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Abstract We analyze the Ginzburg—Landau energy in the presence of an applied magnetic
field when the superconducting sample occupies a thin neighborhood of a bounded, closed
manifold in R3. We establish I'-convergence to a reduced Ginzburg—Landau model posed on
the manifold in which the magnetic potential is replaced in the limit by the tangential com-
ponent of the applied magnetic potential. We then study the limiting problem, constructing
two-vortex critical points when the manifold M is a simply connected surface of revolution
and the applied field is constant and vertical. Finally, we calculate that the exact asymptotic
value of the first critical field H.; is simply (47 /(area of M)) In« for large values of the
Ginzburg-Landau parameter «. Merging this with the I"-convergence result, we also obtain
the same asymptotic value for H, in 3d valid for large « and sufficiently thin shells.

Mathematics Subject Classification (2000) 49S05 - 35Q56 - 49J45

1 Introduction

We initiate here an investigation of the behavior of thin superconducting shells when subjected
to an applied magnetic field within the context of Ginzburg—Landau theory. One goal is to
identify, via the theory of I'-convergence (cf. [5]), an appropriate limiting energy as the
thickness of the shell approaches zero. This leads us to the problem of Ginzburg-Landau on
a closed manifold. A second major thrust of this study is to identify the so-called first critical
field, H.1, representing the threshold in applied field strength that must be crossed in order to
first see vortices in minimizers of the energy. We identify this value in the asymptotic regime
of large Ginzburg—Landau parameter, both for the limiting problem on a manifold and for
Ginzburg-Landau on thin 3d shells.

A. Contreras - P. Sternberg (B<))
Department of Mathematics, Indiana University, Bloomington, IN 47405, USA
e-mail: sternber @indiana.edu

A. Contreras
e-mail: ancontre @indiana.edu

@ Springer



244 A. Contreras, P. Sternberg

Within the physics community, there are numerous studies of the response of a spherical
superconducting shell or film to a magnetic field, including the experimental study [25] and
the theoretical studies [9,20,26]. The latter are primarily computational studies using a Ginz-
burg—Landau theory based on the presence of a magnetic monopole located at the center.
(The monopole assumption, which we do not invoke, leads to the condition that the magnetic
field strength is uniform throughout the surface of the sphere.) Within the applied mathe-
matics community, we note the computational work in [10] and [11] on superconducting
spheres in the presence of a vertical magnetic field. Here the authors capture various vortex
patterns on the surface of the sphere as the magnetic field strength is varied. Note that all of
the research cited above focuses solely on a spherical geometry and is largely computational.
Two primary aims of our research here are to inject some rigorous mathematical analysis
into the discussion and to explore the role that the geometry and topology of the limiting
manifold may play in generating non-trivial vortex behavior.

While, to our knowledge, there has been little rigorous analysis of Ginzburg—Landau for
thin shells or on a closed manifold, there has of course been extensive work on the thin
film limit of Ginzburg—Landau as a 3d sample collapses to a bounded, planar domain with
boundary. In [2], the authors show that when the applied field is vertical, then in this thin
film limit, minimizers of the 3d problem approach a function of two variables that solves a
reduced Ginzburg-Landau system in which the magnetic potential is replaced by the applied
magnetic potential corresponding to the applied field. We also obtain a reduced problem,
though now it is on a manifold and our main result in this direction, Theorem 3.1, consists
of proving the full I"-convergence of the 3d Ginzburg—Landau energy to a 2d energy, valid
for any fixed value of the Ginzburg—Landau parameter k. Thus, in addition to showing that
sequences of minimizers approach a minimizer of the limiting energy (and hence, in partic-
ular, approach a solution to the limiting Euler—Lagrange system), this opens the door to the
future study of existence and convergence of local minimizers and critical points through the
machinery of I'-convergence, in the spirit of [15,16,18,19], and to the study of associated
gradient flows in the sense of [22].

Loosely stated, for . C R representing an &-neighborhood of a smooth, compact man-
ifold M, we begin by showing in Sect.3 that the sequence of Ginzburg-Landau energies
(cf. [24])

1 2 1
7/(|(V—iA)\IJ|2+%(|lIJ|2—1)2) dx+f/vaA—H62dx
& &

3 R3

["-converges in an appropriate topology to the energy
2
. 2 K 2
/ (|(VM — 1A+ (P -1) ) dH3y ().
M

(See conditions (3.5) and (3.9) below for a working definition of I'-convergence.) Here
W : Q. — C is the order parameter in 3d and ¢ : M — C is the corresponding object
defined on the manifold. The vector field A : R3 — R3 is the effective magnetic potential,
H¢ : R® — R3is the given applied magnetic field, assumed to be divergence-free and smooth
but otherwise general, and (A)" is the tangential component of the restriction of the applied
magnetic potential to the manifold M. (More precise definitions and notational explanations
are given in Sect.2.) The scaling factor of % in the 3d energy is chosen so as to keep the
energy of minimizers bounded but non-zero in the limit. We should note that in this article,
we assume the collapse of the 3d domains €2, to M is uniform but one can surely adjust our
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proof of I'-convergence to handle variable thickness approach to M as has been considered
in various studies of planar thin superconducting films subjected to vertical applied fields,
e.g., [6,7,17]. The replacement of A by (A¢)? in the I"-limit is a manifestation of the fact that
for thin samples, the magnetic field penetrates the sample to leading order in the thickness.

We stress that the I"-convergence result established here is valid for any smooth, compact
manifold, with or without boundary, and any smooth divergence-free applied field. In this
level of generality, we also demonstrate the existence of a positive first critical field below
which minimizers do not vanish, cf. Proposition3.7.

Having derived the I'-limit, we turn to an analysis of the limiting energy, a variational
problem which is quite interesting in its own right. Recall that for the 2d planar version of
this problem subject to Neumann boundary conditions, a vortex might escape through the
boundary, but this phenomenon is precluded if we take our compact manifold to be without
boundary. This restriction should lead to interesting new aspects of vortex dynamics and
though we do not pursue the time-dependent problem here, we do exploit a related feature
of this problem, namely the fact that if the order parameter i vanishes on M it must do so
with total degree zero. One manifestation of this observation is that if we take M to be a
surface of revolution rotated around the z-axis and if we take H® to be constant and vertical,
then we can construct two-vortex critical points of the energy, with zeros lying at the north
and south poles, cf. Proposition4.1. This construction and related properties of the solutions
are discussed in Sect. 4.

Continuing with the assumption that M is a surface of revolution and H¢ is constant and
vertical, we conclude this article in Sect.5 with a determination of the asymptotic value of
the first critical field H.; in the ‘extreme type-II regime’ where « > 1 and |H¢| ~ In«. For
the case of an infinite superconducting cylinder of constant cross-section, the authors of [21]
carry out such an investigation and determine the critical coefficient of In «, characterizing it
in terms of a solution to a certain auxiliary problem related to the London equation. (See also
[23] for much more detailed information about H,; in this setting.) For the planar problem
arising as a thin film limit, the authors of [6,7] determine this critical coefficient in terms of
a different auxiliary problem. In the present manifold setting, we first obtain an asymptotic
upper bound on H,; through a construction. Then we obtain a lower bound that matches the
upper bound so that, somewhat remarkably, the first critical field is simply given by

4
Hi=—)Ink
area of M

in the large k regime, cf. Theorem 5.1. Combining this with the I"-convergence and compact-
ness results of Sect.3, we can establish a similar result for the 3d Ginzburg-Landau energy
posed on 2, when ¢ is small, cf. Theorem5.3. To our knowledge, this is one of the first
calculations of the first critical field for Ginzburg-Landau in a three-dimensional setting,
preceded by the determination of a candidate for H.| for a solid ball in R3 in[1].

Our proof of the lower bound requires us to adapt and when necessary substantially adjust
the technology on energy concentration on balls developed in [14] and [21]. Aside from
its use in analyzing H, in the present paper and more recently in [3], we expect that this
extension of energy ball concentration results to the manifold setting will prove useful in
other investigations involving Ginzburg—Landau on manifolds.

We view this article as a ‘first shot” at the rigorous analysis of Ginzburg—Landau on a
manifold in the presence of an applied field. Further results related to the large « regime for
surfaces of revolution will be presented in [4]. Certainly in the future it would be illumi-
nating to study the more subtle roles that geometry and topology can play by considering
more general manifolds, to investigate the critical field H 3 associated with loss of stability
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of the normal state, and of course, to look at the dynamics of Ginzburg—Landau vortices on
manifolds.

2 Basic definitions, notation and conventions

We will use X to denote a point in R3. For any two-dimensional manifold S, we will use H%
to denote two-dimensional Hausdorff measure restricted to S. We let M denote a two-dimen-
sional, CZ, orientable and compact manifold in R3, with or without boundary, and use x or
p to denote a point on M. We write v(x) for a unit normal to the manifold at a given point
X € M, in particular it denotes the outer unit normal in the case where M has no boundary.
In light of the assumed regularity of M, we can assert the existence of a value g9 > 0 such
that the map T, : M x (0, 1) — R3 given by

X = To(x, t) i= x + etv(x), 2.1)

is smoothly invertible for all € € (0, gp). We shall assume the superconductor occupies a thin
neighborhood of M given by

Q ={XeR: X=x+stv(x)forx e M, t € (0, 1)},
for e < go.

Our object of study will be the Ginzburg-Landau functional

1 . 2 K2 2 2
GM(qJ,A)=g/ (V- iAW +7(|qJ| —1)7) dx

Qe

+é/|VxA—H6‘2dX. 2.2)

R3

Here the external magnetic field H® : R? — R is taken to be a given, smooth divergence-
free vector field. The constant k > 0 is the Ginzburg—Landau parameter and the scaling
by 1/¢ is chosen to keep energies at O(1). As is natural, we take G, to be defined for
¥ e H'(Q,; C). Regarding the domain of definition of the potential A, we introduce M as
the closure of

(A € C®(R?*; R?) : A compactly supported}

with respect to the norm || VAl ;2 g3.9) = (Jps IVAI? dx)l/2 .Then we set Hy = {A € H :
div A = 0}. We note here that for A € H one has

12

IAllLsgs.r3) < C /|VA|2 x| (2.3)
3

and for A € Hj one has

/ IVA]> dX = / IV x AI” dX. (2.4)
R3 R3
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We also choose a magnetic potential A® corresponding to the given external magnetic field
H¢ to be any vector field satisfying the requirements
V x A°=H’ anddivA® =0 inR>. 2.5)

These conditions determine A€ up to the gradient of a harmonic function. With these defini-
tions in place, we then view G, , as being defined for all A such that A — A¢ € H.

Notice that through the invertible map 7., we can associate to each W € H L@, C) a
function ¥ € H'(M x (0, 1); C) via the formula ¥ (x, 1) = W (T, (x, t)). Then, denoting by
Vmyr the tangential gradient of i relative to M, one directly calculates from (2.1) that

V‘IJ(X)=VMIP(XJH—élﬁz(x,l)V(X)ﬂLsxs(x,l), (2.6)

where x.(x, t) is a vector field tangent to M satisfying the bound |x.| < C |V¥| for some
constant C depending only on M.

For any two-dimensional manifold S, we will use H% to denote two-dimensional Hausdorf
measure restricted to S. Now for any ¢ € (0, 1) and ¢ € (0, &9), we introduce the manifold

M ={x+etv(x): x e M}, 2.7

and observe that (2.2) can be written as

1
2
G (W, A) =/ / (|(v iAW+ % = 1)2) dHiy, (X)dt
0 Mg,t
1
+7/ IV x A —H[” dX. 2.8)
£
]R3

Making the change of variables X = T¢(x, t), using (2.6) and noting from (2.1) that

dHi,,(X) = (1+ O(e))dH(x), (2.9)
we can assert that
Ge(W,A) =Gk (W, A) + 0(&)Ge i (P, A), (2.10)
where
g&‘,l((‘(/lv A) =
1
2 1 22 2
// |(Va —iAT) ¥ |” + ‘(8\)8, - iA”) v+ 5 (lyl* = 1)" ) dH3 (x) dt
0o M
+1/|V><A—H"’|2 dx. @.11)
8R3

Here we have introduced notation for the normal and tangential components of any potential
A near M, namely

AV(x,t) :==A"v where A” :==A(T;(x,1)) -v(x) and AT(x,t) :=A(Te(x, 1)) — A"(x, ).

In particular, we will write (A¢)" and (A°)" for the normal and tangential components of the
applied potential A® near M viewed as functions of x and 7.

Note that the O(¢e) discrepancy between G, (¥, A) and G, (¥, A) one sees in (2.10)
arises from the O(e) error terms appearing in (2.6) and (2.9).
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248 A. Contreras, P. Sternberg

3 I'-convergence

In this section we will identify the I"-limit of the 3d Ginzburg-Landau energy G . as¢ — 0.
Following this, we will establish a compactness result for energy-bounded sequences and
a stronger compactness result for sequences of minimizers. Then we will conclude with a
general result showing that for both the I'-limit and for G, ,, there is a first critical field
H_1 such that for applied fields below this value, a minimizer will have no vortices. This last
result will be significantly sharpened later in the paper when we take the field to be vertical
and constant and take the limiting manifold M to be a surface of revolution.

Before stating our proposed I'-limit of {G, .}, we must first introduce the topology of
the convergence. To this end, given (¥¢, A%) C H'(Q.:C) x ({A°} + Ho) and (¥, A) €

H'(M x (0, 1); C) x ({A€} + Ho) we will write (W%, A?) X (¥, A) provided
Y& — ¢ weakly in H'(M x (0,1); C) and A® — A — O strongly in Ho, (3.1)

where ¢ = W¢ o T,. (See Remark 3.3 below.)
Then for (¥, A) € H'(M; C) x ({A®} + Ho) we define

2
Gt (¥) = / (!(VM —iAYYY[ + % (y? - 1)2) dH (x) (3.2)
M

and for (¥, A) € H'(M x (0, 1); C) x ({A%} + H) we define

Grc(W) if Yy =0a.e.in M x (0, 1), A=A,

+00 otherwise. 3.3)

Gmu(¥, A) = [

We point out that in (3.3) we have made the obvious identification between elements ¥ of
HY(M x (0, 1); C) satisfying the condition ¥; = 0 a.e. and elements of H!(M; C).

Theorem 3.1 The sequence of functionals G, I'-converges as ¢ — 0 to G ac in the
Y-topology.

The definition of I"-convergence consists of conditions (3.5) and (3.9) below. Before begin-
ning the proof we first present a needed lemma.

Lemma 3.2 Ler {(W¢, A®)} be any sequence in H' (S2; C) x ({A°} + Ho) satisfying a uni-
Sform energy bound G, (V¢, A®) < Co for some Co > 0. Then there exists a constant C > 0
independent of € such that

1/6

1
// A®o T, —A®o T.|° dH3(x)dt | < cCe'. (3.4)
0 M
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Proof of Lemma 3.2 Through the change of variables s = &t, property (2.9) and Holder’s
inequality we find that

1/6

1
// |A® o T, — A% 0 To|° dH3 (x) di

0 M
& 1/6
1 . ¢ 6 1,2
= % |A®(x + sv(x)) — A°(x + sv(x))|” dH3,((x) ds
0 M
1/6
C 6
<% /|A£—Ae| dx
9
Then using (2.3), (2.4) and the uniform energy bound we can estimate
1/2
2 1/2
|A* — A s p3) =< A" = A o gaps, = € /|V x A —H["dx | <cCe'
3
Combining these two inequalities, we have established (3.4). O

Proof of Theorem 3.1. Lower-semi-continuity. We begin with a proof of the assertion:
Whenever (W¢, A%) X (¥, A) one has liggf Gex (P8, A%) > G (P, A). (3.5)
Let us assume that
lizn_}igf Ge (W8, A®) < 400,

as otherwise there is nothing to prove. But in this case, one sees from (2.2) that necessarily,
A = A¢ and from (2.10) it will suffice to show that

lim inf Gec (U°, A") = Gt (Y, A°) (3.6)

provided
Gex(Y°,A%) < Cy forsome Cpy > 0. 3.7
We begin the verification of (3.6) by noting that Lemma 3.2, (3.7) and Holder’s inequality
imply
1
// (A5 ye|* dHE (x) i

0o M

) 1/2

12,

<C //|(AE)”—(A6)"|4 dH3,(x)dt //h/ﬂ“ dH%,(x) dt

0 M 0 M
1/2

1 1/2 1
+C //}(Ae)“|4 dH3,(x) dr //|wf|4 dHide | <cC
0 M 0o M
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250 A. Contreras, P. Sternberg

since A¢ is locally bounded in L°°. (Here and throughout, C denotes a positive constant
independent of ¢.) Consequently, we see that

1
// [ dHi () d < Ce.
0 M

Thus, ¥ = 0 a.e.in M x (0,1) and we may restrict our attention to the case where
G MW, A) = Gaq.(¥). But through (2.11) we find that

11m1nfgg,((1/f A£)>11m1nf//( (Ve —i(AT) y* | + = (W/ | ) )

XHM(x) dt

1
B h?iigf//(|VMw€|2+i((w8>*vw8—WVMW)*)~<A£)T+|(A£>fw8|2
%(W P-1) ) A () di
1
Z“?lié‘f/ / (1907 1 () Y = 0 ") - A + a7y
%(W = ) ) dHA,(x) dt

1
+ lim 1nf/
0

+ liminf
e—0

((la v = [y v ")) drio de

(i (W Vs — ¥V @)*) - (AT — (A7) dHE, () dt

o _
E\ E\

= liminf I + liminf I/ + liminf I71.
e—0 e—0 e—0
3.8)

In light of the weak H !-convergence of {1/}, we know (up to subsequences) that y® —
strongly in L*. Hence, we may pass to the limit in 7 to obtain liminf, .o I > G Mo (P, A).
Thus, (3.6) will follow if we can demonstrate that lim,_,o // = 0 and limg_,o /11 = 0.

Turning to the limit of /7, we estimate using (3.4) and the boundedness of A¢ along with
Holder’s inequality again that

1
] (s v = jasrwe?)) arenar
0 M
1

-/ / ((asy7] = a7 [ P (1" + A7) Pt
0o M
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| 1/2
<c //|(A€)’—<A€)f|2|wf|4 dHi (o) dr
0 M
. 172
// (A + A7 ?) ard o dr
0 M
12

<cC /](AS)’ — A | drd () dr

0 M
1 1/2

x // (|(A€)T — A9+ |(Ae)’|2) dH3,(x) dt

0 M
2
<C|A*oT. AT, HLﬁ(Mx(o,l)) ”VJEHLG(MX(O,I)) <ce'l
since
”1/’ ||L6(Mx(0 1) = =C ||W ||H1(M><(0 1)) <C

in light of the weak H'! convergence of {/°}. Hence, lim,_,q 11 = 0.
The estimate of III in (3.8) is handled similarly:

1
[ 1@ a0 0w ) - (40" = )| o
M

=C ”V‘VE HLZ(Mx(o,l)) ”w£’|L4(M><(O,1)) H (A" — (Ae)THM(Mx(O,l)) < ce'.

Construction of recovery sequence. Given any ¥ € H'(M x (0, 1)) and A € {A°} + Ho,
our goal here is to construct a sequence {(V*, A®)} satisfying the conditions

(We, A% 5 (¥, A) and lim Ge (7, A%) = G (U, A). (3.9)

If either A # A or if v, # 0 on a set of positive measure in M x (0, 1), then the trivial
choice (W¢, A%) = (w(Tg_l), A) for all ¢ > 0 serves as a recovery sequence since then
G mc (¥, A) = oo and one easily verifies that

lim G, (W%, A%) = 00
e—0

Thus, we proceed under the assumption that A = A¢ and v, = 0 a.e. so that v = ¥ (x)
only and G aq (¥, A) = Gaq. (¥). In this case, for A* we choose simply A® = A€ for all
& > 0. For the construction of W* we will utilize the solution ¥¢ : M x (0, 1) — C to:

Ye(x,t) =ie (A°(x +etv(x)) - v(x)) ¥v°(x,t) forx e M, t € (0, 1),
Ve(x,0) = ¥ (x),

an ordinary differential equation in 7 in which x plays the role of a parameter. In other words

(3.10)

VE(x, 1) = Y (x)ei® Jo A Geresv()-v) ds G.11)

Then we define W¢ := ¢ o T, !. Direct calculation reveals that

W =+ Vv = V| + v < Celyl?. 3.12)
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252 A. Contreras, P. Sternberg

Consequently, /° —  strongly in H'(M x (0, 1)) and so in particular, W® converges in
the Y-topology introduced in (3.1).
Substituting this choice for (W*, A®) into G, , and using (2.10), (2.11) and (3.12) we find

1
2 2
lim G (7, A%) = // (\(VM —iA) v+ (jv - 1) ) A1 (x) dt
0o M

1
2
= //(\(VM—iA’)w\er%(lwlz—l)z) dH5(x) dt
0 M

2
= / (|(VM —iA") [’ + % (T 1)2) AH3,(x)
M

= QMK(lﬁ) = GM,K(lZ’a A)
Note that the second term in (2.11) is completely eliminated in light of (3.10). O

Remark 3.3 Anexamination of the recovery sequence construction reveals that we could have
strengthened the topology of the I'-convergence to be strong H'-convergence on M x (0, 1)
rather than weak. We have stated the result for weak convergence so as to work in a topology
for which we also have compactness of energy-bounded sequences.

We turn now to the issue of compactness.

Proposition 3.4 Given any sequence {(¥¢, A®)} C H'(Q,: C) x ({A°} + Ho) , satisfying
a uniform energy bound

Ge (¥, A%) < C,
there exists a function Y € H'(M; C) such that after passing to a subsequence one has

Y = WE(T,) — o weakly in H' (M x (0,1); C) and
(Ve); — 0 strongly in L*>(M x (0, 1); C) (3.13)
while
A® — A° — 0 strongly in Hy. (3.14)
Proof The uniform energy bound G, (¥, A®) < C immediately implies (3.14). Then
through (2.3), (2.10), (2.11) and Lemma 3.2 we see that both 1, and A® o T; are uniformly

bounded in L*(M x (0, 1)). Hence the uniform bound on Ge.« (Y, A®) and use of Holder’s
inequality also yield

1

1
// (|vws|2+ - |(w£),|2) dH () di
oM

1
<C 1+//(|1pg|2 |A® ng\z) dHi(x)dt | < C,
0o M
and (3.13) follows. ]
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The topology of convergence can naturally be strengthened if one considers not just
energy-bounded sequences but instead sequences of minimizers of G .

Proposition 3.5 Fix any k > 0. Forany ¢ > 0, let ¥, , : Q. — Cand A. : R®> - R’
denote a minimizing pair for G with Y, : M x (0, 1) — C associated with YV, , via
Ve (X, 1) := We  (x +tev(x)). Then there exists a subsequence {g;} — 0 and a minimizer
Ye of G, such that ngy,( — Yy in CO""(M x (0, 1)) for any positive a < %

Proof We begin by invoking the I'-convergence of Theorem 3.1 and compactness of Prop-
osition 3.4 to conclude that a minimizer (We ., A ) of G¢ , satisfies

Vex — Wy weakly in H'(M x (0, 1); C),
(Ye.)i — 0 strongly in L2(M x (0, 1); C) (3.15)
where ¥, minimizes Gaq .

Our goal is to upgrade the topology of the convergence to C%? and to this end, we note
that a minimizing pair (W, ., A ) satisfies the elliptic Euler-Lagrange system

(V = iAe)’ Weo = k2 (y\y“\z _ 1) W, in Q. (3.16)
|2A8,K in Q,

VXxVxAg = inR3\Q
&

v .

along with the conditions

(V—iAcy) Yoy -ve =0 on oy,
and V x A, — H® € L2(R3; R3). Also, the comparison G (We «, Ag ) < G (1,A%)
yields the bounds

2

Kz/ (|‘I'€,K|2 - 1) dX < C |H¢ ”iz(B;ﬂ@)& /|Vq’€»K|2 dX <C ||He||iZ(B;R3) &
Q Q
(3.18)
along with
1/6
/ Acic — A" dX | < C B 7250 VE. (3.19)
Q:

after an appeal to (2.3) and (2.4). Here we can take B C R3 to be any ball containing, say
{X : dist (X, M) < 1}.

Combining (3.18) and (3.19) with the elementary inequality |\IJS,K| < 1 that follows from
the maximum principle, we find through (3.16) that

H A"Ile,l( ||L2(Qg) E C\/Ea

where here and below in the proof, C > 0 denotes a constant that is independent of ¢, but
which could depend on «. Hence, by standard elliptic regularity, cf. [13], one has

(N2 @ = C./. (3.20)
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254 A. Contreras, P. Sternberg

In light of the assumed smoothness of the manifold M, it then follows that the map W, , o T}
satisfies a similar H2-bound on the set M x 0, &), where T1 = T1(x,s) := x + sv(x), cf.
(2.1). Substituting s = ¢ then results in an e-independent bound

e | 2.1y < C- (3.21)

The result follows from the compact imbedding of H? in C%¢. O

Having obtained the I'-limit G/, of the original Ginzburg-Landau energy, we turn now
to the goal of showing that for sufficiently small applied fields, minimizers do not vanish.
In other words, we want to establish a general statement that there is a threshold in field
strength that must be crossed before vortices appear in an energy minimizer. We begin with
the I"-limit.

Proposition 3.6 For any smooth, divergence-free H® : R3 — R3, let {H§}s-0 denote the
family of applied fields given by H§ = SH®. Also denote by gﬁw . the corresponding energy

2
G (W) = / (|(VM —iADHY[ + % (lyl* - 1)2) dH, (1),
M

where A§ = §A° and A® is any divergence-free magnetic potential satisfying V x A = H¢.
Then there is a positive value 8y such that for § € [0, 8o, any global minimizer ofgﬁwk does
not vanish.

Proof 1t is simple to check that as § — 0, gf\“ I'-converges in the weak H' topology to
0 2 K’ 2 2 2
G (W) = IVayl +?(IWI —1)7) dHi ().
M

The lower-semi-continuity follows easily from the convex dependence of the energy on
V¥ and the trivial sequence % =  suffices as a recovery sequence. Compactness in the
weak H!-topology is equally simple.

As aresult of this I"-convergence and the uniform energy bound gfw « (%) < gi/l, D=
€62 for any sequence {1°} of minimizers of gﬁm, one has weak convergence in H', up to
subsequences, of {y°} to a minimizer ¥° of ggu. Clearly, ¥ = ¢/® for some o € R. In
addition to the uniform H!-bound on {1//5}, one can use the Euler-Lagrange equation,

(Vac—i (45)) v’ =i (j9'[ = 1) v
to see via standard elliptic regularity that
||AM¢8”L2(M;<C) <C|y° “H'(M;(C) <C.

Hence the sequence of minimizers is uniformly bounded in H? and converges uniformly, up
to subsequences, to some e¢'*. In particular, the full sequence { | Ve | } must converge uniformly
on M to 1. The result follows. O

We conclude this section with a similar result for the 3d energy:
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Proposition 3.7 Fix any k > 0. For H§ defined as in Proposition 3.6, let

1 2
G’ (W, A) = 7/ (|(V—iA)\IJ|2+% (1w]? - 1)2) dx
’ &

o

1 2
+7/|V><A—H§} dX

&

R3

and let (\I/S!K, Ag’,() denote any minimizing pair. Then for any positive § < 8o, with 8y coming
from Proposition 3.6, there exists a value ey = €o(8), such that for all positive € < &, \1/2 p

does not vanish.

Proof Fixing any § < &g, we may apply the I'-convergence result Theorem 3.1 and the

compactness result Proposition 3.5 to the sequence of functionals G% . and sequence of

$
£,k

minimizers (¥ Ag’K) as ¢ — 0. Suppose then, by way of contragilétion, that along a
subsequence {&;} — 0, the functions \Ilfj!,( had a zero for each ¢; somewhere in €2;.
Then ng‘ « would have to vanish somewhere on M x (0, 1) for each ¢;. Consequently, the
uniform convergence of ng’,( to a minimizer ¥ of inl’x guaranteed by Proposition 3.5 and

the compactness of M would imply that y® must vanish somewhere on M. This contradicts
Proposition 3.6. O

4 Critical points of G A4, for surfaces of revolution

Next we undertake the construction of non-trivial critical points of the I'-limit (3.2) under the
assumption that the surface M is a smooth compact surface of revolution without boundary
which is a topological sphere. Our primary goal here is to initiate an investigation of the first
critical field, H.1, for such a surface, namely the value of an external field above which the
global minimizer of G4 , must have vortices. Throughout this section and for the remainder
of the paper, we will take H® to be of the form £(0, 0, 1) for some non-negative value of 4.

We will describe the surface using standard spherical coordinates, that s, using 6 to denote
the standard azimuth angle and ¢ to denote the zenith angle. Then let # : [0, 7] — R and
v: [0, 7] — R be C! functions related by the condition

v(p) =cotpu(p) for0 <o <m “4.1)
with
u(0)=0=u(r), v0) >0, v(@x)>0 and V' (0) =0="'(7). 4.2)

We will realize the manifold as the surface obtained through revolution about the z-axis of
the curve

(u(#),0,v(¢)) for0<¢p=m (4.3)

lying in the xz-plane. Let us further assume that this parametrized curve is regular in the

sense that
Y () = Vu'($)* + v'(¢)> = yo for ¢ € [0, 7] 4.4

for some positive constant ). Note that necessarily,

u(p) =1¢ 4+ o(¢p) for some positive constant / 4.5)
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near ¢ = 0 with a similar expansion holding near ¢ = 7.
This leads to the simply connected, parametrized surface of revolution M defined by

M = {(u(¢) cos 0, u(¢) sinb, v(¢)) : ¢ € [0, 71,6 € [0, 27]}. (4.6)

If we denote by € and é4 the unit vectors in the 6 and ¢ directions respectively, then for
any function ¥ : M — C we have

4.7
Vil = y(¢>‘” (¢> a0 @7

Also, for the area element, we note that
M = u(9)y () dg do. (48)

Regarding the magnetic potential associated with the field (0, 0, 1), it will be convenient to
choose A¢ = %(—Xz, X1, 0) so that on M we have

A= (A" = @ég. (4.9)

Thus, the functional G -, . given by (3.2) takes the form

T 2

Gy () —//[ vl +‘ a—z—w‘ —(|w| 1)]wd9d¢ (4.10)

Exploiting the symmetry of the problem and with the intuition gained by observing the
computations of [10,11], we seek a two-vortex critical point with vortices at the north and
south pole in the form ¢ (0, ¢) = f (@)é' 9 for some function f [0, m] — R vanishing at the
endpoints. Plugging this ansatz into (4.10), we are left with the task of finding a non-trivial
critical point f of the functional

7 2 2
Ep(f) :—/[’;+(u h”) f2+%(f2— 1)2} yuds. @11
0

We note that f = 0 is always a critical point of Ej ., asitis of G for that matter.
Then let R, denote the Rayleigh quotient

B +G-5" 7 yudo

Ru(f) = Ty uis

with associated first eigenvalue
Ai(h) = it}th(f).
Now we can prove:

Proposition 4.1 For any h > 0 and for k> > 1{(h), there exists a non-trivial global mini-
mizer, fn, of En(f) within the admissible set

= L. 1) N e HL (0. 7)) - / L2y dp < oo, /@y d < oo,
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The minimizer fy, i is continuous on [0, w] and satisfies the problem

1 1w 1 hu)? s
_ﬁf}z;{_yj(;) f;;,,d‘(;—?) Jhwe+k(fr e = Jox)=0 on 0<¢ <m,
(4.12)

with f, «(0) = fh () = 0. Hence, ¥ = fhy,((d))e"e represents a non-trivial critical point
of G x4 having vortices at the north and south poles. On the other hand, when k2 < a(h),
the unique global minimizer of Ep,  is ¥ = 0.

Remark 4.2 Consider the special case where M is the unit sphere S so that u = sin ¢,
v = cos¢ and y = 1, and suppose there is no applied field (4 = 0). Then the eigenvalue
problem associated with the Rayleigh quotient Ry is

1
—(sing) f" = (cos ) f' + —— f = 11(0)(sin @) f
sin ¢

and one can explicitly compute that A1 (0) = 2 with corresponding first eigenfunction sin ¢.
Hence, our theorem guarantees the existence of a non-trivial two-vortex critical point on 52
in the absence of any applied field provided «? > 2.

Remark 4.3 We conjecture that for / in some interval (h, h) with0 < h < h < oo, and for
k% > A(h), the two-vortex critical point fp (¢))em is in fact a local minimizer of G A and
in a perhaps smaller subinterval it is the global minimizer. While we have estimates on the
Morse index of these critical points, so far we have not established these conjectured stability
properties in general. However, in the asymptotic regime « > 1 and h = h(k) ~ In«, this
stability question seems to be more tractable [4].

Remark 4.4 By similar methods, one can also construct critical points with higher degree
zeros at the north and south poles by plugging the ansatz (0, ¢) = f;,(¢)e'" for any integer
n>2into G A This leads to the minimization problem

) ) Flr2 (n e\ o, o,
11}f E, (f) where E;" (f) :=/ F—i—(;—?) f +?(f — D"} yudg.
0

(4.13)

The direct method will again provide a minimizer which, as before, will be non-trivial pro-
vided that k2 exceeds the first eigenvalue AY’) (h) associated with the Rayleigh quotient

T+ (3-8 2} yude
foﬂfzyudd’ .

Proof We will obtain fj, , via the direct method. To this end, fix any # > 0 and ¥ > 0
and let {f;} C A denote a minimizing sequence for Ej .. Then Ej (f;) < Ej(0) =

R (f) =

SHA(M) =: ¢y so we immediately conclude that for any § > 0 there exists a constant
Cs > 0 such that
H i ”Hl((,g!ﬂ_é)) < Cs forall j.

Hence we find via a diagonalization argument that after passing to a subsequence (with
subsequential notation suppressed), one has

fi = fux in HL (0, 7))
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for some function f, . € loc((o 1)). Of course, this implies that the convergence is also
locally uniform and that fj , is continuous on (0, 7). Then by the lower semi-continuity of
the Sobolev norm, we find for each § > 0 that

\

r {(f)2
co_hmmeh,((f, 2/
B

+(5- ﬁu) B - 1)2] y udg

D (1 h )
K 2
Z/[ a3

8

i 2 2
+ T(fh,fc -1 ] yudd

Letting 6 — 0, we conclude that Ej, (fr.«) < co so that indeed f; , € A and that fj, ,
minimizes Ej . It remains to argue that fj , is continuous on [0, 7] and vanishes at the
endpoints. To this end, we calculate that for any ¢ and ¢» in (0, 7):

[

1120(62) — f2o ()] = 2/fh,Kf,;,Kd¢
b1

u %
—2/fhk 4 fhk(f) do
%
¢ % ¢ 2
2 2 2 0
u
<2 /L"*Kyd(p /L’*“ do | .
u y
1 1

Since Ep, i (fn,c) < co implies in particular that the last two integrals both approach zero as
|1 — ¢d2| — 0, we see that fh% .. 1s uniformly continuous on (0, 7). Thus, f; , naturally has
a continuous extension to [0, ] with f;, (0) = 0 = fj, ().

It remains to argue that the minimizer fj, , is non-trivial provided K2 > A (h) while it is
identically zero if K2 < M (h). To see this, consider the second variation of Ej , taken about
the critical point f = 0:

2 2
‘SZE/:,K(O? )= /[){ +(;—h7”) fZ_KZfz] yude.
0

If k2 > A;(h), then letting f] denote the first eigenfunction corresponding to A1 (k) we find

b/

82 En(0; £1) =/{(k1(h)—fc2)f12} yudg <0,
0

and so O is unstable. Hence, the global minimizer fj , is non-trivial.
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On the other hand, if k2 < A1 (%) then we calculate that for any nontrivial f € A one has

s 2 T
Eni(f) = Enye(0) = (Ra(f) —«?) / fryude + % / flyude
0 0

T 2 T
> (M) =) / FPyudo+ % / Flyudg >0,
0 0

and so 0 is the unique global minimizer and fj , constructed via the direct method is
trivial. O

Proposition 4.1 establishes the existence of a two-vortex critical point on a surface of rev-
olution when «2 > A1 (h) by realizing its modulus as the minimizer of Ej .. However, this
leaves open the possibility that other non-trivial critical points of Ej, . exist when k% < A(h)
that are either unstable or at least not globally minimizing. We partially address this in the
following proposition which relates the possibility of having a non-trivial two-vortex critical
point of degree n to the geometry of the curve (4.3).

Proposition 4.5 Let n be any positive integer and suppose

h
— —Umax > 0) where Umax := max u(¢p).
T

2n
ufnax < m (so that max

Umax

2 n h 2
K™ =< — ZUmax | >
Umax 2

then the only critical point of E,(l") (cf- (4.13)) is y = 0.

If

Proof Suppose that f is a critical point of E }(l") so that f satisfies (4.12) with the coeffi-

cient of f; . in the third term replaced more generally by (2 — %”)2 Suppose also that f is

u

non-trivial (and if f(¢) < O for all ¢ € (0, ) then replace f by — f) so that
0<a:= FOla)if((p) = f(¢o) forsome ¢y € (0, ).
T

Then at ¢ = ¢y, (4.12) yields

( : —hu(¢))2“+'<2(a3—a)<o
u(go) 270 =

Hence,

0 2 1 n h (o) 2 <1 1 n h 2
<a - = ——u - = - = ,
- K2 u(¢o) 2 0 - K2 Umax 2umax

2 n h 2
K~ > — —Umax | - O
Umax 2
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5 Estimates for H;; on manifolds in the large x regime

In this section we continue the analysis of the I'-limit G \-, = given by (4.10) where again we

take M = M to be a surface of revolution described by (4.1)-(4.6). However, in order to
apply a version of the results from [12], we will further assume in this section that the func-
tions « and v, and hence the manifold M are analytic. As in the previous section, for given
external magnetic field H® = /(0, 0, 1), we seek information about H,, the smallest value
of h above which the global minimizer must possess vortices. What distinguishes this section
from the previous one is that here we consider a so-called extreme type-II superconductor
by taking « to be large and studying the asymptotic regime where & = h(x) obeys

. h(o)

lim — =

k—oo Ink

Co (5.1)

for some non-negative constant Cy.
To describe the results, for any ¢ € (0, ), we introduce notation for the circle Cy C M
via

Cy = {(u(p) cos 0, u(@)sind, v(¢)) : 0 <6 <2m}. (5.2)

Then we will establish:

Theorem 5.1 (Part ) If the magnitude of the external field satisfies (5.1) with Cy > Hf(jj\?l)’
then there exists a value ko such that for all k > ko, any global minimizer e of Gy
satisfies the conditions

Y # 0 everywhere on Cy and deg(y, Cy) #0 for some ¢ € (0, ) (5.3)

where deg(Vc, Cy) is simply the winding number of Y, restricted to Cy. In particular, Y,
has at least two vortices of nonzero degree.

(Part ) If; instead the external field satisfies (5.1) with Co < H;(%t % then there exists a
value ko such that for all k > ko, any global minimizer of G y; . does not vanish.

Remark 5.2 This relatively simply asymptotic formula for H.; will not hold in general if
one relaxes the assumption that the manifold is a surface of revolution. Note that for surfaces
with this symmetry, the magnetic potential A¢ is purely tangential, allowing for substantial
saving in energy through the term A (A, v), cf. (5.5). It is not hard to construct examples
of manifolds where H¢ is mostly tangential to the surface, and hence there would exist a
potential A¢ for which A(A¢, ¥) vanishes on most of the surface for any 1. Based on these
ideas, we conjecture that 4 /H2 (M) is the smallest possible coefficient of In k for H, that
one can obtain.

As an application of the I'-convergence result Theorem 3.1, we will show in this section
that the value H;(Jj\?l ) also serves as an asymptotic value for H. for the 3d Ginzburg—Landau

energy G, , when ¢ is sufficiently small. More precisely, we will show:

Theorem 5.3 (i) Assume Cy >

Hj(jj\?t) in condition (5.1). Fix any value k > ko where ko
is the value arising in Theorem 5.1 and for any ¢ > 0, let ¥, denote a minimizer of Gg .
Then there exists a value ey = eo(k) such that for all positive ¢ < & there exists a circle

Cy, C M as defined in (5.2) satisfying the condition
W, # 0 everywhere on Cy, ;, deg (W,, Cy, 1) #0 forall t € (0,1) 5.4)
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where
Co.r :={x+etv(x): x € Cy,} C /\)lg,,,

cf. (2.7). Hence, in particular, V. vanishes at least twice on each manifold ./\315,,, for 0 <
t <1

(i1) Assume Cy < AT in condition (5.1). Fix any value k > ko where kg is the value

H2(M)
arising in Theorem 5.1 and for any ¢ > 0, let WV, . denote a minimizer of G . Then there
exists a value ey = eo(«) such that for all positive ¢ < gy, Y,  does not vanish in Q.

The proof of this theorem will be given at the end of the section in Propositions 5.10 and
5.11. In fact, in Proposition 5.10 we will prove a bit more than is stated above in item (i).

The section is split into three parts. In the first, we obtain an asymptotic upper bound by
analyzing the case where Co > H;(jj\?l % In the second part, we obtain an asymptotic lower
bound corresponding to the reverse inequality. Together, these two results constitute a proof
of Theorem 5.1. In the last part we prove Theorem 5.3.

5.1 Asymptotic upper bound on H,; (Part I of Theorem 5.1)

We begin by studying the case where the applied field is sufficiently large to force the presence
of vortices in minimizers of G, .
The proof of Part I of Theorem 5.1 relies on the following lemma.

Lemma 5.4 Forany A € H! (M; R?) and any € H! (/\>l; C) define

AA,Y) = i/Ar WV Y — w*va)devA, (5.5)

M

where as before, AT := A — (A - v) v. Given any ¥ € C'(M; C) satisfying Gme(y) <
GM (1), suppose that HY(S) = 7 where

S:={¢p €(0,7): V¥ # 0 everywhere on Cy and deg(yr, Cp) = 0}. (5.6)
Then
3 3
nas )= =0 ((1“:) ) , 57)

where C,, > 0 is a constant depending only on u given in (4.3).

Proof For each ¢ € S, we may write (6, ¢) = f(6, $)e' X 0P for 0 < @ < 2 where f
and x are smooth real functions that are 27 -periodic in . Then we see from (4.7)—(4.9) that

27
AGAS, ) =h<x>//f22—’9‘uyded¢
S 0

2
5
:h(;c)//(fz—l) a—guydedqb,
S 0

since the periodicity of x implies that

2
d
/ /%(9,4))&9 u(®) y (@) dg = 0. (5.8)
S 0
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Then we use the assumption

C(hN s
Grac @) < G (D) = (=57 ) el - (5.9)

along with an application of Holder’s inequality to conclude that

21
d
IAA y)| = h(K)//(f2—1) Xy doadg

a0
s 0
2
ey Lx
< Umaxh (k) uy (f —1) ;%«/uydedqb
S 0

1 1

2 2

<m0 | [P =17ty | | [ 1Vl @,

3
<c, he)”
K

Invoking (5.1), we complete the proof. O

Proof of Part I of Theorem 5.1 We begin by constructing a two-vortex function

Ve (0, ¢) = fe(@)e”, (5.10)
where
0, ¢ €0, &)
= 2K(¢—i),¢)€[%,% 5.11
Ji (@) : | peil.z (5.1

fK(jT_(z))v ¢e[%sn]
Then taking v, to be a global minimizer of G4, it follows that

/ (A Yie|” dH2, — AAC ) < Grnse o) < G, (o), (5.12)
M

so that we will have a lower bound for the quantity A (A¢, v, ) once we compute G Mo (1};{).
The proof hinges on pitting this lower bound against the upper bound provided by Lemma
5.4 satisfied by a vortex-free minimizer.

We proceed to estimate each of the terms arising in G Mo (1/7,(), cf. (4.11). In the estimates
below, all terms denoted by O(1) refer to terms bounded by a constant that may depend on
M through the functions u or v but which are independent of «.

First of all, it is easy to check using (4.5) that

g

/[% CHC - 1>2] uydp = O(). (5.13)
0

Then we estimate that

T (h()\? T (h()\? h)\? 1
/(T ) 3u3yd¢§/(—2 ) u3yd¢>:(7) ol g 514
0 0
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Now from (4.2) and (4.5), one sees that

1
Y — 2 10x) for¢near0
u

¢

with a similar estimate holding near ¢ = 7, from which it follows that
7

/1f3yd¢ <2lnk + O(1). (5.15)

) u
Finally, one checks that

p b P
h(x)/fﬁuy dp = h(x)/uy dep — h(x)/(l — fDuy d¢
0 0 0

.
M (h(x))

27 K2
Hz(M)

> h(x)

—o(1), (5.16)
where we have invoked (5.1) in the last inequality. (We seek a lower bound for this term

rather than an upper bound since it appears with a minus sign in the energy.) From (5.13) to
(5.16), we conclude that

. h v
Gt (W) < (%) Il ) + 47 Inie = HXMDRG) + O, (5.17)

Returning to (5.12), we have found that

A ) = / (A e |* a2 — Gy (o)

h 2
> / A Y| dry, — (%) (o

M
— 47 Ink + h()H2(M) — O(1). (5.18)

Then since a minimizer v, in particular satisfies the estimate (5.9), we know that

llull?, h(c)\ 2
2 2 28
/(|¢K| 1) dHM = 4 ( P ) .

Thus, by (4.9) and Hoélder’s inequality,

e\t 2 e 2 eyt |2 2 2
[l ar, /\(A)\ @iy~ [ 17 (1= Py ar,
M

o
h
- (%) el 0~ (%) [l a-wpar,
o
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h 2 h 2
(%) ”””izm—(%) lll? s / (We? = 12 a2,

RN o h(k)?
("52) Wt iy -0 () (5.19)

Consequently, first (5.18) and then (5.1) yield the lower bound

e 200 h(ic)3
A, Y) > —4xlnk + H (M)h(x) — O(1) — O
K
2 47'[
> \H (M) — N h(k) — O() =: R(«). (5.20)
0
Since we are assuming that Cp > H24(7§\>t % we see that the coefficient of A (k) in the first

term of the lower bound in (5.20) is positive. Since any minimizer ¥, is smooth, Lemma 5.4
applies and by choosing kg large enough so that, say,

ha) 1 .
C,—— < 5 while R(x) > 1 provided « > ko, (5.21)
K

we conclude that H! ((0, 7) \ §) > 0 for k > kg where S is given by (5.6).

Finally, in light of the simple connectivity and analyticity of M and consequent ana-
lyticity of ¥, we may apply the main result of [12] to conclude that the zeros of v, are
isolated. (The result of [12] is established for planar domains but inspection of the proof
reveals that all of the analysis carries over to the case of a 2d, analytic, simply connected
manifold.) Since M is compact without boundary, the zero set is therefore finite and so in
particular, there must exist a set of ¢-values of positive measure for which v, # 0 on Cyp
and deg(v,, Cy) # 0. Focusing on any one such ¢, the result follows since Cy divides M
into two disjoint components, each one necessarily containing at least one vortex. O

5.2 Asymptotic lower bound on H,.; (Proof of Theorem 5.1 Part II)

In this subsection our goal is to obtain an asymptotic lower bound on the size of the first
critical field. We will see that it coincides with the upper bound obtained in the previous
subsection. In order to achieve this we will need to adapt results from [14] and [21] regarding
energy concentration on balls to the manifold setting.

We will denote by exp,, the exponential map at p, cf. [8]. It is well-known that for r
small enough, exp,, provides a local diffeomorphism from T,,M onto its image in M. This
radius will be denoted henceforth by 7, which can be chosen independently of the point p
in virtue of the compactness of the surface. That is, we fix 7 to be any positive value below
the injectivity radius of the surface. We then define a pseudo-ball to be the diffeomorphic
image of a Euclidean ball under the exponential map, i.e. é(p, r) = expp[B(O, r)] for
B(0,r) C TyM.

We begin with a proposition whose content is essentially Proposition 3.2 of [21].
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Proposition 5.5 Let  be a sequence of smooth functions defined on M, satisfying
|VM10| < C -k, with

2
/ V| + % (lpP? = 1)* dHo < C- (Ink)*. (5.22)
M

Then, there exists a family of disjoint pseudo-balls 1§j = é(pj, rj) with p; € M Sfor
j=1,..., Ny, such that for k sufficiently large
N

(D {1y17110,3/4) c Uj%, B;

(2) No <C-(Ink)?

(3) rj<C-(nk)®

@ J5, IV + 5 (WP 1) a1, > 2n
deg(d//{, d é])

We will apply this proposition to global minimizers of G Mo The hypotheses will be satisfied
since, first of all, we can compare the energy of a minimizer to the energy of ¥ = 1 to get the
energy bound (5.22). Then the estimate ]V Ve | < C - k follows from elliptic regularity by
working in local coordinates, rescaling these by % and applying standard Schauder theory,

[13]. By the compactness of M, one constant C can be obtained such that the estimate holds
along the entire manifold.

First we need to adapt to our case the key estimates that this proposition is based upon.
These estimates correspond to those in Theorem 2.1 [14], and its associated lemmas. In our
situation we rephrase Lemma 2.4. of [14] in the following way:

Lemma 5.6 Let y € H'(M; Sh. Then for any é(p, r)C Mandae. r <F sufficiently
small, one has

d¢|(Ink — O(InInk)), where d} =

deg(y, d B(p,r)* < / IV o[ dn’. (5.23)

3 B(p.r)

21
r (14 0())

Proof Since ¢ is S I_valued, one can write ¢ = ¢'® and we have

deg(y: 0 B(p.r)) = — / B.b !

27
Bé(p,r)
1 1
< — [0: Y| dH
2
IB(p.r)
%
1 ~ 1/2
<L / oeulPan’ | w' (2Bp.r)
2
aB(p.r)
1
2
1
<5 / Ve an' | @rra+00))?,
B(p.r)

where 0 - denotes tangential differentiation. The last line uses that the Jacobian of the expo-
nential map is the identity at 0, as well as our analyticity assumptions, which in particular
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imply that the circumference of a pseudo-circle is of the order of 2z (1 + O(r)). The con-
clusion is immediate. O

We can now invoke the following lemmas, without major changes, from [14].

Lemma 5.7 (cf. Lemma?2.5[14]) Lety € H ! (M; C). Therevis a radius ro depending only
on the surface such that for a.e. r € [%, ro) and for any p € M, one has

/ | w (|1//| ) C ‘l > CK(I ”l)Na
M 2 -
aB(Pl)

where m := inf ) |Yr| and N is a positive constant independent of k.

B(p.r

This result is then used to establish:

Lemma 5.8 (cf. Theorem 2.1 [14]) If » € H'(M; C), then for a.e. r € [ 1, ro) one has

2 2
; 2 i 2 2 1 2nrm A 2 - N
/ Vv + 5 (lw*—1)" dH 2(7“1_’_0(”))deg(lp,BB(p,r)) +Cr(1—m)V.

B(p.r)
(5.24)

With these lemmas in hand, Proposition 5.5 will follow from the “growing balls” con-
struction laid out in [21, Proposition 3.1]. In our setting, we will only grow the balls up to a
radius that remains significantly less that 7 so that whenever two pseudo-balls are combined,
they will sit inside a larger pseudo-ball. The only ingredient that is missing to perform this
construction is a lower bound on the energy within a pseudo-annulus. This construction cor-
responds to the one carried out in Lemma 3.2 of [21]. In our case, it can be phrased through
the following lemma.

Lemma 5.9 Let é(p, r1) and é(p, r2) be two pseudo-balls centered at p € M, satisfying

% < ry <ry <r.Then there is a function . : (0, ﬁ) — R satisfying the properties

@) % is decreasing,

(ii) sup w < Ck, and
(iii) there exists ko > 0 such that if k > ko and % < t then

Q4 (t) —mIn(tk)| < C.

Furthermore, whenever || > % on I§(p, r2)\é(p, r1), this function Q, satisfies the follow-
ing estimate:

/ (|mvf|2 + % (v - 1)2) dH2,, > |d| (sz (%) - Q (%)) :

B(p.ro\B(p.r1)
(5.25)

where we have written d = deg(y , 0 é(p, 7)),

Proof Defining g : é( p, r2) — R via the formula

)

g 1= exp; ' (@)
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we note that since g simply measures distance along M, one has |V v g(x)| = 1. Also,
since 0 é(p, r)= expp(a B(p,r)) and expp(a B(p,r)) = g’l(r), we can apply the coarea
formula and (5.24) to get

2
[ (el 5 e g,

B(p.ro\B(p.r1)

= / (|va| +—(|w| —1) )|ng|dH2

B(p.r)\B(p.r1)

z/rz/ (}VM¢|2+’(22(|1//|2—1)2)dH1dr

"3 B(p.r)

vl
2w d*m? N
Z/(ir(l—i—(’)( ) + Ck(1 —m) )dr

(zn e =m ) ar
r (14 0(r)

(271 d| m™t N)
> 1-=Cir)+Cxk(1 —m)™
(4

N
27 |d|m™! ( (C)7)+CK(1_m)N1)

where N1 := max {2, N}. The remainder of the argument follows as in the proof of Propo-
sition 3.1 of [14] or in Lemma 3.2 of [21] by choosing €2, (s) essentially as Ay, (s) in these
articles except that one adjusts the definition to accommodate the addition of the (harmless)
term involving (157;)7 O

Proof of Part Il of Theorem 5.1 We will consider a sequence of global minimizers v, of
G 4.+ We will drop the subscript throughout the rest of the proof for convenience and write
simply ¢ for . We begin by computing

A =i [T g =T )
Ujelé.i
+i / (Af)f.(vaw*—w*vMu/)dHﬁh
M\Ujeléj

=I+1I. (5.26)
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Note that from (5.1), Proposition 5.5, (3) and comparison with the energy of the function 1,
an application of Holder’s inequality yields

Nic

1= CIA e Vb Doy o
(Inx)? C
<Cd 1 —. 5.27
= Cnk) (nK) (ooe = o (5.27)
To estimate /1, we substitute in o := \I%I and find that
II=i / (AT - (@V o — o'V ya) dHy,
M\Ujel Bj
+i / (PP = DA - (@V yo* — oV ya) dHy
M\Ujel éj
=1I1II+1V. (5.28)

Again comparing the energy of ¢ to the energy of the function 1, and using the fact that
Y| >3/40on M\ Uie[ Bj (cf. Prop. 5.5, (1)), we can estimate /V as follows:

1/2 1/2
11V <2 A%, / (yI> = D?dH, / |vMa\2 dH,
M\U_/EI B M\Ujel B;
1/2
A | [ wP-vrad,
M\U_ie[ é.f
1/2

2
x | (4/3)? / W2 |V el dHi;l
M\Ujell}/
172

3
< C(Ink) (lnTK) / Vv | ar’, sc(a“:) )

M\Ujel é.i

(5.29)
Combining (5.26)—(5.29), we find that
1
A(AHT, ) =i / (AT - (aVMa* - a*VMa) dHi;l +0 (7) .

(Ink)?
M\Ujel B;
(5.30)

Now we let F : [0, 7] — R denote any primitive of uy and then define F; : M—>R
via Fy (x) := F(¢(x)). This, of course, only determines F,;, up to a constant, but as we
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shall see in the calculation to follow, it is only the difference max F Ve min F v that will
matter and one readily computes from (4.8) that

HA(M
max FM—min FM:%' (5.31)

Then by (4.8), (4.9) and exterior differentiation we obtain

i / (AT . (aVMa* - a*VMoz) d’Hi;[

M\Ujje; B;
h
:i% / (@dFy Nda™ —a* dF y Ada)
M\Ujel B;
h h
:i% / ( F oy (ada™ —a*da))—f—l%
M\U./‘el B/
x / Fy(da* Anda —da Ada™). (5.32)
M\U_iel é./
The last integral is zero since |«¢| = 1, and so integration by parts on the penultimate

integral yields

i / (AT - (aVMa -« VMa) de = h(K) Z/ o (@da™ —a*da)
M\Uje; B

_h h
(")Z (pj)/i(ozdot* o*da )+%Z

9B; =1
X / (F/\;1 — M(pj)) i (ada™ — a*da)
aB;
( K) .
= 2mh(k) Z () d(K) Z / M(pj))z (ado™ — a*da).
(5.33)
To control the last sum in (5.33) we define
P AV TS
g% if |y > 3/4
and @ := M Then we compute
Ny
> / (Fr—F ()i (eda* —a*d(x)_z / (Fy— Fry(p))i (6d&* —a*d&)
=138, =138,
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N
16 < A A AA
=5 > [ (Fu - Fatp)i Gait — irai)
=138,

- %6 Z/d ((FM — Fy(p)) i (hdr* — &*d&))

Bj
3 Ne
+KZ/(FM—FM(pj))dw/\dw*
]:léj

=1+ b. (5.34)

But since the gradient of F,;; is bounded on M and the norm of the gradient of v is bounded
by the norm of the gradient of v, we can invoke Proposition 5.5 to find that

Ny
R 11 < ChG) |V g | o i D IVl 2y 112,
=1
(In /c)4
= c (an) ”vM FM ||L°°(M) ” VMW”LZ(_/\}() NK (an)() - (an)()'
(5.35)
Similarly, since |FM —Fyy ()| < ﬁ inside f?j, we see that
N Ink)>
H09 111 = € 00) |9,000 [0y s = € (- (536)

Hence, the last term in (5.33) is indeed o(1).
Combining (5.30), (5.32), (5.33) (5.34), (5.35) and (5.36) we conclude that

AA®, ¥) = 2h(x) Z i (pd + o). (5.37)
j=1
Next, we note that since M is closed, the total degree is zero, that is:
47r2j51d](~K) =i / d(ada™ — o*da) = 0. (5.38)
M\Ujel é/

Denoting by N the number of pseudo-balls out of the total of N, that carry a positive degree,
and assuming, without any loss of generality, that the pseudo-balls are ordered so that the
ones with positive degree are listed first, we can express (5.38) as

Zd(")+ z d(") (5.39)

J=N&+1
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or equivalently,

NS
=2>" dj.“). (5.40)
=1

&
‘d 'K

Now we use Proposition 5.5, (5.19) and (5.37) to estimate the energy of a minimizer ¥
from below as

2
Gt (W) =/|vﬂv4w|2+%(|¢|2—1)2 a2, +/|<A*?)f|2|x/f|2 M, — AAS, )

M M
>Z / |va| +—(|¢|2—1) de
=B

N,
h c )
+ (%) IIuIIiZ(M) — 27h(k) ZFM(Pj)d,(» ) o(l)

> 2 Z ‘d(")

(an—(’)(lnan))—l-( (2)) llu ||L2(M)
—27h(K) ZKFM(pj)d](-K) —o(1). (5.41)
=1

Appealing once again to the comparison G = QM,K(I), cf. (5.9), we can then invoke
(5.31), (5.39) and (5.40) to conclude that

N
(nk —O(nInk)) <h) D Fy(ppd +o(1) < hk) (maxF ) Zd(")

Jj=1

NK
(«)
Z‘d/
j=1
Ne
- ()
+h(K)(nj1\inFM) > di? +o(n)

j=NF+1

- h(K)Zd(K) (mava — min F; )+0(l)
M

+o(1).

H2<M) AL
= h(x);‘dj)

47

But in view of (5.1) and the assumption Cp < —"~—,
H2(M)

this cannot hold for « sufficiently
large unless

N
S ‘d/(.") =0 (5.42)
=1

that is, unless any zeros of the minimizer v have zero degree.
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Pursuing this possibility, however, we note that (5.37) would then imply that A (A¢, ¢) =
o(1) and so in view of (5.19) we would find

2
/lmw|2+%(w|2—1)2 dH, =9M7K<¢>—/|(Ae>f|2|¢|2 dH3, +o(1)
2 |

M

< GMK(I)—/ (AP [y dr oD =o(D).

M
(5.43)

But if there exists even one zero of ¥ of zero degree, say atx = p € M, then the estimate
|VM1ﬁ| < C - k implies that [{/| < 1/2 on a pseudo-ball B(p, r) for a radius r > % for
some C independent of k. Hence, we can rule out this possibility since we would then have

2 2
2 K 2 2 2 2 K 2 2 2
/\va\ + (Wl =17 dHy, = / Vv |+ 5 (WP = 1) aHly = G,
M B(p.r)
for some positive constant C, independent of «, contradicting (5.43). O

5.3 Existence and non-existence of vortices for G,

We conclude with results on the existence and non-existence of vortices for minimizers of
the 3d Ginzburg-Landau functional G  given by (2.2). These will follow from the asymp-
totic value of H,| associated with the energy G Mo for large « established in Theorem 5.1,
combined with the I'-convergence shown in Theorem 3.1 and the compactness demonstrated
in Proposition 3.5.

47rv
H2(M)
is the value arising in Theorem 5.1, Part I, and for any ¢ > 0, let V. denote a minimizer of
Gg . Then there exists a value eo = €o(k) such that for all positive ¢ < &g there exists a

circle Cy, C M as defined in (5.2) satisfying the condition

Proposition 5.10 Assume Cy > in condition (5.1). Fix any value k > ko where kg

W, # 0 everywhere on Cy, ;, deg (W, Cy, ;) #0 forall t € (0,1) (5.44)
where
Co.r :={x+etv(x): x € Cy,} C Mg’[,

cf. (2.7). Hence, in particular, V. vanishes at least twice on each manifold Mg,,, for 0 <
t <1

Furthermore, if {¢;} — 0 is a subsequence such that Ye; « — Vi in ol (M x (0, 1))
as in Proposition 3.5, for some minimizer V. of G v ., then for each of the two vortices of
Y, say p1, p2 € M guaranteed by Theorem 5.1, Part I, and for all t € (0, 1), there exist
sequences {p{ (1)} and {pé (1)} of zeros of Ve ik lying on /\;ls_i,, such that p{ (t) — p1 and
pé(t) — pras j — oo.
Proof Suppose, by way of contradiction, that the assertion (5.44) does not hold along a
sequence {¢;} — 0. After perhaps passing to a further subsequence (still denoted by ¢;), we

may apply Proposition 3.5 to establish that ¥¢; » — ¥, in C 0. where 1, is a minimizer
of G .- Associated with this minimizer there is a value ¢ € (0, ) guaranteed by Theorem
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5.1, Part I such that (5.3) holds along Cy C M. Since ¥, is independent of 7, (5.3) must
also hold for v, where Cy replaced by Cy; C ME,, and 7 is any value in (0, 1). But then
(5.44) must be valid for e, ke in light of the uniform convergence, and a contradiction is
reached. The second assertion of Corollary 5.10 also follows immediately from the uniform
convergence of Vg, « to Yy, the 7-independence of ¥ and the fact that the zeros of ¥

guaranteed by Theorem 5.1, Part I are isolated and have nonzero degree. O
Proposition 5.11 Assume Cy < Hf(’;\h 5 in condition (5.1). Fix any value k > ko where kg

is the value arising in Theorem 5.1, Part Il and for any ¢ > 0, let Y, , denote a minimizer
of Gg . Then there exists a value g = €o(«) such that for all positive ¢ < &g, W does not
vanish in Q.

Proof This result is an immediate consequence of the uniform convergence of minimizers of
G« guaranteed by Proposition 3.5, coupled with the non-vanishing property of minimizers
of the I'-limit provided by Theorem 5.1, Part II. O

Propositions 5.10 and 5.11 together in particular imply Theorem 5.3.

Acknowledgements This study was partially supported by NSF DMS-0654122.

References

1. Alama, S., Bronsard, L., Montero, A.: On the Ginzburg-Landau model of a superconducting ball in a
uniform field. Ann. Inst. H. Poincaré Anal. Nonlinéaire 23(2), 237-267 (2006)
2. Chapman, S.J., Du, Q., Gunzburger, M.: A model for variable thickness superconducting
films. ZAMP 47(3), 410-431 (1996)
3. Contreras, A.: On the first critical field for a manifold subject to an arbitrary magnetic field. Preprint
4. Contreras, A.: Instability of critical points to Ginzburg—Landau on a symmetric manifold (in preparation)
5. dal Maso, G.: An Introduction to I"-Convergence. Birkhéuser, Boston (1993)
6. Ding, S., Du, Q.: Critical magnetic field and asymptotic behavior of superconducting thin films. SIAM
J. Math. Anal. 34(1), 239-256 (2002)
7. Ding, S., Du, Q.: On Ginzburg—Landau vortices of thin superconducting thin films. Acta Math. Sini-
ca 22(2), 469-476 (2006)
8. Do Carmo, M.: Differential Geometry of Curves of Surfaces. Prentice-Hall, Englewood Cliffs (1976)
9. Dodgson, M.J.W., Moore, M.A.: Vortices in thin-film superconductor with a spherical geometry. Phys.
Rev. B 55(6), 3816-3831 (1997)
10. Du, Q., Ju, L.: Numerical simulations of the quantized vortices on a thin superconducting hollow sphere.
J. Comput. Phys. 201(2), 511-530 (2004)
11. Du, Q., Ju, L.: Approximations of a Ginzburg—Landau model for superconducting hollow spheres based
on spherical centroidal Voronoi tessellations. Math. Comput. 74(521), 1257-1280 (2005)
12. Elliot, C.M., Matano, H., Tang, Q.: Zeros of a complex Ginzburg—Landau order parameter with applica-
tions to superconductivity. Eur. J. Appl. Math. 5(4), 431-448 (1994)
13. Gilbarg, D., Trudinger, N.: Elliptic Partial Differential Equations of Second Order. Springer, Berlin (1983)
14. Jerrard, R.L.: Lower bounds for generalized Ginzburg-Landau functionals. SIAM J. Math.
Anal. 30(4), 721-746 (1999)
15. Jerrard, R.L., Sternberg, P.: Critical points via I"-convergence, general theory and applications. J. Euro.
Math. Soc. 11(4), 705-753 (2009)
16. Jerrard, R.L., Montero, A., Sternberg, P.: Local minimizers of the Ginzburg-Landau energy with magnetic
field in three dimensions. Comm. Math. Phys. 249(3), 549-577 (2004)
17. Jimbo, S., Morita, Y.: Ginzburg—Landau equation with magnetic effect in a thin domain. Calc. Var. Partial
Differ. Equ. 15(3), 325-352 (2002)
18. Kohn, R.V,, Sternberg, P.: Local minimizers and singular perturbations. Proc. R. Soc. Edinburgh A 111
(1-2), 69-84 (1989)
19. Montero, J., Sternberg, P., Ziemer, W.: Local minimizers with vortices to the Ginzburg—Landau system
in 3d. CPAM 57(1), 99-125 (2004)

@ Springer



274 A. Contreras, P. Sternberg

20. O’Neill, J.A., Moore, M.A.: Monte-Carlo search for flux-lattice-melting transition in two-dimensional
superconductors. Phys. Rev. Lett. 69, 2582-2585 (1992)

21. Sandier, E., Serfaty, S.: Global minimizers for the Ginzburg-Landau functional below the first critical
field. Ann. Inst. H. Poincaré Anal. Nonlinéare 17(1), 119-145 (2000)

22. Sandier, E., Serfaty, S.: Gamma-convergence of gradient flows with applications to Ginzburg—
Landau. CPAM 57(12), 1627-1672 (2004)

23. Sandier, E., Serfaty, S.: Vortices in the Magnetic Ginzburg—Landau Model. Birkhduser, Boston (2007)

24. Tinkham, M.: Introduction to Superconductivity. McGraw Hill, New York (1996)

25. Xiao, Y., Keiser, G.M., Muhlfelder, B., Turneaure, J.P., Wu, C.H.: Magnetic flux distribution on a spherical
superconducting shell. Physica B 194-196, 65-66 (1994)

26. Yeo,J.,Moore, M.A.: Non-integer flux quanta for a spherical superconductor. Phys. Rev. B 57(17), 10785—
10789 (1998)

@ Springer



	Gamma-convergence and the emergence of vortices for Ginzburg--Landau on thin shells and manifolds
	Abstract
	1 Introduction
	2 Basic definitions, notation and conventions
	3 Γ-convergence
	4 Critical points of GM,κ for surfaces of revolution
	5 Estimates for Hc1 on manifolds in the large κ regime
	5.1 Asymptotic upper bound on Hc1 (Part I of Theorem 5.1)
	5.2 Asymptotic lower bound on Hc1 (Proof of Theorem 5.1 Part II)
	5.3 Existence and non-existence of vortices for Gε,κ

	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


