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Abstract Motivated by some questions arising in the study of quasistatic growth in brittle
fracture, we investigate the asymptotic behavior of the energy of the solution # of a Neumann
problem near a crack in dimension 2. We consider non smooth cracks K that are merely closed
and connected. At any point of density 1/2 in K, we show that the blow-up limit of u is the
usual “cracktip” function C+/r sin(#/2), with a well-defined coefficient (the “stress intensity
factor” or SIF). The method relies on Bonnet’s monotonicity formula (Bonnet, Variational
methods for discontinuous structures, pp. 93—103. Birkhduser, Basel, 1996) together with
I"-convergence techniques.

Mathematics Subject Classification  Primary: 35J20 - Secondary: 74R10

1 Introduction

According to Griffith’s theory, the propagation of a brittle fracture in an elastic body is gov-
erned by the competition between the energy spent to produce a crack, proportional to its
length, and the corresponding release of bulk energy. An energetic formulation of this idea
is the core of variational models for crack propagation, which were introduced by Francfort
and Marigo in [10] and are based on a Mumford—Shah-type [17] functional.

In this work, we will restrict ourselves to the case of anti-plane shear, where the domain
is a cylinder 2 x R, with Q C RZ, which is linearly elastic with Lamé coefficients A and w.
Moreover we assume the crack to be vertically invariant, while the displacement is vertical
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590 A. Chambolle, A. Lemenant

only. Under those assumptions, the problem reduces to a purely 2D, scalar problem. Extend-
ing our result to (truely 2D) planar elasticity requires a finer knowledge of monotonicity
formulas for the bilaplacian and is still out of reach, it is the subject of future study.

Given a loading process g : t — g(t) € H'(Q), and assuming that K (1) C Q (a closed
set) is the fracture at time 7, the bulk energy at the time #( is given by

E(tp) := min / (AVu) - Vu dx, (1)
u
Q\K (10)

where the minimum is taken among all functions u € H L \ K (1), R) satisfying u = g(to)
on 9\ K (fo), and the surface energy, for any fracture K 2 K (fo) is proportional to k H! (K),
where H! denotes the one dimensional Hausdorff measure and « is a constant which is known
as the roughness of the material. Here the matrix A which appears in the integral in (1) is
(n/2)1d, however in the paper we will also address the case of more general matrices A(x),
which will be assumed to be uniformly elliptic and spatially Holder-continuous.

The proof of existence for a crack K () satisfying the propagation criterions of brittle
fracture as postulated by Francfort and Marigo [10], was first proved by Dal Maso and
Toader [8] in the simple 2D linearized anti-plane setting, then extended in various directions
by other authors [4,7,11,1].

In this paper we will freeze the “time” at a certain fixed value 7y, and therefore do not
really matter exactly which model of existence we use. We will only need to know that such
fractures exist, as a main motivation for our results.

In the quasistatic model, the fracture K (¢) is in equilibrium at any time, which means
that the total energy cannot be improved at time 7y by extending the crack. Precisely, for any
closed set K 2 K (fo) such that K (1) UK is connected, and forany u € H'(Q\ (K (to) UK))
satisfying u = g(f9) on 92 \ (K (#p) U K), one must have that

E(ty) + kH (K (1)) < / (AVu) - Vu dx + kH (K).
Q\(K (10)UK)

This implies that the propagation of the crack is totally dependent on the external force g,
and a necessary condition for K to propagate is that of the first order limit of the bulk energy,
namely

lim sup E+h) — Eto) 2)

h—0t h

to be greater or equal to «. The limit in (2) can be interpreted as an energy release rate along
the growing crack, which is the central object of many recent works [3,5,6,13,14].

In all the aforementioned papers, a strong regularity assumption is made on the fracture
K (¢): it is assumed to be a segment near the tip in [3,5,13]; to our knowledge the weakest
assumption is the C!>! regularity in [14]. The main reason for this is the precise knowledge
of the asymptotic development of the displacement u near the tip of the crack, when it is
straight. Indeed the standard elliptic theory in polygonal domains (see e.g. Grisvard [12])
says that in a small ball B(0, ¢) (we assume the crack tip is the origin), if u denotes the
minimizer for the problem (1), then there exists & € H 2(B(0, ¢) \ K (to)) such that

u = C/rsin(6/2) + i, 3)

(in polar coordinates, assuming the crack is {# = £ }). In fracture theory, the constant C in
front of the sinus is usually referred as the stress intensity factor (SIF). In [14], G. Lazzaroni
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The stress intensity factor for non-smooth fractures 591

and R. Toader proved that (3) is still true if K (fg) isa C L1 regular curve, up to a change of
coordinates, and they base their study of the energy release rate upon this fact.

The main goal of this paper is to extend (3) to fractures that are merely closed and connected
sets, and asymptotic to a half-line at small scales. (We will need the technical assumption
that the Hausdorff density is 1/2 at the origin, that is, the length in small balls is roughly the
radius—which basically means that K (fp) admits a tangent, up to suitable rotations.) Our
main result is as follows:

Theorem 1.1 Assume that K := K (to) C Q C R? is closed and connected, and let u be a

solution for the minimizing problem in (1) with some a-holderian coefficients A : Q — S>*2.
Assume that xo € K N Q is a point of density 1/2, that is,
, HY K N B(xo,r)) 1
limsup —m@ = —
r—0 2r 2
and that A(xo) = Id. Then the limit
1
lim — / (AVu) - Vu dx )
r—>0r
B(xo,r)\K

exists and is finite. Moreover denoting Cy the value of this limit, considering R, a suitable
Sfamily of rotations, and taking

vo(r, 0) == u(0) +,/ 2?;01’ sin(0/2), (r,0) €[0,1] x [—n, 7],

then the blow up sequence u, = r*% u(r R, (x — xo)) converges to vy and Vu, converges to
Vg both strongly in LQ(B(O, 1)) when r — O.

If A(xg) # Id we obtain a similar statement by applying the change of variable x +—
VA(xp)x (see Theorem 4.2). We also stress that a rigourous sense to the value of #(0) has to
be given, and this will be done in Lemma 4.1. Besides, the exact definition of the rotations
R, will be given in Remark 2.

Theorem 1.1 is a first step toward understanding the energy release rate for non-smooth
fractures, and study qualitative properties of the crack path. It provides also the existence
of a generalized stress intensity factor, that we can define as being the limit in (4), and
which always exists without any regularity assumptions on K (#p) of that of being closed and
connected (see Proposition 5).

Our main motivation is the study of brittle fracture, but of course Theorem 1.1 contains
a general result about the regularity of solutions for a Neumann Problem in rough domains,
that could be interesting for other purpose.

The proof of Theorem 1.1 will be done in two main steps, presented in Sects. 3 and 4,
which will come just after some preliminaries (Sect. 2). The first step is to prove the existence
of limit in (4). For this we will use the monotonicity argument of Bonnet [2], which was used
to prove existence of blow up limits for the minimizers of the Mumford—Shah functional.
We will adapt here the argument to more general energies as the one with coefficient A(x),
and also with a second member f. Notice that when f = 0 we need only K to be closed and
connected, whereas when f # 0 we need furthermore that K is of finite length.

The second step is to prove the convergence strongly in L? of the blow-up limit u, :=

r_%u(rRr (x — x0)) and its gradient, to the function C+/r sin(6/2). This is the purpose of
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Theorem 4.2, and the existence of limit in (4) is the first step, because it implies that Vu, is
bounded in L2(B(0, 1)) which helps us to extract subsequences.

Notice that Bonnet [2] already had a kind of blow-up convergence for u,, analogue to ours
in his paper on regularity for Mumford—Shah minimizers. The main difference with the result
of Bonnet, is that here the set K is any given set whereas for Bonnet, K was a minimizer for
the Mumford—Shah functional, which allowed him to modify it at his convenience to create
competitors and prove some results on u. Here we cannot argue by the same way and this
brings some interesting technical difficulties in the proof of convergence of u,.

2 Preliminaries

LetQ C R%, K C Qbeaclosed and connected set satisfying H L(K) < +oo (here H! denotes
the one dimensional Hausdorff measure), f € L®(2), A > 0and g € H'(Q) N L®(Q). If
K and K’ are two closed sets of RZ we will denote the Hausdorff distance by

dy (K, K') := max ( sup dist(x, K'), sup dist(x, K)) )
xekK xeK’

We also consider some a-Holder regular coefficients A : x — A(x) € S>*2, uniformly
bounded and uniformly coercive (with constant y). We will use the following series of nota-
tions
2

2
H\/XXH .

For simplicity we will assume without loss of generality that x = 1. We consider a slight
more general energy than the one in (1) with a second member f, namely

IX]2 = XAX = (AX) - X = H«/KX

1d -

1
Fu) = / ||Vu||124dx+x/|/\u—f|2. 5)
Q

Q\K

We will also allow the case A = 0 and then we ask also f = 0 and F is simply

F(u) = / [Vul3dx.
Q\K
We consider a minimizer u for F among all functions v € H'(€2\ K) such that v = g on
02, i.e. u is a weak solution for the problem
Au—divAVu = f in Q\ K
(AVu) -v=0 on K (6)
u=g on o

It is well known that such a minimizer exists and is unique (up to additional constant if
necessary in connected components of €2 \ K when eventually f = 0), which provides a
week solution for the problem (6).

We begin with some elementary geometrical facts.

Proposition 1 Let K C R? be a closed and connected set such that

) HYK N B(xp,r)) 1
limsup ——mM8M8M8 ™ ™ = —

. 7
mst 2 2 @
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The stress intensity factor for non-smooth fractures 593

For all r > 0 small enough, let x, be any chosen point in K N dB(xg, r). Then we have that
1

lim —dy (K N B(xo, 1), [xr, x0]) = 0. ®
r—-0r

Proof Since K is closed, connected and not reduced to one point (because of (7)) we have
that K N dB(xo, r) is nonempty for all » small enough. Moreover since K is connected,
there exists a simple connected curve I', C K that starts from xo and hits d B(xp, ) for the
first time at some point y, € K N dB(xo, r). Since ', is connected we have that HYD) >
H'([y,, x0]) = r and using (7) we get HYT,) < r + o(r). From the last two inequali-
ties, since ', is a connected curve, it is then very classical using Pythagoras inequality to
prove that

du Ty, [yr, x0]) = o(r). (C))

Indeed, let z be the point in I, of maximal distance to [y,, xo], and let & be this distance. Now
let w be a point at distance A to [y,, xo], whose orthogonal projection onto [y,, xo] is exactly
the middle of [y,, xo]. Then the triangle (y,, xo, w) is isocel, and in particular minimizes the
perimeter among all triangle of same basis and same height. Therefore,

2,/ (r/22 + 12 = |w =y, |+ |w — x| <z =y | +]z— x| <H'(T)) <r+o(r)

which implies that # = o(r) and proves (9).
Now (7) also implies that

H'(K 0 B(xo, 1)\ T)) = o(r),
from which we deduce that
sup{dist(x, I'); x € K N B(xg,r)} = o(r)

which implies dg (K N B(xg, 1), [yr, x0]) = o(r). Finally (8) follows from the fact that
dist(x,, y-) = o(r) for any other point x, € K N dB(xq, r). ]

Remark 1 The density condition (7) does not imply the existence of tangent at the origin.
One of such example can be found in [5, Remark 2.7.], as being a curve with oscillating
tangent at the origin: exp(—zz)(cos(t)el + sin(z)ey), t € [0, +o0].

Remark 2 (Definition of R,) As noticed in the preceding remark, the existence of tangent,
i.e. the existence of a limit for the sequence of rescaled set %(K N B(xg, r) — xp), is not
always guaranteed by the density condition. On the other hand if R, denotes for eachr > 0,
the rotation that maps x, on the negative part of the first axis, then R, (% (K N B(xg, r)—xp))
converges to the segment [—1, 0] x {0}. In the sequel, R, will always refer to this rotation.

Remark 3 There exists some connected sets such that l K N B(0, ry) converges to some

radius in B(0, 1) for some sequence r, — 0, and such that 1 K N B(0, t,) converges to
a diameter for another sequence #, — 0. Such a set can be constructed as follows. Take a
sequence ¢, — 0 such that

Gn+1/qn —> 0 (10)

The idea relies on the observation that thanks to (10), while looking at the scale of size g,
that is, in the ball B(0, ¢, ), all the piece of set contained in B(0, g,+1) is negligible in terms
of Hausdorff distance. Therefore we can build two subsequences, one at the scales ¢3,, and
the other one at the scales g2,1, that will not be seen by each other.
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q2n A2n+1 N B(07 qN)7 N even
/ | K looks like a diameter

Yoo ; %q2n+1

B(0,qy). N odd

\’/ K looks like a radius

Fig. 1 A crack tip with two different limits along different subsequences

To do so, we consider the points A, := (0, %q,,) on the second axis of RZ and we define
K, as being R™ x {0} union of all horizontal diameters of B(A2,+1, g2,), that are connected
to the first axis by their left extremities. In other words, denoting e; = (1,0) and e, = (0, 1)
the two unit canonical vectors of R2,

_ 4
K:=R"e U( U ®ei + Az,41) N B(Azps1, fm)) vy ([0 §Qn+l:| e+ Zzn),

neN* neN*
where Z,, is the left extremity point of the segment (Rej + A2,+1) N B(A2n+1, g2,) (Which
is actually the horizontal diameter of B(A2,+1, g2,)), see Fig. 1.
Then it is easy to see that, for the Hausdorff distance,

1
—K N B(x, g2,) — Re; N B(0, 1)
q2n

and

(KNU(x, q2n+1) — R7e1 N B(0, 1)
q2n+1

as desired.

Remark 4 Notice that a consequence of Theorem 1.1 for the example exhibited in Remark
3 is the following curious fact: even if %K N B(x, r) has no limit when r — 0, the limit of
% fB(O,r) | Vu|? as r — 0 exists thus has same value Cq for any subsequences of . Now,
since K has density 1/2 along the odd subsequence r, = g2,+1, applying the proof of The-
orem 1.1 for this subsequence we infer that the limit of the blow up sequence rn_l/ 2u(r,,x)
converges to ,/2Cor/m sin(6/2). But now regarding the limit in the even scales, r, = qay,
as K is converging to a diameter, a similar proof as the one used to prove Theorem 1.1 would
imply that the blow up sequence is converging to the solution of a Neumann problem in a
domain which is a ball, cut into two pieces by a diameter. This implies Co = 0 (because of
the decomposition of u in spherical harmonics), so that actually returning to the odd sub-
sequence, for which K is converging to a radius, we can conclude that r,, 172
converge to 0 as well.

u(r,x) must

It is well known that any closed and connected set K is arcwise connected, namely for
any x # y in K one can find an injective Lipschitz curve inside K going from x to y (see e.g.
[9, Proposition 30.14]). This allows us to talk about geodesic curve inside K, that connects
x to y, which stands to be the curve with that property which support has minimal length.
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The stress intensity factor for non-smooth fractures 595

Definition 2.1 We say that K is locally-chord-arc at x if there exists a constant C and a
radius rp such that for every r < rg and for any couple of points y and z lying on K N9 B(xp, r)
the geodesic curve inside K connecting y and z has length less than Cr.

Proposition 2 Let K C R? be a closed and connected set satisfying the density condition

1 1
lim sup Z—HI(K N B(xo, 1) = 5. (11)
r

r—0

Then K is locally-chord-arc at x.

Proof The density condition (11) together with the fact that X is closed and connected guar-
antees that K is non reduced to one point, contains xg, and that d B(xg, r) N K is nonempty
for r small enough. Let 9 > 0 be one of this radius small enough such that moreover

1
H' (K N B(xg, r)) < (1 + E) r ¥r <3r. (12)

Let now y and z be two points in K N dB(xg, r) for any r < rg and let ' C K be the
geodesic curve connecting y and z. Then I" is injective (by definition since it is a geodesic)
and in addition we claim that ' C B(xo, 3r). Indeed, otherwise there would be a point
x € I' \ B(xo, 3r) which would imply HY (" N B(xo, 3r)) > 4r (because y and z are lying
on 9 B(xp, r)) and this contradicts (12). But now that I' C B(xo, 3r), condition (12) again
implies that HY() < HY(K N B(xg, 3r)) < 4r which proves the proposition. ]

In the sequel we will need to know that a minimizer of F is bounded.
Proposition 3 Let K be closed and connected, u be a minimizer for the functional F defined

in (5) with f € L*®(Q) and A > 0. Then

lulloo < max([| flloo, 18 lloo)-

1
min(1, A)
Proof 1t suffice to fix M := (min(1, ! max(|| fllcos l€lloc) and notice that the function

w := max(—M, min(u, M))

is a competitor for u and has less energy. By uniqueness of the minimizer we deduce that
u=uw. O

3 Bonnet’s monotonicity Lemma and variants

In this section we prove the existence of the limit

1
lim — / [ Vul3dx,
VAQO)B(x,r)

for any x € 2 when u is a minimizer of F. Of course when x € @\ K this is clear by the
interior regularity of solution for the Problem (6), and the value of the limit in this case is
zero. Therefore it is enough to consider a point x € K. The case of harmonic functions need
no further assumptions on K than being just closed and connected, and the argument comes
from [2] and [9]. Our aim is to consider the case of a non zero second member f and more
general second order operator of divergence form.

We begin with some technical tools.
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596 A. Chambolle, A. Lemenant

3.1 Technical tools

We will need the following 2 versions of the Gauss-Green formula.

Lemma 3.1 (Integration by parts, first version) Let K be closed and connected, u be a min-
imizer for the functional F defined in (S5). Then for any x € 2 and for a.e. r such that
B(x,r) C Q it holds

/ IVulg dy = / (f —au dy + / u(AVu) - v dH'.
B(x.r\K B(x.r\K IB(x.r\K

Proof If u is a minimizer, then comparing the energy of u with the one of u + f¢ and using
a standard variational argument we get

/ (AVu) -Vedx = /()Lu — Pedx (13)
Q

Q\K

must hold for any function ¢ € H'(Q2\ K) compactly supported inside Q. Let us choose ¢
to be equal to Y u(x), where ¥, (x) = g.(||x||) is radial, and g, is equal to 1 on [0, r — €],
equal to 0 on [r + €, +o0[ and linear on [r — ¢, r + ¢]. Applying (13) with ¢ = Y u gives

/(AVu)-uleE—i- /(AVM)-I//EVM :/(ku—f)l//au. (14)
Q

Q\K Q\K

It is clear that v, converges to 1p(, ) strongly in L%(2), which gives the desired conver-
gence for the second term and last term in (14). Now for the first term, we notice that ¥, is
Lipschitz and its derivative is equal a.e. to mlg(x,,ﬂ)\g(”_g) so that

1 X
/ (AVu) - uVy, = — / (AVu) - u—
2e [lx |l
Q\K (B(x,r+&)\B(x,r—e)\K

which converges to fa B\ k(AVu) - u v dH' for ae. r by Lebesgue’s differentiation
theorem applied to the L' function r > faB(x r)\K(AVu) vdH. O

The first part of the next Lemma comes from a topological argument in [9] (see p. 299).

Lemma 3.2 (Integration by parts, second version) Let K C 2 be closed and connected,
x € K and rog > 0 be such that B(x, rg) C Q. Forallr € (0, rg) we decompose dB(x,r) \
K = Uje](r) I;(r) where 1(r) are disjoints arcs of circles. Then for each j € J(r) there
exists a connected component U (r) of @\ (I;(r) U K) such that

oU;(n\ K =1;(r).

Moreover if u is a minimizer for the functional F defined in (5), then for a.e. r € (0, ro) and
forevery j € 1;(r) we have
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The stress intensity factor for non-smooth fractures 597

/ (AVu) -vdH' = /(ku — fldx, (15)
1(r)

where v is the inward normal vector in U}, i.e. pointing inside U ;.

Proof We assume without loss of generality that x = 0. By assumption K is closed, so that
dB(0,r) \ K is a relatively open set in d B(0, ») which is one dimensional. Therefore we
can decompose dB(0, ) \ K as a union of arc of circles as in the statement of the Lemma,
namely

aB(O.n\K =[] 1;.

jeJ

(we avoid the dependance in r to lighten the notations). Let us denote by U;r the connected
component of 2\ (K U /;) containing the points of B(0, )\ K very close to /, and similarly
U; is the one containing the points of '\ (K U B(0, r)) very close to I;. Then there is one

between Uji, that we will denote by U, which satisfies
U\ K =1;. (16)

The proof of (16) relies on the connectedness of K [see [9] pp. 299 and 300 for details: in
our case the connectedness of K implies the topological assumption denoted by (8) in [9]
that is used to prove (16) (which is actually (14) in [9])].

Then we want to prove (15) by an argument similar to Lemma 3.1 applied in U;. For
this purpose we consider as before a radial function but we need to separate two cases: if
U; C B(0,r) then we take the same function V¢ (x) = g¢(||x||) where g; is equal to 1 on
[0,7 —e],equal to O on [r + ¢, +o0[ and linear on [r — &, r +¢]. Now if U; C Q\ B(0, r)
we define ¥, := 1 — .

Then we take as a competitor for u the function u + t¢, with ¢ = 1U ¥, where U; jis
the connected component of 2\ K containing U;. Notice that this is an adm1s51ble choice,
namely ¢ € H'(Q\ K) and ¢ = 0 on 9.

Applying (13) with ¢ = 10,_ Ve gives

/(AVM) Vi = /(Mt — Pve. a7
Uj Uj
As in the proof of Lemma 3.1, it is clear that 10/ Y, converges to 10/ strongly in L%(2),

which gives the desired convergence for the right hand side term in (17). Now for the left
hand side term, we use as before that v, is Lipschitz and its derivative is equal a.e. to

iZelle 13(x,r+6)\B(x,r—s) (With the correct sign depending on which side of /; lies U;) so
that
1
(AVu) - Vi, = £— (AVu) - —
2¢ llxl
Q\K U;N(B(x,r+e)\B(x,(1—£)r))

which converges to f I (AVu)-vdH! fora.e. r by Lebesgue’s differentiation theorem applied
1 . 1
to the L' function r — faB(x,r)m[Jj (AVu) -v dH!. ]
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598 A. Chambolle, A. Lemenant

3.2 Monotonicity result

So we arrive now to the monotonicity results. The starting point is the following proposition,
which is the key ingredient in Bonnet’s proof of the classification of global minimizers for
the Mumford—Shah functional [2] (see also Sect. 47 of Guy David’s book [9] for a more deta-
illed proof with slightly weaker assumptions than [2]). The same argument was also used in
Lemma 2.2. of [16] to prove a monotonicity result for the energy of a harmonic function in
the complement of minimal cones in R®. Notice also that a similar argument with the elastic
energy (i.e. L? norm of the symmetric gradient) of a vectorial function u : @ — R? seems
not to be working.

Proposition 4 ([2,9] Monotonicity of Energy, the harmonic case) Let K be a closed and
connected set and let u be a solution for the problem (6) with A = Id, f = 0and > =0
(therefore u is harmonic in Q \ K ). For any point xo € K we denote

E(r) := / | Vul>dx.
B(xo.\K

Then r +— E(r)/r is an increasing function of r on (0, ro). As a consequence, the limit
lim,_,.o E(r)/r exists and is finite.

Remark 5 Notice that our statement is slightly different than the one in [9], where the assump-
tion H'(K) < oo is needed whereas K is not necessarily connected. Here we do not suppose
H'(K) < oo but we ask K to be connected which is a stronger topological assumption
but weaker regularity assumption than [9] (see Remark 47.42 in [9] for the precise role of
H'(K) < 00). The result as stated in Proposition 4 follows as a particular case of Proposition
5 proved below.

Now we prove a variant of Bonnet’s monotonicity Lemma, which will be the starting point
for our main Theorem. We consider a-Holder regular coefficients A : x > A(x) € 8§2%2,
uniformly bounded and y-coercive with y > 0. For any x € Q and r > 0 we define the
ellipsoid

Ba(x,r) :=AX)(B(x,r)).

Remark 6 (Change of variable) Let u be a solution for Problem 6 in €2, that we assume to
contain the origin, and fix A9 := A(0). Then u o /Ay is the solution of a similar problem in
(v/A0) 1 (Q\ K) with coefficient A := (y/Ag) ™' 0 A o (Ag) ™" instead of A. In particular
A(0) = Id, and

/||Vv||12§dx= / ||Vu||§det(JXO) L (18)

B(0,r) B(0,r))
We will need the following Lemma of Gronwall type. The proof is given in the appendix.

Lemma 3.3 (Gronwall) Assume that E(r) admits a derivative a.e. on [0, ro), is absolutely
continuous, and satisfies the following inequality for some a € (0, 1)

E(r) < (r+Cr'™)E'(r) + CN(r)r?, Vr €0, rol, (19)
with N integrable on (0, ro). Then the limit lim,_,o E(r)/r exists and is finite. Moreover if

N =0 then
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E(r)

r— (l—l—Cr"‘)é

is nondecreasing.

‘We now prove a variant of Proposition 4 in the context of general coefficients and second
member.

Proposition 5 (Energy estimate for general coefficients and second member) Let u be a
solution for the problem (6) with a-Hélderian coefficients A, A > 0 and f, g € L*°, and
assume that K is a closed and connected set of finite length. For any point xo € K we denote

E(r) = / [Vul3dx.
Ba(xo,n\K
We assume in addition that K is locally-chord-arc at point xo. Then the limit lim,_,o(E(r)/r)
exists and is finite.

Moreover if f = 0and ) = 0, then the assumptions on K of being locally-chord-arc and
of finite length can be both removed, and in this case the function

r E@) (1 + Cr%)%

r

is nondecreasing, where C > 0 is a constant which is equal to O when A = I1d (the harmonic
case).

Proof We follow the proof of Bonnet. We begin with the end of the statement, namely we
assume first that K is only closed and connected, and that . = 0 and f = 0. Let us also
assume without loss of generality that x¢ is the origin. Up to the change of coordinates
x — 4/A(0)x and thank to Remark 6, we can furthermore assume that A(0) = Id. In this
case By(x,r) = Byqg(x,r) = B(x, r).

The Gauss-Green formula (Lemma 3.1) applied in B(0, r) yields

[ Vuldx = Z/M(AVM) v dH, (20)
B(O,r\K I
where 0B(0,7) \ K = U;I;. On the other hand Lemma 3.2 gives for each j,
/(AVu) -vdx =0.
1

Denoting by m ; the average of u on I; we deduce that

/u(AVu)-vdHl :/(u—m,)(AW)-vdH‘. Q1)
1j 1
Thus
N
||W||§,dxEZ/|u—m,-||(AW)-v|dH1. (22)
BO.r)\K =
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Then by use of Cauchy-Schwarz inequality, ab < %az + rbz, and Wirtinger we can write

1
2

/|u—mj||(AVu)-vldH1 < /|u—m/| /|(AVM) v|
1
< —/|u—m,| +r/|<AW> e
<r /IVM 7|? +r/|(AVu) v|2. (23)

Now we want to recover the full norm || V|| 4 from the partial norms |Vu-t|and [(AVu)-v|.
For this purpose we write

[Vu-7)> = |(AVu) - t]> + |(Id — A)Vu - t|* + [2(AVu) - T1[((Id — A)Vu) - 7],

and we notice that, by Holder regularity of A and y-coerciveness we have (the constant C
can vary from line to line)

|(Id — A)Vu - t)* < ||(Id — A)Vu|*

< 1Hd = All oo g0y .52 I VI

< Cr¥||Vul?

< yCr¥¥||Vul} . (24)

and
2|AVu -t(Ild — A)Vu - t| = 2|AVu - t||(Id — A)Vu - 7|

< 2/|AVu||Cr¥||Vul 4
< CrY|Allool Vul}.

Therefore summing over j and putting all the estimates together we have proved that for r
small enough,

[Vullidx < r /(|AVu-r|2+Cr“||vM||§)+r /|(AVu)-v|2

B(0,r)\K dB(0,r) dB(0,r)
/ |AVu|? + Crite / Va3 (25)
dB(0,r) aB(0,r)

By Holder regularity of A we infer that

2
|val <ircrn,
Lo°(B(0,r),R2) —

which implies

/IIAVu||2§ /HﬁHznﬂwnz

dB(0,r) aB(0,r)

< (1 +Cr?) /H«/XVMHZZ(1+Cr°‘/2) /||w||i.

dB(0,r) 9B(0,r)
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Therefore, since E'(r) = faB(o n Vi ||124 we have proved for r small enough,

E(r) < (r+Cr'™2) E'(r), (26)

and we conclude with Lemma 3.3, applied with the exponent «/2 € (0, 1).

Next we assume that A # 0 and f € L. Furthermore we now assume that K is locally-
chord-arc at the origin and K is of finite length. If we reproduce the above argument, one
sees that the second member f is just a perturbation under control which does not affect the
limit of E(r)/r. Precisely, this time we will prove the inequality

E(r) < (r+Cr'™2)E'(r) + CN(r)r* forae.r < r, (27)

with N(r) € L'([0, ro]). This implies the proposition thank to Lemma 3.3. The exact defi-
nition of N is given by

N(r)=8KNoB(,r),

which is known to be finite for a.e. r € (0, r9) due to the fact that K has a finite length.
Actually by [9, Lemma 26.1.] we know that N is Borel mesurable on (0, ) and that

t
/N(s)ds < HY (K N B0, 1)). (28)
0

This will be needed later. For now, take a radius r a.e. in (0, r9) such that N(r) < 400
and decompose S, := dB(0,r) \ K into a finite number of arcs of circle denoted /;, for
j = 1..N(r). Moreover since K is closed and connected, for each j there exists a geodesic
curve F; C K connecting the two endpoints of /;. We denote D; the domain delimited by
I; and F;. Since K is locally-chord-arc at the origin we infer that |[D;| < C r2. Notice also
that D; corresponds to the set U; of Lemma 3.2.

The Gauss-Green formula (Lemma 3.1) applied in B(0, r) yields

N(r)
/ IVulidx = / (f —Au)udx + Z/M(AVM) v dH', (29)
B(0,nN\K B(O,r\K =y

and applied in D; (Lemma 3.2) gives

1

/u(AVu) vdH' = i/(f — Au)dx,
Dj

the sign depending on the relative position of D; with respect to 9 B(0, r). Denoting by m ;
the average of u on /; we deduce that

/u(AVu) vdH' = /(u —mj)(AVu) - v dH' :I:/mj (f —iwydx. (30
1 1 D;j
Now since u is bounded it comes |m ;| < C, and we also have Zivz(’i) |ID;| < CN(r)rz.
Moreover f is also bounded thus returning to (29) and plugging (30) we get

NG
IVul2dx < CN ()2 + Z/m —mj|’(AVu) v ‘d?—tl. 31)
B(0,r)\K j=1 I
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Then the same computations as for proving (26) (i.e. using Cauchy-Schwarz inequality,
ab < Z—Laz + %bz, Wirtinger and estimating the rest by the Holder regularity of A), we
obtain

9
/Iu—m,»||a—mdﬁ‘ < (r+Cr]+"‘/2)/||Vu||E‘dx,
I I

and after summing over j, (27) is proved, as claimed, and we conclude using Lemma 3.3.0

Remark 7 A careful look at the proof of Proposition 5 and Lemma 3.3 would also provide
monotonicity results when A # 0. The particular case when A = Id is simpler, and yields
the monotonicity of

E@r)
r = T—{—CP(}’),

where P (r) is a primitive of N(r) and C > 0 is a constant. The exact monotonicity formula
when A # Id is more complicate but could be easily derived from our estimates.

4 Blow up

Here we prove the second part of Theorem 1.1 concerning the blow up sequence. Before
going on with blow up limits at the origin, we start with a rigorous definition of «(0). Indeed,
let u be a solution for the problem (6) with g € L™, (A = f = 0) or (f € L* and
A > 0). We suppose that K is a closed and connected set satisfying the density condition
(7) at 0. Let R, the family of rotations given by remark 2 so that r~'R.(K N B(0, r)) con-
verges to the segment [—1, 0] x {0} when r goes to 0. For any r small enough we define
D, := R (B((r/2,0),r/4)) and

1
my = u(x)dx.

' |Dr|/
Dr

Lemma 4.1 (Definition of u(0)) The sequence m, converges to some finite number that we
will denote by u(0).

Proof We begin with a discrete sequence r,, := 27" rg for some ro small, n € N. In particular
we assume rg small enough to have

1

— / |Vul|>’dx < C Vn €N, (32)

-
. B(0,r,)

for some constant C that surely exists thank to Sect. 3. Since r~IR, (K N B0, r)) converges
to the segment [—1, 0] x {0}, we are sure that for ro small enough and for every n, the ball

By =R, LB, /2,0), 3r,/8) does not meet K and contains both D,, and D,, ,,. We denote
by m,, the average of u on B,. Applying Poincaré inequality in B, yields

Tn+1

1 1 1

—my| = | — — my)dx| < —my| < C— [ |Vuld

my, — Myl D] /(u my)dx| < IDr,,I/lu ny| < r,,/” ulldx
B)I B’l

n
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and the same for m,, ., so that at the end

1

2

1
iy, =y, | < C— / IVullds < C / IVuldx | < crt? (33)
'n

By Bn

because of (32). In particular this implies that m,,, is a Cauchy sequence, thus converges to
some limit £ € R. Now if ry is any other sequence converging to zero, we claim that the
limit of m,, is still equal to £. To see this it suffice to find a subsequence r,,, of r,, such that
Tng/2 < ry < ryp, and compare m,, with M, by the same way as we obtained (33) and
conclude that they must have same limit. O

Remark 8 In the future it will be convenient to introduce another type of averages on circles,
namely

o 1
my:=— | udH",
b,
br
with
- r
D, =B ((r, 0), Z) N 9B, r)

It is easily checked that the sequence of m1, are aslo converging to u(0), i.e. has same limit
as m;..

We are now ready to prove the last part of Theorem 1.1.

Theorem 4.2 (Convergence of the blow-up sequence) Let u be a solution for the problem
6)withg € L, (A = f = 0) or (f € L® and A > 0). We suppose that K is a closed
and connected set satisfying the density condition (7) at the origin. We denote by u(0) the
real number given by Lemma (4.1). Let R, the family of rotations given by Remark 2 so that
r~ R, (KN B0, r)) converges to o = [—1, 0] x {0} when r goes to 0. If (r, 8) are the polar
coordinates such that (v/A(0)) ™1 (Z¢) = (R~ x {r}) we denote by v the function defined

in polar coordinates by
2C
w(r 0) = =2 sin9,2).
7T

wy = r=7 (u (FR7'x) — u(0)) —> 10 0/A(0),

Then

where the constant Cy is given by

1
Co=1lim| —— Vu|dx |,
0= 20| det(vVAO)r / IVuliadx

B4(0,r)\K

and the convergence holds strongly in L*>(B(0, 1)) for both u, and Vu,.

Proof We know that K, := %R,(K) converges to the half-line R~ x {0} locally in R? for
the Hausdorff distance. To simplify the notations and without loss of generality, in the sequel
we will identify u with u o R~ 1 and K with R, (K) so that we can assume that R, = Id for
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all r. We can also assume that #(0) = 0 and as before, it is enough to consider the case when
A(0) = Id because the general case follows using the change of variable of Proposition 6.

As in the proof of Lemma 4.1, for any r we denote by m, the average of u on the ball
B((r/2,0),r/4). Thank to Lemmaél 4.1, the function x > r_%(u(rx) — m,) has same
limit as u,, thus we will now use a new definition of u,, being u, = r_%(u (rx) — my).
The function u, is defined in %(Q\K)‘ The domain %(Q\K) converges to R? \ Ko with
Ko =R~ x {0}.

We will prove that i, converges, in some sense that will be given later, to function in R\ Ko
that satisfies a certain Neumann problem. In the sequel we will work up to subsequences, but
this will not be restrictive in the end by uniqueness of the limit.

The starting point is that Vu, is uniformly bounded in L2(B(0, 2)) (we start working
in B(0, 2) for security but the real interesting ball will be B(0, 1)). Indeed, Vu,(x) =

Vrvu(rx),

1
/ Vi, Pdx = / IVuGIdr = / IVu() Pdx.

B(O.2)\K, BO.2)\K- B(0.2r)\K

From Proposition 4, we know that % f BO.r) ||Vu(x)||idx converges to Cop and we deduce
(using the coerciveness of A), that Vu, is uniformly bounded in L2(B(0,2)).

Therefore we can extract a subsequence such that Vu, converges to some %, weakly in
L?(B(0,2)), and

/ |A]> < liminf / | Vi, ||>dx < C. (34)
r—0
B(0,1) B(0,1)

Next we want to prove that in compact sets of B(0, 2) \ Ko, the convergence is much better.
For this purpose we introduce for any a > 0

Ula) :={x € B(0,2);d(x, Ko) > a}.

The sequence u, is uniformly bounded in H'(U (a)) for any a. Therefore taking a sequence
a, — 0, extracting some subsequence of u, and using a diagonal argument we can find a
subsequence of u,, not relabeled, that converges weakly in H ! and strongly in L? in any of the
domains U (a). In other words, this subsequence u, converges weakly in Hllo (B(0,2)\ Ko)
and strongly in LIZOC(B(O, 2), \Kp) to some function ug € Hlloc(B(O, 2)\ Ko). By uniqueness

of the limit we must have that Vug = h a.e. in B(0, 2) and therefore (34) reads

[ Vuol? < liminf / Vi, ||>dx < C. (35)
r—0
B(0,1) B(0,1)

Now we want to prove that 1 is a minimizer for the Dirichlet energy, and at the same time
prove that the convergence hold strongly in L2(B(0, 1)) both for u, and Vu,. To do this we
consider any function v € H'(B(0, 1) \ Ko) withv =ugin B(0, 1)\ B(0,1 —§)andv =0
in B(0, n), for some small 6 > 0. The family of all such functions v is dense in the space
of functions of H'(B(0, 1) \ Ko) with trace equal to ug on dB(0, 1) \ Ko and therefore to
prove that u( is a minimizer, it is enough to prove that
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R R

B(0.,1) B(0,1)

for all such functions v.
We denote by N, (s) the number of points of K, N9 B(0, s). As already used before, since
by assumption HY (K, N B(O, 1)) converges to 1 and
1
1< / Nr(s)ds < H'(K, N B(0, 1)),
0

we can extract a subsequence such that N, (s) — 1 a.e. Then Fatou’s lemma yields

1 1
/liminf/ IVu,|2dH ds < liminf// Vu,|2dH ds = Cy, (36)
r r
0 9B 0 9By

where C is closely related to Co. This will allows us later to find a good radius s for which

both N(s) = L and [ ||Vu,|?dH! is uniformly bounded.
BBA'

At this stage we only know that Vi, converges weakly in L? to Vug. On the other hand,
up to a further subsequence, we can find a measure w such that | Vi, |2dx weakly- converges
to u. Let x € B(0, 2), p > 0 such that B(x, p) C B(0,2) \ Ko. Let ¢ be a smooth cutoff,
with support in B(x, p), and equal to 1 in B(x, p/2). Then we can write that

/ (ArVuy) -V = u0)) + r2huy ur — uo)y — 1 fr(ur —uo)p =0 (37)
B(x,p)
where A, (x) = A(rx), fr(x) = f(rx) — Am,, and (taking the limit in the “first” u, while
freezing the test function (u#, — up)v¥, and using the weak convergence in H'(B(x, p) of u,
to up):

(Vug) - V(i (ur —up)) = 0. (38)

B(x,p)

Taking the difference of (37) and (38), and using the fact that u, — ug strongly in L*(B,),
Vu, is uniformly bounded in L2(Br)2, and A, — Id uniformly, we obtain that

lim / Vi, — Vugll>dx = 0

r—0

B(x.p/2)

so that clearly, | (B(0,2) \ Ko) = | Vuol|? dx: if 1 has a singular part it must be concen-
trated on K¢. Moreover, we have i ({(—s, 0)}) = O forall s € [0, 2) but a countable number.
(Observe that using any other test function in (37) and passing to the limit, we easily deduce
that ug is harmonic in B(0, 2) \ Ky, but this will also be a consequence of the minimality of
the Dirichlet energy which will soon be shown).

Now from (36) we may choose s, 1 — 3§ < s < 1, so that u({—s, 0}) =0, N, (s) = 1 for
all r large enough, and

lim inf / [Vu,|?dH' < +oo
r

9 By
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In particular, upon extracting a further subsequence, we may assume that

sup/ |Vu,|2dH' < +oo.
' 0By

Then, by Sobolev’s embedding, and using the fact that the averages 71, are uniformly bounded
(see Remark 8), we deduce that there exists C > 0 such that

lurllLe@s,) < C.
We now consider any constant M > C and define
ul = (=M V (u, A M))

10c(B(0, 1) \ Ko), where ug’l is naturally defined as being
uf)” = (=M Vv (up A M)). Up to a subsequence the convergence holds almost every-
where. But now, since the functions are uniformly bounded, it converges also strongly in
L%(B(0, 1) \ Ko).

Now, from the original function v € H!'(B(0, 1) \ Kg), we want to construct a function
v, € HY(B(0, 1) \ K,) not much different from v. We denote by C;'E the connected com-
ponents of (B(0, 1) \ K;) N {x < 0} containing (—1/2, +£1/2) and we define v,(x, y) as
follows. In B(0, 1) N {x > 0} we set v, (x, y) = v(x, y).

we have that u — uM in L7

v(x,y) ify=>0

+ —_—
InCF v (x,y) = { v(x, —y) otherwise.

vix,y) ify =<0

InC. v (x, y) = ’ v(x, —y) otherwise.

And finally v, = 0 everywhere else (i.e.in B(0, 1) N{x < 0}\ (C,+ N C;7)). Thenitis easy to
see that v, € H'(B(0, 1) \ K;), converges strongly to v in L? and 13(0,1)\k, Vv, converges
strongly to 1p(,1)\k, Vv in L2(B(0, 1)). However, by this procedure the trace on d B(0, 1)
is not necessarily preserved.

To get rid of that we let ¢ < s — (1 — §), we pick a smooth cut-off 1, with compact
supportin Bg, 0 < ¢, <1 and ¥, = 1 in By_, and we let

v = Yev, + (1 — youl

which converges strongly in L? to Ypv + (1 — wg)ug/’ as r — 0. Next we write, since

M — 4, on 3By and u, is a minimizer,

& —
vy =u,

/(A,w,) Vu, + ar?u? =232 fru, dx < /(A,wf) Vot (08) = 2732 fuf dx.
By B,

Recall that | f;| < C and |u,| < C/+/r (by definition) so that 2r3/2 f,u, = o(r), and we
also easily check that

/)»rz(vf)2 — 232 fufdx = o(r)

By
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hence we focus on the other terms: we write for § > 0 small,

/ (A, Vu,) - Vu, dx
By

< <1+n)/w3(A,wr>-erdx +C//n/||wg||2|vr—uf4|2dx
By By

+ C’/n/(l — Y2 IVu, 1> dx + o(r)
By

Then sending r — 0 we obtain

/nwon2 < (1+n)/w3||wn2dx

By By

+C'n / Ve Pl — ull 2 dx + C Jnju(Be(—s, 0))
B,

but on the support of Vi, v — ug” is equal to (1 — wg)(ugl — ugp). Therefore letting M tend
to +00 we get

/ IVuol? < (14 / V21Vl dx + €' fnu(Be(—s. 0)
B, B,

finaly letting ¢ — 0, then n — 0, and adding the integral over B(0, 1) \ B(0, s) on both
sides (where v and u¢ actually coincide) we get the desired inequality, namely

IVuolPdx < /IIVUIIde

B(0,1) B(0,1)

which proves that ug is a minimizer. Moreover taking the particular choice v = ug in the
same argument as before would give

lim sup / Vi, |>dx < / | Vuol|>dx
r—0
B(0,1) B(0,1)

and this toghether with (35), implies the convergence of norms, which by the weak conver-
gence yields the strong convergence in L? for the gradients, as desired.

Finally all that we did in B(0, 1) could be done in any B(0, R) for R as large as we want,
which gives a definition of uo in R? \ K. Moreover u is of constant normalized energy. In
other words we claim that s +— % f B(0.5) | Vuo|? is constant in s, identically equal to Co.

Indeed, by the strong convergence in L? of Vu,, the value of % f B(0.5) [ Vuol? is given by
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which we actually claim to be equal to Cp: a change of variable gives

1
||Vur||2=; / IVu]|?

B(0,s) B(0,rs)
1 1
== / IVl + - / ((Id — A)Vu, Vu). (39)
B(0,rs) B(0,rs)

The first term in (39) converges to sCp and the second term converges to zero because less
than |[/d — Al L (B(0,sr)) times something bounded.
The latter implies that u is the cracktip function. More precisely, we claim now that

up = ,/@ sin(6/2). (40)

We shall give two different arguments for (40). The first one is very nice and due to Bon-
net: returning to the proof of the monotonicity Lemma applied to ug, which says that s —
% fB(O.s) | Vo || must be increasing (Proposition 4), since s +> ;l fB(O,s) I Vuoll? is actually
constant in s, all the inequalities in the proof are equalities. In particular uo must be the
optimal function in Wirtinger inequality, thus it is the famous C/r sin(6/2) function.

The second argument is to decompose u in spherical harmonics, i.e. as a sum of homoge-
neous harmonic functions in the complement of the half line Ky, which Neumann boundary
conditions on K. Now using that s > % fB(O,s) I Vuo||? is constant we can kill all the terms
of degree different from 1/2 by taking blow-up and blow-in limits. This implies that ¢ must
be homogeneous of degree 1/2, and from this information it is not difficult to deduce (40)
by looking at u¢ on the unit circle (see Theorem 15 in [15] for a similar argument).

Then, the exact constant C := ,/ 2% in front of the sinus can be easily computed by hand
with the formulas

% = 1% = CLCOS(Q/Z) and % = CL sin(6/2).
ot r 90 2.7 or 2.
It comes
R = 2
RCy = / IVuol? = / Juo 2 | |uo )2 =/  irdo = 2RZ
ot or 4 2

B(0,R) B(0,R) 0 -1

thus C = /%0,

Finally, originally u, was converging to ./ Z%r sin(6/2) up to subsequences, but by
uniqueness of the limit we conclude that the whole sequence converges to this function
and this achieves the proof. O

Acknowledgments The authors wish to thank the anonymous referee for giving precious remarks and cor-
rections on the first version of this paper.

Appendix A: Proof of Lemma 3.3

Proof of Lemma 3.3 We first focus on the homogeneous case, i.e. when N = (. Observe that
a primitive of 1/(r + Cr'*%) is
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1 r
/Wdr = IH(M) = h(r) (41)

Hence (19) yields that

(E(r)e_h(r))/ = (W' (NE@) + E (e > 0,

in other words,

E(r)

r (l—i-Cr"‘)é

is nondecreasing. Therefore the limit of E(r)(1 4+ C r"‘)é /r exists when r goes to zero, and
since (1 + C r"‘)al converges to 1, we obtain the existence of limit also for E(r)/r. Now by
monotonicity, this limit is necessarily finite since less than %80)(1 +C r(o)‘)i which is finite
for some rq fixed.

Now we consider the inhomogeneous case : N # 0. Using the method of “variation of
the constant” one finds that a particular solution of the inhomogeneous equation

G(r) = (r+Cr'®) G'(r) + CN(r)r?. (42)
is given by

G(r) =A(r)

r
(Cro 4+ 1)l/e”’
withA(r) = —C for N(@)(Ct*+1) 5 dr (notice that N (1) (Ct*+1) s integrable because
N is).

Observe in particular that

. G()
lim =

r—-0 r

0. (43)
Now let us return to E (r), which is assumed to satisfy (19). If we subtract G (r) in the equation
(19) we get

H(r) < (r+Cr') H' (1),

where H(r) = E(r) — G(r). Therefore we can apply the first part of the proof (homogeneous
case) to H which gives the existence of the limit

lim (H(r)) < +00,

r—0 r

and we conclude using (43). O
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