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Abstract We show the nonexistence of traveling wave solutions in the combustion model
with fractional Laplacian (—A)® when s € (0, 1/2]. Our method can be used to give a direct
and simple proof of the nonexistence of traveling fronts for the usual Fisher-KPP nonlinearity.
Also we prove the existence and nonexistence of traveling wave solutions for different ranges
of the fractional power s for the generalized Fisher—KPP type model.

Mathematics Subject Classification primary 35B32 - 35C07 - 35J20 - 35R09 - 35R11 -
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1 Introduction

The paper is concerned with the traveling fronts of the reaction diffusion equation:
ur+ (=AYu= f(m), inRxR,
for f € C'(R), namely the solution to the following equation:

(=A)’u(x) + pu'(x) = fux), Vx eR
lim u(x)=0, lm u(x)=1 (.0
X—>—00 X—>00

where u is the speed of propagation of the front and the operator (—A)* denotes the fractional
power of the Laplacian in one dimension with 0 < s < 1. Recall the fractional Laplacian is
defined as follows:

ux) —u(y)

ey "

(=AY’ u(x) = Cl,s(P-V-)/R
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2250 ((1 + 25)/2)
201 —s)
example [8]. The original models with the standard Laplacian (—A) arise in applied sciences
such as population genetics, combustion, and nerve pulse propagation, etc. The detailed
formulations of the models were discussed by Fisher in [5], Kolmogorov et al. in [7] and
Aronson and Weinberger in [1], etc. The classical results of the existence and nonexistence

of traveling fronts for the models can be found therein.
By a compactness argument, we know that if (1.1) has a solution u(x) then

where (P.V.) stands for Cauchy principal value and Cy; = , see for

lim «/'(x)=0 and £(0)= f(1)=0 (1.2)

|x|—>o00

Multiplying u’(x) on both sides in (1.1) and integrating over R, we can get the Hamiltonian
identity as in [6]:

1
M/Iu/(x)lzdxz/ f(u) du (1.3)
R 0

Roquejoftre et al. [9] studied the combustion model, i.e, there exists some 8 € (0, 1) such
that f € C L(R) satisfies

fu)y= f1)=0, Yu € [0,0], f(m) >0, Yue@®,1), and  f'(1) <O.
(1.4)
They have shown that when s € (1/2,1) and f satisfies (1.4), there exists an unique
(w, u) with o > 0to (1.1).
In this paper, we will show that when s € (0, 1/2] and f satisfies (1.4), there is no traveling

wave solution for the combustion model, i.e., (1.1) has no solution. In fact, we shall show
the following:

Theorem 1.1 Suppose that there exists some 6 € (0, 1) such that f € C'(R) satisfies

1
/ f(u)du >0, and  f'(u) >0, Yu e (0,6]. (1.5)
0

Then there is no solution to (1.1) if 0 < s < %

Obviously this theorem applies to the combustion model. For the Fisher-KPP model, i.e,
f € CH(R) satisfies

fw)>0=f(0)= f(1), Yue(0,1), 7 >0, and  f'(1) <0, (1.6)

Theorem 1.1 implies thatif 0 < s < 1/2, (1.1) has no solution.

We shall also study the generalized Fisher-KPP model and prove nonexistence and exis-
tence of solutions to (1.1) for different ranges of s € (0, 1). We shall point out that there is
a delicate balance between the diffusion factor s and the reaction power p in order to have a
traveling wave solution. In fact, we shall prove the following theorem.

Theorem 1.2 Assume there exist some 0 € (0,1), 0 < p < 00, A1 > 0and Ay > 0 such
that

f)>0=f0) = f(1), Yue© 1D, f1)<0,
AjuP < f(u) < AP, Vu €[0,6], (1.7)
/) = AwP~, Vu e (0,0).

Then (1.1) has a solution if and only if p > 2 and s > ﬁ.
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Traveling wave solutions 253

We note that the condition Aju? < f(u) < Au”, Vu € [0, 0] in the above theorem
is not needed for the nonexistence result. We include it in (1.7) for the simplicity of the
statement.

We also obtain the asymptotics of solutions as x — =00 when they exist. Indeed we show
the following asymptotic behaviors.

Theorem 1.3 Assume that f satisfies (1.7), let (i, u) be a solution to (1.1) with u > 0.
Then there exists some constant C > 0 such that

! <u'(x) < ¢ <1 (x) < ¢ Vx > 1
—_— u (x —_—, —— < l—-ukx) < —, x = 1.
C|x|l+2s - - |x|1+2s C|x|25 |x|25

—— <u'(x), and ——— <u(x) < L Vx < —1
C|x|2s - ’ C|x|2s—] - - |x|2x—1’ - )

Note in Theroem 1.3, s is always bigger than 1/2 by Theorem 1.2.

We would also like to point out that Cabré and Roquejoffre in [4] already proved that
when 0 < s < 1, there is no traveling wave solution for the Fisher-KPP model by studying
the exponential speed of the front propagation. Theorem 1.3, in particular, shows directly
that (1.1) has no solution for the Fisher-KPP model.

The plan of the paper is the following. In Sect. 2, we prove Theorem 1.1 by considering
the s-harmonic extension of the fractional Laplacian given in [3]. The key ingredient is to
show certain asymptotic rates of solutions at —oo. Section 3 is devoted to prove Theorem
1.2. The proof of nonexistence follows the same idea as in Sect. 2 by using s-harmonic
extension of the fractional Laplacian. We use an iterative argument to obtain an accurate
asymptotic behavior of possible solutions. The proof of existence relies on the truncation of
domain, asymptotic behavior of solutions and a sliding argument as in [9]. In Sect. 4, detailed
asymptotical behavior of solutions will be given.

2 Nonexistence in the combustion and Fisher—KPP models when 0 < s < 1/2
In this section, we assume 0 < s < 1/2and f € C I(R) satisfies condition (1.5). We prove

Theorem 1.1 by contradiction. Assume that (u, u) is a solution to (1.1). By (1.3) and (1.5),
we have > 0. Let i be the s-harmonic extension of u on RZ , that is,

u(x,y) = Pyxu(x), Y(x,y)eR: 2.1
with
2s 1425
agy r (==
Py(x) = ——=——, V(x,y) €R} and a, = M (2.2)
2 +x2177 TIl(s)

Let v(x, y) = ux(x,y) = Py*u'(x) forall (x, y) € R, Caffarelli and Silvestre [3] proved
that v satisfies

div[y' " Vu(x, )] =0, V(x,y) € R,
n{% —dsy' B uy(x, y) = (=AU (x), Vx €R,
y

v(x,0) =u'(x), Vx eR.

21=21(1 — )

where dy = ')
s
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By the standard maximal principle arguments, it is easy to see that u’(x) > Oforallx € R
and lim u'(x) =0 (see, e.g., [6,9]). Then we know that

|x|—o00

v(x,y) >0, V(x,y) €R2, and lim  v(x,y) =0.

[(x,y)|—=>00

By (1.1), without loss of generality, we can assume u(—1) = 6. Since u’(x) > 0 for all
x € R, we have f/(u(x)) > 0 for all x < —1. In summary, we know that v satisfies

div[y!=®Vu(x, y)] =0, V(x,y) € RZ,

lim —dyy' =% v, (x, ,0) = f '(x) >0, Vx<-1,
lim —dyy™ "oy (x,y) +ivx(x ) = fru(x)u(x) > x < 2.3)
v(x,y) >0, Y(x,y)eR% and lim  v(x,y)=0.
[(x,y)|—00
Define the auxiliary function
y2 sdy 1
ox,y) = ) —— Yx=<-1,y>0.
[x2 4 y2]2 Ko [x2+y2)2
Direct computations tell us that for all x < —1 and all y > 0, we have
sd 1 < o )<(1+sds) 1
—_ < (p X, y < —_ . s
w1, )l M I(x y)l
2s5%d -
divly' ">V (x, )] = = L)
K [
-2 d 22 2sd
lim —dyy'"2p,(x, y) = d, lim it +s—“- S
yN\O yN\O x2 + y 125 [xz + yz]j |X| +2s
(r,0 = 2%
r(x,0) = — - —
! o Ix?
Since 0 < s < ;, we have |xl\2 =n |1+25 for all x < —1. Hence for all x < —1, we have
2sd. sd,
. 1-2s _ _ S o7
Kr}) —dsy "7 @y (x, y) + e (x,0) = NEES + e
_ 2sdy sdy sd 0
= _|x|1+25 + x| 1+2s - _|x|1+25 <Y

For any § > 0, let ws(x,y) = v(x,y) — d¢p(x,y) forall x < —1 and all y > 0, then w;
satisfies
div[y! "> Vuws(x, )] <0, ¥x <—1, y >0,

. 1-2
tim —dyy' " Dy (x, ) + pDsws(x,0) 2 0, Ve < —1, 04

lim ws(x,y) =0.
[(x,y)[—00

Lemma 2.1 There exists some 8o > 0 such that ws,(—1,y) > 0 forall y > 0.

Proof First we see that

_y? oy sdy
1425 1
. p(—1,y) B § B b e e WS 1 sdy
vllm Y T = 11 25 - 1 + — < Q.
y—oo _ y*  y—>00 oy w
1425 14+2s
[1+y2] 2 (142 2
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Since u’(x) > 0 for all x € R, then u(0) > u(—1), which implies that there exists some
constant By > 0 such that

2s
a,[u0) — u(—1)] - —2—— > Bip(~1,y), Vy = 1. 2.5)
[+

+y
Since v(x, y) = Py xu'(x) forall (x, y) € Rﬁ_, by (2.2), for all y > 1 we have

a 2s ,
v(—=1,y) 2/ o 5w (x) dx
R[(—1— 02+
2s 0
> L%/ u' (x) dx
(14272 /-1

y25

1+2s
2

[1+y?]

= as[u(0) —u(=D]J-

> Bip(—1,y).
On the other hand, since v(x, y) > Oforall (x, y) € RT there exists some By > 0 such that

inf v(=1,y) > By- sup @(—1,y).
O=y=l 0=y=l

Let 6o = min{B, B>} > 0, we know that

ws,(—1,y) >0, Vy=>0.

Lemma 2.2 For the above &g in Lemma 2.1, there holds
ws(x,y) >0, Vx <-1, y>0.

Proof Assume ws, (X0, yo) < 0 for some xo < —1 and some yo > 0. Since ws,(x, y) — 0,
as |(x, y)| = oo, by Lemma 2.1, we know that there exists some x; < —1 and some y; > 0
such that

ws, (x1, y1) = xﬁ_lg{f}720 ws, (x,y) <O0.

By the strong maximum principle for uniformly elliptic equations, we know that y; = 0.
Applying Hopf lemma as in [2], we have

. 1-2.
Jim —dyy *Dyws, (x1,y) < 0.

Since x1 is an interior minimum of ws, (x, 0) in x < —1, then we have D,ws,(x1,0) = 0.
By (2.4), we get

lim —d,y' "% Dyws, (x1, y) = lim —d;y' ™2 Dyws, (x1, y) + Dy ws, (x1, 0) > 0.
»NO N0

We get a contradiction. Therefore
Wy (x,y) =20, Vx=-1,y=0.

[m}
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256 C. Gui, T. Huan

Proof of Theorem 1.1 Assume (i, 1) is a solution to (1.1). By Lemma 2.2, we know that

wsy(x,0) >0, Vx <—1.
sdg 1
Since ¢(x, 0) > . |— for all x < —1, we know that
noo|x

Sosd. 1
u' (x) > &-ﬁ, Vx < —1.
X

On the other hand, we know that [ u(x) dx = 1. This is a contradiction which implies that

there is no solution to (1.1). ]

3 Generalized Fisher-KPP model when 1/2 <s < 1

In this section, we assume that % <s<land f € C L(R) satisfies condition (1.7). One
example for (1.7) is the following:

fw) =u”(1 —u), YueR,

where p > 0 is the reaction power.

Our goal is to find the critical exponent s = s(p) such that a solution of (1.1) exists if and
only if 1 > s > s(p). In this section, we provide the proof of nonexistence of solutions for
(1.1) when s < s(p) by studying the asymptotics of solutions related to (1.1). By Theorem
1.1, it is readily seen that the solution to (1.1) does not exist when 0 < s < 1/2. Later, we
shall discuss the existence of solutions to (1.1) by a similar argument as in [9].

3.1 Nonexistence results

The following lemma is important in the proof of nonexistence, and has already been proven
in [9]. For completeness, we list the proof here.

Lemma 3.1 Ler 7 <s<landue CZ(R) such that‘ lim u'(x) =0 and hm u(x) =
|—o0

L* for some L=, Lt € R, then we have
R

lim / (=A)u(y) dy = 0.
R

R—o00 J_

Proof For any R > 0, we have

( AYu(y) dy = Ci.s 4O) — 4O+ W) 4y
wi=1 w1
—u(y +
/ PV /W1 ”(”mﬁiyz; w) dwdy]
u(y) —u(y +w)
[/ /w\>1 T

u(y +w) —u(y) —u'(y)w ]
— dwdy |.
/4e /|w\<1 w142 e
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Traveling wave solutions 257

For / / “@) |_ |LIS‘);S+ w) dwdy, since % < s, by Fubini—Tonelli’s theorem and the
lw|>1 w

dominated convergence theorem, we know that

/ / u(y)—b:(y2+w) dwdy
[w]=1 [w|l+2s
u'(y+rtw)-w
/ /le>1 / |w|1+2v didwdy
=_/|| lm/ / u'(y + tw) dydtdw
wi(>

:_/|| 1|w|1+23/ [u(R + tw) —u(—R + tw)] dtdw

w
—>/ W(L_—L+)dtdw=0, as R — o0
[w|>1

|w | 14+2s
and the dominated convergence theorem, we know that

/R/ u(y +w) —u(y) —u'(y)w dwdy
—RJjw<1 [w]1+2s
R 1,1 1
:/ / / / —— ~u”(y + rtw) drdtdwdy
w|<1 |w]=S
/ —s— / / / u”(y + rtw) dydrdtdw
lw|<1 |w| s

=/ W/ / [/ (R +rtw) —u' (=R + rtw)] drdtdw
lwl=1

— 0, as R — oo.

R _ o
For / / uy +w) —ul) —uw dwdy,sinces < 1, by Fubini—Tonelli’s theorem
w|<l1

R
Therefore, we can conclude that/ (=A)*u(y) dy — 0,as R — oo. O
—R

Remark 3.1 Tf (i, u) is a solution to (1.1), since u’ € L' (R), by Lemma 3.1 and f(u) > 0
for all u € [0, 1] we know that f(u) € L'(R). In particular, if we know that there exists
some constants C > 0 and » > 0 such that

, C
u'(x) > —, Vx<-1,

ool
then we have r > 1 by the integrability of u’. On the other hand, by (1.7), we know that

fu@x) = A (% . lx‘%)ﬁ for all x < —1. Hence it necessarily holds that (r — 1)p > 1,

ptl

ie.,r > .
P

In the following, we assume that (u, ©) is a solution to (1.1) with & > O and u(—1) = 6.

Let u be the s-harmonic extension of u on Ri and v(x, y) = U (x, y) = Py * u'(x) for all
(x,y) € ]Rﬁ_, by the same discussion as in Sect. 2, we know that v satisfies
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258 C. Gui, T. Huan

div[y!=%Vu(x, y)] =0, V(x,y) € RZ,

;i{‘r}) _dsyl’z‘vvy(x, y) + poe(x,0) = f'u@x)u'(x), Vx €R, 3.1)

v(x,y) >0, V(x,y) € RT, and lim  v(x,y)=0.

[(x,y)[ =00

For any @ € [1, 2s] and 8 > 0, we consider the auxiliary functions

y2 N 2Bsd, 1

24272 an 2 4yE

By direct computations, for all x < —1 and all y > 0 we know that

Zﬂsds) 1
e |(x, I

o 2Bsdy (25 — 14+ a)y! =2
diviy' " Ve g(x, y)] = . >0,

s X2 +y21 2
y2 — 2sx2 n 2Bsdy y2=2s i|

Yo, p(x,y) = Vx < —1, y>0.

2Bsd, 1
2sp [x2+y2)2

IA

QYa,px,y) < (1 +

a+2

YN0 YN0 [x2+y2]%+" m [x2 + 2]

2sdy
BN

2Bsd, 1
m |x|l+0l :

lim —dsy' "% Dygy p(x, y) = dy lim [
nd

ngaol,ﬂ(x» 0)

Hence for all x < —1, we have

2s5dg 2Bsdy

: 1-2s _
;I{AT(I) —dyy Dy(ﬂa,ﬂ(X, y) + MDx%c,ﬁ(x» 0) = —W W-

For any § € (0, 1), let

W, p(x,y) =v(x,y) —8pgp(x,y), Vx=<-1,y>0.

Then w; o, g satisfies

divly' " Vws ¢ (x, )] <0, ¥x < —1, y >0,

lim —dyy" 5 Dyws 0,p(x, ¥) + nDxws 0,p(x, 0)
28Bsds ’
= [’ () - T + Fi. Vo< -1

lim  wsgqp(x,y) =0.

[(x,y)| =00

(3.2)

Lemma 3.2 For any fixed o € [1,2s] and B > 0, for all § € (0, 1], if we have
28Bsdy 28sdy

! /
S @O @) = T+ e 2 0 Ve s,
then there exists some constant C > 0 such that
"(x) = and u(x) > ¢ Vx < —1
u' (x —_— ux) > ———-, x < —1.
T x| x|t
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1 1
Proof Since o > 1, we know that = <  forall y > 0. By taking the limit
[1+y217 7 [14y2]2

of the ratio, one can get

Y2y 2uPsds 1
1+2s 1
lim @a,p(—1,y) < lim 02 g Bz 1+ 2afBsd -
y—00 y= — y—>o0o 2s - '
T42s 1525
[1+y?] 2 [1+y2] 2

By the same arguments as in Lemma 2.1 and Lemma 2.2, we know that there exists some
small §p > O such that

Wsp,a,8(x,¥) >0, Vx <-—1, y>0.

. 2Bsd; 1
Since @y, g(x,0) > . G for all x < —1, we have
280Bsd. 1
W) = o0z 20 Ly
| x|«
[m}
Lemma 3.3 (Initial Asymptotic Rate) There exists some constant Co > 0 such that
Co
/
u(x) > T and u(x)zm, Vx < —1.
Proof Leta = 2s and B = 1 in Lemma 3.2. Observe that
28Bsd; 28sdy 28sd, 28sd,
/ 1 Y /
Fao' @) = TG+ Ty = S @ @) - s+ T
= flu@)u'(x) =0, Vx <—1.
Then Lemma 3.2 leads to the conclusion. m]

Remark 3.2 Lemma 3.3 provides an alternative proof of Proposition 4.2 in [9].

As an immediate consequence of Lemma 3.3 and Remark 3.1, we have the following

1 1
Theorem 3.1 Let > <s§s < %, then there is no solution to (1.1). In particular, for all
p

1
0<p<land 5 < s < 1, there is no solution to (1.1).

Lemma 3.4 (Asymptotic Rate Lifting) Let 1’2—+1 <s<landr e (%l, 251, we assume
there exists some constant By > 0 such that

By

u'(x) > and u(x) > ——, Vx<-—1.
|x|r—l

JxI”’
Let @ € [1, 25] be such that o« > p(r — 1), then there exists some constant C > 0 such
that

/
u(x) = —
x|’

C
and u(x) > mﬁ’ Vx < —1.
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Proof By the assumption and (1.7), for all 8 > 0, all § € (0, 1] and all x < —1, we know
that

26Bsd; 28sd; 1 26Bsd;

/ / /

fao' @) = TOEg + Ty = Ale(ol? 0 = 5D
4 By P—‘. By 28Bsd;
= Al |x|r—1 lx|” |x|l+a
_ AlBé' 26Bsd;
- |x|r+(p—1)(r—1) - |x|l+a

Ay Bf — 28Bsd,
- |x|]+a
AiBf
Let g = 385d, > (, by Lemma 3.2, we have completed the proof. O

Remark 3.3 1If p+1 <r< %, by letting p(r) := p(r — 1), we know that

l<p() < ——@—1)=r
r—1

We shall show the following theorem.
Theorem 3.1 Let p > 1 and % < § < min {1, ﬁ}, then (1.1) has no solution.

Proof By Lemma 3.4, we have the following
Claim : if

’ BO BO
u((x)>—— and u(x)>—, Vx
x]” x|

IA
|
—

for some r € (pT'H, 2s] , then

, C C
u'(x)>——, and wu(x)>——, Vx < —1
x|« x|
witha € (p+1 ,p(r — 1)).Thisisaconsequence of the fact that the function p(r) = p(r—1)
has a unique fixed point at r = ﬁ and p(r) < rforr < %, which implies that, for & and
r as above, there holds r < 2s < % and then ¢ < r < 2s. The claim then follows from
Lemma 3.4. Now, one can apply recursively the claim, starting withr = 2s < % and after a

finite number of steps, get a = pTTl, because p™ (r) := pop---p(r) = W -

—o0 as n — o¢. This is a contradiction to Remark 3.1. O

Note that 5 71 > 1if1 < p <2,and 5 -1 < 1 if 2 < p. Therefore, there is no
solution to (1. 1) foralls € (0,1)if p <2.

3.2 Existence results
In this subsection, we assume that f satisfies (1.7), p > 2 and % <s < 1, we will show

that a solution to (1.1) exists. Mellet et al. [9] have shown the existence of traveling fronts for
the non local combustion model when % < § < 1. The proof for the generalized Fisher-KPP
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Traveling wave solutions 261

model follows a similar argument to that in [9]. For any © € R and b > 0, we first consider
the following truncated problem:

(=AY u(x) + pu'(x) = f(u(x)), Vx e (=b,b),
ux) =0, Vx <-b, 3.3)
ux)=1, Vx>b.

Proposition 3.1 Assume s > and f satisfies (1.7). Then there exists a constant

_pr
2(p—1D
M such that if b > M the truncated problem 3.3 has a solution (up, jtp). Furthermore, the
following properties hold:

(1) There exists K independent of b such that —K < up < K;
(2) up is non-decreasing with respect to x and satisfies 0 < up(x) < 1 for all x € (—b, b).

To prove this Proposition, we need the construction of sub- and super-solutions. The
construction is based on the following lemmas, same as in [9]. We would like to present
the proof of the following second lemma, and especially elaborate on the sliding method
mentioned in [9].

Lemma 3.5 Forany i € Rand b > 0, (3.3) has a solution u,, p such that 0 < u, »(x) < 1
in R, uy p is non-decreasing in R and (v — u,, p is continuous.

Proof The proof is the same as the proof of Lemma 2.4 in [9]. O

Lemma 3.6 There exists some constants M, K > 0 such that for all b > M, we have

a. If u > K, thenu, »(0) < 0;
b. If u < —K, thenu, ,(0) > 6.

Together with Lemma 3.5, Lemma 3.6 implies that there exists u, € [—K, K] such that
uy, p(0) =0.

Proof Consider the function

(x) = MZ%’ Vx < —1,
POZNL ve s -1

Since 2s > 1, by Lemma 2.2 in [9], we have

Ciy | n@s—1) 1
2s|x|25 |x|25 |x|4s—1

(=AY @ (x) + ¢ (x) = )  asx o —oo.

Moreover, by (1.7), we get

Flo) < Adlp@IP < — 22 vr< -1
@ = 209 —= |x|(2S*l)p’ = .
C
Since -2 < 2s, we have (25 — 1)p > 2s, which implies that for all ;o > ——bs
4 H” 2s(2s — 1)
2
2s — 1’
s / 1 1
(=AY o(x) + ue'(x) — flpx)) = +0 — ), asx - —o0.
|x|25 |x|45 1
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Since 45 — 1 > 25, we know that there exists some large A > 0, which is independent of p,

C A 1
such that for all ;& > F (2; i D + 2; j— T we have

(=AY o(x) + pe'(x) = flpx), x<-A.
2s — 1 2s — 1

For —A < x < —1, we know that (—A)°¢(x) is bounded, but ¢'(x) = ——5— > —5—
|x] 28 A2s

So there exists some K > 0 such that for all © > K,

(=AY p(x) + pne'(x) = [sglp | f o).

Hence for all u© > K, we have
(=AY p(x) + ng'(x) = flpx)), Vx < -1

On the other hand, by the definition of ¢(x) and (1.2), we know that for all x > —1,
(=AY p(x) > 0,¢'(x) =0and f(¢(x)) = 0. In summary, for all ©x > K, we have ¢(x) is
a super-solution for (3.3). Now fix some large M > 0 such that (—M) = # < 0.
Claim: For all 4 > K and all b > M, we have u, ,(x) < ¢(x — M) for all x € R, in
particular, u, 5»(0) < 6.

Let ¢ (x) = ¢o(x — M) and define

Vi(x) =¢(x+1) —uyu(x), x € R.
Let
O={t=20:¥(x)=¢d(x+1) —u,(x) =0, x € R},

then O is nonempty since {t > 2b} C O. O is clearly closed. Take a convergent sequence
{t,} C O, t, —> t asn — o0, then

lim W, (x) = lim ¢(x +1#,) —u,(x) >0, x e R.
n—o0 n—o0

Therefore t € O.
Next we show that for any t € O,
W (x) =¢(x +1) —uu(x) > Oforallx € (—b, b).
In fact, if there exists xo € (—b, b) such that W, (xg) = ¢ (xo + 1) — uy(xo) = 0, then
0> (=A) W (x0) + W[ (x0) > f(p(x0+1)) — f(uu(x)) = 0.

This is a contradiction.
It follows that O is open. Together with the fact that O is closed, we get O = [0, 00). By
the above sliding argument we know

u,(0) <p(—=M) < 6.
Similarly, for a lower bound we define ¢ (x) = 1 — ¢(—x). Thenif u < —K,x > 1,
(=A)’ 01 (x) + @) (x) = =[(=A) p(—x) — u@' (x)] <0 < f(¢1).

Moreover ¢1(x) = 0 for x < 1. Take M so that ¢1(—M) = 1 — tg, then ¢1(x) > 6 for
x > M. Define ¢,y (x) = ¢1(x + M), then ¢, is a sub-solution to 3.3. Therefore by the
same argument as above u,,(0) > ¢ »(0) > 6 for p < —K. ]

@ Springer



Traveling wave solutions 263

Theorem 3.2 Under the conditions of Proposition 3.1, there exists a subsequence b,, — 00
such that up, — ug and pp, — po. Furthermore, po € (0, K1 and uq is a monotone
increasing solution of (1.1).

Proof By Lemma 3.6, up € [—K, K] we have the elliptic estimate for up:
lupllc2e = C
for some « € (0, 1). Thus there exists a subsequence b, — oo such that
Mn = p, —> o € [—K, K]
Uy = Up, = U, aSN —> OO.

Thus ug satisfies (—A)ug + /Lou6 = f(up). Also we know u( is monotone increasing,
up(0) = 0 and ug is bounded. By a compactness argument, there exist yp, y1 such that
lim wug(x) = yp and lim ug(x) = y; with
X——00 X—>00

O<pw=o0=y =1

We know both yp and y; satisfy f(yp) = Oand f(y;) = 0 whichimplies yp =0, y; = 1.
Moreover, by integrating (—A) ug + M0u6 = f(up) over R, together with Lemma 3.1, we
know

o= /R Fluo())dx > 0.

4 Asymptotic rate at o0

In this section, we will study asymptotic behaviors of solutions to (1.1) when x — =£o0. Let
fecC ) satisfy (1.7) and (i, u) be a solution to (1.1). First we investigate the asymptotic
behavior of u when x — co. Let M = || f 10,17 > 0, by (3.1), we know that
div[y' =2 Vu(x, y)1 =0, VY(x,y) € RZ,
lim —dsy' Py (x, y) + pue(x, 0) + Mu(x, 0)
y
— M+ f'u(o)u'(x) >0, Vx R, “.D

v(x,y) >0, V(x,y) € R2, and lim  wv(x,y) =0.

|Cx,y)[—>00
We consider the auxiliary function

y2 2sd, 1
1425 142s °

2+ M2y

p(x,y) = Vx>1,y>0.

By direct computations, for all x > 1 and all y > 0, we know that

2sd; 1 <o y) < (l n 2sds) 1
. 7S < (p X,y < . s
M [x2+y2]# M |(x7)7)|

2sds  (4s)(1 +25)y! =%

2543

Mo 2y

divy' Vo (x, »)] = >0,
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lim —d,y' ™0, (x, y) = d; i
yl\r‘% sy (P)(x y) SyI{‘I})

2sd;
= — W , and
2sdy 2s

M |x|2+2s :

a+2

y2 — 2sx2 2sdg y2’25
242030 M2 g2
Dyp(x,0) = —

Hence for all x > 1, we have

lim —dyy' ">, (x, y) + pex (x, 0) + Mo(x, 0)

yN\O
. 2sdg 2usdy 28 M 2sdg 1
- _|x|l+2s T M |x[2+2s +M- M |x|1+2s”
2usdy 2s

M P S
For any § > 0, let
ws(x, y) = v(x,y) —dpx,y), Vx>1,y=>0.
Then w; satisfies
div[y'=*Vws(x, )] <0, Vx>1, y>0,
lim —d,y'™2 Dy ws (x, y) + uDsws (x, 0) + Mws(x,0) = 0, Va = 1,
|<x.lyi>lwll>oo wlx, y) =0.

We have the following

Proposition 4.1 There exists some constant C > 0 such that

> —S Vx > 1
M(X)_W, X .

Proof By the same argument as in Lemma 2.2, we know that there is a positive constant 8¢

such that
v(x,y) = dop(x,y), YVx=>=1,y=>0.

In particular, we know that
280sdy

u'(x) = v(x, 0) = Sog(x, 0) = e w20
Lemma 4.1 Let § > 0, we consider the function
! V. |
—, Vx < —1,
Yp(x) =1 |x|P
0, Vx>-—1.

Then
a. If0 < B < 1, we have

Clys-B(2s+ﬂ,1—ﬂ)+0( 1

s — —
(=AY Yg(x) = Ty x2s+ﬂ) , asx — 00.
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b. If B > 1, we have

Cis 1 1
(—A)Y Yp(x) = — " +0( ) 45 x - o0,

ﬂ — 1 xlt2s x 142s

c. If B =1, we have

(=AY (x) =

Cislnx ( Inx

— .
PoIEs] x2s+1) ; aSX = 00

Proof In fact, for all x > 2, by changing of variables, we know that

—x—1 _
(=AY Yp(x) = Cis |:/ Yp(x) —Ypx +y) iy

—00 |y|l+2S
() — P +y) ]
P.V. d
OV T e y

_c /‘“ -1 Cis / DR B
T e AP VT T [ e
a. When 0 < 8 < 1, we have

—1 1
——— dz < oo.
/4 |z + 117

By the dominated convergence theorem, we know that

-1 -1
x 1 1
/ 712dz—>/ ———————-dz, asx — 0.
—00 |Z+]|5|Z| +es —0 |Z+1|ﬁ|z| +2s

On the other hand, we know that

—1 1 1 y1+2s 1 1
76&2/7-—41 (b lettin z:—f)
/_oo |z + 1Pz 1+ 0 ‘_1+1"j e y
y

1
= / Y1 -y P dy=BQ2s+B,1—B) > 0.

0
So we know that

(=AY Yp(x) = —

CI,S-B(zs+ﬂ,1—ﬂ)+o( 1

— .
x2s+8 x2s+ﬂ) » asx R

-1

b. When 8 > 1, we know that / dz = 0o, which implies that

o lz+ 18

-1
x 1
———————dz — 00, asx — 0.
/40 lz 4 118|212
By L’Hospital rule, we have
—1-1 1 —1-2s
lim = lim = .
X—00 xB-1 X—>00 B - 1)x5—2 B—1

So we derive

Cls 1 1
(A Yp(x) = — " +0( ) a5 x — 00,

ﬂ —1 ' xl+2s
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-1
dz = 0o, which implies that

c. When g = 1, we know that /
oz 41

I-x 1
x
[ W dZ — 00, asx — OoQ.

oo
By L'Hospital rule, we know that

—1-1 C-
1 I

i oo g AT k141 ¥z

1m = —

X— 00 Inx X— 00

Therefore we have

s Cislnx In x
(A1) = == 5

O
Lemma 4.2 Let B > 0, Yg(x) be defined as in Lemma 4.1, then we have the following
estimates:
a. If0 < B < 1, there holds that

o CiyAGLB) 1
(=4) Wﬂ(x) - |x|25+/3 o (|x|2s+ﬂ

), as x — —0Q;

where

* 1 1 ! |z— l\ﬂ + |z+1|ﬁ -2
AGs, B) = ——dz — - dz;
(S /3) /1 |Z|]+2S|Z+ 1|ﬂ Z s +/0 |Z|l+2s 2

b. If B > 1, we have

) Cis 1 1 )
(_A)Swﬁ(x) = _'3 1 x| 1425 +o (|x|25+1) » S Xx — —00;

c. If B =1, we have

Ciyln|x]| ( In |x|

§ = - —
(=AY’ Yi(x) = NS +o0 |x|25+1)’ as x — —00.

Proof Forall x < —2, we know that x + 1 < —x — 1 and

_Cis Wﬁ(x+y)+\0ﬁ(x—y)—2w(x)d
2 R |y|1+2s

I S SRR B
Cuo [ [ whE  oF P T P T P
- T 9yt 1+2s dy
2 —o0 [yl x+1 [yl
1 2
. 2
FP P
+/ byl B,
—x—1 |y|l+2‘Y

1

1 1
___Cuis /1" lz—11F -2 dz+/l+x lz— II“ * |z+1\fj —?2 d
2|x|2s+ﬂ o |Z|1+25 _l_i |Z|1+25

(=A)*Yrp(x)
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1
o0 — - 2
lz+11# _
-i-/l+l W dZ:| Lety = —XZ
1

1 1 1 1 _
- Cis |:/oo lz+11# 2 dz +/1+x lz—1 + lz+11 2 dZ:|
- 25+ 1 1+2s 1+2s
X2 | i gl 0 2l

For the first term inside the bracket, we know that

L _
lim “Hmzdz_/w1&_1
X——00 1+% |Z|1+2s 1 |Z|1+2‘Y|Z+1|ﬁ s

1
a. Since B € (0, 1), we know that / dz < 0o, which implies that
0

lz— 118
1 41 _
lim = w2 _/ lz— Hff + \z+1|ﬁ
x——oc0 J§ |Z|1+25 0 |Z|l+2x
Let
°° 1 1 AT
A(s, B) = ————dz— — + dz,
( ﬂ) /1 |Z|1+2s|z+1|/3 s /0 |Z|1+2s

then we have

Cis-AG. B) ( 1

AN _ _
(=AY Ypx) = x| 258 |x|25+/3)’ as x — —o00.

1
1
b. Since 8 > 1, we know that / W dz = oo, which implies that
0 12—

1+
|z— 1\’3 + \z+1|’s -2
dz — 00, asx — —o0.
0 |Z|1+2v

By L’Hospital rule, we know that

e AT !
ot EE T g (1 4 4 —2]- (=)

LY (x)p ! S Sy Ty SR

Hence we have

s Cis 1 1
(=AY Yp(x) = 1 +o s ) as x — —00.

1
c. Since f = 1, we know that / dz = oo, which implies that
0

lz =1

1+1 -
F w2
dz — 00, asx — —o0.
0 |Z|1+2s

By L’Hospital rule, we know that
1+1 Ayt -2
ot T s (i1 +3 2] (-)

lim ‘ = lim
X——00 In(—x) X——00

=1.

1
X
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Hence we have

(—A)Swl(x):—cl’sln [x] ( In |x|

|x|2s+1 |x|2s+1) » asx — —00.
Lemma 4.3 Consider the function

1, Vx < -1,
¢x) = [O, Vx > —1.

Then

Cis 1 1
(=A)’p(x) = — 5 . |x|2‘v +o0 (W), asx — oo, and

(=A)p(x) = Cis ! +o0 L asx — —o0
T 2s |x|2s |x|2s ’ '

Proof a. Infact, for all x > 2, we have

—x—1 _ 00 .
(—A)$(x) = Ci s [ / PW —d0ty) L pyy [T PN 9G4y dy}

o |y|l+2s el |y|l+2s
—x—1 1
- _Cl’s/_oo s
Cis 1
T Tkt

Cis 1 + 1 = o
= — . ol—=), asx .
2s |x|25 |x|2s

b. If x < —2, we have

—x—1 _ 00 _
<—A>S¢<x>=cl,s[@.v.> / Mdy+/ Mdy]

|yl +2s —xl y|1+2s
o0 1
:cl,/ —dy
Pt Iy

Cis 1
2s x4+ 1]

Cis 1 1
— c-——— 40— ), asx — —o0.
2s |x|2s |x|25

m}

Below we show a form of the maximal principle which is a slight variation of those in
[2,6].
Lemma 4.4 (The Maximum Principle) Let H be a nonempty open subset of R, assume
d(x) > Oforallx € H and w € C'(H) satisfies

(=AY wx) + pw'(x) +d(x)wx) >0, Vx e H,
‘ llim w(x) =0,

w(x) >0, Vx¢ H.
Then w(x) > 0 for all x in R.
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Proof Assume w(xg) < 0forsome xg € R, since w(x) > O forallx ¢ H,| l‘im w(x) =0,
X |—> 00
and w € C'(H), then there exists some x; € H such that

w(xy) =;Iéﬂf§ w(x) < 0.

Since x; is a global minimum of w in R, x; € H and w € CI(H), then
(=AY w(x1) <0, and w'(x1) =0.
Since d(x) > O for all x € H, and x; € H, so we have
(=AY wxn) + pw'(x1) + d(xnw(xp) <0,
which contradicts with the assumption. O

The following two propositions give suitable lower and upper bounds of the asymptotic
decay rates of u’ and 1 — u at oo, which are expected to be a power of 1 + 2s and 2s,
respectively.

1
Proposition 4.2 Let 5 < s < land (u, u) be a solution to (1.1) with u > 0. Assume that

f'(1) < O, then there exists some constant C > 0 such that

C
u'(x) < and 1 —u(x) < —, x>1.
|x|2x

|x|2s’

Proof Since f'(1) < 0, there exists some m > 0 and 6y € (0, 1) such that f/(u) < —m for
1

C ) ) 2
all u € [0, 1]. Let € > 0 be such that —=Ls +me ¥ = ﬂe’m, that is, € = S .

2s 2 Cis
Consider

V) =¢ (x —e ' — 1)+ yo(—ex) VxeR.

we know that

1
U(x)=€e 2. ——, and ¥V (x)= —2se >

|x|25’ Vx > —.

’ |x|1+2s’ €

By Lemma 4.3 and Lemma 4.2, we know that

(—AY W) = St L ! as x — 00
— X) = — . o\ ——=-1, S X .
2s |x|2s |x|2s

Hence we have

K / Cl,s _2s 1 1
(=AW (x) + pu¥ (x)+m\IJ(x):|:— % + me }-ﬁ—l—o( )

|x|25

me’Z‘Y ! + ! as x — 00
= — c—e to|l —57 ), X .
2 |x|23 |x|2s

So there exists some large R > 0 such that

(=AW (x) +pu¥' (x) + m¥(x) >0, Vx

A%

R.

Up to a translation, without loss of generality, we assume ©(0) = 6p. Notice that v(x) =
u'(x) > 0in R satisfies

(=) v(x) + ' (x) +mu(x) = [m + f'@@)vx) <0, Vx> R.
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Since ¥ (x) > 0 for all x € R, there exists some C > 0 such that

C>|vllcwgy and C inf W(x)=>|[vlcr).

xele=!,R]
Since ¥ (x) = ¢ (x —e - 1) =1forallx <e ! we get CY(x) = C > |v|lcm) for
allx <e l.In summary, we know that
C¥(x)>vx), Vx<R.
Let w(x) = C¥(x) — v(x) for all x € R, we have
(=AY w(x) + pw'(x) + mw(x) >0, Vx> R,

lim w(x) =0,
X—> 00

wx) >0, Vx <R.

By Lemma 4.4, we have w(x) > 0 in R, which implies that

N >vx) =u'(x), Vx>1.

m}

1
Proposition 4.3 Let 3 < s < 1, assume that f'(1) < 0, let (i, u) be a solution to (1.1)

with i > 0. Then there exists some constant C > 0 such that
"(x) < _c_ d 1—-uk) < —- >1
u (x an —u(x X .
- |x|1+25’ - |x|23’ -

Proof Since f'(1) < 0, there exists some m > 0 and 6y € (0, 1) such that f/(u) < —m for
all u € [6p, 1]. Let € > 0 be such that

Cq Cq m !
-1 S 6_1 . »S +m€—1—23 _ .6—1—23.
2s — 1 2s 2

That is, we have

€ 2s € 2s m

2% T =120,

By considering the function W (x) = ¥rs(ex — 2) 4+ Y1425 (—€x) for all x € R, we know
that

14 2s 1

__—1-2s / _ —1-2s —
\IJ(X)—G 'W, and ‘IJ()C)——E . |x|2+257 Vx >¢€ .
By Lemma 4.1 and Lemma 4.2, we know that
) _ Ci 1 . C 1 1
K __ 1 S _ 1. S
(=AY (x)=—¢€ P 7|x|1+25 € o s +0(|x|1+25)’ as x — 00.

So we get

1 Ci, o G - 1
s , . 1 ,8 1 8 1-2s
(=AY (x) + pn¥'(x) + m¥(x) = [—é iy —€ - P +me ] ’ |x[1+2s
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1
+0(|x|1+2s)

mo 12 1 1
-5 ’ x|1+2s 0 |x|1+2s ) ° as x ’
Hence there exists some large R > 0 such that

(=AW (x) +u¥' (x) + m¥(x) >0, Vx>R.

Without loss of generality, we assume u (6_1) = 6, we know that v = u’ satisfies

(=AY v(x) + ' (x) + mu(x) = [m + f'@@)vx) <0, Vx>e !
Forall x < ¢!, we have ex —2 < —1 and —ex > —1, which implies that
V(x) = Yos(ex —2) =

lex — 22"
By Proposition (4.2), we know that there exists some constant C; > 0 such that

u(x) =vx) < C¥(x), Vx<e L

Notice that for all x > ! , W(x) > ¥r1425(—€x) > 0, which implies that there exists some
C, > 0 such that

Cy, inf W(x)>

sup  v(x).
xe[1.R]

xele=1,R]
Let C = max{C{, C2} > 0 and w(x) = C¥(x) — v(x) for all x € R, then

(—AYw(x) +pw'(x) >0, Vx >R,
lim w(x) =0,

X—> 00

w(x) >0, Vx <R.

By Lemma 4.4, we know that w(x) > 0 in R, which implies

FE >v(x) =u'(x), Vx>1.
The inequality for 1 — u(x) follows immediately. O

Proposition 4.4 Let — < s < 1,let (i, u) be a solution to (1.1) with ;v > 0 in Theorem 3.2.
Then there exists some constant C > 0 such that

m < M/(x), and

Proof We have shown in the proof of Theorem 3.2 that there exists some constant C > 0
such that

Vx < —1.

_ C
ux) = e
Now it suffices to show that there exists some constant C > 0 such that

m < u/(x), Vx < —1.
X
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Cis 2s Cis

Let € > 0 be such that — + 2suel_ = ———2>" thatis,
2s — 1 22s — 1)
1-2s Cl,S
4spu(2s —1)°
Let ®(x) = ¥os(ex) in R, then
CD()— —25' quI()_ —2S.27s V <_—1
X)=¢ MER an X)=¢ =R x < —e .
By Lemma 4.2, we have
Cayom=-—Cu (] - o
- X)) =— . 0 , asx —00.
25 — 1 |x|1+2s |x|1+25
So we get
s i Cis e! 0 2s 1
(FAY Q@) +u®0) = 5 s TR T o T\ s

Cis 1—2s e ! 1
= |:_25_ 1 +2spe [x |25 +o x| 1 +2s

Cis ! + ! — —00
= . 0 , asx — —oo.
225 — 1) x|+ I [T+2

Therefore there exists some large R > 0 such that
(=A)®(x) + p®'(x) <0, Vx <-R.

Since f'(t) > Oforallt € [0, 6], without loss of generality, we may assume u(—e ') = 6.
Notice that v(x) = u/(x) > 0 in R satisfies

(=) v(x) + ' (x) = f'u@E)(x) =0, Yx <—e .

Since ®(x) =0 forall x > —e !, we get d(x) < v(x) forall x > —e 1. Since v(x) >0
in R, there exists some C > 1 such that

C inf v(x) > sup D (x).

xe[fR,fefl] xe[—R,—e‘l
Let w(x) = Cv(x) — ®(x) for all x € R, we have

(=A)Y'w(x) + pw'(x) >0, Vx < —R,
Iim w(x) =0,
X—>—00

w(x) >0, Vx> -—R.

By Lemma 4.4, we have w(x) > 0 in R, which implies that

@ <vx)=u'(x), Vx<-—1.

[m}
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