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Abstract We propose a new approximation for the relaxed energy E of the Dirichlet energy
and prove that the minimizers of the approximating functionals converge to a minimizer u
of the relaxed energy, and that u is partially regular without using the concept of Cartesian
currents. We also use the same approximation method to study the variational problem of the
relaxed energy for the Faddeev model and prove the existence of minimizers for the relaxed
energy Er in the class of maps with Hopf degree +1.
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1 Introduction

Let © C R3 be an open bounded domain with smooth boundary 8€2. For each p > 0, set
whr (%) ={ue W' (% RY) : jul =1ae. onQ.}

Foramapu € WL2(Q; §2), we consider

E(u, ) :/|W|2dx. (1.1)
Q
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46 M. Giaquinta et al.

Amap u € WH2(; §?) is said to be a harmonic map if u satisfies
Au + |Vu|2u =0

in the weak sense.
In [14], Hardt-Lin discovered a gap phenomenon for the Dirichlet energys; i.e., there is a
given smooth boundary value y : 9Q — S2 with deg y = 0 such that

min /|Vu|2dx < inf /qu|2dx.
MEW}}’Z(Q,SZ)Q vewyl’zmc<><>(sz,s2)Q

It is a very interesting problem whether the above right-hand term

inf /|Vu|2dx
veWINC®(Q,52)
Q

can be attained by a map u € W)}’z N C®(£, §?) or not. For u € W2(Q; §2) we consider
the vector field D(u) given by

D) := (U - Uy X Uy, U~ Uyy X Uy, U Uy X Uy,).
Given ug € C)SO(Q; 52) foramapu € W)}’Z(S_Z; $2), we set

L(u) := L(u, up) = b sup /[D(u) — D(up)] - VE dx.
4r EQOR|VE 01

The relaxed energy functional for the Dirichlet energy E (u) is then defined by

F(u) = / IVul? dx + 87 L(u).
Q

Bethuel-Brezis—Coron in [4] proved that F is sequentially lower semi-continuous and satis-
fies

inf /|Vu|2dx: min  F(u). (1.2)

uewy”mcvo(s'z,sZ)Q ueW,A(,82)

Moreover, each minimizer of F in W}}*Z(Q; 52) is also a weak harmonic map.

There is an interesting problem whether a minimizer of the relaxed energy F in (1.2)
is regular. Giaquinta et al. in [10] proved that a minimizer u of the relaxed energy F in
W)}'Q(Q; $2) is smooth in a set Qo C € and H! (2\R2p) < oo, where H! is the Hausdorff
measure. Bethuel and Brezis in [3] proved that minimizers for a modified relax energy
F,(u) = fQ [Vu|>dx + A87L(u) with0 < A < lin WJ}’Z(Q; 52) have at most isolated
singularities.

In the first part of this paper, we propose a new approximation for the relaxed energy F of
the Dirichlet energy. More precisely, for a parameter ¢, we consider the family of functionals

E.(u; Q) = / (IVul* + &2 Vu|*) dx (1.3)
Q
for maps u € W4, Of course, there is a minimizer ug of E; in W)}'4(Q; SZ); ie.,
Ee(ue; Q) < Ec(v; Q); Vv e Wp* (@ 57)

and it can be proved that each u, is smooth. We shall prove the following.
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A new approximation of relaxed energies for harmonic maps and the Faddeev model 47

Theorem 1.1 Fore > 0, let u; be a minimizer of E. in W}}A(Q; S2). As ey — 0, minimizers
ug, weakly converge (possible passing subsequence) to a minimizer u of the relaxed energy
F in W;'z(Q; S2). Moreover, u is harmonic and smooth in an open subset Qo C Q2 with

H}(2\Q0) < +o00.

During the proof of Theorem 1.1, we show that the limit map u is partial regular by a new
approach, which is different from the one in [10], and does not use the concept of Cartesian
currents.

Giaquinta et al. [10,11] viewed the relaxed energy functional in terms of Cartesian cur-
rents. Let ¥ be a smooth function defined in a neighborhood Q of Q with values in $2.
Set

cart)z/’1 (Q X Sz> ={T € cart>! (Q X S2) | (T — GV)L(Q\Q) = 0}.
It was shown in [10] that for any u € W}l’z(ﬁ, $2), there is a 1-dimensional integer recti-

fiable current L, of minimal mass among the integer rectifiable 1-dimensional currents L
with sptL, C 2 such that —dL = P(u) and

M(L,) = L(u),

where M(L,,) is the mass of the current L,,. Then

D (Tu; fz) - / \Vul? dx + 8tM(Ly) = F (u; sz)
&

Foreach L = t(L, 0, Z), we denote by e(T) the energy density of the current 7' := G, +
L x [[$?]];i.e.,

e(T) := |Vul*dx + 87OH' L.
Then, in the spirit of [11] we improve Theorem 1.1 as:

Theorem 1.2 For a parameter ¢ > 0, let u, be a minimizer of E. in W)}A(Q, $2) as in
Theorem 1.1. Then, there is a sequence ¢ — 0 such that

Gy, — Ty = Gy + Ly x [[$?]]

Ugy
weakly in carl‘)z;l (S~2 x 82) with L, = ©(L, 0, i), G, denotes the graph current of u in <,
D (uek, Q) — D (Tu, Q x S2)

and
|V, | dx — |Vul*dx + 870H' L

in the sense of Radon measures. Moreover, ug, — u strongly in W2(Qq, S?), where Qq is
the open set in Theorem 1.1.

Furthermore, Theorem 1.1 can be generalized to the case of maps between two Riemann-
ian manifolds. Let M be a Riemannian manifold with boundary d M and N another compact
Riemannian manifold without boundary. Let y be a smooth map from .M to N which can
be extended to a smooth map uo from M to N. For a map u : M — N, we consider the
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48 M. Giaquinta et al.

Dirichlet energy Eaq(u) = [ M |Vu|> d M. Then, we can define the relaxed energy for the
Dirichlet energy E a4 by

Em(u) = inf [likminf Eaq(ug) ‘ {ur} € CP(M,N), ug — u weakly in W' (M, N) ]
— 00

Under certain topological conditions on the manifold \V, Giaquinta-Mucci [12] found a rep-
resentation formula of E x4 (u). Without using the explicit formula E () or any topological
assumption on AV, we have

Theorem 1.3 For a parameter ¢ > 0, let u; be a minimizer of

Ee(u; M) = / IVul® + | Vu" T d M
M
in W)}’”'H (M, N). As g — O, minimizers ug, weakly converge (possible passing subse-
quence) to a minimizer u of the relaxed energy En in W]}’2(/\/l, N). Moreover, assuming

that N is a homogenous manifold, u is harmonic and smooth in an open subset My C M
with H!~2(M\ M) < 4oc.

loc

After we finished an early version of our paper, Fanghua Lin informed us that a result
related to Theorem 1.3 was studied by him in [17], but his proof is different from ours.

In the second part of this paper, we apply the same approximation method to the study of
the relaxed energy for the Faddeev model. The Faddeev theory has created a lot of interest in
physics as a successful effective field theory [8]. The underlying idea is very old for, in the
19th century, Lord Kelvin proposed that atoms could be described as knotted vortex tubes in
the ether. Modern physics replaces the ether by ‘fields’ of which the classical gravitational
and electromagnetic fields are the most studied. It is known from work in condensed matter
theory that field theories (such as sigma models) are useful in understanding the behaviour of
composite particles. Thus Faddeev [7] in 1979 proposed that closed, knotted vortices could
be constructed in a definite dynamical system; namely the Faddeev model. The study of the
dynamics of knots as the solution configurations of suitable Lagrangian field-theory equa-
tions has only been brought to light by Faddeev and Niemi in [9]. They employed powerful
numerical algorithms to show that a ring-shaped charge one soliton exists. In mathematics,
the Faddeev energy for a map u from R? to S? is given by

1
Ep(u):/ |vu|2+5 > 1ok x dul* | dx.

e 1<k<I<3

For any interesting configuration in physics, it is required that # converges to a constant
sufficiently fast near the infinity. Under this assumption, we may compactify R? by adding
a point representing the infinity and view u to be a map from S to $2. Hence any smooth
field configuration u can be characterized by the topological charge Q(u) given by the Hopf
degree of u from R? to S2. It is well known that the Hopf degree can be expressed analytically
as

1
Q) = @/n At (wg2),
R3

where wg is a volume form on S? and dn = u*wg. Such an 7 exists because u*wg. is
closed. Moreover, one can see that Q(u) is independent of the choice of 7. In this paper,
unless stated otherwise, we will always take
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A new approximation of relaxed energies for harmonic maps and the Faddeev model 49

1
n=2=: (—m*u*a)sz). (1.4)

Here » means convolution and § is the formal adjoint of d.
Vakulenko and Kapitanski in [23] found a lower-bound for the Faddeev energy; i.e. there
is a constant C > 0 such that

Er(u) = CQu)Y/*.

A minimizer of Er among all maps with the same Hopf degree is called a hopfion, or
a Hopf soliton. For each d € Z, Faddeev [8] suggested that there is a knotted minimizer of
Er in Hy, where Hy is the class of smooth maps u : R3 — $2 which have bounded energy
and approach a constant value sufficiently fast as required by physics at the infinity (for a
more precise definition see Sect. 3). Many contributions have been made by physicists [21].
A natural functional space for the minimization of the Faddeev energy is

X={u:R— §?| Ep(u) < +oo}.

Lin and Yang [19,20] showed that for infinitely many integers d’s, including the case d = +£1,
there is a minimizer of Er in X4, where

Xg={ueX| Q) =d}.

(See [13] for further development). However, it is still unknown whether the minimizers
obtained by Lin—Yang [19] are smooth or not. Therefore, there might occur a gap phenome-
non for the Faddeev energy similarly to one for harmonic maps; i.e.

inf Ep(u) < inf Ep(u). (1.5)

ueXqg ueHy

A similar situation occurs in the Skyrme model as pointed out by Esteban and Miiller [5].
It is a very challenging problem whether the infimum of Faddeev energy on the righthand

of (1.5) can be achieved or not. We consider the relaxed energy for u € Xy,

Er(u) = inf [likm inf Ep(ug) | {ux) C Hy, ux — u weakly ]
— 00

where ‘weakly converging’ means in the sense of bounded Faddeev energy. Foramapu € X4
without any sequence uy converging weakly to u, we take the value Er(u) to be +oo0.
However, due to the complexity of the Faddeev energy, this time we do not have an explicit
formula as, for instance, in [4,11]. By using the same approximation method as previously,
we will find a minimizer for the relaxed energy EF in some cases. More precisely, we have

Theorem 1.4 Ford = *1, there is a minimizer of the relaxed energy Er in X4. Moreover,

inf Ep(u):ulg(n Er(u). (1.6)
+1

ueH4

Our proofs are based on the ideas of Lin—Yang in [19]. We will introduce a perturbed
energy Er . with a parameter ¢. It turns out that the analysis involved in the perturbed vari-
ational problem for ¢ > 0 is much easier to understand. Modifying an idea of Ward in [24]
and Lin—Yang in [20], we show that the new minimizing problem has a solution ford = +£1.
Then, letting ¢ go to zero, we prove that the minimizers of the perturbed energy Er . in X4
will converge to a minimizer of the relax energy Ep in X..
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50 M. Giaquinta et al.

2 Relaxed energy for harmonic maps

Lemma 2.1 Let u; be a minimizer of the functional E.. Then, for all 0 < p < R with
Br(x0) C Q C R3, we have

R! / [IVuel* + & Vuel*] dx — p~! / [IVuel* + &*|Vue|*] dx

Bg(xo) B, (x0)
R
- / [1+252|Vu£|2]|3ru8|2r_1dx—/ / 262 |Vue|*(y) dyr2 dr.
BR\B, (x0) P By (x0)

Proof Without loss of generality, we assume xo = 0. Let ¢ (x) = (qﬁl (x), ¢2(x), ¢3(x)) €
CL(Q: R?) be a vector field having compact support in €2. For a function ¢, (x) = x +t¢ (x)
with x = (x!, x2, x3) and for a function u(x), set u>? (x) := u. (x + 1 (x)).

We see inu"‘p (x) = uu(x +tP)[6ik + tq)’;,.]. Since u, is a minimizer of E,, it follows

from 4 E, (u"?, Q)|;—o = 0 that

/ (IVue > + €| Vue|*) dive — 2ue iue ¢ (14267 Vue|?) dx = 0.
Q
For a given ball B, (0) C €2, we choose ¢ (x) = &(|x|)x with

1 fors <r
E)=11+5% forr<s<r+h
0 fors >r +h.

Letting 7 — 0, we obtain that for almost every r

/[|w6|2+52|w8|4] dx—r/ [IVue* + €2Vu,|*] aH?
B, 9B,
2 .
=-=z / (1 +26%|Vue|?) leax,-ugldeZ+/282|Vu8|4dx.
r
0B, B,

Multiplying by r~2 both sides of the above identity and integrating with respect to r from
p to R yields the result. O

We now complete the proof of Theorem 1.1 and Theorem 1.2.
Proof of Theorem 1.1. Let u, be a minimizer of the functional E; in W)}A(Q; $?) and u the

weak limit of the sequence in W2, Since F is lower semi-continuous, we have

F(u; Q) < 1imi%f/|w5k|2dx < 1imi%f/|w5k|2+e,§|w8k|4dx 2.1)
Ep—> Ep—>
Q Q

< inf 1iminf/|w|2+s,§|w|4dx =  inf /|Vv|2dx. (2.2)
veCP(Q;82) &—0 veC(2;52)
Q

Using (1.2), we note

inf /le|2dx: min  F(v).
veCR(Q:52) veWh(Q;52)
Q
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A new approximation of relaxed energies for harmonic maps and the Faddeev model 51

Then it follows from (2.1) and (2.2) that u is a minimizer of the relaxed energy F in
WL2(Q; S%). Moreover, we have

lim / |V, [*dx = 0. (2.3)
ex—0
Q
We define

1
> = ﬂ x0 € Q: Br(xo) C Q, liminf — / |Vug|? dx > eo
g—0 R
R=0 B (x0)

for a sufficiently small constant g to be fixed later.
As in [22], we can show that X is relatively closed inside 2. In fact, let x; be a sequence
in ¥ and x; goes to x € 2. To see that x € X, we need to show for all R > 0,

1
lim inf — / IVuglzdx > &9.
e—0 R
Br(x)
Letr < R (but very close). Since x; € X,
o] 2
lim inf — |Vue|“dx > gg.
e—>0 r
Br(xj)

Choose some large j so that B, (x;) C Bg(x), then

1 2 R 1 2
- [Vug|“dx < —— [Vug|“dx.
r r R

By (xj) Bg(x)

Hence,

R 1
—liminfE / [Vue|>dx > .

r &—0
Bpr(x)
Since r can be chosen very close to R,

Jim inf |Vue|* dx > eo.
a—0 R
Br(x)
This is true for all R > 0. Therefore, x € X and X is closed. The same argument of Schoen
[22] yields H[ (%) < +oo.
A consequence is that for each xo ¢ X, there are a sequence x — 0 and a ball Bg,(x9) C
Q\ X such that

lim R;" / Ve, |* dx < eo.

er—0
BRy (x0)

Now, we prove that u is smooth around such points xo. In fact, for each y € Bg,/2(x0),

trivially

L2 2 . 1 2
tim 2 [ (Vs < tim 2o [ 9 ax <20,

er—0

BRry2(y) Bpy (x0)
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52 M. Giaquinta et al.

while, applying (2.3) to Lemma 2.1, for any 0 < p < Ro/2, we have
.2 2 P 2
lim — [Vug,|“dx — lim p Vg, |“dx
Sk—>0
Bry2(y) By(y)
= lim / [18,ue, 1* + eF| Vg, 1*19rtus, |1*] 7" dx > 0.
Ep—>

Bry2\Bp(y)
Therefore, for each y € Bg,/2(xo) and for each p € (0, Ro/2), we have
l 2 . -1 2
[Vul“dx < lim p [Vug, |“dx < 2eq 2.4
P er—0
By () By(y)

for a sufficiently small constant g9 > 0.

Since u is a weak harmonic map with the property (2.4), it follows, similarly to the proof
in [6] (see also Lemma 3.3.13 of [18]) for stationary harmonic maps, that u is smooth inside
BR,2(x0). This proves Theorem 1.1. ]

Proof of Theorem 1.2. Let T belong to cart>1(Q x §?), i.e.
T =G, + Ly x [[$?]].
The Dirichlet integral of T is given by
D(T;Qx 8% = / |Vur|*dx + 8t M(L7).

Q

As g — 0, passing to a subsequence we have
e(Gu, ) = 1o
for a measure po. For any ¥ € C?(Q) with ¢ > 0, we consider the functional in cart}%'1
(€2 x §2)
E(T) = / Y(x)e(T).

We know that £ is lower semi-continuous with respect to the weak convergence in cart>
which implies

e(T)(w) <liminf e (Gu,, ) (W) = no(¥).

This means e(7T) < po. By Theorem 1.1, we have D(uy, Q) — D(T; Q x $2). Then, we
have

no(82) = e(T)(€2).

This shows g = e(T') as we claimed.
On the other hand, if U be a subset inside €2\$20, according to [11] p. 436, we can prove
L7.U = 0. Therefore, we have

TulU = GulU-
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Therefore
/|Vugk|2dx — /|Vu5k|2dx,
U U
and this implies u; — u strongly in W,52(2\Q0; $2). |

Proof of Theorem 1.3. Tt is well-known that CJ°(M, N) is dense in W}}’”H (M, N). Then
E pm(u) = inf [likminf E nq(ug) ‘ {ux} € C3° (M, N), ux — u weakly in W”(M,N)]
—00
= inf [likm inf E g (ug) ‘ {ur} C WJ}’"“(M,/V’)a up — u weakly in Wl’Z(M,N) ]
—00

Let u, be a minimizer of the functional E.(-; M) in W;*"“ (M, N). Passing to a subse-
quence, Vi, converges to Vyu weakly in L2. Then, we have

Ep(u) < liminf Epq(ug,) < liminf Eq, (e, ; M) (2.5)
er—0 er—>0
< inf Epm(v) = inf E (). (2.6)
DEW;,)H»](MJ\/) M UEC;C(M,N) M

From (2.5-2.6), u is a minimizer of the relaxed energy E am in H'2 and moreover, we have

lim / e} Vug, |"™dM =0. .7)
Ek—>
M

If NV is a homogeneous manifold, we claim that « is a weak harmonic map.
Let X; be the Killing field on A as in Hélein [16]. Consider the vector field

& = (X;, Vue) + 26 [Vu "1 (X;, Vug).

We claim that divg; = 0.

To see this, let ¢ be some cut-off function compactly supported in Q2. Since u, is the
minimizer of E,, we can use ¢ X; (1) as a testing vector field in the Euler-Lagrange equation
to get

/ (VilpX; (ue)), Viue 4 287 [Vue "~ Viue)dp = 0.
M

Since X; is a Killing vector field,

/ Vi (X (ue), Viue + 262 |Vue "™ Viug)dp = 0. (2.8)
M

Therefore, divé = 0 in distribution sense.
Since ug, converges to u strongly in L? and X; are smooth vector fields on N, X; (ug,)
converges to X; (i) strongly in L2. Letting & go to zero in Eq. 2.8 and noting (2.7), we have

/chﬂ(Xi(u), Viu)dp = 0.
M
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54 M. Giaquinta et al.

Since X; is a Killing field,

/(vk((PXi W), Viuydp = 0.
M

Since N is a homogeneous space, due to the construction of X; by Helein, we can choose ¢;

so that
> giXi(w)
i

is any compactly supported vector field (along u). This implies that u is a weak harmonic
map.
We define

.. 1 2
E:p xp € Q2 : Br(xp) C M, 11;1;ng / [Vue|“dx > g
>0 Bg(x0)
for a sufficiently small constant &¢. Then, H”_z(Z) < 4-00. As in the proof of Theorem 1.1,

for any xo ¢ X with Bg,(xo) C M\X, for each y € Bp,/2(xo) and for each p € (0, Ry/2),
we have

1
pn72

/ |Vul>dM < lim p>™" / Vg, [ dM < 2¢9 (2.9)
Sk—>0
B, () B, ()

for a sufficiently small constant &9 > 0. It follows from the proof of Bethuel in [2] (see
Lemma 3.3.14 of [18]) that u is smooth inside M\ Z. O
3 Basic set up for the relaxed energy of Faddeev’s model

The space H; mentioned in the introduction is not rigorously defined since we have not made

clear what ‘u approaches a constant value sufficiently fast at infinity’ means. So the first task
of this section is to propose and justify a replacement for H;. We define

M=3u:R— §?

/|vM|2 +|Vul*dx < +o00
R3

Since |9gu x du|? involves the Vu up to the fourth power, M is only a little smaller than
the set of finite energy maps. On the other hand, Theorem 3.1 below implies that the set of
smooth maps which are constant outside some large compact set is dense in M. Remember
whether this set is dense in the set of finite energy maps is an open question and this is the
main motivation of our discussion of relaxed energy.

Theorem 3.1 Letu : R — S2 be a map such that E (1) and fR3 |Vul|* du are finite. Then,
there exists a sequence of C' maps u; : R? — S% with u; constant outside some large ball

(depending on i) such that Vu; converges to Vu strongly in L*R* N L2(R3).

Before proving Theorem 3.1, we discuss some immediate consequences of it.
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A new approximation of relaxed energies for harmonic maps and the Faddeev model 55

Corollary 3.2 For eachu € M, Q(u) is an integer.

Proof Let u; be the sequence in Theorem 3.1. Q(u;) is an integer since u; is of class C Land
constant at infinity.

1
Ou;) = @/ﬂi AUjwg.
R3

By the definition of »; (see Eq. 1.4) and the fact that Vu; — Vu strongly in LYR)HNLEHRY)
(which implies ufwg — ufwg: strongly in L2(R3) N L1 (R?)), n; converges to n in W7
for 1 < p < 2.1In particular, n; converges strongly to n in L?(R?). Hence

lim Q(ui) = Q(u),
11— 00
which implies Q (u) € Z. O
For any integer d, we define
My ={uecM|Qu)=d}.

As remarked earlier in this section, M is only a little smaller than the set of finite energy
maps. We may assume H; C My and H; contains all smooth maps which are constant
outside some compact set. Another consequence of Theorem 3.1 is

inf Ep(u)zuienﬁf[ Er(u). (3.1
d

ueHy
In fact, since H; C M;, we know
inf Ep(u) > inf Ep(u).
ueHy ueMy
On the other hand, for any u € M, due to Theorem 3.1, there exists a sequence of u; € Hy
such that
Er(uij) —> Erp(u).

Hence, the reverse inequality is also true. This proves our claim.
Moreover, according to the above, the definition of relaxed energy given in the introduction
can be rewritten as

Ep(u) = inf ’liminf Er(up)| {ux} C Mg, ux — u weakly ]
k—00

The proof of Theorem 3.1 depends on the following elliptic estimates.
Let B, be the ball with center at 0 and radius r in R3, and let u be a map from By to § 2
such that

/ IVul®> + R72 |Vul*do = e,
JdB

for some positive R (later R will be large and € small), and let & be the average of u over
0B, i.e.
t= 4 [ ua
= — [ udo.
4
0B
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By the Poincaré inequality and using that |u| = 1, we have

2 1 2

- <1—-[§I"=-— [ lu—§|"do < Ce. (3.2)
4
dB
As in [19], consider the harmonic function V : B\ B; — R3 such that
AV =0, in By\By,

and

VlaBz = V|331 =u.

5
&1
It follows from (3.2) that
IV —&llwragp,) < CA —[&]) < Ce.
The average of V — & on 0 Bj is zero. By the Poincaré inequality,
lu —&llwiap) < ClIVullpapp,)-

By the trace theorem of the Sobolev space (see 7.69 and 7.70in [1]), we find w : B\ B} —
R? with the same boundary value as V — & on d B, U 9 B; such that

lwllwssap) < CIV = Ellwiagpuar,) < CUIVUulli4@p,) +€).

The following is a Sobolev’s embedding theorem, which is a special case of Theorem 7.58
in Adams’ book [1]. For reader’s convenience, we quote it here.

Theorem 3.3 Lets > 0,1 < p < g < 400, and x =s—%+§ > 0. Then
WP (R") — WHI(R™).
The result holds true for domains with smooth boundary.
Using the above theorem in the case s = 5/4, p =4, x = 1 and ¢ = 6, we have
lwlwiomns) < € (IVull4pp,) + #)-
By the definition of w, V — & — w has zero boundary value and
AV —& —w) =—Aw.
By the elliptic estimate, we have
v — «f;_”Wl,G(Bz\BI) < C(||VM||L4(331) +€).
In particular,
3/2
/ IVV|®dx < C / |Vul* do +Ce® < CEPR3 + Ce® < C32R3. (3.3)
B>\ B JB(1)
The last inequality holds because, in the form we need it, ¢ is small and R large. Applying
the Holder inequality, we have
|VV|*dx < CeR?. (3.4)

B\ By
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A similar argument works for the L? norm of Vu. Therefore, we conclude

/ IVV?+ R2|VV|*dx < C / |Vul> + R |Vu|* do.
B2\By 8B
With this estimate, we can now prove Theorem 3.1.

Proof of Theorem 3.1. Let u be a map from R3 — $2 such that

/|W|2 +|Vul*dx < C.
R3
It suffices to show that for any & > 0 there is a C' map w from R? to S? such that

(1) w is constant outside a large ball;

()
/ IV — w))? + [V — w)|*dx < e.
R3
Since
%
/ / \Vul> + |Vul*dodr < C,
0 0B,

for any C > 0 small, there exists a sequence of R; going to infinity such that
C
/ |Vu|2 + IVul4 do < =L
R;
Bg,

Let &; be the average of u over dBg,, i.e.,
G= o [ ud
= — udo.
l ’aBRi |
3Bg,
Then
1 2 2
— lu—§&l|-<C |Vul“do — 0.
|3BRf ’
IBg, IBg,
Define V to be the harmonic function defined on By g, \ Bg; with boundary value

&
Vigpr, =u, Voo, = -

1&i

Due to the estimate (3.5) and a scaling, we know
/ IVVI? +|VV|*dx < CR; / |Vul|? + |Vul*do < Cy.
Bop; \Br; 0Bg;
For fixed ¢, choose C; < /96 and R; so large such that

/ IVul> + |Vul*dx < ¢/6.

R3\Bg,

(3.5)
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We then define w to be
(1) uin Bg;;

(@) 1y in Bag,\Br;;
3) éﬁ outside Bog,; .

Since, as it is proved in page 292 of [19] (see also Lemma 9.7 of [13]), the image of V
lies in B3 2\ By 2 for sufficiently large i, and the nearest-point-projection map restricted to
B3,2\B1 2 is Lipschitz and the Lipschitz constant is 2, by replacing w with its projection
onto S2, we conclude that 1 has values in S2,

Vil + Vil dx <
Bop; \Bg;
and
/ IV — w))* + V@ — u)|*dx < &/3.
R3
Finally, since we can modify w to a smooth map w with the same properties of @ in such a
way that
/ IVw — )+ [V(w —w)|*dx <e,
R3
we conclude the proof. O

Remark 3.4 Theorem 3.1 holds true for  : R3 — $3 with finite energies ng |Vu|4 dx and
ng IVul2 dx, the proof being the same.

4 Hopf lift and decomposition lemma

In this section, we first prove a theorem about the Hopf lift. Our proof depends on Theo-
rem 3.1 in the previous section. Then, we use the Hopf lift to prove a key lemma, the cubic
decomposition lemma, which will be essential in the proof of our main result.

Let us start from recalling some basic definitions of the Hopf lift (see [15] for details).
Let M be any complete Riemannian manifold whose second cohomology group H?(M, R)
is trivial. Let IT be the Hopf map from S C R* to §?> ¢ R? given by

2(x1x3 4 x2x4)

IM(xy, x2, X3, X4) = 2(x2x3 — X1X4)
2 2

x12 + x% — X5 —Xj
Pulling back the volume form wg> via IT gives
M*wg = 4(dx1dx) + dxzdxs) = 2da,
where o = x1dx> — x2dx| + x3dxa — x4dx3. One can check by using Stokes theorem that

1
W/&x A H*wsz =1. (41)
3
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For any map u : M — S2, amap i from M to S is called a Hopf lift of u if
[Mou=u.
Any smooth 1 form 1 on M satisfying
dn=uwg
is called a gauge of u. For a fixed u, the gauge 7 is not unique. However, if one fixes a Hopf
lift & of u, then & determines a gauge for u by
n =2u"a.

On the other hand, any gauge n of u determines a Hopf lift & such that the above equation is
true and such a map i is unique up to multiplication by ¢/’ for some constant # € R and

3 1
\Vii|? = i Inl?> + |Vul?. 4.2)

See Lemma 2.1 of [15] for a proof.

We will generalize the above definition of Hopf lift and Eq. 4.2 to Sobolev mapping u with
bounded Faddeev energy and finite [p3 |Vu |* dx. The proof relies on Theorem 3.1. For such
u, due to Theorem 3.1, there exists a sequence of smooth maps {u;} such that «; is constant
near infinity and Vu; converges to Vu strongly in both L2(R3) and L*(R?).

For each u;, we define the Coulomb gauge n; by requiring n; = § (—ﬁm * ufwg2). Here
* means convolution and § is the formal adjoint of d. One can check that dn; = u} w2 and
8n; = 0. Given u; and n;, there exists a lift u; (called the Coulomb lift) such that

_ 1
Vi = 3 Inil® + [ Vui (4.3)
Moreover,
ni = 12;‘(20() 4.4

(see [15] for a proof).

Since Vu; strongly converge to Vu in L*(R?), we know that 7; converge to the Coulomb
gauge 7 of u strongly in W2(R3). Due to the Sobolev embedding, 5; converge strongly in
L2(R?) and L*(R3?). By (4.3), we have

/|Vﬁi|2 +|Vii;[*dx < C.
R3

Since the image of u; isin § 3 u; € Wlla’f (RS). Hence, for each bounded domain €2, we can
take subsequence of Viz; such that it converges weakly in L2 and L* on . Moreover, due to
Eq.4.3 and its square, we know the L2(2) and L*(2) norms of Vii; also converge. Denote
the limit by u, then u; converges to u strongly in Wllo’f (R3). In particular,

/ |Vii[*dx < C.

R3

By the definition of the Hopf lifts and (4.4), we have for each i

i; Qe AT wg) = ni Aufwg.
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For any bounded domain €2, we integrate the above identity over €2 and take the limiti — oo
to get

/ﬁ*(ZaAH*wsz)z/n/\u*wsz.

Q Q

Since €2 is arbitrary, we have proved that

Theorem 4.1 For each u with finite Faddeev energy and finite fR3 |Vul|* dx, there exists a
Hopf lift u of u such that

1 =k * 1 3k
@ u (2(1/\1-[ a)sz):@ nAuU C()SQGZ.
R3 R3

Moreover,

/lVﬁ|4dx <C.
]R3

Remark 4.2 The lift given in the above theorem is a special one. In our later proof, we will
need the fact that for any map « : R3 — $3 with finite fR3 |Vﬁ|4 dx,

/12*(205 A o)

R3

1672

is an integer. One can give a proof of this by noting that the fact is true for a smooth map
which is constant near infinity and Remark 3.4.

We can now use the Hopf lift to prove the cubic decomposition lemma. It is an adapted
version of Lemma 6.1 in Lin and Yang [19] (see also [13]). One can see from the statement
and the proof of the following lemma the advantage of introducing the space M. Notice that
for u € M we only use the fact that fR3 |Vu|* dx is finite, while estimates will depend only
on Faddeev energy.

For the statement of the lemma we need some notations used in Sect. 6 of [19]. Let Q(R)
be a cube of side length R > 0. Let {Q; (R)}72, be a cubic decomposition of R3. That is,

R = U2 0i(R).
where the interiors of the cubes Q; (R) are mutually disjoint. For all a € R3, let
Qi(R,a) =a+ Qi(R)
be a translation of Q;(R) by a. We write
Sr=UZ,00i(R)
and
Yr@) =a+Xpr=UZ,00i(R,a)

for the unions of 2-dimensional faces of Q;(R)’s and Q; (R, a)’s.
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Lemma 4.3 Suppose that u € My and Er(u) = Cy. Let € be a small constant such that

/8|Vu|4dx <1.
R3
For any 69 > 0, there are some constant C depending only on Cy, a cubic decomposition
{Qi(Ry, ap)} for some large Ry and a point ag € R3 with |ag| < Ry /4 such that
(IVul* + In1* + In1*) + & |Vu|*dx < R% <8 <<1,
2Ry (ao)

where 1 is the Coulomb gauge of u. Moreover, for each Q;, there is an integer k; such that

oo oo 1
d_zkl < @/r}(u)/\u*a)sz—ki
i=1 i=1 0;
<c [ VPt +eiuttao
YRy (ao)
C
< —< 65 << 1.
Ro

Proof Since Ep(u) < Cy,

/ IVul® + 01> + In|* + & |Vu|*dx < C.
R3
By Fubini’s theorem,
R/12 R/12 R/12

/dm /daz / das / (IVul* + [nl* + Inl* + & |Vu|*do’) < CR*.

0 0 0 Zpr(a)

The mean value theorem then implies that there is a point ag € R3 with |ag| < R /4 such that

C
/ (IVul® + [n* + Inl* + & |Vul|*) do < =
Xg(ao)

Here C depends only on C;. Therefore, we can choose R sufficiently large so that the first
statement of the lemma is true. Please note that R depends only on C; and &p.

Next, we need to estimate the error from |, 0; M) A u*o to an integer. For simplicity, we
suppress lower index i and write Q' for the cube whose center is the same as Q and whose
side length is twice as big as Q. Set

/ IVul> + 01> + In|* + & |Vul* do = 0.
90

Since u has finite Faddeev energy and L* norm, we can use Theorem 4.1. There is a lift
u such that

/77 ANufwg = / *Qa A Mrwg). 4.5)
o 0
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We will now modify u outside Q. Let & be the average of i on 9 Q. Since

_ 1
\Vii)* = |Vul* + — [n]?,
4
we know that

/wmz < &
a0

and

/ [Vi|* < C(e).
90

(4.6)

We can now define V : Q’\Q — R* to be the harmonic functions with boundary value

_ &
Vo =u, Vligg = &

Set w to a map from R3 to S3 by

(1) w=uin Q;
2 w=;in Q\Q;
3) w= % outside Q'.

Similar to the proof of estimate (3.3), we can show that

|Vw|3 dx < Ceg
oo

and (w is constant outside Q")

/|Vw|2 + |[Vw|*dx < +oo.
R3

Due to (4.8) and Remark 4.2, we know

1672
R3

By (4.7) and (4.9),

1 * 1 * *
@ nAu a)sz—k = @ U)(Za/\n L()SZ)
0 R3\Q
Cep.

IA

/w*(Za ANTF*wgp) =k € Z.

A4.7)

(4.8)

(4.9)

[m}

As an application of Lemma 4.3, we show that the weak limit of a sequence of maps in
M, has also an integer degree. Notice that such a weak limit may not be in M.
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Theorem 4.4 Let uj be a sequence in Mg with bounded Ef (u ;). Assume that u j converges
weakly to u in the sense that u; converges strongly in leo . 1o u and Vuj converges weakly
in leac to Vu and dxuj x ojuj converges weakly in leoc to Oxu x oju. Then

1

@/71/\“*&)5‘2 GZ,

R3
where n = 8(—% * U wg).

Proof For any small positive number &g, we will prove that the difference between

1 *
@ nAuU wg2
R3

and some integer is smaller than &g.
For this 9, we can use Lemma 4.3 for each u ; to obtain a cubic decomposition for each

uj. Precisely, there are a; € R3 and ]aj‘ < % such that X g, (a;) decompose the space into
cubes for which we write Q ; ;. By choosing a subsequence, we conclude that a; converges
to a and each Q;; converges to Q;. Let £; ; denote the difference between

1 k
Qji
and the nearest integer. We know from Lemma 4.3

o0
E Eji < &o.

i=1

/nj/\u*;wsze/n/\u*wsz.

Qji Qi

Now we claim:

We know that for each fixed compact domain 2
* *
/njAuja)Sz — /nAu wgn.
Q Q
Therefore, to prove the claim, it suffices to show that if |2| — 0, then
/ nj A u’]’fa)sz -0
Q

uniformly. This is true due to Holder’s inequality and the fact that the L2 norm of ujw and

L* norm of 7 j are bounded uniformly.
Given the claim, we know that the difference between

1 *
@ T]/\M wg2
0i
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and the nearest integer is no bigger than

liminij,,-.
j—o00

Since & ; are all positive, it is elementary to prove

o0

E liminf &;; < &o.
= Jooo

i=

This justifies the statement at the beginning of this proof. O

5 Minimizing relaxed energy via perturbed functional

For each ¢ > 0, we define perturbed energy as follows
1
Ep.(u) = / |Vul> + 5 > 1ok x dul* + & |Vul* dx.
3 1<k<j<3

Theorem 5.1 There is an infinite subset S of Z such that for each d € S the minimizing
problem of Er ¢ in X4 has a solution.

The proof follows the same argument as in Lin and Yang [19]. The first ingredient is an
energy growth lemma.

Lemma 5.2 There is a universal constant C such that
Epca=inf{Ep (u)u € Mg} < CldP’*.

The lemma follows from the same proof as Lemma 5.1 in [19], since the test map con-
structed in their proof lies in M.
The second ingredient is an energy splitting inequality.

Lemma 5.3 Ifd ¢ S, then we can find (> 1) integers dy, ...,d; € S, whose absolute
values are bounded by |d|, such that

d=di+---+d
and
Epead > Erca + -+ EFedq-
For any d ¢ S, we consider a minimizing sequence u; of Er  in M. Then
Ep(ui) < Epeu;) < C.

By Lemma 4.3, there are integers k; ; and cubes Q ;(Ro, a;) such that

1 *
Z 67[2 ni /\Mi wg2

[u—

=l 0 (Ro,a;)
oo o 1
> Z|ki'j| —Z 1672 / ni /\u;-"a)sz —k,'yj
j=l j=l Q;(Ro,a;)
> m; — 8. (5.1)
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Here m; is the number of nonzero k; ;’s and &y is some very small positive number.

The left hand side of Eq.5.1 is bounded above by the energy upper bound C. There-
fore, by taking subsequence, we may assume m; = m for all i. For convenience, we write
0!, ..., Q" for Q;(Ro, a;) (with nonzero k; ;).

The proof of Lemma 5.3 is the same as that of Theorem 6.2 in [19]. For the completeness,
we repeat it here. We introduce the subsets, Sy, S2, ..., S; of the set S = {1 - - - m} inductively.
Lets; = 1. We choose a subsequence of u;, still denoted by u;, such that there is a subset S
of S with s € S| and

lim dist(Q}", Q)

i—00
exists (finite) for each k € S;. Moreover, for any k € S\S;, we have
Jim dist(Q;" — 0%) = 0.

The existence of such a subsequence of u; can be checked by induction.
If S\ S; is nonempty, we set s = mink € S\ and repeat the above procedure to find a
subsequence of u; such that there is a subset S> of S\S] so that

lim dist(Q?, 0F)
1—>00
exists (finite) for each k € > and for any k € S\ (51 U S»), we have
Jim dist(Q;?, 0%) = 0.

Continuing this way we can find / numbers 1 = 51 < s < --- < s, the corresponding
subsets S1,..., S of S and a subsequence of u; (denoted again u; for simplicity) with the
following properties:

S={1,2,....m}=SUSU---US,
SsNS; =Pfors £¢t,s,t=1,2,...,1;

S1 = 1,
S1 = {k € S|lim; o dist(Q;", Q%) < oo};
52 € S\Sy,

Sy = {k € S|lim; o0 dist(Q}?, OF) < oo};

s e S\UZ!s,,
S; = {k € S|lim;_ 0 dist(Q', 0¥) < oo}

Let xj 1, X2, ..., x; be the centers of cubes Q:', ..., Q‘;’, denoted thereafter as Q; 1,
Qi2,..., Qi1 Letvis(x) =u;(x —x;5),s =1,2,...,] and set

Ry = max{ lim dist(Q; s, Qf)|t €S}, s=1,2,...,1
11— 00

Then |x,-73 —xi3t| — ooasi — oofors # t and s,t = 1,2,...,[. By further taking
subsequences if necessary, we see that fors = 1,2, ...,/

dy = 1i k (O}

= fim . k(@)

exists and that v; ; converges to vy weakly as i — oo.
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By Lemma 4.3, we obtain

> D k(o)) =d

s=11eSy

foreach i. Thus d = "' _, d follows.
Due to the lower semicontinuity of Ef ., we know

EF,S(US) <C, s= 1,2, ,l

By Theorem 4.4, the Hopf degree of vy is an integer. Following Lemma 6.3 in Lin and Yang
[19], we conclude that Q(vy) = d;.

For any large but fixed R, when i is sufficiently large, Br(x; ;) are disjoint for different s.
Therefore

l
Epe(ui) > Y Ere (ui, Br(xis)).

s=1
where Er . (u, 2) means the perturbed energy of u integrating over 2. Taking i — oo,

l
Efea > Y Ere (v, Br(0)).
s=1
Since R is an arbitrary positive number, we have

l
Epea > Z EF,S;dX'
s=1

If d; is not in S, we can repeat the above argument until we arrive at a decomposition in
which each d; lies in S.

Combining Lemma 5.2, Lemma 5.3 and the fact that for all d # 0, Ef .4 have a uniform
lower bound, one can see that S must be an infinite set.

We have another existence result.

Theorem 5.4 For d = %1, the minimizing problem of Er . on My has a solution when ¢ is
very small.

The proof relies on Lemma 5.3, an upper bound estimate of Ef ..; and a lower bound
estimate of Ep ¢4 forall d.

As for the lower bound, it was proved by Vakulenko and Kapitanski [23] and improved
by Lin and Yang [20] that

Ere(u) > Ep(u) > 3¥%8v/27? [degul*/* . (52)
The upper bound was proved by Ward [24] and Lin and Yang [20] for Faddeev energy
EFo;1 < 32v/27% (5.3)

Remark 5.5 The proof in [24,20] was indirect. In fact, as pointed out by the authors, the test
map P is nothing but a Hopf map from ball of radius % composed with a stereographic

projection. We may calculate directly that the Faddeev energy of @ is 32+/272, which gives
the upper bound. Moreover, by direct computation, the L* norm of gradient of this map is
bounded. We list below some intermediate results of this calculation.
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The test map @ : R> — S2 c R3 is given by (see (4.13) in [20])
(rzi#)z(hzxz + (2 —d¥)y)
O(x,y,2) = | grem Qayz — (r? —a®)x) |,
|- @ =)
where a = 1/\f2 and r2 = x2 + y2 + Z2

One can calculate
64

Vo) = ————.
14 4r2
( )

Integrating over R3, we have

/|Vd>|2dx = 16+/27°.
R%

Moreover, we can find out that

/|vq>|4dx = 128v2x2.
R3

It is important for us that this number is finite. For the other part of the energy,

1024 (1 — 242 — 2y + 272)

2
0, ® x 0,d|" =
0 x 3,01 (1+2r2)°
and
> 1® x P = L“é‘.
1 <k<I<3 (1+2r2)

Integrating over R, we obtain

Z |0 ® x ;P> dx = 32+/272.

R3 1<k<I<3

In summary, we conclude
1
Ep(®) = 16+/27% + 532«@12 =32/272.
Therefore, when ¢ is very small, we may assume

Epe+1 < 324/27% +0.01.

For such ¢, we can show that -1 € S. In fact, if otherwise, we would have a decomposition
ofd = 1.1Ifitis 1 = 1 + (—2), then the energy inequality in Lemma 5.3 yields

327277 4+ 0.01 > 3388272 (1 + 2%/4), (5.4)

which is impossible by direct computation. There are other decompositions, such as 1 =
1+ 1+(—1),1 =34 (—2) and so on. It is easy to see that the corresponding right hand sides
of (5.4) are even larger so that the inequality is impossible for all decompositions. Therefore,
1 € Sandsois —1.
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We now prove Theorem 1.4.

Proof of Theorem 1.4. Let ¢ be a sequence of positive number going to zero. Let u ; be the
minimizer of Ef ¢, in M.

We can now apply Lemma 4.3 to «;. The same argument as in Lemma 5.3 works also
for u;. If I = 1 which means there is no splitting at all, we get a limiting map u. Er(u)
is finite due to the weakly lower semicontinuity of Er. By Theorem 4.4, we know that the
Hopf degree of u is an integer. Since there is no splitting, we infer from the construction of
u that Q(u) is 8o close to 1. Therefore, u € X and by the definition of relaxed energy

lim Ep(u;) > Ep(u) > inf Ep(w). (5.5
J—00 weX|
On the other hand, for any positive § > 0, we can find w € X such that
Er(w) < inf Ep(w)+8.
weX|
By the definition of relaxed energy, we can find w’ € M such that

Er(w') < inf Ep(w)+86.
weX|

For this fixed w’, f]R3 |Vw/|4 dx is finite. Therefore, when ¢ is sufficiently small,

Ep(uj) < Er(w)+46 < in;[; Er(w) + 38. (5.6)
weX|

By Eqgs. 5.5 and 5.6, u achieves the minimum of Erin X|.
Next, we will prove that the case / > 1 is not possible. If otherwise, there exists
di,...,dgeZandxj,...,xj; € R3 such that

l=d + - +d

and u j (x — x; ) converges weakly to vy. These vy has finite energy and by Theorem 4.4 the
Hopf degree of v; is the integer d;. For any fixed R > 0, when j is sufficently large so that
B(R, xj ) are disjoint for different s,

l
Ep(uj) > ZEF(M./', Br(xj,s)).
s=1
Let j — oo,
_ l
inf Ep(w) > > Ep(vy, Br(0)).

weXq 1
sS=

Since R is arbitrary,

weX|

/
inf Ep(w) > Z EF(vy).
s=1

Since vy has bounded energy and Q(vs) = dj, the energy lower bound (5.2) is valid for
E r(vg). Moreover, because ® in Remark 5.5 is in M1, the same test function implies upper
bound for relaxed energy

inf Ep(w) < 32v/272.

weX|

@ Springer



A new approximation of relaxed energies for harmonic maps and the Faddeev model 69

For the same reason as in Theorem 5.4, the splitting is not possible.
Due to (3.1) and (5.5), we have

inf Ep(u) > min Epu).
ueHj ueXi

(1.6) follows from the definition of the relaxed energy E . O
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