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Abstract Consider a functional Iy with the mountain-pass geometry and a critical point
uo of mountain-pass type. In this paper, we discuss about the existence of critical points u,
around ug for functionals I, perturbed from I in a suitable sense. As applications, we show
the existence of a solution to the nonlinear Schrédinger—Poisson equations and the nonlinear
Klein—-Gordon—-Maxwell equations with quite general class of nonlinearity.
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1 Introduction and statement of main result

We divide this introductory section into two parts. The first part is devoted to present an
abstract critical point theory inspired by the work of Byeon and Jeanjean [12]. In the remaining
part, we introduce its applications to the nonlinear Schrodinger—Poisson equations and the
nonlinear Klein—-Gordon-Maxwell equations.

1.1 Abstract critical point theory

Let H be a separable Hilbert space with norm || - || and let Iy : H — Rbea C ! functional
of the form

1
Io(u) = §||u||2 — P(u), whereP : H — Rand P’ : H — H™* are compact. (1.1)
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650 W. Jeong, J. Seok

If we assume P’(0) = 0, then 0 € H is a critical point of Iy. This type of functionals has been
received much attention by a large number of authors because, in many applications, their
critical points are weak solutions of various semilinear elliptic partial differential equations
arising from diverse areas of mathematics and physics.

Suppose that I has the mountain pass geometry and also has a critical point of mountain
pass type. More precisely, suppose that Iy satisfies the following:

(M1) there exist ¢, r > 0 such that if ||u]| = r, then Ip(u) > ¢ > [p(0) and there exists
vo € H such that ||vg|| > r and Iy(vg) < Ip(0);
(M2) there exists a critical point ug € H of Iy such that

I = Cp := min max [ ,
o0(u0) 0 = min max o(y(s))

where I' = {y € C([0, 1], H) | y(0) =0, y(1) = vp}.
Consider a functional I, perturbed from the limit functional Ip:
Te(u) := Io(u) + Je (u) (1.2)
where & > 0 denotes a small parameter and J, : H — R is a C! functional such that

() (1) Je(u) and J/(u) converge to 0 locally uniformly for u, i.e., for any M > 0,
lim sup |Je(u)| = lim sup [|J ()| =0;

e=0 u <M =0 uj<m
(ii) Je: H— Rand J, : H— H* are compact.

The first aim of this paper is to develop a variational method for finding a critical point u,
of I around ug when ¢ is small. From a variational point of view, there are two main issues
for obtaining critical points of a functional, that is,

(I1) the geometric structure of a functional for generating Palais—Smale sequences;
(I2) the compactness of Palais—Smale sequences.

By (J), we can easily see the functional /; inherits the mountain pass geometry from Iy if
¢ is sufficiently small, and thus the existence of a Palais—Smale sequence is straightforward
from the Ekeland variational principle. Also, the compactness of Palais—Smale sequences
comes from the boundedness of them because P (1) and J, (1) are compact. However, unless
quite strong restriction on /. is made, it is difficult in general to check whether Palais—Smale
sequences of /. are bounded even when the limit functional /( has the compactness of every
Palais—Smale sequences and & > 0 is small.

To resolve this difficulty, one thus need to develop more sophisticated critical point theories
which assert the existence of a bounded Palais—Smale sequence instead of using the Ekeland’s
variational principle. One powerful method to this direction is the well-known Struwe’s
monotonicity trick (See [17,27]). Let I, : H — R be of the form

Ly (u) = a(u) — ppu),

where & > 0, « is a C! functional which is coercive, i.e., lim)j |- 0o @ (1) = oo and B is
a C! functional such that S(x) > 0 and B, 8’ map bounded sets into bounded sets. Then,
Struwe’s monotonicity technique says that if 7, has the mountain pass geometry, there is
a bounded Palais—Smale sequence corresponding to mountain pass level for almost every
n > 0. However, we point out that this method is not perturbative in nature; neither « is a
limit functional nor ;& > 0 is a small parameter so this technique is not suitable for achieving
our goal.
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On perturbation of a functional with the mountain pass geometry 651

As the perturbation scheme, there is a critical point theory recently developed by Azzollini,
d’ Avenia and Pomponio [6]. Let Hr1 (RM) be the set of radial functions in the standard Sobolev
space w2(RY) with norm

||M||2=/|Vu|2+wu2dx, ©>0.

]RN
Choose the limit functional I as
1
Io(u) = 5 / IVul? + wu®dx — / F(u)dx, (1.3)
RN RN

where F(t) = fof f(s)ds and f : R — R is a continuous function satisfying the following
three conditions:

(ii.1) (Superlinearity near zero) lim,_, o+ f(s)/s = 0;
(ii.2) (Subcriticality near infinity) lim sup,_, o, f(s)/s? < oo for some p € (1, %—3);
(ii.3) (The Berestycki-Lions condition) there exists 7 > 0 such that %a)T2 < F(T),

Here we note that above three conditions are almost optimal for (1.3) to admit at least one
nontrivial critical point. The perturbation term J, () is defined by

k
Jo(u) :=¢ Z R;(u) forsomek,
i=1

where each R; satisfies the following:

(R1) R; is a nonnegative even C ! functional on H,1 (RN,
(R2) there exists §; > 0 such that R/ (u)[u] < C||ul|% for any u € H!(RN);
(R3) if u; — u weakly in H!(RY), then

lim sup R; (uj)[u — u;] < 0;
j—00

(R4) there exist a;, f; > 0 such thatif u € H!(RV),t > 0 and u; = u(-/t), then
Ri(u;) = t% R; (tPiu).

Then, it was proved in [6] that there exists a bounded Palais—Smale sequence of I, for
sufficiently small ¢ > 0. To obtain this result, the authors applied new ideas developed by
Hirata et al. [15]. In fact, the ideas in [15] are equally applicable when I, has the symmetric
mountain pass geometry so the existence of bounded Palais—Smale sequences corresponding
to the symmetric mountain pass energy level of I, was also proved in [6]. On the other hand,
this result requires the Hilbert space H, the limit functional /o and the perturbation term
Je (1) to be of some specific form as well as J, () to fulfill a kind of scaling property, which
does not seem essential.

Inspired by the work of Byeon and Jeanjean [12], we remove these restrictions. In fact,
we will develop a critical point theory for functionals defined on abstract Hilbert space. Our
result says that if we assume that the mountain pass type critical point of Iy from (M2) is a
ground state, i.e., it has the lowest energy level and the set of ground state critical points of
Ip is compact in H (these are accomplished by Iy of [6]), then there exists a Palais—Smale
sequence of I, near the set of ground state critical points of Iy for sufficiently small ¢ > 0.
More precisely, we will show that there is a bounded Palais—Smale sequence of I, away from
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the origin. We also point out that our result is related to the stability of the mountain pass type
critical points under small perturbation of functionals. Recall that there is a non-variational
theorem, the implicit function theorem, which tells that if I, is C 2 and uo is a non-degenerate
critical point of Iy, i.e., Ij(uo) = 0 and I (u¢) is non-singular, then there is a curve of critical
points u, of I, converging to ug as ¢ — 0. This means that the non-degeneracy condition
provides a critical point u( with stability under small perturbation. Also, this kind of existence
result can be generalized via degree theory when the conditions for I, and u( are weakened
as follows:

G I is Ch;
(i1) ug is an isolated critical point of Iy and ind(I(’)(uo), 0) #0.

However, the non-degeneracy or even the isolatedness of a critical point obtained variationally
is quite hard to check in general so that these methods can be applied to a very restricted
class of I.. We stress that when applying our methods we do not need to worry about any
non-degeneracy issue at all.

Now, to state our main theorem, we list the conditions which should be fulfilled by /o:

M1) Ip(0) = 0, there exist ¢, ¥ > 0 such that if ||u|| = r, then Ip(#) > ¢ and there exists
vg € H such that ||vg|| > r and Ip(vg) < O;
(M2) there exists a critical point ug € H of Iy such that

Io(ug) = Cp := min max Iy(y(s)),
yel s€[0,1]
where I' = {y € C([0, 1], H) | y(0) =0, y(1) = vo};
(M3) it holds that

Co = inf{lo(u) | u € H\ {0}, Ij(u) =0}

(M4) thesetS :={u € H | Ié(u) =0, Ip(u) = Cp}is compactin H;
(MS5) there exists a curve yp(s) € I' passing through ug at s = so and satisfying

Io(ug) > Io(yo(s)) forall s # sp.
Then, our main result is the following:

Theorem 1 Assume that (M1)—(MS5) hold for a C 1 functional Iy with the form (1.1) and (J)
holds for one parameter family of C' functionals Js. Then, there exists &g > 0 such that for
any ¢ € (0, &9), the functional I, := Iy + J. admits a nontrivial critical point u, € H. In
addition, for any sequence {¢} converging to 0, the sequence of critical points {u,;} found
above converges to some W € S up to a subsequence.

Remark 1 Observe that if I satisfies the Palais—Smale condition, the conditions (M2) and
(M4) are automatically implied by (M1) and the well-known mountain pass theorem [1]. For
the sake of generality, we assume that /y satisfies (M1)-(M5) instead of assuming the (PS)
condition, (M1), (M3) and (M5).

Remark 2 1t is natural to anticipate that the critical point u, found above is of mountain pass
type. Also, we think that the technical condition (M5) is not essential because (M5) never
contribute to make a mountain pass type critical point stable. It seems interesting to prove
Theorem 1 without (M) for wider application.
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On perturbation of a functional with the mountain pass geometry 653

1.2 Applications to some systems of PDEs

As a first application, we consider the following system of equations:

_ _ — 0 in 3
[ Au+ ou — Apu + F,(x,u) =0 inR”, (1.4)

—A¢p =u?, limp-ed(x) =0 inR3,

where w € (0,00), A € Rand u : R} - R, ¢ : R3 — R are unknown functions and
F : R® x R — R is a given potential function. The system (1.4) is called the nonlinear
Schrodinger—Poisson equations because a single nonlinear Schrodinger equation is coupled
with a Poisson-term.

A great deal of work has been devoted to the Eq. (1.4) especially in case of 1 < 0. See
[2,3,5,6,8,13,14,18,26]. On the other hand, Mugnai first dealt with the case of A > 0in [25],
where he showed that there are infinitely many triples (A, u, ¢) € Rt x H!(R*) x D}(R?)
which solve (1.4) when the potential function F satisfies the following conditions:

F1 F:R3xR — [0, co]is such that the derivative F, : R> xR — Risa Carathéodory
function, F(x,s) = F(|x|,s) and F(x,0) = F,(x,0) =0;

F2  there exist Ci,Crand 1 < g < p < 5suchthat |F,(x,s)| < Cils|? 4+ Ca|s|?;
F3  there exists k > 2suchthat 0 < sF,(x,s) <kF(x,s);

F4 itholds that F(x, s) = F(x, —s).

Here Hrl (R3) denoted the set of radial functions in the standard Sobolev space wLZ(R3)
and Drl (R3) the set of radial functions in the space DYR?), the completion of C§° (R?) with
respect to the norm

lull?, =/|Vu|2dx.

R3
Applying Theorem 1, we considerably generalize the class of the nonlinearity F (x, s) by
just assuming that

(F1) F : R? x R — R is such that the derivative F, : R*> x R — Ris a Carathéodory
function, F'(x,s) = F(|x|,s) and F(x,0) = F,(x,0) =0;

(F2) limg_¢ F,(x,s)/s = 0 uniformly for x € R3 and lim SUP|s|— o0 | Fu (X, HI/Is|P < oo
uniformly for x € R3 for some p e (1,5).

Under these assumptions on F, we obtain the following result:

Theorem 2 Suppose that (F1) and (F2) hold. Then, for sufficiently large A > 0, there exists
a solution (u, ¢) € H!(R?) x D} (R?) of (1.4).

Observe that we drop the conditions (153), (154) and nonnegativity of F(x, s). Also, our
theorem covers not only infinitely many A’s but also a continuum of them.
Next, as a second application, we consider the following system of equations:

[—Au —*(1 = q¢)*u+ F'(u) =0 inR?, (1.5)

—Ap = q(1 — gp)u? in R?,
where ¢ > 0 and the potential F is supposed to be

m? 5
F(s) = 7s —G(s)
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and G : R — R is continuous. This system is called the nonlinear Klein—-Gordon—-Maxwell
equations and also has received a great interest by various authors [4,7,9,10,13,14,22-24].
When G (s) is a power nonlinearity, i.e.,

1
G(s) = —Is|,
p

D’ Aprile and Mugnai proved in [13] that there is no nontrivial finite energy solution (u, ¢) €
H'(R) x D'(R) and proved in [ 14] that there are infinitely many finite energy radial solutions
(u, ) € H,1 (R) x D,1 (R) if we assume one of the following conditions:

(i) m>w>0and p € [4,06);

i) my/(p —2)/2 >w>0and p € (2,4).
In [7], Azzollini, Pisani and Pomponio improved the existence range of (m, w) for p € (2, 4)
as follows:

Jp—2)4d—p) if2<p<3,

0 <w<mg(p), g(P)le if3<p<4

They also dealt with a limit case m = w in [7]. If ¢ > 0 is sufficiently small, the existence
of solution can be shown for allm > @ > 0, p € (2,4) by a work of Long [22]. More
precisely, for sufficiently small ¢, the existence of solutions to (1.5) was shown in [22] when
G is C2(R) such that G(0) = G’(0) = 0 and satisfies the following:

Gl the equation
—Au+m?—oPHu—G'w)=0 (1.6)

has a unique positive solution u( € H,4 (R3):
G2 uo is non-degenerate, i.e., the kernel of linearized operator of (1.6) at uo,

Lug[g] := —A¢ + (m* — o®)p — G (o)p, ¢ € HX(R?)
is trivial on H*(R?).

We note that in case of G(u) = |u|?/p,2 < p < 6, (G1) and (G2) hold forall 0 < & < m
by the well-known work of Kwong [19]. This result is based on the fact that as ¢ — 0 the
first equation in (1.5) tends to (1.6) so the conditions (Gl) and (G2) are needed for applying
the implicit function theorem as mentioned in the first part of introduction.

The final result of this paper is to eliminate these uniqueness and non-degeneracy assump-
tions, which significantly restrict the class of G. We will only assume that

(GD) G € CYR), G(0) =0, and lim,_,¢ G'(s)/s =0;
(G2) limsup,_, ., |G'(s)/s?| < oo for some p € (1, 5);
(G3) there exists T > 0 such that %(m2 — a)2) T? < G(T),

which are believed to be optimal conditions that can be given to (1.6). Under these assumptions
on G, we have the following result:

Theorem 3 For sufficiently small ¢ > 0 and any o with 0 < w < m, there exists a solution
(u, ¢) € H'(RY) x D}R?) of (1.5).

Before closing this section, we refer to the results on [10,24], in which the authors con-
sidered the nonnegative potential case, i.e., F(s) > 0 for all s. Based on the paper [10],
it was proved in [25] that for sufficiently small ¢ > 0, there exists a triple (w, u, ¢) €
RT x Hr1 (R3) x Dr1 (R3) satisfying (1.5) if we assume the following:
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(F1) F e C*R), F>0and F(0) = F'(0) = 0;

(F2) F"(0) =m? > 0;

(F3) thereexist C1, C, > 0and p € (0, 4) suchthat |F"(s)| < C;+C,|s|? forevery s € R;
(F4) 0 < sF'(s) <2F(s) forevery s € R;

(F5) there existmy, c > 0 withm| < m2/2 such that F(s) < ms2 + ¢ for every s € R.

It was also proved in [25] that the same result holds if (F4) and (F5) are replaced with (F4)’
and (F5)’, which admit potentials F' with super quadratic growth rate as the following:

(F4)’ there exists k > 2 such that 0 < s F’'(s) < kF(s) for every s € R;
(F5)" there exist m1, ¢ > 0 and 6 > 2 such that F(s) < c|s| + m]s|? for every s € R and
2 (0 —2)"2 N2 g 2-1)
: (1 7) K= m .
k@O —1) (CEn 2

We point out that Theorem 3 completely includes the former result. It is easy to see that if
we set

mp < min[

F(s) = %mzsz - G(s),

(G1)—(G3) follow from (F1), (F2), F(3) and (F5) for @ > 0 satisfying m;| < w?)2 < m2/2.
Observe that Theorem 3 covers a continuum of w > 0 as Theorem 2. Moreover, we can also
see that Theorem 3 admits a wide class of potentials F* > 0 with super quadratic growth
since, for given G satisfying (G1)—(G3) and G(s) < m2s2/2, we can modify G as G by
defining that G(s) is the same with G(s) until s < 77 for some 77 > T and interpolate it
continuously with some negative function with super quadratic growth. It seems that Theorem
3 however does not cover the latter result entirely and vise versa because (G1)-(G3) don’t
admit potentials

F(s) = %52+m1|s|p, 2<p<6

while they are free from the Ambrosetti and Rabinowitz type global condition (F4)’.
The rest of paper is organized as follows. In Sect. 2, we give a proof of Theorem 1.
In Sect. 3, we prove Theorems 2 and 3 by making use of Theorem 1.

2 Proof of Theorem 1

In this section, we give a proof of Theorem 1. Our approach is based on the idea developed
by Byeon and Jeanjean in [12]. The strategy is to search for a Palais—Smale sequence of I
near the set of the least energy critical points of Iy.

Before proceeding, we define a modified mountain pass energy level of I,

C, = min max I K
& )/EFM selo 1 (v (5)),

where

I'm = [V er'| sup [ly()l = M], M :=2maX[Sup lull, sup ||V0(S)||]-
s€[0,1] ues s€[0,1]

By the choice of M, we see that yy € I"ys, and thus

Co = min max I
0= min max o(y (5)).
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Now, we shall prove a series of propositions, whose combination gives a complete proof
of Theorem 1.

Proposition 1 The mountain pass energy level C is continuous at 0, i.e.,

lim C, = Cy.

e—0
Proof By (M5), there is a curve yp € I satisfying max,c[o,1] lo(yo(s)) = Io(uo) = Cop.
Then we obtain from (J) that

Ce

IA

max I,
max, e (Y0(s))

IA

I J
max, 0(yo(s)) +Srer%g§] e (0(s))
= Iy(ug) + o(1) = Co 4+ 0o(1) as ¢ —> 0.

This shows lim sup,_,, C¢ < Co.

On the other hand, the definition of C. gives that for any 6 > 0, there exists a curve
Ve,s € I'y such that Cy +8 > maxeo,1] Ie (ve,s(5)). Moreover by (J), it follows that for any
n > 0 and any small ¢ > 0 depending on 7,

[Je(Ve.s(s))| <n uniformly fors € [0, 1]and § > O.

Then we see that

C:+6 > Sl'el}g-ﬁ] {IO(Vs,S(S)) + Ja(ya,é(s))}

%

Jmax, lo(Ye,5(s)) —n
= Co—n.
By taking 8, n — 0, we have that lim inf,_,q C; > Cy, and thus this completes the proof. O
Next, we define
By(u):={veH||v—ul <d}

and

st = Batw).

ues
Proposition 2 Suppose that there exist sequences {¢;} — 0 and {u;} C S4 satisfying
lim I;;(u;) <Co and lim I} (uj) =0. (2.1)
j—00 j—ooo 7
Then there is dy > 0 such that for 0 < d < dy, {u;} converges to some u € S, up to a
subsequence.

Proof From the definition of S9. there exists a sequence {w;} C S suchthatu; € By(wj).
Then, by (M4), we can assume w; converges to some w € S in H by taking a subsequence
if it is necessary. This gives that u; € Byq(w) for j large, and so {u;} converges weakly to
some u in H. Here we notice the set Boy(w) is weakly closed in H because it is convex and
closed in H. Then u € By4(w), which implies u is nontrivial for d > 0 small enough.

Now by using (2.1), (J) and the fact that P’ is compact, we see that

Iéj (uj)g — Iyw)p =0 forall ¢ € H,
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which shows u is a nontrivial critical point of Ip. Moreover, we have that

Cp > lim Isf(uj) = lim Jo(u;) + lim Jgj(uj)
j—oo Jj—>00 Jj—>00
1
> 5||u||2— P(u) = Iop(u) > Co,

where the latter inequality holds due to (M3). It leads to Ip(u) = Co and consequently u € S.
Finally we use again (2.1), (J) and the fact that P is compact to see that

liminf e 1* = ) = 2 {oG) + P} = 2(Co + P(w)

j—o00

>2 [limsuplgj(uj) + P(u)]

= lim sup [lu; || —2[ lim P(u;) — P(u)] +2 lim Jg, (u))
j—o00 j—o0o

= lim sup Jlu; %
Jj—00

Thus {u ;} converges strongly to u in H, up to a subsequence. This completes the proof. O
Now we let

D, := Xg%gﬁ] I (yo(s)).
Then by Proposition 1, we see that C, < D, and

fn, . = i D, = Co.
Also we define

1P ={u e H|I(u) < D).

Hereafter, the letter dp always means the real number in Proposition 2.

Proposition 3 For any dy, dy > 0 satisfying d» < dy < do, there are constants « > 0 and
g0 > 0 depending on dy and dy such that for ¢ € (0, &g), the following is true:

IL)|| > « forall u e IPe N (59 $%).

Proof To the contrary, suppose that for some d;, d» > 0 satisfying dy > d| > d,, there exist
sequences {¢;} withlim; .o e; =0and {u;} C S\ §% such that

lim I, (u;) <Co and lim I} (uj) =0.
j—oo j—oo 7
Then by Proposition 2, there exists # € § such that ||u; — u| — 0 as j — oo, and thus we
have dist(u;, S) — 0 as j — oo. It contradicts with u; ¢ S% for all j.
Proposition 4 Ford > 0, there exists § > 0 such that if ¢ > 0 is sufficiently small,
I (%(s)) = C; — & implies y(s) € 5%

Proof We also argue by contradiction. Suppose that for some d > 0, there are sequences
{6;} = 0,{¢;} — Oand {s;} C [0, 1] such that

I, (0o(s)) = Ce, —8;  but  yo(s;) ¢ S°.
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Then {s;} converges to some so € [0, 1], up to a subsequence, and by taking a limit, we
obtain that

Co = I(1(sx)) = Co and  yo(sec) & 572
However, y(s) should belong to S by (M5), and therefore we see a contradiction.

Proposition 5 For any d < do and sufficiently small ¢ > 0 depending on d, there exists a
sequence {u;} C S9N 17¢ such that

L(uj) >0 as j— oo.

Proof To the contrary, suppose that there is d < dp and sequences {¢;} — 0 and {c;} C
(0, 00) such that

Dy .
I, )l = ¢; >0 forall ue sinI, .

By Proposition 3, we see that there exists « > 0, independent of j, such that

D;.
I, =z« forall uel;’ N (89 8977y,

Take a large j such that Proposition 4 holds for d and ¢ ;. Hereafter, we shall denote this ¢;
just as €.
Now, consider a pseudo-gradient vector field V, of I, (for definition, see [28]) and take

a neighborhood N, of s4n ISD‘g satisfying N, C Bys(0). Let n, be a Lipschitz continuous
function on H such that 0 < 5, < 1 everywhere and

_[1on sTn1P,
e = 0on H\N:,.

Also let & be a Lipschitz continuous function on R such that 0 < &, < 1 everywhere and

[ 1if s —Cel < 68/2,
§e(s) = [Oif Is — Ce| > 8.

Then there exists a global solution ¥, : H x R — H of the initial value problem
d
EW&(’L T) = =N (Ye(u, T))E (e (Ve (1, 7)) Ve (Ye (u, 7)),

wé‘(us 0) =u.

By recalling Proposition 4, lim,_,o(C: — D;) = 0 and using the fact that
d
Ela(we(u, 1) < =06 (Ve (u, 7)) (Te (Yo (u, DN (Yo, )12,
a standard argument gives that for some large 7, > 0,

I (Ve (yo(s), te)) < Ce —8/4  forany s € [0, 1].

From this, setting yo(s) := ¥ (yo(s), Te), we have that y9(s) € 'y and I (y9(s)) < Ce for
any s € [0, 1]. This is a contradiction to the definition of C,.

Proposition 6 For any d > 0, there exists eo(d) > 0 such that for 0 < ¢ < &o(d), the
functional I, admits a critical point u, € S°.
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Proof By Proposition 5, there exists a Palais—Smale sequence {u ;} C §4/2 corresponding to
afixed small ¢ > 0. Since {u;} isbounded in H, itholds thatu ; — u, in H forsome u, € H.
Then we obtain I/ (u;) = 0 from the compactness of P’ and J/ and the fact I/(u;) — 0 as
j — oo. Hence u, is a critical point of /.

Now we claim that u, € S9. Indeed, by the fact u; € S4/2 there is v; € § satisfying
lvj —ujll <d/2. Then from the compactness of S, there exists v € § such that v; — v in
S, up to a subsequence, as j — 00. This means that for all j, u; € By(v), a weakly closed
setin H. Thus, it follows that u, € B;(v). This completes the proof.

Completion of the proof of Theorem 1 Take d € (0, dy) sufficiently small such that ¢
does not contain the origin. Proposition 6 says that there is a critical point u, € S? of I,
if & is small, so that each u is nontrivial. Note that for any sequence {e;} converging to 0,
the sequence {u,; } satisfies all assumptions of Proposition 2. Thus {u,, } converges, up to a
subsequence, to some W € S. This completes the proof of Theorem 1.

3 Proofs of Theorems 2 and 3

In this section, we shall give proofs of Theorems 2 and 3. We first recall the definition of the
function spaces H'(R3) and D' (R3).
Fora > 0,let H! = HY(R?) be the completion of C§° (R3) with respect to the norm

lu)? = / [Vul> + au’dx

R3

which is equivalent to the usual Sobolev norm. Moreover, we denote the completion of
Cy° (R3) with respect to the norm

2 2
., =/|Vu| dx
R3

by D! = DI(R3).
To avoid a lack of compactness, in our applications, we mainly consider the set of radial
functions as follows:
H! = H/(®) = {u € H'R) | u(x) = u(lx]))
and

D! = D!®?) = {u € D'®R®) | u(x) = u(|x])}.

Here we note that the continuous embedding Hr1 (R3) — LI(R3) is compact for any g €
(2,6).

3.1 Proof of Theorem 2

We are concerned with the existence of a solution (u, ¢) satisfying the nonlinear Schrodinger—
Poisson equations

_ _ —0 in 3
[ Au+ ou — lpu + F,(x,u) =0 in R°, 3.0

—A¢p =u?, limysood(x) =0 in R3,
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where w, A are positive and the potential function F : R? x R — R satisfies (F1)—~(F2). In
this subsection, we shall verify Theorem 2 saying that for A > 0 large, the Eq. (3.1) admit
a nontrivial solution (u, ¢) € H,1 X D,l. To obtain this result, we look for a critical point of
the associated energy functional [ : Hr] X Dr1 — R given by

1 A A
I(M»¢)=§||M||2+Z/|V¢|2dx—E/qﬁuzdx—i-/F(x,u)dx.
R3 R3 R3

We observe that by the Lax—Milgram theorem, for given u € H', there exists a unique
solution ¢ = ¢, € D' satisfying —A¢, = u® in a weak sense. The function ¢, is represented
by

1 2
¢u<x>=4—/ ) gy,
7 ) [x—yl
]R3

and it has the following properties (see [26]):

Proposition 7 The followings hold:

(i) there exists C > 0 such that for anyu € H' (RY),

lgullpr < Cllull3ps  and /|V¢u|2dx :/cpuuzdx < Cllull*;
R3 R3

(ii) ¢y =0 forallu e H';

(iii) if u is radially symmetric, then ¢, is radial;

(iv) ¢ = t2¢uf0rallt >0andu € H';

(v) ifuj — u weakly in H,], then, up to a subsequence, ¢y; — ¢y in D' and

/qb,,jujzdx — /¢uu2dx.
R3 R3

Now by plugging ¢, into the first equation of (3.1), we obtain the following Schrédinger
equation with a nonlocal term:

— Au+ou—rpyu+ Fy(x,u) =0  inR>. (3.2)
By defining u(x) = ev(x) with ¢ = 1/+/4, (3.2) is equivalent to
—Av+wv—dv+ Fpe(x,v) =0  inR>, (3.3)
where
1
Fye(x,v) = — Fy(x, ev),
e

and we easily see that F), .(x,v) — 0 as ¢ — 0 uniformly in x from (F2). By the above
proposition and (F2), the functional I, : H! — R given by

1 1
Ie(u) = Ellull2 - Z/qﬁuuz dx +/Fs(x, u)dx,

R3 R3
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where Fe(x,u) = 517 F(x, eu), is well-defined. Moreover, a standard calculation shows that
itis a C! functional with derivative given by

I;(u)v:/Vqu+wuvdx—/gbuuvdx—i-/Fu,e(x,u)vdx
R3 R3 R3

for all v € H/. Thus it suffices to find a critical point of /. in order to obtain a solution for
(3.1).

For the purpose of applying Theorem 1 to this problem, we need to consider the following
limit equation of (3.3) which is called Choquard equation (see [20,21]):

—Av+wv—¢v=0 inR>. (3.4)

Foru e H,1 , we define an energy functional for (3.4) by

To(w) = 2 ul? 1/¢ 2d 3.5)
u) = — - = wu-dx. .
0 Ty

R3

Proposition 7 says that the functional

1 2
Pu) = 1 ¢uu”dx
R3

is compact. The following lemma asserts that its derivative P’(u) is also compact.
Lemma 1 The derivative P’ : u € Hrl — ng ¢uu - dx € (Hrl)* is compact.

Proof Let {u;} be a bounded sequence in H,‘. Then along a subsequence, we may assume
thatu; — u in H. We observe that for all ¢ € H/, using Holder’s inequality,

Pup)g — Puyg| = /«pu_,. ujpdx —/qz, up dx
3 Rfﬁ

IA

/ Su, (uj — wpdx| + / (bu, — du)ug dx
3 3

lfu; N zolluj — ull prassll@ll s
Hdu; — Gullpollullprzslielipizs = o(Mlell

because ¢uj — ¢, in L% and u j —> uin L12/3 up to a subsequence. Then we have that
P'(uj)— P'w) in (HH*
which proves the compactness of P’.

In the remaining part of this subsection, we will check that the conditions (M1)-(MS5) for
Iy(u) and (J) for

Je (1) ::/Fg(x,u) dx
R3

are satisfied. First we prove the following lemma:
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Lemma 2 The functional Iy satisfies (M1).

Proof By Proposition 7 (i), we easily see that

1 C
To(u) > Euun2 - Znun“ = 0

—_— >
4C
if |u||?> = 1/C. Moreover, if we take u # 0 and ¢ > 0, then by Proposition 7 (iv),

2o, ! 5
Io(tu) = EIIMII vy puu”dx,
]R3

which goes to —oo as t — oo.
Now we define
Co = ;réfr max lo(y (s)),
where I' = {y € C([0, 1], Hrl) | ¥(©0) =0, Ip(y(1)) < 0}. Then we deduce the following
lemma:
Lemma 3 The functional Iy satisfies the Palais—Smale condition at any energy level C.
Proof Let{u;} C Hrl be a sequence satisfying
Ip(uj) > C and  Iy(uj) >0 as j — oco.
Then we have that for j large,
4C + o())(1+ lujl)) = 4loCuj) — I jyu; = llus|.

Hence {u;} is bounded in H,l. Observe that by the Riesz representation theorem, u; is
represented as

uj = Ié(uj) + P’(uj).

Since P’ is compact and I;(u ;) converges to 0, {u;} converges in H,1 to some u € H,l. This
completes the proof.

Therefore by Mountain Pass Theorem, we deduce that for any @ > 0, Eq. (3.4) admits a
mountain pass solution ug in H,1 satisfying Io(ug) = Cp, so that (M2) holds.
Now we need to check that (M3) holds. For this, we let

N={ueH|Iju) =0, u#o0}.
Then we obtain the following lemma:
Lemma 4 The mountain pass solution uqg of (3.4) is a least energy solution, i.e.,
Co = inf Io(u) =: Cl.
ueN

Proof First, we easily see that ug € N, and therefore Io(#p) = Co > Cj.

Before showing that Cp < Cj, we need to see that the value C; is attained by some
v € N. Choose a minimizing sequence {v;} C N. Then it satisfies /j(v;) = O for all j

and Io(vj) — Cy as j — oo. Thus by Lemma 3, {v;} converges to some v € H'uptoa
subsequence, and therefore /p(v) = 0, thatis, v € N and IO’(v) = ().
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Now for this v € N, we set y1(s) = stjv, where #; > 0 is such that Ip(t;v) < O (this
exists by Lemma 2). Since y; € I' and it holds that

d ,
Elo(m $Nls=1/5, =0,
we have that
max Io(y1(s)) = Ip(v) > Cp
s€[0,1]

by the definition of Cq. Therefore, Co = Cj.

By the above argument, we notice that there exists 79 > 0 such that Ip(tup) < O for
all # > t9. Then setting yp(s) = stoup, we see that the curve yy € I' has maximum value
ats = 1/19 and satisfies

mgﬁ} To(yo(s)) = lo(yo(1/10)) = Io(uo) = Co.

se(

Hence (M5) is also satisfied.
Finally, by defining

Sy i={u € H! | Ij(u) = 0, Ip(u) = Co)},

we arrive at the following result which clearly holds due to the Palais—Smale condition of
Iy (Lemma 3):

Lemma 5 For any w > 0, the set S,, is compact in H,], that is, (M4) holds.
On the other hand, from (F1)—(F2), we obtain the following result:
Lemma 6 The functional J given by
Je(u) = / Fe(x,u)dx
R3
satisfies the condition (J).

Proof Given M > 0, choose any u € Hrl with [|u]| < M. By (F2), for given § > 0, there is
Cs.m > 0 depending on é and M such that

)
|F(x,u)| < Wuz + Cs plu| P

Thus we have that

A

1
[Je(u)] < ;/IF(x,su)ldx
R3

1)
< W/uzdx—l—C(S,Msp_l/|u|P+1dx.
R3 R3

Taking ¢ — 0, it follows that

: § 2
glgl})”a(”” < W””H <3,
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which yields that

lim sup |J:()| =0.

=0 jlul <M
Similarly, using the fact that for any § > 0
|Fu(x, u)] < 8lul + Cslul?,

it follows that for v € H!

1

] < —/|Fu(x,eu>v|dx
&
R?

58/|u||v|dx+C58”_1/|u|”|v|dx.
R3 R3

Therefore we deduce that

lim sup IIJS/(u) | =0.
eV ull<M
The compactness of J; and J, 8’ is well-known in literature(see [28]). This completes the proof.
[m}

In conclusion, this problem satisfies the conditions (M1)-(M5) and (J) in Theorem 1, and
thus we conclude that for ¢ > 0 small, the Eq. (3.3) admits a nontrivial solution u, in Hr1 and
Ug € Sf). In other words, for sufficiently large A > 0, the Eq. (3.2) has a nontrivial solution
u; in H'. We complete the proof of Theorem 2.

3.2 Proof of Theorem 3

We are interested in the existence of a nontrivial solution of the stationary system of Klein—
Gordon—-Maxwell type:

[ —Au+[m* —o*(1 = q¢)*]u = G'(w) in R, (3.6)

—A¢ = q(1 — gp)u? in R?,
where w € R, g € (0, 00) and the potential G : R — R is a continuous function satisfying
the so-called Beresticki-Lions conditions (G1)—(G3). In this subsection, we shall give a proof
of Theorem 3 in which for ¢ small enough and any w with m? > @?, the system (3.6) admits
a solution (u, ¢) € Hr1 X Drl.

In order to find a solution for (3.6), for any w with m? > w?, let us consider the functional
I: H' x D! — R defined by

I(u,¢) = %/IVM|2+(m2—w2)u2dx—/G(u)dx

R3 R3
w2
+7 2q/¢u2dx—q2/¢2u2dx—/|v¢|2dx
R3 R3 R3

We easily see that the functional / belongs to C'(H! x D', R) and its critical points solve
the system (3.6).
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On the other hand, we find that by the Lax—Milgram theorem, for any u € H'!, there
exists a unique ¢ = ¢, € D' which solves —A¢ = g(1 — g¢)u? in a weak sense (see [14]).
Moreover, the function ¢, satisfies the following properties (see [24]):

Proposition 8 The following properties hold:

(i) if u is radially symmetric, then ¢, is radial.
(ii) ifuj — u weakly in H,l, then, up to a subsequence, ¢y; — ¢y in D' and

/(bujujzdx—)/qﬁuuzdx.
R3 R3

Then by inserting the function ¢, into the first equation of (3.6), we obtain the following
equation:

—Au+[m?* — 0?1 - q¢)*|u=G'w) in R (3.7)

2

For any w with m? > w?, we define the energy functional I : Hrl — R for (3.7) by

1 2
I, () = E/ IVul + (m® — o?)u? dx — / Gy dx + 2= Jy (),
R3 R3
where
Jg(u) == 2q/¢uu2 dx —q2/¢u2u2dx —/|V¢u|2dx.
R3 R3 R3

It is not hard to see that the functional I, is of class C!and

Ié(u)v = /Vqu + (m? — Huvdx — / G'(u)vdx

R3 R3
o’ Zq/qbuuvdx—qz/qbuzuvdx
R3 R3

for all v € C(?O(R3) (for calculation, see [24]). In other words, we have the following
proposition:
Proposition 9 The following statements are equivalent:
(i) (u,¢) € H x D! is a critical point of I;
(ii) u is a critical point of I; and ¢ = ¢.
Let us consider the following limit equation of (3.7):
— Au+ (m?> —oPHu=G'w) in R. (3.8)

2

Also for any o with m?> > w?, we define the functional I : H! — R by

Io(u) = %/|W|2 + (m* — *)u*dx —/G(u)dx
R3 R3
1 2
= 5||u|| —/G(u)dx.
]R3

@ Springer



666 W. Jeong, J. Seok

We let

Co = inf max I ,
0 yel' sel0,1] o()/(S))

where I' = {y € C([0, 1], H,l) | v(0) = 0, Ip(y(1)) < 0}. Here as for the previous
application, we consider the functional /Iy defined on H,l. Recall that P(u) = ij; G(u)dx
and its derivative P’ are compact on H,'. From now on, we will look for a critical point of
I, as a solution of (3.7) by applying Theorem 1. Thus we have to check that the conditions
(M1)-(M5) for Iy and (J) for Jj.

Concerning Eq. (3.8), Berestycki and Lions [11] proved that for any w with m?> > w?,
(3.8) has a radially symmetric least energy solution ug € H,/ (R?) under the the conditions
(G1)—-(G3). Moreover, Jeanjean and Tanaka [16] verified that /o has mountain pass geometry
and a least energy solution uq of (3.8) is a mountain pass solution, that is, Io(ug) = Co.
Therefore, (M1)—(M3) are clearly satisfied.

Furthermore, we obtain from the Pohozaev identity that for ug ;(x) = ug(x/t),

t I
Io(uo.) E/|w0|arx+ E(mz—wz)/uozdx —t3/G(u0)dx

R3
t
R3

Thus there exists fy > 0 such that Io(ug,) < 0 for all # > 7. Now setting yo(s) = uo_sz,»
we have that the curve yp € I' has maximum value at s = 1/1y and satisfies

R3 R3

mglﬁ] To(yo(s)) = lo(yo(1/19)) = Io(ug) = Cop.

se|

Hence (M5) is also satisfied.
For any o with m? > w?, we let

S ={u e H' | I[(u) =0, Iyu) = Co).
Then the following result holds (see [12]):
Lemma 7 For any w with m? > w?, the set S, IS compact in H,l, that is, (M4) holds.
Finally we prove the following result:
Lemma 8 The functional J, satisfies condition (J).

Proof Multiplying the equation —A¢, = g(1 — g¢,)u® by ¢, and integrating by parts,
we find that

/ Véul dx = g / b dx — ¢ / b2 dx. (3.9)
R3 R3 R3

Then for given M > 0, by choosing any u € H,1 with ||u|| < M, we deduce from the Holder
and Sobolev inequalities that

IVouly2 < qlidllpsllu®lles + g1z 13 14?3
< qCIVull 2 lull® + g*ClIVull7, llull?,
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which implies

196l < —CM4
Wl = T-cm2q

for small ¢ > 0 and some constant C > 0. By (3.9), we have that

Jou) =gq / duu® dx,
R%

and thus
CM?%g
1—-CM?2q
by Holder’s inequality, and consequently |J, (u)| — 0 as g — 0. It is similar to show that
I J(; ()| — 0as g — 0. We omit the proof.
Finally, using the same argument as in the proof of Lemma 1, the compactness of J,; and

Jé comes from Proposition 8 and compactness of the Sobolev embedding Hr] — L? for
2 < p < 6. We also omit the proof.

g @] < q lIpullzsllully s < CM3q

At this point, the functional /, () satisfies the conditions (M1)—(M5) and (J) in Theorem 1.
Therefore we conclude that for ¢ > 0 small and any » with m? > w?, the Eq. (3.7) admits a
solution u, in H,‘. This completes the proof of Theorem 3.
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