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Abstract We discuss existence and non-existence of positive solutions for the following
system of Hardy and Hénon type:

—Av = |x|%u?, —Au = |x|Pv? inQ,
u=v=_0 on 082,

where Q > 0 is a bounded domain in RN, N > 3, p,.q > 1,and o, B > —N. We also study
symmetry breaking for ground states when €2 is the unit ball in RV
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1 Introduction

In this paper we consider the following system of superlinear elliptic equations of Hardy and
Hénon type:

—Av = |x|%u? in Q,

—Au = |x|Pv? inQ,

u>0 in Q, (1
v>0 in Q,
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112 M. Calanchi, B. Ruf

where € is a bounded domain in RN with 0 € Q, N > 3, p, qg > l,ando,B8 > —N.In
particular, we will investigate existence, multiplicity and qualitative properties (such as radial
symmetry in the case €2 a ball) of solutions.

The case of a single equation (especially the case « > 0) has been widely studied (see for
instance [2—4,7,24,26], and the references therein). Recall that the equation

2
u=20 on 0€2, @

[—Au = |x|%u? inQ
is called of Hardy type if « < O (because of its relation to the Hardy-Sobolev inequality)
and it is of Hénon type if @ > 0 (this equation was introduced by Hénon in 1973 [15] for the
study of stellar systems). One has the following results:

Hardy type: By variational methods one obtains the existence of a nontrivial solution of (2)
in HO1 (R) (2 c RY an arbitrary bounded domain) provided that2 < p + 1 < %, by
an application of the celebrated Caffarelli-Kohn-Nirenberg estimates (CKN, [6]), and due
to a generalized Pohozaev type identity one proves non-existence of nontrivial solutions in
starshaped domains if 0 > @ > —Nand p+ 1 = %

Hénon type: For « > 0 one obtains for €2 arbitrary (bounded) the existence of a solution for
2<p+l< % On the other hand, if 2 is a ball, then one has the existence of a radial solu-
2(;/\/ +§¢)

tionin alargerrange, namely for2 < p+1 < (see [23]), and the non-existence of non-

trivial solutions in the range: p+1 > % by a Pohozaev-type identity for radial functions.

Concerning the symmetry of solutions one has the following result: if 2 is a ball, one
proves by moving plane techniques [12] that the minimal energy solution is positive and radi-
ally symmetric if « < 0 (Hardy case). One can pose the question if this symmetry continues
to be present also for positive «. In an interesting paper Smets et al. [26] showed that this is
not the case: they proved that for « > 0 and sufficiently large a symmetry-breaking occurs,
that is, to the minimal energy level (which is attained for p + 1 < 2* = %) corresponds a
solution which is not radially symmetric. In a related result, Cao and Peng proved in [5] that
for o > 0 and p + 1 sufficiently close to 2* the ground-state solutions of (2) are not radial
since they possess a unique maximum point which tends to 2 as p + 1 — 2%,

Turning to the system (1), we first recall the case « = B = 0 which has been stud-
ied by many authors. Here the natural restriction on the exponents p and ¢ for existence/
non-existence of solutions is given by the critical hyperbola, that is

N N

p+l+q+1 (3)

this hyperbola was first introduced by Mitidieri [21] who proved non-existence of solutions
for (p, q) lying on or above the hyperbola, using a Pohozaev-type identity. Existence of
solutions for (p + 1, ¢ + 1) below the critical hyperbola was proved by de Figueiredo and
Felmer (see [9]) and by Hulshoff and van der Vorst (see [16,17]) by using a variational set-up
with fractional Sobolev spaces. A different approach, working with Sobolev-Orlicz spaces
(which allows a generalization to non-polynomial nonlinearities), can be found in [8,10].

Recently, the general case « # 0, and/or B # 0 has been investigated independently by
de Figueiredo et al.[11] and Liu and Yang [20]; in both papers an approach via fractional
Sobolev spaces is used. As in the scalar case, the presence of the weight functions |x|* and
|x|# affects the range of p and ¢ for which the problem may have solutions. Indeed, in [11]
and [20] it is shown that the dividing line between existence and non-existence is given by
the following “weighted” critical hyperbola
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Hardy—Hénon type elliptic systems 113

N+a N+8
p+1 qg+1

For future reference, we call the hyperbola (3) the M-hyperbola (for Mitidieri hyperbola),
and the hyperbola (4) the «-hyperbola).

We remark that systems of type (1) are closely related to the double weighted Hardy—
Littlewood—Sobolev inequality (see e.g. Stein and Weiss [27] and Lieb [18]). This becomes
clear by the approach we use for system (1), which is different from the one proposed in the
previously cited papers. Following for instance Wang [28] we (formally) deduce from the
second equation in (1)

=N-2. (4)

1
v=(—Au)|x| 7,

and inserting this into the first equation we obtain the following scalar equation for the
u-component

= A((=Aw) x| 7P = x| *u? ®)

We intend to investigate the rdle played by the weights « and § when dealing with the exis-
tence and symmetry of ground state (or minimal energy) solutions of Eq. 5, that is, minimizers
u of the corresponding Raleigh quotient
—B@r—1) r
X Au +1
Ry = oA _at ] ©)
(Jo Ix1*lualP+1 i) 77 a

on the weighted Sobolev space
W2 (2, x| 7P Ddx) 0 Wy ()
Here we denote with W27 (2, x|~ ~Ddx) the set of functions u € WIZ’I(Q) such that
/(|u| IVl + D D ul Ix [P dx < oo,
|§1=2

endowed with the norm
1/r

letllw2r (g, p-Araax) = /(|u|’+|w|’+ DDl x| P Ndxy dx |
[§1=2

also, we denote with
Wn (€, x| 7P D)

the subspace of W2, |x|~T=Ddx) of radial functions.
Furthermore, let

Wi (. x| Vdx)

denote the closure of {¢p € C®() : ¢ = 0 on IR} in W27 (R, |x|P"=Ddx), i.e. the
closure of the smooth functions in £ with Dirichlet boundary conditions, and with

W5 a (2. 13170 D)

the corresponding subspace of radial functions (for 2 a ball).
For the definition of this space and related properties we refer the reader to the Appendix. In
particular, we prove there the following generalization of the Meyers-Serrin denseness result:
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Fig. 1 Hardy type system

Proposition Let Q2 a domain with smooth boundary. Suppose thata, § > —N and p,q > 1
with g > % Then

W5 (@, |x|Pdx) = W (@, 1x[TP4dx) N W, ().

It is not difficult to prove that critical points of R(u) on le)’r(Q, lx|~P/4dx) are (up to
rescaling) weak solutions of (5), i.e. verifying

/ (— A4 1x| P17 (— Ap)dx = / xuP dx,
Q Q

forall g € W5 (R, |x|#/9dx)
. 1 _B A _a ,LH
and, moreover, if v = (=Au)7|x| 7, thenv € W™ » (Q,|x| rdx) N W, P (Q). In
accordance, by a strong solution of the system we mean a couple (u, v) of weak-solutions
such that

+1

p+1

_B ptl _a 1,5~
(u,v) € Wz”(Q, x| 9dx)N Wé’r(Q) X Wz’ o (2, |x| rdx) N W, P (Q).

In what follows, we will denote by E the space E = W5 (R, [x|#0~Ddx) =
W27(Q, |x|F/4dx) N Wy () (if the values B and r are clear from the context), and
by E,uq the radial component of E.

In this paper we investigate solvability and symmetry properties of the solutions for gen-
eral exponents « and . We will see that the solvability and the qualitative properties of the
solutions depend on the location of the exponents p, g with respect to the M-hyperbola and
the o-hyperbola.

Note that if «, B < 0, then the a-hyperbola lies below the M-hyperbola, see Fig. 1. In
this case, we have the following result:
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Fig. 2 Hénon type system

Theorem 1 (Hardy-type system) LetO0 > o, B > —N, and p,q > 1.

(@ If 1\;4](1)[| qulfﬂ = N — 2 (i.e. on the aB-hyperbola), and if Q2 is starshaped, then
system (1) has no non-trivial solution, and hence inf g R(u) is not attained.

b)) If A;_J‘lxl A;;‘fl > N — 2 (i.e. below the af-hyperbola), then

(by) infg R(u) is attained, and therefore system (1) has a nontrivial solution u (the
minimal energy solution);
(ba) if Qis a ball, then u is radially symmetric

Next, we consider the case «, 8 > 0, i.e. the Hénon-type system. Note that then the
aff-hyperbola lies above the M-hyperbola, and there are three regions which characterize the

behavior of the system, see Fig. 2.

Theorem 2 (Hénon type system) Let a, 8 > 0, and suppose that p, q > 1.

(@ If ]Z _t‘l’ Zi{g < N — 2 (i.e., on or above the af-hyperbola) and 2 is starshaped,
then system (1) has no non-trivial solution;

(b) Suppose that Q@ = B1(0). If ¢ > max{l1, f,} and N+‘1" z—ﬁ > N — 2 (i.e. below
the af-hyperbola), then system (1) has a radial solutlon (not necessarily of minimal
energy)

(c) If T + +l > N — 2 (i.e. below the M-hyperbola), then inf g R(u) is attained and
hence system (1) has a ground state solution; furthermore, if & > 0 is sufficiently large,

then the ground state solution is not radially symmetric.

Remarks (1) Note that (c) of the previous theorem can be interpreted as a symmetry break-
ing: for o, B < 0 we have by Theorem 1 that the ground state solution in a ball is radial,
while (c) says that for o, 8 > 0 and « large the ground state solution is non radial.
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aB-hyperbola

qg+1 Iy

Fig. 3 Hardy-Hénon type system

(2) By(b)and (c)of Theorem 2 we get the existence of at least two solutions for (p+1, g+1)
below the M-hyperbola and « large: one radial solution (obtained as minimum of R (u)
on E,,q), and the minimal energy solution which is non-radial.

In the Hénon case there is a very recent symmetry breaking result, due to He and Yang
([14]): they prove that if (for ¢ fixed) p goes towards the M-hyperbola, then the ground state
solution is non radial; this result extends to systems the corresponding result for the equation
by Cao and Peng [5]).

Finally, we consider the case of a mixed Hénon-Hardy type system, i.e. one exponent (say
«) is positive and the other exponent (i.e. 8) is negative. In this case the M-hyperbola and
the a8-hyperbola intersect, see Fig. 3. We show that in this case a third hyperbola comes into

play.

Theorem 3 (Hénon-Hardy type system) Let « > 0, 0 > 8 > —N, and suppose that
p,q > 1.

(@ If l,\:—tlll + A;:.lf” = N — 2 (i.e. on the af-hyperbola) and 2 is starshaped, then system

(1) has no solution;
(b) Assume Q = B1(0). If zi‘f‘ + A;;'f” > N — 2 (i.e. below the a-hyperbola),
then system (1) has a radial solution (not necessarily of minimal energy);

(©) If(p, q) satisfies % + N;'fl > N — 2, then inf g R(u) is attained and hence system

(1) has a ground state solution; furthermore, if « > 0 is sufficiently large, then the
ground state solution is not radially symmetric.

Remark Suppose that €2 is an arbitrary bounded domain: if (p + 1, g + 1) lies below the
af-hyperbola and above the M-hyperbola, then it is not known whether inf g R (u) is attained.
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Hardy—Hénon type elliptic systems 117

2 The Hardy case: proof of Theorem 1

Proof of Theorem 1 (a): this is obtained via a generalized identity of Pohozaev-type, see
Proposition7 Sect.6 below. Note that this case is somewhat delicate due to the singular
weights.

Proof of Theorem 1 (b1): To prove the existence of a positive solution we minimize the
Rayleigh quotient R(u) given in (6). By the compactness of the embedding in Lemma4
(see Sect.5) the infimum is attained by a positive function, which is a (strong) solution of
problem (10).

Proof of Theorem 1 (bs): fora = B = 0 and if 2 is a ball, it was proved by X.J. Wang [28]
that the ground state of (6) is a radial and radially decreasing positive function. By adapting
his argument (moving planes technique and maximum principle) one can extend this result
also to the values o, f < 0 (noting that the weights do not interfere with the moving planes
technique). O

3 The Hénon case: proof of Theorem 2

Proof of Theorem?2 (a): this follows again by a Pohozaev-type identity proved in Proposi-
tion 6 in Sect. 6 below.

Proof of Theorem?2 (b): The existence of radial solutions under the hypotheses of Theorem
2(b) follows from the embedding result for radial functions in Lemma9 in Sect.7 below,
by considering again the Rayleigh quotient R(u) on the weighted space Wfa’;(sz, x| P/
dx).

Proof of Theorem?2 (c): We have to show that m := inf g R(u) is attained. Let {u,} C E be
a minimizing sequence. We may assume that

/|x|“|un|p+l =1, and /|x|—ﬁ/N|Aun|’dx —m > 0.
Q Q

Then clearly fQ |Auy|"dx < c, and by the assumption and the Rellich-Kondrachov com-
pactness theorem it follows that {1, } has a convergent subsequence in L?*+!(£2), and hence
also in LPH1(Q, |x|*dx). This is sufficient to conclude that infz R(x) is attained. ]

Finally, we show that if @ > 0 is sufficiently large, then the radial ground state level lies
above the ground state level: indeed, by Proposition 10 below we have the following lower
estimate for the radial ground state level:

sied

.
2r+m71

> Cua , for ¢ > g

On the other hand, for the ground state level the following upper estimate holds (see Propo-
sition 11 below): there exist C > 0 and g such that for & > g

,
Sep < Ca¥ NNGE

From these two inequalities it follows that the ground state is non radial for « sufficiently

large, since

1> N4N—"— —
p+1 p+1 p+1

which is clearly the case.

<1,
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4 The mixed case: proof of Theorem 3

Proof of Theorem3 (a) and (b): as in Theorem 2

Proof of Theorem3 (c): Let {u,} C E be a minimizing sequence for m = inf R(u). We
may assume that

/I)cl‘)‘lunlp+1 =1, and /|x|‘ﬂ'/N|Aun|’dx—>m.
Q Q

We apply the embedding result in Lemma4 (see Sect. 5 below) for « = 0, i.e. under the
hypotheses of Theorem 3 c). By the compactness of the embedding we have that for a
subsequence u, — u in LPT(Q), and since & > 0 clearly also in LPH(Q, |x|%dx).
Thus is sufficient to conclude that inf z R (u) is attained.

Proof of Theorem3 (c): one proves as in Theorem 2 c) that if « > 0 is sufficiently large,
then the ground state level is non radial.
O

5 An embedding result of Caffarelli-Kohn-Nirenberg type

We first prove a preliminary embedding result:
Lemma 4 Let Q C RN be a bounded smooth domain with 0 € Q. For given a, B, q let p*
such that
N — N —
o] 18] “N_2 o
pr+1 qg+1

Then we have the following continuous embedding

W2 (Q, |x| P Vax) — LPYI(Q, |x|%), for 0<p < p*;

furthermore, if

N — || N—Iﬂl>
p+1 q+1

then the embedding is compact.

N -2, ie p<p*, 8)

Proof This follows from the generalization due to Lin (see [19]) of the Caffarelli-Kohn-
Nirenberg inequality [6]: if (7) holds, then there exists a constant C such that

_ 1
(p*+1)

/ | #THD <c / B0 D2y
RN RN

forall u € C°(RY).
Via extension theorems (see for instance [1]) we have

W2 (@, 1x] PV dx) > L7, 1x[)
and for any 0 < p < p* the embedding is compact. O

Another consequence of the CKN inequalities is the following
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Hardy—Hénon type elliptic systems 119

p+1
Lemma5 If (u,v) € W (sz Ix|PVadx) x W P (2, x|V Pdx), with p and q as in
(7), then VuVv € L! (Q)

ptl
Proof If u € W - (2, |x|'"/9dx) and v € W), ” (Q, |x|"*/Pdx) then from the CKN

N(g+1)

Ng+IBl—(g+1)°
L' (Q) with t = 'W%. It is not difficult to prove that % + % = 1. So the assertion
follows by the Holder inequality. O

inequality applied to Vi and Vv, one has Vu € L*(Q2) with s = and Vv €

6 A generalized identity of Pohozaev-type

In this section we prove, via a generalized identity of Pohozaev-type, the non-existence of
“strong” solutions on or above the critical «-hyperbola.

We consider first the Hénon case « > 0, 8 > 0. In this case we can suppose that the
solutions (u, v) are of class C2(Q2) N CL(Q).

Proposition 6 Let Q@ C RY be a bounded, smooth, starshaped domain with respect to
0eRN. Ifa, 8 > 0and
N+« N N+ B
p+1 g+l

=N-2 (C))

then the problem
—Av = |x|%ul”"'u inQ,
—Au=|xPlv]7 N inQ, (10)
u=v=0 on 092,

has no nontrivial strong positive solutions.

Proof This follows by adapting the argument of Mitidieri in [21]. Let

x| | PT 4 —— x| ot (11)

G(x,u,v) =
p+1 qg+1

s0 (10) becomes
0G
—Av=—(x,u,v) In
ou
G
—Au=—(x,u,v) inQ 12
ov
u=v=0 on 92

We multiply the equations respectively by (x - Vu) and by (x - Vv), add the two equations
and integrate. By an application of the divergence theorem (see Proposition 2.1 and Corollary
2.1 in [21]) we have for the left sides

/{Au (x - Vv) + Av (x - Vu)}dx

ou ov
:/[??( n)]ds+(N—2)/(Vqu)dx (13)
a0

(since u = v =0 on 92, we have (x - Vu) = x - ”a and (x - Vv) = x - n onBQ)
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For the right sides we have, since

—(x - Vu) + a—f(x - V) =divixG(x, u, v)}

NGy —a gt g B e (14)
p+1 q+1
and taking into account that G (x, u, v) = 0 on 02

0G G

/ —(@-Vu)+ —(x-Vv)pdx
ou dv

Q

N
- +°‘/| “JulPHdx — +ﬂ/|X|ﬂ|v|"+ldX- (15)
+1
Q

Therefore

/’g—ug—v(x n)}ds—i—(N—Z)/(Vqu)dx
Q

Q2
/|x| lu|PHdx + If/|x|ﬁ|v|q+]dx. (16)
Q

Now, multiplying the first equation by u, the second by v and integrating, one obtains

/(VWU)dx=/|x|“|u|P+1dx=/|x|ﬁ|v|q+1dx

Q Q Q

N—i—(x

So (16) becomes (Pohozaev identity)

Q
N N
’ (N—2+ 2 +ﬁ]/| |7 dx (17)
p+1
Since 2 is starshaped and u, v are positive, we have fasz g—zg—,‘i(x -n)}ds > 0, and hence
by (16)
ou 0
0</‘8—ua—v(x n)]
Q
N
- |—(N—2)+ ‘1" +’3]/| P+ dx (18)
p+

which gives a contradiction for the choice of p and ¢.

]
Next, we consider the Hardy case.
Proposition 7 Let Q2 as in Proposition 6 and assume that 0 > «, f > —N and
— N —
lo| Bl _ N2 (19)
p+1 q+1

then there exists no positive strong solution (u, v) of (12).
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Proof For this case we follow the idea developed by B. Xuan (see Appendix in [29]).

Let (u, v) a positive solution of system (12). Due to the Hardy weights this solution may
be singular in the origin, but standard regularity results imply that for every § small, # and v
belongto C 2(Q \Bs(0))NC 0(Q \ B;s(0)). We multiply the equations respectively by (x - Vu)
and by (x - Vv), add the two equations and integrate over Q5 = 2\ Bs(0)

—/{Au (x - Vv) + Av (x - Vu)}dx
Qs

G G
:/[7(x.vu)+a(x-Vv)ldx, (20)

ou
Qs

where G = G(x, u,v)isasin (11).
We apply the Divergence Theorem to xG, so that one has for the right side of (20)

0G G
/ ‘—(x -Vu)+ —(x - Vv)]dx
au av

Qs

N —la| [ult! N—1Bl [ vi*!
=— dx — dx + G(u,v,x)(x-n)ds, (21)
p+1 lx ¥ g+1 |x|P

Qs Qs |X|=3

while for the left side of (20) (see [21], Corollary 2.1) one has

/{Au (x -Vv)+ Av(x - Vu)}dx
Qs

= / ‘g—u(x -Vv) + g—v(x -Vu) — (VuVu)(x n)’ ds + (N — 2)/(Vqu)dx
n n
395 Qs

‘—(x Vv) + —(x Vu) — (VuVou)(x -n)] ds

lx|=

[al? .n)]ds+(N—2)/(Vqu)dx. (22)
Qs

Now, multiplying the first equation by u, the second by v and integrating, one obtains
/(Vqu)dx - / vWu-x = / |x|P |v]9 dx
Qs [x|=8 25
and
/(Vqu)dx — / uVv -x = / Ix|%uPtdx
Qs |x|=8 Qs

The Pohozaev identity (17) follows if we prove that all the integrals along {|x| = §} go to
zero, at least for a subsequence 8y — 0. But this follows by the mean value theorem, since
by the Lemmas in Sect. 5 the integrals
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/G(u,v,x)dx,/|qu|dx,/|vVu|dx,/|Vqu|dx
Q Q Q Q

are finite. Indeed, if v is a positive function in L' (), then ¢, = fBl/k(O) Y(x)dx — 0 as
k — +o00. Moreover, if ¥ € C(Q2\{0}) then

1/k

€ = / W(x)dx://lp(x)dsdc?

Bk (0) 0 |x|=8
By the Mean Value Theorem there exists §; € (0, 1/k) such that
1
%= / Y (x)ds
[ |=6k

Therefore

Y(x)(x-n)ds = / W (x)drds = kerdy < ex — 0.

|x|=0 |x|=0
]
Proposition 8 Let 2 as in Proposition6, and assume thatoe > 0,0 > 8 > —N and
N N —
T Bl _ 2 23)
p+1 q+1
then there exists no positive strong solution (u, v) of (12).
Proof By combining the previous methods one obtains the result. O

7 An embedding theorem for radial functions

Proposition 9 Let Q C RN be the ball Q@ = B;(0). Let «, B > —N and let p and q such
that g > % and

a+N N+8

p+1 qg+1

> N —2. 24

Then the embedding

1
Erad = W3 0@, e #dx) = L (@, x|"dx),  r =T

is continuous and compact.

Proof By the density result (Theorem 16 in the Appendix) it is sufficient to prove the assertion
for radial u € C*°(R2) N E,4q with u = 0 on 9. For such u we have

Au ="V Ny
It is sufficient to prove that there exists a constant C such that
: 1/r
= 1wty bas) sl
0

1
prI

1
/t“|u(t)|ﬁ+‘tN*‘dt
0

@ Springer



Hardy—Hénon type elliptic systems

123

Set w(r) = /()Y L. Then, since w(0) = 0

t t

1

s

lu(t)] = /)w@yh = /zMQH*%h :(/ /lwgyﬁ s17Nds
1 1 0

t N

t

1 0

(by Holder inequality with exponents r = 1 + é andr' =¢g +1)

1T s rr s
< / / ! ()| &N N1/
t 0 0
I s T
< ||u||*/ /s”+ﬂ—‘ de | s Vas
t 0

1
N+B 1 _
< ||u||*/sq+l =N g
t

Now three cases may occur:

+5 N

Case I Y2 =~ N — 2 that isg+1< N—t’; In this case we have

q+1

/|x|°'|u(x)|f’“dx < Clul?t
Q

_ N+p
Case2 Forg + 1= 55

/|x|“'|u(x)|f’“dx < Cllull. /|x|“|log(|x|)|f’“dx < Clul?t,
Q Q

since, for @ > —N, |x|*|log(|x|)|?*! is integrable.

: N+B
Case 3 Finally forg + 1 > 5=5

1

/ ()P dx = oy / Ny P de
Q

0
1

_ / /w’(f) Er—rNJrI\,J.—l—ﬂ/q E_rerJrI\r/flfﬂ/q dt sl_Nds

_r=rN+N—-1-8/q
/5 — g+ d

1
q+

1

s1Nds

1D (X N2
< cnunf“/zaw PO (FEEN2) !

0

for « such that

N+p
+N+(p+1
o (p )(q+1

—N+2)>0,
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that is
N N
ot +h >N —2.
p+1 g+l
Finally, the proof of the compactness is standard. O

8 Estimates for ground states
8.1 The radial ground state level (8 fixed, « — +00)

We give now an estimate from below for the radial level
Jo IxI7P/) Au|" dx

u€Eqq\{0} (fgz |x|a|u|p+l dx)ﬁ

rad __

o,f T

Proposition 10 There exist C > 0 and ag such that

S(’x”g > Cozzwﬁ*l, o> o
Proof Lete = N]«Vm and u(x) = u(]x|) a smooth radial function such that u = 0 on 9€2. Let
v(p) = u(p®). We have
V'(p) = e (p*)p° " and v"(p) = e*u"(p°)p* 2 + e(e — D' (p°)p° 7

so that
W' (p%) = p' eV (p) and u"(p%) = 72 p" " (p) = (e = Dp~ V()]

Therefore, by the change of variable t = p°,

1
/|x|*ﬂ/q|Au|’dx:wN 1/ u”(l)—i— u(t) N1=Pla gy
Q 0
eN— 1 1", € N_l/ er
=wy-1 [ep @ " |u(p°)+ u'(p°)
0
1
=wN_1/ep£N‘“1 720772 [0 () = (e = Dp~ ()]
0
+ N — 18 1—¢ v
0
1
—oyor [N 2 ) - e - 0 )]
0

+ (N = Dep' V' (p)| dp
1

_B_ _
:a)N_l/el*z’psN 7 1+2r—2re

0

N —-2e+1 r
v (p) + fv’(p)
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1 r
B ’
:wNilgl—Zr/pEij*1+2V*2r5p—(N—2£+1)r (pN—Zs-Hv/(p)) dp
0
! r
_EB Ly Ny— 4
:wN7181—2r/p£N S Hr—Nr—1 (,oN_z‘H—lv/(p)) dp
0
1
_EB Ly Ny— r
:wN7181—2r/p6N q+r Nr ll(pyv/(p))/‘ d,O
0
where y = N — 2¢ + 1. Moreover, by the choice of ¢,
1
/|x|“|u<x)|f’+‘ dx = oy s/|v(p)|l’“p’v“dp.
Q 0
Thus, we get the following estimate for the radial level:
U eN=LarNr—1 ]/ o 0 V|
PR Jo o7 (p7V'(p)) | dp
Sef =€ P inf ] — (25)
vEEqq\{0} (fo [v(p)|PH1pN—1)pF

It is now sufficient to show that there exists 7 > 0 such that

1 eN—L4r_Nr—1 r
Jo o (0w )) |
inf - >n >0 uniformly as ¢ — 0
veEraa\(0} (Jol [u(p)|PF1pN=1y 75T

We proceed as in the embedding result setting w(p) = v'(p)p". Then

t 1

' P
()] = / o (p)dp| = / w(p)p~dp| = / o / w'(s)ds | dp
1 1 1 0
| L sN—%Jrr—Nr—l sN—%JrrfNrfl
= /pfy /w'(s)s v s~ v ds | dp
1 0

@ Springer



126 M. Calanchi, B. Ruf

(Holder inequality)
1
t o T
- /p_y /|w o) Lr—Nr=1 /s( eN+Z—r+Nrt1)q ;¢ dp
1 0
1
t p q+T
< /p_y /|w ()| s*N" Loyr—Nr— 1 /S—eNq+£ﬁ—l+N(q+l)ds dp
1 0
' 1
B eN
< /p‘V /Iw(S)I’ NGNlgg ) R g
1 0
1 1/r !
B Nge B
_ /|w/(s)|rS£N77+r7Nr71dS /pzefﬁﬂ?f dp
0 1
1 1/r
2 N+ﬂ .
_ /|w(s)|r eN=Lyr—Nr— 1 /p N+q+1 dp| = 3
0 1
Forg +1 # % N+’3 one has
1/r N+B
N 3(2 N+ qul) 1
= ()| sEN TN g _
3 (N -2 N—Hj)
q+1
Therefore
| Iz
/|U(t)|p+]lN_ldl
0
1 8(2 N+Y |) 1 s T
q+
/|w(s)|r eN=Lar-Nr-1 4 / T N1
(v-2- )

Now we prove that the last term is uniformly bounded as ¢ — 0. Let

p+1
FQNHED .
ge() = |—F———~ t
£ (N -2 - N+ﬂ)
q+1
We have that
g:(1) > (=log)? 1Nl on (0,1), ase — 0

and

ge(1) < (—log)P1N=1 on (0, 1).
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Then, by the Dominated Convergence Theorem
1 1
/gg(t)dt — /(— log )Pt N —1ay
0 0

which is finite.
Thecase g + 1 = % is easier and left to the reader. This ends the proof. O

8.2 The ground state level

Following the ideas of Smetz, Su and Willem in [26], we give an upper bound for the level

Sep= inf R 26
“0 = e @o 20

Proposition 11 Let p, g as in (4), such that
N + N N -2 27)
—+—— >N -2.
p+1 q+1
Then there exist C > 0 and o such that for « > ag
Sa,ﬂ <C a2r—N+Nﬁ (28)

Proof Let ¢ a positive smooth function with support in . Let us consider the rescaled
function ¥y (x) = ¥ (a(x — xy)), where x, = (1 — i, 0,...,0). Since ¥, has support in
the ball B(x,, é), by the change of variable y = o (x — x,) we obtain for 8 > 0

/|x|*ﬁ/‘f|m/fa|’dx= / x| 7P| A " dx
Q

B(xa, 1)

2 —B/q
< aZ’*N/(l — —) Ay dy |
(07
Q
while for 8 <0

/ P A dx = / P A dx

Q B(xa, )
= [ iswrax=o [iavray.
B(xa, 1) &
Furthermore,
2 o
/ X[+ (dx = / Iy ()dx = (1 - —) [y,
o
2 B(xa, 1) 2
This implies
p
S, < Ca®N+N 3 Jo 1Ay dx r
(Jo ¥PH (x)dx) T
We remark that 2r — N + Nﬁ > 0 by (27). O
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9 Appendix: Sobolev spaces with A, weights
9.1 Some definitions

Letr > 1, 1 > 0 be a r-weight, i.e. a function on RY such that
L>0ae onRY, A and A7Y0D ¢ LIIOC(RN)
Let © € RY a bounded smooth domain. We denote with L’ (2, 1) the set of functions

u e LIIOC(Q) such that

/|u|rkdx < +00
Q

and with W27 (€2, 1) the set of functions u € Wl%)’cl (€2) such that
/(|u|’ +[Vul"+ D> [Dful"3) dx < +oo
Q &1=2
One can easily prove that endowed with the norm
1/r

”M”er(gy)‘) = /(|M|r + |Vu|r + z |D§M|r)\.) dx
Q 1§1=2

W2 (€2, 1) is a Banach Space. We also denote with Wg’r (82, ) the closure of {¢p € C*(R) :
¢ = 0on dQ} in W>"($2, 1). We are interested to study some “density” property of these
Sobolev spaces with weights. To this aim we introduce the following

Definition 12 (Muckenhoupt Class A,) We say that a r-weight A on RV is in the Muck-
enhoupt class A, if

r—1

1 1
ﬁ/xazx m/rl/“*”dx <C (29)

B B

for every ball B contained in RY (here | B| denotes the Lebesgue measure of the ball B).
Example 13 A(x) = |x|Y € A, iff =N <y < N@r —1)
This class of weights is strictly related to the Hardy-Littlewood maximal function

Definition 14 Let f € L] (RY). The maximal function of f is defined by

1
M =
M) = sap o

/ [f(Idy. (30)

Br(x)

In fact the “condition” A, was introduced by B. Muckenhoupt in the following Theorem

Theorem 15 (Muckenhoupt [22]) Let X be a r-weight. The following conditions are equiv-
alent:
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(i) there is a constant C such that

/ (MY hdx <C / [fIadx VS e L ®RY) 31)
RN RN

(i) A €A,
9.2 Approximation by smooth functions on 2

The central part of this section is to prove the following extension of the celebrated Meyer-
Serrin result

Theorem 16
W' (,0) = W2(2,0) N W, (2)
In order to prove Theorem 16 we need some preliminary results

Theorem 17 Let A € L' (Q) a positive measure on Q. Then Cy(S2) is dense in L" (2, A)
(1 <r < 4o0).

Proof (Theorem 2.19 in [1]) It is sufficient to prove that for every ¢ > 0 and a nonnegative
function u there exists ¢ € Co(2) such that |lu — ¢|l (@, < &.

For u measurable and nonnegative there exists a monotonically increasing sequence {s, }
of nonnegative simple functions converging point-wise to # on €2 and strongly in L" (€2, 1)
(since 0 < 5, (x) < u(x), wehaves, € L" (2, 1) and (u(x) — 5, (x)) " A(x) < u(x)"A(x), so
that by the Dominated Convergence theorem s, — u in L (€2, A)). Thus there exists s € {s,}
such that [[u — s||zr(@,1) < &/2. By Lusin’s theorem there exists forall§ > 0a¢ € Co(RM)
such that

lp)| < lIslloo
and
VolE <8, E={xeRY: o) #sx)).

Therefore, by the absolute continuity of the integral, we can choose § = §(¢) such that
Is = Olri = I = plloel [ A0 a0V < /2
E

[m}

Lemma 18 [25] Let J be a nonnegative, real-valued function in C3° (RN with the following
properties

J(x)=0 if |x|>1, and /J(x) =1.
RN
We consider the sequence of “mollifiers” J.(x) = € N J(x/€). Then

@) Je(x) =0if|x[ =1
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(ii) There exists a positive constant C = C(N, sup J) such that, if

Je xu(x) = / Je(x — y)u(y)dy ,
RN
then

|Je % u(x)| < CM(u)(x), Vu e LL.RY).

Proof From (i) and the definition of maximal function one has

J 1
exuwl = 5 [ ey < Cr [ wwiay = e

Be(x) Be(x)

O
Theorem 19 ([1]) Let u be a function which is defined on RN and vanishes identically
outside Q2. Let X a r-weight (1 <r < 400) belonging to the Muckenhoupt class A,.
(@ Ifue L];OC(RN ), then Je * u(x) € C®(RY)
(b) Ifu € Ly .(2) and supp(u) CC L, then, for € < dist (supp(u), 02),

loc
Je xu(x) € C°(RQ)
(©) Ifue L (R,A\), then Je xu(x) € L"(2, \). Moreover there exists a positive constant
C = C(N, sup J) such that

e * ullr@x) < CllullLr.n
(d) IfueL"(2,1), then
[ Je *u —ullpr, — 0, € —0F

Proof (For (a) and (b) see [1] Theorem 2.29).
Ifu e L"(2,A) then (u € L}OC(RN)) from Lemma 18 we have

e x u(x)| = CM(u)(x).

Hence since A is in the Muckenhoupt class, by (31) (Theorem 15)

/ e s ()" A(x)dx < C / M@ M) dx < €, / () A dox.
Q Q Q

In particular || Je * ullr@.x) < CllullLr(@,n (here C = C(N,supJ) ). Now, let n > 0 be
given. By Theorem 17 there exists ¢ € CY(2) such that |lu — ol @ < ﬁ

Now, since fRN Je(y)dy = 1, by the uniform continuity of ¢ there exists € such that for
all0 < € < ¢

e % 9(6) — p(0)] = / Je(x = (@) — ()dy

RN
Ui
= s 100) — 9| < 5o

This is sufficient to obtain

IJe x @ —@llLr@.n <n/2
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Finally, from (c) one has

I Je xu—ullpr@rn < IJexu—Jex@llrr@n +I1Jexo —ollrr@n + lu—ellir@n
<U+O0Olu—-olrr@n +1exo—@llir@rn <n

Lemma 20 Letu € W (Q,1). If Q' CC Q, then Jo xu — u in W>" (', 1)

Proof Let € < dist(2/, 9Q2), then D*J. * u = J. * D% in the distributional sense in &’
(see [1], lemma 3.16). Since Du € L"(R2), and D*u € L" (2, A) for |«| = 2 we have, by
Theorem 19(c)

DY Je s u — D*ull1r () = I Je * D*u — D®ullprq ) — 0 ase — 0F
and
IDJe % u — Dull1r) = | Je * Du—ull1r) — 0 ase — 0F
so that

[ Je % u — ullyzr gy — 0 ase — 0F (32)

Now we can prove Theorem 16

Proof (we simplify the proof considering the case 2 = B1(0)) (see also [1] and [13]).
If u € W2"(Q,1) and ¢ > 0 we prove that there exists ¢ € C*(L) such that ||¢

—u||Wg,r(Q,’)L) <e¢e Fork=1,2,...let
1
Qk=()€€91|x|<1—z], Q=Q_1=0¢
and
k—2 k
U=, Uy=ix: — < x| <——¢, k=2,...
k—1 k+1
Then

O={Uc: k=1,2,..}

is a collection of open subsets of 2 that covers Q. Let W be a C*°-partition of unity for
subordinate to O. Let v denote the sum of the finitely many functions ¥ € W whose support
are contained in Uy. Then ¢ € Cgo(Uk) and Z]fil Yr(x) =1, Vx € Q.

LetO < € < gopomm and Vi = {x : 53 < Ixl < &3, k=3,...1, Vi = @,

k+2°
Va = Q4. Then supp(Je * (Yru)) C Vi CC Q. Since Yyu € W2 (2, 1), by Lemma 20 we
may choose 0 < ¢ < m such that
€
e * () — () llwar ) = e * () — () llwzr v, 0y < 2%

Leto = ;L:“f Je, * (Yru). Since on any Q" CC € only finitely many terms in the sum can
be nonzero, one has ¢ € C*°(2) and ¢ = 0 on 9. For x € €, we have

k+2 k+2

u(x) =D Yi@ux) and @) = D Jo * Wu)(x)
Jj=1 Jj=1

@ Springer



132

M. Calanchi, B. Ruf

Thus

By the monotone convergence theorem ||u —

k+2

lu = @llwar iy < 2 IWa % (W) = Yjullyarg ) < e
j=1

(p”WOZ,r(Q‘)") < e.
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