurable forevery s € Rand & € RN, f(x, -, ) is continuous
for almost every x € Q. Let p’ stand for the conjugate of p, i.e., % + % = 1. As usual, 1|

denotes the first eigenvalue of the negative p-Laplacian operator on Wol’p (R2). For a later use,
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Positive solutions of quasi-linear elliptic equations 527

we recall that the cone of nonnegative functions Ci Q4 ={ue %(ﬁ) cu >0 in Q}
has a nonempty interior in the Banach space Cé Q=uecC(Q:u=0 on IQ}
given by

_ — a9
int(CL(Q)4) = [u cCl@:u>0 in Q al <0 on agz],
v
where v stands for the outward normal unit vector to 0S2.
Our assumptions are:
(f1) for every M > 0, there exist constants ky; > 0 and O < 0); < A1 such that
|f (.5, 6)| <k + Opls|P™!

forae.x € Q, s € Rand & € RY with |£] < M;
(f2)+ for every M > 0 there exists a constant 7 > A such that

lim in ff( ik 5) >y > M
s—01

uniformly for a.e. x € Q and all £ € RN with |£] < M;
(f3)4 for every M > O there exists a constant ¢y > 0 such that
lim sup J.5.8) S; %) <M
s—>07F sP=
uniformly for a.e. x € Q and all £ € RN with |£] < M.
Assuming (f1), (f2)+, (f3)+, forevery w € C(]) (), the Dirichlet problem

l—Apu=f(x,u,Vw) in

(Pw) u=0 on 9.

has a smallest positive solution u,, € C(l) (). Then we introduce the map
T:CHR) — CHRQ), w > uy,

which is continuous and compact. We notice that the fixed points of 7 coincide with the
solutions of (P). Later on, to apply Schaefer’s fixed point theorem, we need to strengthen
the growth condition ( f1). Namely, we will need

(fl) there exist positive constants ko, 6o, 8; with 8y + Qlk}/ v < A1 such that
|f (x5, 8)] < ko +ols|?~" + 0187

fora.a. x € Q,alls € R, and £ € RV,
Our first result reads as follows:

Theorem 1.1 Assume (]71), (f2)+, (f3)+. Then, problem (P) has a solution u € int
(€@

Let us state now the counterpart of the previous theorem on the negative half-line. We
formulate in a symmetric way the corresponding hypotheses:

(f2)— forevery M > 0 there exists a constant 17p7 > A such that

fiminf £ &5 &)

> A
o Ty S =M

uniformly for a.e. x € Q and all £ € RN with |§| < M;

@ Springer



528 F. Faraci et al.

(f3)— for every M > 0 there exists a constant {j; > 0 such that

fs.8) _

lim sup W =

s—0~

im

uniformly for a.e. x € Q and all &£ € RN with |§] < M.
On the pattern of Theorem 1.1 we can state

Theolem 1.2 Assume (]71), (f2)—, (f3)—. Then, problem (P) has a solution v € —int
(C5(Q)4).

By combining Theorems 1.1 and 1.2 we obtain our main multiplicity result.

Theorem 1.3 Assume (jl), (2)+, (f3)+- Then,ﬁproblem (P) has at least two solutions u
and v, with u € int(C} (Q)+) and v € —int(C}(Q)4).

Corollary 1.1 Under the same assumptions as in Theorem 1.3, problem (P) has the smallest
positive solution and the biggest negative solution.

Remark 1.1 Notice that if u is a positive solution of (P), then it is valid the estimate
S ux), Vu(x) < auP~!(x)
on a set of positive measure in 2. Indeed, if not, u solves the problem

—Apu:m(x)up_1 in Q
u=20 on 0%,

for a.e. x € 2, where m(x) = %,(Z;'(x» > )A1. Then the function u has to change sign

(see Remark 2.1 below), which contradicts that u is positive. An analogous remark holds for
a negative solution v of (P).

2 Auxiliary results

We split the present section in two parts. The first one deals with the sub-supersolution method
for an auxiliary problem with fixed gradient in the right-hand side of the elliptic equation.
These preliminary results will be used to construct the map 7" on which relies our fixed point
approach for investigating problem (P). The properties of the map 7" will be studied in the
second part of this section.

2.1 Sub-supersolution method

Let us first recall some well known results that are needed in the sequel. In what follows
we endow the Sobolev space Wol’p(Q) with the standard norm ||u| = (fQ |Vul?P dx)%. As
usual, we set uT = max{u, 0} and u~ = max{0, —u}. It is well known if u € Wol’p(Q), then
ut,u= e Wyl(Q).

Given m € L*°(2)4, m # 0, consider the nonlinear weighted eigenvalue problem

—Apu = im(X)|ulP?u in Q
u=20 on 0Q°
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Positive solutions of quasi-linear elliptic equations 529

The least number A > 0, denoted by 3»1 (m), such that the above problem admits a nontrivial
solution is called the first eigenvalue of (— A, W(}’p(Q), m). It is well known that 5»1 (m) is
positive, isolated, simple and the following variational characterization holds

[lull?

T uewlr(), 0
Tamtupdx € o @) #

)A\l (m) = min ’

We denote by ¢ ,, the positive eigenfunction normalized as || ¢y, || , = 1, whichis associated
to &1 (m). One has ¢, € int(C}(Q)).

Asusual, if m = 1, set A| = ):l(m) and ¢; = @1 . The next remark contains useful

information on the weighted eigenvalue problems (for the proof and further details we refer

to [1]).

Remark 2.1 (1) Ifmy, my € L*°(2)4+\{0} satlsfym1 < mjpa.e.in thenonehas)»l(mz) <
Al(ml) If in addition m # m>, then, Al(mz) < Al(ml)

(2) If u is an eigenfunction corresponding to an eigenvalue x #* A 1(m), then u € C ()
changes sign.

Remark 2.2 Because of assumptions (f2)+, (f3)+, we getthat f(x,0,&) =0fora.e.x € Q
and every £ € RY. So, in particular, u = 0 is a solution of (P).

Since in the construction below we will deal with positive solutions, without loss of
generality we may assume that f(x,s,&) =0forae. x € Q,5s <0,& € RV,

We are going to consider an auxiliary problem and to prove existence of solutions for it.
Namely, for every w € C(l) (2), let us state the Dirichlet problem

—Apu= f(x,u,Vw) in
(Pu )[ =0 on 0J%.

We recall that, for fixed w € C(]) (), a function u,, € WP (), with ,, > 0 on 9 (in
the sense of trace), is a supersolution for problem (P,,) if

/|Vﬁw|P_2VﬁwVvdx2/ £ (x, Ty, Vw)vdx
Q Q

forallv e Wol”’(Q), v > 0a.e. in Q. A function u,, € WP (), with u,, < 0 on d<2 (in the
sense of trace), is a subsolution for problem (P,) if

/Q|ng|P72ngVvdx§/Qf(x,gw,Vu))vdx

forall v € Wol’p(Q), v >0a.e.in .

By a solution of problem (P,) we mean a weak solution, i.e. a function u € Wol’p(Q)
such that

/|Vu|P_2Vqudx=/f(x,u,Vw)vdx
Q Q

forall v € Wy'" ().
Before stating the theorem guaranteeing existence of solutions of (P,), some auxiliary
lemmas are required.

Lemma 2.1 Assume (f1). Then, for every w € Cé(ﬁ) there exists u,, € int(Cé (Q)4)
supersolution of (Py).
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Proof Letus fix w € C(l) () and set M = lw|lc1. From assumption (f1), we have that
| £ Cx,s, V()| < kag + Ols] P~ 2.1)

fora.e.x € Qandall s € R, where kjy > 0and 0 < Oy < Aj.
Consider the following Dirichlet problem

—Apu=ky +0ylulP~! in Q
u=2~0 on 0%2.

Since the embedding of W(;’p (2) into LP(L2) is compact, the superposition operator
Ky : WOI”’(Q) — WLP(Q) defined by Ky (u(-)) = kyr + Oprlu()|P~" is completely
continuous. Since the p-Laplacian operator is strictly monotone, continuous and bounded
(see [4]), we have that — A, — K is pseudomonotone and bounded. Thanks to the estimate

1 1 1 Ou 11
— | IVul?dx — kplul + =0y lul? |dx = — (1 — — ) lull? —kp 217" 1) 7 lull,
pJa Q p p Al

where |2| denotes the Lebesgue measure of €2, and using 67 < A1 (see (f1)), it follows that
—A, — Ky is coercive, hence surjective. Therefore, there exists a function u,, € Wol’p (RQ)
such that

— Aty = ky + Oyluy|P~! in @
Uy =0 on 0%.

Let us prove that u,, > 0. Acting as test function with —u,,, we get
/ |Vt |P dx = —/ Vit |2V, Vi, dx = —/ (kpt 4 Or |12 1P~ Dy, dx < 0,
Q Q Q

which implies that u,, = 0, so u,, > 0. Notice that u,, # 0. By classical regularity results
(see [9,10,17]), we have that u,, € int(Cé (€)4). Then from (2.1) we infer that u,, is a
supersolution of (P, ), which completes the proof. O

Lemma 2.2 Assume (fy)+. Then, for every w € Cé (), there exists § = §(w) > 0 such
that if 0 < & < §, then ¢ is a subsolution of (Py).

Proof Letus fix w € C(l) (Q) and set M = ||w||¢1. From assumption (f2)+, for o > 0 so
small that ny; — o > Ap, there exists y = y(w) > 0 such that

fx,s, Vw(x)) > (ny — o)sP7l > pqsP! (2.2)

forae.x € Qandall0 <5 < y.Setd = y|¢1 ||Z§o. Then, for every 0 < ¢ < § and all
¢ € WhP(Q), ¢ > 0, we find that

/S2|V(8¢1)|”_2V(8¢1)V<ﬂdx :)Ll/s2(5¢1)p_l‘/7dx S/Qf(x,etbl,Vw(X))(ﬂdx,
that is, e¢; is a subsolution of (Py). ]

Now we are ready to prove the main result of this subsection.

Theorem 2.1 Assume (f1), (f2)+, (f3)+. Then, for every w € Cé (Q) there exists u,, €
int(C(l) (2)+) which is the smallest positive solution of (Py).

@ Springer



Positive solutions of quasi-linear elliptic equations 531

Proof Letus fix w € Cé (Q) and set M = lw|lcr. From Lemmas 2.1 and 2.2, we get that
there exist a supersolution u,, and for 0 < & < §(w) a subsolution €¢; of (Py). Since
uy and e¢; belong to int(C(} (R)4), it is possible to choose & small enough in order that
Uy —eP1 € int(Cé (€)4). Consider now the following truncation of f:

fx,ep1(x), Vw(x)) if s <epi(x)
fr(x,8) =1 flx, s, Vw(x)) if ep1(x) <5 <Uy(x)
flx,uy(x), Vw(x)) if s> uyx).

Denote by £ : WO1 "P(Q) — R the associated energy functional, that is

1 u(x)
Eru) = —|ull? —/ / frlxe,nydrdx forall ue WyP(Q).
p QJo

Clearly, £; is sequentially weakly lower semicontinuous, coercive, and continuously differ-
entiable. Hence, it has a global minimum %%, which is a critical point of £, thus a weak
solution of

—Apu= fy(x,u) inQ
u=20 on 0€2.

Moreover, by a standard comparison argument one can show that
e
EP1 < iy, < Uy,

a.e. in €, so that u¢ is a solution of (P,). Also the strong maximum principle entails
us, € int(Cé (€)4). Denote by S; the set of C&—solutions of (Py,) which lie in the ordered
interval [e¢1, Uy ]. As seen from above, S, 7# (. If we consider in S¢ the pointwise order,
then S, is downward directed and, as can be noticed through Zorn’s Lemma, it has a minimal
element u¢, (see [12] for more details). Let us prove that u, is the smallest solution of (P,,) in
S¢. To this end, take v € S;. The function min{v, u¢,} is a supersolution of (P,,) and clearly,
min{v, u3,} > e¢;. Then, there exists a solution z of (Py,) such that e¢; < z < min{v, u}.
In particular, it turns out that z € S,, z < u,, and from the minimality of u¢, in S, we
conclude that z = u$,. So uf, < v, as we wished.

Fix now a decreasing sequence {&,}, of positive numbers such that ¢, — 0. For every
n € Nthere exists # which is the smallest solution of (P,,) in the ordered interval [, 1, Ty ].
The sequence {u;}, is bounded in W&’p(Q), so there exists u,, € W(;’p(Q) such that
uy = uy in Wg’p(Q). In particular, u;} — u, in LP(2) and u; (x) — u,(x) for a.e.
x € Q. Notice that {u;}, is decreasing by construction, so that the convergence u;! — u,
is uniform.

We want to prove that u,, # 0. Assume by contradiction that u#,, = 0 and set z, =

iy
[
Hence z, € Wol’p(Q) and ||z, || = 1 foreveryn € N. So, {z,}, converges weakly in Wol’p(Q)

to some z € Wol’p(Q). On account of z,, > 0 a.e. in 2, we get z > 0 a.e. in 2. Denote

f G, um (x), Vw(x))
(uy (x))P~1

The fact that u% is a solution of (P,,) reads as

hy(x) =

—Aput = fx,ulr(x), Vw(x)),

SO we get
— Apzn = hy(0)2h " 2.3)
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532 F. Faraci et al.

Notice also that by invoking assumptions ( f2)+ and ( f3)+ and using the uniform convergence
of {u3'}, to zero, we deduce (for a possibly larger Zs)

G, uy (x), Vw(x)) —tn

AM<ny—0 =
(uyy (x))P~!

that is
A <num—0 Zh,(x) <lm

a.e. x € 2, whenever n is sufficiently large. From the above inequality we get that 4, is
bounded in L°°(£2). Consequently, there exists a function i € Lp/(Q) such that 4, — h in
L? (2). By Mazur’s Lemma (see [8, Chapter II]) we derive that

AM<nm—0 <hx)<im (2.4)

a.e. x € Q. On the other hand, (2.3) implies that {z,}, strongly converges to some z in

Wol’p(Q). Here we use that {h,}, is bounded in L°°(2) and the (S4) property of the p-
Laplacian operator. The strong convergence ensures that ||z|| = 1, so z # 0. Passing to the
limit in (2.3) yields that z verifies

—Apz=th_1 in Q
z=0 on 09.

Therefore 1 is an eigenvalue of this weighted eigenvalue problem. From (2.4) and Remark 2.1,
we have that 1 = A1(A1) > Aq(h) which, again from Remark 2.1, implies that z changes
sign, a contradiction. So, we have proved that u,, # 0.

Classical regularity results enable us to derive that u,, € int(C, 5 (€)4). Inorder to conclude
the proof it remains to show that u,, is the smallest positive solution of (Py,). It is enough to
prove that it is the smallest positive solution in the ordered interval [0, u,,]. To this end, fix a
solution v of (Py) in [0, uy ]. In particular, v is a super solution of (P,,) and we can choose
&, > O such thatv — ¢,¢; € int(Cé (R2)). Then we infer that g,¢; < ull < v <, for
n € N large enough. Letting n — 0o, we are led to u,, < v as we wished. O

2.2 Existence result via Schaefer’s fixed point theorem
Let us recall the well known (see, e.g., [13, Theorem 4.27 ])

Theorem 2.2 (Schaefer’s fixed point theorem) Let X be a Banach space andletT : X —> X
be a continuous and compact map. Assume that the set

fueX: u=rT) forsome xe]l0,1]}

is bounded. Then T has a fixed point.

Throughout the rest of the paper, assumptions (f1), (f2)+, (f3)+ hold.
In view of Theorem 2.1, it is well defined the map T : C(]) () — C(]) (2) given by

T(w) = uy,

where u,, is the smallest positive solution of (P,,) as guaranteed by Theorem 2.1.
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It is clear that a fixed point for 7" will provide a positive solution to the original problem
(P).In order to prove the continuity and the compactness of the map 7" we will need some pre-
liminary results. For any w € Cé (), denote by S,, the set of all functions u € int(Cé (Q)4)
that are solutions of problem (P).

Lemma 2.3 If {w,}, is a bounded sequence in Cd () and {”L}" is a sequence in C(l) ()
with u, € Sy, for all n, then {u,}, is relatively compact in COl (2).

Proof Let M > 0 satisfy || | wh [lc1 < M for all n. We claim that there exists a subsequence
of {u,}, converging in Cé (€2). From assumption ( f1) it follows that

llunll? Z/Qf(x,un,an)undx

1
- —1
< kp |27 |luy, ”p +9M)L1 llunll?
1 L
- —1
= kM|Q|‘"/)\1 P lunl +0M)\1 lunll?,

which implies that {u,}, is bounded in Wé P () because O3 < 1. On the basis of classical
regularity results, we get that {u,}, is bounded in C Le (@) for some « € (0, 1) independent
of n (due to the assumption that {w,}, is bounded in C(l) (Q)). Since CL¥(Q) is compactly
embedded into C!(Q), we achieve our claim. ]

Lemma 2.4 If{w,L}n is a sequence in Cé () such that w, — w in C(]) () and if {u,}, is
a sequence in Cé (2) with u, € Sy, for all n, then there exist a subsequence {u,, }x and an

element u € Sy, such that u,, — u in Cé (Q).

Proof From Lemga 2.3, there exist a subsequence {u,, }; and some u € Cé () such that
Up, —> uin Cé (£2). We wish to prove that u € S,,. We note that

—Apup, = f(x,uy, Vwy) in Q
up, =0 on 0Q

for all k € N. So, for every ¢ € Wol’p(Q) and k € N we obtain

/|Vu,,k|p_2VunkV<pdx:/ F X, g, Vo, )@ dx.
Q Q

Passing to the limit as k — oo we deduce

/|Vu|p_2Vquodx=/f(x,u,Vw)godx,
Q Q

i.e. u is a solution of (Py,). In order to prove that # # 0 it is enough to make use of the same
argument as in the corresponding part of the proof of Theorem 2.1. Then classical regularity
results and maximum principle imply u € int(Cé (£2)+), which completes the proof. O

The following is the key Lemma in our construction.

Lemma 2.5 If {w,}, is a sequence in Cé (Q) such that w, — w in Cé (). Then, for any
v € Sy, there exist v, € Sy, such that

vy — v in CH(Q).
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534 F. Faraci et al.

Proof Fixn € N, and let z2 be the unique solution of the problem

—Apu = f(x,v,Vw,) in Q
u=>0 on 0.

Exploiting assumption (f2)+ and bearing in mind that v € int(Cé () ) observe that
f(C,v(), Vwy () # 0, which leads tgzg #0.
Let us prove that z2 lies in int(Cé (£2)4). First, it is straightforward to establish that {zg},1

is bounded in W7 (), thus it is bounded in L>(£2) (see [9]), and therefore in C'-¢ (<) for
some « € (0, 1) (see [10]). Since CL¥ () is coglpactly embedded in C1(Q), there exists a
subsequence {zgp }p strongly convergent in COl (£2) to a solution of the problem

—Apu= f(x,v,Vw) in Q
u=20 on 0%2.

Taking into account that v is the unique solution of the above problem, we get

L0 olig
pleOO 2y, =V in Cp(£2).

Actually, as readily seen, the strong convergence is true for the whole sequence
li 0 _ . 1=
im z, =v inCy(R),
n—0o0

which implies the desired assertion.
Now, let us consider the unique positive solution z,], of the following problem

—A,,u:f(x,zg,Vw,,) in Q
u=>0 on 0€2.

As before we infer that

: 1 _ : 1o
nlggozn =v inCy(R).

Inductively, we can define, for each n € N, z’,‘, in Cé (Q) as the unique solution of the
problem

(Phy —Apu=f(x,2"1, Vw,) in Q
" lu=0 on 0%,

and for each k € N it follows that

lim zX =v in C}(Q).

n—oo

Let us now prove that there exists a constant ¢ > 0 such that IIZI,‘, | < cforall n,k € N.
Indeed, setting M = max{sup,, |wxllc1, [lw]lc1}, by hypothesis (f1) we have that

p—1

1 o Bt
||zﬁ||"=/Qf(x,zﬁ—1,wn)z,ﬁdxs k207 + 6y (/Q<z,5—1>"dx) AL

SO

kyp—1 -3 L k=1, p—1 -3 L4 1 k=1, p—1
lz P77 <Ay ” [kMIQIf” +Omlizy N7, ] <A ThyIQUPT A Opllz, P
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_1 1
If we setc; = A, Pkp|R2]7 and ¢y = AI_IGM, it is easy to see by induction that
k—1
kyp—1 J k0 p—1
Iz 1P~ <er [ Do | +Slznl”
Jj=0

forevery k € N. Since ¢ < 1 (in view of assumption ( f1)) and {zg}n is bounded in W&’p(Q),
we deduce that, for every n, k € N, there holds

o0
kP~ <er [ D ed | +es
j=0
with a constant ¢3 > 0. This entails our claim.
By standard arguments as already used before, we have that the net {zX}, x is relatively
compact in C(]) (€2). Then up to a subnet, we can assume that there exists u € CO1 (2) such
that

lim zX =u,
n,k— o0
that is, there exists N € N such that
k
lz, —ullcr <e (2.5)

foralln, k > N. At this point, for every k > N, we obtain that lim sup,,_, ||zﬁ —ullc1 < e.
We are thus able to select a subsequence {z,,}, with the property

. k . k
Jim I, —uller = | lim 2f —ullcr = v —uler <.
thereby u = v.
Consequently, according to (2.5), for all n, k > N we have
X —vllor <. (2.6)
Now, for each n € N there exist {k; = ky(n)}s € Nand v, € C(l) (Q) satisfying
. ks _ . 1=
3lggo Z," = vy in Cy(£2).
Clearly, v, is a solution of (P,, ). Let us prove that
lim v, = v in CA(Q).
n—00

If not, we can construct a subsequence {n,}, with n, > N such that [|v,, — v]c1 > & >0
for all p € N and some ¢ > 0. This amounts to saying that

— — 1 ks — — | k.i —
€ < |lvg, —vlcr = |l xli)rroloz,,,, vt _xllH}o iz, — vl
In particular, for any p € N there exists s, = 5,(n,) € N such that ks, > N and

ks
lzn, —vlct > &,

against (2.6). -
Recall that v € int(C(l) (2)4). Since the convergence of {v,}, to v is uniform on compact

subsets of €2, it follows that v, > 0 in  whenever # is sufficiently large. Also, since {%U: I

converges uniformly to 3—3 on 92 we obtain that v,, € int(Cé (€)4) for n large enough. This
completes the proof. o

@ Springer



536 F. Faraci et al.

3 Proofs of main results

In the present section, in order to apply Schaefer’s theorem, we replace (f1) with the stronger
assumption (f7).

Proof of Theorem 1.1 We wish to prove that the map T introduced in the previous section is
continuous and compact. First, let us note that the map 7" is compact, i.e. for any sequence
{wn}n bounded in C§(Q), {T (wy)}, is relatively compact in C}(S2). This follows readily
from Lemma 2.3 applied to u,, = T (w,) € Sy,.

Let us prove now that 7 is continuous. Let {w,}, be a sequence in C(l) () such that

lim w, =w in C}(Q)
n—oo

and, for every n € N, set u, = T (w,). By Lemma 2.4, there exist a subsequence {u,, }; and
u € Sy that fulfill

lim u,, =u in CH(Q).
k—00
We need to check that u is the smallest positive solution of (P, ). Fix a positive solution

v of (Py). By Lemma 2.5, there exists v, € int(Cé (Q)4) (positive) solution of (Py,) such
that

lim v, =v in Cé(ﬁ).

n—oo
Since u,,, is the smallest positive solution of (Pwnk ), we have that
Up, < vy, forall keN.

Passing to the limit yields # < v. This means that

lim T(wy,) = T(w) in CH(S).

k—o00
In fact, the whole sequence T (w,) converges to 7' (w). If not, there exists a subsequence
{wn,}p such that |7 (wy,) — T(w)llc1 > & for every p € N and for some ¢ > 0. Arguing
as above, we find a subsequence u, o= T (w, pr) converging to 7' (w), which gives rise to a

contradiction. It is thus proven that 7 is continuous.
Now we check that the set

{w e Cé(ﬁ) :w=AT(w) forsome A €[0,1]} 3.1

is bounded in C} (). So let w € C}(2) and A € [0, 1] be such that w = AT (w). We may
assume that A > 0 (otherwise, w = 0). Then, w is a solution of the problem

—pr=f,\(x,w,Vw) in Q
w=0 on 0%2,

where f} (x,5, &) =227 F(x, a7 1s, ). By (fl), the Carathéodory function ﬂ satisfies the
growth condition B
| /e, s, 8] < ko + 6ols|P~" + 611517 (3.2)

fora.a. x € Q,alls € R,and all ¢ € RV, Notice that the coefficients in (3.2) are independent
of A € (0, 1]. We claim that there is M > 0 independent of w and A such that

lwl < M. (3.3)

@ Springer



Positive solutions of quasi-linear elliptic equations 537

To see this, acting with the test function w and using (3.2), we obtain the following estimate
il = [ Futeow, Vupwds < [ (row+dolwi + 017wl ) dx
Q Q
1 -1 _1
< ko7 Ay " lwll + 6oA; wl? + 612, " w]”.

1
Since 1 > i 611, 7 (see (f1))and p > 1, we get (3.3). In view of (3.2), (3.3), classical
regularity theory (cf. [9,10]) yields M’ > 0 independent of w and A such that [|[w| o1 < M.
This establishes the boundedness of the set in (3.1).
Observe that any fixed point of the map 7 is a solution of problem (P) in the interior of
the cone of nonnegative functions by construction, the thesis follows by applying Schaefer’s
fixed point theorem (Theorem 2.2). ]

Mutatis mutandis we can show that the map assigning to every w € Cé (Q) the biggest
negative solution of (Py,) (its existence can be proved similarly to that of the smallest positive
solution) is also continuous and compact. Finally, we can conclude as in the case of positive
solutions to achieve the results in Theorems 1.2 and 1.3.

Proof of Corollary 1.1 From Theorem 1.1 we know that there exists a solution u €
int(C& (£2)+) which can be regarded as a supersolution of (P).
By virtue of (f2)+ we can find &9 > 0 such that

—Ap(ed1) = A (ep)’™" < f(x,e¢1,eVe)

provided 0 < & < gg. This expresses that e¢; is a subsolution of (P) for all 0 < ¢ < gg. In
addition, since u, ¢; € int(C}(Q)4), we may choose & so small thatu —e¢; € int(C}(Q)4)
forevery 0 < ¢ < gg.

We are thus in the position to apply [4, Theorem 3.22], which yields the existence of
the smallest positive solution u, of problem (P) in the ordered interval [e¢;, u] for all
0 < & < go. Set u, := u1. Thanks to the choice of u,, we note that the sequence {u,}, is

decreasing. So, there exists ug € Cé (§)+ such that u,, — ug in Cé () and uy is a solution
of (P). On the basis of hypotheses (f2)+ and (f3)4+ we also infer that ug # O (see the
proof of Theorem 2.1). This enables us to apply the strong maximum principle to obtain that
uo € int(CH(Q)4).

Now we show that ug is the smallest positive solution. To this end, let v be a positive
solution of problem (P). The nonlinear regularity theory and strong maximum principle
ensure that v € int(C} (Q)). It follows that

1
—¢1 < min{u, v} <u
n

whenever n is sufficiently large. By [4, Theorem 3.22] we see that there exists a solution v,
of (P) withv, € [%q& 1, min{u, v}] because min{u, v} is a supersolution. Then the minimality
property of u, entails that u,, < v, < v. Lettingn — oo leads to ug < v.

In an analogous way we can proceed to justify the existence of the biggest negative solution
of problem (P). m}

Finally, we provide a simple example of nonlinearity f(x,s,&) which fulfills our
hypotheses.
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Example 3.1 Let g : ﬁix RY — R be a continuous, positive function. Then, for any
continuous function f : € x R x RN — R satisfying the growth condition (f1) and

Fx,s,6) =|s|P2s(A1 + g(x, &) for |s| small,

Theorem 1.3 applies. Indeed, it is readily seen that hypotheses ( f2)+, (f3)+ hold true.
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