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Abstract  Given a smooth domain @ C R such that 0 € dQ and given a nonnegative
smooth function ¢ on 92, we study the behavior near 0 of positive solutions of —Au = u?

_2
in Q such that u = ¢ on 92\ {0}. }Ve prove that if % <q < %, then u(x) < C |x| 4T
and we compute the limit of |x|4-T u(x) as x — 0. We also investigate the case g = %—ﬂ
The proofs rely on the existence and uniqueness of solutions of related equations on spherical
domains.

Mathematics Subject Classification (2000) 35J60 - 34B15

1 Introduction and main results

Let € be a smooth open subset of RY, with N > 2, such that 0 € 2. Given g > 1 and
¢ € C*°(9%2) with ¢ > 0 on 9€2, consider the problem
—Au=u? inQ,
u=>0 in €, (1.1)
u==«< on 02\ {0}.
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184 M.-F. Bidaut-Véron et al.

By a solution of (1.1) we mean a function u € C2(2) N C(2\ {0}) which satisfies (1.1) in
the classical sense. A solution may develop an isolated singularity at 0. Our main goal in this
paper is to describe the behavior of u in a neighborhood of this point.

In the study of boundary singularities of (1.1), one finds three critical exponents; namely,

_ N+l _ N2 _ N+
91 = §y—1» 92= N3 and 93 = N—=3°

with the usual convention if N = 2 or N = 3. When 1 < ¢ < ¢, it is proved by Bidaut-
Véron—Vivier [8] that for every solution u of (1.1) there exists « > 0 (depending on u) such
that

ux) =« |x|_N dist(x, 02) (1 4+o0(1)) asx — 0.

In this paper we mainly investigate the case g1 < ¢ < ¢3.
The counterpart of (1.1) for an interior singularity,

—Au=u? in Q\{xo},

where xo € 2, was studied by Lions [24] in the subcritical case 1 < g < N by Aviles [2]

N-2°
when ¢ = % and by Gidas—Spruck [19] in the range % < q < % We prove

some counterparts of the works of Gidas—Spruck and Aviles in the framework of boundary
singularities.
When (1.1) is replaced by an equation with an absorption term,

—Au+u? =0 in Q, (1.2)

the problem has been first addressed by Gmira—Véron [20] (and later to nonsmooth do-
mains in [18]). These results are important in the theory of boundary trace of positive solu-
tions of (1.2) which was developed by Marcus—Véron [25-27] using analytic tools and by
Le Gall [23] and Dynkin—Kuznetsov [16,17] with a probabilistic approach. We refer the
reader to Véron [30] for the case of interior singularities of (1.2).

Let us first consider the case where € is the upper-half space RY, and we look for solutions
of (1.1) of the form

2
— - X
ux) =|x| 'w (WI) .
By an easy computation, @ must satisfy

—No="Iy 0+ o in Siv_l,
>0 in §¥1, (1.3)
w=0 on 8S1+v_l,
where A’ denotes the Laplace—Beltrami operator in the unit sphere SV~1,
_ 2(N—g(N-2)) N-1 _ ¢N-1 N
EN,L]—W and S+ =S mR+
Concerning Eq. 1.3, we prove
Theorem 1.1 (i) If 1 < g < q1, then (1.3) admits no positive solution.

(i) If g1 < q < g3, then (1.3) admits a unique positive solution.
(iii) If g = g3, then (1.3) admits no positive solution.
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Isolated boundary singularities of semilinear elliptic equations 185

In Sect. 3 we study uniqueness of solutions of (1.3) with £y ; replaced by any £ € R. The
proofs are inspired from some interesting ideas taken from Kwong [21] and Kwong-Li [22].
The nonexistence of solutions of (1.3) when ¢ > g3 is based on a PohoZzaev identity valid
for spherical domains which are not necessarily spherical caps and for solutions which may
change sign; see Theorem 2.1 below.

The case N = 4 and ¢ = 5 has been studied by several authors. In this setting, g3 = 5 and
the conclusion of Theorem 1.1 follows from a result obtained by Bandle—Benguria [3]. The
existence and non-existence of solutions of problem (1.3) on spherical caps containing Si
was studied by Brezis—Peletier [12]; see also [4, 13]. Their results extend to S 3 the celebrated
Brezis—Nirenberg problem [11].

We now consider the case where € R¥ is a smooth domain such that 0 € 3. Without
loss of generality, we may assume that —ey is the outward unit normal vector of 9€2 at 0.
We prove the following classification of isolated singularities of solutions of (1.1):

Theorem 1.2 Assume that g1 < q < qa. Ifu satisfies (1.1), then either u can be continuously
extended at 0 or for every ¢ > 0 there exists § > 0 such that if x € Q\{0}, ﬁ € S571 and
[x] <6,

2
|x|qju(x)—w(ﬁ)’ <e, (1.4)
where w is the unique positive solution of (1.3).

When ¢2 < g < g3, we have a similar conclusion provided u satisfies the estimate

2

u(x) < Clx| a1 Vx € Q,
for some constant C > 0; see Proposition 8.1 below. In the critical case ¢ = ¢ there is a
superposition of the linear and nonlinear effects since their characteristic exponents q%l and
N — 1 coincide. The counterpart of Theorem 1.2 in this case is the following:

Theorem 1.3 Assume that ¢ = q1. If u satisfies (1.1), then either u can be continuously
extended at O or for every ¢ > O there exists § > 0 such that if x € Q\{0} and |x| < 4,
N—-1

x|V (1og‘71|) T ) | <, (1.5)

where K is a positive constant depending only on the dimension N.

Our characterization of boundary isolated singularities is complemented by the existence
of singular solutions which has been recently obtained by del Pino et al. [15]. We recall their
result:

Theorem 1.4 Assume that Q@ C RY is a smooth bounded domain. There exists p € (q1, q2)
such that for every q1 < q < p and for every &1,6», ..., & € 0K, there exists a function
ueCHQN C(Q\{&1, ..., &}) satisfying

{ —Au =ut in Q,

u>0 in 2,

(1.6)

and such that
u(x) — +oo asx — §;

nontangentially for every j € {1,2, ..., k}.
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186 M.-F. Bidaut-Véron et al.

In view of Theorems 1.2 and 1.3 any such solution must have the singular behavior we
have obtained therein. In [15], the authors conjecture that such solutions exist for every

q1 =q < q2.

Some of the main ingredients in the proofs of Theorems 1.2 and 1.3 are Theorem 1.1 above
concerning existence and uniqueness of positive solutions of (1.3), a removable singularity
result (see Theorems 7.1 and 7.2 below) and the following a priori bound of solutions of

(1.1):

Theorem 1.5 Assume that 1 < q < q. Then, every solution of (1.1) satisfies

L

u(x) < Clx| I Vx e Q, 1.7
for some constant C > 0 independent of the solution.

We establish this estimate using a topological argument, called the Doubling lemma (see
Lemma 5.1 below), introduced by Polacik et al. [29]. It is an open problem whether estimate
(1.7) holds for every solution of (1.1) when g > ¢».

Theorems 1.2, 1.3 and 1.5 have been announced in [9].

2 Pohozaev identity in spherical domains

We first prove the following PohoZaev identity in spherical domains.

Theorem 2.1 Let g > 1, £ € R and S be a smooth domain in Si’_]. Ifve C2(S)NnC(S)
satisfies

[—A/v:£v+|v|qlv in S, @1

v=20 OnaS,

then

/yv/v| R 1)/v2¢d0 = %/|V’v|2(v/¢,v) dr
N as

(2.2)

where v is the outward unit normal vector on 38, V' the tangential gradient to S¥ =", and ¢
is a first eigenfunction of the Laplace—Beltrami operator — A’ in W(; ’Z(S’j*l ).

We recall that the first eigenvalue of —A’ in WO1 2(SN 1 is N — 1 and the eigenspace
associated to this eigenvalue is spanned by the function ¢ (x) =

IX\ )
Proof Let
P = (V¢ VvV
By the Divergence theorem,
/dideo = /(P, v)dr. 2.3)
N as
Note that

div P = (V'v, V/$)A'v + D*v(V'v, V'$) + D*¢(V'v, V'v).
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Isolated boundary singularities of semilinear elliptic equations 187

where D?v is the Hessian operator. Now,
D*v(V'v, V'¢) = v’\v u\
Using the classical identity
D*¢+¢g=0
where g = (g;, ;) is the metric tensor on SN=1 we get
D*¢p(V'v,V'v) = —g(V'v, V'v)p = —|V'v|>6.
We replace these identities in the expression of div P,

div P = —(V'v, V'¢) (¢v + [v]?" " v) "¢y — |v’u|2¢>.

Integrating over S, we obtain

/div Pdo = —/(v’u, V') (tv+ [v]9" v) do

S N

+%/(V’|V’v|2,v’¢)d0—/}V’v|2¢da.

N S
Note that
/(V’v, Vo) (tv + ] v) do = <v’( + 4 |v|‘1+1) , v’¢>> do
S N
= / + g4 17H) A do
S
= (N — 1)/ %vz + qﬁ |v|‘1+1)¢d0,
and

(V' |V'o]?, V'¢) do

—/yv/v|2A/¢da+/|v’v|2(v/¢, v)dt

a—

(N—1)/]Vv| ¢da+/|v’vy Vg, v

as

These identities imply

/didea:—M/vqudo— T /|u|q+1¢da+N 3/|v’v| bdo

S

/|V o> (Vg v (2.4)
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188 M.-F. Bidaut-Véron et al.

On the other hand, since v satisfies (2.1),

/(zu2 + " ¢pdo = —/(A’v)mpdo
S

N

/(V’v, V' (v¢))do = / |v’u\2¢do +/<V’v, V'¢)vdo.

N N N

Since vV'v = $V/(v?) and A'¢p = —(N — )¢,

/(V’U,V’qb)vda:%/(v ), V'¢)d _NT/ 2p do.
S

s N
Thus,

/(zu2+ |9t ¢ do :/|V/v|2¢do + NT_I/v2¢da.
N N N
This implies

/Ivl‘”‘(pda=/|v’u|2¢da+(%—z)/v2¢da.
N S

S

Inserting this identity in (2.4), we obtain

/didea: (452 - 2 /|v/u} pdo — (105 "+§T(N74—z))/u2¢da

N N

+ %/ Vo> (Vg, v) d. 2.5)
as

Since v vanishes on 3S, V'v = (V’v, v)v and, in particular, |V'v| = |(V'v, v}|. Thus,

/(P, vydt = /(V’d), Vol (V'v,v)dt = / ((V'v, v))2 (V¢,v)dr

EN EN as
- / Vo> (V'¢, v) d. 2.6)
as
Combining (2.3), (2.5) and (2.6), we get the PohoZaev identity. m]

Using the PohoZaev identity on Sf ~! we can prove that the Dirichlet problem (2.1) can
only have trivial solutions for suitable values of ¢ and ¢.

Corollary 2.1 Let N > 4. Ifqg > q3 and £ < —%, then the function identically zero is
the only solution in CZ(S_Z‘\_[_I) N C(Sj\_/_l) of the Dirichlet problem
[—A'v:@v—{—lvlq_] v in Sj\_/_l,

v=20 on 8Sj\_/_1.
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Isolated boundary singularities of semilinear elliptic equations 189

Proof Let v be a solution of the Dirichlet problem. Applying the PohoZaev identity with

o(x) = % the left-hand side of the Pohozaev identity is nonnegative, while its right-hand

side is nonpositive. Thus, both sides are zero. If at least one of the inequalities ¢ > g3 or

L < —% is strict, then we immediately deduce that v = 0 in Sf -1

Ifg=¢g3and ¢ = —%, then
/ Vo> (V'¢, v) dr = 0.
asy—!
Since (V/¢,v) < 0 on HSf_l, we conclude that V'v = 0 on 8Siv_1. Define the function

: SVl > Rby

. N—1
) = v(x) 1fxeiS’Jr ,
0 otherwise.

Then, v satisfies (in the sense of distributions)
AN =05+37"'% ins¥N L

Since ¥ vanishes in an open subset of S¥~!, by the unique continuation principle we have
# = 0in S¥~! and the conclusion follows. O

Remark 2.1 When S & § 1+v ~and g > g3, the previous non-existence result can be improved
if we define

M(S,¢) =sup {u=0: /|V’;|2¢da > u/c%bda, VeecES)r. 2
S S

This constant A(S, ¢) is actually zero if § = Siv ~!. With this inequality (2.2) turns into

(252 - 2) 0= 252 (4p)] [ 220 < 4 [ 19 (9.
a5

S
(2.8)
Therefore, the statement of Corollary 2.1 still holds if ¢ > g3 and
N—1 (N-3)-N-1
L WA(S, @). 2.9)

Note that A(S, ¢) tends to infinity as S shrinks to a point.

Remark 2.2 Brezis and Peletier proved in [12] a PohoZaev identity on the unit ball B; in R3
for the problem

[ —Aw =Vxw + w’ in By, 2.10)

w=20 on dBj.

Using a stereographic projection in R*, their identity gives a non-existence result for solutions
of the Dirichlet problem (2.1) when g = 5.
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190 M.-F. Bidaut-Véron et al.

3 Uniqueness of solutions of a PDE in S _Z,Y -1

In this section we address the question of uniqueness of positive solutions of the Dirichlet
problem

—Av=tv+ 7 in Si’_l,
v=>0 in SY1, 3.1)
v=20 on BS_}X_l,

where ¢ € R. A solution of (3.1) is understood in the classical sense.
We shall prove the following results:

Theorem 3.1 Assume that N = 2. If ¢ > 1, then for every £ € R the Dirichlet problem (3.1)
has at most one positive solution.

Theorem 3.2 Assumethat N > 4. If1 < q < g3, then for every £ € R the Dirichlet problem
(3.1) has at most one positive solution.

Theorem 3.3 Assume that N = 3. Then, the Dirichlet problem (3.1) has at most one positive
solution under one of the following assumptions:

e foreveryl < g <5andl € R,

23—q)
e foreveryq > 5andl < @G-

Remark 3.1 In dimension N = 3 we do not know whether the Dirichlet problem (3.1) has a

unique positive solution if ¢ > 5 and £ > %.

We first show that the graphs of two positive solutions of (3.1) must cross.

Lemma 3.1 Assume that vy and vy are positive solutions of (3.1). If vy < vy in Sffl, then
V] = V).

Proof Multiplying by v, the equation satisfied by v; and integrating by parts, we get
/ (Vvi, Vup)do = / (tv1 + (v)?) va do.
syt syt
Reversing the roles of v and v,, we also have
/ (Vvy, Vui)do = / (tv2 + (v2)?) vi do.
syt syt
Subtracting these identities, we have
(vqul — vzqil) vivado = 0.
syt

Since the integrand is nonnegative we must have v1?~! — 1,971 = 0 and the conclusion
follows. O
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Isolated boundary singularities of semilinear elliptic equations 191

We first consider first the case N = 2:
Proof of Theorem 3.1 Denoting by

— X2
6 = arccos Bk

then a solution of (3.1) satisfies

vog +Lv+v? =0 in (0,%),
v9(0) =0, v(%)=0.
Moreover, for every 6 € (0, 51, vg(8) < 0. Indeed, we have vg(5) < 0. Let
p=inf{# > 0:v9(0) <0}
and assume by contradiction that p > 0. Then, from uniqueness of the Cauchy problem,
p =7 and, for every 6 € [0, 5], v(9) = v(5 — ). Hence, vy (0) > 0, a contradiction (this
argument is the 1-dimensional version of the moving plane method). We conclude that v is

strictly decreasing.
Let V : [0, v(0)] — R be the function defined by

V(E) = v (€)). (32)
Then, V is of class C! in [0, v(0)). Since for every £ € [0, v(0)),
1 1 1
W )e§) =

v 1(E)  VE)
we deduce that
(VHe =2V Ve =2V(vgg o v H(w™ e =2(wpg o v™h) = —2(¢6 +£9).  (3.3)

Assume by contradiction that (3.1) has two distinct positive solutions, say v; and vo. We
may assume they are both defined in terms of the variable 6. Then, by the previous lemma,
there exists ¢; € (0, 7) such that v (c1) = v2(c1). Let ¢z € (c1, 5] be the smallest number
such that v1(c2) = v2(c2) (this point ¢; exists since vig(c1) # v29(c1) and v1(F) = v2(5)).
Without loss of generality, we may assume that, for every 6 € (cy, ¢2),

vi(0) < v2(0).

Let Vi and V; be the functions given by (3.2) corresponding to v and vy, respectively. For
ie{l,2},let

a; = v1(c;) = v2(ci).
By (3.3), for every & € (a2, 1),
(ViP)e () = =20t + £) = (V2P (6).

Hence, the function V12 — sz is constant. On the other hand, since v| < vy and vy, vy are
both decreasing, by uniqueness of the Cauchy problem,

vig(c1) < v29(c1) <0 and wvyy(c2) < vig(cz) <O.
Thus,
ViZ(e)) — Vo2(ay) > 0 and Vi%(an) — Va2 (an) < O.

This is a contradiction. We conclude that problem (3.1) cannot have more than one positive
solution. O
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192 M.-F. Bidaut-Véron et al.

Remark 3.2 In [6], the authors investigate the structure of the set of all (signed) solutions of
the equation

V' + v+ v 'v=0 inR.

Their proofs rely on the fact that the equation is autonomous (see [6, Lemma 1.1 and Theo-
rem 1.1]) and the same strategy can also be applied to equations of the form

v+ v+ g(v) =0, (3.4)

where g € C!(R), g(0) = 0, is such that the function r > @ is increasing on (0, +00).
The proof of Theorem 3.1 above can also be adapted to this more general setting. We refer
the reader to [10, Proposition 4.4] for a more general result.

In order to study (3.1) in the case of higher dimensions, the first step is to rewrite the
Dirichlet problem in terms of an ODE. By an adaptation of the moving planes method to
SN=1 (see [28]), any positive solution v of (3.1) depends only on the geodesic distance to
the North pole:

# = arccos %

and v decreasing with respect to 6. Since in this case

L d v
VT Gino)V 2 4o ((Smg) ”") :

I
every solution of (3.1) satisfies the following ODE in terms of the variable 6:

[vgg—i—(N—Z)cothg—i—Zv—i-vq:O in (0,%), 33)

v9(0) =0, v(})=0.

The heart of the matter is then to apply some ideas from Kwong [21] and Kwong—Li [22],
originally dealing with positive solutions of

1 .
urr+(N—2); uy +Llu~+u? =0 in (0, a), (3.6)

ur(0) =0, wu(a)=0.

By Lemma 3.1 and the discussion above, the graphs of two positive solutions of (3.5) must
intersect in (0, 7). The number of intersection points could be arbitrarily large but always
finite in view of the uniqueness of the Cauchy problem. The next lemma allows us to reduce
the problem to the case where there could be only one intersection point. The argument relies
on the shooting method and continuous dependence arguments; we only give a sketch of the
proof.

Lemma 3.2 Assume that (3.5) has two distinct positive solutions. Then, there exists two
positive solutions of (3.5) whose graphs intersect only once in the interval (0, T).

Sketch of the proof For each a > 0, let v* be the (unique) maximal solution of

vgy + (N — 2)cotO vg + Lv + |v|q71v =0 inly = (0,my) C (0, 1),
ve(0) =0, v(0) =c.
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Isolated boundary singularities of semilinear elliptic equations 193

This solution is first obtained on some interval [0, 7, ] by using the contraction mapping
principle to solve the integral equation

0 o
V) = o — /(sin 0)2_N/(sin V2w + v/ ) (7) dT do (3.7)
0 0

and then it is extended to its maximal interval /,. By a standard concavity argument, one
shows thatm, = sup I, = 7. One then verifies that v* depends continuously on ¢, uniformly
when 6 € [0, m — €] for any € > 0 small enough, and we can take € = %. Since

0
v (0) = —(sin 9)>~N /(Sin N2 + 7 ) () dT,
0

it follows that v* depends continuously on « in the C' ([0, 3—”])—topology.

If v; and vy are two distinct solutions of (3.5) we can suppose that vi(0) > v(0). We
shall assume that their graphs have more than one intersection; we denote by ¢ and ¢; their
first and second intersections in (0, %), respectively. Given o € (0, v1(0)), we denote by
o1(a), ..., ox(a) the points in (0, %) where v| and v* intersect, ordered increasingly. Then,

01(12(0)) =c1 and 02(v2(0)) = 3.

Since the derivatives of v; and v at o () do not coincide, it follows from the Implicit
function theorem that the mapping & — o7 () is continuous.

We now show that there exists 8 € (0, v2(0)) such that 0,(8) = % Assume by contra-
diction that this is false. Then,

o (a) < % Yo € (0, v2(0)).

We also have, in particular, o1(r) < 5. By the Mean value theorem, there exists 7(x) €
(o1(a), 02(@)) such that

v1p(t () = vy (t(@)).
On the other hand, since v* — 0 uniformly on [0, %] and v; > O on [0, %),
. . _x
Jimyor(@) = Jim on(e0 = 3
and thus
v1,6(3) = lim vip(t(a)) = lim vg(z(@)) = 0.
a—0 a—0

This is a contradiction.
Let B € (0, v2(0)) be the largest number in (0, v2(0)] such that

02 (B) = 7.

It remains to show that v# is positive and hence it is a solution of (3.5). More generally, we
show that the assertion

V(@) =0 VO €0, 02(0)] Ve €[y, v2(0)]
holds with y = B. Let & be the infimum among all numbers y for which this property holds.

By continuity of & — o2 () and o — v, this property still holds for &.
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194 M.-F. Bidaut-Véron et al.

Assume by contradiction that & > B. Then, there exists a sequence («;) in [8, &) such
that ¢, — & and a sequence (6,) with 6, € [0, o2(e;,)] such that

v“1(0,) <0 Vn>1.

Passmg to a subsequence if necessary, we can assume that (6,) converges to some point
6 e [0, 02 (@)]. Since the function v* is nonnegative,

v¥(@) =0 and v(0) =0.

This is a contradiction with the uniqueness of the Cauchy problem. Therefore, v is a solution
of (3.5) which intersects only once v; in (0, %). ]

The next result is standard but we present a proof for the convenience of the reader.

Lemma 3.3 Assume that v and v, are positive solutions of (3.5) whose graphs coincide at
a single point of (0, %). If v1(0) > v2(0), then the function

v2(0)

v1(0)

6 €, %) —
is increasing.

Proof Let J : [0, %] — R be the function defined as J = vjvag — v2v14. To prove the
lemma, it suffices to show that J > 0 in (0, %). Using the equations satisfied by vy and v,
one finds

Jo=—(N —=2)cot0J + (v177 " — 27 vy
Thus,

W ((Sin@)N_QJ)g = (U]q_] — U2q_1) V102,

Leto € (0, %) be such that vy (o) = v2(0). Since vig(0) # v2¢9(0), we have v > vy in
(0,0) and v; < vy in (o, %), we conclude that the function

0 €0, 21— (sin@®)N 27 (0)
is increasing in (0, o) and decreasing in (o, %). Since it vanishes at O and %, we have
sin®)N2J >0 in (0, %).
Thus J > 0in (0, %) and the conclusion follows. O
The following identity will be needed in the proofs of Theorems 3.2 and 3.3.
Lemma 3.4 Let v be a solution of (3.5), o = Z(N 2) and B = % Set

w(0) = (sin®)® v(H). (3.8)

Let E : (0, %) — Rand G : (0, %) — R be the functions defined by
w? w? et
E(®) = (sin0)” —9 +GO S+ g (3.9)
G©®) = ((@(N —2—a)+0)(sin 9)2 +ale+3—N)) sin0) 2 (3.10)
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Isolated boundary singularities of semilinear elliptic equations 195

Then,
w2
Ey =Gog—. 3.11)
2
Proof Letw : (0, %) — R be the function defined by (3.8). Then,
a(x+3—=N)
wgg + (N —2 —2a)cotbwy + (a(N -2 —a)+ 0+ ———F+—
(sin0)2

wq
t Ginge@D =0

Multiplying this identity by (sin 8)#, we get
(sin0)f wgg + (N — 2 — 20)(sin 0)# 1 cos 6 wy + G(O) w + (sin0)P~*@~ Dy =0
where G is defined by (3.10). We now observe that & and f satisfy
N—2—2a:§ and B—a(g—1)=0.
The identity satisfied by w becomes

(sin )P woy + g(sin P~ cosO wy + GO) w + w? = 0.

Since
% ((sin 0)” (w;)z) = ((sin 0)? wgo + g(sin 0)P~ cos wg) we
and
4 (0(9)w2) =GO)wwy + G(;(G)IL2
do 2 2
identity (3.11) follows. ]

The following proof is inspired from Kwong—Li [22].

Proof of Theorem 3.2 We use the notation of Lemma 3.4. We observe that E can be contin-
uously extended at 0 and % This is clear at %, where we take

we(3)?  (vp(5)?
2 o2

To reach the conclusion at 0, it suffices to observe that for every 6 € (0, %),

(3.12)

(sin 0)P (wg (6))* = (sin 0) (c(sin 0)* " cos 6 v(B) + (sin )* vy (9))°
= (sin0)** 72 (@ cos § v(9) + sin 6 vy (9))*.
Since N > 4,

2N— -
20+ B -2= (q+33) (q—l—%) > 0,
the right-hand side of the previous expression converges to 0 as & — 0. We can then set

E(0) = 0. (3.13)
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Notice that
Go(0) = [(@(N =2 —a) + ) B(sin0)* + a(e +3 — N)(B — 2)] (sin0)# 3 cos 6.

By the choices of « and B,

_ —13)2 _
o +3 - NI~ D) = DD (o N) () )

Since N >4and1 < g < %, this quantity is positive. Hence, there exists & > 0 such that

Go(@) >0 VO €(0,¢).
In view of the expression of Gy, we have the following possibilities: either
(i) Gg > 01in (0, 5),
or
(ii) there exists ¢ € (0, %) such that G > 01in (0, ¢) and Gg < Oin (c, 7).

Assume by contradiction that (3.1) has more than one solution, hence by Lemma 3.2 problem
(3.5) has two positive solutions v and vy whose graphs intersect exactly once in the interval
(0, %)‘ Without loss of generality, we may assume that v (0) > v2(0). Fori € {1, 2}, define
w; and E; accordingly.

First, assume that G satisfies property (i) above. Let

_ v29(%)
vig(5)’
We have from (3.12) and (3.13)
(Ex =y’ ED(3) = 0 = (E2 — y*EN)(0). (3.14)

On the other hand, by Lemma 3.3 the function

v2(6)
v1(0)

6€0,%)—

is increasing. In particular, for every 6 € [0, %),

v2(0) . ond)  ve(3)
< lim = =
v1(0) o-I-vi(0) ve(F)

Hence,
(w2)* — y*(w)? = (sin0)* ((v2)* — y*(v)?) <0 in (0, D).

Thus, by Lemma 3.4 and by assumption (i), we have for every 6 € (0, %),

(B> — y?Eg(0) = Gg(0) (w2)? — y*(w)?) < 0.

This contradicts (3.14). Therefore, problem (3.1) cannot have two distinct positive solutions
if G satisfies (i).
Next, we assume that G satisfies property (ii) for some point c. Let
v2(c)
vi(e)

y =
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As in the previous case, (Ey — )72E1)(0) = 0. By Lemma 3.3, we have

v - v -
2. 7 in (0,¢) and 2. y in(c, 3).
U1 V1

Hence, by uniqueness of the Cauchy problem, (E> — 72 E1)( %) > 0. By Lemma 3.4 and by
assumption (ii), we have for every 6 € (0, %),

(Ex — 72 ENg(0) = Gy(0) ((w2)> — 72(w1)?) < 0.

This is again a contradiction. Therefore, if G satisfies (ii), then problem (3.1) has a unique
positive solution. The proof of Theorem 3.2 is complete. O

When N = 3, the proof of uniqueness of positive solutions of (3.1) is inspired from
Kwong-Li [22] (Case 1 below) and Kwong [21] (Case 2 below).

Proof of Theorem 3.3 We split the proof in two cases:

_2B=q)
Casel.q > land ¢ < CESICENE

Let G : (0, %) — R be the function defined by (3.10). Since N = 3, we have o = 2

q+3
and 8 = 26=D Thys,

q+3
al@+3-—N)(B-2)=a?(B—-2)=——2 <0.
(g+3)°
Moreover, since by assumption ¢ < %, we have

_ 2(g=D) 2(g—3)
@N=2—) +0f+a@+3-N(F-2) =240 [ 24D 1 ¢] <o,

Therefore, G satisfies
(iii)) Gg < 01in (O, %).

We again consider the function E defined by (3.9), and satisfying (3.11). We observe that
E can be continuously extended at % by (3.12), but not at 0 since E(0) diverges to +o00 as
6 — 0.

Assume by contradiction that (3.1) has more than one solution, hence as above problem
(3.5) has two positive solutions v; and vy whose graphs intersect exactly once in the interval
(0, %), and v1(0) > v2(0). Fori € {1, 2}, define w; and E; accordingly.

Let

v2(0)
v (0)°

y =
By Lemma 3.3 we find
(w2)? = P2 (w)? = Gin )™ ((12)* — P*(w)?) > 0 in (0, ).
By Lemma 3.4 and by assumption (iii), we have for every 6 € (0, %),
(Ex = P*ENe(®) = Go(0) ((w2)* = p*(w1)?) < 0. (3.15)
By Lemma 3.3,

(120(5))* — P2 (19(5))? _
2

(Ey —PPEN(5) = 0.
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Although E and E> cannot be continuously extended at 0, one checks that
lim (E2(0) — p2E1()) =0,
01_1310( 2(0) — P7E1(9))

by expanding the functions v; up to the order 2 at & = 0. This contradicts (3.15). Therefore,
Eq. 3.1 has at most one positive solution.

2(3—¢q)
Case2.1 <g <5and ¥l > q+3)g-1"

Since 1 < g <5, we have ¢ > —%, in particular £ > —%. The remaining of the argument

only requires | < ¢ <5and ¢ > —%.

Letz : (0, %) — R be the function defined as

2(0) = (sin6)? v(d).

Then, z satisfies

1 74
290+ L+ + =0. (3.16)

: z+ =
4 4(5111 (9)2) (sm@)%

Assume by contradiction that (3.1) has more than one solution, hence by Lemma 3.2
problem (3.5) has two positive solutions vy and v, whose graphs intersect exactly once in
the interval (0, %). Without loss of generality, we may assume that vy (0) > v>(0). Define z;
and zp accordingly. Then,

z1 > 22 in(0,00) and zj <zo in (00, 5).
In addition,
21(0) = 22(0) = z1(3) = 22(5) = 0.
Let
§o = z1(00) = z2(00).

As afirstclaim, we show that z; and z, cannot be both decreasing in [0y, %]. Indeed, if it holds,
we may consider their inverses zlfl : [0, &] — oo, %]. Fori € {1,2},let Z; : [0, &] — R
be the function given by

Zi(®) = zio(z ' )

Since

216(00) < 229(00) <0 and z24(%) < z16(5) <0,
we have

(Z1(50))* > (Z2(50))* and (Z1(0)* < (Z2(0))*.
From the Mean value theorem, there exists € (0, &) such that
(ZP)e ) > (227 (). (3.17)

On the other hand, for i € {1, 2} and for every & € (0, &j),

_ 1 1 g4
ZiZie = z; -1 =—1{+-+ - . (3.18
£ = Zigo(z; (£)) ( 1 4(sinzi1(-§))2)§ (Sinzfl(é))q? (3.18)
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Since z; 1 (§) < z; ' (§) in (0, &), we deduce that
(Z1%)e =221 Z1¢ <22272¢ = (Z27)e.

This contradicts (3.17) and proves the claim.

As a second claim, we show that z; and z; cannot be both increasing in (0, 0(). Assuming
that it holds, we may consider their inverses zi_l : [0, &] — [0,00]. Fori € {1,2}, let

Y; : [0, &] — R be the function defined for & > 0 as
Yi(€) = zig(z; | (€))(sinz; (§));
Y; can be continuously extended to O by taking
Y;(0) =0.
Moreover, for & € (0, &],

Yi(§) -0 1 ! vie(z; ' (§)) o
— 7 =5cosz E)+ — 1 (sinz; (§)).
E 5 vl(zi (‘i:)) ;’:

We deduce that Y; is differentiable at O and

Yi/ (0) = 5 B

Since z» < zj in (0, 09p), by uniqueness of the Cauchy problem we have

(Y2(50))* > (Y1(&0))%.
On the other hand, fori € {1, 2},

Fie = (s @) sinz €0+ 2u0 (e @) eos2€)) — =1
S ANY]

= (oo @ sing ©7) 3 +eosz ! ©)

Thus,

Vi¥ig — Yicoss €)= — (€ + Hising €)2 + 1) & — sing @) 7 &,

Since z, (S) >z, (“g‘) in (0, &) and ¢ > -5

(€ + Hsinzy ' €)? = (€ + DHsinzy ' €)%

Since g < 5,
| 5—q | 5—q
(sinzy (§)) * = (sinzy (§)) * .
We deduce that
Y2Yae — Yacoszy '(§) < YiYie — Yicoszy ! (§).
Hence,

((12)* = (1)?), < 2(Y2cosz; ' (§) — Yicoszy ' ()
<2coszy (E)(Y2 — ).

(3.19)

(3.20)

(3.21)
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Let f : (0, &) — R be the function defined by

2cosz; ! (€)

=y o +ne

Using this notation,
(12)* = M)?), = £©) (12> = M)?).
Thus, for every & € (0, &1,

£0 ,
((¥2)2 = (")) (€) = (X2 — (1)?) (&) el T, (3.22)
Note that, in view of (3.19)—(3.20),

2
f(€) = 5(1 +o(1) as§—0

and thus
el FDAT _ 21 4 o(1)) asE — 0.
On the other hand,
(12> = (YD)?) (€) = (Y2(&) + Y1(§)) (Y2 (&) — Y1(§)) = 0(§%) as& — 0.
Thus, dividing both sides of (3.22) by &2 and letting & — 0, we get
0= ((Y2)* = (1)) (o).

This contradicts (3.21) and the second claim is proved.

We can now conclude the proof. It follows from Eq. 3.16 that both z; and z; are concave.
Since z; and z» cannot be simultaneously increasing on (0, og) or decreasing on (oy, %), at
their intersection point there holds

z19(00) < 0 < 22¢9(00).

Therefore, the maximum of z; is achieved in (0, op) while the maximum of z; is achieved
. T
in (09, %).

Denote the maximum of z; by m;. We first show that m, > mj. Indeed, assume by
contradiction that my < m. Let 6 € (09, %) be such that
72(02) = my.
Let &1 be the largest number in (0, %) such that
71(01) = ma.

The restrictions z; : [o7, %] — [0, my] are both decreasing. Let Z,- : [0, ma] — R be the
function defined as

Zi (&) = zig(z; ' (£)).
In the interval [0, m,] we have zl_1 (&) < zz_l (&) and (3.18) holds. Thus, as in the first claim,

(Z1%)e < (Z2P)e.
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Since
(Z1(0))* < (Z2(0))* and (Z1(m2))? = 0 = (Z2(m2))%,

we have a contradiction.
We now show that m| > mj. Assume by contradiction that m; < m,. Let 61 € (0, o) be
such that

z1(61) = my.
Let 67 be the smallest number in (0, %) such that
22(61) = my.

The restrictions z; : [0,6;] — [0, m|] are both increasing. Let f’, : [0,m1] — R be the
function defined for & > 0 as

Vi(8) = zig(z; ' (€)(sinz; ' (§))

and ¥;(0) = 0. Then, ¥; is differentiable at 0 and

Moreover,
(P22 = (7)) m) > 0.
In the interval [0, 6;] we have zl_] &) < zz_l (&); thus, as in the second claim,

. . 2cosz;! . .
(72 = ) = 2258 (g2 (3y2)
§ Y2+ 71

and we get a contradiction as before.
Finally, my > m > my, which is a contradiction. Therefore, problem (3.1) can have at
most one positive solution. O

4 Proof of Theorem 1.1
Proof of (i) Assume that 1 < g < qi. Let ¢ be a positive eigenfunction of —A’ in

Wg’z(SiV*l) associated to the first eigenvalue N — 1, and let w be a solution of (1.3).
Using ¢ as test function, we get

/ (Vo,V'¢)do = / (Un,go + oD@ do.
sh=t sh=1
On the other hand, since ¢ is an eigenfunction of —A’,
/ (Vw,V¢)do =(N—1) / wodo.

N—1 N—1
sy sy
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Thus,

(N—=1—1Ly,) / wpdo = / ¢ do. 4.1)

Since g < ¢q1, we have

— (N=D(g+1D) N+1

Hence, the left-hand side of (4.1) is nonpositive while the right-hand side is nonnegative.

Thus,
/ lpdo =0
syt
We conclude that @ = 0 in Sﬁrv ~!. Therefore, problem (1.3) has no positive solution. O

Proof of (ii) Since g > q1,

N—-1)(g+1 1
N — l _ZNJI = 7( (q—)(llgz ) (q — 7%1_1) > 0

Thus, the functional 7 : WOI’Z(S_IX _1) — R defined by
v 2
T(w) = / (‘V w|” =ty qw ) do
st

is bounded from below by 0. On the other hand, since ¢ < g3 we can minimize [ over the
set

we Wy A sVl / whHit do =1
syt

Let w be a minimizer. Then, w is also a minimizer, whence w = w7 and this function
satisfies

ATy _ q N—1
ANw—Lyow=2w? in S

for some A > 0. By standard elliptic regularity theory, w is smooth and vanishes on 9. i’ -

1
in the classical sense. The function A 4-T w is therefore a solution of (1.3).
For uniqueness, one applies Theorem 3.1 or Theorem 3.2 in the case N # 3. If N = 3,

then we can apply Theorem 3.3 since £,,3 = %;_ _1‘)12) always satisfies the assumption therein.
]

Proof of (iii) We may assume that N > 4, for otherwise there is nothing to prove. Note that
ifg > g3,

N—-1 _ N-3 N+1
g1 ~ Vg =~ (q a N—3) =0

Applying Corollary 2.1, we deduce that (1.3) has no positive solution. O
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5 The a priori estimate

In this section we establish Theorem 1.5 whose proof is based on the following result.

Proposition 5.1 Assume that 1 < q < q2. Let 0 < r < %diam Q and ¢ € C*®(0Q) with
¢ > 0on Q2 Then, every solution of

—Au = u? in 2N (BZr \Er)a
u=>0 in 2N (B \By), (5.1)
u=¢ on 02 N (By-\B,),

satisfies
2 —
u(x) < C[dist(x, ;)] ¢ Vx € QN (B \B,), 5.2)
where T, = QN (8By UdB,) and C > 0 is a constant independent of u.

We denote by B, the ball of radius r centered at 0. The proof of this estimate is based on
two results: a Liouville theorem for the equation —Au = u9 in RN orin Rf (see [14]) and
the Doubling lemma of Polécik et al. [29] which we recall:

Lemma 5.1 Let (X, d) be a complete metric space, ' & X and y : X\T' — (0, +00).
Assume that y is bounded on all compact subsets of X\I'. Given k > 0, let y € X\I" be such
that

y () dist(y, ) > 2k.
Then, there exists x € X\T such that

e y(x) dist(x,I") > 2k;
o y()=y(Q);
o 2y(x) = y(2), Yz € Bijy(x) ().

Proof of Proposition 5.1 To simplify the notation we may assume that { = 0. Assume by
contradiction that (5.2) is false. Then, for every integer k > 1 there exist 0 < r; < % diam €2,
a solution uy of (5.1) withr = 7, and yx € Q N (B, \Erk) such that

2 2
—1

ur(ye) > (2k) 7T [dist(ye, Tpp)] 0

Applying the previous lemma with
_ q-1
X =QN (B \By) and y =u,’ ,
one finds x; € X\T';, such that

2

) wr(xg) > (2k)‘1 T [distCx, Tr)] 4T
(i1) Mk(xk) > ur(Ve)s
(iii) 2" Tup(xk) > ur(z), Vz € Bg, (xx) N, with R = k[uk(xk)]

By (i) we have Ry < § dist(xx, I';,) and thus

B, (xx) NT,, = 0.
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Since dist(xg, I'y,) < %rk < 41 diam €2, we also deduce from (i) that

2

g—1
> )
ue) 2 (diam sz)

In particular,
ur(xy) — 400 as k — +4oo.
For every k > 1, let

gq—1

e = [ur ()™ 27,
Dy = {g RV |&] <k and x; + & € sz}

and

v (§) = up (xx + &) V& € Dy.

1
i (x)
Then, vy satisfies

—Av, = vZ, 0<y < 24%1 and v (0) = 1.

Passing to a subsequence if necessary, we may assume that either
(A) forevery a > 0 there exists kg > 1 such that if k > ko, then By, (xx) N0 = ¢,
or
(B) there exists ag > 0 such that for every k > 1, By, (xi) N 02 # @.

Since the sequence (vg) is uniformly bounded, it follows that (Awvg) is also uniformly
bounded. In both cases, by elliptic (interior and boundary) estimates, we have for every
1 < p < +4ooandeverys > 0,

lvkllw2.r (o) < Cs.p-

If (A) holds, then up to a subsequence (vx) converges locally uniformly in RV to some
smooth function v such that

—Av =19, 051}52(1%1 and v(0) =1.

On the other hand, if (B) holds, then up to a subsequence and a rotation of the domain there

exists some smooth function v defined in Rﬁ such that (vg) converges locally uniformly to v.

Since the sequence (vy) is equicontinuous and for every k > 1, v;(0) = 0, we have v(0) = 1.
In both cases, we deduce that v is a nontrivial bounded solution of

—Av =17

in RY or in RY, which is impossible (see [14]). Therefore, estimate (5.2) must hold. o

Proof of Theorem 1.5 1t suffices to establish (1.7) if x € Q and |x| < %diam Q2. For this
purpose, we apply Proposition 5.1 with r = %|x|. Since dist(x, I';) = %r, we deduce that

2

. _2 r\ g1 ~ 2
u(x) < C[dist(x, T,)] 7T = C (5) —C x| 7.

This establishes the result. O
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6 The geometric and analytic framework

We recall some of the preliminaries and the geometric framework in [20] which will be used
in the remaining of the paper.

We denote by (xi, ..., xy) the coordinates of x € RY and by B = {eq,...,eyn} the
canonical orthonormal basis in RY. Since we are assuming that the outward unit normal
vector is —ey, d€2 is the graph of a smooth function in a neighborhood of 0. In other words,
there exist a neighborhood G of 0 and a smooth function ¢ : G N Tp2 — R such that

GNaQ = [(x’,xN) eRVIxR; ¥ € GNTyQ and xy :¢(x/)].

Furthermore,
¢(0)=0 and V¢(0) =0.
Let
P (x) =y, (6.1)
with
yvi=x; ifief{l,...,N—1} and yy =xy — o). (6.2)

We can assume that ® is a C*° diffeomorphism from G to G = ®(G),and D(QNG) =
GnN Rﬁ . To avoid introducing some additional notation, we will assume that
G = By.

Given ¢ € C*®(9), let z be the harmonic extension of ¢ in 2. Given a solution u of
(1.1), we denote

u(x) —z(x) = @(y), z(x) =Z(y) and ¢(x) =Z(y),

for every x = @~ !(y) withy € G N Rﬁ. Since u is superharmonic and u = z on 92, we
have & > 0. On the other hand, a straightforward computation yields

Au = Aii + VPP iy, yy — 2(V, Vily,) — iy, Ag.
Thus, & satisfies the equation
—Aii — |V iy gy +2(V, Vityy,) +iiyy Ap = (@ + 7).
Rewriting this equation in terms of spherical coordinates, one obtains

1 N—l4m.
(1+m)urr+r—2A’u+%ur+(u+z)q

1

1 5 1 -
= (Viiy, ma) + — (V(V'ii, en), 75).

i, M) + - -
r r

where

m = —2¢.(n, ey) + [Vo|* (n, ey)?,
m = —r{n,ex)A¢ —2(V'(n,ey), V'¢) +r|Ve* (V'(n, ey), en),
M = — (20, — IV$|* (n, en) — rAg) ey,

2
T == (V> (n. en) = 2/) ey + ~(n.en)V'9,

I

Sl

2 2 /
—|VolTeny + ;V ¢.
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Taking into account the fact that ¢ (0) = 0 and V¢ (0) = 0,
o)l = Cr?, D¢ = Cr and |D*¢| <C.
Thus, forevery j =1,...,5,
lnj(r e < Cr Vre (0, 1).

Lemma 6.1 Let
2

2
t =log %, v(t,o)=reTu(r,o) and o(t,oc) =ra1Z(r,0). (6.3)

Then, v satisfies

(+env+ A= (N =220 4 6) v+ ey +e3) v+ (0 + )
= (V0. &) + (Vi &) + (V(V'v,ew), &), (6.4)
where € are functions defined in (0, +00) X Sf -1 satisfying the estimates
lej(t, )L < Ce™ Vi =0, (6.5)
forevery j =1,...,6.

We refer the reader to [20] for the proof of Lemma 6.1 and for the explicit expressions of
the functions €;.
Forevery T € Rand § > 0, let

Or = (T, +00) x S¥™' and Qrs=(T—8,T+8) x S¥~".
We have the following W2 P-estimates satisfied by v:

Proposition 6.1 Let v be defined as in Lemma 6.1. If v is uniformly bounded in Qy, then for
every 1 < p < 409,

_ a1
Iollwrcor ) < € (||v||L2(QT_2) te q—l) VT > 2, (6.6)
for some constant C > 0 depending on ||v||p~ and on p.

Proof Since A’ is uniformly elliptic and @ is a diffeomorphism, the operator L given by

L) = (+envg +Av— (N =245 1 &) v, +
—(V'v, &) — (Vv &) — (V(V'v,en), &)

is uniformly elliptic. Let § € (0, %). By the Agmon-Douglis—Nirenberg estimates (see [1])
applied to the restriction of v on the set Or,145,

||U||W2"’(QT,1+5) =C (”v”L”(Qr,Hza) + v+ a)q”L”(QT.Hza)) :

Since v and « are uniformly bounded in Qo, for every s € (1, 2) we have

—1
@+ lLrcr < v +alixig, v +eliror.,
< C(Ivllzecor,y + lellizecor,)) -

Since 7 is uniformly bounded in €2,

_or _ o1
lellzror,) < Ce a7 T|zllpo(@) < Ce 47T,
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Thus,

_ 2T
lolw2rcor e = € (L0100 +€77T) 6.7)

In particular,

_ 2T
lvllwzrory =€ (”U”LI’(QT%) +e '1*‘) .

By a bootstrap argument based on estimate (6.7) above and the Sobolev imbedding, we also
have

_ 2T
Iwlrco, 3 = € (IWl2igps +e7 o).

Combining these inequalities, the estimate follows. O

7 Removable singularities at

The goal of this section is to show that solutions of (1.1) which are not too large in a neigh-
borhood of 0 must be continuous at 0.

Theorem 7.1 Let g > g1 and let u be a solution of (1.1). If
2

lim |x]=T u(x) =0, (7.1)

x—0
then u can be continuously extended at 0.
Proof Let v be the function given by (6.3). By assumption (7.1), we have

. _ . . oN—1
IBTOO v(t,-) =0 uniformly in S "". (7.2)

We now rewrite (6.4) under the form
v — (V= 252 oy + by v+ Av+ 0+ @) = H, (7.3)
where H is given by

H = —€vy; +ev —e3v+ (Vu, &)+ (Vu, &)+ (V(V'v,en), &) (74)

Thus,
/vvndo—(N—%) / v, do + €y 4 / vido + / vA'vdo
A syt A syt
+ / vv+a)ldo = / vHdo. (7.5)
syt syt
Let

X (1) = |v(, ')”LZ(SQ/—I) vt > 0.
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Note that for every t > 0,
XX, = / v, do. (7.6)
st
Using Holder’s inequality we have
XX = G M 21 1 2 g1
Thus,
|XI| =< ”Uf(t’ ')||L2(S£r‘/*|)- (77)
Computing the derivative with respect to ¢ on both sides of identity (7.6), we get
(XI)ZJ’_XX[[ = / (UZ)2 do + / VUV do = ||U[(l, -)||i2(Si,7|) + / VUV do.
st sh=t syt
From this identity and estimate (7.7), we deduce that
XX” > / VU do. (78)
syt

On the other hand, since the first eigenvalue of the Laplace-Beltrami operator —A’ in
Wy 2 (SYhyis N — 1,

(N-1X%< / IVv>do = — / v A'vdo.
A syt
By Holder’s inequality,
[ vtdo < XUHE N gy,
syt
From the elementary inequality
W +a)? <29w? +a?),
we get
/ viv+a)ldo <29 / (vqul + vaq) do.
syt syt

It follows from Holder’s inequality that

q q 2 N A4
[ v saras <2 (X ot Mg+ XM ) 09)

N-1
St

@ Springer



Isolated boundary singularities of semilinear elliptic equations 209

We may assume that u is a nontrivial solution of (1.1). By the strong maximum principle,
we have u > 0 in 2, thus X > 0. Combining (7.5), (7.6) and (7.8)—(7.9), one gets

X = (N = 220) X, + (en,g = N+ 14270, 1) X

= — (1@ )2 +27la. ), )

(to simplify the notation we drop the explicit dependence of the set S i’ ~1). From the definition
of the function «, there exists C > 0 such that

_2qt
<Ce 47T,

q
29 fla(t, 1|, <

In view of (7.2), given & > 0 there exists fy > 0 such that
2 v(r, )< <& on iy, 00).

We deduce that for every ¢ > ty we have

X = (N = 250) X, + (g = N+ 1+8) X = = H(, )2 — Com
We shall show that
X(1) < Ce a1 Vi >0,
and the conclusion will follow from a bootstrap argument. Note that the linear equation
Z”_(N_%)Zt‘F(ZN,q—N-Fl)Z:O
has two linearly independent solutions:
Zi) = 1 and Zo(r) = N EV,

We can then take ¢ > 0 small enough so that the linear equation

Zi = (N =22D) Zi 4 (tng =N +1+€) Z=0
has two linearly independent solutions:
Z1e(t) =€+ and Zp(t) = e’

such that

Fle < b and ry > 0.

In particular,
Zy¢(t) > 400 ast — +oo.

From assumption (7.1), v is bounded. In view of (6.5) and Proposition 6.1 with p = 2, there
exists C1 > 0 such that

H(, )2 < Cre™ Vit >0.
Thus,

X = (N = 2L0) X, + ey = N+ 1) X = —Cre™.
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Since
X()—> 0 ast — +oo,
from the maximum principle there exists a constant C; > 0 such that
X(0) = Ci(Z1e(0) +e7).
Ifry ¢ > —1, then
X (1) <2C1Z1(0).

Sincery < — q%l, the estimate above implies that « is bounded and thus by standard elliptic
estimates u is continuous. Otherwise r| < —1, in which case,

X(t) <2Cre".
Thus, by Proposition 7.1 for every T > 2,
Il w22y, < Cre™.
In view of (6.5), there exists C, > 0 such that
IH(t, )2 < Coe™ Vi >0,
Thus,
X = (N = 2L50) X, o+ (e, = N+ 1) X = —Coe™,
This implies as before that
X (1) < Co(Z1e(t) +e77).
Ifry ¢ > =2, then
X(1) <262Z16(0)
and u is bounded. Otherwise r1 o < —2, in which case,
X(t) <2Cre 2.
We can continue this argument and deduce in finitely many steps that
X(1) <2CeZ1(0).
Applying Proposition 6.1 with p > %, we deduce that for every 7 > 2,
_ 2T _2r
lvllwzrgr,) =€ (Zl,g(T) +e '4-1) <Ce 4T,
Thus, by Morrey’s embedding,
2T

lvllzer) = Ce T

This implies that « is bounded and hence continuous in Q. O
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The conclusion of Theorem 7.1 is false with the critical exponent ¢ = ¢. In fact, combin-
ing Theorem 1.3 and the result of del Pino-Musso—Pacard mentioned in Sect. 1 (Theorem 1.4),
when g = ¢ there exist solutions of (1.1) such that

N-1

2

u(x) ~ xy x|~V (10g ﬁ)

in a neighborhood of 0. These solutions are necessarily discontinuous at 0 but, since qlz—l =

N -1,

2
lim |x|91-Tu(x) = 0.
x—0
The right statement in this case is the following:

Theorem 7.2 Let g = g1 and let u be a nonnegative solution of (1.1). If

N—1
. N—1 1\ 2 _
lim | (1og m) u(x) =0,
then u can be continuously extended at 0.
Proof Let
N-1

W) =t 7 |u(t, ')“LZ(S’I*‘) vVt >0,

where v is the function given by (6.3). By assumption, W(t) — 0 as t — 400. As in the
proof of Theorem 7.1, for any ¢ > 0 there exists 7o > O such that for every t > 1,

1 _ 2_
Wk (V= 22 Wi 0 (2070 e+ ) w
= 1T @l = Cr T e,
The linear equation
1 -
th+(N—Nf_l) Wt"‘?(_N(l\é L4 NZI_I)WZO

has two linearly independent solutions Wj and W such that for ¢ sufficiently large (see
Lemma A.2 below)

N—-1

Witt) =17 e M1 +o(1) and Wa(t) =17 (1 +o(1)).

We can then take ¢ > 0 small enough so that the linear equation
1 (—N(N—l) teqt N2—1) W=0
2 4 =

1
has two linearly independent solutions W; . and W> . such that

Wrr‘f‘(N—Nf_l)Wz-l-

Wie(t) < Ct' T e (V=D
and
Wae(t) = +00 ast — +oo.

In view of (6.5) and Proposition 6.1 with p = 2, there exists C; > 0 such that

IH(t, Y2 < Crt~"Te™ Vi > 0.
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Thus,

_ 1 _ 2_ _
W,,+(N—¥)W,+;(—W+5+N4tl)wz—c&e ‘
Since
W) — 0 ast — +oo,
from the maximum principle there exists a constant C1 > 0 such that
W) < Cr(Wie() +e7).
Thus,
W(t) < Cre.
By Proposition 6.1 with p = 2, forevery T > 2,
A N1 _7p
||v||W2’2(QT,2) < Cl[ 2 e .
In view of (6.5), there exists 6’2 > 0 such that
AN oy
lH(, )2 <Cat™ 2 e vt > 0.

We can continue this argument as in the previous theorem and deduce after finitely many
steps that

W) < CeWpo(t) < Cooz e W=D,

which implies that u is bounded and hence continuous in €. O

8 Proof of Theorem 1.2

We first establish the following
Proposition 8.1 Let g1 < g < g3, with q # q2. If u is a solution of (1.1) such that
2
|x|9=T u(x) is bounded in 2,

then
2
T

lim |[x|7 u(x)—(woqu)(ljfl)‘ —0, 8.1)
x—0
where w is a solution of (1.3) and ® is the diffeomorphism defined by (6.1)—(6.2).
Proof Let v be the function given by (6.3). We first rewrite Eq. 6.4 under the form
v+ Engu+ A+ @) — (N = 2D ) = (8.2)

where H is given by (7.4). Multiplying (8.2) by v; and integrating over Sﬁ ~!yields

/vtv,,do—i—(;v,q / vvdo + / v Avdo + / vy(v+a)ldo +

SJ’:]7] Silfl Sil—l Sil—l
— (N - %) / (v,)2d0 = / v Hdo.
syt sy-1
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Thus,
2
d W)? gt |V (v + )] 2 +1) /
4 4 do — S d
ar |: > + > ) + P o (v)?do
sh-1 SN 1
- / [v:H + (v + @)?] do. (8.3)
syt

From our assumption on u, v is bounded. It follows from (6.6) and the Sobolev imbedding
that v, v; and V'v are uniformly bounded in Sﬂrv “Tx R . In particular,

) 2 .12 +1
¢ v !
/ (vr) n N,qV _| vl +(U+°‘) do| < C inRy

2 2 2 q—+1
N-1
w

for some constant C > 0. On the other hand,

/ v H|do < Ce™"

syt
Moreover, since v is bounded and « satisfies (6.7), we have
/ lae|(v + @) do < Ce*qull_
syt

Thus, integrating (8.3) on (0, +00), we obtain

2(‘7“)‘ // Ut do < 400.

OSN 1
Since ¢ # g2, N — M # 0. Hence,
+00
// v} do < 400
OgN=1

By (6.6) and Morrey’s estimates, v; is uniformly continuous on Qg. We deduce that

v(t,-) — 0 uniformly in 3!

ast — 4oo.
We now prove that
v(t,-) — w uniformly in Sf_l as t — 400,

where w is a nonnegative solution of (1.3). For this purpose, we study the limit set of the
trajectories of v, namely the set

=Yt

>01=7
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where the closure is computed with respect to the usual norm in CO(SiV ~1). Since T is the

intersection of a decreasing family of closed connected subsets of CO(SﬁrV ~1), T is closed
and connected. In addition, since v is uniformly continuous in Qy, it follows from the
Arzela—Ascoli theorem that I' is also compact and nonempty.

We claim that every w € I' satisfies problem (1.3). Indeed, let (#;) be a sequence of
nonnegative real numbers such that #z — 400 and

(g, ) — w uniformly in S¥ ",
Clearly, w is nonnegative and w = 0 on 8Sffl. Foreachk > 1, let
Vi:(s,0)€[0,1] x Si'_] > v(ty +5,0).

For every ¢ € C3°(S 1+v ~1) and for every ¢ € (0, 1), from the equation satisfied by v we have

&
/ / [((Vi)uw + En g Vi + ViAo + (Vi + a(tx +5,0)) ¢

0 gN-1
tr+e
_ (N - %) (Vk)t(P] dods = // Hydo ds.
lkS_IFV—l
As k — 400,
tte
Hopdods — 0.
’ksf’l

Since v; — 0 uniformly as t — +oo, we also have

&€

// Vi)irpdo ds — 0.

055*1

Note that

&€

// (Vk)[[(de'dS = / [U[(fk"‘g,o')_vt(tk,o')]@dﬁ —>0

OgN=1 A

Since the sequence (V) is bounded in C!, passing to a subsequence if necessary, we may
assume that for some continuous function W,

Vi — W uniformly in [0, 1] x Si'_].

We conclude that for every ¢ € (0, 1),

&
// [tngWo + WA 9 + Wig| dodt = 0.
Osﬁfl
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Dividing both sides by ¢ and letting ¢ — 0, we get
/ [EN,qW(O, o)+ W(0,0)A ¢+ (W(0, a))‘fgo] do =0.
syt

Since w = W (0, -), we conclude that w satisfies (1.3). Hence, every element of I" is a non-
negative solution of (1.3). By Theorem 1.1 the set of nonnegative solutions is {0, w}, where
w is the unique positive solution of (1.3). Since these solutions form a discrete subset of
CO(SﬁrV _]) and T' is connected, I" contains a single element. In particular,

u(t,-) — w uniformly in Y ! as r — 4o0.
The proposition follows from this convergence. O

Proof of Theorem 1.2 Letu be a solution of (1.1). Since ¢ < g2, by Theorem 1.5 there exists
C > 0 such that for every x € €,

0<IxleTux)<C.

Thus, by Proposition 8.1, there exists a solution w of (1.3) such that (8.1) holds. Either w is
the unique positive solution of (1.3) (see Theorem 1.1) or w = 0. If w = 0, then

2
lim |x|—Tu(x) =0
x—0

and, by Theorem 7.1 u can be continuously extended at 0. O

9 Proof of Theorem 1.3

We first prove an estimate which improves Theorem 1.5 when ¢ = g1, except that we do not
know whether the constant C below can be chosen independently of the solution.

Theorem 9.1 Assume that g = q1. Then, every solution of (1.1) satisfies

N-1

u(x) < Clx|N-D (log ﬁ)f 7 vreq,
or some constant C > 0 (possibly depending on the solution).
C=>0¢ ibly dependi he solution)
In the proof of this result we need the following lemma:

Lemma 9.1 Lerg = g1 and E = ker [A' + (N — 1)I]. Given a solution of (1.1), denote by
v the function given by (6.3). If

V=] + v

is the decomposition of v as the orthogonal projections in L (S f - l) onto E and E*, respec-
tively, then

_N-1 _L
llvi (e, ')||L2(Si/*1) <Crt 2 and |lva(t, ')”LZ(S_'A_/*I) <Ce 2z Vi>0. ©.DH
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Proof Denoting by ¢, the first eigenfunction of A’ with ||¢1]/1 = 1, we have
vi(t,0) = y()¢i1(o) where y(1) = / v(t, 0)¢i1(0) do.
syt
Since ¢ = ¢q1, Eq. 7.3 becomes
vy + N, + (N —Dv+Av+ @w+a)? =H, 9.2)
with H defined in (7.4). Since « > 0, we have (v + «a)?! > v9!. Thus,
Vit + Nv; + (N —Dv+Av+0? < H.
By Jensen’s inequality,
yql < / vq1¢1 do.
syt
Multiplying (9.2) by ¢ and integrating over Sfrv 1 we get
v 4+ Ny +y? < / H¢, do.
syt

By Theorem 1.5, v is uniformly bounded in Ry x S 1+V . particular, by (6.5) and Propo-
sition 6.1 with p = 2, we have for every r > 0,

Thus,

Y+ Ny +y8 <Ce™.
Applying Lemma A.1 we deduce that

Y1) < C1='T Vi > 0.

This proves the first estimate in (9.1).
In order to prove the estimate for v, let

Y(®) = o2t ) agy1y V=0,
Since v(t, 0) = y(t)p1(0) + v2 (¢, o), we have
v =yip1+ (v2); and vy = yudr + (V2)i-
Using the orthogonality between ¢ and vy,
YY, = / v (v2);do = / v2 [yi1 + (v2);] do = / 0, do.
syt A syt
From the first equality, we have

[Y:] < [lvat, )l p2-
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One also shows that
YY;[ > / V2 Vst do.
A

On the other hand, since the second eigenvalue of the Laplace-Beltrami operator —A’ in
Wy (Sl is 2N,

2NY? < / [V'v?do = — / v Avydo = — / vy Avdo.
syt syt syt

Multiply (9.2) by v and integrate over Sfrv ~!. As in the proof of Theorem 7.1, for every
& > 0 there exists #; > 0 such that for every ¢ > 11,

Yo +NY, —(N+1—¢)Y >—-Ce™".
Note that for ¢ > 0 small the linear equation
Zy+NZ —(N+1-¢6)Z=0
has two linearly independent solutions Z ¢ and Z; ¢ such that
Z1.(t) =" and Zp (1) = /%!
with
e < ) and . > 0.

Since Y (t) — 0 as t — 400, applying the maximum principle one deduces that
Y(6) < C(Z1e(t) +e7).
In particular,

Y(t) < Ce 2.
This gives the estimate for v;. O
Proof of Theorem 9.1 By Lemma 9.1 above, we have
N-1
lv(t, 2 <Ct™ 2 Vt>0.

Inserting this estimate into (6.6) for some p > % by Morrey’s estimates the result follows.

O
Proof of Theorem 1.3 By Theorem 9.1, the function w : [0, +00) — R given by
N-1
w(t,o) =1t 2 v(t,o)
is bounded. By a straightforward computation, w satisfies
1 _
Wy + (N - @) wr + (N -1+ N:;l) w+ Aw+ 7 (wa - N(A;_l)w) = tNTIH,
9.3)
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where H is given by (7.4). Let ¢ : Siv_l — R be the function defined by ¢(0) = Z%; we

ma
recall that ¢ is an eigenfunction of —A’ in WOI’Z(SiV 71) associated to the first eigenvalue
N — 1. Let
(1) = / w(t,o)p(o)do Vit > 0.
syt

Multiplying (9.3) by ¢ and integrating over S _,A_/ ~!, we obtain the following equation satisfied
by z:

syt syt
Thus,
i+ (N =2z 4 ; (o2 = MDY = v,
where
0= / " do
syt
and

_ 1
W=7 / Hpdo — N:{;1z+ - / [z — w?] ¢ do.
sVt s

By Lemma 9.1, we have

lz(t)p — w(t, Y2 < Ct 7 e 2. (9.4)
Since
| —w?| <qilzp —wl[p)? " +w '],
/ | —w? | pdo < llzp — w2 [z " 2 + [w? ~I2].
syt

Since z is bounded in R and w is bounded in Ry x § 1+V ~! we deduce that
NoL 1
/ |(Z<]5)"1 —w‘“|¢d0 <Ctze 2.
syt
Combining Lemma 6.1, Proposition 6.1 (with p = 2) and Proposition 9.1,
N—1
IH@ ) <Ct™ 7 e
Thus,

W) <C (e +12+1 T e 1) <Cr2.
L
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By a straightforward modification of the end of the proof of [7, Corollary 4.2], z admits a
limit « > 0 when t — 400, where « satisfies

O — Lg_l)/c =0.

N-1
Therefore, either k = 0 or k = (%) :

By (9.4) we deduce that, as t — 400,
1T, ) > kg in LSV,
By Proposition 6.1 with p > % and Morrey’s estimates, we conclude that
N1 . . N-—1
t 2 v(t,-) = k¢ uniformly in S"".

Rewriting the convergence in terms of u, we conclude that either (1.5) holds or

N-1

x|V=1 (1og |71\) T u(x) = 0 asx — 0. 9.5)

If (9.5) holds, then u must be continuous in view of Theorem 7.2. ]

Appendix A: Some ODE lemmas

We gather in this section a couple of ODE results which are used in this paper. These results
are presumably well-known to specialists:

Lemma A.1 GivenT > 0,lety € C 2([T, +00)) be a nonnegative function such that
[ yi +ay, +by? <ce™ in (T, +00),

iy =0,

where q,a > 1 and b, c > 0. Then, there exists C > 0 such that

1

0<y@)<Crt a1 Vt=>T. (A.1)
Proof Given A > 0, let

2(t) = y(t) + Ae™" Vi >T.
Then, z satisfies

zi+az +bz? <[c—(a—1)Ale™ +b(z? — ).
By convexity of the function r € Ry + 19,
¥ >0+ qz0 (y—2) =21 — qz77 A
Thus,
2 taz+b? <[c—(a—1+ quq_l)A] e . (A.2)

Since a > 1 and z(t) — 0 ast — +o00, we can choose 71 > T and A > 0 sufficiently large
so that the right-hand side of (A.2) is negative on [T, +00). Thus,

i +aze + bz <0 in [T}, +00). (A3)
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Let w = z!79. By a straightforward computation, we have

Zy +azy

2 (A4)

wy +aw, > —(g — 1)

Combining (A.3)—(A.4), we deduce that
wy +awy > b(g — 1) in [T7, +00).

The function x = w; satisfies

Xy +ax > b(g—1) in [Ty, +00).
Thus, taking 7> > T sufficiently large,

x(t) > @ +cie” > b(‘é—;l) vVt > T,
Since w; = x, choosing 73 > T large enough, we then get
w(t) > 24D v > T,

Therefore,

1

z(t) < (h(;il) til)qTl vt > Ts.

We can now enlarge the constant in the right-hand side so that this estimate holds for every
t > T. This implies (A.1). m]

Lemma A.2 Leta,ay, b, by € Rwitha # 0. Then, the equation
y,,—}-(a—‘lt—l)y,—}-%(b—]?t—l)yzo in (0, +00),
has two linearly independent solutions y1 and y> such that
M@ =1 e (1 o() and () =175 (1+o(1)
for t sufficiently large.
Proof Let
20 =e? 17T y().
Then, z satisfies the equation

2 A A
Zn_(%_%‘f‘ﬁz)z:o,

2
where A; = b+ Gt and Ay = b1+ 9 + %‘. By [5, pp. 126-127], the equation satisfied by z
has two linearly independent solutions with the following asymptotic behaviors as t — +-00:

H@) =e Tt EA+o(l) and () = e @ (1 +0(1)).

Rewriting these formulas in terms of the function y, the result follows. O
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