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Abstract The authors prove that the logarithmic Monge—Ampere flow with uniformly
bound and convex initial data satisfies uniform decay estimates away from time ¢ = 0. Then
applying the decay estimates, we conclude that every entire classical strictly convex solution

of the equation
< du
2 _ .
det D“u = exp {n(—u + 5 ,-_El X; axi)] ,

should be a quadratic polynomial if the inferior limit of the smallest eigenvalue of the func-
tion |x|2 D%y at infinity has an uniform positive lower bound larger than 2(1 — 1/n). Using a
similar method, we can prove that every classical convex or concave solution of the equation

1 au
Zarctanki =—u-+ 5 2%87@

must be a quadratic polynomial, where A; are the eigenvalues of the Hessian D?u.

Mathematics Subject Classification (2000) Primary 53C44 - Secondary 53A10

1 Introduction

In 1915, Bernstein [17] proved his celebrated theorem that the only entire minimal graphs
in three-dimensional Euclidean space are planes. In 1954, Jorgens [14] proved that every
classical strictly convex solution of the equation
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322 R. Huang, Z. Wang

det D’u =1, x € R? (1.1)

must be a quadratic polynomial, and Bernstein’s theorem can be proved using this result.
Meanwhile, Calabi (n < 5) [4] and Pogorelov (n > 2) [18] extended Jorgens’ theorem to
R". Later Jost and Xin had an alternative proof for this result [15]. In 2003, Cafarelli and Li
[2] gave an extension to the theorem of Jorgens, Calabi and Pogorelov. In that paper, they
presented another proof of the theorem of Jorgens, Calabi and Pogorelov and did research on
the asymptotic behavior of convex solutions. They also used their results to reprove the Bern-
stein theorems. Recently, Li and Xu [16] showed that every smooth strictly convex solution
on R" of the Monge—Ampere type equation

n
au
2. _ o n
detDu_exp[ Eld,a)q do], x € R (1.2)

must be a quadratic polynomial where dy, d1, .. ., d, are constants.
From [11], we know that the gradient graph (x, Vu) determines a volume minimizing
surface in C" if and only if u satisfies the special Lagrangian equation

n
Z arctan A; = ©.

i=1

Here, ; are the eigenvalues of the Hessian D?u and @ is a constant. It belongs to an impor-
tant class of fully nonlinear elliptic equations which has been studied by various authors
(cf. Bao et al. [1] and Yuan [21]). A Bernstein type theorem has been proved in [21]. It tells
us, that if u is a smooth convex function and satisfies the special Lagrangian equation in R”
then u must be a quadratic polynomial.

Lagrangian self-similar solution being part of a minimal cone was investigated in [10] with
additional conditions on Maslov class and the Lagrangian angle. In this paper we mainly do
research on a Bernstein type problem for self-shrinking equations of the Lagrangian mean
curvature flow in Euclidean and pseudo-Euclidean space.

Consider the logarithmic Monge—Ampere flow (cf. [20])

u 1 2 "
— — —IndetD“u =0, >0, xeR"
at n (1.3)
u = up(x), t=0, xeR"

By Proposition 2.1 in [12], there exists a family of diffeomorphisms
r:R" — R",
such that the maps
F(x, 1) = (ri(x), Du(ri(x), 1)) C B},
Fo(x) = (x, Duo(x)),
satisfy the mean curvature flow in pseudo-Euclidean space:
dF  —
ar
F(x,0) = Fo(x),

’

(1.4)

where H is the mean curvature vector of the submanifold defined by F.
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On the entire self-shrinking solutions 323

Definition 1.1 Assume that function ug(x) € CZ(R"). We call ug(x) satisfying Condition
A, if
Al > D*ug(x) > I,  x € R".

Here A, A are two positive constants and / is the identity matrix.

For the logarithmic Monge—Ampere flow, the first author has obtained the long time
existence and the global estimates of derivatives of solutions (cf. [12, Theorem 1.2]).

Proposition 1.2 Let ug : R" — R be a C? function which satisfies Condition A. Then there
exists a unique strictly convex solution of (1.3) such that

u(x, 1) € CO(R" x (0, +00)) N C(R" x [0, +00)) (1.5)

where u(-, t) satisfies Condition A. More generally, for | € {3,4,5...} and gy > O, there
holds

sup [D'u(x,0)]* < C,  Vr € (g0, +00), (1.6)
xeR?
1
where C depends only onn, », A, —.
2
In fact, in this paper we will prove the following stronger result:

Theorem 1.3 Assume that u(x, t) is a strictly convex solution of (1.3), and u(-, t) satisfies

Condition A. Then there exists a positive constant C depending only on n, A, A, —, such
&0
that
C
sup |D3u(x,0))> < =, Vi > ep. (1.7)
XGR" [

More generally, foralll € {3,4,5 ...} there holds

c
sup |D'u(x, 0> < 7. V¥t = &. (1.8)
xeR"? t

Remark 1.4 For the special Lagrangian evolution equation (1.13), there are similar results
in the paper [5].

Next we consider the following Monge—Ampere type equation

Il 8
det D%u :exp[n(—u—kZina)j)] . (1.9)
i=1 !

According to definitions in [7], we can show that an entire solution to (1.9) is a self-shrinking
solution to Lagrangian mean curvature flow in pseudo-Euclidean space. As an application of
Proposition 1.2 and Theorem 1.3, we can prove that

Theorem 1.5 Assume that u : R" — R is a C? strictly convex solution of (1.9) which
satisfies

2 — 1
fiminf |x2u() > 2D (1.10)
X—00 n
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324 R. Huang, Z. Wang

where w(x) is the smallest eigenvalue of D*u. Then u must be a quadratic polynomial.
Furthermore, there exists a symmetric real matrix A such that
1
u=u(0)—|—§ <x,Ax>, (1.11)

where det A = e,

Remark 1.6 In dimension 1, assume that u is a smooth solution of (1.9) with #’(0) = 0, then
1
u =u(0) + 567””(0))62.
This follows from the existence and the uniqueness results of ordinary differential equations.
By Theorem 1.5 and by (1.11) we know that condition (1.10) implies
Vu(0) = 0. (1.12)

Then, a natural question is presented. If we weaken condition (1.10) to (1.12), does the same
result in Theorem 1.5 still hold?
In [19], the special Lagrangian evolution equation can be written as

9 1 det(I + /—1D?
l_ n e(+ u):()7 t>0, XeRn,
at /=1 Jdet(I + (D2u)?) (1.13)

u = ugp(x), t=0, xeR".

It is well-known that there exists a family of diffeomorphisms
r: R" — R,
such that
F(x,1) = (r;(x), Du(r(x), 1)) C R*",
Fo(x) = (x, Duo(x)),
satisfies the mean curvature flow in Euclidean space:
dF ?I)

==
F(x,0) = Fo(x),

)

(1.14)

where H is the mean curvature vector of the submanifold defined by F.

Consider the entire self-shrinking solutions to Lagrangian mean curvature flow in Euclid-
ean space. When the Hessian of the potential function u has eigenvalues strictly uniformly
between -1 and 1, Chau et al. [6] showed that all self-shrinking solutions must be quadratic
polynomials. The next two theorems generalize their results.

Theorem 1.7 Let u be a C? self-shrinking solution to Lagrangian mean curvature flow in
Euclidean space:

e I~ du
;arctanki :—u+§§x,~8—m, (1.15)
where A; (i = 1,2, ..., n) are the eigenvalues of Hessian D*u. Suppose that
—1<x <1, (1.16)

then u must be a quadratic polynomial.
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On the entire self-shrinking solutions 325

Theorem 1.8 Let u be a C% convex or concave solution to (1.15). Then u must be a quadratic
polynomial.

Here we use some techniques in [21] and some ideas developed in the proof of Lemma
3.2. We only use the elliptic equation (1.15), but do not need the parabolic equation (1.13).

This paper is organized as follows. In Sect. 2, we obtain the differential inequality (2.1),
which plays an important role in the third-order decay estimates (see Lemma 2.2). Then we
complete the proof of Theorem 1.3 by the blow-up argument. In Sect. 3, we give the proof of
Theorem 1.5 by the second-order derivative estimates for the equations of Monge—Ampere
type (1.9). In Sect. 4, we prove Theorems 1.7 and 1.8.

2 The decay estimates of the logarithmic Monge—Ampére flow

Throughout the following Einstein’s convention of summation over repeated indices will be
adopted. Denote

ou 9%u 33u

. .
Ui = —, UWjj = —F—, Ujjk ...yand [uY] = [u;]17.
' Y Bx,-ij Y Y

- dx;0xjoxi’

We introduce the comparison principle for solutions of Cauchy problems which belongs to
Giga et al. [8] (cf. a special version of Theorem 4.1 in [8]).

Lemma 2.1 Suppose that the functions o, 0™ € CEL(R" x (0, +00)) N C(R" x [0, +00))
and u satisfies Condition A. If there exists a positive constant C, such that

0. <C, o"<C,

and oy , o™ satisfy

1 ij 1 2 n
8,0*—7ufo*,~j+—20*50, Vi >0, xeR"
n 2n

1 .. 1
0% — ,ur./alf; + 2720*2 >0, Vt>0, xeR"
n n

o <0 t=0, VxeR"
Then there holds
ox <0 Vt>0, xeR"

We are now in a position to describe Calabi’s computation. It is used by Pogorelov [18]
and Caffarelli et al. [3], to estimate the third derivatives of Monge—Ampere equation. Here
we use his methods to carry out the third derivatives of Monge—Ampere equation of parabolic

type.
Let

o= uklupqu”uk,,rulqs.

Then the expression measures the square of the third derivatives in terms of the Riemannian
metric ds? = u;;dx'dx!. We establish the following lemma which is a parabolic version of
[3, Lemma 3.1].
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326 R. Huang, Z. Wang

Lemma 2.2 Let u be a solution of (1.3). If u(-, t) satisfies (1.5) and Condition A. Then o
satisfies a parabolic inequality:

L i [ n
8[0—714/(7,-,-—1——20 <0, Vi>0, xeR" 2.1)
n ’ 2n
Proof Note that
auah — _Macaucdudh7
0;0 = 2uk1u1’qu”8,ukp,ulqs - 3uk“Bluabublu”qu”ukprulqs.

By Eq. (1.3), we have

1.
i
g = —uugj,
n
3 1 ic. jd
tUgh = —U Ugpjj — —U U UgjjUpcd,
n n
5 1 ia_ jb
tUkpr = ;M Ukprij — ;u U UrapUkpij

1. 1.

ic, jd ic, jd
——u'uupeauprij — —u'w! g prea
n n
b

_i_luiauc

4 1
d ic, ja, db
n Urapit! UkijUped + ;M u’u UrabUkijU pcd -

Then
ndo = 2" uP " uwgsugpriy — 6uM P u w P ugggupapig i
+4uklupqu”umquujdulqumkaijupcd
—3uk“ublupqu”uijukpruqu”abij + 3”ka“bl”pq”rs“icujd”kpr“lqsuaij”bcd'
(2.2)
By the computation in [3], we have
u'lo;j = 2uk1upqu”uijulqsukprij + 2“k1”pq“rs”ij”kpri“lcﬂj
— 12uk“ublupqu”uijuabiulqsukprj
+6u U P u U i gy g st apiticd
—3ukaublupqMrsuijukprulqsuabij
+3Mkcuadublupqursuijukprulqsuabiucdj
+3uk“ubcudlu1’qursuijukp,ulqsuabiucdj. (2.3)

At any point x, we may assume that u;; is diagonal after a suitable rotation. So the simplified
versions of (2.2), (2.3) are

no;o = 2ukkuppu”u”ukp,ukpr,-,- - 6ukkum’urru”u”ukprur,-_,'ukpij

" e
FA4u " uPPu" " u w gty jU pej

—3ukkubbup1’u”uiiukpruhprukbii + 3ukkubbuppu”uiiujjukprubprukijuhij,

uijcrij = Zukkuppu”u“ukprukprii + 2ukkuppu’ruiiukpr,~ukp,,~
—12ukkubbu”pur"uiiukbiubprukp”' + 6ukkubbuppuddu"uiiukprubdrukbiupd,'
—3ukkubbuppu”uiiukprubprukbii + 3ukkua”ubbuppu”uiiukp,ubp,uabiuka,-

+3ukkubbudduppurru”ukp,udprukbiubd,'.
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On the entire self-shrinking solutions 327

Let
kk 1 [
A =u"uPPu" " uu ugpruggruki U pgis
B = ukkuppu”u”uqqu”ukprull,rukq,'uzq,-.
Then, we get
no,o = 2ukkuppurruiiu 6 kk_ pp,rr ii jj . .
10 = kprUkprii U u"u U U UgprUrijUkpij
—3ukkubbuppu”uiiukprubprukbii +4A + 3B,
u""'aij = 2ukku””u”u”ukprukprii + 2ukku””u”u""ukp,iukpr,-
—lZukkuhbuWu”uiiukbiubp,ukp,i
—3ukkubbu"”u”u”ukp,ubp,ukb”
+6A + 3B + 3B.
It is easy to verify that
ukkubbu”pu"u”ukbiuhprukp”' = ukku”’u”u”u”ukp,urijukpij.
So we obtain
g — nio = 2 U e — 6N PP N
uojj —ndio = 20" uPPu u ugprivgpri — U uPPu ut w wpprurijugpi
3B +24. (2.4)
Thus

kk ii kk i jj
2uuPPu" u ugprivgpri — 6u uPP U ut u wgp i juipi;
1 2
-2 kk  pp. rrii X o/ i . .
=auouttu U |\ Ukpri — 2“ (”kltup[r + Uplittkir + urltukpl)

1 ..
kk 1l 2
——u " uPPu " | u (Ui prr U pritker + weiipr) |

2
kk 1
= 2u™uPPu" u" |:ukpri - 5“ (“kliuplr + Upritiir urliukpl)

3.6
—ZB—-A
27 2
3
>—--B-3A

1
By B > Aand B > —o? (cf. [3]), (2.4) tells us that
n

uljaij _natU > EBJFB —A

> Lo,
~ 2n
[m}
Corollary 2.3 Assume ug(x) be a smooth function satisfying Condition A and
sup |D3u0| < 400. 2.5)

xeR"?
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328 R. Huang, Z. Wang

Set oy = 0 |;—0. Then

SUpP, . cgrr 00
sup o < - xeR
xeR" 1+ 55 sup,cgn 00t

, Vt>0, (2.6)

C sup, cgn | D3ug|?

32
sup |D u|” <
YR 1+ sup, cgn | D3ugl?t’

vt > 0, 2.7)

where C is positive constant depending only on n, A, A.

Proof By Schauder estimates, as in the proof of Proposition 1.2 (cf. [12]), we have

sup o < C.
xeR"

Here, C is a positive constant depending only on n, A, A and sup cg» |D3ug|. Set oy = o
and
. SUPy crr 00

= . )
1+ 55 sup,cpn 00t

(e

In this case, one can verify that

d * 1 *2
hall _ =0,
ai’ + m2°
with
0*|i=0 = sup op.
xeR"?
Then by Lemma 2.1 we obtain (2.6) and (2.7). ]

By now we have proved (1.7) with an additional condition (2.5). Using Krylov—Safonov
theory and interior Schauder estimates of parabolic equations, we need not that u¢ satisfies
(2.5) for our theorem.

Proof of Theorem 1.3 By Proposition 1.2, we have
sup [D3uli—e, < C, (2.8)

xeR"

1

where C is a positive constant depending only on n, A, A and —. Using Corollary 2.3, it
€0

follows from (2.8) that we obtain (1.7).

We will derive high order estimates (1.8) via the blow up argument. To do so, by Chau
et al. [5], we employ a parabolic scaling now. The remaining proof is routine. Define

y=upx—xp), s=pt—10),
up(y,s) = pPux, 1) — u(xo, o) — Du(xo, t0) - (x — x0)].

It is easy to see that
and
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On the entire self-shrinking solutions 329

for all nonnegative integers /. By computing, u,(y, s) satisfies

0 1
D _ flndetDzuM =0, s>0, yeR"
as n
u/L:u/L(y»sNt:tov s =0, yEan
with
1, (0,0) = Du,(0,0) = 0. 2.9

Without loss of generality, we prove (1.8) for [ = 4 only since the statement follows in a
similar way for all / by induction on /.
Note that

sup |D4u| < 400, > ¢g.
xeR"

Suppose that |D4u|2t2 were not bounded on R” x [gg, +00). By [13, Lemma 3.5], there
would be a sequence #; — +00, such that

20 = sup |D*u(x, n)* 1} — 400 (2.10)
xeR"
and
sup  [D*u(x,0)*t® < 2. 2.11)
xeR™ <t

Then there exists x; such that

|D*uxr, )22 > pp — 400 as 1 — 4oo. (2.12)
1
Let (v, Dy, (v, )) be a parabolic scaling of (x, Du(x, 1)) by j1x = (%‘) ¥ at (g, 1) for
I
each k. Thus u, (v, s) is a solution of a fully nonlinear parabolic equation

a 1
% — —lIndet D%u,, =0, —pin <s<0, yeR" (2.13)
N n

Combining (2.10), (2.11) with (2.12), there holds

|Djuy,| = |Djul <nA,  (y.s) €R" x (—uit, 0 (2.14)
Vy € R", |D;u#k|2 = /L,(_2|D;u|2
<u'c
= pk_%C -0
and
Vy eR", |Djuy, |* =t Djul* < 2; (2.15)

| D1, (0,0)] > 1.

1
Using (2.13), by Schauder estimates, there exists a constant C depending only onn, A, A, —,

&0
such that for [ > 4, we derive

V(y,s) € R" x (—=pit, 01, [Dluy, | < C. (2.16)
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330 R. Huang, Z. Wang

Combining (2.9), (2.14)—(2.16) together, a diagonal sequence argument shows that u,,
converges subsequently and uniformly on compact subsets in R” x (—o0, 0] to a smooth
function us, with

V(y,s) € R" x (—00,0], [DJuce| =0
and
| Dyuso(0,0)] = 1.

It is a contradiction. O

3 Self-shrinking solutions to Lagrangian mean curvature flow
in pseudo-Euclidean space

We now describe the relationship between Monge—Ampere type equations (1.9) and the
logarithmic Monge—Ampere flow.
A solution F (-, t) of (1.4) is called self-shrinking if it has the form

M; = /—tM_; forall t <0, 3.1

where M; = F(-,t).
Assume that F'(x, t) is a self-shrinking solution of (1.4). Following [12, Proposition 2.1],
u(x, t) satisfies

ou 1

— — —IndetD*u=0, t <0, xeR" (3.2)
at n
Hence,
1)) =0
D (u(x,t) + tu (\/—_7, — )) =0,
ie.,
X
u(x,t) = —tu (\/7—7’ —1) , t<0. 3.3)

Thus combining (3.2), (3.3) and letting + = —1, we can verify that u(x, —1) satisfies (1.9).
Conversely, if u(x) solves (1.9) , then using (3.3), we can obtain a solution F(x, t) to (1.4)
which is shrinking. Suppose that u(x) solves (1.9). Define

X
u(x,t) = —tu (\/—_7) .

One can easily check the family M; = {(x, Du(x, t))|x € R"} satisfying (3.1) and we also
have

ou _ X 1 X _ 1 Ind 2
E(X,t) = —Uu (\/7_7) +§ < Vu,ﬁ >= ; ndet D7u.
In other words, u(x, t) solves the logarithmic gradient flow. By the above discussion, there
exists a family r;, such that F(x,t) = (r(x), Du(r;(x),t)) is a self-shrinking solution
of (1.4).

Based on Theorem 1.3 according to the parabolic equation (1.3), we will prove the fol-
lowing lemma by the same methods in [6].
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Lemma 3.1 Letu : R" — R be a smooth solution of (1.9) which satisfies condition A. Then
u must be a quadratic polynomial.

Proof If u is a smooth solution to (1.9), then

X
vix,t) = —0tHu ( )
V1=t
is a solution to (1.3) for ¢ € (0, 1) with initial data u(x). Hence applying Proposition 1.2 to
v(x, t) we show that this solution is unique. By Theorem 1.3, there is some constant C, such
that |[D3v(x, 1)| < C fort > ¢o and any x € R”. But one checks directly that

1 X
D3v(x.t) = D3 ( )
vie ) ==l =

This implies
V11—t
1D3u(x)] = |D3u| D ) = VT— 1D/ T— 1.0 < CV/T—1
VAR
for any x. It follows that D3u(x) = 0 by letting t — 1. Then u must be a quadratic polyno-
mial. Lemma 3.1 is established. O

In fact, using the interior estimated skills (cf. [9]), we can get the upper bound for the second
derivatives of solutions of (1.9) under the condition (1.10).

Lemma 3.2 Letu : R" — R be a smooth strictly convex solution to (1.9) and suppose p(x)
satisfies (1.10). Then there exists a positive constant Ry depending only on ju(x), such that

D*u(x) < CI, x€eR", (3.4)
where C is a positive constant depending only on p(x) and ”””CZ(BROH)' Bg, is a ball

centered at 0 with radius Rg in R".

Proof Denote

ou 9%u 93u
Ui = _——, Ujj Uijk
axi ’ J J

- ax,»ax,-’ - ax,-ax,»axk""

and

(W] = [uij]™". L=u"

Let y denotes a vector field. Set

We will prove that

sup  uy, <C.

xeR?, yES”*l
. 2(n—1)
By (1.10), there is some constant A > ——— and some constant Ry, such that
n
2
lx|“p(x) = A,
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for |x| > Ro + 1. One can define a family of smooth function by
1, 0 <1 < Ro,
k@) =7 ¢ Ro<t=<Ro+1,
—k[t? = (Ro+ D1 +3, t=Ro+1,

3
where 0 < k < 1, and (¢, ¢(¢)) is a smooth curve connecting two points (R, 1), (Ryp+ 1, Z)

3
satisfying 1 <¢p <1

We view u,,,, as a function on R" x s" L Ttis easy to see that f;(|x|)u,, always attains
its maximum at

(p. &) € {(x.y) e R" x S" | fr(x]) > 0}.
By (1.10), we have u,, > 0. Let
M) = fi(lx]). w = me()uge.
Then at p,
0> Lw = u'l (euge)ij = u'’ (mo)ijuse + 2u ()i (uee) j + meu™ (uge)ij. (3.5
We assume that
p € {x e R"||x| > Ry + 1}.

Then at p, the derivative ugg will be the maximum eigenvalue of the Hessian D?u. By arota-
tion, we can assume that D%u is diagonal with £ as the x; direction. In this case, ugg = u;.
Then at p, there holds

(pu1); =0, j=12,...,n

Hence
(k) j (i) .
i) =—-un—=>, ()j=-m—>=, j=12,....n (3.6)
Nk u
Clearly, by (3.6),
(Mk)iun1i
2 ()i ) j = u o +ut o +2> ) ————
izl Ujj
11 M1 (M1 Ui iy
1 g 2% gl 3)
Nk Z Ujjull

Let < -, - > be the inner product in R”. Differentiating Eq. (1.9), we have

1 ij 1 1
;u Uijl ——§u1+§<x,Du1>,
; 5 3.8)
1 .. 1 Uii1 1
—uup; = — ——+ - <x, Duj>.
n | Uil jj

iJj
Substituting (3.7), (3.8) into (3.5) and using
)i = —2kx;,  (i)ij = —2kéij,
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we have, at p,

1(k) 1 u? 1 u?..
0>—72k2u” R L
Nk noouy n — ujjuil
i#l1
2
1 n u-.
+*77kz il +@<X,DM11>-
n zjzluiiujj
Note that
n M'Z'l
ij 111 111
Nk =1 +2r]
i]Z::l Ujijj Z ullull

Combining the above two inequalities, at p, we get

1. < 1 ()7
0>—=2k > u 14 = D
= ‘ u ull nom 2 <Xx,Duir>.
In view of (3.6),

u
% <x,Duy>= —% <x, Dni>.

Then at p,

()3
Nk

n
> —ZkZu”uu —n— <x, Dni>.
i=1

A
Using u;; > W for i > 2, we deduce from the above that
X

4k2x? 2k(n — 1
o g = 207Dy kP,
Nk A
i.e., at p,
4kx1 + 20

= Nkl1]-
nlx|? — 20l |52

Thus if p € {x € R"||x| > Ro + 1}, then there holds

4kax? + 2hn 6
max

Nklyy = =
xeRnyesi-l Y ()\ _ @) n|x|2 ()L _ @) n

And if p € {x € R"||x| < Ry + 1}, then

e L 4 = lulle2agy i

From (3.9) and (3.10), we obtain
6)

max Uyy < ———————+ lullc2(5, .-
xeRn,yesn-1 Mkttyy = ()\ B 2(n—1)) " Fllullc2(zgy)
n

(3.9)

(3.10)

3.11)
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For any fixedx € R" and y € S"L let k converges to 0, then

%”” = o.— 2oy, llullcz iy, )-
So we obtain
yy = ——ar 4 Fulleagg
G — HT))H 3 (Bry+1)
and Lemma 3.2 is established. O

Proof of Theorem 1.5 Introduce the Legendre transformation of u,

ou . ! ou
Yi = P i=12....n, u”(y1,....yn) -=§xi87i—”(x)~
Interms of yq, ..., yu, u*(¥1, ..., yn), one can easily check that
92u* 2u 77
3yi8yj - |:8xi8xj] ’
Thus, in view of (3.4),
1
Du* > —1.
C

And the PDE (1.9) can be rewritten as

det D>u* = exp {n —u*—l—li:yiy .
23

Using Lemma 3.2, we have

Du* < ClI.
So
1 2
—I1 <D“u<Cl.
C
An application of Lemma 3.1 yields the desired result. O

4 Self-shrinking solutions to Lagrangian mean curvature flow in Euclidean space
In this section, first we present the proof of Theorems 1.7. Then, by the Lewy rotation, we
obtain Theorem 1.8.

Proof of Theorem 1.7 For x € R", let

oo x| < Ry
TEZ k(P = RD +1 x| Z Ry

Here Ry and k& < 1 be two positive constants which we will determine later. Similar to [21],
we denote

n
gij = 6ij + zuikukj-
k=1
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By (1.16), we have
~I <D<l
We set
d(x) = e ndete

where « is a positive constant which will be determined later. Assume that at the point p, ¢
attains its maximum value. Obviously, at p, nx(p) > 0. If

p € {X e R"[|X]| > Ro},

then
()ij = —2k8ij, ()i = —2kx;. 4.1)
At p, we get
Dny + nraDlIndet g = 0, 4.2)
and

0> g'¢;
i .. ,alndetg ij (polndetgy | ij alndetgy
=8 (nk)zje +2g" (ni)i(e )j + g7 ni(e )1]

= At [0l ()5 + 287 ()i (e Indet g) j + Mg (a Indet g);

+nkg” (e Indet g); (o Indet g) ;1.

We pick a coordinate system satisfying u;; = u;;8;; at p. Then, inserting (4.1) and (4.2) to
the above inequality, at p, we get

1 .. ..
0> -2k — + g (@Indet g);j — mg" (@ Indet g);(wlndet g);.  (4.3)
i il

Differentiating (1.15) twice, we have

Ky = —ﬁ—l—l <x, Du;>
8 Ulki 2 ) > i~

n
1
g[kulkij = glmgnkulki Z(umsj”sn + umsuxnj) + 5 <X, Duij>-
s=1
Similar to Lemma 2.1 in [21], we arrive at, at p,
gij (In det g),'j
= 87(g")i (gan)j + 87 8" (gan)ij

n n
ii yaa ,bb, 2 2 ij yab
= Z —8" 8" " ugp; (uaa + upp)” + Z 8" 8" uabij(taq + upp)
i,a,b=1 a,b=1

n

aa ii 2

+ z 28" g" uyy,
i,k,a=1
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n

n
=2 Z gaagbbgccuibc(l + Ugqitpp) + Z gaauaa <x, Duga>

a.b,c=1 a,b,c=1
n 1
=2 Z 88" g u2, (1 + ugqupp) + 7 <% DlIndet g> . 4.4)
a,b,c=1

Inserting the above equality into (4.3) and combining (4.1) with (4.2), we obtain

1 n
0> —2kn + nkai <x, DIndet g> +2n,x Z g“”gbbg“uzbc(l + Ugqttpp)

a,b,c=1
n n 2
2 .
—4nra Z g” Z gaauaauaai
i=1 a=1

1 . .
> —3 <x, D> —2kn + 2nia Z g““gbbg“uﬁbc(l + Ugalpp)
a,b,c=1

n
2 2 bb aa  aa 2 2
—4n 7452 Zg 8 8 Uzalaab

a,b=1

n
> k(|x|? — 2n) + 2mra(l — 2n’a) Z g g gy u?,, .
a,b=1

If we take

Ro > ~/2n, and o < 4.5)

1
2n?’
we have a contradiction.

Assume the function Indet g is not constant in R”. Then there is a ball Bg, centered at

0 with radius Ry satisfying (4.5), such that the function Indet g is not a constant in Bg,.

Suppose that In det g attains its maximum value in Bg,,. Applying strong maximum principle

to (4.4), we obtain Indet g is a constant. This is a contradiction. Hence In det g attains its

maximum value only on the boundary d Bg,. Similarly, in B In det g also attains its
y ry Ry Y, / R(z) 1 8

maximum value only on the boundary 0 B - We assume that the points p; and p; be

R2+

0

maximum value points with respect to 0 Bg, and 0 B , namely,
p p Ro JR3+1 4

max Indet g = Indet g(py),
BR()

__max Indetg =Indetg(p2).
B(R3+1>1/2

Then

Indet g(p1) < Indet g(p2).

But the equality can not hold. In fact, if the equality holds, then the function In det g achieves
its maximum value in the interior of the domain B ——. This is a contradiction. So we can
JRE+1

choose k sufficiently small such that

¢ (P1) = (det g)*(p1) < (1 —k)(det g)*(p2) = p(p2).
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This means that, for fixed u, we can choose suitable £ such that the maximum value of ¢
only occurs in the set

{X € R"[|X| > Ro).

But we have proved that it is impossible. Thus the discussion implies the function In det g is
a constant. So by (4.4), we have

8" 8% ulp. (1 + tgatpy) = 0.
Now we can use the same argument of Proposition 2.1 in [21]. We obtain
Upe (1 + taattpy) = gy (1 + uppttce) = uZy (1 + Uceltaa).
Observe that one of uyqupp, uppttce and u .4, must be nonnegative, we get, at every point,
ugpe = 0.
Consequently, u is a quadric polynomial. O

Proposition 4.1 Assume that u be a smooth solution to (1.15) and D?u satisfies

D%u > 0. (4.6)
Set Lewy rotation [21],
_ x4+ Du(x)
X=—2<
V2 . 4.7
_ x + Du(x)
Du(x) =
V2

Then @i is a smooth solution to (1.15) and D% satisfies (1.16).
Proof Suppose that

1
F = arctan(A;) + - - - + arctan(A,), G = —u + 3 <x, Du>,

( ) oF oF oF
x=@1..0x), —={—,....—).
! " 0x 0X1 0xp,
Then
oF 0F 0
o _9r o (4.8)
dx dx 0x
By (4.7), we get
x — Du(x)
TTA
_ S 4.9)
X + Du(x)
Du(x) = ———=
V2
So
9 I — D% (%
x _I=Dux) (4.10)

i 2
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By (1.15) and (4.9), we have

oF G 1 I 5
— =—=—=Du+ —-xD“u
0x 0x 2 2
X+ Du(x) 1 _ _ 2, 0X
=—— "+ -(k-D I+D — 4.11
W + 4(x u(x))(I + Du(x)) ™ 4.11)
Using (4.8), (4.10), (4.11) and
0xX 0x .
ax 9x
we obtain
oF 1 _ _ 2o 1 _ o 2o -
P = —Z(x + Du(x))(I — D u(x)) + Z(x — Du(x))(I + D“u(x))
1 1
= —5Di+ E)EDZEL (4.12)

From (4.7), we see that
D%*i = (I + D*u)" " (I + D%u). (4.13)
Hence,
arctan(A) + - - - + arctan(A,) = % + (arctan(A;) + - - - + arctan(r,,)).  (4.14)
Set
_ _ _ _ D
F = arctan(Ay) + - - - + arctan(A,), G = —u + 5 <X, Du>.

Combining (4.12) with (4.14), we obtain

dF 1 _ 1_,_ 3G
—=—=Du+ -xDu=—.
ox 2 2 0x
By (4.13),
—1 <D<
This completes the proof of Proposition 4.1. O

Proof of Theorem 1.8 Case 1. Assume that u be a smooth convex solution to (1.15). By Lewy
rotation (4.7) in Proposition 4.1, & is a smooth solution to (1.15) and D2ii satisfies (1.16).
Using Theorem 1.7, D%ii must be a constant matrix. From (4.13), we deduce that u is a
quadric polynomial.

Case 2. Assume that u is a smooth concave solution to (1.15). Set u* = —u, then u™ must
be a quadric polynomial by case 1.
So we have the desired results. O
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