Calc. Var. (2015) 52:641-659

DOI 10.1007/500526-014-0727-8 Calculus of Variations

Liouville type theorems for nonlinear elliptic equations
and systems involving fractional Laplacian in the half
space

Alexander Quaas - Aliang Xia

Received: 23 October 2013 / Accepted: 1 February 2014 / Published online: 18 March 2014
© Springer-Verlag Berlin Heidelberg 2014

Abstract We study the nonexistence of solutions for fractional elliptic problems via a
monotonicity result which obtained by the method of moving planes with an improved
Aleksandrov—Bakelman—Pucci type estimate for the fractional Laplacian in unbounded
domain.
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1 Introduction

This paper is devoted to the study of nonexistence results for positive solutions of a class of
fractional elliptic equations and systems in the half space R{X ,1.e.,
—A)u=u” in RY
(A u=uf in Ry, | (1.1)
u=0 in RM\RY

and
(=A)u =v? in RY,
(=A)%v =uP in RY, (1.2)
u=v=0 in ]RN\Rﬁ

where R_’X ={x =G xy) e RN xR|xy > 0}, « € (0, 1) and the fractional Laplacian
operator (—A)* is defined as
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642 A. Quaas, A. Xia

u(x) —u(y)

iy forall xe RY. (1.3)
RN

(=A)*u(x) =CyqoP.V.

Here P.V. denotes the principal value of the integral, that for notational simplicity we omit
in what follows and we without lose of generality take C o = 1.

If « = 1, Dancer [11] studied the nonexistence of positive solutions for the following
nonlinear elliptic equation

[—Au =uP in Rf, (1.4)

u=0 in dRY

and proved that problem (1.4) have no bounded positive solutions if | < p < NEL We note

N-3*
that 2 < MELif N > 3, 5o this improves Theorem 1.3 in Gidas and Spruck [19] which

established that the problem (1.4) have no nonnegative classical solution if I < p < %—f%

The mainideaof [11], which consistin the following: if there is a solution of (1.4) in {x) > 0},
and if one is able to show that any such solution is increasing in xy-direction, then, after
eventually some supplementary work and bounded assumption, one should be able to pass
at the limit as xy — oo and thus get a solution of the same problem in RV !, which in turn
permits to use the nonexistence result for the whole space. Also, there is a simplify version of
the argument by Dancer, see [2]. For more general operators, similar problem for equations
and systems have been studied by the Quaas and Sirakov [24,25] and reference therein for
other related results.

During the last years there has been a renewed and increasing interest in the study of
linear and nonlinear integral operators, especially the fractional Laplacian, so one naturally
wonders if the method in [2] and [11] is still applicable for the fractional Laplacian operator.

Our first main result is

Theorem 1.1 IfN > 2a+1landl < p < %, there are no positive viscosity bounded
solutions of Eq. (1.1).
Remark 1.1 This Theorem improves Corollary 1.6 of [15] in the case %fgg < p <

(N—1D)+2a
N—-D—2a°’

see also Theorem 1.2 in [14].

In order to complete the proof of Theorem 1.1 we need a Liouville type result for the
corresponding entire space problem

(=A)%u =u” in RV. (1.5)
By Theorem 3 in [9], Theorem 4.5 in [10] and some regularity results (see Theorems 2.5 and
2.6 below), we have the following result. See also [22] and [14].

N+2a
N2«

Theorem 1.2 For 1 < p <
solutions of Eq. (1.5).

and N > 2a, there are no positive viscosity bounded

For system (1.2), we can get similar result as Eq. (1.1). The same we first consider the
corresponding system in the entire space

[ (=A)u =v9 in RV, (16)

(—A)*v =u? in RN,

We can deduce the following result from Theorem 1 in [23] and regularity results Theo-
rems 2.5 and 2.6 below.
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Liouville type theorems for nonlinear elliptic equations and systems 643

Theorem 1.3 If N > 2« and (p, q) satisfy

N + 2« N +2a
<p,g=< but not both equal to )
N —2a N —2a N —2a

then there are no positive viscosity bounded solutions of system (1.6).

We note that Theorem 1.3 does not considered the case 1 < p,q < ﬁ In [12],
Dahmani—Karami—Kerbal use weak formulation approach and rely on a suitable choice of
test functions, they proved that there are no nonnegative bounded weak solutions of system
(1.6) if

2 1) 2 1
ax( a(p + ), (g + )] > N —2«a, where p,g > 1. (1.7)
rq —1 rq —1

Noticed thatif 1 < p,q < ﬁ, then condition (1.7) is satisfied. So Theorem 1 in [12] and
regularity results Theorems 2.5 and 2.6 below can imply that

Theorem 1.4 Suppose N > 2«, then there are no positive viscosity bounded solution of

(1.6) if (p, q) satisfy (1.7).

Remark 1.2 1f we replace the fractional Laplacian operator in system (1.6) by more general
integro differential operator, we can get similar result as Theorem 1.4 by considering the
fundamental solutions as in [17] and [24], see [26].

Thus use the same method as the proof of Theorem 1.1, we can establish our second result.

Theorem 1.5 Suppose p,q > 1 and N > 2a + 1, then there are no positive viscosity
bounded solutions of system (1.2) if and only if

(N —1) (N — 1) + 2 N—1+2a
—_— s < —————but not both lto ———
(N—1)—2a ~ P9 = (N 1) Zpo MO POm eanatio g 5,

and

ax [ 2(p+1) 2a(g+1)
pg—1 " pg—1

This article is organized as follows. In Sect. 2 we present some preliminaries to introduce

the notion of viscosity solutions, weak Harnack inequality, maximum principle in narrow

domain and the Aleksandrov—Bakelman—Pucci (ABP) estimate in unbounded domain asin [3]

for fractional Laplacian. In Sects. 3 and 4 are devoted to prove the nonexistence of positive

viscosity bounded solutions of Eq. (1.1) and system (1.2) respectively and the respective
monotonicity results.

]>N—1—2a.

2 Preliminaries

The purpose of this section is to introduce some preliminaries and prove the ABP estimate
in unbounded domain for fractional Laplacian. We start this section by defining the notion
of viscosity solution for nonlocal equation. For a given domain £ of R" and functions / and
g, we consider the equation of the form:

(=N =hin Q, wu=g in RM\Q. 2.1
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644 A. Quaas, A. Xia

Definition 2.1 We say that a function u : RY — R continuous in €2 is a viscosity super-
solution (sub-solution) of (2.1) if

u> g (resp. u <g) in RN\Q

and for every point xo € €2 and some neighborhood V' of xo with V C € and for any
¢ € C2(V) such that u(xo) = ¢ (xo) and

u(x) > ¢(x) (resp. u(x) < ¢(x)) forall x € V,
defining

_ |9 inV,
‘= ‘u in RM\V, 22)

we have
(=A)"it(x0) = h(xp) (resp. (—A)¥it(xg) < h(xp)).

Remark 2.1 (a) Thisdefinition is equivalent in the case of super-solution to take ¢ punctually
in C!in xg € € such that u — ¢ as a zero at xq that is a global minimum then
(—A)*P(x0) > h(xg), see Lemma 4.3 of [6]. The analogous results holds for sub-
solution.

(b) Other definition and their equivalence can be found in [1].

In order to prove Theorems 1.1 and 1.5, we will use the classical method of moving planes.
A key tool in the use of the method of moving planes is the maximum principle for narrow
domain, which is a consequence of the ABP estimate in unbounded domain for fractional
Laplacian, for local operators see [3]. The ABP estimate for bounded domain with nonlocal
operator see [21]. In this section we will prove the ABP estimate in an unbounded domain
for the fractional Laplacian.

We first recall the following definition of [3]. For a given domain © € R, the quantity
R(2) is defined to be the smallest positive constant R such that

meas(Br(x)\2) > %meas(BR(x)) for all x € Q2. 2.3)

If no such radius R exists, we define R(€2) = +-o0. Itis easy to say that whenever the domain
2 contained between two parallel hyperplanes at a distance d, we have

2Nd

R(Q) = —,

oy

where wy is the volume of unit ball in RV,
We define the open cube Q, in RY is centered at xo with side-length r. Then we have the

following version weak L® estimate for fractional Laplacian see for a instance Lemma 9.2
in [6]. See also Theorem 10.3 in [21].

Lemma 2.1 (weak Lgestin_late) There exist universal constants o > 0, 0 < u < 1 and
M > 1 suchthatifu € C(Qy /) satisfies:

() u>0inRY,
(2) infp,u <1and
(3) A%u(x) < ¢oin Q4 /5
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Liouville type theorems for nonlinear elliptic equations and systems 645

Then
{x € Q1 1u(x) > M) < (1 — )t

fork=1,2,3,....
As a consequence, we have that

H{x € Q1:ux)>r}| <dt™, V>0,
where d and € are positive universal constants.

Now use Lemma 2.1 and the same argument as Theorem 4.8 in [5] (see also [20]) to get
the following result by noticing that LY norm is replaced by L> norm.

Theorem 2.1 Letu € C(Q1) satisfies A% < hin Q1 andu > 0in RN, where h € C(Q1).
Then

lullLro(Q,q) = C (inf u+ ||h||L°°(Q])) ,
012

where po and C are positive universal constants.

Next, by Theorem 2.1 and some covering arguments we can get the following weak
Harnack inequality.

Theorem 2.2 (weak Harnack inequality) Let u € C(Bog) satisfies A®u < h in Byg and
u>0in RN, where h € C(Bag). Then

1/po

1
— [ ubo < C linfu + R¥||h|| ,
o/ < it Rl
Bpg

where po and C are positive universal constants.
Proof Lett = 4/+/N and v(x) = u(tRx), then A% (x) = (tR)** A%u(tRx) < hin Bﬁ/z’
where fz(x) = (tR)>*h(rRx). We note that Q] C BJN/Z’ so by Theorem 2.1 we have
lvllLrgie) < C [élll/fz v+ ||h||L°°(BW/2)] .
Since By C Q174 C Q1,2, then
”v”Lp(Bl/g) < C [él;l/t;; v+ ”h”LOO(B‘/N/Z)] .

By the definition of ¢ and changing variables, we have

1/po

1
—/ul’ <C ‘igfu + R2a||h||Loc(B2R)] . (2.4)
S

_ 1
where § = T/ﬁR.

Next, since u € C(Byg) and then exist xg € Bg such that

u(xg) = i;lfu. 2.5)
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646 A. Quaas, A. Xia

By the Fubini’s theorem and changing variables,

/ /updxa’y—/ / uP(y + &) dy dé

490 ) Ba B,

Bs
t1 1

> IBgl/Mp(y)d)h
B

On the other hand, applying the mean value principle for integral, there exist yo € B 42

such that
s N
p p . 2.
/ u dx2(4R+8) /u (x)dx (2.6)

B%(yo) Br

Next we construct a sequence of balls {Ba (Xk)}Z | such that x; € BR+5 , Xk+1 € B% (xx)
k=0,1,2,....,n—=1),x, =yp,n < ﬁ To apply (2.4) in ball Bs (xx), then

1/p
1 1
inf u>— ub — R¥||h| 1o (n
B (x) C | |Bs| / (B (v))
! 4 Bs(x)
1
1/p
1 1
> — Mp _ RZO[ h S
= c | |B;| / 1721l oo (Bag)
4 %(Xk)ﬂBS (Xk41)
=L R*||h]|
=z = in u — Lo(B
C Bs (xkv1) (Bag)-

m

Without loss of generality we let C > 2 and replying the process above, we can obtain

1
inf u>— inf u—2R™|h| 2.7
By (x0) Cr B3 00) Wl Bar)- @7

Next, by the definition of §, (2.6) and applying (2.4) in B s (y0), we have

1/p
inf w4 |- / | = R R e
Bso)  C | |Bs] "
4 * B; (o)
iy
1/p
LY I 2 — R¥||h|| 1 (Byp) - (2.8)
C’ | |Brl 2
Br
Finally, we complete our proof by combining (2.7), (2.8) and (2.5). O

The following is an improved ABP estimate. It applies in any domain satisfying R(2) <
~+o00. Notice that here we do not need the domain is bounded.
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Liouville type theorems for nonlinear elliptic equations and systems 647

Theorem 2.3 Let Q be an open domain with R(S2) < +oo. Suppose u € C(Q) and h €
C(2) satisfy supg u < 0o and

o .
[A u>h in Q, 2.9)

u=0 in RM\Q.
Then

supu < CR(Q)* ||hl(e),
Q

where C is a positive constant.

Proof Here we follow the idea of [3] (see also [4]). To prove this, assume first that 2 is
bounded. Then the supremum of u is achieved, so that there exist X € €2 such that

M :=supu = u(x).
Q

To simplify notation, we write R := R(2) and Bg := Bgr(x). We know that

meas(Br\Q2) - 1

meas(Bg) 2 2.10)

Consider the function
v=M —u.

We claim that v satisfies A% < —# in RY, with / continuous and 1h™ Loy =
||ﬁ | oo ), Where A~ (x) = min{A(x), 0}. In fact, let ¢ be a test function so that v — ¢ has a
global minimum at xg € RN such that v(xp) = ¢ (xg). If ¢ (xg) = M then A% (xg) < 0and
if ¢(x0) < M then xg € Q2 so by Eq. (2.9) we have A%¢p (x9) < —h(xg) < (—h)(x0). Now
since h is continuous in £ we can extended 2~ with a non positive continuous function &
such that ||A7 || Lo (@) = ||ﬁ||Lw(RN) and therefore A% (xo) < —ﬁ(xo) so the claim follows.

Using (2.10), v(xg) = 0 and Theorem 2.2 applied to v in Byg, we have

(1) < (MESERDY
- meas(Bg)
I/p
1 / P
meas(Bg)
Br\Q
1/p
_ / VP
meas(Bg)
Br

IA

C ‘inf v+ Rza”il”Loc(BzR)]
Bgr
= CR™|Ih™ || (Born2)

where p > 0. This proves the desired inequalities.

In case the €2 is unbounded, the proof is same with minor changes. We define M := supg, u
and we take, for any n > 0, a point xq such that M —n < u(xp). We now have that v(xg) < 7.
We proceed as before and get desired estimate by letting  — O. O
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648 A. Quaas, A. Xia

Itis not difficult to deduce from Theorem 2.3 the following maximum principle in domains
(not necessarily bounded) for which R(£2) is sufficiently small.

Theorem 2.4 Let Q2 be an open domain. Suppose that ¢ : Q@ — Risin L () andu € C(R)
is a solution of

@2.11)

(=A)%u > ¢(x)u(x) in Q,
u>0 in RN\ Q,

with ¢pu € C(Q). Then there exist a number R such that R(Q™) < R implies that each
solution satisfies u > 0 in Q.

Proof By (2.11), we observe that

@ry S " . _
’ s(xb;(i)o_ PO iE gNiQ—, (2.12)
where 71(x) = — min{u(x), 0},ie.,u = —u~ and Q™ = {x € Q | u(x) < 0}.
By Theorem 2.3 with 2(x) = —¢ (x)ii(x), we obtain
12l @) = supii < CREQ™ @D ().
Thus
il ooy < CRQT)® ()l oo 1 () | Lo (2 -
We see that, if choose R such that CR(27)%¥||¢ (x)]| (@) < 1, then we have
2]l oo (@) = 0.
This implies |27 | = 0 and since 2~ is open, we have Q~ = &. Then we complete the proof.
]

Next we give a regularity theorem.
Theorem 2.5 Let g bounded in RN\Q and f € C ﬁ)C(Q) and u be a viscosity solution of

(=A)*u=f inQ, u=g on RN\Q,

. 20+y
then there exists y such thatu € C;,." " ().

Proof Here we use ideas of Silvestre [27] and the argument of Chen et al. [8]. Suppose
without loss of generality that B; C Q and f € CP(By). Let 1 be a non-negative, smooth
function with supportin By, such that » = 1 in Bj /. Now we discuss the following equation

—Aw =—nf in RN .

By Holder regularity theory for the Laplacian we findw € C>#,sothat (—A)!' =% w e C?*F5,
see [28] or for example Theorem 3.1 in [16]. Then, since

(=A)*(u = (=A)'"*w) =0 in By,
we can use Theorem 1.1 and Remark 9.4 of [7] (see also Theorem 4.1 there), to obtain that

there exist ,3 such that u — (—A)!=%w € C2**# | from where we conclude. O
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Liouville type theorems for nonlinear elliptic equations and systems 649

Remark 2.2 We say that a function u continuous in € and bounded in RY is a classical
solution of (2.1) if (—A)%u(x) is well defined for all x € €,

(=A)%u(x) =h, forall x € Q
and u(x) = g a.e. in RV \Q. Classical super and sub-solutions are defined similarly.

The Maximum Principle is key tool in the analysis, one can see that a nonnegative solution
u is either strictly positive or identically zero in RY. A more general case can be found in
[27].

Proposition 2.1 Let Q be an open and bounded domain of RN, and let u be a classical
solution of

(=M >0inQ and u > 0in RV\Q.
Then u > 0 in RN. Moreover, if u(x) = 0 for some point inside Q, then u = 0 in all RV.

Proof 1f the conclusion is false, then there exists x’ € € such that u(x’) < 0. Since € is
bounded and > 0 in RN \ €2, then the continuity of u# implies that there exists xo € 2 such
that

u(xg) = Elelgu(x) = xnelﬂlgllv u(x).
So we can find some points y € RY such that u(y) > u(xo) and finally by the definition of
fractional Laplacian operator (see (1.3)) we can obtain (—A)%u(xg) < 0, which contradicts
our assumption. Therefore u > 0 in RY,

On the other hand, if u(x;) = 0 for some point x; € Q and u # 0 in RV, as above we
have (—A)%u(x1) < 0 which contradicts the assumption. O

We also need the following C B estimate, which is a direct conclusion of Theorem 2.6 in

[6].
Theorem 2.6 Let Q2 be a regular domain. If u € C(Q) satisfies the inequalities
A% > —Coy and A%u < Cy in L,

then for any Q' € S there exist constant B > 0 such that u € CP(S) and
lullcsy = C [sgp lul + lullLee @) + Co]

for some constant C > 0 which depends on N.

Remark 2.3 Theorems 2.6 and 2.5 imply that if u is a viscosity and bounded solution of
(=A)*u = uP in Q with p > 0, then u is classical. In fact, if u is bounded, we have u” is
bounded. So Theorem 2.6 implies there exist constants 8, y > 0 such that u € C# and then
u? € C7. Finally by Theorem 2.5 u is a classical solution.

We are going to use the following convergence result for fractional Laplacian (see Corol-
lary 4.6 in [6] for integro differential equation).

Theorem 2.7 Let {u;}, k € N be a sequence of functions that are bounded in RY and
continuous in 2, fr and f are continuous in Q2 such that

(1) A%uy = fi in Q in viscosity sense.
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650 A. Quaas, A. Xia

(2) ug — u locally uniformly in Q.
3) uy — uae inRN.
4) frx — f locally uniformly in Q.

Then A%u = f in Q in viscosity sense.

3 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. We consider first the monotonicity of
solutions. In fact, the monotonicity results used in the proof of Theorem 1.1 can be applied
to much more general nonlinearities, we prove the following:

Theorem 3.1 Suppose we have a positive viscosity bounded solution u of

[(—A)“u = f) xeRY,

u=0 x € RM\RY, -1

where f(u) is a locally Lipschitz continuous function with f(0) > 0 and nondecreasing in
u. Then u is strictly increasing in xy-direction.

In order to prove Theorem 3.1, we use the method of moving planes. For which we give
some preliminary notations, we define

EM:{x:()?,xN)eRf|0<xN<u},

T, = v = Goow) e RY Lxw =},
u/l.(-x) = u(xu), w[L(x) = uu.(x) —u(x),

where > 0 and x, = (¥,2u — xy) forall (X, xy) € RM~1 x R. For any subset A of RV,
we write A;, = {x,, | x € A}, the reflection of A with respect to 7},.

Proof of Theorem 3.1 We divide the proof in two steps.
Step 1: We prove that if © > 0 is small enough, then w,, > 0. For this purpose, we first
prove that w, > 0if u > 0 is small enough. If we define

X, =xeZlwu(x) <0},

then we just need to show that X is empty for u > 0 is small enough. By contradiction, we
assume that X is not empty. In order to overcome the difficulty introduced by the non local
character of the differential operator in the application of the method of moving planes, we
use a truncation technique as in [18]. We define

wy(x) x € E;,
0 x e RM\=~,
0 X € Z;,
wy(x) x€ RN\Z;

wi(x) =

(32)
wa(x) = (3.3)

and we observe that wi(x) = wy,(x) — wa(x) for all x € RV . Next we claim that for all
n > 0, we have

(—A)wp(x) <0 Vxez. (3.4)
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By the definition of fractional Laplacian, for x € E;, we have

war) —way) / W, (y)

_ y|N+2«a _ v|N+2a
|x — ¥ lx — yl

(=) wa(x) = /
RN

RN\,

_ wy () d
T =y ¥
S \ZOUENS
wy () d wy ()
- |x_y|N+2a - |x—y|N+2"‘
RV\RVURN\RY),, (Zu
=—A; — Ay — A;.

Next we estimate each of these integrals separately. We first observe that w,(y,) =
—wy(y) forany y € RY and wy(y) = 0in ,\% . Then

wu()’)
Ar= / =y
(EN\ZDUENE D
Wy 6)) / Wy (yu)
= —————dy + ————dy
/ |x_y|N+2a |x_yM|N+2a

Zu\By Zu\By

= / wu(y)( 1N+20¢ - : N+2a) dy 20,
lx =yl X — yul
T\

since |x — yu| > |x — y[forx € ¥ and y € £,\X . In order to study the sign of A, we
observe that u = 0 in RV\RY and u;, = 0in (RM\RY),,, so we have

w,u,()’)
A2 = / |x _ y|N+2a dy
RM\RY)URN\RY),,
uy(y) u(y)
= / |x_y|N+2o: dy_ / |x_y|N+2a dy
RV\RY ®RM\RY),
1 1
= Mu()’) |X—y|N+20‘ - |x—yﬂ|N+20‘ dyZO,
RNM\RY

since u, (y) > 0in RN\Rf and |x —y,| > |x —y|forallx € ¥ and y € RN\Rf. Finally,
since w, (y) < Ofory € ¥, we have

wy(y) wu()’u)
3 / |x _ y|N+2a y |x _ yM|N+2a
(S S
= — 7‘“)”()]) dy > 0.

|x _ yﬂ|N+2a
R
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Hence, we can obtain (3.4). Now we apply (3.4) and the linearity of fractional Laplacian to
obtain that, forx € X,

(=A)*wi(x) = (=A) " wy(x) = (=) Uy (x) = (—=A)"u(x). (3.5)
Combining Eq. (3.1) with (3.5), for x € X, we have
(=AM wi(x) = (=) Uy (x) = (=A)*u(x)
= flup(x) — fux))
_ Sfup(x)) — fux))

”,u(x) —u(x)

S (g ()= f(u(x))
g (x)—u(x)
we have that ¢(x) € LOO(E;) and @w is continuous. Hence we have

Let us define ¢(x) = forx € ¥, . Since f is locally Lipschitz continuous,

(=2)*wi(x) = p@wi(x)  x €2, (3.6)

and since wy (x) = 0in RV \X,, , we may apply Theorem 2.4. Choosing i > 0 small enough
and then

wu(x) =wi(x) >0 xeX .
But this is a contradiction with our assumption, and therefore X is empty. Hence we have
we(x) >0 xeX,.

In order to complete Step 1, we claim that for 4 > 0, if w, > 0 and w, # 0in X,
then w, > 01in X,. Assuming the claim is true, we complete the proof, in fact the function
u is positive in Rﬁ and u = 0 in R¥N\RY, so that w,, is positive in {xy = 0} and then by
continuity w, # 0in X,.

Now we prove the claim. Assume there exist xop € X, such that w,(xo) = 0, that is
u;,(x0) = u(xp). Then we have that

(=) wy (x0) = (—=A) up(xo) — (=A)*ulxo) = 0. (3.7

On the other hand, defining A, = {x € RN|xy < u}. Since wy(yu) = —wy(y) for any
y € RN and wy, (xp) = 0, then

wy () wy ()
(=A)wy (x) = — | —F—F——dy — / ———5ody
a lxo — y|N+2a lxo — y|N+2a
Ay ]RN\AM
w, () wy (Yu)
—/%dy—/%dy
|xo — ¥l |xo — y/L|
Ay Ay

1 1
= - - d'
/W@%mwﬂmm m—mwm)y
A

n

Since |xg — yu| > [xo — y| fory € Ay, w,(y) > 0and w,(y) # 0in A, then we have
(=A)*wy(x0) <0, 3.8)

which contradicts (3.7), completing the proof of the claim.
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Step 2: We define
w =sup{u|w, >0 in =,,Vv < u} > 0.

We see that for each 0 < p < p* the function w, > 0in X,, which implies u is strictly
increasing in xy direction for x € X, with 0 < u < p*. In fact, for 0 < xy < Iy < p*
and let u = w Then

wy(x) >0 in Z,.
Hence

0 <wy(x, xy) =uu(X, xy) —ulx, xy)
=u(X,xy) —ulx, xy),

thatis u (X, Xy) > u(x, xn), so u is strictly increasing in x y direction. Therefore, the theorem
is proved if we show that u* = 4o00.

Suppose for contradiction that n* is finite. By Theorem 2.4 we can fix gy such that the
S ()= f(u(x))

Up (x)—u(x) B _
domain X4 ¢,\ X, x—¢,. For instance, we can take &g = (a)N/Z(N"‘l))R, where R is number
from Theorem 2.4. m}

operator A% — ¢ (x) (where ¢(x) = ) satisfies the maximum principle in the

Lemma 3.1 There exists 8o € (0, g0, such that for each § € (0, §o] we have
Wyrps (X)) > 0 in X g\ gy

Suppose this lemma is proved. Then we repeat the proof of Step 1 and apply Theorem 2.4 to
equation in X5\ X ,x_¢, and in X, (those domains are narrow enough) to conclude that
wyrs > 0in X4 for each § € (0, 8o). This contradicts the maximal choice of p*.

Proof of Lemma 3.1 Suppose the Lemma is false, that is exist sequences §,, — 0 and x(™) =
(&0 XY € £, gy\ e, such that

wygs, (x™) < 0. (3.9)

We can suppose that xl(\',”) — xjov € [gg, u* — o] as m — oo.

We define the functions
u™(F, xn) = u(®@ + 1", xy)
and, respectively
wff”(i, an) =u™ &, 20 — xy) — u"™ (X, xn).
Note that 1™ satisfies the same equation as u, and
(=) u™ = f™) = f(0).
So we can infer from Theorem 2.6 that
™l es k) < C.

for each compact set K in the closure of R_’X (the constant C depends on K ). It follows from
Theorems 2.6 and 2.7, that u™ converges uniformly to a solution 7 of (3.1) and & satisfies
A% =—fu)=-f(0) 0.
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By the strong maximum principle (see Proposition 2.1) we have that either # is strictly
positive in ]Rf or i vanishes identically in Rﬁ . Suppose first that i is strictly positive in RN

By what we have already shown we know that w(m) o xn) =wu(y+y™,xy) > 0in T,
for all u < p*. Hence the limit function w,, = lim,,_ o wl(t " is nonnegative in X, for all
n = pt

So we can repeat the moving plane arguments for i, and get i* > p* such that w, > 0
in ¥, forall u < fi*, where i* to & what u* to u. On the other hand, by continuity and (3.9)
we have w,« (0, xg,) =0, and xR, € (0, u* — go], a contradiction.

Suppose next & = 0 in ]Rf . We fix the rectangular domains
0 = {xeRi’l —l<x;<1,...,—1l<xy_1 <1,80 < xn <2;,L*+1},

&
0, = {xeM| Cd<xy <2, =2 < XN <2,5° <xN<2;L*+2}.

Since u™ converges uniformly to zero in Q7, we can suppose that u™ < 1in Q,.
We set

(m)
Uy = u(m)(O,x(m)) and v =%
U
Now, by (3.1) the function v™ satisfies
A%y 4 f(”m)) m —0 in Q. (3.10)

By applying Harnack inequality (see Theorem 1.1 in [29] and Proposition 2.4 in[22]) in
these cubes we infer

sup v < ¢y 1nf v < .
01

Next we recall that wl’j > 0in X+, which implies
0" (v, xn) < 0" (y.2u% —xn) < C1, for (v, ay) € Ty
Hence
1™ Il < C1,
where
01 ={xeRﬁ| —l<xi<1,...,—1<xy_1<1,0<xy <2u*+1}.

Since f is locally Lipschitz, then we have |(f(u) — f(0))/u| < C, where C is a positive
constant. Hence, f(u) > —Cu since f(0) > 0. By applying Theorems 2.6 and 2.7 to (3.10)
we get that v™ = v on compacts and v satisfies

A% + v <0,

f(t)

where [ = lim inf;_,¢ . By the strong maximum principle v vanishes identically in Q or

v > 01in Q. The first p0351bility is excluded by v (0, x?,) =1.
Introduce the functions

Py xn) = v, 28 — xn) = v(y, xN)
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define in £ N Q for B < B* + 1/2. We have, by continuity,
>0 and 277 (0,x%) = 0.

Since (—A)*zF" < 12", the strong maximum principle implies 2" =0in EE N Q. This

contradicts the fact that v = 0 on {xy = 0} and v > 0 on {xy = 28*}. ]
Theorem 3.2 Under the hypotheses of Theorem 3.1, if
Au+ fu)=0 3.11)

has a positive bounded solution in RQ\_’ such that u = 0 on RN\RY, then the same problem
has a positive solution in RN ~1.

Proof Suppose u is a solution of (3.11), u #% 0,0 < u < M. For each x € (y, xy) in the
strip 21 = {x e RY|0 < xy < 1} we set
um(x', xn) = u(x', xy +m).

Now u,, satisfies the same system as u. Then, using the C# regularity, Theorem 2.6, we see
that {u,,} is bounded in C# and hence a subsequence of it converge uniformly on compact
subsets of ¥ to a function . By Theorem 2.7 i satisfies

A%+ f(@) =0 in %. (3.12)

The monotonicity result of Theorem 3.1 trivially implies that i is strictly positive and inde-
pendent of the x-variable.
Otherwise, by the definition of fractional Laplacian

(—A)ii(x) = / / : WD 200N gy d

X —FP+ (xn —yn)?) 2

RN-1 R

u(x) —u(x — .
/ / 1 4 Nja) dyndy.
RV-1 R 5P +y3) 7

Let yy = |y|tan 6, where 0 € (—1, l), then

(—8)ii(x) = / / ”(")I_N”f’jm Q) — 8T ) o5 6)V-242¢ gg 45

N-1_TZ
%
u(x) —ux —y)
= / HN—May /(cose)N 2420 g,
RN-1 Y —

[SE]

and

T

/ (cos )N~ g9 =2 / (cos )N 22 49 < to0,
0

_z
2

since N — 2 + 2« > 0. This mean that the N-dimension fractional Laplacian operator is
actually (N — 1)-dimension, and we have (3.12) in RN-L O

Proof of Theorem 1.1 Theorem 1.1 is an immediate consequence of Theorems 1.2 and 3.2.
O
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4 Proof of Theorem 1.5

The aim of this section is to prove Theorem 1.5 by the method of moving plane applied to
system in ]Rﬁ . As the proof of Theorem 1.1, we first show the following theorem:

Theorem 4.1 Suppose we have a positive viscosity bounded solution (u, v) of

(=A)u = f(v) x eRY,
(—A)*v =g(u) x eRY, 4.1
u=v=_0 x € ]RN\RQ

where f(v) and g(u) are locally Lipschitz continuous functions with f(0) > 0, g(0) > 0
and nondecreasing in v and u respectively. Then (u, v) is strictly increasing in x y-direction.

Let ¥, and 7}, be defined as in Sect. 3. For x = (X, xy) € RV, we denote

() = w(xy), wyu(x)=uu(x)—ulx),
v(x) = v(xy), and wy y(x) = v (x) — v(x),

where 1 > 0 and x, = (¥,2u — xpn).

Proof of Theorem 4.1 We divide the proof in two steps.
Step 1: We first prove that if x is small enough, then w,, , > 0 and w;, , > 0in X,. For
this purpose, we define

Y= e lwyux) <0} and ¥, ={x € X, [wy,(x) <0}

We will show that ¥ is empty if  is small enough. First we assume by contradiction that

Wu
%, is not empty and define

1 wyu(x) x € Z;u,
= ’ 4.2
Wi () [0 x e RME, . “42)

0 xex;

2 = Mo 4.3
Wiea ) [ weu(r) x eRN\E, . *-3)

Using the arguments given in Step 1 of the proof of Theorem 3.1, we can obtain that

(—A)*w), ,(x) = (=A) Wy, (x) and (—A)*w} (x) <0, forall x € T, .

wou

From here, for x € E; . we have

(=) w) , = (= A) Uy (x) = (—A)*u(x)
= f(@) = fu(x))
S@00)) = fOu(0)

U (x) — v(x)

wov-

Letusdefine ¢, (x) = (f(v(x))— f (v (x)) /(v (x)—v(x)) forx € E;’u. By assumption we
have that ¢, (x) € LOO(Z;,M) and ¢, w,, , is continuous. On the other hand, since w }W =0
in RV \X,, , using Theorem 2.3 we have

1 — N2
”wu,u”LOO(E,:u) =< CR(E,,,,M a||‘;0v(x)wu,v||l‘00():;vu)-
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Since f(v) is nondecreasing in v, we have

Pvwy,y = fX) — fuu(x)) <0 in ZN\E,, and
Po@)wyp = fFW&) = fuu(x) >0 in X,

Denote ¥, = X, N X, , we can obtain that

Il oz < CREL D N0 Wl oo sz
— \2
< CRCEL )™ Nev ) oo sy Il o s
< CR(Z;,) ™ MWyl oo s

where in the last inequality we use the fact ¢, (x) is locally Lipschitz continuous and we have
changed the constant C if necessary. Similar to (4.2) and (4.3), we define

wyp(X), x €T,

v

2 =1 "€ By (4.5)
w X) = .
H.v Wy(X), x€ RN\E;U

and argue in a completely analogous way to obtain

1 — 32 1
”wu,v”LOO(E;,v) = CR(E,L,U a”wﬂ,u”[‘w(z;)-
Thus

1 — 32 — 2 1
lwpullpoe(sy,) < CREL ) RE, D Mwy ullpx s,

and

1 - 2« - \2x 1
”wusv”L‘”(Eﬁ,v) = CR(E[L,‘U R(Eu_,u ”wu,v”L"O(Eﬁyv)'

Now we just choose ¢ small enough such that CR(E;,U)z"‘R(Z;,M)Z“ < 1 and we conclude
that ||w;lt,u||Loc(z;,u) =0,s0|%, ,| = 0. Since X, is open, we have that X, is empty,
which is a contradiction.

Thus we have w;, , > 0in X, when u is small enough. Similarly, we can obtain w, , > 0
in X, when p is small enough. In order to complete Step 1 we will prove a bit more general
statement that will be useful later, that is, given > 0, if wy , > 0, wy» = 0, wy, #0
and wy, , # 0in ¥, thenw, , > 0and w, , > 0in X . For proving this property suppose
there exists xo € X, such that w , (xg) = 0.

On one hand, by using similar arguments yielding (3.8) we find that

(—A)*wy 4 (x0) < 0. (4.6)

On the other hand, by our assumption w, , (x0) = v, (x0) —v(xp) > 0, from the monotonicity
on f, we obtain

(=) wyu(x0) = f(vu(x0)) — f(v(x0)) =0,

which is impossible with (4.6). This completes Step 1.
Step 2. We define

w* =sup{u|wy, >0, w,,y >0in Xy, Vv < u} > 0.
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We see that for each 0 < o < p* the function w, , > 0 and w, , > 0in X, which imply
(u, v) is strictly increasing in xy direction. Therefore, the theorem is proved if we show that
u* = —4oo0.

Suppose for contradiction that u* is finite. By Theorem 2.4 we can fix gy such
gu(x))—guu(x))

that the operator A* — ¢,(x) and A% — ¢,(x) (where ¢,(x) = TREEE) and
oy(x) = W) satisfies the maximum principle in the domain X4 ¢\ X ¢,

For instance, we can take gy = (wy /Z(N +D)R, where R is number from Theorem 2.4. 0O

Similar discus as Lemma 3.1 (see also Lemma 3.1 in [13]), we have
Lemma 4.1 There exists 8o € (0, g0, such that for each § € (0, §o] we have

Wyrgsu > 0 in X\ g,
Wy*48,0 > 0 in EM*—SO\ESO'

Then we can repeat the Step 1 and apply Theorem 2.4 to equation in X5\ X+ _¢, and in
Y, (those domains are narrow enough) to conclude that w45, > 0in X ;s for each
8 € (0, 8p). This contradicts the maximal choice of u*.

The same argument as Theorem 3.2 we have

Theorem 4.2 Under the hypotheses of Theorem 4.1, if

(—=A)u = f(v) xeRY,
(=A% =g(u) xeRY, .7
u=v=0 x € RM\RY

has a positive bounded solution, then the same problem has a positive solution in RN~

Proof of Theorem 1.5 Theorem 1.5 is a direct conclusion of Theorems 1.3, 1.4 and 4.2. O
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