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Abstract In this paper we prove the existence and uniqueness of the form-type equation on
Kihler manifolds of nonnegative orthogonal bisectional curvature.
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1 Introduction

In the previous paper [2], we introduced the form-type Calabi—Yau equation on a compact
complex n-dimensional manifold with a balanced metric and with a non-vanishing holomor-
phic n-form Q. A balanced metric @ on X is a hermitian metric such that do"~! = 0. Given
a balanced metric wg on X, let us denote by P(wp) the set of all smooth real (n — 2, n — 2)-

forms i such that a)g_l + @851& > 0 on X. Then, for each ¢ € P(wp), there exists a

balanced metric, which we denote by w,, such that a)g“ = a)g_l + —V;]aé(p. We say that
such a metric w,, is in the balanced class of wg. Our aim is to find a balanced metric w, in

the balanced class of wq such that

2], = aconstant Co > 0. (1.1)
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328 J.Fuetal.

The geometric meaning of such a metric is that its Ricci curvatures of the hermitian connec-
tion and the spin connection are zero. On the other hand, the direct non-Kéhler analogue of
the Calabi conjecture has recently been solved by Tosatti-Weinkove [9] (see also [5], and
the references in [5,9]). In general their solutions provide hermitian Ricci-flat metrics which
are not balanced.
As in the Kéhler case, Eq. (1.1) can be reformulated in the following form
n n
@ _ rlx
g Jx @

where f € C®(X) is given and satisfies the compatibility condition:

/efwg :/wg. (1.3)

X X

We would like to find a solution ¢ € P(wo). The Eq. (1.2) is called a form-type Calabi—Yau
equation, a reminiscent of the classic function type Calabi—Yau equation. We note here that
when n = 2, the form type equation is reduced automatically to the classic function type
equation and the balanced metric is a Kdhler metric. Hence in this case the Eq. (1.2) is the
classic Calabi—Yau equation and has been solved by Yau in [10]. Therefore, in the following
we assume n > 3.

We have constructed solutions for (1.1) when X is a complex torus [2]. A natural approach
to solve (1.2) is to use the continuity method. The openness and uniqueness were discussed in
the previous work [2]. We do not know whether there is a geometric obstruction for solving
(1.2) in general.

Equation (1.2) is still meaningful on a compact complex manifold with a balanced metric,
whose canonical bundle is not holomorphically trivial. Geometrically, solving (1.2) allows us
to solve the problem of prescribed volume form on X, in the balanced class of each balanced
metric on X. Namely, given any positive (n, n)-form W on X and a balanced metric wg, we let

of — (K) Jx “’8;
wy) [x W
then by solving (1.2) we are able to find a metric o, in the balanced class of wy such that wj
is equal to W, up to a constant rescaling.

It seems to us very hard to understand Eq. (1.2) in general. In this paper, we want to give
the mechanics of looking for all solutions within the balanced class of a given balanced met-
ric. The idea is, in some sense, to transfer the form-type Calabi—Yau equation to a function
type equation.

So in the following we let (X, n) be an n-dimensional Kéhler manifold, n > 3, and wq be
a balanced metric on X. We let on X

Py(wo) = {U € C®(X) | wg_l + (V=1/2)3dv An" 2 > O}.

(1.2)

For each u € P, (wp), we denote by w, the unique positive (1, 1)-form on X such that
' =+ (V=1/2)30u A" on X.
Then we consider the equation

w, —of Jx @
g Jx @

where f € C*°(X) is given and satisfies the compatibility condition (1.3).

(1.4)
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Form-type equations on Kéhler manifolds 329

In this paper, we are able to solve (1.4), under the assumption that the Kahler metric n
has nonnegative orthogonal bisectional curvature; that is, for any orthonormal tangent frame
{e1,..., ey} atany x € M, the curvature tensor of 7 satisfies that

Rit_'j./_' = R(e;, ¢;, ej,éj) >0, foralll < i,j <nandi # ] (1.5)
We remark that nonnegativity of the orthogonal bisectional curvature is weaker than non-
negativity of the bisectional curvature. In fact, the former condition are satisfied by not only
complex projective spaces and the Hermitian symmetric spaces, but also some compact Kéh-
ler manifolds of dimension > 2 whose holomorphic sectional curvature is strictly negative
somewhere. We refer the reader to the recent work Gu—Zhang [4] for the study of nonneg-
ative orthogonal bisectional curvature, which generalizes the earlier work of Mok [7] and
Siu—Yau [8].

Our main result is as follows:

Theorem 1 Let (X, n) be a compact Kdhler manifold of nonnegative orthogonal bisectional
curvature, and wg be a balanced metric on X. Then, for any smooth function f on X satisfying
(1.3), Eq. (1.4) admits a solution u € Py(wy), which is unique up to a constant.

Subsequently, Eq. (1.2) has a solution ¢ = un"~2 € P(wp). Now we explain how to use
Theorem 1 to find all solutions of (1.2) in the balanced class of wp on a compact Kéhler
manifold (X, n) of nonnegative orthogonal bisectional curvature. Let wy,, for ¢ € P(wyp),
be a balanced metric in the balanced class of wy. We then let

Pplwy) = {v € C¥(X) | ! + (V=1/2)0u A p" 2 > o}.
For each v € P, (wy ), we denote by wy, ,, the unique positive (1,1)-form on X such that
o) = o+ (V=1/2)890 A"

Such a (1, 1)-form wy, , is still in the balanced class of wg. Then we consider the equation

n n
w. w.
oy inV;u

. > (1.6)
v x @y

where fy € C*(X) is given by

o098

ef‘// = n n
Wy, Jx @%b

and satisfies the compatibility condition.

Replacing wy with wy and f with fy in Theorem 1, we show that (1.6) admits a solution,
denoted by uy, which is unique up to a constant. It then follows that ¢ = ¥ + uwn”_z €
P(wp) is a solution to (1.2). Hence, when we vary ¥ € P(wp), we obtain all solutions
o =9+ Mx/;ﬂ"_z (which are infinitely many) to Eq. (1.2) in the balanced class of wg on X
of nonnegative orthogonal bisectional curvature. In particular, the form-type equation on a
complex torus is completely settled in this way.

Corollary 2 Let (X, n) be a compact Kihler manifold of nonnegative orthogonal bisectional
curvature, and wq be a balanced metric on X. Let f be a smooth function on X satisfying
(1.3). Then for any € P(wg), Eq. (1.2) admits a solution ¢ =  + ul/,n"_z. Here uy is a
solution to (1.6) which is unique up to a constant.
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330 J.Fuetal.

Thus, the idea used in this paper, which is to transfer from the form-type Calabi—Yau
equation to a function-type equation, may be useful. Later we will establish the Theorem 1
on any compact Kéhler manifold. We need to overcome some difficulties of estimates.

We employ the continuity method to prove Theorem 1. In Sect. 2, we establish an a priori
C? estimate for the solution 1. This is the place where we need the curvature condition. The
C? estimate enables us to obtain a general a priori C° estimate, by combining the maximum
principle and the weak Harnack inequality. This is the content of Sect. 3. We then adapt the
Evans—Krylov theory to our form-type equation, and obtain in Sect. 4 the Holder estimates
for second derivatives. The openness is covered by Theorem 3 in our previous paper [2].
For readers’ convenience, we briefly indicate the argument in the last section, Sect. 5. The
uniqueness is also proved in Sect. 5.

2 C? estimates for form-type equations

In this section, we would like to establish the following estimate:
Lemma 3 Given F € C*(X), let u € C*(X) satisfy that
i+ (V=1/2)ddu A" > 0 onX,
and that
det [wgfl + (V—=1/2)80u A n"_z] = el det a){)’*l. (2.1)
Assume that 1 has nonnegative orthogonal bisectional curvature. Then, we have

Aju < C+Cu— ir)l(fu) on X, 2.2)

and

sup |a)871 +00u A 77"_2|n <C+ (supu —inf u) .
X X X

Here Ajv = > ni~7vijv denotes the Laplacian of a function v with respect to n, and C > 0
is a constant depending only on inf x (Ay F), supy F, n, n, and w.

Here are some conventions: For an (n — 1, n — 1)-form ®, we denote

n—1
0= (ﬁ) (n—1!

x> s(p.q)®pgdz" A dz! o ANdZP NdZP A ANdF AR A - AdT AT
P4
in which
-1, if p > gq;
s(p,q) = ) (2.3)
1, if p <gq.
Here we introduce the sign function s so that,
dz’ AdZl A s(p,@)dz AdZ - AdZP AdFP A AdZAdZAA - AdZ A dF"

=dz' ANdZ' A AdT" AdT", forall 1<p,g<n.
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Form-type equations on Kéhler manifolds 331

We denote
det © = det(®,3).

If the matrix (® pz) is invertible, we denote by (®P9) the transposed inverse of (©,4), i.e.,
l

Note that, for a positive (1, 1)-form w given by

/1 & B
— Z gijdzi NdZj,
i,j=1

w =

we have

n
V=1
" =( > ) n!det(gij)a,'z1 AdZL A AdZY A AT,
and by our convention,

_1 Piry
(a)" )l]_ = det(gijf)g”.

It follows that

det(w"™") = det(g;)" ", 2.4)
and
(wn—] ij — gl’/T )
det(g; ;)

In the following, the subscripts such as “, p” stand for the ordinary local derivatives; for
example,

8 nl 3 827} 3

] o ij
Mijoe = Tk Mijim = G rgzm (23)
For a function 4 we can omit the comma: h; = h, h;z = h s, etc. Unless otherwise
indicated, all the summations below range from 1 to n. We remark that, under the convention,

Eq. (1.4) can be rewritten as

detfoy " + (vV=1/2)80u An" ] _ =D (fxwﬁ)n_l

n—1
detw

X 0
which is convenient for deriving the estimates.
Proof of Lemma 3 Let

W, =W+ (V=1/2)80u An""2, where W =ol"".
Let

_ Zi,j ;7 (W)

¢ detn
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where A > 0 is a large constant to be determined. Using wedge products, the function ¢ can
also be written as

AW
¢ = e At - Y — Au
0
/\wn 1
= (h+ Ayu) — Au, whereh—% (2.6)

Consider the operator

kl

(n—l)Zwk’( 0 A"~ 2)

Suppose that ¢ attains its maximum at some point P in X. We choose a normal coordinate
system such that at P, ;= d;j and dr;ij- = 0. Then, we rotate the axes so that at P we have
(W) pg = 8pg(Wy) pjp. Thus, for any smooth function v on X, we have at P that

/—1 - B
(n—l)(zaav/\n" 2 :zSiijp,;—l—(l —8,-j)vjl-. 2.7
ij p#i
By (2.7) we obtain that
1
(\I"u),','- = \IJI-I'- + m Zuqq’ (2.8)
qFi
(V)7 = J’l =0, foralli # j. 2.9

It follows that

n

> (W) Z W+ Zu =h+ Agu. (2.10)

i=1

Furthermore, we have

(W);;

ijp = tJ pt 2.11)

Ujip:
q#l

and

(\Ijll)i;,pﬁ 11 pp Zukkpp Zukk Z nj]T,pﬁ

k;él k;éz ek, j#i

1
- >\ Ugihapp
" ab"ba,pp

1 a#i,b#i,a#b

Note that under the normal coordinate system, the curvature (R, 5;7) of 1 reads

o o ab, o _ o
Rijkl =ikt ZU NibMaj i = —Mijul> 8t Pp.
a,b
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This together with (2.9) imply that

1 1
Wit pp = Vit pp + 7 2 tidpp — 7 2k | 2o Rijo
ki ki Jk A

- D YR (2.12)
a#i,b#i,a#b

We compute at P that

— _1 _ -
Lo =n—1) > (¥,)" (Cazw A n”‘z) = > > (W) "y
1 i

I p#l
Note that
0=09,(P)=hp+ (Ayu)p — Auyp. (2.13)
Differentiating once more to obtain that
0=pp(P)=hpp+ (Agu)pj — Attpj.
It follows that

0=Lp=> > W),

I p#l

= W) hps + (Mg ps) — A DD (W) U5 (2.14)

I p#l I p#l
Notice that

Z Z(\Iju)”_[hpﬁ + (Anu)pﬁ]

I p#l

= > > W) s+ D > (W aapp + D D (WD 05

I p#l l,a p#l I p#l a,b

= z Z("Iju)”_hpﬁ + Z Z(lpu)u_ua&pﬁ + Z Z("IJM)H_R“&PI;M“&

I p#l La p#l La p#l

— =D > > W) RappWia. (by (2.9)). (2.15)

I p#la#b

Here the fourth derivative term can be handled by the Eq. (2.1): We rewrite (2.1) as
logdet W, = F + logdet \W.

Differentiating this in the direction of 9/9z¢ yields

> W) (W), = (F +logdet W),
k,l

Then,

> W (Wi 05 = (F +logdet W) 5+ > (W) T (W) (W) 0 (W) 5 5-
k,l k,,p.q
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Contracting this with (n“’; ) and applying the normal coordinates yield that

_ (Wy)
v, 1 W) F +logdet ¥ aa T | . a
Lza( ) ( )ll,aa Z( + logde ) Z (v, )ll(\p")kk

This together with (2.12) imply that

Z(\Iju)”_“l"[[,aa + ﬁ Z Z("I"u)”_”pﬁa[z

la la p#l
|(‘Du)ki,a|2 n
= Z (), 7(¥,) —1 Z(\I} ) ZMW’ Z Rinaa
kia ~ WA TH kk p£l m#p,m#l
+> @[ D WegRpgaa | + AF + Ay(logdet ).
p#Lq#l,p#q
Combining this with (2.15) yields
DD W) hpp + (Agu) )
1 p#l
= z Z(\I}u)”Ra&pﬁ”a& + Z Z(\Iju)”upﬁ Z Raamm
la p#l laa p#l m#p,m#l

|yl
+n—1) Z o+ (n — DA,F + (n — 1)A,(log det W)

+> Z(%)“hpﬁ — = 1) 2 W) W

I p#l la

+a-DY W) D R

la p#lL.q#l,p#q

=D D S WD R 5 Y (2.16)

I p#la#b

The first two terms on the right hand side of the above inequality can be handled as follows.

Z Z(\pu)”_Ra&pﬁuaEt + Z Z(qju)”_upﬁ z Raamm

la p#l la p#l m#p,m#-l
—Z(\v) "Rifugtr - Z(w "Rogitttas + D, (W) taa Raapj
l,p a#l

+ Z Z(\Iju)”_upﬁ Z Raamim

la p#l m#p,mzl

1 i 1 a
2 Z(%)”Rﬁaa (ujj — vaa) + 2 Z("I’u)aaRliad (taa — ujp)
l,a la
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+ =D D Rui | (W [(Wi)7 — 7] (by (2.8))
I \m#l

1 (u][ —ugai) [((Wi)aa — (\I’u)[l_]
SR
2 Z llaa (“Iju)][(qju)a&

la

+ =D Ri— =1 > @) [ D R | - (2.17)
1 ! ml

Apply (2.8) to estimate the first term of last equality

1 (u[[_ — uaa)[(Wi)aa — (\pu)[[_]
- R .
2 lza: liag (\Ilu)l[(\l’u)aﬁ

n—1 C(W)aa — (W)
Z Rlla[l _ _
~ ()i (Y aa
n—1 _ (\IJ[[ - \Ija&)[(qju)a& - (\Iju)ll_]
2 2 Riua ()i (Y aa

W — W
>n-1) Z Rija Z(ZT)”M by curvature assumption (1.5). (2.18)
la u

+

la

Combining (2.16) with (2.17) and then with (2.18), we obtain

ST W) s+ (Bgu) )

| p#l
>—Ci(n—1) Z(\pu)” —(n—1>Cy + (n — 1)inf A, F. (2.19)
l

Here and throughout this section, we denote by C1 > 0 a generic constant depending only
on W and the curvature of 7.
Substituting (2.19) into (2.14) yields

0=Lp=-A> > W) ups —Crn—1> (W)
I p#l I
—(n—=1?Cy + (n— 1)inf A, F

= —n(n— DA+ 0~ DAD (W) W7 —Ciin— 1> (W)
1 1
— (n—1*Cy + (n — 1)inf A, F.
Now we choose A > 0 sufficiently large so that
Aiinf (min ;) > 2C;.
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It follows that

n

nA inf A, F 7
— -1 - > (!

—1

{i(%)i,} h [det [ w7 ]}

i=1

v

n—

[Z(%)i,—} e (det W)
i=1

Hence,
n
h+ Agu= (V,); <Cy atP.
i=1

Here and throughout this section, we denote by C» a generic positive constant depending
only onn, W, n, sup A, F, and sup F. Therefore, at any point in X,

(h+ Apu) < (h+ Ajyu)(P) + Au — Au(P) < Cr + C (u — iI)l(f u)
Since [(W,); ]'] is positive definite everywhere, we have
|(\IJu)l-jf| <Cr+ Cr(u — iI)l(fu), forall 1 <i,j <n.
This completes the proof. O
Lemma 3 enables us to establish the C? estimate for Eq. (1.4):

Corollary 4 Forany f € C*®(X), let u € C*°(X) be a solution of

B -1
det@;™) _ iy (fxa’ﬁ)n (2.20)

n—1y S ol ’ '
det(wy ™) Jxelog

where wy is a positive (1, 1)-form on X such that
ol = wg_l + (V=1/2)80u A "2 > 0.
Assume that n has nonnegative orthogonal bisectional curvature. Then, we have
Aju < C—I—C(u—ir)}fu) on X, (2.21)
and
sup ||, < C 4 C(supu — inf u),
X X X
where C > 0 is a constant depending only on f, n, n, and wy.
Proof Let
F=mn-1) f+10g/w’u’ —log/efwg

X X
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To apply Lemma 3, it suffices to estimate inf (A, F') and sup F. Note that
A F = (n— DA, f.

Applying the maximum principle to (2.20) at the points where u attain its maximum and
minimum, respectively, yields a uniform bound for the constant:

—SquSIOg/wZ—log/efwg < —inf f.
X X
This implies that sup [F| < (n — 1)(sup f —inf f). O

3 (Y estimates

In this section, we will derive the following general C” estimate. This together with Corol-
lary 4 will settle the C° estimate for manifolds of nonnegative orthogonal bisectional curva-
ture.

Lemma$5 Let (X, n) be an arbitrary Kdhler manifold with complex dimension n > 2.
Suppose that u € C?(X) satisfies

Au §C1+C1(u—i1}}fu),
Au > —Cp,

where A stands for the Laplacian with respect to 1, and C1, Cp are two positive constants.
Then,

supu —infu < C,
X X

in which C > 0 is a constant depending only on n, n, C1, and C,.

The proof is based on the following maximum principle (Proposition 6) and the weak
Harnack inequality (Proposition 7). We denote for p > 0,

1/p
rll, = (/h”r;”) , forall helLP(X,n).

Proposition 6 Let v € C*(X), v > 0 on X, satisfy that
Av+cv>d onX, 3.1
where ¢ and d are constants. Then, for any real number p > 0,
supv < CHP(L+ 1) (lvll + 1d).
where C > 0 is a constant depending only on n and n.
Proposition 7 Letv e C 2(X),v>0on X and satisfy
Av—cv <0 on X, (3.2)

where c is a constant. Then, there exists a real number py > 0, depending on n, n, and c,
such that

infv = CYPO 4 1))~ P01 ]l py»

where C > 0 depends only on n and n.
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338 J.Fuetal.

Proposition 6 and Proposition 7 can be proved by Moser’s iteration. The arguments are
standard (see, for example, [6]). We are in a position to prove Lemma 5.

Proof of Lemma 5 Let
vV=u— iI)l(f u+1.
Since X is compact, u attains its infimum. Then,
v>1, and iI}}fv: 1.

On the other hand, we have

Av—Civ <0, 3.3)
and

Av > —C,. 3.4
Applying Proposition 7 to (3.3), we obtain that
inf v = C7VP L+ |CL) TP vl

Here po > 0 is a number depending only on 7, n, and C1; C > 0 is a constant depending
only on 1 and n. Applying Proposition 6 to (3.4) with p = pg yields that

supv < (€)1l +C2).
where C’ > 0 depends only on 1 and n. Combining these two inequalities we have
supv < (Cl/rpo [cl/PO(l + |Cy )" Po inf v + cz]
= (@) [ctra +|ci)"™ + G

It follows that

supu —infu < supv <C,
X X X

where C > 0 depends only on n, n, Cy, and C,. O

Letus now return to Eq. (1.4). We let (X, n) be the complex n-dimensional Kéhler manifold
of nonnegative orthogonal bisectional curvature, and wy be a Hermitian metric on X.

Corollary 8 Forany f € C®(X), letu € C*°(X) be a solution of
_ —1
det(l ") _ S-Df ( Jy o )"

det(wf ™) Jxelwg
where w,, is a positive (1, 1)-form such that
ol = a)871 +(V=1/2)30u A" 2 >0 onX.
Then,

suple) ™|y < C,
X
where C > 0 is a constant depending only on f, n, n, and wo.
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Form-type equations on Kéhler manifolds 339

Proof By Corollary 4, it suffices to estimate (sup # — inf u). Contracting
L (VE1/2)00u A2 =0
with 7 yields that

nnAwy” !
Agju>———"—""> -0 on X.
nn
Here the constant C; > 0 depends only on 1, n, and wg. We have (2.21), on the other hand.
Therefore, the result is an immediate consequence of Lemma 5. O

4 Holder estimates for second derivatives

Let X be a n-dimensional Kédhler manifold, n be a Kéhler metric on X, and wg be a balanced
metric on X. We will establish the following estimate.

Lemma 9 For F € C%(X), let u € C*(X) satisfy that
i+ (V=1/2)3du An"> >0 onX,
and that
det[l ™ + (v/=1/2)80u A 7" 2] = e detof ™" 4.1)
Suppose that
sup [ lop ™" + v/ =1/200u A 0", < Cs 4.2)

for some constant C3z > 0. Then,
lullczexy < C,
where 0 < o < 1 and C > 0 are constants depending only on C3, n, wo, and 1.

We shall apply the Evans—Krylov theory (see, for example, Gilbarg—Trudinger [3, p. 461,
Theorem 17.14]), which is on the real fully nonlinear elliptic equation. Note that Evans—
Krylov theory is based on the weak Harnack estimate (see, for example, [3, p. 246, Theorem
9.22]), which, in turn, makes uses of Aleksandrov’s maximum principle (see, for example,
[3, p. 222, Lemma 9.3]).

We first adapt Aleksandrov’s maximum principle to the complex setting. To see this, we
start from the following result (see, for example, Lemma 9.2 in [3]): Let 2 C C" be abounded
domain with smooth boundary.

Lemma (Aleksandrov) For v € C2(Q) with v < 0 on 9, we have

2n

diam(2)
sgp v < 1/(2n) / | det D2v| . 4.3)

Here o, is the volume of unit ball in C", D>v denotes the real Hessian matrix of v, and rf
is the upper contact set of v, i.e.,

={y e Q;v(x) <v(y)+ Dv(y) - (x —y) forall x € Q}.
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340 J.Fuetal.

Then, it suffices to control the real Hessian D?v by the complex Hessian (v; /v) of v, over

'} Note that T} € {y € Q; (D?v)(y) < 0}. We shall make use of the following inequality
(comparing with [1, p. 246], we do not need Hadarmad’s inequality for semipositive matrices):

Proposition 10 Ler w be a real C* function in Q. For P € Q such that D*w > 0,
det(D*w) < 8"|detw;;|* at P.
Proof Recall that

a 1/ 0 )
7w =3 (50 ~vTgm). 1=i=n

azi 2\ 9x! 0y!
We denote
_ ow . 9w
i Fr
Then,
1 V=1 ..
W=7 (Wi i +wyiys) + e (Wyiyi —wyiyi), 1<i,j<n

Since D?w > 0 at P, we can choose a coordinate system (xl, yl, ..., x", y™") near P such

that D%w is diagonalized at P, and hence,

w >0, wyiinO, forall 1 <i<n.

xixi
Then, under this coordinate system, the complex Hessian of w is also diagonalized, i.e.,
wij = (Wyiyi +wyiyi) .
It follows that, at P,
n
2 2
16" detw;;|" = H (Wyiyi + wyiyi)
i=1

n n
> 2" H Wi i H Wyiyi
i=1 i=1
= 2" det(D*w).

Moreover, for any Hermitian matrix (a’/) > Oon '), we have by an elementary inequality

that
T n
= —>avv-
det(a'/) det(—v;;) < (Z,,,) ) (4.4)

n

Now apply Proposition 10 and (4.4) to (4.3) to obtain the following complex version Alek-
sandrov’s maximum principle (compare with [3, p. 222, Lemma 9.3]):

Lemma 11 Let (aij) be a positive definite Hermitian matrix in Q. For v € C*(Q) with
v <0onoL,

1

2n
2n

<
Sgp v= 1/n)
n Uzn

2" diam(£2) / ‘ ~Ydlly;

et(a; ) 1/n

+
I'y
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Then, the weak Harnack inequality below (compare with [3, p. 246, Theorem 9.22]) follows
from Lemma 11 and the cube decomposition procedure.
Theorem (Krylov—Safonov) Let v € W22M(Q) satisfy Zai;vi]f < gin Q, where g €
L2(), and (a'/) satisfies that
0<AlZ]? < Zaif(z);i;j < Al¢|?, forall z € Qand¢ e C",
ij
in which ) and A are two constants. Suppose that v > 0 in an open ball Byr(y) C Q
centered at y of radius 2R. Then,
1/p
1 . R
@/Up SC|:1[£1[{U+I”g”L2n(BZR)i|,
Bg

where | Bg| denotes the measure of Bg, and p > 0 and C > 0 are constants depending only

onn, A, and A.
Let us denote by
E[(“i]')] = log det [w871 + (ﬁ/2)35u A ﬁn_z] .

To apply Evans—Krylov theory, it remains to check the following two conditions ([3, p. 456]):

(1) E is uniformly elliptic with respect to (u; ),
(2) E is concave on the range of (uijf).

As in Sect. 2, we denote ¥ = a)g*l and

W, =W+ (v/—=1/2)30u A " 2. (4.5)
We use the index convention (2) for an (n — 1, n — 1)-form. Then,
E[(”U—)] = log det[(‘pu)if]’
and thus,
OF . ’E
=),
a(ll"u)ijT a(‘yu)ija(\pu)k[
Clearly, E is concave on [(\IJu)i]f]. By (4.1) and (4.2), we know that the eigenvalues of [(\Ifu)ijf]
with respect to (n; /v), have uniform bounds which depend only on F', wg, and C3. Therefore,
E is uniformly elliptic with respect to [(W,); ]f]. Observe that by (4.5), [(Wy); ]f] depends
linearly on (u ). Since (1;7) > 0 on X, the conditions (1) and (2) follows immediately from
the chain rule.

Now we can apply the procedure in [3, p. 457-461], and this proves Lemma 9. As a
corollary, we obtain the Holder estimate of C? for Eq. (1.4).

— — W)W

Corollary 12 Let (X, n) an n-dimensional Kdihler of nonnegative quadratic bisectional cur-
vature, and wqy be a Hermitian metric on X. Given any f € C*®(X), letu € C*®°(X) be a
solution of

_ —1
det(w " =e(n—1)f< Jx @l )n
det(a)g*l) fX el wf ’
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where w, is a positive (1, 1)-form such that
= f T+ (V=1/2)80u A" >0 on X,
Then,
lullc2axy < C,

where 0 < a < 1 and C > 0 are constants depending only on f, n, n, and wy.

5 Openness and uniqueness

Throughout this section, we let wy be a balanced metric, and let  be an arbitrary Kéhler
metric, unless otherwise indicated. We fixk > n+4,0 < @ < 1,and a function f € cke(x)

satisfying
/efwg =V E/wg.

X X
Here Ck’“(X) is the usual Holder space on X. Consider for0 <t <1,
dettel ) _ s ( Jx @i, )n_1 (5.1)
det(wp™h Jx e oy ’ .
where u; € Py (wo). By abuse of notation, in this section we denote
Py (o) = {v e CH2e(X): o™ 4 (V=1/2)90v A" 2 > 0} .
Let

T = {t € [0, 1];the equation(5.1) has a solution u, € C¥t>%(X)
such thatu,; € Py(wo).}. 5.2)

Clearly, we have 0 € T'.
Lemma 13 Let T be the set given as above. Then T is open in [0, 1].

Proof Notice that (5.1) is the same as

n n
ur e;f fX wu,

n - 1 n'
@ Jx e g

As in Section 3 of [2], we define

w

o’ 1
— w n
M(w):log—w8 — log Vx/ww ,

forany w € P, (wp). Then, M (w) € FRe(X), where F5¢(X) is the hypersurface in cka(x)
given by

FheX)=1g€ C’“‘”(X);/eg wy =V
X
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Now suppose that ¢ € T'. Then, the corresponding u; defines a positive (1, 1)-form w,,
such that

or ' =wf T+ (V=1/2)30uAn"? >0 onX;

u

furthermore, u, satisfies that

M(u;) = tf +log V — log /e’fwg € FHU(X).
X

The tangent space of F ko (Xy at M (uy) is identically the same as the Banach space S,k (X)),
which consists of all 1 € CF(X) such that

/hwﬁl =0.

X

In view of the Implicit Function Theorem, it suffices to show that the linearization operator
L; = M,,, given by
n(v=1/2)00v A" 2 Aw,, 1 [y(V=1/2)89v An" 72 A oy,

L) = (n — D)l B (n—1) [yl ’

is a linear isomorphism from S,k +2.0 (X) to Stk "*(X). This is guaranteed by Lemma 13 in [2].
The proof is thus finished. ]

Remark 14 We thank John Loftin for pointing out that the openness argument in [2] also
works for 1 being a astheno-Kiihler metric, i.e., n is a hermitian metric such that 337" 2 = 0.

By the results in the previous section, we know that T is also closed, provided that
the orthogonal bisectional curvature of 1 is nonnegative. Therefore, the existence part in
Theorem 1 is proved. The uniqueness follows immediately from the following proposition.

Proposition 15 Let v € Py (wo) satisfying
det [wf ™! + (V=1/2)080 A 3" 2] = S dete ™, (5.3)
where § > 0 is a constant. Then, v must be a constant function and § = 1.

Proof Applying the maximum principle to Eq. (5.3) at the maximum points of v yields that
8 < 1. Similarly, we get § > 1 by considering (5.3) at the minimum points of v. Thus, § = 1.
Then, we apply the arithmetic—geometric mean inequality to obtain

1/n
| deto™! SN 3 n—2
l_|:j| <1+~ > (g™ ((v—1/2)88v/\7] )

n—1
detw) ) ij

A2 A(V=1/2)30
_ g QAN e,
w
0

Note that the linear operator K so defined is uniformly elliptic, by the metric equivalence of
n and wq on the compact manifold X. Applying the strong maximum principle to Kv > 0
yields that v is a constant function. O

Therefore, the proof of Theorem 1 is completed.
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