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Abstract It is established the existence of solutions for a class of asymptotically periodic
quasilinear elliptic equations in RV with critical growth. Applying a change of variable, the
quasilinear equations are reduced to semilinear equations, whose respective associated func-
tionals are well defined in H'(RV) and satisfy the geometric hypotheses of the Mountain
Pass Theorem. The Concentration—Compactness Principle and a comparison argument allow
to verify that the problem possesses a nontrivial solution.
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1 Introduction

This article is concerned with the existence of standing wave solutions for quasilinear
Schrodinger equations of the form

iedz = —2 Az + W)z — l(z, 121Dz — ke Alp(21)]p (122, (1.1)

where z : RY x R — C, W : RY — Ris a given potential, ¢ > 0, « is a real constant and /,
p are suitable real functions. The semilinear case corresponding to x = 0 has been studied
extensively in recent years (see [1,3,22] and references therein). Quasilinear equations of the
form (1.1) have been established in several areas of physics corresponding to various types
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2 E. A. B. Silva, G. F. Vieira

of p. We refer the reader to the introduction in [17] and its references for a discussion on the
subject.

Here we consider the existence of standing wave solutions for quasilinear Schrodinger
equations of form (1.1) with p(s) = s and k = ¢ = 1. Seeking solutions of the type stationary
waves, namely, the solutions of the form

z(x,t) =exp(—i Ft)u(z), F eR,
we get an equation of elliptic type which has the formal structure:

— Au+ V(x)u — uA(uz) = K(x)|u|22*_2u +g(x,u), u>0,xc¢€ RY, (1.2)

where V(z) = W(x) — F is the new potential function and K (ZL‘)|M|22*_2

1(z, u?)u is the new nonlinearity.
Our main goal is to establish, under an asymptotic periodicity condition at infinity, the
existence of a solution for the critical problem

u+g(x,u) =

l —Au —uAWH) +V(@u = K(x)|u|22*_2u +g(z,u), zeRV, (1.3)

ueHl(RN), u >0,

where V, K : RY — Rand g : RY x R — R are continuous functions. Note that 22*
4N /(N — 2) corresponds to the critical exponent for Problem 1.3.

Considering F the class of functions & € C (RN ,R)YNL™® (RM) such that, for every e > 0
the set {x € R" : |h(z)| > &) has finite Lebesgue measure, we assume V and K satisfy

(V) there exist a constant ag > 0 and a function Vy € C(RY, R), 1- periodicinz;, 1 <i <
N, such that Vo) — V € F and

Vo(x) = V(x) > a9 >0, forall z e RN;

(K) there exist a function Ky € C(RV,R), 1-periodic in z;, 1 < i < N, and a point
xo € RY, such that K — Ko € F and

(i) K(z) > Ko(z) >0, forall z € RV,
(i) K@) = [IK oo + O(lz — 20|V 7?), as z — 0.

Considering G(x, s) = f(‘; g(x, t) dt, the primitive of g, we also suppose the following
hypotheses:

(g1) g(x,s) = o(ls]), as s — 0T, uniformly in RV;
(g2) there exist constants aj, a, > 0 and 4 < q; < 22* such that

lg(z, 5)| < ay +axls|9~", forall (z,s5) € RV x [0, +00);

(g3) there exist a constant 2 < g» < 22* and functions i; € LY(RYN), hy € F such that
1
Zg(ﬂc, s)s — G(x,s) > —hi(x) — ha(x)s??, forall (z,s) € RN x [0, +00).

We observe that the conditions (g1) and (g2) allow us to employ variational methods to
study Problem 1.3 and to verify that the associated functional has a local minimum at the
origin. As a matter of fact, we study the functional associated with the modified problem.
The condition (g») imposes a subcritical growth on g. Under the above hypotheses the asso-
ciated functional does not satisfy a compactness condition of Palais-Smale type since the
term K (x)|u |22*’2u is critical and the domain is all RV .

The asymptotic periodicity of g at infinity is given by the following condition.
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Quasilinear Schrodinger equations 3

(ga) there exist a constant 2 < g3 < 22* and functions h3 € F, gy € CRYN x R,RT),
I-periodic in x;, 1 <i < N, such that
(i) Gz, ) > Go(x,s) = [y golx,1)dt, forall (z,s) € RN x [0, +00),

(i) lg(x, s) = go(x, $)| < h3(@)|s|®~", forall (z,s) € RV x [0, +00),
(iii) the function s — go(x, s)/ $3 s nondecreasing in the variable s > 0.

Finally, we also suppose that g satisfies:

(gs5) there exists an open bounded set £2 C RV, containing xg given by (K) — (ii), such that
G(x,s)

.. G(z,s) . . .
(i) 7 > 00, as s — 00, uniformly in £, if N > 10.
K

— 00, as s — 0o, uniformlyin £2, if 3 <N < 10,

We observe that the conditions (¢2) and (gs5) imply that 22* —1 < g1 < 22*if3 < N < 10.
Now we may state our main result.

Theorem 1 Supposethat (V), (K) and (g1)— (gs) are satisfied. Then Problem 1.3 possesses
a solution.

We observe that in the particular case: V = Vy, K = Ko, g = go, Theorem 1 clearly gives
us a solution for the periodic problem. Actually, the condition (g4)(iii) is not necessary
when we look for the existence of a solution for the periodic problem. More specifically,
considering the problem

—Au —uAW?) + Vo(@u = Ko(@)|ul** ~2u + go(z, u), =€ RV,

ue H'®Y), u >0, (1.4

under the hypotheses:

(Vo) the function Vy € C(RN, R) is 1- periodicin z;, 1 <i < N, and there exists a constant
ap > 0 such that

Vo(z) > ap > 0, forall z € RY;

(Kp) the function Ky € CRNV, R) is 1-periodic in z;, 1 < i < N, and there is a point
zo € RY such that

(i) Ko(z) >0, forall z e RN,
(i) Ko(2) = [IKolloo + O(lz — 20|V 72), as 2 — 0;

and the function go satisfying (g1) — (g3) and (g5), we may state:

Theorem 2 Suppose that (Vp) and (g1) — (g3) and (gs) are satisfied. Then Problem 1.4
possesses a solution.

Recent mathematical studies [16-18,21] have focused on the existence of solutions for
(1.2) in the subcritical case (K = 0) and g(z,s) = |s|’ " !'s,4 < p+1 < 22*, N > 3.
In [17], by a change of variable, the quasilinear problem was reduced to a semilinear one
and an Orlicz space framework was used to prove the existence of a positive solution for
every positive  (in front of the nonlinear term) via Mountain Pass Theorem. In [7], Colin
and Jeanjean also made use of a change of variable in order to reduce Eq. 1.2, with K = 0,
to a semilinear equation. By using the Sobolev space H'!(R"), they proved the existence of
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solutions based on classical results given by Berestycki and Lions [3] when N = lor N > 3,
and Berestycki et al. [4] when N = 2. In a recent article [23], the authors generalized the
earlier results for the subcritical case by supposing (V), (g1), (g2) and (g5)(ii) (for N > 3),
and a version of (g3). We should also mention the article [18] where the authors used the
Nehari method and considered a more general quasilinear problem including the ones to
which the change of variables does not apply.

We notice that the main results in this article provide the existence of solutions for the
critical exponent case, mentioned as an open problem in [17]. A problem of type (1.2) was
studied by Moameni [20], for N = 2, with V and g being two continuous 1-periodic functions
and g with critical exponential growth. For N > 3, Moameni [19] established the existence of
anonnegative solution for the critical exponent case, when the potential function V is radially
symmetrical and satisfies some geometric condition other than periodic one. Furthermore,
an Orlicz space framework was used.

Let us also mention that during the last stage of preparation of this article we became of
aware of [9] which contains a result similar to Theorem 2 under a more restricted hypotheses
for the periodic potential V. Moreover in [9] the nonlinear term ¢ is supposed to be a pure
power.

The underling idea for proving our main results is motivated by the argument used in
[7,17]. We also use a change of variable to reformulate the problem obtaining a semilinear
problem which has an associated functional well-defined in the Sobolev space H L®RN) and
satisfies the geometric hypotheses of the Mountain Pass Theorem (see [2]). After that, we
adapt the argument employed in [15], supposing by contradiction that the only possible solu-
tion for the Problem 1.3 is the trivial solution. Considering the functional associated with
the modified problem, we use a version of the Mountain Pass Theorem without compactness
condition [12] to get a Cerami sequence associated with the minimax level. Next, we use this
sequence and a technical result due to Lions (see [8]) to get a nontrivial critical point of the
functional associated with the periodic problem. Furthermore, we are able to prove that the
value of the functional associated with the Problem 1.3 at this point is less than or equal to
the mountain pass minimax level and that this level is attained. Finally, we employ a local
version of the Mountain Pass Theorem (Theorem 4) to obtain a nontrivial solution for the
Problem 1.3.

The outline of the article is as follows: in Sect. 2 we present the versions of the Mountain
Pass Theorem which will be employed and introduce the variational framework associated
with the Problem 1.3. In Sect. 3 we present estimates on the minimax level of the functional
associated with the modified problem, which ensure that this minimax level is below of a
certain critical level. In Sect. 4 we prove Theorems 1 and 2.

Notation. In this paper we make use of the following notations:

M, C, Cyp, Cq, ...denote (possibly different) positive constants. f]RN f(x) dz will be repre-
sented by fRN £. Br(p) denotes the open ball with the radius R centered at the point p € RY;
the symbol d Br(p) denotes the boundary of this ball. C§° (RM) denotes the functions infi-
nitely differentiable with compact support in R™ . The symbol ||u || p is used for the norm of
the space L”(RN), 1 < p < oo. DM2@®RY) := {u € L¥ (RYN) : |Vu| € L*(R")} endowed
with the norm || Vu|». |A| denotes the Lebesgue measure of a measurable set A C RV,

2 Preliminary results

In this section we state two versions of the Mountain Pass Theorem [2] which are used to
in our proofs of Theorems 1 and 2. We also introduce the variational framework associated
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Quasilinear Schrodinger equations 5

with the Problem 1.3. Furthermore, we verify the geometric conditions of the Mountain Pass
Theorem and we present results concerning the behaviour of the Cerami sequences of the
associated functional: we show the boundedness for the Cerami sequences and a proposi-
tion which will be essential to guarantee that the solutions that we provide in our proofs of
Theorems 1 and 2 are not trivial.

2.1 Versions of the Mountain Pass Theorem

Let E be a real Banach space and I : E — R a functional of class C'. Let K be the set of
critical points of /. Given b € R, we define I"’={uecE:ITw <byand Ky = {u € E :
u € K, I(u) = b}.

As we observed in the introduction, the functional associated with the Problem 1.3 does
not satisfy a condition Palais-Smale type. To overcome this difficulty, we shall use two ver-
sions of the Mountain Pass Theorem. Next, we state the first version of this theorem (see also
[11,15,25]).

We recall that I € C!(E, R) satisfies the Cerami condition on level b, denoted by (Ce)p,
if any sequence (u,) C E for which (i) I (u,) — b and (ii) |[I'(u)||g- (luxllg +1) — 0,
as n — 00, possesses a convergent subsequence. / satisfies the Cerami condition, denoted
by (Ce), if it satisfies (Ce),, forevery b € R. We say that (u,) C E is a (Ce)p sequence if it
satisfies (i) — —(ii). We also say that (u,) C E is a (Ce) sequence if it is a (Ce); sequence
for some b € R.

Theorem 3 Let E be a real Banach space and let I € C 1 (E,R). Let S be a closed subset
of E which disconnects (archwise) E in distinct connected components E1 and E>. Suppose
further that 1(0) = 0 and

(I/) 0 € Ey and there is a > 0 such that I|g > a > 0,
(I2) thereis e € Ej such that I (e) < 0.

Then I possesses a (Ce). sequence with ¢ > o > 0 given by

c= ;}Ielfr max. I(y (1)), (2.1
where
I'={y eC(0,11,E): y(0) =0,y(1) € I°N Ey}. (2.2)

We will also need to establish a local version of Theorem 3, which has been proved in
[15] (see also [14]).

Theorem 4 Let E be a real Banach space. Suppose that I € C'(E, R) satisfies 1(0) = 0,
(1) and (Ip). If there exists yo € I', I" defined by (2.2), such that

¢ = max I(y(t)) >0, 2.3)
1e[0,1]
then I possesses a nontrivial critical point u € K. N yo ([0, 1]).

2.2 The variational framework

We observe that formally the Problem 1.3 is the Euler-Lagrange equation associated with the
energy functional

22%*
RN RN RN

J(u)=%/(1+2u2)|v»¢|2+%/V(x)uz—i K(x)|u|22*_/G(x, u).
]RN
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6 E. A. B. Silva, G. F. Vieira

From the variational point of view, the first difficulty associated with the Problem 1.3 is
to find an appropriate function space where the functional J is well defined. In order to avoid
such difficult, we make use of the change of variable introduced by [17], that is, we consider
v = f~'(u), where f is defined by

PO =Gy oo +o0). 2.4)

f(t) = _f(_t) On(_007 0]7

having the following properties, which have been proved in [7] and [11].

Lemma 1 The function f satisfies the following properties:

(1) f is uniquely defined, C*® and invertible;
Q) |f'(t)| <1forallt € R;

B) |f@)| < |t|forallt € R;

@ f@®)/t—>last— 0;

(5) f)/1—2Y*ast — +oo;

6) f()/2=<tf't) < f()forallt > 0;

D 1fO] <2211V forall t € R;

®) f20/2< fO)f 0 < f2(1) forall 1 € R;

(9) There exists a positive constant C such that

cul. <1,
A [cml/z, 1> 1

A0) |f (O f'()] < 1/2forallt € R.

Remark 1 Property (5) can also be obtained from the properties (3) and (7) (see Remark 2
in Sect. 3).

As a consequence of Lemma 1, we have

Corollary 1 (i) The function f'(t) f ()t~ is decreasing for all t > 0.
(ii) The function f3(t)f' (1)t~ is increasing for all t > 0.
(iii) The function fzz*’l(t)f/(t)z"1 is increasing for all t > 0.

Proof The items (i), (ii) have been proved in [10]. The proof of the item (iii) is similar to the
proof of (ii). ]
After the change of variables v = f~!(u), from J, we obtain the following functional

1 1 1 *
I(v) = 5/|Vv|2+5/vu)f2(v)— L /K(w)lf(v)lzz —/G(x,f(v)),@.S)

RV RN RN RV

which is well defined in H'! (RV) and belongs to C ! under the hypotheses (V), (K), (g1) and
(g2). Moreover, the critical points of I are the weak solutions of the problem

[ —Av+ V(@) ') f) = K@|f@P 2f0)f @)+ gz, f@)f ),

(2.6)
ve H'(RY), v >0,
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Quasilinear Schrodinger equations 7

that is,

(I/(v),w):/Vva—f—/V(:E)f/(v)f(v)w

RN RN

-~ / K@) f)P 2 f ) f 0w — / g, fF)f (0w,

RV RN

for all v, w € H'(RY). We observe (see [7] or [11]) that if v € C2(RY) N H'(RY) is a
critical point of the functional /, then the function u = f(v) is a classical solution of (1.3).
We also observe that, in order to obtain a nonnegative solution for (2.6), we set g(x, s) = 0
forall z € RV, s < 0. Indeed, from (g4), we have I (Jv]) < I(v). Then, by a result due to
Brezis and Nirenberg (cf. [5, Theorem 10]), we conclude that v > 0. Consequently u = f(v)
is a nonnegative solution for the Problem 1.3.

In a similar fashion, associated with the periodic problem, we have the functional Iy €
Cl'(H'(RN), R), defined by

22%
RN RN RV

1 2 1 2 1 22%
10(v)=5/|w| +E/VO(5C)f (v)——/Ko<x)|f<v>| —/Go@s,f(v)),
]RN
2.7

with go(z, s) =0 forallz € RV, s < 0.
Here, we consider the space H'(R") endowed with one of the following norms

1/2

/<|Vv|2 + V@ |
]RN

vl

1/2

1vllo /(|Vv|2 + Vo))
]RN

Note that, in view of (V), the above norms are both equivalent to the standard norm on
HY'(RYM). We also observe that, given § > 0, in view of (g1) and (g») there is a constant
Cs > 0 such that
lg(z, s)| < 8|s| + Csls|9'~", forall (z,s) € RN xR, (2.8)
8 C
|G(x,s)] < Elsl2 + —Blsl‘“, forall (z,s) € RY x R. 2.9
q1

2.3 Mountain pass geometry

Next lemma shows that the (modified) functional associated with the Problem 1.3 satisfies
the geometric properties of the Mountain Pass Theorem.

Lemma 2 Suppose that (V), (K), (g1) and (g2) are satisfied. Then the functional I, defined
by (2.5), satisfies the conditions 1(0) = 0, (I1) and (I2) of Theorem 3.
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8 E. A. B. Silva, G. F. Vieira

Proof First note that 7(0) = 0. Now, for every p > 0, define

Sy = veHl(RN):/le|2+/V(x)f2(v):p2
RN RN
Since ¥ : H'(RY) — R, given by
) = /|Vv| + [varro.
]RN

is continuous, S, is a closed subset which disconnects the space H I(RN). Taking 0 < 4 < 1
such that g1 /2 = A4 (1 —A)2*, by condition (V), relation (2.9), Holder’s inequality, Lemma
1-(7) and the Sobolev Embedding Theorem, we have

é/f2<u)+9/|fz<v>|‘”/2
2 q
RN ]RN

A
8 C5 *
< spt / ) / (FW)?
ao q1
RN RN
A
5 *(1_ C5 *
271024_22 (1-1)/2 =0 /fZ(U) /|U|2
ao q1
RN RN

IA

/ Gz, f(v)

RN

1—A

IA

2%(1-1)/2
8 22 U=M2¢cyC
<~y W /|Vv|
2aq qlao
2%(1-2)/2
< i 2+ 2 CoCs p/\2+(1 A)z*
2ag qlao

for every v € S, and some constant Cy > 0. Furthermore, by Lemma 1-(7) and the Sobolev
Embedding Theorem,

2%/2
/ K@ f P2 221K oo / I < 22 2C0I1K oo / Vo2
]RN RN RN
< 2% 2Co 1K oo™
Hence, we have

I(v) > 190\ ,2_ 22*/2C0”K”oop2* 22 UNRC G PA2HI-12
“\2 2ap

22* qlao

for every v € S,. Since A2 + (1 — 1)2* > 2, choosing 0 < § < ap, we conclude, for p
sufficiently small, that

co:=inf I > a > 0.
Sp
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Quasilinear Schrodinger equations 9

The condition (/) is satisfied.
In order to verify the condition (/) it suffices to exhibit ¢ € H L(RY) such that

I(t9) - —o0, as t — +oo. (2.10)

Indeed, consider ¢ € Cgo (RN, RT), ¢ # 0. From the properties (3) and (9) of Lemma 1
and (ga4)(i), we get for every ¢t > 0,

2 2

1 , ) 1 .

tap =5 [1vel+ 3 [ vt - itk [ £
RN RN RN

22*

22%*

IA

R, - -
— - t“ inf K .
2 lell inf / @
{to(x)>1}
(2.10) is proved and the condition (/) is satisfied. The proof of the lemma is complete. 0O
As a consequence of Theorem 3 and Lemma 2, we have

Corollary 2 Suppose that (V), (K), (g1) and (g2) are satisfied. Then the functional I
possesses a (Ce). sequence, with ¢ given by (2.1).

2.4 Behaviour of the Cerami sequences

Here we verify the boundedness of the (Ce) sequences associated with the functional /.
Before stating the next lemma, we establish a simple result that will be employed several
times in our work. In the following lemma, given i € F, weset D, = {x € RV : |h(x)| > ¢}
and D.(R) = {x € RN : |h(z)| > &, |z| > R}.

Lemma 3 Suppose h € F. Then |D;(R)| — 0as R — oc.
Proof Since h € F, |D.| < oo for all ¢ > 0. Lemma is equivalent to the following claim:
lim |D; N (RV\Bg,)| =0,
n—oo
for every sequence (R,) C R such that R, — oo. Consider the real function ¢ : RN — R
given by ¢ () = xp, (x), that is,

_ |1 forze D,
W)_’o forz ¢ Dy

Then ¢ € L'RY) and ||¢|; = fRN |¢] = | D¢|. Moreover, defining the sequence of func-
tions ¢, : RV — R by ¢, (x) = XDEQ(RN\BRH)(ZL’), it follows that |Z,(z)| < |¢(x)]. Since
Zn(x) — 0 almost everywhere in RN as n — oo, our claim follows from Lebesgue Domi-
nated Convergence Theorem. O

Lemma 4 Suppose that (V), (K), (91) — (g3) are satisfied. Then every Cerami sequence
(vn) in HY (RN associated with the Sfunctional I is bounded.

Proof First of all we observe that if a sequence (v,) C H L(RN) satisfies

/|an|2+/V(x)f2(vn)5M @.11)
RN

RN
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10 E. A. B. Silva, G. F. Vieira

for some constant M > 0, then it is bounded in H!(R™N). For that, we just need to show

that f]RN v,% is bounded. By condition (V), Lemma 1-(9), (2.11) and the Sobolev Imbedding
Theorem, we find a constant C > 0 such that

/ 2 <o / P < — /V<x)f2<v><M
n=c2 "= 2 "= e C2

{lvn (2)|=<1} {lon (2)|=1} RN
and
2% /2
v < / Joa /|wn|2 < M>P2,
{lvn (@)|>1} {lvn (@)|>1}
Therefore,
v2 = / vy + / vﬁsa:éﬁMz*/z

RN {lva (0)=<1} {lva (2)>1}

The claim is proved.
Now let (v,) € H'(RY) be an arbitrary Cerami sequence for / on level ¢ € R, that is,

I(vy) = c+o,(1) and [[I"(W)(1+ llvall) = 0n (D). (2.12)

By the first condition in (2.12), (2.9) and the conditions (V') and (K), we have

1 2 1 )
2/|wn| + 2/wa:)f (on)

RN RN
1
= 7 K@) f ) + /G(m, F@n) + ¢+ 0, (D)
]RN
1K - . |
= Toox |f( vn)| V(.I)f (Un)+ |f(vn)| +c+on(D).

Given 0 < & < 1 to be chosen later, there exists 0 < 8; < 1 such that |s|7' < g|s|? for all
|s| < 8. Then, from Lemma 1-(3), it follows that

1 2 (18 s
E/IanI (5 2ao)/V(fL’)f (vn)

]RN RN
s Cs K| *
=2 [ e [ e [P sero,m)
q1 q1 22
{lvn(2)[<é1} {lvn(x)|>81} RN
eCs Cs 1Kl -
<— / Fr)+=— / LF @I+ [ L )P +etou(D),
q1 q1 22
{lvn (2)[<1} {lvn(2)[>81} N
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Quasilinear Schrodinger equations 11

1 , (1§ Gy
5/|an|+(5—%—qa)/wx>f<vn>
RN

RN

which yields

Koo .
|f )| +%/|f(vn)|22 +c+on(D).
N

{lvn (2)|>61}
Note that if |s| > §;, there exists a constant C; > O such that |s|?' < C; |s|22*. Thus, we get

1 1 )

7/|wn|2+(f——— 8C“)/V(z>f (on) <c2/|f(vn)|22 et on(D),
2 2 2a0 qa

]RN

RN
(2.13)

where C» = C5C1/q1+|K |loo/22*. Take § and ¢ sufficiently small so that 2" %4~ > 0.

qiao
Hence, in order to conclude the proof of lemma, it suffices to show that the right hand side

in (2.13) is bounded.
By Lemma 1-(8), we have

(' (), vn) /|an| +/V(r)f (vn>——/1<<x)|f<vn>|22

RV RN

- / g(@, f W) [ (V) vn.
RN

Using Lemma 1-(6) jointly with (g4)(i7), it follows, for s > 0,
9@, FN (s = go(m, f()f(5)s — ha@)| f($)IB7" f/(s)s
1
> Ego(-r, LGNS (s) = hz(@)|f(s)|P
1 3 q3
Z 59 SENf(s) — §h3(fv)|f(S)| >
Hence, noting that g(x,s) = 0ifs <0,
1 *
(' (0a), va) < / IVoal? + / V@) - / K@) f )2
RN

RN RN

1 3
—/ 79, f(vn))f(vn)+§/h3|f(vn)|q3-
RN RN

Consequently, by (g3),

1
I(vy) — E(I/(Unx Up)

A%

i/ K@) f @l - 5/ b3l (v >|43+/ [19@ Fon) f o) — Gz, f(v ))}
2N n 4 n 4 E) n n El n
RN RN

zZN/K<x)|f(vn)|22 /h3|f<vn>|q* /m /hz|f(vn>|q2

RN RN
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12 E. A. B. Silva, G. F. Vieira

Then, by (2.12) and the fact that i € LY(RY), we find a constant C3 > 0 such that

% K@)|fn)? < /hzlf(vn)l'”+%/h3|f(vn)|q3+c3- (2.14)

RN RN RN
Given € > 0, we set D¢(R) = {z € RV . |ha(x)| > €,|x| = R} for all R > 0. Then,
since hy € F, applying Lemma 3, we find R = R, > 0 such that | D.(R)| < €. By Holder’s
inequality,

22%—gy KN
22% 22%
o 2
/hz|f<vn>|q2§||hz||oo /1 /|f<vn)|
De(R) D¢ (R) D¢(R)
92
22%
22*_‘12 *
<l floce 72 / e | 2.15)
]RN
On the other hand,
KR
N 2%
wnNR 2% *
/ h2|f<vn>|425||h2||oo( - ) /|f(vn>|22 +e/|f(vn)|‘12.
RN\D.(R) N RN

(2.16)

Furthermore, considering 0 < A < 1 such that g = 2A + (1 — 1)22*, we apply Holder’s
inequality, condition (V') and (2.13) to find C4 > 0 such that

A
/ ) / )
RN RN
A
1 *
—/V<:c).f2<vn) /|f<vn>|22
ao
RN RN

A
Cy / P / )l
N ]RN

= 04/ |f )P @2.17)
RN

1-x

IA

/ NG
]RN

1-x

IA

1-x

IA

Thus, from (2.15)—(2.17), we obtain Cs5 > 0 such that
@
22%
/h2|f<vn>|q2 < Cs / a2 |+ e c4/ P
RN RN

RN
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Quasilinear Schrodinger equations 13

Observing that an analogous estimate holds for fRN h3| f(vy)]|%3, we find Ce > 0 such that
Sy & [ 17w
2N RN
RN

a2
22%

/|f<vn)|22* + ec4/|f(vn)|”*
N N

a3
22%

/|f(vn)|22* +%ec4/|f(vn)|22*+c3,
N RN

which yields

Lok — 76C4 /|f(v )

2N RN
42 43
22% 22%

* 3 *
/|f(vn)|22 +3Cs /|f(vn>|22 L0
N N

Since ¢, g3 < 22%, taking € > 0 sufficiently small, we obtain the desired result. O

Before stating the next result, we recall that the best constant for the Sobolev embedding
DL2RN) ¢ LY RN is given by

Vo2
S= inf Je IV

R (2.18)
rebl 260 (o [01%)*

Proposition 1 Suppose that (V) (K), (gl) and (g3) are satisfied. Let (v,) C H'(RN) be a

(Ce)p sequence with0 < b < 2N ||K||OO S2 3 , and v, — 0 weakly in HY(RYN). Then there
exist a sequence (yp) C RN and r, n > 0 such that |yn| — 0o and

lim sup / |vn|2 >n>0.
n—o0
By (yn)

Proof Supposing that the result does not hold, we have (see [8] or [25]):

11m /|v,1| =0, forevery o € (2,2%). (2.19)
RN

Since g is subcritical, as in [23], we obtain

Jim [ g @ @un = fim [ GG, ) =0 (220)
RN RN
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14 E. A. B. Silva, G. F. Vieira

Thus, since (v,) C H'(RV) is a (Ce), sequence for the functional I, it follows that

bt ou(D) = 1) — 3 ('), o)

1
= / V@) f2 ) — £ @n) £ (n)vn]

2
]RN
1 * 1 *
+/K(m> [5|f<vn)|22 2 F (a) () v —@mvm”] 2.21)
]RN
We claim that
lim / V@2 Wn) — fn) f (W)vg] = 0 (2.22)
]RN
Jin [ K@) [25 P = P ] = o (223)
]RN

, 1 222 / 1z o
nlingo/ K@) | S1f )l S @) f W) vn = 2272 Jua]™ 1 =0. 0 (2:24)
RN

Assuming that the claim is true, and using (2.21), we obtain

b (1)—/K< o[22 Z 22 2
On = x)|v, 3 > =N x)|v,|” .
RN RN
Hence
. Nb
th/K@mWF =—— >0. (2.25)
n—oo 2T
RN
Consequently, using (2.24), we get
lim / K@) f I 72 f(n) f (vn)vn = Nb. (2.26)
n—oo
]RN

On the other hand, taking the first limit in (2.20), the second one in (2.28) below and the fact
that (I’ (v,), v,) — 0, we get

Jim | [ K@I@IP 2w f @, =l | =0
RN
Therefore, from (2.26), it follows that
lim |val®> = Nb. (2.27)
n—o0
We recall that, from the definition of S (2.18),

o
v *

2
1 . . 1 o>\ 2
—/K(m>|vn|2 5/|vn|2 < 7/|an|2 < (—
IK lloo S S
RN RN

RN
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Quasilinear Schrodinger equations 15

Passing to the limit in the above inequality, in view of (2.25) and (2.27), we obtain

1 Nb <(Nb)22
Koo p¥52 —\ S ’

that is,

Lk
b>—|K S7,
_2NII lloo

s

2-N
contradicting the assumption that b < ﬁ IK|loZ S % That concludes the proof of Proposi-
tion 1, except for (2.22), (2.23) and (2.24).

For proving (2.22), we simply verify that

lim / V@Lf*@n) — vyl =0 and lim_ / V@)lvy — f) f'(n)va] =0.  (2.28)
RN RN

Indeed, for 6 > O to be chosen later, we may write

/ V(@) ) —v2] = / V(@) (wn) — v2]+ / V@2 (y) — v21.
RN {lvn (2)|>8} {lvn (z)<8}
Using (2.19), condition (V') and Lemma 1-(3), we obtain

2V
v@rre) - @l <avie [ <2 [ o @)
RN

{lva (2)]>6} {lvn (2)[>8}

as n — oo. On the other hand, by Lemma 1-(4), given ¢ > 0, we choose § > 0 so that
|(f(s)/5)> — 1| < &, if |s] < §. Thus, by the condition (V), we have

2
V(@)? [(f(v”)) - 1}
Un
(f(v,a)2 o
Un

lim sup
n—o0
{0<|vn ()] =<8}

< ||V [l oo lim sup / va

n—00
{0<lvn ()16}

<e||V||oolimsup/v3.
n—oo
RN

Hence

lim sup/ V@) wn) — v7]]

n—oo
RN
< lim sup / |V(x)[f2(u,,)—u,%]|+e||V||oo1imsup/u§.
n—0o0 n—o0

{lva (2)|>8} RN

Since & > 0 can be taken as small as we like and (v,,) € H'(R") is bounded, using (2.29),
we have the first limit in (2.28). By the properties (3), (4) and (8) of Lemma 1 and the fact
that f/(s) — 1 as s — 0, the verification of the second limit in (2.28) is similar to the first
one. Therefore (2.22) holds.
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16 E. A. B. Silva, G. F. Vieira

The verification of (2.23) is similar to the previous one. Indeed, for R > 0 to be chosen
later, we write

[r@ e - o] = [ k@ [2F P - ]
RN {lvn (@) |<R}

v [ k@ -],
(loa@)]>R)
By the condition (K), Lemma 1-(7) and (2.19),

/ K@ [25 o = 1P ]|

{lvn (2)|<R}
B « 242 *_
<2 1Ko / lual* <2727 |K |l R? ‘T/Ivnl‘7
{lvn (2)| <R} RN
— 0, (2.30)

as n — 00. On the other hand, by Lemma 1-(5), given ¢ > 0, we may choose R > 0O suf-
ficiently large so that ‘1 — (f(lsl)/21/4|s|1/2)22 ‘ < ¢ for |s| > R. Thus, by the condition
(K),

timsp [ K@) [27 10, = 17w ]|

n—0o0o

{lvn (x)|> R}
22*
. bl * )
< ||K |00 lim su 27 )P 1=
{lvn (2)|>R}
< 822 ||K||oohmsup/ |vn
n—oo

Hence

hmsup/ ‘K(x) [22 loal®" = 1f (W) [* ]‘

n—oo
RN
< lim sup / ‘K(x) [2 Tu* = I f ) ]‘
n—o0
{lvn ()| <R}

+8227 | Kl oo lim sup/ |vn|2*
n—o00
N

Since ¢ > 0 is arbitrary and (v,) C H!'(R") is bounded, we use (2.30) to conclude (2.23).
Finally, using the following identity

If &P 2F ) f()s 1 SsD
2(2*—2)/2|S|2* - (1/2]02(3) + ])1/2 21/4|S|1/2

22%-2
) , forall s € R\{0},

by Lemma 1-(5), (7), (8) and the condition (K), a similar argument to the one used above
shows (2.24). The Proposition 1 is proved. O
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Quasilinear Schrodinger equations 17

3 Estimates

In this section we verify that the minimax level associated with the Mountain Pass Theorem
(Theorem 1) is in the interval where the Proposition 1 can be applied. To show this result,
we use appropriate test functions as the ones employed by Brézis and Nirenberg [6], and
we verify some auxiliary results about these functions. Then we show the main result of the
section, providing the estimate for the minimax level ¢ given by (2.1).

3.1 Test functions

Without loss of generality, we assume that x¢, given by the condition (K), is the origin of
RY and that B»(0) C £2, with £2 given by the condition (gs).

Given ¢ > 0, we consider the function w, : RY — R defined by
e(N=2)/2
LUS(J?) = C(N) (82 T |1’|2)(N_2)/2 s

where
C(N) = [N(N —2)]N=2/4,

We observe (see [25]) that {w, }.~¢ is a family of functions on which the infimum, that defines
the best constant, S, for the Sobolev embedding DL2(RVN) ¢ LY (RV), is attained. We also
consider ¢ € CS°(RY, [0, 11), ¢ = 1 in B1(0), ¢ = 0 in RV\ B,(0) and define

Ug

Us = pw,, Ve = ————7—57-
& ¢ & & (fRN Kug )1/2

The following lemmas were inspired by [6,15,25]. We just state them, since their proofs
are standard.

Lemma 5 Suppose that (K) is satisfied. Then, there exist positive constants ki, ko and &g
such that

IVue > = 0(eN72), as e — 0F, 3.1)
RN\B1(0)
ki < / Kug* <ky, forall 0<e¢ < g, (3.2)
RN
2N 2w = 0V, as e > 07, (3.3)
lz]<1
[ 190l <1KIEV s+ 0642, as s 0. (34
RN
Lemma 6 Suppose that (K) is satisfied. Then, as ¢ — 0, we have
O(e), if N=3,
(i llvell3 = § O (¢*|logel). if N=4,
0 (%), if N>5;

1

(i) vl ;=0 (N2, ifN=3.
-2
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18 E. A. B. Silva, G. F. Vieira

3.2 Estimates for the minimax level

Before stating the main result of this section, we present two useful lemmas.

Lemma 7 Suppose that (V), (K), (g1) and (g2) are satisfied. Consider t, > O such that
I(teve) = max;>0 I (tve). Then, there exist ey > 0 and positive constants Ty and T, such
that T <t. < T, forevery( < ¢ < .

Proof First, we observe that, in view of Lemma 2, [ satisfies /(0) = 0 and (/1). Con-
sequently, since I/ € C LHY®RN), R) and |v.|| is bounded, we conclude that there exists
T1 > O such that 7z, > T1 > O for every ¢ > 0 sufficiently small. On the other hand, from
(g4)(i) and Lemma 1-(3), we have

uwa<ffwma—/VuU%Mri%/Kmﬁﬁwa

RN
2
s?mn—ﬁyﬁK/f (tev0).
We claim that there is a constant C; > 0 such that
/ I (teve) > Cre? (3.5)
N

Indeed, by property (9) of Lemma 1, we have
/ 2 (teve) = C*i2 / v,
RN {teve (z)>1}
We consider 2z € RY such that |z| < & < 1. Then, from (3.2), we get

C(N) 1
ko 2%—18%—1

wmzéwwz

Consequently, since #; > T} > 0, for every ¢ > 0 sufficiently small, there exists &9 > 0 such

that 7. ve (x) > 1 whenever |z| < & < g9. Now, by straightforward computations we find a
constant C» > 0 such that

/ 2 | / ,  CZ(N) / eV > O (W) C
= w, = = wny(C).
Yk )T (2 + [212)"

{teve (z)>1} B¢ (0) B (0)

This concludes the proof of the claim.
Thus, from (3.5), we have

tg 2 C f
a < I(tavs) = 5”1)5” - 22* m K

which yields
Ci o 12
—me 2 < ) =«
22* R 2
Since ||ve || is bounded, we obtain the estimate t, < 7> < co. The lemma is proved. O
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Quasilinear Schrodinger equations 19

Lemma 8 There exist constants Co, R > 0 such that
221 = 2% > —Cot* V2, forall t > R.

Proof Consider t > 1. By definition, we have

t
1
() — (l):/—d.
f f 1 (1+2f2(s))1/2 s

It follows from Lemma 1-(7) that 2 f 2(s) < 23/25 for all s > 0. Therefore,

t

t
ﬂo—ﬂnz/' (14 2%)"?
1

1

= 5 (14+272)"

5 (1 +2¥2)2 forall +> 1,

which yields
fO = f) - (1+2*/2)”2+2‘/4t‘/2, forall ¢ > 1.

Now, observing that by Lemma 1-(3), f(1) < 1, we have —d = f (1) — ﬁ (14232) 172
< 0. Hence, we obtain
f@) = —d+2Y4%"2 forall t > 1, (3.6)
which amounts to
20 =22 PR s VA2 gy VAP forall 121, (37)
On the other hand, by Mean Value Theorem, there exists 0 < 6 < 1 such that

—(@—-d)® =2%@ -0d)* a
<22%d 221 forall x>d > 0.

Taking z = 2!/4¢1/2 > d, we obtain

(2141727 _ (21412 _ ) < . forall 1>2724%  (38)

(3.7) and (3.8) prove lemma with Cp = 2*2 d and R > max{1, 2~1/24%)}. ]

Remark 2 From the proof of above Lemma 8, using the properties (3) and (7) of Lemma 1,
we obtain the property

f@® 1/4
Am Sim =2 )

Indeed, by Lemma 1-(3), (7), we get (3.6). Consequently

lim inf LAY} > ol/4
—>+00 ll/
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20 E. A. B. Silva, G. F. Vieira

Using the property (7) of Lemma 1 one more time, it follows

t
lim sup % < 2174,
=400 11/
Therefore, (5) holds.

Next we state the result which provides an appropriate estimate on the minimax level.

Proposition 2 Suppose that (V), (K), (g1), (g2) and (gs) are satisfied. Then there exists
v e H'RM)\{0} such that

1 %TN N
I(t — K S7.
max (tv) < N 1Kl

Proof Consider f, as defined by Lemma 7. Invoking Lemma 8 and observing that
S K(x)vg* = 1, we may write

L k@ o)

22%
RN
1 22 z 2*
= K@) (£ (o) =27 (0™
{teve () <R}
b K@) (£ (eve) = 25 (o0 ) 4 [ K@2% (o0
22* eve eve 22* eve
{teve ()= R} RN
2% 2%
271 «  ColK]| 1o 277,
> = 2% 1K oo / (tevs)z - Too/(tavs)z 2 + 7% taz .
{teve () <R} RN
Note that if 0 < |s| < R, there exists C; > 0 such that |s|2* < C |s|2*_%. Hence,
* *_ 1 w1
/ (teve)” < C) / (t:v:)* 72 < C /(rgvg)2 2,
{teve (x) <R} {teve () <R} RN
Thus, we obtain a constant C, > 0 such that
2%71 1
= K@) 2 (teve) > 5 I Cz/(tgva)2 —12, (3.9)
RN RN
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Using Lemma 1-(3) and the relation (3.9), we have

I(teve) = / Vol + / V(@) f2(tve)

K (@) f2 (tove) — / G(z, f(teve))

RN RN

22

*
5 -1
2%

2 2 zZ_
t t 272
= §/|VU8|2+§/V($)U§_ 2 I
RN RN

“FCZ/(tsUs) /G(SL‘ Sf(teve)).

Letting X be the integral fRN |V, |2, we get

*

21

27 o
I(tevs) < = [ |[Vuel? + *IIVlloollvsllz =l
]RN
-
+C2fe ”Us ” 1 - G(z, f(teve))
]RN
1 P
< XN 4 Callvell + Callvell, 7 — | G, f(teve)),
2N 2—5
RN
for some constants C3, C4 > 0. Indeed, considering the function 2 = h, : [0, 00) — IR
given by h(t) = %thz _2 2_*2)/2 12*, we have that 1p = %X;/(ZKZ) is a maximum point

N/2

of h and h(ty) = ﬁ ¢ ' 7. It follows from (3.4) that

— 1

1 1
I(teve) = f(llKll S+ 0N )T + Cllve 13 +C4||v£|| ? - / Gz, f(teve)).
RN
Applying the inequality
b+ <b+cb+of e, be=0,¢=1,

we get

1 N N PN _
L(teve) < 51K lloS S + Csllvel3 + Callvell, 3 —/G(x, fteve)) + 0N 72).
2

RN
(3.10)
Now consider
N-2 .
{e, e}, if N =3,
y(e) =max | {2|loge|, e "7}, if N =4,
(26T, it N5,
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22 E. A. B. Silva, G. F. Vieira

that is,
i 3<N <10
€ i <
= ’ = ’ 3.11
vie) {82, if N> 10. G-10)
In view of Lemma 6, (3.10) and (3.11), we find a constant C5 > 0 such that
1 _ 1
I(teve) < = KNI 28V 4 y(e) | €5 — — [ G, f(teve))
2N y (&)
RN
In order to prove Proposition 2, we just need to verify that
1
lim — | G(z, f(t;v:)) > Cs. (3.12)
e—0t+ y (&)
RN
By (g4) (i), we have
G(x,s)+ s> >0, for every x € £2, s > 0. (3.13)

Given Ag > 0, we invoke (gs) to obtain R = R(Ag) > 0 such that, forz € £2,s > R,

Aps?¥ 1 if 3< N < 10,
G(x,s) > (3.14)
Ags*, if N > 10.
Now consider the function 7, : [0, c0) — R defined by
3 g(N=2)/2
e (r) = &2 + )22
Since ¢ = 11in B1(0), in view of (3.2), we find a constant C¢ > 0 such that v, (x) > Cene(|x|)

for |z| < 1. Furthermore, since 7. is decreasing and f is increasing, there exists a positive
constant & such that, for |x| < ¢,

flteve(@) = f(TiCone(z) = f(TiCone(e)) = f(@e 7).

Recall that 77 is given by Lemma 7. Then we may choose ¢; > 0 such that

. 2-N
as 2 >1,
o (3.15)
fteve(z)) = f(@e 2 ) = R = R(Ao),
for |z| < €,0 < € < €1. Since B.(0) C £2, it follows from (3.14) and (3.15) that
Ao f2 " tv,), if 3<N < 10,
Gz, f(teve)) = [A0f4(zgvs)7 it N> 10, (3.16)

for || <¢6,0 <& < ¢;.
Now, in order to verify (3.12), we should consider the two possible cases:
Case 1: 3 < N < 10. By (3.15), (3.16) and Lemma 1-(9),

G, f(tv0) = A2 (teve) = Ag 2 " N(@e™ )

w2251 @oN)@2F-D)
> ACP lgT e d

)
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forevery x € B.(0) and 0 < ¢ < &1. Hence, since B>(0) C §2, we invoke (3.13) and Lemma
1-(3) to get

/ Gz, f(t:ve)) = / G(z, f(teve)) + / G(z, f(teve))

RN B (0) 2\ B¢ (0)
%_1.22%—1 —3N-2
> A)C? 7 laT T e |B:(0)] — / FA(t:0e)
2\ B¢ (0)
w_q . 22%~1 —3N-2
ZAQC22 “lg™2 wnNE ™ * 8N—T22 vg
$£2\B: (0)

. 22% 1 N-—2
> ACP T laT T wye T — T vell3,

for 0 < ¢ < €1, where T3 is given by Lemma 7. Consequently, by Lemma 6, we obtain

1 2% ~ 2251
5 [ G@, fteve) = AgC? a7 wy — I'(e), (3.17)
e 4 BN
where
03, if N=3,
I'(e) = { 0 logel), if N =4,
0" ™), if 5<N < 10.

Choosing Agp > O sufficiently large, the above relation and (3.17) establish (3.12).
Case 2: N > 10. Applying the relations (3.15), (3.16) and the Lemma 1-(9) one more time,
2-N

G(x, ft:ve)) > Ao fH(teve) = AgfH(@e 2 ) > AgCHa?e*™V,

for every x € B¢(0) and 0 < ¢ < 1. Hence, using that B(0) C 2, relation (3.13) and the
Lemma 1-(3), we get

/G(:L’, fteve)) = / Gz, f(teve)) + / G(z, f(teve))

RN B:(0) 2\ B, (0)
> AoC @26 V| B, (0)] — / Flteve)
£2\B:(0)
> A()C45[20)N82_N8N - T22 vg
2\ B, (0)

4~2 2 2 2
> AgCawne” — T |vell5,

for 0 < ¢ < ¢, with 7> given by Lemma 7. Consequently, by Lemma 6, there exists a
constant C7 > 0 such that

1 ~
87 / G(z, f(teve)) > A0C4(¥2w1\/ — (7.
RN

Since Ag > 0 can be chosen sufficiently large, the above relation establishes (3.12). The
proof of Proposition 2 is complete. O
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4 Proofs of Theorems 1 and 2

In this section we prove Theorems 1 and 2 by verifying that the functionals / and I, defined
by (2.5) and (2.7), respectively, have nonzero critical points. But, before proving them, we
introduce two technical results needed to the proof of the first one.

Lemma 9 Suppose that (V), (K) and (g4) are satisfied. Let (v,) C H'(RN) be a bounded
sequence and wy, (z) = w(x — y,), where w € H'(RN) and (y,) c RN, If |y,| — oo, then
we have

[VO('CL) - V(l')]f/(vn)f(vn)wn - Oa
(K (2) — Ko@)1| £ )| 72 f () £ (wp)wn — O,
[go(x, f(Wn)) — g(x, FWDIf W)wy — 0,

strongly in L'"(RN), as n — oo.

Proof Considering that the other limits have already been proven when we deal with the
problem in the subcritical case (see [23]), we shall establish the second limit in Lemma 9.
Given § > 0, since w € L (]RN ), we find 0 < & < § such that, for every measurable set

A C RV satisfying |A| < e,
/|w|2* <. .1

A

We fix ¢ > 0 and set D, (R) = {z € RV : |K(z) — Ko(z)| > ¢, |z| > R}. By the condition
(K) and the Lemma 3, we may find R > 0 such that | D.(R)| < ¢. Then, applying Lemma
1-(10), (7), Holder’s inequality, condition (K), (4.1) and the fact that (v,) C H LRNY is
bounded, we get

/ |K () — Ko@) | f )2 721 )l 1f (Wa)| [wy

RN\ B (0)
IK || " e .
< ﬁ"" Lf (va)]? 2|wn|+E | f )17 72wy
D¢ (R) RN\[Bg(0)UD,(R)]
2*=1)/2* 2*=1)/2*
1K Jloo / 2 5 .
< — | f (vn)l lwp Il 7 2+ +—= | f (vn)l llwll2+
ﬁ n nUL=" (De(R)) fo n
RN RN
2*—1)/2* 2*—1)/2*
2*-2 2% 2*-2 2%
<277 Koo | [ Ival lwall 2 pycry + 272 8| [ loal* | Iwllos
RN RN
< C1(8V* +6), (4.2)
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for some constant C; > 0. On the other hand, by Lemma 1-(10), (7), Holder’s inequality,
the condition (K) and the boundedness of (v,) C H'(RN), there is C» > 0 such that

/ IK () — Ko@) 1f ) 721 )| L (wa)] [wy]

Br(0)
(2*—1)/2* 1/2*
IK| . !
< 7‘” | f ()| lw(@ — ya) |
RN Br(0)
(2*—1)/2* 1/2*
2%_2 2% 2%
<277 K|l |va lw(@ — yn)l
RN Br(0)
1/2*

<Gy /|w(m)|2"

Br(=yn)
Hence, since w € LY (RN) and |yn| — 00, there exists ng € N such that
/ K (@) = Ko@) 1f @) 21 f )1/ a)| [wn] < C28, forall n > no. (4.3)
Br(0)
The inequalities (4.2), (4.3) and the fact that § > 0 can be chosen arbitrarily small imply

that [K () — Ko(x)]|f(v,,)|22*_2f(v,,)f’(v,,)w,, — 0 strongly in LYRN), as n — o0, as
desired. The proof of Lemma 9 is complete. O

In order to prove Theorem 1 we also need of the following result which has been proved
in [23]:

Lemma 10 Suppose 2 < g < 22* and h € F. Let (v,) C H'(RN) be a sequence such that
v, — v weakly in H' (RN). Then

h(@)| f ()4 = h(z)| f()|9 strongly in L'RY), as n — oco.
Now we are ready to prove Theorems 1 and 2.
4.1 Proof of Theorem 1

We infer by Corollary 2 that there exists a Cerami sequence on level ¢, that s, (v,) C H L®rN)
such that

I(vy)) » c>a>0 and |[I'(w) |1+ [lval) = 0, as n — oo, 4.4)
with ¢ given by Theorem 3. Applying Lemma 4, we may assume, without loss generality,
that v, — v weakly in H'(RY). From this and (2.8), we have that v is a critical point of 7,

that is, I’(v) = 0. Effectively, because Cy° (RY) is dense in H!(RY), it suffices to show that
(I'(v), @) = 0 for every ¢ € C§° (RM). Note that
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(') = 0 9) = [ (F0, = V)9
RN
=/{ﬂwﬁhw—fwﬁwﬂwm¢
RN
+/[uwwf”ﬂmﬂwrwﬂwwfﬂﬂwnﬁwﬂKuw
RN

+/Tmmfw»fwy—Mmfwwv%wﬂw 4.5)
]RN

Since v, — v weakly in H!'(RV), we have that v, — v in L] (RV), with p € [1,2%).
Then, up to a subsequence,

v, (x) = v(z) a.e.on K :=suppy, as n — 00,

|vn(@)| < |wp(x)| forevery n € N anda.e.on K, with w, € LP(K).
Consequently,

f)f' () = f@f'(v) ae.on K, as n — 0o,
LI 72 F ) f (o) = |f X 2 f(v) f'(v) ae.on K, as n — oo,
gz, fw) f () = glx, f) f'(v) ae.on K, as n — oo.

Furthermore, from the condition (V') and the Lemma 1-(2), (3),
IV (@) f ) f el < IV (@) f el < IV lelwal lgl,
and, by Lema 1-(10), (7) and condition (K),

K@ )P 72 ) £ )| < 1K 102 T e 1 2.
We also claim that there is a function ¥ € L' (K) such that
lg(x, f ) f (w)g| < in RV, (4.6)
Indeed, by (2.8), Lemma 1-(2), (3) we have, for |v,(x)| <1,

|9, f @) ' @)e| < 81f @l lol + Csl f )|~ gl
= 6+ Colel.

Again by (2.8), Lemma 1-(2), (3), (6), (7), if |v,(2)| > 1,
lg(@, £ @) f' el < 8lval o] + Cs| f W (wa) Il

—1 1 f )l
< 8lwa| le] + Cs| f ()" 1f|l)7r|z|¢|
n

< 8lwal lg| + 29174Cslwas_11* gl

The above estimates imply the relation (4.6) as we claimed. Using this claim, (4.5), the
Lebesgue Dominated Convergence Theorem and the weak convergence v, — v in H'(RV),
we have

(I'(wn), @) = (I'(v), ) — 0.
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Since I’ (v,) — 0, we conclude that I’ (v) = 0. Thus, in order to prove Theorem 1, it suffices
to assume that v = 0.

In view of Proposition 2, it follows that 0 < o < ¢ < ﬁ ||K||<(>%>_N)/2

SN/2_ Furthermore,

by Proposition 1, there exist a sequence (y,,) C R" and r, n > 0 such that |y,| — oo, as
n — oo, and

lim sup / |vn|2 >n>0 forall neN. “@.7
n—oo
By (yYn)

Without loss of generality we may assume that (y,) C ZN . Then, defining u, (z) = v,(x +
Yn), 1 € N, we have ||uy|lo = ||vnllo for all n € N. Thus, passing to a subsequence if nec-
essary, there exists u € H'(RV) such that u, — u weakly in H'(R"V), u,, — u strongly in
L? (RY)and u,(z) — u(x) almost everywhere in RY. From (4.7), we have u # 0.

loc
We claim that u is a critical point of /y. Indeed, we first observe that

(Io(un), @) — (I5(u), ), as n — oo, forevery ¢ € COOO(RN). (4.8)

Effectively, writing

). 0} — (T ). ) — / (Vity — Vi) Vg

RN
= [ L @) = s @] Vot
RN
[ [1£@P 200 w0 = 1 £ @) 2 f ) )] Kot
RN
+ [ lonGe. £G0) = o £ £ . (4.9)
RN

from the arguments used above, we deduce

/(Vu,, — Vu)Vo - 0, as n — oo,
RN
/ [f n) £/ (un) = f() f' )] Vo(z)g — 0, as n— oo
RN
and
[ 7@ 270w = 1) P2 ) £ )] Kol = 0. as n = oo,
RN
Hence, in order to prove (4.8), it remains to analyze the last integral in (4.9). Note that
[go(x, @) — go(x, fua))] f'(va)e

= [go(@, fW) — g(x, f )] f'(vn)g
+lg(, fun) = go(x, fun)] f'(n)g. (4.10)
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Now, by the condition (g4) — (ii) and the arguments used in the proof of (4.6), we get
¥ e LY(K), K := supp g, such that

gz, f@n) — go(x, fua)f Wa)gl < ¥. (4.11)
Hence, applying the Lebesgue Dominated Convergence Theorem one more time, we obtain
[g(z, fun)) = go(x, fa)1f un)p — [g(z, f@)) — go(x, f)If' e  (4.12)
in L'(K). The claim (4.6) and the Lebesgue Dominated Convergence Theorem also provide
9@, fun) f ) — g(a, f@) f'we in L'(K).
Furthermore, from (4.6), (4.11) and the Lebesgue Dominated Convergence Theorem again,
go(@, ) f'(un)p — go(x, fw) f' e in L'(K).
Consequently,
lgo(x, f(w)) — g(x, fua))] f'(un)p — [go(x, f@)) — gz, fF@N] f' (g (4.13)

in L1(X). The relations (4.10), (4.12) and (4.13) establish the verification of (4.8). On the
other hand, considering ¢, (x) = ¢(x — y,), for n € N, in view of the periodicities from Vj,
Ky and gg, we get

(Io/(un)» <P> = (I(/)(Un)» <Pn>, forall n € N. (414)
Moreover applying Lemma 9, we have
[(Tg(n), @n) = (I'(vn), )| — 0, as n — oo. 4.15)

By ll¢nllo = ll@llo for all n € N, and the fact that (v,) C HYRY)is a (Ce), sequence, we
have that (I’ (vy), ¢,) — 0. Hence, by (4.15), we obtain

(I(S(vn)v on) = 0, as n — oo.

The above limit, (4.14) and (4.8) show that u is a critical point of [y as claimed.
Our next task is to verify that Ip(u) < c. In order to show this fact, we apply condition
(K) and the definition of (u,) to get

1
I(vp) — 5(1/(vn)7 Un)

1
z 5 / Vo@)[f2(un) = f' () f (n)ity]

RN

1
+§ /(V(Jf) — Vo@)f2(wn) = f'(a) £ (Vn)va]

RN
1 2% 2 / b 22+

+ / Ko(x) |:§|f(un)| S ) [ (un)uy 20 | f (un) i|

RN

1

+/ [59(9& f ) f'(vn)vy — Gz, f(vn))] . (4.16)

RN
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Now, by property (8) of Lemma 1, conditions (V), (K) and the Fatou’s Lemma, we obtain

1 * 1 "
lim inf / Ko(x) [§|f(un)|22 TS ) ey = L f )2 }
RN
1 * 1 *
> / Ko(x) [5|f(u)|22 ) f wyu — ﬁu(un” } 4.17)

RN
and
1 1
timint > [ Vo200 — ) f ] = 5 [ W@ =~ fw ful

RN RN
(4.18)

We observe that, in view of v, — 0 weakly in H'(R"), by Lemma 10, with h = V — Vj,
and Lemma 1-(8), we get

1
liminf > / (V@) = Vo@D (@) = £ @n) f (n)va] = 0. 4.19)
RN
We also claim that
1
hnrglo%f/ [Eg(m, f(vn))f/(vn)vn - G(x, f(Un))]
RN

1
> / [igo(fr,f(u))f’(u)u—Go(x’f(”))}- (4.20)

RN

Assuming that the claim is true, we use (4.4), (4.16)—(4.20) and the fact that u is a critical
point of Ij to get

1
ez / Vo@LF2w) — f'(u) f ()]

RN
1 5 1 X
+ / Ko(@) [5|f<u>|22 2 f @ = o f @l }
]RN

1
+/ [590(96, F) f'wu — Go(x, f(u))}
RN

1
= lo(u) — E(lé(u), u) = Io(u), 4.21)

that is, Ip(u) < c.
We shall verify that max;>¢ Io(tu) = Io(u). For that, we define the function n () := Io(tu)
for ¢+ > 0. Since u is a critical point of I, it follows that # > 0 (see the argument below).
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Hence, we may write

W) =1 / Vul? + / Vol@) f(tu) f (tu)u
RN

RN

- / Ko@) 22 = eu) £/ (tuyu — / gox, f(tw) f' (tu)u

RN RN

=1 / |Vul? —
RN

go(x, ftluD) f'tlul) Vo(x)f’(tlul)f(tlul)] 2

/ Ko f2 = tlul) £/ (t|ul)
N tlu|

+
tlul ?|ul

Note that, fixed z € RV, the function ¢ : (0, 400) — R defined by
Ko@) ') | go@, fEDS'S) _ Vo@) ') f(s)
s

N N

{(s) =

is increasing. Effectively, this is a direct consequence of (g4)(iii) and Corollary 1 applied to
FZO ) | gola, f9) ) f(s) B f’(s)f(s))
s f3() s '

Now we observe that n'(1) = 0 since u is a critical point of Iy. Moreover, we have that

n'(t) > 0for0 <t < 1 and n'(¢) < O for ¢ > 1. Therefore, Ip(u) = n(1) = max,;>o n(t) =
max;>0 Io(tu). Consequently, by (4.21), (g4)(i) and the definition of ¢,

¢(s) = Ko(x)

+ Vo(x) (

¢ <max [ (tu) < max Ip(tu) = Ip(u) < c.
1>0 1>0

This implies that there exists y € I" such that (2.3) holds. In view of Theorem 4, I possesses
a critical point v on level ¢. From ¢ > « > 0 = 1(0), we have that v is a nonzero critical
point of /. This concludes the proof of Theorem 1, except for the claim (4.20).

We shall now show that v > 0in RY. Since v > 01in RY is a weak solution of the equation

—Av=w in RY,
where
w@,v) = 10 [K@ 270 + 9@ f©) = V@) fo)],
by the conditions (V), (K), relation (2.8) and the Lemma 1-(7),(10), we get
[l = £'© [IK I 22D @I @)+ 81 )] + Csl F 1]
= Ci [Pt @2 1]
<201 [ +1].

for some constant C; > 0, since 1 < (g1 —2)/2 < 2* — 1. Using a result due to Brezis-Kato
(cf. [24]), it follows that w € L”(Bg) for every p < oo, with R > 0 arbitrary. By elliptic
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regularity theory, we may conclude that v € W27 (Bg) . Hence, v € Cllo’f (RN) for some

B € (0, 1). Now, arguing by contradiction, we suppose that there is 9 € R such that
v(xg) = 0. Eq. 2.6 can be rewritten as

—Av+ @ = V@) f - f)+ K@) fw) + g @, fo)f ) =0,

where c(z) = [V(x) — W]f’(v(@) > 0, for z € RN, with M defined

to be 0 at v = 0. Note that, from Lemma 1-(3), we have v — f(v) > 0. In view of (g1)
and the Lemma 1-(4), we have that ¢ is a continuous function in RY. Hence, applying the
Strong Maximum Principle for weak solutions (cf. [13]) on an arbitrary ball centered in z,
we obtain that v = 0. This contradicts the fact that v is not trivial.

Finally, we conclude the proof of Theorem 1 by showing that (4.20) holds. First we observe
that, in view of Lemma 10,

/h3|f(vn)|‘13 — 0 as n— oo,
RN

since h3 € F,2 < g3 < 22* and v, — 0 weakly in HY(RY), Invoking (g4) and Lemma
1-(6), we have

lg(@, f())f'(5)s = go(@, f())f'(s)s] = Ilg(x, f(5)) = golz, f(NIf (5)s]
< lg(@, f(s)) = go(z, f(s)1f (5)]
< h3(@)| f()|?.

Hence,

9@, f) f' (Wn)vn = go(@, f ) f'(Wn)v — 0

strongly in L' (RV) as n — oo. Similarly,
Gz, f(vn) — Golx, f(va)) — 0
strongly in L' (RV) as n — o0o. Consequently, by the periodicity of go,

1
lim loléf/ [Eg(xs f(Un))f/(Un)Un - G(x, f(vn))]

n—
RN

1
= lim logf/ [590(96, F ) f'(wn)un — Go(x, f(“n)):| : (4.22)

n—
RN

Now, from (g3), (g4) and the Lemma 1-(6), we have, for s > 0,
1
590(:17» FNf(s)s — Go(z, f(s))
1 1
> Z[go(m, f(s) =g, fFsNIf(s) + Zg(l“, fENf(s)— Gz, f(s)
+[G(z, f(5)) — Golz, f(s))]
1
> —Zh3(ﬂf)|f(5)|"3 — hi(x) — ha ()] f ()%,

Moreover, from Lemma 10, it follows that

/hi(m)lf(u,,)|‘1f — /h,-(x)lf(u)|q", as n— oo, i =2,3. (4.23)
RN

RN
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Thus, since go(x, s) = 0if s < 0, by Fatou’s Lemma, it follows

1 1
lggiogf/ [Ego(x,f(un))f’(un)un — Go(, f(un))+ hzlf(u,,)|q2+1h3|f(un)|q3+h1}

RN
1 , 1
> / [Ego(ir, @) @u = Gole, f0) + hal f ()| + 2hsl f @I + hl] . (424)
RN
From (4.22)—(4.24) we obtain (4.20). The proof of Theorem 1 is complete. m

4.2 Proof of Theorem 2

We argue as in the initial steps of the proof of Theorem 1. Since g satisfies (g1) and (g2),
applying Corollary 2, we find a sequence (v,) C H L(RY) such that

Io(v,) > ¢c>a >0 and ||16(v,,)||(1 + |lvpl) = 0, as n — oo, (4.25)

where c is given by Theorem 3. By Lemma 4, we may suppose, without loss of generality,
that v, — v weakly in H'(RY). From this and (2.8), we have that v is a critical point of I,
that is, 1;(v) = 0. Hence, in order to prove Theorem 2, it suffices to assume that v = 0.

In view of Proposition 2, it follows that 0 < o < ¢ < ﬁ K ||§§;N’/ 2gN/2, Furthermore,
by Proposition 1, there exist a sequence (y,) C RY and r, n > 0 such that |y,| — oo, as

n — oo, and

lim sup / |vn|2 >n >0, forall neN. (4.26)
n—o0
By (yn)

As in the proof of Theorem 1, we may assume that (y,) C ZN . Then, defining u, (v) =
vp(x + yn), n € N, we have that |lu,|lo = ||vsllo for all n € N. Consequently, taking a
subsequence if necessary, there exists u € H L(RNY such that u, — u weakly in H LR,

u, — u strongly in L120c (RM) and u,, () — u(z) almost everywhere in RN . We claim that
u is a critical point of /. Indeed, given ¢ € HY(RY), by (V), (K), (g1) and (g2), we get

(I(;(u,,),(p) — (Iy(u), @), as n — oo. 4.27)

On the other hand, considering ¢, () = ¢(x — y,) forall n € N, in view of the periodicities
of Vo, Ko and go, we get

(Iy(un), @) = (Iy(vy), @n), forall n € N.
Consequently, from (4.25) and the fact that ||¢, |0 = ||¢]lo for all n € N, we conclude that
(Io(up), @) — 0, as n — oo.

This limit together with (4.27) shows that u is a critical point of Iy. The claim is proved.
Furthermore, (4.26) implies that u # 0, and as in Theorem 1, # > 0. The Theorem 2 is
proved.
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