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Abstract We consider finite-dimensional, time-continuous Markov chains satisfying the
detailed balance condition as gradient systems with the relative entropy E as driving func-
tional. The Riemannian metric is defined via its inverse matrix called the Onsager matrix K.
We provide methods for establishing geodesic A-convexity of the entropy and treat several
examples including some discretizations of one-dimensional Fokker—Planck equations.
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1 Introduction

In this work we consider reversible Markov chains with a finite state space and with contin-
uous time. The starting point is that the reversibility condition, also called detailed balance
condition, for Markov chains provides a gradient structure with the relative entropy as the
driving functional. The associated metric gives a discrete counterpart to the Wasserstein met-
ric used for the Fokker-Planck equation in [15,26]. The present work was motivated by a
generalization in [21] of the gradient structure for the Fokker-Planck equation to general reac-
tion-diffusion systems, where the reactions satisfy a detailed-balance condition. The point
is that the diffusion terms and the reaction terms can be written as a gradient system with
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) A. Mielke

respect to the same relative entropy. It is even possible to keep the gradient structure when
adding the physically proper energy equations for the temperature, see [21, Sect.3.6] and
[22].

The Markov chains discussed in this paper are special cases of reversible reactions, namely
“exchange reactions” that lead to a linear ODE system instead of the more general polyno-
mial right-hand side in the mass-action type reactions. Similarly, the linear Fokker-Planck
equation can be seen as a special case of more general diffusion systems. The gradient struc-
ture, which follows from [21, Sect.3.1] as a special case of more general reaction-diffusion
systems, was found independently in [8,19]. It was also used in [2] to show convergence
from a Fokker-Planck equation to a simple Markov chain in a certain scaling limit.

To be more precise, we say that an ODE &1 = — f (u) has a gradient structure on the open
set X C R™, if there exists an C! functional £ : X — R and a symmetric, positive definite
tensor K : X — R”*™ such that

w=—fwu)=—Kwu)DE(u)=—-VgEu) <= Gu)u=—-DE(u),

where G(u) = K(u)~' is the metric tensor and Vg the metric gradient. To explain our
gradient structure for Markov chains, we consider the discrete state space {1, ..., n} and

n
u=W,...,up) € Xp déf{ue]R"|1,tj>O, zuizl}
i=1

is the vector of the probabilities on the state space. The ODE system reads
= Qu with Q = (Qi)i,j=1,.. € R"",

where Q;j > Ois the rate for a particle moving fromsstate j toi,and Qj; = — >, Qij < 0.
We call the Markov chain reversible if there exists a unique positive steady state w € X,
(i.e. w; > 0) such that

def ..
Tij = Q,-_,'w‘,- = Qj,-wl- = Tji for all L, ] € {1, - ,n}. (1.])
Note that, without loss of generality, we include the irreducibility (i.e. the uniqueness of w)
into the definition of reversibility. The gradient structure is given in terms of the relative
entropy E and the Onsager matrix K :

n

E(u) = Zu,- log (Z}—”) and

i=1
K@) =Y mjA (fj,— f,j—’j) (ei —ej) ® (e —e) € RN . (12)
i<j

We say that the Markov chain it = Qu is given by the gradient system (X, E, K), since
= Qu=—Ku)DE(u),

see Proposition 3.1, where also more general gradient structures are given. Here K is the
inverse of the Riemannian tensor G (1) = K (1) ! defined on R, ={veR"|v-e=0}.
The function A : [0, co[2 — [0, co[ used above plays a central role in the present theory.
It is the logarithmic mean of a and b and is given by
a

—b
Ala,b)=————— fora#b and A(a,a) =a, (1.3)
loga —logh
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Geodesic convexity of the relative entropy 3

and hence is analytic. All its relevant properties are discussed in Appendix A. Some specific
properties are encoded in the function £ : ]0, oo[ — ]0, oo[ given by

e&) ¥ max{ A1, 1) —&r|r>0). (1.4)
Asr — A(1,r) isincreasing and concave, ¢ is decreasing and convex. Moreover, it satisfies
the surprising relation

£ (3,A(a,b)) = 0pAla,b) foralla,b > 0.

The focus of this work is to provide conditions on the matrix Q such that the relative
entropy E is geodesically A-convex with respect to the Riemannian tensor G (1) = K (u) .
This means that s — E(y(s)) is A-convex for all arc-length parametrized geodesics y :
[$a, sp] — X, i.e.

(1 —0) )

E(y(s0)) = (1 = )E(y (s50)) + OE(y (s1)) — A——>—(51 = 50)

for all & € [0, 1] and s, 51 € [$a, sb], Where s = (1 — 6)sg + 6s1. Of course, geodesic
A-convexity implies geodesic pu-convexity for all © < A. The supremum of all possible A will
be denoted by Ao, which is justified, since according to our definition for reversible Markov
chains the equilibrium density w is uniquely determined, whence E and K are determined
as well. While in most cases it is not possible to calculate Ao explicitly, it is the purpose of
this work to establish methods for estimating A ¢ from below.

Since the Onsager matrix K is given explicitly and there is no easy representation of its
inverse, the Riemannian tensor G, nor for the Riemannian distance function d, it is advan-
tageous to reformulate geodesic A-convexity in terms of the triple (X, E, K). Here we are
in the case of a smooth, finite-dimensional Riemannian manifold, so we can use classical
differential geometry to give a differential characterization of geodesic A-convexity, see Sect.
2. Using the covariant Hessian Hg E or the contravariant Hessian H} E we have

E geodesically A-convex <= HGE > 1G <= H’I‘(E > AK.

Following the ideas of [9,28] one can characterize geodesic A-convexity also in terms of
the evolution of infinitesimal line elements with the flow of the gradient systems. In our
finite-dimensional setting this is most easily formulated by the Lie derivatives with respect
to f(u) = KDE = Vg E, namely

E geodesically A-convex <<= L_vy,gG < —-2AG <<= L_kpeK >2)\K,

see Lemma 2.2. This method is more flexible and allows us to provides differential charac-
terization of geodesic A-convexity for infinite-dimensional cases such as systems of partial
differential equations, cf. [9,17].

In our setting of finite-dimensional Markov chains # = Qu the criterion for geodesic
A-convexity yields the following characterization of the optimal A:

G def inf[ (n, M (u)n)
Q (n, K (u)n)

see Proposition 2.1, where the Hessian M takes the form

‘ uex,neT;X\{O}}, (1.5)

M) = Hj E(u) = 1 (DK(u)[Qu] —Kwo - QK(u)) .

Starting in Sect. 3.2 we provide simple results on geodesic A-convexity. In Sect. 4.1 we
provide our first structural result stating that for all finite-dimensional Markov chains we have
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Ao > —oo. However, the construction is rather implicit and does not provide useful bounds.
In Theorem 4.6 we consider the special case of reversible Markov chain with Q;; > 0 for
alli < j. Using a different proof we are able to provide an explicit bound for Ao in terms of
all Q,'j and wi.

In Corollary 4.4 we provide a quantitative result for special reversible Markov chains
arising from a finite connected graph as follows. Denote the vertices by {1, ..., n} and set
Qij = 1 whenever i and j are connected by an edge and Q;; = 0 otherwise. Then, Q is
reversible with w = %(1, R 1)T. Moreover, there exists a function f : N — R such that
Ao = f(m), where m :=max{—Q;; |i =1, ..., n}is the maximum degree of the vertices.

Section 5 is devoted to Markov chains with nearest-neighbor transitions, namely

w=oj_1uj—1 — (o;+Bi—1)u; + Pitis1

with transition rates o, f; > Ofori =1,...,n —landa; = B; = 0for j =0, n. The
associated tridiagonal matrix Q leads to a reversible Markov chain. Under the monotonicity
condition o; > ;41 and B; < Biy1 fori =1,...,n — 2 we obtain the lower bound

| - .
ro Z gmin{e; — i1+ fi — fi-1 + Bl —eipr, fi = fi-) | Yi=1.....n =120,

where E satisfies 2+/ab < E(a, b) < 2A(a, b), see Theorem 5.1. Without any monotonicity
assumption we have the upper bound

4 1 1 .
)»Qfmm{ai—zaiﬂ-l-ﬂi—zﬁi—] li=1,...,n—1},

see Lemma 5.2. In fact, our lower bound is sharp enough to provide uniform estimates for
discretization of the the one-dimensional Fokker-Planck equation o,U = (U, + U Vy), on
Q = 10, 1[. It is well-known that for potentials V € C2([0, 1]) with V" (x) > A, the con-
tinuous relative entropy £(U) = fol U log(U/W)dx is geodesically A-convex with respect
to the Wasserstein distance, cf. [1,20]. We provide Markov chains arising as consistent
finite-difference and finite-volume discretizations, respectively, such that the gradient sys-
tem (X,, E,, K,) is geodesically A,-convex with A,, — 2 forn — oo.

We end by mentioning that the techniques for estimating geodesic A-convexity developed
for Markov chains can also be applied to nonlinear reaction systems with the gradient struc-
ture established in [21, Sect. 3.1] and [22]. In particular, using the methods established in [9]
the theory of geodesic A-convexity can be made available for reaction-diffusion systems, see
[17] for first results.

Note added. After the first version of this work [WIAS Preprint 1650, October 2011] was
finished, the author became aware of the recent work [11], in which geodesic convexity of
the entropy is studied as well. There the focus is on Ricci curvature and general structures,
while we concentrate on analytical estimates for deriving bounds for Ao in concrete cases.

2 Geodesic convexity

We consider an open subset X of R™, state vectors u € X, and the gradient flow
Gwu=-DE(u) <= u=-VgEu)=—-Kwu)DE®u)=—f(u).
Here E : X — R is an energy functional and G(#) = G(u)* > 0 denotes the Riemann-

ian metric tensor at the point u. We call the symmetric and positive semidefinite matrix
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Geodesic convexity of the relative entropy 5

K (1) = G(u)~! the Onsager matrix, as it is used in thermodynamics to relate the rate i with
the thermodynamic driving force —DE (1), which encodes the Onsager symmetry relations
and the Onsager principle, see e.g. [22,25,24,27].

This section collects known results and benefits of geodesic A-convexity of the functional
E with respect to the metric G. In fact, in the present finite-dimensional situation the char-
acterizations are easier than in the case of partial differential equations. Since in our case
G and the induced distance dk are only defined implicitly, it is desirable to characterize
the geodesic convexity via K only. We do this in two different, but equivalent ways. First,
we derive the defining equations for geodesic curves in terms of K and study the convexity
of E along the curves, which leads to the Hessian Hg E. Second, we use the ideas from
Otto—Westdickenberg [28] and Daneri—Savaré [9] on the evolution of length elements along
the gradient flow, which in our simplified ODE case, means the usage of the Lie derivative.
The different approaches have different advantages: The usage of the Hessian is restricted
to finite dimensions, while convexity properties along geodesic curves can be studied more
generally if the geodesic curves are suitably characterized, as for instance in displacement
convexity, cf. [18,20]. The second approach using Lie derivative allows for generalizations
to systems of PDEs, see [9,17].

2.1 Geodesic curves, the Hessian Hg £, and geodesic A-convexity

Here we show how to characterize the geodesic curves in terms of the Onsager matrix K
rather than of the Riemannian tensor G. Thus, constant-speed geodesics y : ]s1, s2[ —
X; s +— u = y(s) satisfy the classical Lagrange equation

d 8 / a / / 1 / /
——\ L. v))+—Ly,y)=0, where L(y,y") = -(Gy)y.,y).
ds \dy ay 2
Since in our case G is only known implicitly, it is more convenient to use the Hamiltonian
version of the Lagrange equation. Introducing the dual variable n = B%,L(y, y)=G(y)y’

and the Hamiltonian H (y, n) = %(n, K (y)n) we obtain the equivalent system

y' = iH(% m=K@ym, n= —iH(% n = —l(n,DK(y)[D]m, 2.1
ap ay 2

where b = (n, DK (y)[J]n) denotes the vector defined via (b, 8) = (n, DK (y)[B]n) and

DK (u)[v] means the directional derivative.

Thus, we may characterize geodesic A-convexity of a function £ : X — R easily by
asking that the composition s +— E(y (s)) is A-convex for all constant-speed geodesics y.
This property can be characterized by local expressions using the second derivative in the
form

2

d
2 Ers) =2 (G ()Y (), ¥ ().

In fact, the Hessian Hg E (1) : T, X — T} X can be defined as the symmetric tensor obtained
by taking the second derivative of E(y (s)) along geodesics, viz.

2

d d
(y' (). HGE(y ()Y (9)) := 2B = g(DE()/(S)), V' ()

= (D*E()y',v") +(DE(), DKW)Y In+K (1),
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6 A. Mielke

and, using (2.1) to eliminate n and n’, we find the relation

(v, HG E(u)v) = (D*E(u)v, v) + (DE (u), DK ()[v]G (u)v)
1 (2.2)
- E(G(u)v, DK (u)[K (u)DE (u)]G (u)v).
The same formula for Hg E can be obtained by classical differential geometry using
the Levi-Civita connection V associated with G. Since in our applications the matrix K is
given explicitly, it is advantageous to use the contravariant representation of the Hessian
Hy E(u) := K(u)*HGEW)K (u) : T; X — T,X. Clearly, we have HG E > AG if and only
if Hy E > LK. We will use the letter M to denote H} E and find

(. M)y € (n. K @)D*Eu)K ()n) + (DE(u), DK w)[K (0)n]n) 03
— 3(n, DK )[K (w)DE (u)]n).

We arrive at the following characterization of geodesic A-convexity.

Proposition 2.1 Given an open X C R", E € C%(X;R), and an Onsager matrix K €

clx; Rszd"), then E is geodesically A-convex with respect to the Riemannian metric induced

by G = K~ ifand only if
YueX: M) > rKu) 2.4)

in the ordering sense of symmetric matrices, i.e. M (u) — AK (u) is positive semidefinite. Here
M is given via K and the vector field u — f(u) = K(u)DE (u) as

M@ =} (K@Df@T +Df @K@ —DKLfw]). 25)

Proof The definition of f yields D f(u)[v] = DK (u)[v]DE (u) + K (W)D?E (u)v. Choosing
v = K (u)n and inserting this into the definition (2.3) of M gives (2.5). O

The formula (2.5) is especially simple for linear vector fields f : u +— — Qu, namely

1
M) = 3 (DK(u)[Qu] —Kwo - QK(u)) . (2.6)
This formula is most useful for Markov chains and, hence, will be used subsequently.

2.2 Lie derivatives and the Otto—Westdickenberg characterization

The idea of Otto—Westdickenberg [28] (see also [9]) to prove geodesic A-convexity is based
on the rate of change of infinitesimal line elements. For this we consider the semiflow
S : [0,T] x X — X such that u(r) = S;(u(0)) is the solution of # = —f(u) =
—K()DE(u). For a general vector v € T, X the transported infinitesimal line element
iso(t) = (G(S;(u))DS; (u)v, DS; (u)v). The statement of [28] is that

0 <20 forallue Xandv e T, X 2.7

is sufficient for geodesic A-convexity of E, while the necessity is proved in [9].
This transport of line elements is best formulated in terms of the Lie derivative of G with
respect to the vector field — f, namely

d
(LfGv,v) = 7 (G(S1()DS; (u)v, DS, (u)v)|,_,

t
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Geodesic convexity of the relative entropy 7

Similarly, we may define the Lie derivative of the K via

(DS ()~ T, K (S;)DS, ()" )|

d
(. LK un) = o

dr
where DS; (u)_T TEX — T:; (u)X denotes the adjoint of the inverse of DS; ().

The following result explains the equivalence of the geodesic A-convexity and the con-
traction property of the associated gradient flow.

Lemma 2.2 Let the smooth and finite-dimensional gradient system (X, E, K) generate the
vector field f(u) = K(u)DE(u). Then, the Hessians and Lie derivatives are related as
follows:

1 1
HGE(u) = _EL_fG and M(u) =Hy E(u) = EL_fK.

Proof Using %DS,(u)ltzo = —D f(u) the definition of L_ 7 gives
(LofG)v, v) = —(DGW)[f(w)]v, v) — 2(G(u)v, Df (u)v).

Inserting f(u) = K(u)DE(u), using DG (u)[v] = —G(u)DK (#)[v]G (1), and comparing
with (2.2) shows the identity L_ ;G = —2HgE. Similarly $DS, () T|,—o = Df ()"
yields

(n, L ¢ K (u)n) = —(n, DK @)[f ()]n) + 2(Df )" n, K (w)n) = 2(n, M (u)n)

by using (2.5). Hence, the assertion is established. O

Remark 2.3 (Bakry—Emery conditions) Our condition M > AK has some similarities with
the conditions of Bakry and Emery [4,3] for hypercontractivity. There, two symmetric bilin-
ear mappings "1 and I'; are defined via

1
ri(f. g = 5 (Q(fg) — fQg —gQf) and

1
Ma(f g = E(Ql"1(f, g —Ti(Qf. 8) —Ti(f. Q).

where Q is the generator of a diffusion semigroup. The analogy of the pair (I'1, I'2) with the
pair (K, M) is seen in (2.6). The condition of A-hypercontractivity reads

205 (f, f) = AC1(f, f) for all sufficiently smooth f, (2.8)

which is analogous to (2.4), see [9, 17] for more discussion on this.

2.3 Benefits from geodesic convexity

So far we have concentrated on the triple (X, E, K) as a gradient system. However, the metric
tensor G = K ! generates a distance dx : X x X — [0, oo[ in the usual way:

1
dkwo,ul)=inf{/<G<y>y’,y/>‘/2|y e C1([0, 11; X), y(0) = ug, y(1) = u1 ).
0

Thus, we may consider also the metric gradient system (X, E, dg) in the sense of [1,10].
The theory there clearly shows that systems with geodesic A-convexity have a series of good
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properties. First, we have a Lipschitz continuous dependence of the solutions  ; on the initial
data, namely

di (ui (1), ua(1)) < e dg (u1(0), u2(0)) forallz > 0.

In particular, for A > 0 we have a contraction semigroup. If 1 > 0 we obtain exponential
decay towards the unique equilibrium state w, which minimizes E, i.e.

di (u(t), w) < e Mdg u(0), w).

Second, the time-continuous solutions u : [0, co[ — X can be well approximated by interpo-
lants obtained by incremental minimizations. Fixing a time step T > 0 we define iteratively

Ujyr = Argf}l(liﬂ (E@) + 2=dk (ux, u0)?) .
ue

For geodesically A-convex E the minimizers are unique for t € 10, 7o if 1/70 + 1 >
0. Moreover, if u is the time-continuous solution with u(0) = ug and if u® is the left-
continuous piecewise constant interpolant of (i} )en, then

dg (u(t), u" (1)) < Cug)/T e ™" fort >0,

see [1, Thms.4.0.9+4.0.10], where A; = A for A < O and A; = %log(l+kt) for A > 0.

Another important reason for studying geodesic A-convexity is the recently established
connections between the Ricci curvature, optimal transport, Wasserstein diffusion, and geo-
desic A-convexity of the relative entropy, see [7,11,18,19,29,30]. A coarser definition of
curvature for general Markov chains is given in [23].

3 Reversible Markov chains
3.1 An entropic gradient structure for Markov chains

We consider general Markov chains on »n states and set

n
X, = {u=(u1,...,un)eR”|ui>0,Zuj=1} c le+r?

n av?
j=1

wheree = (1,...,1)T and R, ={v e R" |v-e = 0}. The ODE system is given by
ii=Qu, where Q;; >0fori# jand Qi =— Y Qji. (3.1)
i

We assume that there exists a unique positive steady state w € X, and that the crucial
assumption of reversibility, also called the condition of detailed balance holds, namely

Qijwj:Qj,-wi fOI‘i,j:l,...,n. (32)

With W = diag(w) this means QW = (QW)T = wQT.
Obviously, the Markov chain (3.1) has two different linear gradient structures, namely

Giii = —DE (1), Gait = —DE>(u), orit = —K|DE(u) = —K»DE>(u)
with Ey(u) = 2(~W™'Qu,u), Ky =W, Ex(u) = 5(W™'u, u), and K, = —QW.
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Geodesic convexity of the relative entropy 9

For these systems we obviously have geodesic convexity, as E| and E, are convex and G
and G, are constant.

However, we are interested in the Wasserstein-type gradient structure where the Onsager
matrix K («#) is homogeneous of degree 1 in « and the driving functional is the relative entropy.
This gradient structure was introduced in [21, Sect.3.1] in a more general nonlinear context
of reaction systems and independently in [8,19]. This is the special case with ¢ (a) = aloga
in the following result.

Theorem 3.1 Consider ¢ € C([0, oo[) N C2(]0, oo) satisfying ¢”(a) > O foralla > 0. If
the Markov chain (3.1) satisfies the reversibility (3.2) for the steady state w € X,,, then it
has the gradient structure (X,,, E®, K?) with

b =S w0 (1
E (u)—gwlq&(wi),
n -l W ou
KOu)=>">" 0ijw; ® (; w—’) (ei —ej) ® (ej —e)), (3.3)
j=2i=1 ! J
where e; € R" denotes the i-th unit vector, and ®(a,b) = (a — b)/(¢'(a) — ¢'(b)) for
0O<a#band®(a,a)=1/¢"(a).

In the special case that all ¢ are equal to a — a log a, we obtain the classical logarithmic
entropy relative entropy E and the Onsager matrix K as given in (1.2) and ® = A in (1.3)
and discussed in Appendix A.

Proof Clearly wehave DE (u) = (¢’ (u; /w;))i=1.....n, and multiplying this vector by e; —ej €
R}, we obtain the denominator of ¢ (Z)—’l, Z}—;) Hence,

n j—l1 . )
K?@DE?(w) = > > 0jjw; (ﬂ _ ’LJ) (ei —ej) = —Qu,

w; w
j=2i=1 ! J

where we used >_7_; Q;j = 0 and the detailed balance condition (3.2) in the last equality.
Thus, the assertion is established. O

Note that (E, K») can be obtained by choosing ¢ (a) = %az or by linearization of (E, K),
namely E>(u) = %DZE(w)[u, u] and K» = K(w). The choice ¢(p) = cplogp + dp is
singled out by the fact that it is the only one giving the 1-homogeneity

E(yu) = yIZ(u) forall y > 0 and u € X,

which is a specific feature of the distances related to optimal transport problems. In fact,
for 1-homogeneity of K we need ®(oa,ob) = o®(a, b) for all o, a, and b. Using the
definition ® (a, b) = (a — b)/(¢'(a) — ¢'(b)) this leads to the condition ¢’ (ca) — ¢’ (cb) =
¢'(a) — ¢’ (b), which implies a¢” (a) = ¢ = const, whence ¢; (p) = cplog p + dp.

Remark 3.2 A similar gradient structure can be defined for jump processes on a continuous
state space 2 C R". By U(¢, ) : 2 — [0, oo[ one denotes the probability density which
satisfies the evolution equation

U(t, x) = (QU (1, ) (x) 5=/Q(X7Y)U(t,y)dy —/Q(Z,X)dzU(t,X) 3.4

Q Q
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10 A. Mielke

for a suitable transition kernel ¢ : 2 x Q — [0, oo[. We assume that (3.4) has a unique steady
state W € L°°(2) N Prob(2) with 0 < ¢p < W(x) and that g satisfies the detailed balance
condition k (x, y) := q(x, y)W(y) = g(y, x)W(x). Now we define the relative entropy £
and the Onsager operator K via

S(U):/Ulog(U/W)dx and

Q
(8, K(U)E) ://K(xz’y)z\(%)), 73) (B() - E()* dydx.
Q Q

Using the definition of A and detailed balance it is not difficult to show that QU =
—K(U)DEW) for U € L*(£2) with 0 < ¢o < U (x) a.e. This can even be generalized to gen-
eral measure spaces and to general strictly convex Caratheodory functions (x, U) + ¢ (x, U)
for the relative entropy. Moreover, it is expected that this approach can be applied to general
subclasses of Dirichlet forms.

Our main concern is the geodesic convexity of the relative entropy E of (1.2) in a Markov
chains # = Qu with respect to the metric defined via K given in (1.2). Since for reversible
Markov chains w € X, is uniquely determined by Q the same holds for £ and K. Hence we
introduce the short-hand

ho = inf( {LHUWI |1 € X, & € T} X, \ {0})

and discuss a few simple lower bounds for A ¢. In Sect. 4 we show that for all finite-dimen-
sional Markov chains we have Lg > —o0.

3.2 A few Markov-chain examples

By definition we have K («)e = 0, and for the matrix M (1) defined in (2.5) this also holds
as QTE =0, i.e. we have

Kwe=Mue=0 forallueX,, wheree=(,...,1)". (3.5)

Thus, a simple criterion for positive semidefiniteness of M (u) — LK (u) is the following.

Lemma 3.3 Assume that K and M are symmetric and satisfy (3.5) as well as
Vi#jYuelX,: Mij(u)f)LK,'j(u) 3.6)
for some A € R, then Lo > A.

Proof Since K;;(u) < 0fori # j, all off-diagonal elements of N (u) := M (u) — AK (u) are
nonpositive. Condition (3.5) implies that the diagonal elements satisfy

Nii(u) = =D Niju) = D [Nij@)].
J# J#i
Hence N is weakly diagonal dominant and hence positive semidefinite. In fact,
N@) = D INjwl(ei —ej) ® (e; —ej) = 0.
ijii<j

This proves M > AK which is the assertion. O
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Geodesic convexity of the relative entropy 11

Before developing a more general theory we show that this criterion can be applied in a
few easy cases, where it supplies geodesic A-convexity.

Example 3.4 A special case occurs if for the Markov chain all transition rates are the same,
e.g. Qjj = 1 fori # j. The steady state is w = %E, and we claim that E is geodesically
242 _convex.

In this case we have Q =nl —e ®e. Usingu - ¢ = 1 and K (u)e = 0 we easily obtain

M(u) = n K (u) — ADK (u)[nu — el. (3.7
In particular, for i # j we have K;;(u) = —A;j(u) and, withy =1 —u; —u; > 0, we find

2M,-j(u) = —2nAij(u) + a,’Aij(u) ((n - 1)1/ti —uj — ﬁ) + ainj(u)((l’l - 1)1/{/' — Uuj — m

< —2nAij(u) + a,'Aij(u) ((n — 1)u,' - Mj) + ainj(u)((l’l - l)uj — u,')
= —2nh;j +nh;j — M;;T/jl\%j,

where the last identity follows by inserting the explicit relations (A.3) for the derivatives and

using (A.4a) and (A.4d). With (A.1) we obtain 2M;;(u) < —(n+2)A;; = (n+2)K;;(u),

and conclude Ap > % We expect that the result is not optimal for n > 3. However, for

Uu=w= %E Eq. (3.7) gives M(w) = nK (w) and we conclude Ao < n. Hence, we have

Ao € [”;2, n] and conclude Ap = 2 forn = 2.

Example 3.5 (Markov chains for n = 2) For n = 2 every nontrivial Markov chain is revers-

ible withw = (#,1 —6) and Q = u(fjelfg) for u > 0. We claim

b=u(3+v0-02) = ao=50+E0-0.0) = n(3+A0-6.0) =p,
(3.8)

where E is is defined in (A.6), where also the estimates 2+/ab < E(a, b) < 2A(a, b) are
proved. In fact, using k = ub(1 — 6), A2 = A(p1, p2) with p = (u1 /6, ur/(1 — 6)) gives

K@) =«Ap(_;7]) and M@) =m@w)(_| "))
m(u) = pr A1y — 5 (1= 60)dp, Alp1, p2) — 03p, Alp1. p2)) (p1 — p2).

Geodesic A-convexity is equivalent to m > Ak A for all p. Using (A.3) we find

Aoy (1= 0)3p, Alp1, p2) = 09p, A(p1, p2)) =1 = (1;71@ + %) Alpr, p2).

The supremum of the last term is 1 — E(1 — 6, 0), and the formula of Ao in (3.8) follows.
Taking ;© = 2 and 0 = 1/2 we obtain Ao = 2 as in the case n = 2 of Example 3.4.

The next example shows that we cannot expect Ap > 0, in general.

Example 3.6 (Geodesic A-convexity with L.g < 0) We consider the case that Q is a tridiag-
onal matrix, as will be the case in the whole of Sect. 5, namely

U =oj—ui—1 — (i+Bi—Dui + Piuiy1, fori=1,...,n, (3.9)

where o;, Bi > O0fori =1,...,n—1and ax = Br = 0 for k = 0 and n. Clearly, we have a
reversible Markov chain with a relative density w satisfying w;+1 = o; w;/f;.
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2 A. Mielke

Under the monotonicity assumption «; > ;41 and B; < By fori = 1,...,n —2
Theorem 5.1 provides the lower nonnegative bound

|1 - .
Ag > min [5 (@i — i1 +Bi — Bi—1 + E(ai—aiy1, Bi—Bi-1)) ’l =1,...,n— 1] > 0.
For general «; and §; Lemma 5.2 establishes the upper bound
. 1 1 .
Ap < min a,-—Za,-H—i—ﬁi—Z,Bi,]‘l:1,...,n—1 .

Thus, the matrix

—1 a 0 0
1 —1—a 1 0
=10 1 —1-a1
0 0 a -1

satisfies Ap > min{2 — 2a, a/2} for a € 10, 1]. For all a > 0 we have the upper bound
Ao <min{2 — a/2, a+3/4}, which implies Ap < 0 fora > 4.

3.3 The complete metric space (X, dy)

Above we have seen that any reversible Markov chain # = Qu can be understood as a gra-
dient system (X,,, E, K), where the Onsager structure K is the inverse of the Riemannian
metric G. As explained in Sect. 2.3 we can introduce the distance dx : X,, x X, — [0, oo[.
We rewrite the formula explicitly in terms of K (which is an analog of the Benamou-Brenier
form [5]):

1
dx (uo, uy) =inf{/<s<s),1<(u(s>) £ ()/2ds | i e WH2([0, 11; X,),
0

u(0) = uo, u(l) =uy, u(s) = Ku(s)s(s) }

So far, X,, is the open set with u; > 0 for all i. In [19, Thm. 3.17] it is shown that dx can
be uniquely extended to a metric dx on the closure X,, = Prob({1, ..., n}). Moreover, this
extension turns (X, dx) into a complete metric space, whose topology is the same as the
standard Euclidean topology on X,, C R”".

In [9] is is shown that a geodesically A-convex metric gradient system (X, E, dx) can be
extended in a natural way to the completion (X, E, d x), which is again a geodesically A-con-
vex gradient system. This applies easily to our case as E and K have continuous extensions
E and K on X, = Prob({l, ..., n}).

Without going into detail here, we mention that existence of geodesic curves can be
obtained by the direct method in the calculus of variations. Consider the function

1
U X, xRy, — Ry (u,8) — 5@’ K u)&).
Then, ¥*(u, -) : R}, — R is convex while ¥*(-, £) : X, — R is concave, which easily

follows from the concavity of A and the definition of K in (3.3). Thus, by standard arguments
the partial Legendre transform

W X, x Ry, — [0,00]; (u,v) > supf (£, v) — 5 (&, K@E) | § € Ry}
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Geodesic convexity of the relative entropy 13

is (jointly) convex and lower semicontinuous. Note that W may attain the value +oo for
u € 0X,. Moreover, the boundedness of K implies the coercivity of ¥, namely ¥ (u, v) >
c|v|?. Thus, geodesics connecting o and u; are easily obtained by minimizing Z(y) =
fol W(y(s), ¥y (s)) ds in the set of absolutely continuous functions with y(0) = ug and
y (1) = u;. It can be shown there is at least one curve ¥ making Z(y) finite. By convexity
of 7 the set of minimizers is also convex. We conjecture that Z is strictly convex, i.e. there
is a unique geodesic connecting any two points.

Depending on the Markov chain under investigation, there might be different cases for
the geodesics when points on the boundary 9 X,, are connected. In some cases one might
expect that the whole geodesics lies inside X, except for their endpoints. In other cases, the
geodesics might stay totally in dX,.

4 Geodesic A-convexity for Markov chains
4.1 A general result on geodesic A-convexity

In this section we show that every finite-dimensional reversible Markov chain is geodesically
A-convex. Even though our theory is finite dimensional, this result is nontrivial: On the one
hand the Onsager matrix K, which is formed with the entries A(p;, p;) with p; = u; /w;, is
not uniformly positive definite on the state space X,. On the other hand, the matrix M (u)
depends in a complicated manner on p = (uj/wy, ..., u,/wy), in particular through the
unbounded derivatives of A(p;, p;). The proof uses several special properties of A that
are discussed in Appendix A. In particular, the derivatives d,, A(p;, p;) cannot be simply
estimated by A(p;, p;), but rather correct signs need to be used.

Theorem 4.1 Let it = Qu be a reversible Markov chain with Q € R"*", then L¢ defined
in (1.5) satisfies Ly > —oo.

The remainder of this subsection forms the proof of the above theorem. As the case n = 2
is trivial (see Example 3.5), we assume n > 3 for the rest of this section. While there is
a much shorter proof for the case when all transition coefficients Q;;, i # j, are strictly
positive (see Sect. 4.2) we have to introduce some notation for the general result discussed
here. We define the set € of transition edges via

e={ijli<j, Q;j >0} and Ng :=#¢€,

Moreover, we define an oriented connection matrix S € RVe > yia

1 ifi =k,
Sﬁ,k =1 -1ifj =k,
0 else.
Reversibility of the Markov chain &t = Qu means that w-l = diag(1/w;)i=1,... n exists and

that QW = (QW)T = WQT. Thus, we can rewrite the matrices Q, K (u) and M (u) in the
form

0=-S"QSW™!, K@) =SLwS, Mu)=SM®u)s, 4.1)
where, using the abbreviations 7;; = Q;jw; = m;; > 0fori # j and (2.5), we have
Q = diag(mij) 7 ee. L(w) = diag(mi; Aui/wi, uj/wj))iiee.
M(u) = § (S*LSW~'S*QS + S*QSW~!S*LS — S*DLw)[S*QSW~!15) .
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14 A. Mielke

For the future analysis it is more convenient to express the matrices I and M in terms
of the relative densities p; from u = Wp via L(p) = L(W~1p) and M(p) = M(W~!p),
which gives the final formulas

1
L(p) = diag(mwij Api, pj))7jee: Mp) = E(LS@ +QSL+ DL()IW ' QWp)),

where S = SW~15* € RNVe*Ne¢ Note that in the last term there is an extra W ! because of
DL(u)[v] = DL(p)[W~v].

From the special form of M = S*MS and K = S*LS it is obvious that it is sufficient
(but by far not necessary) for geodesic A-convexity that

IAVp €10, 00" 1 N(p) & 2M(p) = 20L(p) > 0. 4.2)

The main point of these representations is that £ and Q are diagonal matrices. All non-
diagonal terms are induced by the matrix S only. In particular, changing A only changes the
diagonal entries of A in a monotone way. The structure S € RVe *Ne is comparably simple,
namely

l/w;i + 1/wjifij = kI,
S — 1wy, ifij#kland i=k=morj=1=m),
Ljkl ™ —1/w, ifij#kland =l=morj=k=m),
0 if {i, j}N{k, 1} = 0.

All nontrivial off-diagonal terms are associated with pairs of two edges having a common
endpoint. The signs of S; 77 will not matter in our estimates. Using the shorthand notations

Aij = A(pi, pj) and Ajjx = 3, A(pi, pj)

the entries N7 Al take the form

Nijry =2t iml Ay + i (A 92 + Ay 000 — 23A),
N77 i le,j 71 (Nij+Ak).

The following lemma will be used to establish positive definiteness of A/

Lemma 4.2 [f for a symmetric matrix I' € R**H there exists (yfa)a, B=1,...,n Such that
< B B
Vael{l,...,u}: Toa = D Vaa and yue > 0, (4.3a)
f=1
Va#B: Tl < Vhavis. (4.3b)

then, ' is positive semidefinite.
Proof For all £ € R* we have

§:T¢ = Zraasa + > Topbatp = > vEE2— > Wby leuts)

a#p a.p aFp
1 /2 n1/2
= D Viuba — (2 vhata) (D vipt) T =0.
a#p a#p a#p
This proves the desired result. O
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Geodesic convexity of the relative entropy 15

To apply the above lemma, we need to find a splitting of N~ 77 into nonnegative parts as
in (4.3a) such that the off-diagonal terms can be controlled as in (4.3b). For this we analyze
the occurring terms in more detail. We first split them into three groups via

- _ 1 I 1l
N5 777 N Nﬁ + Nﬁ’
where N— = 27T (7 l 1,)Aij + 73 (Aiji Qiipi + Nij,jQjjpj) — 2 Aij,

l]w

“4.4)
Nlu = 7jj Z infz“l‘Aij,j%;)pls and N%=”i2j(Aul +Al”w)
Le{i.j}

Note that the terms involving the derivatives A;;; and A;; ; are distributed to the three
parts according to their properties. All terms in N 117 have upper and lower bounds in terms of

A;j by using (A.4a). In N% we have collected the interaction with vertices [ ¢ {i, j}, while

NI features an important interaction term. The crucial estimate
ij

72 72
NI Y (AL (L+L)—A) > ——L—A;; >0 4.5
ij = max{w,-,wj}( i G p_/) i) = max{w;, w;} 7~ @
follows via (A.4b). It will be important to use the first estimate from (4.5), which is much
sharper for p; # p; than the lower bound by A;; given in the second estimate.

We now define the splitting (4. 3a) of the diagonal elements N7 = > 17 ¢ N,, It

ljlj ijij

{i, j} N {k, 1} = ¥ we simply let N =0= N since the corresponding non-diagonal

ijij l 1
entry N7 Kl equals 0 as well. "
Now consider i j j € ¢ fixed and define ni; € {1,...,2n — 2} as the number of edges kil
suchthat {i, j}N{k, 1} # #. These edges have either the common vertex i or j. Without loss of
generality we may assume j = k as the ordering of the vertices does not matter here. We fur-

ther define the set of all neighbors of j, namely 91, def {ke{l,. n}|j7 ceCorkjec¢)
and letn; = #M;. Since j ¢ 9 and i, k € N wehavenje{Z .,n—1}
Thus, we have kI = j[ forl e N; \{z}and can set

NI 4.6)

ﬁ _ o Tijjl 1
N =mijvigmhij + =, eI

where we followed the same splitting strategy as in (4.4) and used n > 3. The constants

Vii i1 = Viiij € R will be chosen later and we setv”kl =O0for{i, j}N{k, 1} =

Finally, we set Nﬁﬁ l 77 > K477 J and obtain the lower bound

N;ﬁ >7'[l/(27le(1+ )+mln{sz»QJJ}_2)‘_ > v”kl)Alj
kl;ﬁlj

After having chosen all ViR We find a desired A via

%= min{ 27y (hAh) = max(1Qal. 1050~ Y vijm
RiAT]

ijee } 4.7)

Thus, (4.3a) is satisfied, if all N __are nonnegative as well, and it remains to establish the

estimate (4.3b) for the non—dlagonal entries. Then, Lemma 4.2 can be applied and Theorem
4.1 follows.
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16 A. Mielke

To estimate the nontrivial non-diagonal entries N7 7k 3 assumed in (4.3b), it again suf-

fices to consider the case kI = jI, as the other cases are analogous. Condition (4.3) is
equivalent to

Vijee NJUE G I S

in the sense of positive semidefiniteness of the matrices. Multiplying from left and right by
the diagonal matrix diag(s;; A;j, 71 A jl)l/ 2 this is equivalent to

10, o777 57 (B B
o jil il =
Vil (0])+B (p) 20, where B _(Btjjl BlJJl
127 By

1 Al
w1thB11 A( z;( L )_ 1) + w//l Ai,,p’

(n 7l)max{wl w;}

l i
BllZJ] - im((Aj/Ajl)lﬂ'i‘(Aﬂ/Alj) /2 )

ijjl Tl (L ly ”t/ Ajij
322 z (nj—l)max{wj.w1}( .ll(pj+p1) l) wi Aj Pis

where we already used the lower bound (4.5) for N I

Thus, the validity of (4.3b) follows if we are able to show that the eigenvalues of the
symmetric matrices B’/ / L(p) are uniformly bounded from below for all p € ]0, co[". The
difficulty lies in the fact that the entries are unbounded (while being 0-homogeneous), and
the task is to control the negative part of the eigenvalues.

Clearly, the lowest eigenvalue decreases if we decrease the diagonal entrres or increase
the off-diagonal entry of B/ jt . Using A,J( + ) 1Al/( + ) (cf. (A.4b)), it
suffices to find an estimate from below for the elgenvalues of 577G ,3 (p, , Pj, p1) where

Aij (4 >+'” mmﬂAﬂwQ+ﬁmﬂﬂwvﬂ)

jil

A
ﬂ(Alj/Ajl)l/z+ﬂ(Aj[/Alj)l/2 jl( +--) + Ajlllpz

def
Gﬂmmpm)é(

12
and B @)

l]j[_ AT Wi

o7 = minf Tij ot L Ty
ijjl — 2(nj—1Dmax{w;,w;}’> w;’ 2(n;—1) max{w;,w;}’ w; 1’

We now employ the following result, which is proved in Appendix B.

Proposition 4.3 There exists a continuous, decreasing function g : [0, oo[ — R such that
forall B> 0andallr,s,t >0wehave Gg(r,s,t) > g(B)I.

Thus, we are able to conclude that the eigenvalues of B/ JT are bounded uniformly

from below by 77 8B~ 777)- Hence, NiJil s positive semidefinite for all p if we choose
Vi771 = T ]lg(ﬂl] ]Z) Thus, we have established condition (4.3b) and Theorem 4.1 is
proved.
In principle, the above proof for the existence of a A for geodesic A-convexity is construc-
tive. However, we do not have an explicit bound for g, and the above estimate is not optimized

for obtaining good lower bounds for A . At this stage we are content to establish A g > —o0.
In the definition of N

jij
7y = 0,because i j, jl € ¢ doesnotimply il € G. However, if all r;; are strictly positive,
this can be used to find a shorter proof for geodesic A-convexity with a more explicit lower
bound for A . This is the content of the next subsection.

ij,i o1, which may indeed vanish if
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Geodesic convexity of the relative entropy 17

Nevertheless, we are able to derive a nontrivial quantitative result for special reversible
Markov chains associated with a finite and connected graph with vertices {1, ..., n}. Assume
that Q;; = 1if the vertices i and j are connected by an edge and Q;; = Oelse. Then, w = %E
is the unique steady state, andn; = —Q;; = Zi:i# 7 Qij gives the number of neighboring
vertices for the vertex j. Our result gives a bound on the geodesic A-convexity in terms of

m= max{ﬁj | j =1,...,n}, which is otherwise independent of 7.

Corollary 4.4 There exists a non-increasing function f : N — R such that the following
holds. Consider a connected, finite graph with n vertices and the reversible Markov chain
= Qu e R"with Q;;j = 1ifi and j are connected and 0 else. Then, Ly > f(m) with
m=max{—Q;;|j=1,...,n}

Proof We just go through the above proof and simplify all expressions using w; = 1/n
and 7;; € {0,1/n}. We obtain a7 = 1/ — 1), ﬁﬁﬁ = 7n; — 1, and note that at
most for 2m — 2 edges kI we have ViRl # 0. The lower estimate (4.7) yields A =
%(4 —m+2g(m — 1) =: f(m), which is the desired result.

As an example consider the infinite d-dimensional lattice of vertices z € Z¢ with edges
between z and 7 if and only if |z — Z| = 1 such that 7, = 2d for all z. Now take any con-
nected, finite subgraph with n vertices and construct the special Markov chains as described
above, then the Onsager system (X, E, K) is geodesically Ap-convex with 1o > f(2d),
independently of n and the structure of the subgraph.

4.2 Geodesic A-convexity if all Q;; > 0

Here we give a shorter proof of a weakened version of Theorem 4.1. The point is to establish
a more explicit bound and to provide a potential method for deriving sharper bounds for
Markov chains with suitable additional structures. We use Lemma 3.3 for showing positive
definiteness of N(u) = M (u) — AK (1), which cannot be strictly positive definite because
of N(u)e = 0. Thus, we have to establish M;;(u) < AK;;(u) fori < j and u € X,. Good
estimates on M;; will be obtained via the following Proposition 4.5, which replaces the more
technical Proposition 4.3. In the latter the two partial derivatives d, A(r, t) and d; A(r, t) have
to be collected from two different diagonal elements, while here they occur directly as sum.
The result is formulated in terms of the function ¢ defined in (1.4).

Proposition 4.5 Define g(8) = 2B for B € [0, 1/2] and g(B) = 4BL(1/(4B)) for B > 1/2.
Then, for all B > 0 we have the estimate

Vr, st >0: B(AG)+AG, 1) — (A, D+ A, 1)s < ZB)AT1).

Proof We abbreviate A,y = A(r,s) and A5, = 0, A(r, 5).
Defining yg(r, s, 1) = ﬂ""%ﬂ’\” — %s we have to show yg(r, s,1) < 2(B), where we
used (A.4c). By the symmetry r <> ¢ and the 1-homogeneity we may assume 0 <r <t =1

giving A5 < Ag1. Hence, it suffices to estimate

A _ Ay o) 28 ,( AL UM /(2B))
sup (2:8/\;, — Sk s) = sup Alre(Zﬂlr) <28 sup —Ga, o
O<r<lI, s>0 O<r<l O<r<l ?

where the last estimate follows from Ay, , > A%r/r (cf. (A4c)) and A1, = Agrala=1 =
L(A1r.r), cf. (A.4a) and (A.8c).
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18 A. Mielke

Since & = A1, ranges through [1/2, oo[ for r € ]0, 1], it suffices to establish

- n 1 fi 1 -
g(B) =suplTp(§) | € = 1/2) = [%(I/Qﬁ)) fg§§ S where B(6) = S,

Then, g(B) = 28 g(2p) gives the desired result.

To calculate g(B) we first consider 8 < 1. Because ¢ is decreasing we easily find Zﬁ (&) <
1. Moreover, f,g (&) = 1for& — oo implies g(B) = 1.

For B > 1 there exists a unique £g € ]11/2, B/2[ such that £ = B£(£g). According to
(A.8a) for each & > 1/2 there exist x, 0 € R such that

(i) =&/B, Uo)=¢&, L(—k)=LE/B), U—0) = L)

Since ¢ is mcreasmg and B > 1, we have 0 > O and 0 > «. For § > &g we have Z(K) =
E/B=L(E) = Z( o) yielding k > —o. Hence, we have

p(&) = G0 = Lo =1 < B where m(e) £ U)U—r).

For the last estimate we used that |k| < o implies m (k) < m (o). This follows from the fact
that m is even and m’ (k) > 0 for k > 0.

For & € [0, §g] we define op > O such that & = Z(Uﬁ) (or £(¢p) = E( o)) and
kg : [0, 08] — RVlaZ(a) BL(kg(o)).Hence, kg is increasing and has range [k (0), —og],
because of ((k,g(o,g)) = 6(05)/;3 = &/B = (&) = z(—aﬂ). Using m’(kg) < 0 and
m’ (o) > 0 it follows that o +— m(kg(c))/m(c) is decreasing on [0, og] and the maximum
is attained at o = 0, which corresponds to & = 1/2:

Tp(e) = pSrs) < pme ) = 20(1/(2B)) = Z(B).

From £4(§) = m(o) > 1/4 we find B < g(B) for B > 1. Hence, g is calculated, and the
desired estimate is established. O

To establish geodesic A-convexity we use a similar notation as in Sect. 4.1, namely
wij = Qijw;j =i, Nij = A(pi, pj), Nijk = 0 A(0is 0f),

where pr = uy/wg. Using the definition of M and the identities

TG 7
Kijz_ﬂt] ijs Kii = ZKllv _QiiZZQli > 0, Mijli = lwl] s
1#i 1#i
where i # j, we find the explicit representation
2Mij = _Z(Kilel + QiIKI]) nlj( Al] i(Qu)i + - Al] j(Qu)j)
I
= Z wijr(Air+A 1) + 7 Aij(Qii + Q)
1{i.j}
_-T[ij( anll\zl+ anlAjl)_nlj( ljl(Qu)t+ Az//(Qu) )
1#i I#]j
For applying condition (3.6) for positive semidefiniteness, we observe that K;; = —m;; A;;
only depends on p; and p;, whereas M;; (1) may depend on all py, ..., p,. Thus, we rewrite
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M; (u) in a form that highlights the dependencies on (p;, ;) and on all the others p;, namely

Mij(u) = SMij(pi, pj) + % Z M;ji(pi, pj, p1), where (4.8)
L{i, j}
Mij(pi, pj) = —7ij(Qij + Qji — Qii — Qjj) Au
—ij (piNiji Qii + pjAij j Qjj + pjAiji Qji + pidkijjQif),
Miji(pi. pj. p1) = mit(Qji—Q ji) Nit+7ji(Qir— Qi) A ji—mij (Qui Aij,i+ Qi Aij. j) pi-
Using (A.4) and Proposition 4.5 both terms can be estimated in terms of A;; via
imijAij o with i, = max{Q;i, Qjj} — Qij — Qji — min{Qj;, Qji},

ijimij Ay with i = 7 min{ Qz;, Q15 8(Biji) (4.9)
and B;j; = max{0, 7;; (Qj1 — Qji), m1;(Qir — Qij)}/(mwij min{Qy;, Oy;}).

ij <
1<

NI

ij

Thus, together with criterion (3.6) we can summarize and obtain the following result.

Theorem 4.6 Assume that u = Qu is a reversible Markov chain where all transition rates
are positive, i.e. Q;j > 0 foralli < j. Then,

1 _ ~ . .
ho z —ymax{fy; + > fjr|1=i<j=n}
1¢{i, j}

where ij and ji;j; are given in (4.9).

We observe that the above arguments do not apply if 7;; = 0 and 7r;; > O for some i # j
and [ ¢ {i, j}. For that case, we need the more complicated and less explicit approach of
Theorem 4.1.

Example 4.7 The above result allows for another simple example, where the convexity can
be estimated. Take any vector w € X, and let

Q=xw®e—«l, thenQ'e=0=Quw and Q;jw; = kw;w; fori # j.

Hence, w is the steady state of the reversible Markov chain. Applying the above theorem
we see that i1;;; = 0 as Q;; = Q;; by construction. Since Rij = —k — 2k min{w;, w;} we
conclude Lp > k/2 +kmin{w; |[i =1,...,n}. Takingw = %E and k = n we recover the
result of Example 3.4.

5 Chain with nearest-neighbor transitions

In this section we discuss the Markov chains generated by tridiagonal generators Q € R"*".
These Markov chains are always reversible, and under certain monotonicities of the entries
on the side diagonals we obtain useful lower bounds for A ¢. In particular, we apply them to
discretizations of a one-dimensional Fokker-Planck equation and compare our results for the
discretization with the well-known results on displacement convexity of the relative entropy
for the Fokker-Planck equation.
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20 A. Mielke

5.1 Geodesic convexity for tridiagonal Markov generators

We discuss the Markov chain iz = Qu for tridiagonal generators Q of the form
—a Bi 0 e e 0
ap —aa—pi P 0 :
Q 0 a? —u3 _52 T : eRan7 (5'1)
0 - . . 0

: Ap—2 =01 — Bu1 Bu—i
0 . 0 U1 —Bu_i

which is associated with the following Markov chain with nearest-neighbor transitions:

Qi1 [e%] Qi1
o o o ] o o
ﬁifl ﬁz /5i+1
i—1 i i+1 i+2
The transitions rates «; and f; are assumed to be positive fori = 1,...,n — 1, while

ar = B = 0 for k = 0 and n. We first observe that these Markov chains are always revers-
ible. The detailed balance condition reads o;w; = k; = B;w;4+1 which leads to the simple
relation w;4+1 = o w; /B;i, where wi > 0 is fixed to have w = (wq, ..., w,) € X.

Our main result of this section is a lower bound for A for the case that «; is decreasing
and g; is increasing fori € {1, ..., n—1}. To formulate this result we introduce, fora, b > 0,
the function

E(a.b) = inf{A(r,s)(% + 2)

r,s > 0},
which satisfies the estimate 2A (a, b) > E(a, b) > max{A(a, b), 2«/@} > 0, see (A.6).
Theorem 5.1 Assume that Q in (5.1) satisfies the monotonicities
o >ajyrand Bi < Biy1fori=1,....,n—2, 5.2)
then, with G(a, b) = %(a +b+ E(a, b)) > 0 we have the lower estimate
Ao =yo :=min{ G —aip1, B —Bi—) |[i=1,....n— 1} = 0.

We emphasize that the monotonicity condition (5.2) is sufficient but certainly not necessary
for geodesic 0-convexity. A consequence of the monotonicity is the log-concavity of w:

o Bi-

LBl 2 i - (5.3)
oi-1 Bi
Hence, this log-concavity is necessary for the applicability of our theorem, but it is not
clear whether it is necessary for geodesic 0-convexity. Example 5.3 shows that the strict
log-concavity is compatible with 1o < 0.

Wi Wi—1 =

Proof Following the ideas of Sect. 4 we can simplify the matrices M () and K («) by moving
fromthennodesi € {1,...,n}tothen—1ledges€ = {i (i+1)|i =1,...,n—1},thuselim-
inating the eigenvalue 0 of M (1) and K (u) associated with the eigenvectore = (1, ..., DT
The corresponding oriented connection matrix is
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110 ---0
s= |01 L | cgo-nn (5.42)
SR
0--0 1 —1

and we denote by §* € R"*("~1 jts transpose. We have Q = —S* diag(x)S diag(w)~! and
K (u) = S*L(u)S with L(u) = diag (ki A(u; /wi, uit1/wis1)). (5.4b)
Inserting these specific forms into the definition of M we arrive
M) = L18*M(u)S with
M(u) = L S(diag w) ™' S* diag k 4 diagx S(diag w) ' S*L 4 DL(u)[ Qu].
By the special structures of M and K, the theorem is established if we show
M(u) > 2AL(u) forallu € X,, with A = yq. (5.5)
Obviously, M € R#*~D>x(=1 j5 symmetric and tridiagonal with

a; fori = j,
Mj; = § by for (i, j) € {(k, k+1), (k+1, k)},
0 otherwise,

where, using the abbreviations p; = u;/w;, Aj = A(p;i, pi+1), Ai;1 = dp; A(pi, pi+1), and
Aio = 03p, A(pi, pi+1) We have
ai = 2k Ai(i+Bi) — ki Ai1 (Bi—1(pi — pi—1) + @i (pi — pit1))
—kiNi2(Bi (pig1 — pi) + dip1(pig1 — pig2))  fori=1,....n—1;
bi = —kiai1(Ni+Air1) = —kit1Bi (Ai+Ai1) < 0.

The desired positive semi-definiteness of M(u) — 2ALL(u) (cf. (5.5)) will follow from
diagonal dominance, which reads in this case

Al :=a;+ b1 —2x1A; >0, (5.6a)
A =a;+bi_1+b; —2r;A; >0fori=2,...,n—2, (5.6b)
A1 = an_1 + by —2 k1A >0 (5.6¢)

Indeed, using b; < 0 these conditions yield the desired positive semi-definiteness

n—2
M(u) — 2AL(u) = diag(Ay, ..., Ap—1) + Z bil (ei — ei+1)®(ei —eiy1) = 0.

i=1
To establish the estimates (5.6b) we inspect the formula for A; and find
Ai =K (gi(/)iy pit1) — Bi—1 (Api—1, pi)—Ai,1pi-1) — iv1 (A(pis1. Pi+2)—Ai,2pi+2))
with A; (i, pi1) = AiQai+28; — i1 — iy — 22)
—Ai 1 (Bi—i4ai) pi — aipiv1) — Aio (= Bipi + Bitetiv)pis1)-

Since p;—1 and p;4+2 occur only twice, the minimization with respect to p;—1 and p;4> is
easily possible. Employing the crucial estimate (A.7) for p;_; and p; 4, separately, we find

Ai = 1T with Ty i= A; (pi, pit1) — Bi—10iNip — i1 pis1 At
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» A. Mielke

Reinserting the definition of Ki and expressing A; j in terms of p;, pi+1, and A; (cf. (A.3))
we obtain, after some rearrangements, cancellations, and using (A.4a), the identity

Ui = Aj(i+Bi—Bi—1—tir1=21 + ;) with Zj := A(or, pis) (P55 + L;jf’f‘).
Since A(a, b)/a is not bounded, a lower bound for X; exists if and only if the monotonicity
(5.2) holds. Using this and the definition of E yields ¥; > E(o; — atjt1, Bi — Bi—1)-

Putting everything together we see that I'; > 0, and hence A; > 0 follows from A > y; :=
G(o; — i1, Bi — Bi—1), where G is defined in the statement of the theorem. This settles
condition (5.6b),i.e.i =2,...,n — 2.

For the case i = 1 and i = n — 1 we proceed analogously with the only difference that
the left or right neighbor are missing, respectively. All the above calculations for A; remain
valid for A| and A, _1, if we use Bp = ko = 0 and o, = «, = 0, respectively. Thus, we
obtain the additional conditions

A=y =G —az, B)and A > v 1 := G(@u—1, Bu—1 — Bn—2)-
Thus, Theorem 5.1 is established, i.e. L.g > yo =min{y; |[i =1,...,n —1}. O

A simple first application of this result occurs in the chemical master equation for a reac-
tion of the type ¢ X, = pXj. On the macroscopic level the mass action law leads to the ODE
system

a=q (kib” —kpa?), b= p(kpa? — keb?),

where k¢ > 0 and kp > O are the forward and backward reaction rates, see e.g. [13,21]. On
the microscopic level, where u; is the probability of having exactly i atoms of species X,
the chemical master equation gives the following Markov chainoni € {0, 1, ..., n}:

i = o_qui—1 — (@i +Bi—Du; + Piuiy1 with oy = nke(1 —i/n)? and B; = nky(i/n)?,
5.7

see [16]. Clearly, the monotonicity (5.2) is always satisfied. Here the time scaling was done
such that we obtain a uniform lower bound for A (i.e. independent of n) via

Glai—ai—1, Bi—Bit1) = 5 (ei—ai—1+Bi—Pit1) ~ g(i/n) > inf{ g(x) | x € [0,1]} > 0,

where 2g(x) = pks(1 — x)P~1 + ghkpx?~ 1.
The next result provides a corresponding upper bound for A o that complements the lower
bound given above.

Lemma 5.2 Consider Q as in (5.1) with general o;, i > Ofori = 1,...,n — 1 and
an = 0 = Bo. Then we have the upper bound

Ao <min{a; + B — (i1 +Pi—1)/4li=1,....,n—1}.

Proof We use the same notation as in the proof of Theorem 5.1 and obtain an upper bound
Ao < (m-M(u)n)/(n- Ku)n) by choosing suitable n and u.

Fori=1,....,n—1wesetn® =(1,...,1,0,...,0) e R" = Z’j:lej and obtain the

formula

n® - Mwn® Aii

70 Kwn® o + fi — 2 [,31—1(/0: = pi—1) +ai(pi — Pz+1)]

At

2/(,'1\[

Ri(u) =

[Bi (pis1 — pi) + @iv1(piv1 — piv2)]-
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The expression is positively homogeneous of degree 0 in p. Moreover, only the four com-
ponents p;_1, ..., pi+2 occur, where the occurrence of p;_1 and p;4> is linear with posi-
tive prefactor. Thus, we may choose p;—1 = pjy2 = 0 and p; = pi+1 = 1, ie. u® =
m(wiei+wi+1ei+1). Employing 8, A (a, a)a = A(a, a)/2 we obtain R; (u®) = o; +

Bi — (@i+1+Bi—1)/4. Since R; Dy > A g, the assertion is established.

Example 5.3 We consider the tridiagonal matrix Q = R33 as in (5.1) with o7 = 16,
B1 = 12, and ap = B = 1. Then, Lemma (5.2) implies Ap < —1, and the steady state
w= ﬁ(l 4, 4) is strictly log-concave, i.e. (5.3) holds with strict inequality.

5.2 Geodesic convexity for the Fokker-Planck equation

To motivate this subsection on the discretization of the Fokker-Planck equation, we first con-
sider the spatially continuous version, namely U = div(VU+UVV)in Qand (VU+UVV)-
v = 0 on 3K for a smooth, bounded and convex domain Q& C R¢. Here we only give a formal
argument motivating the geodesic /}:-convexity of the relative entropy under the assumption
that the potential V is A-convex, i.e. in the smooth case we have

£-D’V(x)€ > AE)* forallx € Qand & € RY.

First, we apply the approach of Sect. 2 in a formal way by assuming that all functions are suffi-
ciently smooth and decay fast enough at infinity. The gradient structure of the Fokker-Planck
equation derived in [15,26] is given via

U=-KWU)DEWU) with&WU) = / UlogU 4 VUdx and K(U)¢ = —div (UVd)),
Q
(5.8)

To calculate the quadratic form M(U, ¢) = (¢, M(U)¢) with M defined in (2.5) formally
we use that the vector field Q(U) = AU + div(UVV) and obtain

MU, ¢) (¢, DEU)[QWU)]9) — (¢, DQU)LWU)¢)

H(AU+divUVV))|Ve[* + ¢(A(div(UV¢))+ div (div(Uv¢)vv)) dx

B—

1=
SEN

Q2

UAIVo?dx = 1(g, K(U)¢),

v

where & is obtained by a series of integrations by parts using the no-flux boundary conditions
for U and ¢ and by exploiting the relation A(% |V¢|2) = |D2¢>|2 + V¢ - V(A¢p). The final
estimates follows by dropping U |D?¢|?> > 0, using the /):-convexity of V, and from the fact
that V¢ - v = 0 on 92 implies V(%|V¢|2) v < 0, since Q is convex, see [17, Sect.5]. The
latter paper together with [9] provide a full proof of the geodesic A-convexity that is based
on a metric version of the Lie derivative L oy G and applies to systems of PDEs.
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2 A. Mielke

5.3 Uniform geodesic A-convexity for the discretization

We now turn our attention to the one-dimensional Fokker-Planck equation
U=(U'+UV)inQ=10,1[ and U'(t,x)+ U, x)V'(x) = 0 forx € {0, 1}. (5.9)
Using an equidistant partition x' = i/n we may consider u;(t) as an approximation of

f(ll/ ”1) /n U (t, x) dx and a simple finite-difference discretization gives the system of ODEs

iy = n2(uy — uy) —I—%(ulV’(x’f/z)+u2V’(x§’/2)),
i = n?(ui— — 2u; +uiq1) + %(ui+1V/(xf+1/2) - ”i—lv/(xz{q—3/2))’ (5.10)
iy = nz(un—] — Up) - %(un—l V/(x,r;,g,/z) + uy V/(x,r;,l/z))»

where the first terms correspond to the diffusion part, while the second term contains the drift
induced by the potential. Thus, we have

aj=n*—2V'(xi-12) and B =n® + 2V (xi11)2).

Thus, assuming V € C'([0, 11) we have o, Bi > 0 whenever 2n > ||V’ ”QO which implies
that (5.10) is a Markov chain. Assuming further that V is A-convex with > 0, we obtain
the desired monotonicity (5.2). Moreover, we obtain the quantitative estimates

ai —aip1 = B = Bio1 = 5 (V' (ig1/2) = V'(xi12) = 2/2. (5.11)
Using that G satisfies G(a, a) = 2a we arrive at the following result.

Corollary 5.4 Assume V € C2([0, 1]), inf{ V" (x)|x € 10, 1[} > x>0, and||V lLe < 2n.
Then QFP defined via the finite-difference scheme (5.10) satisfies Ao > .

The above result has the disadvantage that it only works for sufficiently high » and that it
applies only for equidistant discretizations. For general partitions

1
O=xy <x{ <---<x,_; <x;=1 and xl-"_l/z =5 X (5.12)

we can still find the consistent discretization (5.10), but now «; and §; are given by

1 2 ' 1 2
@ = —V/(x" |)) and g; = VG )-
Xi4l — Xi—1 Xi—Xi—1] =2 Xigl — Xi—1 X4l — X
While max{x] —x* | [i=1,...,n}[|V'||co < 2 again implies the positivity o;;, B; > 0, it

very difficult to satisfy the monotonicity conditions (5.2).

Finite-volume discretization schemes are better adapted to drift-diffusion equations,
because they automatically preserve positivity and conserve the mass exactly. We rewrite
(5.9) using the equilibrium density W (x) = ce V™) with fol Wdx =1 and find

U= (W(U/W)’)/ inQ=10,1[ and (U/W) (t,x) =0forx € {0,1}. (5.13)

Fora general partition as in (5.12) we define w} = f x,én W (x)dx and expect u; (t) to approx-
i1

imate f U(t x) dx. Integrating (5.13) over [x]' |, x!'] gives i; = q!' — q;'_, where g

Uitl _ﬂ)
n a b
Wiy1 W

approx1mates WU/ W) atx!" and g{j = g, = 0. The natural choice is ¢/ = k' (
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where consistency of the discretization scheme holds if «;' (xl.”Jr1 =X /2) /Wi — 1
for n — oo, uniformly in i, see e.g. [12]. Thus, the discretization takes the form

n n

K. K:
i = o qjui—1 — (@' +B; Dui + Bl'uiy1 with o w—’n and B}' = wl . (5.14)

n
i i+1

Note that the present usage of «;, S, ki, and w; is consistent with that in Sect. 5.1.

From the definition of the finite-volume scheme we immediately have the positivity
al', B > 0 independent of the fineness of the partition. To discuss the monotonicity (5.2)
we first consider the equidistant case.

Corollary 5.5 Assume V € C2([0, 1]) andinf{ V" (x)|x € 10, 1[} = & > 0. Ifi = QFVu ¢
R" denotes the finite-volume discretization (5.14) with the equidistant partition x]' =i/n,

forn=1,. n—1,

xn
1
n o__ n__ 2
; —/n Wx)dx, and ki =n l+]
i1

then we have )\.QS"V > 2n2<D(’):/(8n2)) and )Lng — ,)tfor n — 0o, where

3Eif () — Erf 3 /72)
2Ed (/)

N
2
d(pn) = =4u + O(uz) with Erf(s) = ﬁ/e_r2 dr.
0

Proof To simplify the notation we drop the superscript ” and set g; = +/w;+1/w; such that
o = g1 and B; = 1/gq;. We estimate w; from below and w;_; and w;| from above by
comparing V with a parabola ¢ + dx —I—/):xz/ 2 coinciding with V in x;_1 and x;. With the
definition of ® and the abbreviation ¥V = CD(X/ (8n?)) we find

(1 -—Ww; > Jwi—twi+1 <= A —-V)gi—1>gqi fori =2,...,n—1.
To apply Theorem 5.1 we estimate as follows:
ai —ip1 =n>(qi — git1) = n*Wg; and Bi — Bi1 = n’/q;i —n*/qi1 = n*¥/q;.
Using the monotonicity and 1-homogeneity of G as well as G(a, b) > 2+/ab we conclude
G — aig1. fi = fim1) = G(1* Wi, n*W/q) = n*W G(gi. 1/q;) = 2n° ¥,

and the result is established. ]

The major advantage of the finite-volume discretization is that it is possible to allow
for non-equidistant partitions. For > 0 we can borrow convexity from the potential V to
accommodate variations in the lengths of the intervals of the partition. For a general partition,
see (5.12), we define

w wl+l

w! =, W&, ) —x* ) and «!' = , (5.15)
1 n 1 1/2 1 i—1 1 (xln _xiil)(xiJrl _xln)
where ¢, is chosen such that > /_, wi = 1, which implies ¢, — 1 Clearly, this choice
leads to a consistent finite-volume scheme The next result shows that A-convexity of V with

% > 0 allows for graded meshes if the allowed factor y in

@ Springer



2% A. Mielke

<y fori=1,...,n—1, (5.16)

is sufficiently close to 1.

Corollary 5.6 Assume V € C%([0, 1]) and V" > x> 0. If a partition (5.12) satisfies (5.16)
with y > 1 and

Wo=1—y2e /2 >0 where hy =min{x" —x" |i=1,....n}, (5.17)

then the Markov chain it = Q,u defined via (5.15) satisfies Lo, > 2W2/H? > 0, where
H=max{x]' —x' ,|i=1,...,n}

Proof As in the previous proof we drop the superscript ” and introduce the quotient ¢; =
\/W (xi’lﬂ/z)/ W(xi’lfl/z). The X—convexity of V yields g; > e”’i/zqiﬂ. Using the abbrevia-
tions h; = x; —x;_1 we find the representations o; = qi/(h?/zhilfl) and 8; = 1/(q,<hil/2hl.3fl).
For «; we obtain the estimates

3/2
hi/ Qi+1)

Qh,%/z)
1/2 .
hi+lhi42 qi

>a;(1-y%

ai — g = o1 — > VYo; >0

by (5.17). Similarly, we have 8; — Bi—1 > WB; > 0. To apply Theorem 5.1 we use
Glai —aiv1, fi = Bim1) = ¥ Gy, ) = 29 Bi = 29/ (hihis1) = 2%/ H?,
which proves the assertion. O

A very similar finite-volume scheme for drift-diffusion equations is the Scharfetter—
Gummel scheme, which in the one-dimensional case takes again the form (5.14) but now

with
B(—h; V/(x; B(h; V/(x; 1
_ (=hit12)V'(x:) and i = (hi+1/2)V'( 1)7 where B(s) — _ s ’
hihiy1)2 hit1hit3)2 A(l,ef) e —1
hi = x; —xj—1,and h; 112 = X;11/2 — Xj—1,2, see e.g. [6]. Here B is the Bernoulli function
that is closely related to the logarithmic mean A. Restricting to an equidistant partition with
X; = i/n, assuming V”(x) > A > 0, and setting b; = V'(i/n), we can use B’ < 0 and
B” > 0 to obtain

o

B">0

ai—aip1 = n*(B(=bi/n) — B(=bis1/n)) = n*(=B'(=bit1/n))(biz1 — bi)/n

B’ <0 , V"> ~ ,

> (=B'(=bi/m)n(biz1 —b)) > r(—B'(=bi/n)) = 0.
Similarly, we obtain 8; — f;_1 > /):(—B/(b,'/n)) > 0. Using the well-known identity B(s) +
s = B(—s) we obtain B'(s) + B'(—s) = —1 and, using G(a, b) = %(a—l—b + 24/ab) we
conclude

~ /1
ro =% (5 4BV L)),

Thus, the Scharfetter-Gummel scheme yields a good uniform bound on the geodesic con-
vexity even in the case that that || V’|| is huge or oo, as long as V is convex.

Remark 5.7 In two-point finite-volume schemes the occurrence of quotients ®(a, b) =
(h(a) — h(b))/(¢'(a) — ¢’ (b)) as in Proposition 3.1 (in particular A(a, b)) is quite com-
mon, see [6, Eq. (28)].

@ Springer



Geodesic convexity of the relative entropy 27

Remark 5.8 While we have only considered the one-dimensional case, we expect that it is
possible to find suitable generalization for higher dimensions as well. In fact, the numeri-
cal finite-volume discretizations constructed in [14,13] obviously lead to reversible Markov
chains, but their geodesic A-convexity needs to be investigated.

Appendix A: Properties of the function A
In this section we collect the essential properties of the function A defined in (1.3). The value
A(a, b) can also be seen as the logarithmic average of a and b defined via

1
Aa, b) = / a® b1 gp.
0=0

Other useful representations of A are for the inverse, namely

1 00
1 _ / do _ / dt
A, b) ) (1—=60)a+6b | (a+t)(b+t)’
6=0 =0
We have the obvious estimates

2ab _ Jab < A@.b) < L@+ b) (A1)
a a,b) < - (a . .
a+b — - 2

The lower estimate for A can be generalized to
V0 e[0,1]1Va,b>0: A(a,b)>2min{0, 1 —6}a’p'?. (A.2)

This estimate follows from the convexity of f : s + a’b!™* via integration of f(s) >
f©) + f(0)(s —0) over [0,20] or [2 — 20, 1], respectively. Elementary calculations give

0 < 0,A(a,b) =

B A(a,b)) _ A(a, b) (a — A(a, b)) >0, (A3)

loga—logb( a a(a—>b)

which implies

adaA(a, b) + bdyAa, b) = Aa, b), (A.4a)
bd,A(a,b) +adyAla, b) = Ala,b)*(2+1) — A(a,b) = A(a,b),  (A4b)
duA(a,b) + dpAa, b) = 2D > (A.4c)

(daA(a,b) — pA(a,b))(a—b) = Aa,b)(2— “2A@@. b)) <0.  (Add)
Note that (A.4a) is also a consequence of the following 1-homogeneity:
A(ya,yb) =y A(a,b) foralla, b, y > 0. (AS5)

The following estimate is used in Theorem 5.1: for all a, b > 0 we have

max{Al(a, b), 2\/5} < E(a, b) := inf{ A(r, s)(g—i—é) |r,s >0} <2A(a,b). (A.6)
ros
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For the upper bound choose (r, s) = (a, b) and for the lower estimate proceed as follows:

1

b
(g + A, s) = / ar® s 4 bros ™ do 2/
ros

o=0

(g + ?)A(r, 5) > (g + ?)«/Ts > 2Vab.

aoblfa

mdff > A(a, b),

A nontrivial estimate and identity is the following:
max{ A(r,a) — d,A(a,b)r |r >0} =adpA(a,b). (A7)

The result uses somehow hidden properties of A and is crucial for our lower bounds for A .
Using the homogeneity (A.5), this identity follows from (A.8c), which is established below
using the auxiliary function ¢ defined in (1.4).

Proposition A.1 We define the function £(k) = (e¥ — 1 —k) /2 > 0. The function € satisfies
the following properties:

1=0¢E) < (JceR: =Lk and& =l(—k)), (A.8a)
VE>O0: LLE) =E, (A.8b)
VYa,b>0: €0.A(a, b)) =dAa,b). (A.8¢)

Proof We first observe that A(-, 1) is strictly concave and that it has sublinear growth as
A(r,1) ~ r/logr for r > 1. Hence, the maximum in the definition (1.4) of ¢ is attained
a unique value . We find £(§) = Z(K), where k = k(&) is the unique solution of & =
Kk —1+ e*")//c2 and r = e* is the maximizer of r — A(r, 1) — &r. Thus, (A.8a) is estab-
lished. Identity (A.8b) follows directly from (A.8a), because / and & can be interchanged,
when « is multiplied by —1.

Finally, the partial derivatives d, A (a, b) and dpA(a, b) are 0- homogeneous and depend
only on o = log(a/b), namely d,A(a, b) = E( o) and dpA(a, b) = Z(o) Using k = —
this gives (A.8c). O

The important identity (A.8b) follows also directly for any £ defined via £(£) = sup{ A(r)—
gr|r > 0} if A(r) = ri(1/r), which in our case follows from A(l,r) = rA(l/r, 1) =
rA(1,1/r).

Remark A.2 While the above proof of (A.7) can be adapted easily to general symmetric,
concave, and 1-homogeneous functions A (see also [11, Lemma 5.4]), there is a short way to
derive (A.7) for A being the logaritmic mean. By 1-homogeneity of A the unique solution
of 0, A(r,a) = 0, A(a, b)is az/b, and hence the maximum in (A.7) is attained for r = az/b.
Inserting this and using (A.4a) gives the result.

Appendix B: Proof of Proposition 4.3

Here we provide the lower bound for the eigenvalues of the matrix

Gg(r,s, 1) def Ars( +< )+ Brss 4 /S(ArS/Ast)]/z+ﬁ(Ast/ArS)1/2
B0 = ﬁ(ArS/ASt)]/Z+ﬁ(Ast/Ars)l/2 Ast( +1 )+ AS,S ,
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where again Ayp = A(a,b) and Aygpy = 94A(a, b). By homogeneity of degree 0 it is
sufficient to consider

(rst)eA {(rst)e]O 1[ |lr4+s+t=1}.

Since Gg is continuous on A its lowest eigenvalue depends continuously on (r, s,¢) € A
as well. To prove boundedness from below it hence suffices to show a lower bound near the
boundary of A. In fact, we prove that Gg is positive semidefinite near the boundary of A.
For this, it is sufficient to show that the determinant of Gg is nonnegative, as the diagonal
entries are bigger than 1.

The sign of the determinant of G g is controlled by the auxiliary function ¥ via

detGg(r,s,1) >0 < P(r,5,1) < 1/,

Ays Ast
=42
A st A;s

(Arg(h Ly Brss S8 ) (A (5 + )+ 32

where ¥ (r, s, 1) def Am )
Using (A.1) it is not difficult to show 7 (r, s, 1) < 1 which implies that Gg(r, s, 1) is positive
semidefinite for || < 1 and all (r, s, 7).

To prove our statement for all B8 > 0, we have to show that y(r, s, t) — 0 if (r,s,1)
approaches the boundary of the two-dimensional triangle A. We do this by discussing the
three corners and the three sides of A separately. For proving convergence of  to 0, it is
obviously sufficient to omit the “2” in the numerator, so that we estimate the function y with
y <2y and

A}%s + Agl
(W2 D+ A NN D A

y(rs. &

Case1: s — 1 andr,t — 0. We have
AL A
= G = )

where we used (A.2) in the form A,y > —rl/3 23 > r1/3/2 for s ~ 1.

Case2:t — landr,s — 0. Using r <t we have A,; < Ay and obtain
242, _ 2s

A%s(%‘i‘%)“l‘l\rs,s t)(A?,/S) A%s(%-i-%) + Aps st

To proceed we need a good lower bound for A, ;, namely

<1t + o) = 400 B (FPP42R) > 0,

J/E(

> Aps 2t > AL /(3r+43s).

A”S - A”A(r A) = S 35(r+s)

We continue via

2 2

6rs 6rs

< < .
V= A2 (r+s) + Apsrs/(r+s) — AZ max{r, s} + A, min{r, s}

Hence, for 0 < r < s « 1 we obtain
6rs’ . (rs 1/3.—1/3 .—1/2.3/2 2/5
)/527§6m1n{A A—}<14m1n{r K T s} < 145777,
Args + Apgr
where we used (A.2) withf = 1/3. For0 < s < r < 1 we use (A.1) to obtain
< 64/rs <6r.

6rs?
Az r + Arss A,s
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Thus, y (r, s, t) — 0 follows for r, s — 0.
Case3:r — landt,s — 0. This case is the same as Case 2 via interchanging r and ¢.

Cased:s > 0,r > ry >0,andt — t. =1 —ry > 0. We have
2 2 2
yrosy < et (g DY (]

1
A thAy o1 7+7) <25(1/ry + 1/1,) — 0.
(A2 §) (A% }) A% A et

Case5:r - 0,5 — s, > 0,and t — t, = 1 — s, > 0. Since the numerator of y converges
to A(sy, 1) > 0 it suffices to show that the denominator tens to +oo. Indeed,

(AL C+D) + Agsr) = ny > 0and (A7, (A4+1) + Apsst) = Af/r — +o00.

Thus, y (r, s, t) — 0 follows also for r — 0.

Case 6:1r — 0,5 > sy >0, andr — ry, =1 — 5, > 0. This case is the same as Case 5 via
interchanging r and ¢.
This finishes the proof of Proposition 4.3.
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