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Abstract In this paper we study eigenvalues of a clamped plate problem on compact
domains in complete manifolds. For complete manifolds admitting special functions, we
prove universal inequalities for eigenvalues of clamped plate problem independent of the
domains of Payne-Pdlya—Weinberger—Yang type. These manifolds include Hadamard man-
ifolds with Ricci curvature bounded below, a class of warped product manifolds, the product
of Euclidean spaces with any complete manifolds and manifolds admitting eigenmaps to a
sphere. In the case of warped product manifolds, our result implies a universal inequality on
hyperbolic space proved by Cheng—Yang. We also strengthen an inequality for eigenvalues
of clamped plate problem on submanifolds in a Euclidean space obtained recently by Cheng,
Ichikawa and Mametsuka.

Mathematics Subject Classification (2000) 35P15 - 53C20 - 53C42 - 58G25

1 Introduction

Let M be an n-dimensional complete Riemannian manifold and let 2 be a bounded con-
nected domain in M. Let A be the Laplace operator acting on functions on M. The so called
Dirichlet eigenvalue problem or the fixed membrane problem is stated as:
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274 Q. Wang, C. Xia

[Au:—xu in 2, (1.1)

ulygo = 0.
Let
O<Ai <Xt <A3<---,

denote the successive eigenvalues of (1.1). Here each eigenvalue is repeated according to its
multiplicity. The study of the spectrum of A is an important topic and many works have been
done in this area during the past years (see, e.g., [1,7,31] and the references therein). When
M is a Euclidean space R”, namely, when 2 is a bounded domain in R”, Payne et al. [29]
proved that

k

4
)\k_,_l—)»kfgkz})\i, k=1,2,.... (1.2)

In 1980, Hile and Protter [25] generalized (1.2) to

k
kn

z >— fork=12,.... (1.3)
A 4

— A
i—1 k+1 i

In 1991, Yang [36] proved the following much stronger inequality (cf. [10]):

k
4
D kg1 — ) (xkﬂ — (1 + 7) xi) <0, fork=1,2,.... (1.4)
n

i=1

which is called Yang’s first inequality (see [1,2]). According to the inequality, one has

Mt <f( )Zx,, (1.5)

which is called Yang’s second inequality.

For the Dirichlet eigenvalue problem on a complete Riemannian manifold isometrically
immersed in a Euclidean space, Chen and Cheng [8] and El Soufi et al. [17] have proved,
independently,

Z(ml—x) <—Z(xk+1 A)(x + 4H0) (1.6)

i=1

where Hy = maxycq |H| and H is the mean curvature vector of M. When M is a unit
n-sphere, the above inequality has also been obtained in [10]. When M is an n-dimensional
hypersurface in R*+1, Harrell [20] has also proved the above inequality.

The inequalities on the higher eigenvalues of the Laplacian on a connected bounded
domain in R" obtained by Payne-Pdélya—Weinberger, Hile—Protter, Yang have also been
extended to some other eigenvalue problems (cf. [1-5,8-17,19-23,26,27,32-35,37], etc).
Here let us consider the case of the eigenvalue problem for the Dirichlet biharmonic opera-
tor or the clamped plate problem which describes the characteristic vibrations of a clamped
plate. This problem is given by

ou (1.7)

{ A% =Tu in Q,
M|asz mn —0
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Inequalities for eigenvalues of a clamped plate problem 275

Here £ is a bounded domain in a complete manifold and A% denotes the biharmonic operator
on M.

When M is a Euclidaen space R”, Payne et al. [29] proved that the eigenvalues {I';}7°,
of the problem (1.7) satisfy

k
8(n+2)1

r Iy <—7- [;. 1.8

1~k = —5 k;' (1.8)

Chen and Qian [9], Hook [26] proved, independently, the following inequality

n2k2 k 12 k 1—‘1/2
S+ (Z“‘ )(Zr—r) (19

i=1 i=1

In a survey paper on recent developments on eigenvalue problems, Ashbaugh [1] asked
if one can obtain universal inequality for the eigenvalues of the clamped plate problem (1.6)
which is similar to Yang’s universal inequality (1.4) for the eigenvalues of the fixed mem-
brane problem (1.1). This problem has been solved by Cheng and Yang in [13]. Namely, they
proved that

2
n k
i=1

k 1/2 k
1 8 2 1
Cet = 7 > < (—(” i )) = > (0T — T2 (1.10)
i=1

When M is an n-dimensional unit sphere or an n-dimensional minimal submanifold in a
Euclidean space, universal inequalities for eigenvalues of the clamped plate problems have
been proved in [34].

When M is a hyperbolic space H" (—1), Cheng and Yang [14] have proved the following
remarkable inequality

k k 2 2
—1 —1
> i —T> <24 (Fkﬂ—r,-)[r}”—%}[r}”—%].

i,j=1 i,j=1
(1.11)

More recently, Cheng et al. [16] proved that if M is an n-dimensional submanifold iso-
metrically immersed in a Euclidean space with mean curvature vector H, then

k k
1
> Cept = T2 = 5 > (T = T (w213 + @n + 1)) (w215 + 417),
i=1 ——
(1.12)
where Hy = supg |H|. Since any complete Riemannian manifold can be isometrically

immersed in some Euclidean space (cf. [28]), the inequality (1.12) shows that for any bounded
connected domain €2 in an n-dimensional complete Riemannian manifold M, there is an upper
bound for the (k + 1)-th eigenvalue of the clamped problem in terms of the first k eigenvalues
and a constant which depends on n, M and 2.

In this paper we study eigenvalues of a clamped plate problem on compact domains in
complete Riemannian manifolds. When the manifolds are isometrically immersed in a Euclid-
ean space, we will strengthen the inequality (1.12) by Cheng, Ichikawa and Mametsuka. For
complete manifolds admitting special functions, we prove universal inequalities indepen-
dent of the domains of Payne—Pdlya—Weinberger—Yang type. These manifolds include the
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276 Q. Wang, C. Xia

Hadamard manifolds with Ricci curvature bounded below, a class of warped product man-
ifolds containing the hyperbolic space, the product of Euclidean spaces with any complete
manifolds and manifolds admitting eigenmaps to a sphere. In the case of the warped product
manifolds, our inequality generalizes Cheng—Yang’s inequality (1.11). We can state the main
results in this paper as follows:

Theorem 1.1 Let M be an n-dimensional complete Riemannian manifold and let Q2 be a
bounded domain with smooth boundary 02 in M. Denote by v the outward unit normal of
dK2. Let A be the Laplacian of M and denote by T; the i-th eigenvalue of the problem:

A’u=Tu in Q,
[ T (1.13)
ulpa = 55 ol 0.
(1) If M is isometrically immersed in R™ with mean curvature vector H, then
12

L k
1
;(Fk+l -T)? < o [Z(Fk+l —-T)? ( 2H2 + (2n +4)F1/2)]

i=1

. 12
[Z(rm -y (n H? +4r1/2)] , (1.14)

i=1

where Hy = supg, |H|.
(i) If there exists a function ¢ : Q2 — R and a constant Agy such that

Vol =1, |Ap| < Ap, on £, (1.15)

then

k k 1/2
D Teer =T < [Z(m] — T2 (43 + 440 + 6r”2)]

i=1 i=1

' 12
x [Z(rkﬂ F)(2F1/4+A0)2] . (1.16)
i=1

(iii) If there exists a function r : 2 — R and a constant By such that
VY| =1, Ay = By, on €2, (1.17)

then

12
Z(ml ‘Z(FkH 7 (6r)” - Bé)}
12
X[Z(rkﬂ r)(4r1/2 Bg)] . (1L18)
i=1

(iv) Ifthere exist | functions ¢, : 2 — R such that

(Vop,Voy) =6pg, AP, =0, onQ, p,qg=1,...,1, (1.19)
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Inequalities for eigenvalues of a clamped plate problem 277

then

k 200+2)"" [ .
1/2
2 iyt =T = =———— {Z(rk+1 -r’ry/ ]
i=1

i=1

r 172
1/2
x [Z(FM —ryr}/ ] : (1.20)
i=1
) If Q admits an eigenmap f = (f1, fo, ..., fmy1) : @ — S" corresponding to an
eigenvalue u, that is,
m+1

Afe = —pfo, a=1,....,m+1, Zfo%:l’
a=1

then

k
> (Crpr —T0)?
i=1

k /2 - 4 1/2
< [Z(Fk+1 -T)? (61}1/2 + M)] ‘Z(Fk-H =T (4F,»1/2 + M)} ,
i=1 i=1

(1.21)

where S™ is the unit m-sphere.

Remark 1.1 The functions in items (ii)—(v) of Theorem 1.1 are only required to be defined on
€2 and the corresponding inequalities for the eigenvalues depend on €2. In the next section, we
will give examples of complete manifolds on which there exist globally defined functions of
similar nature. Thus for those manifolds, the inequalities for the eigenvalues of the clamped
plate problem as stated in items (ii)—(v) of Theorem 1.1 are independent of the domains and
therefore are universal.

2 Proof of the main results

The following lemma which can be also deduced from (2.4) of [34] is necessary for proving
our result. For the sake of completeness, we will give its proof.

Lemma2.1 Let I';,i = 1,..., be the i-th eigenvalue of the problem (1.13) and u; the
orthonormal eigenfunction corresponding to T';, that is,

ou;
ov

Alu; =Tiu; inQ, uilpe =

=0, /uiuj=8ij, Vi,j=1,2,....
IR

@2.1)
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Then for any smooth function h : Q@ — R, we have

k

> (k1 — ri)2/u?|Vh|2
Q

i=1
k

<8 (Tep —T0)? / uf (AR +4((Vh, Vui)* + ui AR(Vh, Vu;)) — 2u;i|Vh|* Auy)
i=1 Q
& (T =T wi Ah\?
+1 — 1 i
_ Vh, Vu; — ), 2.2
+_Z;, ; /(< ui) + = ) 22)
= Q

where § is any positive constant.

Proof of Lemma 2.1. Fori =1, ..., k, consider the functions ¢; : & — R given by

k

¢ = hui — ) rijuj,

j=1

rij =/hu,-uj.
Q

where

. 0¢;
Since ¢ |yq = 3‘1;’

=0and
Q2

/ujqb,-:O, Vi, j=1,....k

Q

it follows from the Rayleigh-Ritz inequality that

N

Cit1 <
Jo ¥

2.3)

We have
/ ¢i A2
Q
k
:/qﬁi Az(hu,-)—Zr,-jF‘,-uj
Q j=1
= / i A% (huy)
Q
= /¢,~(A(u,~Ah) +2A(Vh, Vu;) + 2(Vh, V(Au;)) + AhAu; + Tihu;)
Q

=Tyl 1> + / @i (A(u; Ah) +2A(Vh, Vu;) +2(Vh, V(Au;)) + AhAu;)
Q
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Inequalities for eigenvalues of a clamped plate problem 279

= Tillgill” +/hui(A(uiAh) +2A(Vh, Vui) +2(Vh, V(Au;)) + AhAu;)
Q

k
= > rijsij, 2.4
j=1
where [|¢;]> = |, ¢7 and

Sij = /uj (Au; Ah) +2A(Vh,Vu;) +2(Vh, V(Au;)) + AhAu;). (2.5)
Q

Multiplying the equation A2u; = ju; by hu j» we have

huj A*u; = Tihu;u;. (2.6)
Changing the roles of i and j, one gets

hui A*uj =T jhu;u;. Q2.7)

Subtracting (2.6) from (2.7) and integrating the resulted equation on €2, we get by using the
divergence theorem that

(Fj — F,-)rij = /(huiAzuj — hujAzui)

Q

= /(A(hui)Auj — A(huj)Au;)
Q

= /((uiAh +2(Vh, Vu;))Auj — ((ujAh +2(Vh, Vu;))Au;)
Q

= /(uj(A(u,'Ah) +2A(Vh,Vu;)) —ujAhAu; + 2u;div(Au; Vh))
Q

= /uj(A(u,-Ah) +2A(Vh, Vu;) + AhAu; +2(VAu;, Vh))
Q
= Sij? (2.8)

where for a vector field Z on €2, divZ denotes the divergence of Z. Observe that

/hui(A(uiAh) + 2A(Vh,Vu;) + 2(Vh, V(Au;)) + AhAu;)
Q

= /(A(hui)uiAh + 2A(hui)(Vh, Vui) — 2Auidiv(hu; Vi) + hu; Ah Auy)
Q

= /(ul-z(Ah)z +4((Vh, Vui)> + ui Ah(Vh, Vu;)) — 2ui|Vh|? Au;). (2.9)
Q
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280 Q. Wang, C. Xia

It follows from (2.3), (2.4), (2.8) and (2.9) that

(Tert — Tl
< / (uF (AR + 4 ((Vh, Vu;)?* + u; AR(Vh, Vu;)) — 2u; | VA|* Au;)

Q
k
—{-Z(Fi - Fj)}’l-zj. (2.10)
Set
Ah
ti; :/uj ((Vh,Vui)—i- ”’2 ); 2.11)
Q
then tij +tji = 0 and
ui Ah 2 k
(=201 ((Vh, Vui) + == ) = (—2hui (Vh, Vu;) — ufhAR) + 2 rijtyj
Q Q Jj=1
k
:/uiz|Vh|2+2Zr;th. (2.12)

Q j=1

Multiplying (2.12) by (Tx+1 — I';)? and using the Schwarz inequality and (2.10), we get

k
T =12 ( [ adin 423 gty

Q j=1

= (g — I)? / (—2)¢ ((Vh, Vi) + ”"f h)
M

= (T —T) / = ((w Var) ”Ah) Zruu,

2
Tkp1 = T9) u
ss(rk+1—ri)3||¢i||2+%/ (Vh, Vui) + "
(Tps1 — %) wiAR\?2 &
= 5(Tkgr = Tl o+ L0 /(<w,w,~>+’T) S
Q =1

< 8(Tps1 = I)? / (u7 (ARY? +4 ((Vh, Vu;)? + u; ARV, Vi) = 2u;i| VI Au;)
Q
k

k 2
(Fk 1 — F') u;Ah
+ E (F,’—Fj)l”izj +% /((Vh,Vu,')—l— 12 ) - E t,'2j
j=1 o

j=l1

2.13)
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Inequalities for eigenvalues of a clamped plate problem 281

Summing over i from 1 to k for (2.13) and noticing r;; =rj;, t;j = —tj;, we get
k k
> (Cepr — Fi)Q/u%wmz —2 > (kg1 — T (@i = Tj)rijti
i=1 o ij=1

k
<D kg1 — ri)%s/ (uF (AR)? +4((Vh, Vu:)* + u; AR (Vh, Vi) — 2u; VR Au;)
i=1

Q
L (T —T) ui AR\
+zT (Vh, Vi) + =
i=l Q

: & (T —T0)
= 2 Cipr =T8T = TPrfy = 7 =1, (2.14)

i,j=1 i,j=1
which implies (2.2). O
Proof of Theorem 1.1. Let {u;}:°, be the orthonormal eigenfunctions corresponding to the
eigenvalues {Fi}ioi] of the problem (1.13).

(i) Letxy,a =1,...,m, be the standard coordinate functions of R™. Taking & = x4 in
(2.2) and summing over «, we have

k m
> T =12 Y. [ 1vnp
i=1

a=1 Q
k+1 m
<86 Tep =T / (u? (Axa)* +4 ((Vxg, Vi)
i=1 a=1 Q

+ i Axo (VXg, Viti)) — 2ui|Vxo|* Au;)
k m 2
(l"k 1 — F') u; Ax
+;*(S’;/(<m,wi>+ ’2 “) , (2.15)
= =1lQ

Since M is isometrically immersed in R, we have

m
2 IVaal =n
a=1

which implies that

m
Z/u%lealz =n (2.16)

a=1 Q
Also, we have
Axy, ..., xm) = (Axy, ..., Axy) = nH, (2.17)
m m
D (Vig, Vii)® = D" (Vui(xa))” = |Vui|* (2.18)
a=1 a=1
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and

D Axe(Vig, Vui) = D AxgViti () = (nH, Vu;) = 0. (2.19)

a=1 a=1
Substituting (2.16)—(2.19) into (2.15), we get

k

n Y (Cepr — ) <52(rk+1—r) /(n2u2|H| + 4|Vu;|> = 2nui Auj)
i=1 i=1

22H2
+Z(rk+1 F)/(WA L ] |)

1/2

< SZ(FkH I)2(n*H + 2n +HT;7)

k 2172
Tkr1 =T [ 12 | n°Hy
e ). (2.20)

i=1
Here in the last inequality, we have used the fact that |H| < Hp and
1/2

172
/|w,|2 /u Au; < /u,? /(Au,~)2 =r/? @21
Q Q

Taking
1/2

H2
S (T = T0) ( r!’?+ TO)

8= k 2 12
>ici(Tkp1 = T2 Hg + 2n+4HI;70)

in (2.20), one gets (1.14).
(ii) Substituting 2 = ¢ into (2.2) and using (1.15) and the Schwarz inequality, we get

k k
D Ces1 —T)? <8 (Teyr —
i=1 i=1

x / (W2(AGY + 4 (V. Viuy)? + ui Ap(Vo, Vur)) — 2u; Au)
Q

+Z(Fk+l F)/(Wb Vur) A¢)

<aZ(rk+1 ) / (Adu? + 4 (1Vu; |* + Aolui||Vuil) — 2u; Au;)

(Tx ) Au?
+ZL/ i + Aol Vs + =0 ). (222)

i=1
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Substituting (2.21) and

into (2.22), we get
k k \ )
S (Cest = T)? < 8D (Teer — T’ (Ag +4A0 " 4o )
i=1

i=1
& (T —T0) Ao\ 2
+1 =1 1/4
Skt 711 (] Ao\
+§ 8 ( it 2)
Taking
2 1/2
1/4
S =T (0] + %)

K (Tppr — T2 (A2 +44,r* 6r!/? ’
i=1 0 i

i

we obtain (2.16).
(iii)) Introducing & = ¥ into (2.2) and using (1.17), we have

k k
D (Ces1 =T <8 (Tepr —Ti)?
i=1 i=1

X / (Bgul2 + 4(|Vu; |2 + Boui (V{r, Vu;)) — 2u,-Au,~)
Q

k
(Tr1 —T9)
+Z+5’/(|Vui|2+30u,-<w, Vui) +
Q

i=1

k
1/2
< 6> (et = T? (617 - B3)
i=1
k

Trr1 =T [ ~12 B}
by O 20 (e B,

i=1

where in the last inequality, we have used the fact that

/w(Vl/f Vu;) ——1/142A1ﬂ _ 5
SRR

«@ Q
Taking
1/2
12 B
Zf:l(rk+l —-T) (Fi/ -3

Y Tk = Ti)? (61",~1/2 - Bg)

S =

we obtain (1.18).

2
Bjyu;
4

(2.23)
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(iv) Substituting i = ¢, into (2.2), summing over p and using (1.19), we get

k k l
1D (Tret =T <8 (Tt = T)? / 4 (V. Vui)* = 2u; Au;
i=1 i=1 Q p=1

k 1
it — T
Z("*‘ai)/ > (V. Vui)? | (2.24)

Since {V¢ p}lpzl is a set of orthonormal vector fields, we have

1
D (Vép, Vui): < [Vuyl*, (2.25)
p=1

Thus, we have

lZ(rk+1 ri? <82<rk+1—r> /(4+2z)|w|

i=1 i=1
g1 =T9)
+Z% |V 2
i=1 Q

< aZ(rk+1 e+ 41,

12

+5 Z(Fm Y (2.26)
i=1
Taking
1/2
D E T O e
Q1 +4) X4 (T — THT
in (2.26), one gets (1.21).
(v) Taking the Laplacian of the equation
m+1
2 fa=1
a=1
and using the fact that
Afe = —pfe, a=1,....m+1,
we have
m+1
DAV ful® = . (2.27)
a=1
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Inequalities for eigenvalues of a clamped plate problem 285

It then follows by taking i = f,, in (2.2) and summing over « that

m-1
uZ(Fm—r) < SZ(Fk+1—r) /(M2u2 + 4DV fur Vui) = i Pu; Au,)

i=1 i=1 a=1
+Z (rk“ ) /(m+1 DAV fan Vi) + “ZM‘Z)
< SZ(I’HI (u +6MF1/2)
+Z (Fk+18— Ti) (MF,-I/Z n IZZ) ‘ (2.28)

i=1
We get (1.22) by taking

1/2

S (T = o) ( r'? 4 4)
>i et = T2 (6112 4 1)

This completes the proof of Theorem 1.1.

m}

Remark 2.1 We can obtain (1.12) by using (1.14). In order to see this, let us list the following
algebraic lemma which can be proved by using induction.

Lemma 2.2 Let{a;}{" |, {bi}i" and {c;}]_ | be three sequences of non-negative real numbers
with {a;} decreasing and {b; } and {c; }:":1 mcreasing. Then we have

E)E) BN Ew) o

Since {(I'x+1 — I )}l | 1s decreasing and {(n2H0 + 2n + 4)I‘1/2

1/2

¥, and {(n®HZ +
)}k_1 are increasing, we conclude from Lemma 2.2 that

k+1 k
[Z(rk+1 —T? (n2H + Cn +4)F1/2)] (Z(rkﬂ — 1) (n?HG +4r‘/2)]

i=1 i=1

k+1
[Z(rm ] [Z(rm 0 (2 HE + @n+ 1)) (w? g +4r)/ 2)]

(2.30)

Substituting (2.30) into (1.14), one gets (1.12).
Now we give some examples of manifolds admitting the functions on the whole manifolds
as stated in items (ii)—(v) of Theorem 1.1.

Example 2.1 Let M be an n-dimensional Hadamard manifold with Ricci curvature satisfying
Ricyy = —(n — 1)c2, ¢ > 0andlety : [0,+00) — M be a geodesic ray, namely a unit
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286 Q. Wang, C. Xia

speed geodesic with d(y (s), y(t)) =t — s for any t > s > 0. The Busemann function b,
corresponding to y defined by

by(x) = lim (d(x,y(®)—1)

satisfies [Vb, | = 1 (cf. [6,24]). Also, it follows from Theorem 3.5 in [30] that |Ab,| <
(n — 1)c on M. Thus any Hadamard manifold with Ricci curvature bounded below admits
functions satisfying (1.15).

Example 2.2 Let (N, dslzv) be a complete Riemannian manifold and define a Riemannian
metricon M = R x N by

dsy = dr* + n*(t)dsy, (2.31)

where 7 is a positive smooth function defined on R with n(0) = 1. The manifold (M, ds,zw)
is called a warped product and denoted by M = R x; N.Itis known that M is a complete
Riemannian manifold.

Set n = ¢! and consider the warped product M = R x,— N. Define ¢y : M — R by
Y(x,t) = t. Let us calculate |V{r| and Ayr. Assume that {w;, ..., ®,} be an orthonormal
coframe on N with respect to dsjz\,. If we define w1 = dt and wy, = e 'w, for2 < o < n,
then the set {w; }7_, forms an orthonormal coframe of M with respect to dslzw. The connection
I-forms w;; are defined by

n
dw; = Za)ij ANwj, wjj +wj =0.

j=1

Direct exterior differentiation yields
dw; =0
and
n
dwy = —e7'dt Nwy + ¢! Za"‘f‘ T

p=2

n
= wg N0 + Z@aﬁ A wg, (2.32)
p=2

where wyg are the connection 1-forms on N. Hence we conclude that the connection 1-forms
of M are given by

DNy = — Wyl = —Wqy, a)aﬁ :50(5.

For any C? function f on M, its gradient and hessian can be calculated by the following
formulas

df = fioi, dfi+ ) fiwji= Y fijo;. (2.33)
i=1 =1 =1

From dy¥ = w1, we know that

Yi = di1 (2.34)
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Inequalities for eigenvalues of a clamped plate problem 287

and so
dy; = 0. (2.35)
Taking f = v in (2.33) and using (2.32), (2.34) and (2.35), we get
Y1) =0, Yop = —bap. (2.36)
Hence, we have
VY| =1, Ay =1—n. (2.37)

That is, a warped product manifold M = R x,~ N admits functions satisfying (1.17).
Let H" be the n-dimensional hyperbolic space with constant curvature —1. Using the
upper half-space model, H" is given by

R = {(x1, x2, ..., xn)|xn > 0} (2.38)
with metric
dx12 +- -2~ + dx? (2.39)
xﬂ
One can check that the map @ : R x, R"~! given by
d(t, x) = (x,e")
is an isometry. Therefore, H" admits a warped product model, H” = R x,— R"~!.

Remark 2.2 We can show that the inequality (1.18) implies Cheng—Yang’s inequality (1.11)
by using the following Reverse Chebyshev Inequality (cf. [18]):

Lemma 2.3 (Reverse Chebyshev Inequality). Suppose {a; }fle and {b; };‘zl are two real
sequences with {a;} increasing and {b;} decreasing. Then we have

k k k
> aibi < % (Z ai)(z bl-). (2.40)
i=1 i=1 i=1

In fact, consider the warped product manifold M = R x,— N. Note that when N = R"~!,
M is the hyperbolic space H" (—1). Since (2.37) holds, we have by taking By = 1 — n in
(1.18) that

k k 1/2
Z(Fkﬂ—mzs[Z(FkH ri*er,”? — —1>2)]
i=1 i=1

1/2

k
x[Z(Fk+1 F)(4F]/2 (—1)2)] . (2.41)

i=1

Since {(T'x+1 — F,-)}f.‘:1 is decreasing and {(6I‘l.1/2 —(n— 1)2)}5":1 is increasing, it follows
from (2.40) that

i(rkﬂ —r? (er) = = 1?) =
i=1

?F\»—A

o]
x> (6r)? —m-1?) 1. (2.42)

Jj=1
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Substituting (2.42) into (2.41) and simplifying, we get (1.11).

Example 2.3 Let N be any complete Riemannian manifold. Let

M=R xN= {(x1,x2,...x1,2)|(x1,x2,...,x1) € Rl,z e N}

be the product of R’ and N endowed with the product metric. Consider the functions ¢ p !
M — R, p=1,...,1, defined by

Op(x1, X2, ...X],2) = Xp. (2.43)

One can check that the functions ¢,, p =1, ..., [, satisfy (1.19).

Example 2.4 Any compact homogeneous Riemannian manifold admits eigenmaps to some
unit sphere for the first positive eigenvalue of the Laplacian (cf. [27]).
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