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Abstract We consider a class of semilinear elliptic equations of the form
— Aux, y,2) + a0 W ulx, y,2) =0, (x,y,2) € R, ©.1)

where a : R — R s a periodic, positive, even function and, in the simplest case, W : R — R
is a double well even potential. Under non degeneracy conditions on the set of minimal
solutions to the one dimensional heteroclinic problem

—G(xX) +ax)W(gx) =0, x eR, ¢g(x) = £lasx — Foo0,

we show, via variational methods the existence of infinitely many geometrically distinct solu-
tions u of (0.1) verifying u(x, y, z) — +1asx — oo uniformly withrespectto (y, z) € R?
and such that dyu # 0, d,u # 0in R>.

Mathematics Subject Classification (2000) 35J60 - 35B05 - 35B40 - 35J20 - 34C37

1 Introduction

In this article we deal with a class of semilinear elliptic equations of the form
— Au(x) +a(@)W (ux)) =0, xeR", (L.1)

where, briefly, we assume that a(x) is a continuous, positive, periodic function and W (s)
is modeled on the double well Ginzburg-Landau potential W(s) = (s> — 1)% or to the
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592 F. Alessio, P. Montecchiari

Sine-Gordon potential, W (s) = 14 cos(ss). Potentials of this kind are widely used in phase
transitions and condensed state Physics. The introduction of an oscillatory factor a(x) can
be used to study inhomogeneous materials.

The problem of existence and multiplicity of entire bounded solutions of (1.1) has been
intensively investigated in the last years. In particular a long standing problem concern-
ing (1.1) in the case in which a(x) is constant, is to characterize the set of the solutions
u € CE(R™) of (1.1) with n > 2, satisfying |u(x)| < 1 and dy,u(x) > 0in R". This problem
was pointed out by Ennio De Giorgi in [24], where he conjectured that if a(x) = ap > 0,
whenn < 8 and W(s) = (s2 — 1), the whole set of these solutions of (1.1) can be obtained
by the action of the group of space roto-translations on the solutions of the one dimensional
heteroclinic problem

[ —§(x) +agW'(g(x)) =0, x €R, 12

lim ¢(x) = 1,
x— %00

The conjecture has been firstly proved in the planar case by Ghoussoub and Gui in [37] also
for a general (not necessarily even) double well potential W (s). We refer also to [16,17,31]
where studying a weaker version of the De Giorgi conjecture, known as Gibbons conjecture,
the same conclusion is obtained in all the dimensions # for solutions of (1.1) satisfying the
asymptotic condition
lim u(x) = £1, uniformly w.r.t. (x2, x3, ..., x,) € R" 1. (1.3)
x1—> 00
The De Giorgi’s conjecture has been proved for a general potential W (s) in dimensionn = 3
in [14] (see also [2]), and for the Ginzburg—Landau potential in dimension n < 8 in [52,53],
assuming that the solutions satisfy (1.3) pointwise with respect to (x2, x3, ..., X,) € RrR*-1
(see [32,33,35] for further developments and references). In [27,30] a counterexample is
given in dimension n > 8.

Note that when a (x) is constant, the set of solutions of (1.2) is a continuum homeomorphic
to IR, being constituted by the translations of a single heteroclinic solution. These results tell
us in particular that for autonomous equations the set of the solutions to (1.1) satisfying (1.3)
reduces, modulo space translation, to this unique one dimensional solution and the problem
is in fact one dimensional.

On the other hand, if a(x) is not constant and periodic the solutions can exhibit different
(and more complicated) asymptotic behaviour in different directions of R”. Indeed the oscil-
lations of the function a(x) allows the existence of “gaps” in the ordered families of minimal
entire solutions of the problem and under these gap conditions different families of solutions
do exist (e.g. heteroclinic, multibump, multitransition, slope changing and mountain pass
type solutions), see [9,15,18,19,25,42,45,47-50] and the recent comprehensive monograph
[51].

In particular, as showed in [4,6,8], when a(x) is not constant and periodic, the one dimen-
sional symmetry of the problem generically disappears even if the potential depends only
on the single variable x; (see also [5] for the case a(x) almost periodic and [1,55] for
related results in the case of systems of autonomous Allen—Cahn equations). Indeed, in these
papers, under a discreteness assumption on the set of minimal one dimensional solutions, it
is obtained the existence of infinitely many entire solutions on R2 to (1.1)—(1.3) exhibiting
different behaviours with respect to x» (periodic, of the homoclinic or heteroclinic type).

In other words the oscillation of the potential in the x; variable generically implies the
existence of complex classes of two-dimensional entire solutions of (1.1)—(1.3). A natural
problem in this setting is to understand when the oscillation of the potential in the x| variable
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Layered solutions with multiple asymptotes 593

can imply the existence of entire solutions of (1.1)—(1.3) which depends in a non trivial way
on more than two variables.

In this article we tackle this problem studying the existence of entire solutions of (1.1)—
(1.3) in R? assuming that the positive even function a(x) depends periodically on the single
variable x1 in such a way that the minimal set of one dimensional solutions satisfies suitable
discreteness and non degeneracy conditions. Under such assumptions we prove the existence
of infinitely many geometrically distinct bounded solutions depending in a non trivial way
on all the variables.

To be more precise, we assume

(Hi) a: R — Ris Holder continuous, 1-periodic, even, not constant and positive,
(Hy) W e C3(R,R) is even and satisfies W(s) > O forall s € R, W(s) > 0 for all
s €(=1,1), W(£l) = W/(£1) = 0and W'(£1) > 0,

and we consider the one dimensional problem

—G(x) +a(x)W'(q(x)) =0, xeR,
lim g(x) = +1. (1.4)
x—+00
In particular we are interested in the structure of the minimal set of the Action
0@ = [ HdWP +atwige) dx
R
on the class
H=po+ H'(R)
where pg € C*®(R) is a fixed odd and increasing function such that |po(x)| = 1 for all

|x| > 1. We define
m =ig11f<p and M ={q e H/pq) =m},
recalling that M is a non empty and ordered set, consisting of solutions to (1.4).
We first assume that the following discreteness condition holds
(x) for all g € M there results ¢ (0) # 0.

Since M is an ordered set, making use of the terminology in [51], condition (x) implies
the existence of a gap pair in M around the origin. More precisely there exist two adjacent
members g+ € M, such that

q-(0) <0 < g+(0)

and for every ¢ € M \ {g+} there results either, g(x) < g_(x) or g(x) > g4 (x) for all
x € R. The symmetry of the problem allows us also to show that g_ and ¢ are related one
to the other by the symmetry relation g_(x) = —g4(—x).

On this extremal solutions g+ we furthermore require that they are not degenerate, i.e.,
we assume

(**) there exists w* > 0 such that

¢"(q£)h - h :/h2 +a()W(go)h* dx > o*||h7,, Yh e H'(R).
R
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We remark that the assumptions (*)—(:*) excludes the autonomous case. On the other
hand, Melnikov—Poincaré methods (see [11-13] and the references therein) allows to con-
struct examples in which (x) and (%) hold true in cases in which a(x) is a small periodic
perturbation of a positive constant. We refer moreover to [8] where, following [7], () is ver-
ified when a(x) is a slowly oscillating function (or equivalently for the singularly perturbed
equation) with a maximum in the origin. In particular, using the argument in [39], (*) and
(*x) can be verified when ¢ > 0 is small enough, for the singularly perturbed equation

—£2G(x) +a()W'(q(x)) =0, x€R,

when a(x) has not degenerate critical points and assumes maximum value in 0.

The genericity of the existence of “gaps” in M is proved in a more general setting in [51],
see Proposition 3.56 and Theorem 4.58. In this respect we have to note that our assumption ()
requires not only the existence of a gap in M but also that this gap exists in correspondence
of a symmetry point of the function a.

We can now state our main result

Theorem 1.1 Assume (H{)—(H>) and (x)—(x*). Then, there exist infinitely many solutions
of the problem

—Av(x, y,2) +a@)W(u(x,y,2) =0, (x,y,2) €R’,
lim v(x,y,z) ==l uniformly w.rt. (y, z7) € R2. (1.5)
x—=£00
More precisely, for every j € N, j > 2 there exists a solution v; € C2(R3) of (1.5) such
that, denoting v (x, p,0) = v;(x, pcos, psin0), it satisfies

(i) g-(x) <vj(x,y,2) < gr(x)on R,
(it) v;j is periodic in 0 with period 2777,
q+(x), ifk is odd,

g (x), ifk is even uniformly w.rt. x € R.

(i) limp oo B (x, p, 5 + 2 (5 +K) = [

Note that, by (iii), the solution v ; (x, p, @) is asymptoticas p — +00to gy org_ whenever
the angle 6 is respectively equal to 5 + %(% + k) with k € {0,...,2j — 1} odd or even.
Then, Theorem 1.1 provides the existence of infinitely many geometrically distinct bounded
solutions of (1.5), all depending in a non trivial way on both the variables y, z € R.

Moreover, we remark that the property (iii) characterizes the function v; as being asymp-
totic in 2 directions, orthogonal to the x-axes, to one dimensional solutions to the problem.
The existence of solutions asymptotic in different directions to other prescribed solutions has
been recently study in different papers. In particular in [28] (see also [41]) the existence of
multiple end solutions on R? for the Allen—Cahn equation was given. Multiple end solutions
for Allen—Cahn equation, again in the planar case, are also the saddle solutions found in [23]
and the saddle type solutions found in [10] (see also [21,22,38,40,54]). Entire solutions with
prescribed asymptotes in different direction are moreover found in [43,44] and then in [29]
in the case of Nonlinear Schrodinger equations (we refer also to [26] for a survey on the
topic). Accordingly with these results we can say that Theorem 1.1 states the existence and
multiplicity of multiple end solutions for non autonomous Allen—-Cahn equations in R3.

Following a strategy already used in [10] (see also [3]), the proof of Theorem 1.1 uses
variational methods to study an auxiliary problem. Indeed, given j € N, j > 2, setting
7= tan(zlj)z, we consider the infinite prism

Pi=1{(x,y,2) e R} (x,y) € R x (=Z,2), z > 0},
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Fig. 1 The asymptotes of v; for j =2 and j =3

and we look for a minimal (with respect to C§° (R3) perturbations) solution of

—AU(X, )’»Z)‘l‘a(x)w/(v(x:y, Z)):Ov (X, y,Z) EPJ',

lim v(x,Zz,z) = gq+(x) uniformly w.r.t x € R
z—>+00
v(x,y,2) = —v(—x,—Y,2), (x,y.2) € Pj, (1.6)
al)v(xay7z)=0 (xay’Z)Gapj,
limy_, 100 v(x, y,2) = £1, uniformly w.r.t. (y, z).

If v solves (1.6) then as z — 400 we have
U(-xv _Zv Z) = —U(—X, Zs Z) — —Q+(—x) = q_(x).

Then the entire solution v; on RR3 is obtained from v by recursive reflections of the prism P
about its faces (see Fig. 1).

To solve (1.6) we build up a renormalized variational procedure which takes into account
the informations we have on the lower dimensional problems. More precisely, solutions of
(1.6) are found as minima of the double renormalized functional

+oo[” Z
¢3,j(u)=/ / /%Wu(x,y,z)ﬂ+a<x)W(u<x,y,z>>dx—m dy —my; | dz
0 —Z R

on the class
Zj={u€ HY(Pj)u(x,y,2) = —u(—x, -y, z) forae. (x, y,2) € Pj}.

In the definition of ¢3 ; enter the two renormalizing terms m and m; z, where m is the
minimum of ¢ on H, while, for a fixed z > 0,

Z
m. :i)gf//%|Vu<x,y)|2+a<x>W(u<x,y))dx —mdy
Z—z R

where, setting S, = R x (—z, 2),
Xo={ue H}.(S)/u(x,y) = —u(—x, —y)forae.(x,y) € S:}.

As a preliminary step in studying @3 ; on Z;, in Sects. 3 and 4 we need to provide the exis-
tence and a variational characterization of the heteroclinic type and periodic bidimensional
solutions of (1.5), studying the asymptotic properties of the minimal values m; ;.

This global variational approach allows us to directly control the asymptotes as z — 400
of the minima of ¢3 ; on Z;. Indeed, if v is such a minimum then (up to (x, y) reflection)
v(x,y,z) = vy(x,y) as z — 400 uniformly w.r.t. (x,y) € Sz, where v, is the unique
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596 F. Alessio, P. Montecchiari

antisymmetric planar solution of (1.5) such that v4 (x, y) — ¢+ (x) as y — 400 uniformly
wrtx € R.

We finally remark that even if the solution v; is obtained by recursive reflections of a
minimal solution of (1.6), the solution v; is no more minimal for the action with respect to
(G (R3) perturbations. Indeed, since we know that dyv; # 0 and 9,v; # 0, by Theorem 9
and Corollary 10 in [34], the minimality of v; would imply that d,v; and 9,v; are strictly
positive or negative on R3, while, by (ii) and (iii) in Theorem 1.1, we recognize that both the
derivatives have to change their sign.

This article is organized as follows. After recalling in Sect. 2 variational properties of
the minimal solutions of (1.4), in Sects. 3 and 4 we consider heteroclinic type and periodic
bidimensional solutions of (1.5), studying the asymptotic properties of the minimal values
my, ;. The double renormalized functional ¢3 ; is introduced and studied in Sect. 5, where
we finally prove Theorem 1.1.

2 One dimensional solutions

In this section we consider the one dimensional problem
—G(x) +a)W'(g(x) =0, x€eR,
~ (P1)
lim ¢q(x) = #£1,
x—£00

recalling some well known results and displaying some consequences of the assumptions ()
and ().

Remark 2.1 We note that, by (H>), there exists § € (0, %) and w > w > 0 such that
w > W (s) > wforevery |s| € [1 — 28, 1 + 25]. 2.1

Fixed an increasing function py € C°°(R) such that |po(x)| = 1 for all |x| > 1, we consider
on the space

H=po+H'R),
the functional
"
0@ = 512, + [ aW (a0 d.
R

Remark 2.2 Endowing H with the hilbertian structure induced by the map p € H'(R)
po + p € H, itis classical to prove that ¢ € C2(H) with Frechet differential

O (@h=<q.h>pg +/a(X)W'(CJ(X))h(X) dx, ge™M, heH R,
R

and that critical points of ¢ are classical solutions to (Py).
We are interested in the minimal properties of ¢ on H and we set

m:igl{f(p and M ={q eH/p(q) =m}.

We note that ¢ is weakly lower semicontinuous with respect to the H !

10c(R) convergence. In
particular there results (see e.g. Lemma 2.1 in [4])
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Lemma 2.1 If(q,)neny C Hand ¢(g,) < m+roforalln € Nand some Ly > 0, then there
exists q € HILL_(]R) such that, along a subsequence, g, — q weakly in HZLC(R), gn — q
weakly in L2(R) and moreover ¢(g) < liminf,_, o0 ¢(gy).

On H is well defined with value in R the function
X(q) = sup{x € R[g(x) =0},

which associates to every function ¢ € H the supremum of the zero-set of g. As in Lemma
2.3 in [8], we can prove that if (g,),en is @ minimizing sequence of ¢ with X (¢,) bounded,
then (g,),en is precompact with respect to the H'!(R) topology. Precisely

Lemma 2.2 Let (¢,)nen C H with X(q,) — Xo and ¢(q,) — m as n — +oo. Then,
there exists g € M such that X (q) = Xo and, up to a subsequence, ||q, — qllg1 — 0 as
n — +o0.

Since the problem (P;) is invariant under integer translations, given any minimizing sequence
(gn)nen of @, translating it if necessary, we can always assume that X (¢g,,) is bounded, obtain-
ing by Lemma 2.2 that M # . Moreover, by Remark 2.2, if ¢ € M then g € C*(R) is a
classical solution to (P;) and since g minimizes ¢ we have ||g|/pe~ < 1.

Again using Lemma 2.2 we obtain that if ¢(gn) — m then infzerm gn — qll g1 ) — 0
as n — +o00. Hence, we can say that for all d > 0 there exists vy > 0 such that

if g € H issuch that _injf/l lg —qllgiry >=d then ¢(g) =m+vg. (2.2)
qe

Another remarkable property of the functions g € M is that they are uniformly exponentially
asymptotic to the points 1 (see e.g. Proposition 2.2 in [10])

Lemma 2.3 There exist w, ¢ > 0 and K > 0 such that if ¢ € M, then
0<1—gx—X(@)<Ke vV, Vx=>X(qg)+¢ and
0= 14+q(x—X(g) = KeV™, ¥x<X(g)—¢

The minimality of the functions g € M implies moreover that M is an ordered set.

Lemma 2.4 Ifq|, qo € M then, either q|(x) > g2(x), q1(x) < g2(x) or q1(x) = q2(x) for
all x € R.

Proof The proof is based on the fact that since the functions in M are minima of the action ¢
onH, thenifq| # g» € M their graphs cannot intersect. Indeed if there exist xg € R such that
q1(x0) = q2(x0) then we can compare the values m1 = @(—oo,x) (q1) andm2 = @(—oo x0)(q2)-
We can simply exclude the case m| % m since in this situation we would have that, defined

q2(x) x < xo
q1(x) x > xo

q1(x) x = xo

ifml >mj,
q2(x) x > xo

67()02[

ifm; <my or g(x) = ‘

then g € Hbutg(g) < m = miny ¢, acontradiction. Then m| = m, and hence the function

q1(x), x < xp,
q2(x), x < xo,

o= |

belongs to M and solves (Py). By uniqueness of the solution of the Cauchy problem, we
must have that ¢ = ¢ and ¢ = ¢ and hence ¢ = ¢3. O
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Remark 2.3 Arguing as in the proof of the previous Lemma, one can show that if gg € M
then for every (eventually unbouded) interval / C R, setting

01(9) = 31417, + / a()W(g(x)dx,
I

go is also a minimum for ¢; on the set {g € HIIUC(I) [q(@1) = qo(31)}. In particular we
derive that if ¢ € H and g9 € M are such that g(d1) = go(d1) for some interval I C R,
then, defining

Ao qx) ifx g1,
q(x)_[qo(x) ifxel,

there results ¢ € ‘H and ¢(q) < ¢(g).

We finally discuss some consequences of the assumptions () and (xx). Recall first our
discreteness assumption (x) on M:

(x) forall ¢ € M there results ¢ (0) # 0.

We note that assumption () is equivalent to require that there are not odd function in M.
Indeed, note that by the symmetric assumptions on the potential, if g € H, setting

q*(x) = —q(—x), x €R,

there results g* € H and ¢(g) = ¢(g™*). Therefore if ¢ € M is such that g(0) = 0, then
g* € M and ¢*(0) = 0. Hence, by the ordering property given by Lemma 2.4, ¢ = ¢*, i.e.,
g is an odd function.

By condition (x) we clearly have X (¢) # 0 for all ¢ € M and so, using Lemmas 2.2 and
2.4, we obtain

Lemma 2.5 There exist g+ € M such that g— = (q+)*, q—(0) < 0 < g4(0) and for every
g € M\ {q+} there results either q(x) < q_(x) or q(x) > q4+(x) forall x € R.

Proof Since X (q) # 0 forall ¢ € M, by Lemma 2.2 we obtain that there exists § > 0 such
that | X (¢)] > & for all ¢ € M. By Lemma 2.2, there exists g+ € M such that X (¢4+) =
max{X(¢) < 0|g € M}. By Lemma 2.4 we have 0 < ¢4+(0) = min{g(0) > 0]|g € M}.
By symmetry, letting g— = (g+)* we obtain g_ € M, X(g—) = min{X(g) > 0|g € M}
and max{g(0) < 0|g € M} = g_(0) < 0. Then, by Lemma 2.4, the lemma follows.

Remark 2.4 By Lemma 2.4, we have g_ (x) < g4+(x) for all x € R and we set
g+ —g—llz> = 2do > 0. (2.3)
Moreover note that if ¢ € H is such that g— < g < g4 in R, then
nf llg =3l = inf llg =l
The assumption (:x) requires that the extremal functions g4 given by Lemma 2.5 satisfy the
following non degenerate condition

(%) there exist w™ > 0 such that

¢"(q)h - h = / () +a@)W (qe)h())> dx = o*||hl|7, Vh e H'(R).
R
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As consequence we obtain

Lemma 2.6 There exists v* > 0 such that if ¢ € H is such that g_(x) < q(x) < q+(x) for
a.e. x € Rand ¢(q) < m + v* then

*

w
—m > — inf |lg —ql>,.
(@) —m = ey lg —qlly»

Proof Setting W = % maxse[—1,1] |[W”(s)|, note first that by the compactness property of
Lemma 2.2 there exists v* > 0 such thatif g € H, g—(x) < g(x) < g+(x) forae. x € R
and ¢(q) < m + v* then

*

w
inf |lg —qllyn < —, (2.4)
dmge T = e

where ¢ is the immersion constant H!(R) — L (R) and @ = maxg a(x). Now, assuming
thatinfg—y, lg — gllg1 = llg — g+l 1, using the Taylor Formula, we infer that

1
@(q) — lg+) = @' (g4) (g — q4) + Eso”(cn)(q —q1)(q —4q4)

1
+ / W @) = W) =W @G — 40— 5 W (@) — g7 dx

R
w* 2w 3
> 7”61 =g+l —aWlg — q+ll;5
w* e 2
> 7_awc0||q_4+”H1 lg —g+lly2-
Then the lemma follows using (2.4). ]

3 Two dimensional heteroclinic type solutions

In this section we display some results concerning the solutions of the two dimensional
problem

—Av(x,y) +a(x)W'(v(x,y) =0, (x,y) € R?
lilil v(x,y) = =+1, uniformly w.r.t. y € R, (P2)
X—> 00

which are asymptotic as y — oo to the functions g_ and ¢4. Some of the results in this
section are known or can be recovered from the general ones concerning the minimality and
the asymptotic behaviour described in Sect. 2 in [51]. However, since the technical setting is
different, for the sake of clarity and completeness we give here most of the details.

Let us consider the renormalized functional

<P2(v)=/ /%Wv(x,y)|2+a(x>W(v<x,y>)dx—m dy

R \R
Z/%Hayv(wy)lliz + @, y)) —mdy
R

which is well defined on the space

X={ve HZLC(R2) |v(-, y) € Hforae.y € R}.
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Note that ¢ (v) > 0 for all v € X and if ¢ € M, then the function v(x, y) = ¢(x) belongs
to X and ¢, (v) = 0, i.e., the minimal solutions of (P;) are global minima of ¢, on X'.

We will look for bidimensional solutions of (P,) as minima of ¢, on suitable subspaces of
X. We recall (see e.g. [8]) that ¢, is weakly lower semicontinuous on X with respect to the
Hﬁw (R?). Concerning the coerciveness of ¢, we display here below some basic estimates
which will be useful to characterize the compactness properties of sublevels of ¢;.

First we note that if v € X" then ¢(v(:, y)) > m for a.e. y € R and so
19yvl172@2) < 202(0) Vv € X. 3.1)

Moreover, if v € X then v(x, -) € HZLC(R) for a.e. x € R. Therefore, if y; < y» € R then
v(x, y2) —v(x, ) = f)vlz dyv(x, y) dy holds forall v € X and a.e. x € R. So,if v € X, by
(3.1), for y; < y» € R we obtain

» 2 2
||v<-,y2)—v<-,y1)||;=/ /ayv(x,wdy dx < Iy2 - » //|ayv<x,y> dy dx
R Iy1 R R
< 2¢2(v)|y2 — y1l. (3.2)

Given any interval I C R, let us denote

w,z(v>=/%uv(-,y)niz+¢<v(~,y))—mdy, vex.
I

By (2.2), if (y1, y2) C Rand v € & are such that infzepm [[v(-, ) — gl g1 gy = d > O for

a.e. y € (y1, y2), then there exists vz > 0 such that
»2

©2(V) = Q(y1,y0).2(V) 2/%/Iayv(x,y)lzdxdwrvfz(yz—yl)

Y1 R
2 2
= Zo%—yl)/ /|3yv(x’>’)|dy dx +va(y2 — y1)
R N4l
> s vG v = vC )T+ va(y2 — 1) = V2uallvC, y) = v, y) .

(3.3)

As consequence of (3.2) and (3.3) we get information on the asymptotic behavioras y — £00
of the functions in the sublevels of ¢,. More precisely we have

Lemma 3.1 Ifv € X and ¢2(v) < +o00, then d;2(v(-, y), M) — Oas y — =oo.

Proof We only sketch the proof (see Lemma 3.3 in [8] for more details). First of all note that
since ¢2(v) < 400, we have liminfy , 1o @(v(:, y)) —m = 0, and so by (2.2) we obtain

liminfd;2(v(-, y), M) =0.

y—=£o00
Considering the case y — +00 we assume that limsup,,_, , d;2(v(, y), M) > 0. Then,
by (3.2) the path y — v(-, y) crosses infinitely many times an annulus of positive thickness

d > 0 around M in the L2 metric. This allows us to use (3.3) to conclude that 2 (u) = +o0,
a contradiction. O
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We are interested in solutions of (P») which connect g+ as y — =00, in particular on the
minima of ¢, on the symmetric classes

Hy = {veX| lim [v(.y) — gzl =0}

HY ={veX| lim |v(,y) —qxll2 =0}
y—+00

Note that if v € X, setting v*(x, y) = —v(—x, y), we get [v*(-, y) — q+ll;2 = v, y) —
q=|l;2 hence, if v € H; then v* € M, and viceversa. Moreover, by the symmetric assump-
tions on the functions a and W, ¢ (v) = @2 (v*) and we derive

my = inf ¢y(v) = inf ¢@y(v).
veHs veH,

Using suitable test functions one plainly see that m, < 400. Moreover we have
Lemma 3.2 Foreveryv € Hzi there exists U € Hzi such that g3 (0) < ¢2(v) and
q-(x) <0(x,y) < q+(x) forae (x,y) € R
Proof Letv € H;r and setting
0(x, y) = max{min{v(x, y); g+ (x)}; - (x)},

note that v € H;‘ and ¢g_(x) < 0(x,y) < g+(x) for ae. (x,y) € R2. We claim that
P2(0) < g2 (v).

First note that if y € R is such that v(-, y) € H and v(xg, y) > g+ (xo) for some xg € R,
by continuity, there exists an interval I (eventually unbounded) such that v(x, y) > g4 (x)
forall x € I and v(d1, y) = g4+(d1). Hence, setting B+ (y) = {x € R|v(x,y) > g+(x)},
we have that By (y) = Ugealy With I, disjoint intervals such that v(dly, y) = g4+ (01y).
Then, setting v(x, y) = min{v(x, y); g+ (x)}, we have

v(x,y) ifx & By(y),

v(x, y) = [q+(x) if x € B1(y),

and, by Remark 2.3, we obtain ¢(v(-, y)) < ¢(v(:, y)). This holds true for almost every
y € R and so we deduce that

/w(y(-,y)) —mdy f/qo(v(-,y)) —mdy.

R R

Moreover, see e.g. Lemma 7.6 in [36], for a.e. y € R there results

_Joyvlx,y) ifx & Bi(y),
dyv(x, y) = [0 if x € B4.(y),
and hence [|3,v (-, y)||i2(R2) < [l9yv(-, )’)”iz(R2)~ We conclude that ¢2(v) < @2(v) and

v(x,y) < g4(x) forae. (x,y) € R2, Finally, since 9(x, y) = max{v(x, y); g—(x)}, we
obtain analogously that ¢ (0) < @2(v) < @2(v) and g—(x) < 0(x,y) < v(x,y) < g+(x)
forae. (x,y) € R2. O

By Lemma 3.2, to find a minimum of ¢; in H; we can restrict ourselves to consider

minimizing sequences (v,),en Which satisfy the condition g_(x) < v,(x, y) < g+(x) for
a.e. (x,y) € R%. We have the following first compactness property.
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Lemma 3.3 Let (v,)peny C H;E be such that q_(x) < v,(x,y) < g+(x) ae. R? and
@ (vy) < C foralln € N and some C > 0.

Then, there exist v € X and a subsequence of (vy)nenN (still denoted by vy, ), such that
v, — v — 0 weakly in H'R x [-L, L)) forall L € N.

Moreover, ||v(-, y) — q+ll;2 < liminf, o [V, (-, ) — g+ll2 fora.e. y € R.

Proof We first show that there exists v € Hlf)c (R?) such that, along a subsequence, v, — pg —
v — po weakly in H'(R x [—L, L)) for any L € N. This will imply also that v € X. To this
aim, note that since ¢_ < v, < ¢4 a.e. in R?, we have that SUpyeg 0n (e ) — g4 llp2 <

lg— — g+l .2 = 2dp, for every n € N. Then, ||v, — q+”iz(]R><[—L,L]) < 8Ld§ foranyn e N

and L € N. Since moreover ||V, ||iz(Rx[7L,L]) < 2(¢2(vy) + 2Lm) we conclude that the

sequence (v, — g+ )neN, and so the sequence (v, — po)neN, is bounded in H'®Rx[-L, L)
for any L € N. Then, a diagonal argument implies the existence of a function v € HIL C(RZ)
and a subsequence (Vn;) jen, such that Up; — U —> 0 weakly in HY(R x [—L, L]) for all
L eN.

To conclude the proof note that since Un; = in leo C(]RZ) there exists A C R with
meas(A) = O such that [lv,; (-, y) —v(, W) z2(—p,py) = Oforevery M > Oand y € R\ A.
Then forall M > 0andy e R\ A

G ) = gtz gy < 00 + 1vn, Goy) = @i ll2agan < 0D + lvn, G, ¥) — gl 2
and the lemma follows.
Moreover we have the following concentration result.

Lemma 3.4 There exist 5o € (0, d—o) and A > 0 such that ifv e H;‘, g-(x) <v(x,y) <
g+ (x) fora.e. (x,y) € R? and ¢»(v) < mo + X then

@ i llvC, yo) — gl < do then |v(-, y) —q-|l2 < do fora.e y < yo,

i) i llvC, yo) — g+ llgr < do then |lv(-, y) — g+l 2 < do fora.e. y > yo.

Proof We set A = ‘{T" 2, where g is given by (3.3) corresponding to d = ‘12—0 and let

8o € (0, min{dz—o, ~/2x}) be such that
sup{e(q) | llg — fI—”Hl(R) <8} <m+ X

Letv € H; be such that g_(x) < v(x,y) < g+(x) forae. (x,y) € R2, o) < my+ A
and assume that yg € R is such that ||v(-, yo) — g— ||H1(]R) < §p. We define

q-(x) ify<yo—1,
V(x,y) =1 v )y —yo+ 1D +g-(x)yo—y) ifyo—1=<y =<y,
v(x,y) if y > yo.

We have v € H;r and so ¢ (0) > my. Then, we obtain

Y0
my < (D) = @2(U) — P(—o0,yy),2(V) + / %/Iv(x, ¥0) — q—(x)|Pdx dy +

y—1 R
Yo
+ / e, y0)(y —yo+ 1) +qg-(x)(yo —y)) —mdy
yo—1

< 02(V) = P(—o00,y9),2(V) + %58 + 1 < 2(V) — P(=00,y0),2(V) + 21
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from which, since (1) < mp + % we conclude that P(—o0,y0),2(V) = 31. Assume by
contradiction that there exists y; < yp such that ||v(-, y1) — g—|;2 > dp. Then by (3.2)
there exists (y{, y5) C (1, yo) such that Jv(-, ¥)) — v(, yplz2 = %0 and, for any y €
Oy v y) —g-liz2 € (’12—0, dp). In particular, since g_(x) < v(x, y) < g+ (x) for a.e.
(x,y) € RZ, we get that

. do

Jnf Gy = ale = 1063 = g-l2 = 5

forae.y € (yi, y(’)) and using (3.3) we get the contradiction 31 > O(—c0,y0),2(V) = /%do =
4.

Similarly one can show that if [Jv(-, yo) — g+ ||zt < 8o then |lu(-, y) — g+|;2 < dp for all

Yy = )o. O

Lemma 3.4 has the following key consequence.

Lemma 3.5 There exists £ > 0 such that ifv e H;, g—(x) < v(x,y) < g+(x) for a.e.
0

(x,y) € R%, 2(v) < my + A and ming—q, |[v(-,0) —qll;2 > % then

o, y) —q-llz2 < do for y < —€and |[v(;, y) = g1z < do for y = L.

Proof Considering 8 as defined in Lemma 3.4, by (3.3) we can fix £ > 0 such that if / is any
real interval with length greater than or equal to £ and v € X is such that infgepm v, y) —
qllgt > 6o forae. y € I then ¢2(v) > my + 2. Since ming—g, [v(-,0) —gll;2 > d2—0, we
derive that inf e pq [[0(-, 0) — gl g1 > 8o and since @2 (v) < m2 + X, by definition of £ there
existy_ € (—£,0)and v+ € (0, £) such that infgem (-, y+) —¢qllg1 < 8o. By Lemma 3.4,
since v € H;r and g_(x) < v(x,y) < g4+(x)forae. (x,y) € R?, we derive that necessarily
lv(-, y=) —q—Il g1 <o and |[v(-, y+) —g+|lg1 < 8o and the lemma follows applying again
Lemma 3.4. O

Lemma 3.5 together with Lemma 3.3 allow us to use the direct method of the Calculus of
Variation to show that the functional ¢, admits a minimum in the class H;E. Setting

MF ={veHT /p(v) = ma)
we have

Proposition 3.1 There exists vy € /\/12jE such that g_(x) < vi(x,y) < g+(x), for all
(x,y) € R%,

Proof By symmetry, it is sufficient to prove that there exists v € M;r Let (vy),en be a
minimizing sequence for ¢; in H; which, by Lemma 3.2, we can assume such that g_(x) <
vn(x,y) < g4+ (x) forae. (x,y) € R% Since v, € H we know that lim,_, 4o [|Un(-, 0) —
g+l|l72 = 0and so, since ||g+ —g—|;2 = 2dy and since by (3.2) themap y > v, (-, y) € H;r
is continuous with respect to the L? metric, we deduce that there exists yg,, € R such that
ming—g, [v,(-, yo.n) —qllz2 > d—zo. By y-translation invariance we can assume that yp , = 0
so that ming—g, [|v,(-,0) —¢qll.2 > dz—o holds true for all » € N. Hence, by Lemma 3.5, there
exists £ > 0 such that foralln € N

v, (-, y) —g-Il;2 < dp forae. yg—f and ||v,(-,y) —g+ll;2 <do forae. yzf.
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Now, by Lemma 3.3, there exists v € X such that, along a subsequence, v, — v weakly in
Hllac (Rz). By semicontinuity we have ¢, (v) < mj and moreover, again by Lemma 3.3,

lv(.y) —q_llp2 <do forae. y<—€ and |lv(-,y) —qil2 <do forae y>U¢.

Then, since by pointwise convergence g—(x) < v(x,y) < g4(x) for ae. (x,y) € R2, by
Lemma 3.1 and the previous estimate we obtain |[v(-, y) —q+|l;2 — 0asy — $oo. Hence
v € Hy and @ (v) = m; follows. a]

Remark 3.1 Since vy are minima of ¢, on H; it is classical to prove that they are €2 solu-
tion of —Av 4+ aW’(v) = 0 on R2. Since moreover g—(x) < vx(x,y) < g+(x), for all
(x,y) € R2, we obtain that v4+(x, y) — %1 as x — o0 uniformly with respect to y € R
and so that v4 are classical solutions to (P,).

Using the maximum principle as in [45,47], we prove that /\/12jE are ordered sets and that
every v € ./\/12i is strictly monotone w.r.t. y € R.

Lemma 3.6 If vy, vy € Mf, then either vi > va, v} < V2 or V] = va in R2. Moreover; if
v E M;’, then v(x, y1) < v(x, y2) forall x € R, y; < y,.

Proof Given vy, vy € M;r, to prove the Lemma it is sufficient to show that if v{ (xg, yo) =
v2(x0, yo) for some (xg, yo) € R2, then v1(x,y) =va(x, y) forall (x,y) € R2.

We define v(x, y) = max{vi(x, y), va(x, y)} and v(x, y) = min{v;(x, y), va(x, ¥)}.
Then g (x) > ¥(x0, yo) = v(x0, y0) = g—(x) and D, v € H5 . Then

2my < @2(V) + @2(v) = @2(v1) + @2(v2) = 2m2

and we derive ¢;(v) = @2(v) = my. Hence v, v € ./\/12+ and, by Remark 3.1, they are clas-
sical solution of —Av 4+ aW’(v) = 0 on R2. Setting V = v — v we obtain that V (x, y) > 0
onR2, V (xg, yo) = 0 and V is a solution of the linear elliptic equation —AV + A(x)V =0
on R? where

v(x,y)—v(x,y)
a(x)W"(v(x, y)) ifo(x, y) = v(x, y)

Then, —AV +max{A(x), 0}V > 0 and the maximum principle implies V = 0, thatisv = v
and so v; = v).

To prove the monotonicity property let us consider a function v € M;r . Given y; < y2,
by y-translations invariance, setting vi(x, y) = v(x, y + y1) and v2(x, y) = v(x, y + y2),
we have vy, vy € ./\/l;r Assuming by contradiction that v(x, y;) = v(x, y2) for some x € R,
we get v1(x, 0) = va(x, 0) and hence, as proved above, v| = v in R2, ie., v(x, y+y) =
v(x,y+ yp) forall (x,y) € RZ. This implies that v(x, y + y» — y1) = v(x, y), i.e., v(x, y)
is periodic in y of period y, — yi, in contradiction with the fact that for a.e. x € R we have

WEE MW wey) s
AQx) = {a(x) , ifo(x,y) > v(x,y)

lim v(x,y) =q4+(x) #qg-(x) = lim_ v(x,y).
y—>+00 y——00
o

Remark 3.2 By Lemma 3.6 we have that every v € /\/12jE is monotone with respect to the y
variable. Since v(-, y) is asymptotic to g+ as |y| — +oo we deduce thatif v € M;—r then the
condition g_ (x) < v(x,y) < g+(x) holds true for a.e. (x, y) € RZ,

By definition, since vy € M;E we have v (-, ) - g+ and v_(-, y) = g as y — o0
with respect to the L2 metric. We can in fact say more
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Lemma 3.7 [fvy € M;E then
v, ¥) = gxllLe®) — 0 and |[v—(-, y) — ggllLo® — 0 as y — *oo.

Proof Letting vy € /\/l;r we know that vy solves (P2) and by Remark 3.2 that [vy (x, y)| <
1 on R2. Then, by Schauder estimates, we have |[v|c2g2y < +oo. If by contradiction
limsup, o, lv+(-, ¥) — g+llLe®) > 200 > O then there exists a sequence (x,, y,) € R?
with y,,y — 00 such that |[v4(xn, yn) — g£(xu)| = po. Then, since [lv4[lc2g2y < +00,
there exists ro > 0 such that |v4(x, y,) — g+ (x)| > po/2 whenever |x —x,| < rpandn € N.
Then [[v4 (-, yn) — qi||iz(R) > r0p§/2 for all n € N, a contradiction. O

We now prove that all the functions in M;E are odd in R? modulo y-translation. In fact,
setting

X ={veX/v(—x,—y)=—v(x,y)}
we have
Lemma 3.8 Forallv € M;E there exists yog € R such that v = v(-, - + yo) € Mgt nx.

Proof By symmetry, itis enough to prove the statement fora given v € M;r .Since v (0, y) —
g+(0) as y — oo and since by definition g_(0) < 0 < g4 (0), there exists yp € R such that
v(0, yo) = 0. By y-translation invariance we have that v = v(-, -+ yg) € M; and moreover
v(0, 0) = 0. Considering v*(x, y) = —v(—x, —y) we have v* € H;E and, by the symmetric
assumption on the functions a and W we have ¢ (0*) = ¢,(v) = my. Hence, v, 0* € M;r
with 9(0, 0) = 0 = 9*(0, 0) and by Lemma 3.6 we conclude v = v*, i.e., v € X. O

Collecting the results above obtained we can conclude.

Proposition 3.2 There exists a unique function v+ € M;‘ N X. It is a classical solution to
problem (Py), it is monotone increasing w.r.t. y € R, it satisfies g_(x) < 1+ (x, y) < g+ (x)
forall (x,y) € R? and the asymptotic conditions 7 (x, y) — q+(x) as y — 00 uniformly
on R. Moreover, ./\/l;r ={07C, -+ y0) | yo € R}.

Proof By Lemma 3.8 we know that M;r N X # . To prove the uniqueness just note that by
the antisymmetric condition we have that if vy, vy € M;‘ N X, then v (0,0) = 0 = v,(0, 0).
Hence, since v, vy € /\/l; by Lemma 3.6 we get vi(x, y) = va(x, y) forall (x, y) € RZ,
The other assertions follow directly by the results above proved. O

Remark 3.3 By Proposition 3.2 we obtain a symmetric analogous statement for the function
U7 (x,y) = 01 (x, —y) = —=0"(—x, y), the unique element in M; N X. In the sequel we
will denote ri oo = ma = (pz(f)i).

As last step in this section we use condition () to obtain L? compactness of the minimizing
sequences in Héc = Hf nx.

Remark 3.4 We note that if v € 7:(2i and g_(x) < v(x,y) < g4+(x) forae. (x,y) € R2,
then

inf |v(-,0) — > dp.
qleanlv( ) —qll2 > do

Indeed if v € 7:(2i then the function x — v(x, 0) is odd. Moreover since g_(x) < v(x,0) <
q+(x) we have that inf e |v(+, 0) — gllz2 = ming—g, [[v(-, 0) — gl 2. Since g_(x) =
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—q1(—x), we get4d; = llgy —q-|7, = 2 [ g(—x) + g2 (x)|? dx and since v(x, 0)
is odd we obtain [u(-, 0) = g7, = Ji [v(x, 0) = gz (M) + Ju(x, 0) + g (—x) P dx =
3o g (=) + e ()P dx = d3. ]

Moreover, note that by Lemma 35,if v € H;r, g-(x) < v(x,y) < g+(x) for ae.
(x,y) € R? and 92 (v) < 112,00 + A then [[v(-, ¥) — g4 |l,2 < do forae. y > .

Lemma 3.9 Ler (v,)peny C 7:@: be a minimizing sequence for ¢o such that q_(x) <
vy (x,y) < g4+(x) for a.e. (x,y) € R? and every n € N. Then ||v, — ﬁille(Rz) —- 0
asn — —+0o0.

Proof Let (v,) C H3 be such that ¢ (v,) — 12,00 and g— (x) < v, (x, y) < g+ (x) fora.e.
(x,y) € RZand alln € N. Assuming ¢2(v,) < 12 00 + A, by Remark 3.4 we have

lva(,y) — qyillp2 < do forall n e N and y > £. (3.4)

Then, arguing as in the proof of Lemma 3.3 and Proposition 3.1, given any subsequence,
we can extract a sub-subsequence, denoted again by (v,), such that v, — 9+ — 0 weakly
in H'(S;) for any L € N, where S; = R x [—L, L]. Since |v,(x,y) — 07 (x,y)| <
g+ (x) — g_(x) and since v, — 07 — 0 weakly in H'(Sp) for any L € N, we have that
v, — 0T — 0 strongly in L2(Sy) for any L € N. To conclude the proof it remains to show
that

Ve>03L, >0, n €N such that |v, — ﬁ+||L2(JR2\SLF) <e Vn>n. 3.9

First note that, by semicontinuity, given any L > 0, we have

+00 +00
/w(vn(uy))—mdy - /s0(17+(~,y))—mdy- (3.6)
L L

Indeed [ @(ua(, 1)) = m dy = @2(00) = $10,0nl122 52, = Jo @(Wal-, 1) — m dy.
liminf ||y vy || 122y and fOL e@T(,y) —mdy <

A

By semicontinuity [[3y 9|72 g2)

lim inf fOL @, (-, ¥)) —m dy. Since ¢2(3) = lim ¢ (v,) we deduce

+00 +00
1imSUP/<p(vn(-,y))—mdy§/(p(ffL(-,y))—mdy
L L

and (3.6) follows.
Then, given any ¢ > 0, we fix L, > £ such that thOO e(@F (-, y)) —mdy < § and, by
(3.6), we fix also n, € N such that
+00

/ @ (-, y)) —mdy < ¢ forall n > n,. (3.7)
Le

Then, letting v* > 0 be given by Lemma 2.6 and setting
An =1{y > Le / o(a(-, y)) —m > v*},

by (3.7), we obtain meas (A,) < % forany n > n.. Since L, > £, by (3.4) we get

Sd()
/||vn(-,y>—q+||izdy5 “ forany nz (3.8)
'An
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Then we note that if y € (Lg, +00) \ Ay, by definition we have ¢(v,(-, y)) —m < v*.
Hence, by Lemma 2.6, noting that by (3.4) infyepq v, (-, ¥) — qllp2 = lva (-, ¥) — g4l 2
for y > L., we recover that

4
lon (- ¥) = g1 l172 < E(@(Un(" y)) —m) for y € (Lg, +00) \ A, and n > ne. (3.9)
Then, integrating (3.9) on (L, +00) \ A, by (3.7) we conclude that
5 4e
lva (s ¥) — g+ ll7.dy < — forany n > n,. (3.10)
w*
(Le,+00)\\A,
By (3.8) and (3.10) for every n > n, we recover
4 dy
/ lon (o y) — g4 l2ady < & (w— + E)
(Lg,+00)

and, by semicontinuity, the same estimate holds with v instead of v,,. Therefore we conclude

w* p*

- 4 dy
lon (o ) = 57 ¢, I12.dy 548( +f).
(L£a+00)

Since v, and o are odd functions the same holds true for f(_oo 1y loa G, y)—0T(, y) ||2dey
and (3.5) follows. Since the original subsequence of v, was arbitrary, the Lemma
follows. O

4 Two dimensional periodic solutions
A second series of observations on the two dimensional problem regards, given L > 0, some
variational properties of the solutions to the problem

_Av(x7y)+a(x)w/(v(x7y))207 (x7y)ESL7 _
v(x, y) = —v(=x, —y), (x,y) €S (Pr,2)
dyv(x,£L) =0, x e€R

where S = R x [—L, L]. Given L > 0 we consider on the space
X = {vg, [ve X},

the functional
L

wH,L],z(v)=/%Ilv(-,y)lliz+<p(v(-,y))—mdy.
—L

We look for minima of ¢[_;, 1] on Xy, and we set
fin =info_r 12 and Moy ={ve X |g-r.1)2() =iz ).
XL
Remark 4.1 Note that the~map L — my, 1 is not decreasing and rip ; < rh%,oo = m, for all
L > 0. Indeed, let v € M;r be given by Lemma 3.8. Then ﬁz = |s, € A and

oL < @-0.0207) < () = g 00
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The application of the direct method of the calculus of variation allows us to show that /\312, L
is not empty for every L > 0.

Proposition 4.1 For every L > 0, there exists v € /\;l“ with g_(x) < v(x,y) < g+(x)
fora.e. (x,y) € St.

Proof Fixed L > 0, let (vy)yen C Xy, be such that ¢[—1.11.2(vy) — mo 1 and note that,
arguing as in Lemma 3.2, it is not restrictive to assume that g_(x) < v, (x, y) < ¢4 (x) for
a.e. (x,y) € S and all n € N. Then, arguing as in Lemma 3.3, we have that there exists
v € X such that, up to a subsequence, v, — v weakly in H'(S;). Moreover, by pointwise
convergence we have that g_(x) < v(x,y) < g4+(x) forae. (x,y) € Sp and v € X, ie.
v € X;. Then, by semicontinuity, we conclude ¢[_7 1]2(v) =2 1. m]

Arguing as in Lemma 3.3 in [10] (a similar argument is used also in the proof of Lemma 5.2
below), we have

Lemmad4.1 Ifv e ./\;lz,L then v € CZ(SL) and it is a classical solution to (ﬁL,z)-

From every function v € /\;lz, L We can recover a two dimensional periodic solution of ().
Indeed, if v € My, 1, reflecting with respect to the axes y = +L and then continuing by peri-
odicity in the y-direction we obtain a solution on R2, that we again denote with v, which is
y-periodic of period 4L and which satisfies d,v(x, L) = 0 for all x € R. Since [|[v|lr~ <1
forallv € /\;12, L, by Schauder estimates we obtain the existence of a constant C > 0 such
that

lvlle2@2y < C forall ve My, and L > 0. 4.1

Remark 4.2 We recall that considered 8y as defined in Lemma 3.4, £ was correspondingly
fixed in the proof of Lemma 3.5 such thatif v € X, infgeaq [V(-, y) — gll g1 > o forae. y
in an interval / C R of length £ then by (3.3) we have ¢;2(v) > M2« + X with & given by
Lemma 3.4.

‘We can use these observations to say in particular thatif L > Z,v € X and Q-r,012(v) <
mo. 1 + X then there exists yo € (0, £) such that infgenm lv(-, y0) — gqllg1 < do.

Then the argument in the proof of Lemma 3.4 applies here to recover thatif L > £ and v €
X, is such that g—-(x) <v(x,y) <g+(x)forae. (x,y) € Spand o—r 12(v) <ma L +X,
then either

lv(-,y) —qill2 <do forally e[l,L] or |[v(-,y)—q_|l;2 <do forally e [£,L].
For L > ¢, we will denote
X ={ved||v(.y) —qell2 <do. Vyell, L]}

and note that if v € X L+ then the symmetric function v*(x, y) = —v(—x, y) belongs to X T
and viceversa. By Remark 4.2, we have that for every L > £ there results ./\;lz, L C X Z‘ ux -
We use again Remark 4.2 to prove the following concentration property.

Lemma 4.2 (Concentration: L™ estimate) For all ¢ > 0 there exists L, > ¢ such that if
L>L.andv e My N XZ' is such that g—(x) < v(x,y) < q+(x) fora.e. (x,y) € St,
then

lv(,y) —g+liLe <&, Vye (L L]
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Proof To prove the lemma, we argue by contradiction assuming that there exist &g €
O, mln{z, do}), two increasing sequences 0 < l < yn < L, such that y, — +o0 and a

sequence (v,) C MZ,L,, N XLJ; such that for every n € N there results ||v, (-, yu) — g+~ >
2¢&p.
First, by (4.1), note that sup,, .y [[vn — g+ llci(s,,) < +00 and so

3y € (0, y1 — &) such that [[v,(-, y) — g lle > &0 forally € (yu — Yo, Yn)-

Again by (4.1) we then recover that there exists o > 0 such that

lva(C, y) —g+llp2 > no forally € (yn — yo, yn)-

Since v, € X+ we then have d;2(v, (-, y), M) = |luy(-,y) — g+ll;2 > no forall y €
(Yn — Y0, Yn) and so by the compactness property (2.2) we obtain that there exists v > 0 such
that for all n € N there results ¢ (v, (-, y)) —m > v,Vy € (y» — Yo, Yn)- Then we conclude

O(yu—yo,ym),2(Un) = vyo forall n > n. 4.2)

On the other hand, since ‘/’(E,yn—yo),Z(U”) <my,, <My foralln € N, we obtain that there
exists ¥, € (€, y, — vo) for which ¢(v, (-, ¥»)) — m and so by the compactness property
in Lemma 2.2, since [|v, (-, Yn) — g+lz2 < do, we derive [|v,(-, Yn) — g+l g1 — 0. Now,
setting

qu(x) Y=yt 1,

On + 1= Y)va(x, yu) + (¥ = Yu)g+(x) Y=y =yn+1
vp(x,y) = 1 vn(x,y), Y <Y<

n + 1+ Y)va(x, =yn) + (=y — Yn)g-(x) —Yn=y=—yn— 1

61—(?5) yf_yn_l’

forall (x, y) € Sg,, we recognize that v, € /’\?Ln and so ¢(—1,,.1,).2(Vy) > 2 1,. Moreover,
since ||v, (-, Yn) — g+l g1 — 0, we derive that

1Un (. ¥) = q+llgr — 0 and [|8,0, (-, y)|I2 = 0,

uniformly w.r.t. y € (y,, y» + 1) asn — +o00. Hence also ¢ (v, (-, ¥)) — m uniformly w.r.t.
y € (Jn, ¥u + 1) and we conclude

Yn+1

PGt .2 (n) = / 1y 0 G 072 + (@@ (-, ¥)) — m) dy — 0.

Finally, since @3, +1,1,),2(v,) = 0 for all n € N, by symmetry, we derive that as n — 400
there results
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O(=50,500,2(Vn) = O(=5,,5).2Un) = @(=L,,,L,),2(Vn) = 20, 5,+1),2(Un)
> my 1, +o(1),

\

and so, by (4.2), we reach the contradiction
M2, L, = O(—Lp.L).2Vn) = O(=5,.5.).2(Un) + P(yu—y0.yu),2(Vn)
>y, +o(1) + vyo.

[m}

Remark 4.3 If v € ./\;lz,L N X, since v and q+ solves (P,) on Sy, we can use Lemma 4.2
to derive via the Schauder estimates that, for every ¢ > 0 there exists L, > ¢ such that for
L > L. we have

ifv e Mo NX; then [u(,y) — g4llc2my <& Yy € (L, L. (4.3)

Here below we use (#x*) and Lemma 2.3 to give a refined version of (4.3).
We set @ = min{~/w*, /w}, where o* is given by (%) and w by Lemma 2.3.

Lemma 4.3 (Exponential decay) There exist L > € and a constant C > 0 such that if
L>LveMyrn XZ‘ and g_(x) < v(x,y) < q+(x)forall (x,y) € Sy, then

I0C.3) —qill2 < Ce % forall y € [L. L] (44)

and
loC,3) = aillgn < CYye® forall y (L, LI. (4.5)
Proof Given v € /\;12, LN QEZL with abuse of notation, we denote again with v the corre-

sponding periodic prolongation in R%. Consider the function ¢ (y) = |[v(-, y) — q+||2L2 for

y > 0. Since g_(x) < v(x,y) < g4+(x), we obtain ¢ (y) < |lg+ — g— ||i2 = 4d3 for all y.
Moreover, we have that ¢ € C%((0, +00)) and denoted by (-, -) the bracket symbol for the
scalar product in L>(R), for every y > 0 we obtain

$() = 2010,0(, 72 4200, ¥) = gy dyyu(, 1)) = 2(v(, ) = g, dyy v, )
(4.6)

Now, to estimate (v(-, ¥) — g+, dy,v(:, y)), note that using the L°°-concentration estimate

given by Lemma 4.2, we can choose L > ¢ such that for any y € [L, L] and for any x € R
there results

W' (wx, y)) = Wig4(x) = W g+ () (v(x, y) — g+ (x)) +r(x, )
with |r(x, y)| < "’T*|v(x, y) — g+ (x)|. Then, since v and g+ solve —Au +aW’(u) = 0 on
R2, for all y € [I:, L] we have
(VG Y) = g+, 0y, ) = (W, y) = g4, —0xx (VL ¥) — g4)
+aW'(v(-, y)) —aW'(gy))
> (0(,Y) = g, =0 WC, ) — g4) +aW (@O Y) = g4)) — S, y) — g+ 12,
=9 (g ), Y) = q) - W Y) —q0) — S IvC ) — g4l

and by (%) we obtain

WC ) = G By v ) = Sl ) — g4l 4.7)
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Then, by (4.6) and (4.7), since by definition ® < +/@*, we obtain that

(y) > w* P (y) = @*¢(y) forally € [L, L]. (4.8)

By symmetry, we have that the function ¢ verifies ¢(Z) =¢QL - i) < 4d§ and moreover
that (4.8) holds true also for all y € (L, 2L — L). Setting

cosh(@(L — y))
Y(y) = 4d B2 TN
cosh(w(L — L))
we get that &(y) = &> (y) and v(L) = v (2L — L) = 4dg. Hence, by the maximum
principle, we obtain that ¢ (y) < ¥ (y) forall y € [I:, 2L — I:], that is
Scosh(d)(L —-y)

. "~ VyelL, L.
cosh(w(L — L))

v, y) = grl7. <

Since for y € [L, L] we have cosh(&(L — y)) < e®E=Y) and 2 cosh(@(L — L) > e‘b(L_I:),
we conclude

2 , ey o2 -y =
||U('»)’)—Q+||L2 = Sdom =8dj e Vy e[L, L]
ed(L—

which proves (4.4).
To recover the estimate in H!(R) we set ¢y(x) = v(x,y) — g+(x) and note that since
¢y(x) = 0as |x| > 400 we have

||ax¢y||2Lz :/ax(¢yax¢y)dx _/(pya)%qbydx = _/d)ya)%(p)'dx‘
R R R

Now, since by the Schauder estimates |8§v(x, y) — G+ (x)] < C on R2 for some constant

C > 0 and since, by Lemma 2.3, choosing L bigger if necessary, for x| > L we have
lg+(x) — g—(x)| < 2K e~ V@Il using (4.4) we obtain

,
- / 6,02, dx — / W, ¥) — 41 (@200, ) — i (¥))dx
R

—y

4 / (W(x. ¥) — 44 ()@20(x. ) — dis ())dx

[x]>y

< CYI I y) — gl + C / 104 () — g (O)ldx

x>y
= - F CK ~ =
< C\/2yV25eP L) 4 4= 2 e VoY < & 2y,
Jo
from which (4.5) follows. ]

Thanks to (4.5) we can now estimate the asymptotic behaviour of 15 1 as L — +o00.

Lemma 4.4 (Asymptotic behaviour of ma, ) There exists a constant C > 0 such that for all
L > L there results

Mo 00 — M2, < CVLe 5t (4.9)
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Proof Letting u € /\;iz,L N )EZF, we define

g+(x) y>L+1,
(L+1—=yu(x,L)+ (y — L)g+(x) L<y<L+1
v(x,y) =3 ulx,y), —-L<y<L
(L+1+yulx,-L)+(-=y—L)g-(x) —L>y>—-L-1
q-(x) y<-L-1,
We recognize that v € ?:{zr and so ¢ (v) > M2 . Hence, since ¢2(v) = ma +

20, L+1),2(v), we get
L+1
00 — ML < 201 L41)2(V) =2 / S8, 0C D72 + @, y) —mdy. (4.10)
L
To evaluate @1, 1.+1),2(v) we use (4.4). First observe that by (4.4) there exists a constant
C1 > 0 such that for every L > L and y € (L, L + 1) there results
layvC, 2, = llu(, L) — g3, < Cre k. (@.11)

To estimate the term @(v(-, y)) —m = @(v(-, ¥)) — ¢(q+), note that forall y € (L, L + 1)
we have

180 (e, MI? = 1G] = [I(L + 1 = »)dulx, L)+ (y — LG+ )1 = 1§+ (0
= 11g+ () + (L + 1 — y)@xu(x, L) — G+ )I* — 14+ ()1
< (L+ 1= 22 0ux, L) — ¢4 ()F +2(L + 1 — »)[dulx, L) — ¢4+ (x)]|g+(x)|
< 19pu(x, L) — G4+ ()1 4 2085 (x, L) — ¢4 (1G4 ()]
then, by (4.5), there exists C> > 0 such that forall y € (L, L + 1) we have
N3xvCo 72 = Gl 2] < 10xu, L) = G172 + 200xu(, L) — Gl 211G+l 2
< Cg(\/Ze_‘Z’L + «ﬁe_%L)
Moreover, setting w = sup;¢_ 1 W'(s), we getforall y € (L, L + 1)
[W((x, ) — W(g+ ()| = WL + 1 — ulx, L) + (y — L)g+(x)) — W(g4+(x))]

S wli(L+1=yulx, L)+ (y — L)g+(x) — g+ ()|
=w(lL+1—=yulx, L) — g+ (0] = wlulx, L) — g4 (x)]

A

andso, by (4.4) and sin_ce, by Lemma?2.3,for|x| > L, |u(x, L)—qg+(x)| < |[g—(x)—q+(x)| <
2K eVl < 2K e @Il we obtain for all ye(L,L+1)

/ AW (x, ) — a(®)W(gs ())dx < i / (e, L) — g4 (0)ldx
R

R

L
< wa /|u<x,L>—q+<x>|dx+ / ux, L) — g4 (0)ldx
—L |x|>L

IA

@a | V2L|u(-, L) — g4l 2 + / lg—(x) — g+ (x0)|dx

|x|>L
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IA

@ K ~
wa (\/ 2Le 2L 4 276_’”1‘)
1)

Cy(WLe E 4770,

IA

Gathering the above estimates, for every y € (L, L 4 1) there results

@

C % @ @ @
eu(-,y) —m < %(ﬁe“‘* + VLe 3Ly + C3(WLe 7L + 731y < Cy/Le 3L

and hence using (4.11) we conclude

@

Mn,00 — M2 r < 201, 1+1)2(v) < Cre” 25 + 2047/ Le 3L

and the Lemma follows. O

As final property in this section we state a compactness property which will be useful in the
construction of the three dimensional solutions.

Lemmad4.5 Let L,, - +ooand v, € /?2; with g_(x) < v, (x,y) < q4+(x) on S, be such
that —r,.1,).2(Vy) — M2, 1, — 0asn — oo. Then, forall L > 0

lvw — 51l 225,y = O
Moreover, if L, € (0, Ly) is such that L,, — +00 then ||v, (-, L) — q+”L2(R) — 0.

Proof Since my 1, — My 0 and @—r,.1,,),2(Vn) — mZ,L¢ — Oasn — oo, we have that the
sequence (¢(—r,.L,),2(Un))nen is bounded. Then, letting L, € (0, Ly) such that L,, — +o0,
we have that ((p( Ln/2.Ln) 2(Un))nen is bounded too and since L, — +00 we recover that there

exists y, € (l_,n/2, L,— 1) such that ¢ (v, (-, y,)) — m.By Lemma 2.2, since v, € 2?L+n we
obtain that, up to a subsequence, v, (-, y») — g+||g1 — 0. Defining

q+(x) Y=y + 1,

O+ 1= )vp(x, yn) + (¥ — Yu)g+(x) Yn=y=<yntl
ﬁn(x,)’): Un(xa)’) _ynfyfyn

On + 14+ e, =yn) + (=y = y)g-(xX) —yn =y > —yn— 1

q*(x) y 5 —Yn — 1,

we recognize that

(i) U, € Hy and g (x) < Bu(x, y) < g4 (x) on R?,
(i) v, € /'?Z“n (with abuse of notation) and so ¢(—r,,.1,,),2(Vn) = M2, 1, .
Arguing as in the proof of Lemma 4.2, we recover that
(iii)  @(y,,y,+1),2(Vp) — 0asn — +oo.

Since ¢y, +1,L,),2(Un) = @(y,+1,L,),2(q+) = 0, by (iii) there results
©2(0n) = Q(—y,,30,2(0n) + 20y, 3,4+1),2(0n) = @(—y,,3,),2(0n) +0(1).  (4.12)
Moreover by (ii) and (iii)
=y, 90,2(Un) = O(=L,,,L,),2(Vn) = 20(y,,,y,+1),2(Un) = 12,1, + 0(1),
and since
o(1) = @—1,,1,).2(Un) = M2 L, = O(—y,,y),2(Vn) — M2 L, = @y, v),2(Un) — 121,

we conclude that ¢_y, y.),2(V,) — iz 1, — 0. Since iy 1, — M2 o0 by (4.12) we finally
obtain
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@2(Vp) = M2,00 @S N — OO.

By Lemma 3.9 we conclude that ||v,, — ﬁ+”L2(]R2) — 0 and so since v, (x, y) = v,(x, y) on
Sy, we derive [|v, — 17+||L2(sy,,) — 0 and so, since y, — oo that ||v, — 17+||L2(SL) —- 0
for any L > 0.

To conclude the proof note that if ||v,(-, L, — g™ 2w 7> 0O then there exists
8 € (0,dp/2) and a subsequence of (L,), denoted again with Ly, such that ||v,(-, L,) —
q+”L2(R) > 2§. Since v, € an we deduce infyep [0, (-, L, — qllr2@ = 28 and since
lvn (-, y,l)—q+||Lz(R) — 0 werecover by (3.2) that there exists (0., T,) C (yu, L) such that
lvn (s ) = va (s o)l p2my = 8 and infgepm [lvn(, y) — qllremy =9 fora.e. y € (on, 7).
Then by (2.2) there exists v > 0 such that ¢ (v, (-, y)) > m + v fora.e. y € (0,, 7,) and by
(3.3) we conclude ¢, .7,),2(Vn) = V28v > 0 for any n € N. This is in contradiction with
the fact that, as proved above,

Dm0 2n) < @12 (Vn) = 2@ 1. 1),2(0n) = @y 9m),2(Un)) = 0

and the lemma follows. O

Remark 4.4 Clearly by Lemma 4.5 we symmetrically obtain thatif L, — +ocoandu, € X I
with g_(x) < vy(x,y) < g4+(x) on Sg, are such that ¢z, 1,)2(vy) —m2r, — 0 as
n — 00, then, for all L > 0 there results

lvn — 07 lI2(5,) = 0.

We then conclude that if L, — +oo and v, € /?Ln are such that g_ (x) < v, (x, y) < g4+ (x)
on Sy, and 91, 1,),2(Vy) —ma 1, — 0asn — oo, then, for all L > O there exists a
subsequence (vy;) jen C (Vn)nen such that

||Un_,~ - i}_”LZ(SL) — 0 or ||Un‘,' - 17+||L2(SL) — 0.

In particular we obtain that there exists L > L such that for all § > 0 there exists 5 > 0
such that

ifve &, L> L, inf |Jv—1dl2s, >8 then ¢r1)2() >y r+ ps. (4.13)
V=V

5 Three dimensional solutions

In this section we will complete the proof of Theorem 1.1.
First, fixed 6 € (0, %] and denoted 7 = ztan 6, we consider the infinite prism

Po={(x.y,2) €R*| (x,y) € S5, 22 0)
and the existence of solutions to the problem

—Av(x,y,2) +a()W (v(x,y,2) =0, (x,y,2) € Po,

v(‘x’y’z):_v(_'xv _y!Z)v (X,y,Z)EPQ -

avv(-x5 Y, Z) =0 (x,y,z) S 8739 (P3,9)
lim w(x,y, 2) ==£I, uniformly w.r.t. (y, z)

x—+00

To this aim let us consider the space

Zg={ue H),(Pp)|u(-,z) € X forae. z € (0, +00)}
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on which we will look for a minima of the functional

+00 Z
o30u) = ///%Wu(x,y,znz+a(x>W(u<x,y,z>>dx—mdy—ﬂzz,zdz
0 -z R
+001
= / Ellazu(-,-,Z)lliz(Sz) + @202, -, 2)) —myzdz.
0

Note thatif u € Zg thenu(-, -, z) € 2?5 fora.e. z > O and then ¢z z)2(u(-, -, 2)) > my ; for
a.e. z > 0. Hence we recover that ¢3 is well defined on Zy and non negative. It is standard to
show that ¢3 is weakly lower semicontinuous with respect to the H, 110 . (Py) topology. We set

m3(0) = uieng w3(u).
0

Remark 5.1 The problemis well posed sincem3(6) < 4o00.Indeed, the functionv(x, y, z) =
U, (X, ¥) € Zp and by (4.9) there results

400
p3(v) = / Q22201 —myzdz
0
+00 +00
< / My o —Mpzdz < C / Vianfze 2992 g7 oo,
0 0

An important remark for our construction, is an estimate concerning the functional ¢3, anal-
ogous to the one we gave in (3.3) for the two dimensional functional ¢;.
First we note that if u € Zg then ¢(_z z)2(v(:, -, 7)) > my ; fora.e. z > 0 and so

192172 5,y < 203) Vu € Zp. (5.1)

Therefore, as in (3.2), note that if u € Zy then u(x, y, ) € Hlloc(z, +o00) fora.e. (x,y) € Sz
and hence, if 0 < z1 < z2, then u(x, y, z2) —u(x,y,z1) = ;12 d,u(x, y, z) dz holds for all
u e Zgpandae. (x,y) € S;,.S0,ifu € Z9, by (5.1), forz; < z3 € R, we obtain that

22
lu(, - z2) —uC, - z2)l%,q = doux,y, 2)dz |*dxdy
L2(Sz)
=z 71

Sz
<lza—2z7 //Iazu(x,y,z)lzdzdxdy
Sz RT
< 2¢3(u)|z2 — z1l- (5.2)

Finally, given an interval I C Ry and u € Zy we set

@1,3(u) = / lozu(:, -, Z)Iliz(sz) + (@252, 2)) —myz)dz.
1

and note that if u € Zy is such that 9z z) 2 (u(:, -, 2)) —m2z; > v > 0forae.z € (o,7) C
RT, then
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Qo0 3 () = Iy ) = w0, + (@ —0)

2(t — o)
VavluC, 1) = ul - o)l 2 s - (5.3)

v

Remark 5.2 Arguing as in Lemma 3.2 we can prove that if u € Zy then, setting
i(x, y, z) = max{min{u(x, y, 2); g+ (x)}; g—(x)},

we have it € Zg, g (x) < ii(x,y,z) < g+(x) forae. (x,y,2) € Pp and g3(it) < @3(u).

As in Lemma 3.1, the estimate (5.3), together with Lemma 4.5, allow us to characterize
the asymptotic behaviour, as z — 400, of the functions u € Zy such that ¢3(u) < 4o00.
Precisely, we have

Lemma 5.1 Ifu € Zy is such that g—(x) < u(x,y,z) < q+(x) fora.e. (x,y,z) € Py and
@3(u) < 400 then, fixed any L > 0, we have either

luC. - 2) = 0¥ 25,y = 0 or luC,-2) =0 [l12¢5,) = 0 as z — 4oc.

Proof Assume u € Zp and ¢3(u) < +oo. Since ¢z z)2(u(-, -, 2)) — oz > 0 for ae.
z > 0, we plainly derive that there exists an increasing sequence z, — 400 such that
V(70,7 2W(, -, 20)) — M2z, — 0.

Fixed any L > 0, by Remark 4.4, we obtain that there exists an increasing subsequence
(zny) C (zp) with z,, > L such that |[u(., -, z,,) — 17+||L2(5L) — 0or [lu(,-, z,) —
’7_||L2(SL) — 0 as k — +o00. Possibly considering the function u*(x, y, z) = u(x, —y, z),
it is not restrictive to assume that [|u(, -, z,,) — 0 25,y = 0ask — +o0. We claim that
in fact [|lu(-, -, z) — 07|25,y = 0 as z > +o0.

Indeed, arguing by contradiction, setting 48 = |0~ — 07 || L2(R?)» DY (5.2) we obtain the
existence of a sequence of intervals (o}, 7y) C R™, a positive number § € (0, §p) for which

(i) okt1 > %k = +00,

) uC, - w) —ul, o)l 2,y =6,

(i) 26 = |lu(-, -, z) — 17+||L2(SL) > §, for every z € (o, T¢).
By (4.13) and (iii) we recover that there exists i > 0 and k € N such that 0(-7,2).2
(-, z)) —mpz; > puforall z € (ok, %) and k > k. Using now (5.3) and (ii) we
obtain @, 7).3(u) > /218 > 0 for all k > k and so, by (i), we conclude ¢3(u) >
> kok Plor.m),3 () = 00, a contradiction. |

We are now able to prove the existence of a minimum of ¢3 on Zj.

Proposition 5.1 For all 6 € (0, Z1, there exist uy € Zp such that ¢3(uj) = m3(0) and
g-(x) < u;t(x, y,2) < q4+(x) a.e. on Pg. Moreover, uy (x, y, z) = u;(x, —y,z) a.e.onPy
and for every L > 0

luy oo 2) = 0% 2g5,) = 0 asz — +oo.

Proof Let (up)nen C Zp be a minimizing sequence for ¢3 which, by Remark 5.2, can be
assumed such that g_(x) < u,(x,y,z) < g4+(x) for ae. (x,y,z) € Pyp,n € N. Itis not
difficult to recognize that, fixed any r > 0, if T, = Py N{z < r}, then (u, — po) is a bounded
sequence on H'(T}). Indeed, since g_(x) < un(x, y,z) < g+(x) a.e. in Py for everyn € N
we have [luy — pollp2(r,) < +oo forany n € N. Moreover
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roz
||Vun||iz(m=///|Vun(x,y,z)|2dxdydz

0 -z R

r

roz
§2¢3(M;z)+2/ﬁiz,zdz+2 /mdydz
0 —z

< 203(up) + 2rin.00 4 2mr? tan @ = 2(i3(0) + rifg.00 + mr* tan ) + o(1)

and our claim follows.

Thus, by a classical diagonal argument, there exists u € pg + Ny~oH L(T,) and a subse-
quence of (i), still denoted (u,), such that u, — u — 0 weakly in H'(T}) for any r > 0
and for a.e. (x, y,z) € Py.

Note that, by pointwise convergence, we have g_(x) < u(x, y, z) < g+(x) a.e. on Py.
Moreover since u — pg € Ny=oH ' (T,) we have that u(-, y, z) € po + H'(R) = H a.e. on
{(v,2)/z > 0, y € (—Z,7)}. Finally, since u,(x, y, z) = —u,(—x, —y, z), by the point-
wise convergence, there results also that u(x, y, z) = —u(—x, —y, z) fora.e. (x, y,z) € Pp.
This proves that u € Z and by semicontinuity we recover that ¢3(u) = m3(0). By Lemma
5.1, it follows that fixed any L > 0, we have either

luC, - z) — f;+||L2(SL) =0 or (fu(,z2) =0 llp2,)—>0 as z— +oo.

If the first case occurs we set u ™t (x, y, z) = u(x, y, z), otherwise u™ (x, y, z) = u(x, —y, 2).
Finally, setting u~(x, y, z) = u*(x, —y, z), the Lemma follows. O

By Lemma 5.1 we have that if ¢ € CSO(R3) verifies ¥ (x, y,z) = —y¥(—x, —y, z) then
03 W +y) > 3 (u™). From this we derive that in fact u™ are weak solution on Py of the
equation —Au + a(x)W’(u) = 0 satisfying Neumann boundary condition on 3Py. Indeed
we have

Lemma 5.2 [fu is a minimum of @3 on Zy then we have

/Vu VY +a@)W @)y dxdydz =0 forall € CSO(R3)
Py

Proof Given any ¢ € CSO(R3), we set Y,(x,y,2) = %(l/f(x,y,z) — Y (—x,—y,2),

Ye(x,y.2) = (P (x,y,2) + ¥(—x, —y,2)). Since Yo (x,y.2) = —Yo(—x, —y,2) we
have @3(u + t,) > @3(u) and so

o3(u + 1) — @3(u) = 3(u + 1) — @3(u +1,).

Observing that the functions Vu - Vi, and Vi, - Vi, change sign under the transformation
(x,y,z2) = (—x, —y, ), we recover

3+ ty) —p3(u+t,) = / %IVWI2 +ax)Wu +1ty) — W(u + t,)) dx dy dz.
Py

FinaHY’ Since W/(u(x, Y, Z))WE()“ Y, Z) = —W/(u(—x, -y, Z))we(_xv -y, Z)7 we
conclude
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/Vu VY + a()W ) dxdydz = tlir61+ %(<p3(u + 1) — p3(u))
Py

A%

lim a(x)w —i—a(x)wdxdydz
t—>07t
Py

/ a(x)W' (). dxdydz = 0.
Py

This proves that ng Vu -V +a(x)W (u)ydxdydz > 0forall ¢ € Cgo(]R3), which is
actually equivalent to our statement. O

By Proposition 5.1 and Lemma 5.2, by classical arguments, we obtain in particular that for
every 6 € (0, 7] there exist at least two solution ugt € Zp of problem (153,9). Since u;t are
classical solutions to (133,9) and since |u;t(x, v,2z)] < 1 on Py by Schauder estimates we
obtain the existence of a constant C > 0 such that

||u;t||cz(p9) < C forany 6 € (0, r/4]. 5.4

This can be used to prove the following asymptotic property of the functions u;t.

Lemma 5.3 There results ||uj (-, -, z) — 9% | 1oo(s.) — 0 as z — +00.

Proof Assume by contradiction that there exists pg > 0 and (x,, yn, 2n) € Py with z, —
400 such that |u;r(xn, Vs Zn) — VT (X, yu)| > 4p0. By (5.4) we obtain that there exists
ro > Osuchthatifn € Nand (x, y, z) € Py is such that |x —x,|, |y — yul, |2 — 2| < ro then
lug (x,y,2)—vT(x, y)| = 2p. Since by Proposition 5.1 we have [[u; (-, -, 2)—vT [l 12(5,) =
0 as z — +oo for every L > 0, we recover that |y,| — +00. By symmetry we can assume
that y, — —+oo0. Since by Lemma 3.7 we know that v (-, y) — ¢* as y — 400 uniformly
on R, we deduce that there exists n > 0 such that if » > n and (x, y, z) € Py is such that
[x —xnl, |y — Yal, |2 — 20| < 1o then |u;’(x, v,2) —q T (x)| > po. In particular this implies
thatif n > 71, |z — zu| < ro, y € [yn — ro, min{y, + ro, z}], then

lug ¢, 2) = " 2@y = v/2ropo. (5.5)

Denoting A = Uu>ilzn — 10, 20 + rol, since ¢3 (ug) < 400 we recover in particular
that fA w(_g,z),z(ug (-s+,2)) —mzadz < 4oo. This implies that there exists a sequence
& — +00,&; € A, such that (p(igj’éj).z(l/t;_(’, &) — ”~1§j,z — 0. By (5.5),if §; €
[zn — 70, 20 + ro] for a certain n € N we can pick a ; € [y, — ro, min{y, + ro, &; tan 6}]
such that

||“9+(', nj,§j) — q+”L2(]R) > \/2ropo. (5.6)

Note that 0 < n; < & and n; — +o0.
Since go(fgj’gj)’z(u;r(-, &) — ”~1§j,2 — 0, we have that there exists jo € N such that

go(fgj’g!),z(ug(., &) < "35,,2 + 1 for every j > jo. By Remark 4.2 we deduce that for
every J > jo we have either

lug ¢y, &) —qill2 <do or ug .y, &) —q-ll;2 <do, Yy ell, & tand].
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Pas,

Fig. 2 Thefamily{”PkJ|k:0,...,2j—1}forj:3

Since by Proposition 5.1 we know that forevery L > O we have || u; G, &)=l 2 —> 0
as j — +oo, we deduce that the first case occurs for j > jgy (taking jo bigger if necessary),
resulting that

u;‘(.7 L&) € 2\?‘%‘ forall j > jy and ‘p(féj,éj),z(“g(" &) — ”~1§j,2 — 0.

Since n; — 400 and 0 < n; < &;, we can then apply Lemma 4.5 to conclude that
||u;’(-, nj,&j) — q*llLQ(R) — 0, in contradiction with (5.6). O

Now, choosing 6; = 2%., J € N, j > 2, from the corresponding solutions ueij 2 Po; —
R given by Proposition 5.1, we can construct an entire solution v; : R? - R to
(1.5) just recursively reflecting ”0 with respect to the faces of Pp;. In this way we

will obtain solutions which depends in a non trivial way on (y,z) € R? as stated in
Theorem 1.1.
Fixed j € N, j > 2, consider the rotation matrix
1 0 0

. — 1[0 cosZ  sinZ
A= Ty ok
0 —sinZ cosZ
J J

Setting Py j = A P ,foreveryk =0,...,2j — 1, we have R? = Uii?)]Pkyj and that if
k1 # ko then int (’Pk, ]) Nint (P, ;) =9 (F1g 2).

Now considering the minimum u; given in Proposition 5.1 corresponding to 6 = 2”—/
recalling that u;(x, y,2) = u}'(x y, z)forall (x,y,z2) € PL_, since A Pk j= Pn_ , for
(x,y,2) € Pr,j,k=0,...,2j — 1, we define

uf(A7"(x, y,2)), ifkis even,

~ =uT (AT . (=DF =
vj (6 y.0) = uj(d; 0 (=D y’Z))[ u; (AT, y,2)). ifkis odd,

As one can recognize, we have that vj|p, ; is the reflection of v;|p, ;= u;“ w.r.t. the plane
which separates Py ; = lej from P; ; and, in general, for every k € {1,...,2j — 1} we
have that v; ka y is the reflection of vj|p,_; ; WLt the plane separating Pr_1,; from Py ;.
Then, since u S HZLC (7321/_), we recover that v; € H, (R3) (see e. g. [20, Lemma IX.2]).

Moreover, note thatif y € C§° (R3)andk € {1, ..., 2 j — 1} then, trivially, woA]]‘- e Cy° (R3)

lnc
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and so by Lemma 5.2, we obtain

/vU,<x,y,z> VY 3, 2) 4 aOW () (5, v, DWW (5, v, 2) dx dy d
Pr.j

o AGCIGIER 2V e

Pz
2j

+a)W ] (e, (=D y, )9 0 Af(x, (=D*y, 2)dxdydz = 0.
Hence, for any ¢ € Cgo (R3), we recover

2j-1
/ij VY +a(x)W ()Y dxdy = Z / Vo - V§ +a(x)W'(vj)¥ dxdy =0,

R3 k=0 Prj

i.e., v;j is a weak and so, by standard bootstrap arguments, a classical solution of —Av +
a(x)W’(v) = 0 on R3. Moreover, by definition and Proposition 5.1, we have that every v;
satisfies the conditions:

(i) g-(x) <vj(x,y,2) <gs(x)on R3 and so vj(x,y,z) = *lasx — Foo uniformly

w.rt. (y, z) € R?,

(i) vj(x,y,2) — 97 (x,y) = 0asz — +oo forall (x, y) € R
Moreover, denoting v; (x, p, 0) = v;(x, p cos @, p sin@), by construction and Lemma
5.3 we recover that

(iii) 9; is periodic in 6 with period 2%

g+ (x) if k is odd

q—(x) if kis even
Finally, since uf(O, 0,z) =0, every vj|y=o has 2j nodal lines being that

V) 00, peos(F + %), psin(5 + 40)) = 0forp > 0,k =0,...,2j — 1.

(v) limpq000j(x, p, 5 + %(% +k)) = { uniformly for x € R.
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